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PUBLISHER’S PREFACE 


In making plans for new editions of our handbooks in mechanical engineering and in 
electrical engineering, it soon became clear that engineering science and practice had 
developed to such an extent that handliooks were growing beyond all practical bounds. 
They had become both bulky and inconvenient and contained much duplicated material. 
In order to solve the problems presented by these conditions, the editors of our various 
handbooks were asked to serve as an advisorj" editorial board. 

This board recommended, first, that the fundamental material underlying all 
engineering be published in a separate volume, and, second, that the existing handbooks 
as they are revised be issued in several \'olumes containing material closely related to 
the specialized branches of engineering. As a result of these recommendations, the Wiley 
Engineering Handbook Series has been initiated, which in the beginning will comprise the 
following: Eshbach’s “Handbook of Engineering P’undamentals”; Kent’s “Mechanical 
Engineers’ Handbook’’ in two volumes, viz., “Power” and “Design and Shop Practice”; 
Pender’s “Electrical Engineers’ Handbook” in two volumes, viz., ' Electric Power” and 
“Communication and Electronics.” 

This division has also made it possible to devote more space to the various topics so 
that the entire new series of handbooks contains more complete information on all topics 
than heretofore has lieen iwssible. It is our hope that this new plan will give engineers 
information that is more useful, more complete, and in more convenient form. 


John Wiley & Sons, Inc. 



EDITOR’S PREFACE 


This handbook has been prepared for the purpose of embodying in a single volume 
those fundamental laws and theories of science which are basic to engineering practice. 
It is essentially a summary of the principles of mathematics, physics, and chemistry, the 
properties and uses of engineering materials, the mechanics of solids and fluids, and the 
commonly used mathematical and physical tables, to which has been added a discussion 
of contractual relations. Thus, with the exception of the technics of surveying and draw¬ 
ing, there is included the fundamental technology common to nearly all engineering 
curricula. 

It is hoped, that, as a unit in itself, it will be valuable to both student and practicing 
engineer and, as a companion to any other volume of the Wiley Handbook Series, will 
give a degree of completeness in scope not previously attainable in this form. 

Although each of the contributors as a matter of course checked the technical accuracy 
of his material, every section has been read by at least two other competent engineers as 
an additional precaution. The more important tables were checked against at least two 
independent sources by different individuals. 

Appreciation is expressed to all who have cooperated in giving advice and assistance. 
Among them the editor feels particularly indebted to Mr. H. C. Jennison, Technical 
Manager, and Mr. W. R. Hibbard, Assistant Metallurgist, of the American Brass Com¬ 
pany, who completed the manuscript begun by Mr. W. H. Bassett, deceased; Dr. Lyman 
J. Briggs, Director of the National Bureau of Standards, Dr. J. W. Finch, Director of the 
Bureau of Mines, and members of their staffs who reviewed portions of the manuscript 
and made valuable suggestions: and to editors of other Wiley Handbooks, national 
societies, corporations, and others for permission to use material pre\iousIy published 
by them. 

Ovid W. Eshbach 

July J, 1936 
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MATHEMATICAIi AND PHYSICAL TABLES 


SYMBOLS AND ABBREVIATIONS 


Table 1. Greek Alphabet 


A a Alpha 

H fj Eta 

N F Nu 

T T Tau 

B fi Beta 

0 e Thota 

H ^ Xi 

T u Upsilon 

r y Gamma 

I i lota 

O 0 Omicron 

4> <l> Phi 

A 8 Delta 

K K Kappa 

n IT Pi 

X X Chi 

E 6 Epsilon 

A X Lambda 

P p Rho 

yp Psi 

Z f Zeta 

M p Mu 

21 tr s Sigma 

Q to Omega 


Table 2. Symbols for Mathematical Operations 


Rkf£renc£ 8 ; American Standard for Mathematical Symbols (AESC Report ZlOf). Matbe* 
inatical Association of America (National Committee Report, 1923, Chapter 8 ). 


Addition and Subtraction 
o + o plus b 
o — b, o minus b 
a dth, a plus or minus b 
a b, o minus or plus b 
Multiplication and Division 
a X b, or a'b, or ob, a times b 

'i b, or or a/b, a divided by 6 
b 

Symbols of Aggregation 

0 parentheses 
n brackets 
{j braces 
— vinculum 
Equalities and Inequalities 
a ~ b, 'i equals b 
o » b, 0 approximately equals b 
a 9^ b, a 16 not equal to b 
a > b, a is greater than b 
a < b, a IB leas than b 
a ^ b, a equals or is greater than b 
a ^ b, a is lesj than or equals b 
o s b, o is identical to b 
a —» b, or a 3 = b, a approaches b as a limit 
Proportion 

a/b c/d, or a : b c : d. a is to b as c is to d 
a oc b, a varies directly as b 
%, per cent 

Powers and Roots 

a*, o squared 

a^, a raised to the nth power 
Vo, cube root of a 

Va, or nth root of o 
o~”, 1/a^ 

3.14 X 104 « 31,400 
3.14 X 10-4 =, 0.000314 
Miscellaneous 

ol, — 1 *2 *3 . . . a, factorial a 

P(n, r) «= n(n ~ l)(n - 2 ) . . . (n — r + 1 ) 

. P(n, r) /n\ . . 

C(n,r) — ——— « a* binomial coeflBcients 
I a 1 — absol ute v alue of a 
t (or . 7 ) V— 1 , imaginary unit 
w ■■ 3.1416, ratio of the circumference to the 
diameter of a circle 
CO, infinity 

Plane Geometry 

Z, angle 
A, triangle 
||, parallel 
X»perpendicular 
O, circle 
O, parallelogram 
, therefore 

® ' ", degree, minute, second 
' ", feet, inches 


Logarithms 

log a s logio a, common logarithm of a or log of 
a to the base 10 

In a loge a, natural logarithm of a or log of a 
to the base e(e « 2.718) 
log -1 o, number whose log is a 
Trigonometry 

sin, cos, tan ] ^ . 

c(Mec or CSC, sec, cot or ctn \ trigonometric 
vere. cover, 1 

sin-i, cos"*, etc., inverse of the functions 
Analytic Geometry 

x,y,t\ 17 , f, rectangular coordinates 
p, a, intrinsic coordinates 

р, radius of curvature 
8 , length of arc 

r, 6, polar coordinates 

angle from radius vector to tangent 
r, B, spherical coordinates 
<9, co-latitude 
<^, longitude 

r, B, z, cylindrical coordinates 

с, eccentricity in conics 

p, semi latUB rectum in conics 
I *= cos cr,m =» cos/if,» *■ cos y, direction cosines 
Calculus 

V “ /(^>. 2 / is a function of x 

y' = /'U) ^ « DxV, derivative of y ■» /(*) 

ax 

with respect to x 

If" s /"(x) =» «= D^xV " second de- 

dx d;r 2 

rivative of y «= /(x) with respect to x 
u =» fix, y), a is a function of x and y 

Wx = V) “* *» partial derivative 

ox 

of u = Six, y) with respect to x 


Wxy = fxyix,y) 


partial derivative of u 
to X and y 
Ay, increment of y 
dy, differential of y 
by, variation of y 
b 


DyiDxu) == » second 

of u = /(x, y) with respect 


y , summation over i from a to 6 


J*, integral of 

y p*6 

, definite integral of 
a 


Vector Analysis 

i,J, h, unit vectors along the axes (right-handed 
system) 

Q’b iab) » Sab, scalar product of a and b 
a X b = [ab] = Vab, vector product of a and b 
Vectors are indicated in print by bold-faced 
type. 



SYMBOLS AND ABBREVIATIONS 


1-^3' 


Ttble 3. Abbreviations for Engineering Terms 

Notb: This list is a selection of American Tentative Standard abbreviations, for scientific and 
engineering terms, recommended by the American Standards Association. (See ASA, Z1(K—1932.) 


Absolute. abs 

Acre. acre 

Alternating-current (as adjective). a-c 

Ampere. amp 

Ampere-hour. amp-hr 

Angstrom unit. A 

Atomic weight. at. wt 

Atmosphere. atm 

Average. avg 

Avoirdupois. avdp 

Barometer. bar. 

Barrel. bbl 

Baum4. B6 

Boiler pressure. bp 

Boiling point. bp 

Brake horsepower.bhp 

Brake horsepower-hour.bhp-hr 

Brincll hardness number. Bhn 

British thermal unit. Btu or B 

Calorie . cal 

Candlepower. cp 

Centigram. eg 

Centiliter. cl 

Centimeter. cm 

Centimetcr-gram-second (system). cgs 

Chemically pure. cp 

Circular. cir 

Circular mils. cir mils 

Coefficient. coef 

Cologarithm. colog 

Concentrate. cone 

Conductivity. cond 

Constant. const 

Cord. cd 

Cosecant. esc 

Cosine. cos 

Cotangent. ctn 

Coulomb. spell out 

Counter electromotive force. counter emf 

Cubic. cu 

Cubic centimeter. cu cm, cm3, cc 

Cubic foot. cu ft 

Cubic inch. cu in. 

Cubic meter. cu m or m* 

Cubic yard. cu yd 

Decibel. db 

Degree. deg or ® 

Degree Centigrade. C 

Degree Fahrenheit. F 

Degree Kelvin. K 

Degree R6aumur. R 

Diameter. diam 

Direct-current (as adjective). d-c 

Dozen. doz 

Dram. dr 

Efficiency. eff 

Electric. elec 

Electromotive force. emf 

Equation. eq 

External. ext 

Farad. spell out 

Foot. ft 

Foot-candle. ft-c 

Foot-Lambert. ft-L 

Foot-pound. ft-lb 

Foot-pound-second (system). fpa 

Freezing point. fp 

Frequency. spell out 

Ffision point. fnp 


Gallon. gal 

Grain. spell out 

Gram.. g 

Gram-oalory. g-oal 

Henry. h 

Horsepower. hp 

Horsepower-hour. hp-hr 

Hour. hr 

Hundred. C 

Hyperbolic sine. sinh 

Hyperbolic cosine. cosh 

Hyperbobo tangent. tauh 

Inch. in. 

Inch-pound. in-lb 

Internal. int 

Joule. i 

Kilocycle. kc 

Kilogram. kg 

Kilogram-meter. kg-m 

Kiloiiter. kl 

Kilometer. km 

Kilovolt. kv 

Kilovolt-ampere. kva 

Kilowatt. kw 

Kilowatthour. kwhr 

Lambert. L 

Latitude. lat 

Linear foot. lin ft 

Liter. 1 

Liquid. liq 

Logarithm (common). log 

Logarithm (natural). loge or In 

Longitude. long. 

Lumen. 1 

Lumen-hour. 1-br 

Magnetomotive force. mmf 

Mass. spell out 

Mathematics (ical). math 

Maximum. max 

Melting point. mp 

Meter. m 

Meter-kilogram. m-kg 

Mho.spell out 

Microampere. jita or mu a 

Microfarad. /iif or mu f 

Micromicron. nii or mu mu 

Micron. M mu 

Microwatt. MW or mu w 

Mile. spell out 

Milliampere. ma 

Millifarad. mf 

Milligram. mg 

Millihenry. mh 

Milliliter. ml 

Millimeter. mm 

Millimicron. tan or m mu 

Million. spell out 

Millivolt. mv 

Minimum. min 

Minute. min 

Minute (angular measure). ' 

Ohm. spell out 

Ounce. oz 

Ounce-foot. oz-ft 

Ounce-inch. oz-in. 

Peck. pk 

Pint... Pt 
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Table 3. AbbreviMtions for Engineering Terms—Continued 


Potential. spell out 

Pound. lb 

Pound-foot. Ib-ft 

Pound-inch. lb-in. 

Pounds per square foot. lb per sq ft 

Pounds per square inch. lb per sq in. 

Power factor. spell out 

Quart. qt 

Radian. spell out 

Reactive kilovolt-ampere. rkva 

Reactive volt-ampere. rva 

Revolutions per minute.rpm 

Revolutions per second. rps 

Rod. spell out 

Root mean square. rms 

Secant. sec 

Second. sec 

Second (angular measure). " 

Sine. sin 


Spherical candle power. ecp 

Square. sq 

Square centimeter. sq cm or cm* 

Square foot. sq ft 

Square inch. sq in. 

Square kilometer.sq km or km* 

Square meter. sq m or m* 

Square root of mean square. rms 

Standard. std 

Tangent. tan 

Temperature. temp 

Thousand. M 

Ton. spell out 

Versed sine. vers 

Volt. V 

Volt-ampere. va 

Watt. w 

Watt hour. whr 

Weight. wt 


Specific gravity. sp gr I Yard. yd 

Specific heat. sp ht | Year. yr 

Table 4. Symbols for Physical Quantities 

Note: The most frequently used American Standard and Tentative Standard Symbols are 
included in this table. Reference to the sources, or publications of the American Standsirds Asso¬ 
ciation, are indicated by the numbers, in parentheses, which follow the names of the quantities. 
These numbers correspond to the following: 

( 1 ) American Tentative Standard Aeronautical Symbols, ASA, ZlOe-1929. 

(2) American Institute of Electrical Engineers Standards ASA, ZlOgl—1929. 

(.3) American Tentative Standard Symbols for Heat and Thermodynamics ASA, ZlOc—1931. 

(4) American Tentative Standard Symbols for Hydraulics ASA, ZlOb—1929. 

( 5 ) American Standard Symbols for Mechanics, Structural Engineering and Testing Materials, 


ASA, ZlOa—1932. 

( 0 ) American Standard Symbols for Photometry and Illumination ASA, ZlOd—1930. 

Where possible, capital letters denote total quantities and small letters denote specific quantities, 


or quantities per unit. 

Name of Quantity Symbol 

Absorption factor (6). o 

Acceleration, angular (5). a 

Acceleration, linear, general (4) (5). o 

Acceleration due to grjivity, general (1) (3) (4) (5). g 

International Adopted »Standard (3). go 

local (3). gi, 

Adiabatic factor (3). y 

Admittance (2). y 

Air speed (1). V 

indicated (1). Vi 

Altitude (1). h 

Angle 

of attack (1). a 

between the absolute velocity of the water and the velocity of the runner at any point, 

measured in degrees (4). a 

between the relative velocity of the water and the velocity of the runner at any point, 

measured in degrees (4). 0 

dihedral (1). y 

of down wash (1). . c 

effective helix (1). . 

of pitch (1). e 

of roll or bank (1). ^ 

of set of control surface * (1). j 

of stabilizer setting with reference to lower wing (1). 0 


of wing setting (angle between the wing chord and the thrust line) ( 1 ) 

of yaw ( 1 ). 

Angular 

acceleration ( 6 ). 

displacements 


in roll ( 1 ). 0 

in pitch ( 1 ). Q 

in yaw ( 1 ).’ ^ 

distance ( 6 ). g 

frequency ( 2 ). „ 


velocity (1) (2) (3) (4) ( 6 ) 
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Table 4. Symbols for Physical Quantities —Continued 

Namb op Quantity 

Area (3) (4) ( 6 ). 

Area * U). 

Area ratio (1). 

Aspect ratio (1). 

Attack, angle of (1). 

Axes 

of aircraft (left-handed) 

longitudinal ( 1 ). 

lateral ( 1 ). 

normal ( 1 ). 

through any point (5). 

Axial breadth or depth of runner entrance (4). 

Axis, neutral; distance to extreme fiber (5). 

Bazin’s coefficient of roughness (4). 

Bending moment ( 6 ). 

Breadth (5). 

Brightness (6). 

Candlepower (6). 

mean horizontal ( 6 ). 

mean lower hemispherical ( 6 ). 

moan spherical ( 6 ). 

mean upper hemispherical ( 6 ). 

mean zonal ( 6 ). 

Capacitance, capacity ( 2 ). 

Ceiling (1). 

Center of gravity (1). . 

coefficient (with respect to mean chord) ( 1 ). 

Center of pressure ( 1 ).-. 

coefficient of ( 1 ). 

Center of rotation ( 6 ). 

Chezy’s coefficient (4). 

Chord length ( 1 ). 

Climb, rate of ( 1 ). 

Coefficient, absolute ( 1 ).. 

Concentrated load (5). 

Concentration (3). 

Conductance 

electrical ( 2 ). 

thermal (3). 

thermal, per unit area (3). 

Conductivity 

electrical ( 2 ). 

thermal (3). 

Constants (5). 

Contraction, coefficient of (4). 

Current t (2). 

Curvature, radius of (5). 

Damping coefficient (1).. 

Deflection (5)... 

of a panel point of a truss ( 6 ).. 

Density (3) (5). 

Density ( 1 ) (4). 

relative to standard air density ( 1 ).. 

Depth (5).. 

Depth of flow, channels (4).. 

Diameter ( 1 ) (3) (4) ( 6 ). 

of runner or impeller (4). 

of runner or impeller vanes at the middle of entrance space (4). 

of runner or impeller throat (inside diameter of band or shroud ring) (4). 

Dielectric 

constant ( 2 ). 

flux ( 2 ). 

flux density ( 2 ). 

Difference of potential ft (2). 

Dihedral angle (1)... 

Discharge 

ooeflSicient of (4). 

rate of; or flow (4). 

Displacement, phase (2). 


Symbol 


A 

S 



S 


. -Y 

. Y 

. Z 

r-y, z^z 

. B 

.c 

. m 

. M 

. h 

. B 

. I 

. Ih 

. h 

. U 

. /u 

. Is 

. C 

. U 

. c.g. 

. Cg 

. c.p. 


C 


c 

F 

C 

0,g 

C 

Ca 


y 

k 

C 

cc 

I,i 

P 

k 

y 

A 

P.d 

P 

flr 

d 

d 

D 

D 

Di 

Dth 

K or * 

D 

E,e 

y 


cd 

Q 

or 0 


I 
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Table 4. Symbols for Physical Quantities —Contimied 
Name op Quantitt 
Displacements 
angular 

in roll ( 1 ). 

in pitch ( 1 ). 

in yaw ( 1 ). 

longitudinal ( 1 ). 

lateral ( 1 ). 

normal ( 1 ). 

Distance 

angular ( 6 ). 

linear ( 6 ). 

from center of gravity to center of pressure of horizontal tail surface ( 1 ). 

Downwash, angle of ( 1 ). 

Drag 

absolute coefficient of ( 1 ). 

coefficient of induced ( 1 ). 

coefficient of parasite ( 1 ). 

coefficient of profile ( 1 ). 

induced ( 1 ). 

parasite ( 1 ). 

profile ( 1 ). 

Dynamic (or impact) pressure ( 1 ). 


Symbol 


0 

d 

X 

V 

2 


9 

8 

f 


Cd 

Cm 

Cdp 

Cuo 

Di 

Dp 

Do 

Q 


Eccentricity of application of load (5) 

Efficiency ( 1 ) ( 2 ) (3). 

Efficiency (3) (4). 

hydraulic (4) ( 6 ). 

mechanical (4) t 6 ). 

volumetric ( 6 ). 

Elasticity 

bulk modulus, of water (4). 

modulus of (5). 

Electric potential tt ( 2 ). 

Electricity, quantity of ( 2 ). 

Electromotive force f ( 2 ). 

Electrostatic 

flux ( 2 ). 

flux density ( 2 ). 

Elongation, unit (5). 

Energy (2). 

internal; intrinsic 5 (3). 

per unit time (power) (4). 

Enthalpy § (3). 

of dry saturated vapor (3). 

of saturated liquid (3). 

Entropy § (3). 

Expansion, exponent of polytropic (3) . 


e 

V 


ev 

K 

E 

E, e 
Q.Q 
E, e 


D 

5 

W 

U, u 
P 

H ox h 


V 

S, 8 


Flux 

density 

dielectric; electrostatic (2). D 

magnetic (2). B 

dielectric ( 2 ) . ^ 

luminous ( 6 ). F 

radiant ( 6 ). ^ 

Force (4) ( 6 )... F 

in any bar of a framed structure due"to a load of unity applied at any point in any direction 

( 5 ). « 

cross wind (1). C 

cross wind, absolute coefficient ( 1 ). Cc 

electromotive t (2). 15, e 

magnetomotive ( 2 ). 

moment of (5)... M 

resultant ( 1 ). R 

total load (3). F 

Forces (parallel to axes) 

longitudinal ( 1 ). X 

lateral (1). Y 

normal (1). Z 

Frequency, angular ( 2 ). o> 

Frequency ( 2 )./ 

Frequency (harmonic motion) (5). f or n 
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Table 4. Symbols for Physical Quantities —Continued 
Nam® of Quantity 
Friction 

coefficient of sliding (5). 

factor used in expressing pipe-loss (4). 

Gap (1). 

Gas constant (3). 

Gibbs’ function, total potential function (3). 

Gyration, radius of (5). 

Head, at any point (4) (5)... 

elevation (4). 

lost* (4). 

potential (4). 

pressure (4). 

velocity (4). 

velocity, of approach, weirs (4). 

Heat 

content; enthalpy § (3). 

content of dry saturated vapor; enthalpy of dry saturated vapor (3). 

content of saturated liquid; enthalpy of saturated liquid (3). 

equivalent of work (3). 

mechanical equivalent of (3). 

specific, at constant pressure (3). 

specific, at constant volume (3). 

ratio of specific (3). 

transfer, overall coefficient of (3). 

transfer, surface coefficient of (3)... 

of vaporization at constant pressure (3).. 

Height ( 6 ).. 

crest, weirs (4). 

HeUx, effective angle (1). 

Helmholtz* free energy; internal potential function (3). 

Hydraulic radius (4). 

Hydraulic elope (4). 

Illumination ( 6 ).. 

Impedance (2). 

Indraft (inflow velocity) (1)..•. 

Inductance (2). 

mutual ( 2 ). 

self ( 2 ). 

Inertia, moment of 

polar (5)..... 

rectangular (5). 

Joule-Thomson’s coefficient (3). 

Kutter’s coefficient of roughness (4). 

Length (3) (4) (5). 

crest, weirs (4). 

Lift ( 1 ).. 

absolute coefficient of ( 1 ). 

drag ratio ( 1 ). 

Light, quantity of ( 6 ). 

Load 

concentrated ( 6 ). 

eccentricity of application of ( 6 ). 

factor ( 1 ) . 

per unit distance ( 6 ). 

total (5). 

Loading 

specific * ( 1 ). 

power; weight per unit power ( 1 ). 

wing; weight per unit area ( 1 ). 

Luminous 

flux ( 6 ). 

intensity (candlepower) ( 6 ). 

Magnetic 

intensity ( 2 ). 

flux (2). 

density ( 2 ). 

Magnetomotive force (2). 

Mass (3) ( 6 ). 


Symbol 


/ 

/ 

<7 

S 

s or f 
k 

H at h 

B 

k 


Z 



ho 


//, h 



ic or k 


U 

h 


L or hfg 


Z 


4^ 

R 

S 

E 

Zf B 

V' 

L 

M 

L 


J 

I 

M 

n 

L 

B 

L 

Cl 

L 

D 

Q 

F 

e 

n 

w 

W 


w 

Wp 

Wg 

F 

I 
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Table i. Symbols for Physical Quantities —Continued 

Naicb of Quantity Symbol 

Mechanical equivalent of heat (3). J 

Modulus 

of elasticity (5)... E 

bulk, of elasticity of water (4). K 

ratio between, of elasticity of steel and modulus of elasticity of concrete (5):. n 

of rupture (5). E 

section (5). Z or S 

Molecular weight (3). M 

Moment 

of any area about a given axis, statical (5). Q 

of force, including bending moment (5). M 

in inch-pounds at any section of a girder due to the moment of 1 in-lb applied to the girder 

at any point ( 6 ). m 

of inertia, polar ( 6 ).. J 

of inertia, rectangular (5) . I 

Moments 

absolute coefficients of 

pitching ( 1 ). Cji 

rolling ( 1 ). Cl 

yawing ( 1 ). Cy 

of inertia about axes 

longitudinal (1). A 

lateral ( 1 ). B 

normal (1). C 

pitching (1). AT 

rolling (1). L 

yaw’ing ( 1 ). N 

Mutual inductance (2). M 


Neutral axis, distance to extreme fiber (5) 

Number of conductors or turns (2). 

Number of revolutions per unit of time (5) 

Period ( 2 ) (5). 

Permeability ( 2 ). 

Permeance (2). 

Permittance ( 2 ). 

Permittivity ( 2 ). 

Phase displacement ( 2 ). 

Pitch 

angle of ( 1 ). 


ratio, effective ( 1 ) 


Potential 

electric 11 (2). 

function, internal; Helmholtz’ free energy (3). 

function, total; Gibbs’ function (3). 

Power (2). 

Power (1) (3) (4) (5). 

at brake (4). 

co» efficients 

piV3X)5 . 

_ E .— (1) 

pV*3D2 . 

_i!— (1) 

pV5/JV2 . 

of turbine under 1-ft head (4). 

from water (4). 

Pressure 

intensity; force per unit area (1) (3) (4) (6 )... 

center of (1). 

coefficient of center of (1). 

dynamic (or impact) (1). 

mean effective (3). 

saturation (3). 


Quality of steam (3). 

Quantity 

of electricity ( 2 ). 

total, of a fluid, water, gas, heat (by volume) (3) 

of light ( 6 ). 

per unit time (3). 


c 

N 

n 

T 




C 

K or € 
0 or 0 


e 

V 

ND 

E, e 

z or r 

P 

Pb 


Cp 

Cp 

Cp'* 

Pi 

Pw 

p 

c.p. 

Cp 

Q 

Pm 

P/.Pg 


Q,q 

Q 

Q 

Q 
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Tftble 4. Symbols for Physics! Quantities —Continued 

Namb op Quantity Stiiboi* 

Radiant flux ( 6 ). * 

Radius (3) ( 6 ). r 

of curvature ( 6 ). p 

of gyration ( 6 ). k 

hydraulic (4)... R 

to any point from center of runner or impeller (4). p 

Ratio 

of the distance from the neutral axis to the outer fiber of a reinforced-concrete beam to the 
distance from the outer fiber to the point of application of the resultant tensile stress ( 6 ) k 
of the lever arm of the resisting couple in a reinforced-concrete beam to the distance be¬ 
tween the outer compressive fiber and the point of application of the resultant tensile 

stress ( 6 ). j 

of peripheral speed of runner to V 2 gN (4) . ^ 

Reactance (2). X, x 

Reactions ( 6 ). R 

Reflection factor ( 6 ). p 

Reluctance (2). ^ 

Reluctivity (2). v 

Resistance 

electrical ( 2 ). R, r 

thermal (3). R 

Resistivity 

electrical ( 2 ). p 

thermal (3). - 

k 

Revolutions per minute under 1-ft head (4). ni 

Revolutions per unit time (3) (4) (5). n 

VI 

Reynolds’number (1). p — 

M 


Roll or bank, angle of (1). . 4 t 

Rotation 

center of ( 6 ). 0 

rate of, propeller ( 1 ). N 

speed of ( 2 ). n 

Rupture, modulus of (5). R 


Saturation pressure (3). . P/» Pf 

Saturation temi>erature (3). tf, Tf or tg, Tg 

Section modulus ( 6 ). Z or S 

Self-inductance (2). L 

Set of control surfaces, angle of * (1). j 

Slip-stream velocity (1). Vg 

Slope, hydraulic (4). S 

Span (1). b 

Specific 

heat (3). c 

heat at constant pressure (3). Cp 

heat at constant volume (3). c® 

heats, ratio of (3). k or k 

speed or type characteristic (4). n* 

volume (3). v 

Speed 

air (1). V 

air, indicated ( 1 ). 

of rotation (2). n 

specific (4). ns 

Stabilizer setting with reference to lower wing, angle of ( 1 ). 0 

Statical moment of any area about a given axis (5). Q 

Steel ratio, in reinforced-concrete beams (5). p 

Stress 

total compressive or total concrete, in reinforced concrete (5). C 

total shear (5). V 

total tensile or total steel in reinforced concrete ( 6 ). T 

unit (5). « 

unit compressive ( 6 ). »e 

unit concrete, in reinforced concrete ( 6 )./c 

unit shear (5). s« 

unit shear of concrete (5). v 

unit steel, in reinforced concrete ( 6 )./* 

unit tensile (5). sc 

Susoeptance ( 2 )... b 
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Table 4. Symbols for Physical Quantities—Continued 
Naub of Quantitt 
Temperature 

absolute H (F abs or K) (3) (6). 

ordinary H (F or C) (3) (6). 

saturation (3). 

Thermal 

conductance (3). 

conductance per unit area; “ unit conductance ” (3). 

conductivity (3). 

resistance (3). 

resistivity (3). 


transmission (3) 

Thickness (5). 

Thrust (1). 


coefficients 


T 

(1). 

T 

(1) 

pVWi 

T 

(1) 

pvyN^ 


Time (4) (5) 
Time 1 (3). 
Torque (1). 


coefficients 


Q 

(1) 

p'V2/> 

Q 

(1) 

p 

R... 

pV'V'va 

CD 


Torque ( 6 ). 

Transmission 

factor ( 6 ). 

thermal (3). 

Vaporization, heat of, at constant pressure (3). 

Velocity (3) (4). 

Velocity (5).. 

of approach, weirs (4). 

angular (1) (2) (3) (4) (5). 

absolute, of the water at any point in a rotating runner or impeller (4). 

eircumferential, of a point on a rotating runner or impeller (4). 

circumferential or tangential component of absolute, of the water (4). 

coefficient of (4). 

meridional component of the absolute, of the w-ater (4). 

of moving casing (4). 

radial component of the absolute, of the water (4). 

relative to moving easing (4). 

relative velocity of the water with respect t« the moving runner or impeller ( 4 ) 

slip-stream ( 1 ). 

Velocities 

angular 

roll ( 1 ). 

pitch ( 1 ). 

yaw ( 1 ). 

linear 

roll ( 1 ). 

pitch ( 1 ). 

yaw ( 1 ). 

Viscosity 

absolute; coefficient of (1) (3) (4). 

kinematic (1) (3) (4). 

relative (to absolute viscosity of water) (3). 

relative kinematic (31. 

Visibility factor ( 6 ). 

Voltage t (2). 


Symbol 

. T or e 

. t or 0 

f/, T/ or tg, Tg 

. C 

. Ca 

. k 

. R 

1 ^ 

. k 

. Q 

. d or t 

. T 


Ct 


Ct' 


Ct" 

t 

t or r 

Q 


Cq 


Cq' 


Cq" 

T 


■ Q 

L or hfg 
. V 

. V or V 
. t'o 
. <a 

. V 


u 


Vu 

Cv 

Vm 


u 

Vr 


V 

V 


Vs 


P 

Q 

r 

u 

V 

w 


V 

z 


V 

use — 
»v» 
K 
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Table 4* Symbols for Physical Quantities— Continued 

Namk of Quantity 

Volume (5). 

specific (3). 

total (3). 

per unit time (3). 

Weight 

molecular (3). 

rate; per unit of power; for unit of time (3). 

total (1) (3). 

per unit time (4). 

per unit time per unit area of cross-Bection; “ mass velocity ” (3). 

per unit volume (4). 

Width, channel surface (4). 

Wing setting angle of (angle between the wing chord and the thrust line) (1). 

Work (2) (3) (5). 

per unit weight (3). 

heat equivalent of (3),. 


StMBOXi 

. V 


V 

n 


M 


w 

W 

W 

0 

w 

B 

ito 

W 



Yaw, angle of (1). ^ 

* Use with appropriate subscript. 

t Where distinctions between maximum, instantaneous, effective (root-mean>Bquare), and 
average values arc necessary, Em Im Pm are recommended for maximum values; e, t, p for instan¬ 
taneous values; E, I for effective (rms) values; and P for average value. 

X Where a distinction between electromotive force and difference of electric potential is desirable, 
the symbols E, c, and V, v, respectively, may be used. 

§ Capital letters denote total quantities, and small letters, specific quantities, or quantity per 
unit. 

II e and 0 in source (3) only. 0 is preferably used only when t is used for time in the same 
discussion. 0 is preferably used only when 0 is used for ordinary temperature. 

^ r should be used only when t is used for ordinary temperature in the same discussion. 


MATHEMATICAL TABLES 

Table 5. Certain Constants Containing e and x 


e = 2.7182818285 M = logioe = 0.4342944819 

T » 3. 1415926536 A/-i = log,. 10 = 2.3025850930 


Powers of e 

Multiples of V 

Fractions of ir 

6'" 

Value 

Logarithm 

riTT 

Value 

Logarithm 

rr/n 

V'alue 

Logarithm 

e 

2.718282 

0.434294 

TT 

3.141593 

0.497150 

ir/2 

1.570780 

0.196120 


0.367879 

1.565706 

2ir 

6.283185 

0.798180 

v/3 

1.047198 

0.020029 


7.389057 

0.868589 

3ir 

9.424778 

0.974271 

v/4 

0.785398 

T. 895090 

e-2 

0.135335 

T. 131411 

47r 

17.. 566371 

1.099210 

ir/180 

0.017453* 

2.241877 


1.648721 

0.217147 

57r 

1 

15.707963 

1.196120 




Reciprocals of v 


Powers of 

IT 

Roots of V 

n/ w 

Value 

Logarithm 

7r±« 

Value 

Logarithm 


Value 

Logarithm 

1/TT 

0.318310 

T. 502850 

7r2 

9.869604 

0.994300 

vT 

1.772454 

0.248575 

2/ IT 

0.636620 

T. 803880 

l/7r2 

0.101321 

1.005700 

l/Vir 

0.564190 

1.751425 

3/ IT 

0.954930 

T. 979971 

7r3 

31.006277 

1.491450 

-V/ TT 

1.464592 

0.165717 

180/7r 

57.295780t 

1.758123 

I/ttS 

0.032252 

2.508550 


0.681784 

1.834283 


* Number of radians per degree, t Number of degrees per radian. 


Table 6. Factorials 


n 

n! = 1-2-3 . . .n 

1/n! 

n 

n! - I-2-3...n 

1/n! 

1 

I 

1. 

11 

399,168 X 102 

0.250521 X 10-7 

2 

2 

0.5 

12 

479,002 X 103 

.208768 X 10-8 

3 

6 

.166667 

13 

622,702 X 104 

.160590 X 10-2 

4 

24 

.416667 X 10-1 

14 

871,783 X 106 

.114707 X 10-10 

5 

120 

.833333 X 10-2 

15 

130,767 X 107 

.764716 X 10-1* 

6 

720 

. 138889 X 10-2 

16 

209,228 X 108 

.477948 X 10-“ 

7 

5,040 

.198413 X 10-3 

17 

355,687 X 102 

.281146 X 10-“ 

8 

40,320 

.248016 X 10-* 

18 

640,237 X 1010 

.156192 X IO-“ 

9 

362,880 

.275573 X 10"6 

19 

121,645 X 1012 

.822064 X lO*!* 

10 

3,628,800 

.275573 X IO-« 

20 

243,290 X 10“ 

.411032 X I0-» * 
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Table 7 


Decimal Equivalents, Squares, Cubes, Square Roots, Cube Roots, Three-halves Powers, Fifth Roots, 
Reciprocals, Circumference and Area of Circles 


Number, N I 

1 


Vn 

3 

iV’/a 

r> 

1 

N 

1 Circle (iV - D) 

Fraction 

Decimal 

Circum. 

Area 

1/64 

.015625 

0 . 000244 ! 

. 381 X 10-6 

. 1250 

.2500 

.00195 

.4353 

64.0 

.04909 

.00019 

1/32 

.03125 

.000977 

. 305 x 10-4 

. 1768 

.3150 

.00552 

.5000 

32.0 

.09818 

.00077 

3/64 

.046875 

.002197 

. 103 X 10-3 

.2165 

.3606 

.01015 

.5422 

18.8235 

.14726 

.00173 

1/16 

.0686 

.003906 

.244X10-3 

.2600 

.3969 

.01663 

.6744 

16.0 

.19636 

.00807 

5/64 

.078125 

.006104 

. 477 X 10-3 

.2795 

.4275 

.02184 

.6006 

12.80 

.24544 

,00479 

3/32 

.09375 

.008789 

. 824 X 10-3 

.3062 

.4543 

.02871 

.6229 

10.6667 

.29452 

.00690 


. 10 

.010 

.00100 

.3162 

.4642 

.03162 

.6310 

10.0 

.31416 

.00785 

7/64 

.109375 

.01196 

.001308 

.3307 

.4782 

.03617 

.6424 

9.1429 

.343611 

.00939 

1/8 

.126 

.01663 

.001968 

.3636 

.:;ooo 

.04419 

.6698 

8.0 

.89270 

.01227 

9/64 

.140625 

.01978 

.002782 

.3750 

.5200 

.05273 

.6755 

7 . 111 ! 

.44179 

.01554 

5/32 

.15625 

.02441 

.003814 

.3953 

.5386 

.06176 

.6899 

6.40 

.49087 

.01917 

n /64 

.171875 

.02954 

.005077 

.4146 

.5560 

.07126 

.7031 

5.8182 

.53996 

.02320 

a/i« 

. 1876 

.03616 

.006692 

.4830 

.6724 

.08119 

.7166 

6.8333 

.68906 

.02761 


.20 j 

.040 

.0080 

.4472 

.5848 

.08944 

.7248 

5.0 

.62832 

.03142 

13/64 

.203125 

.04126 1 

.008381 

.4507 

.5878 

.09155 

.7270 

4.9231 

.63814 

.03241 

7/32 

.21875 

.04785 

.01047 

.4677 

.6025 

.10231 

.7379 

4.5714 

.68722 

.03758 

15/64 

.234375 

.05493 

.01287 

.4841 

.6166 

.11347 

.7481 

4.2667 

.73631 

.04314 

1/4 

.250 

.0626 

.01663 

.6000 

.6300 

.12600 

.7679 

4.0 

.78640 

.04909 

17/64 

.265625 

.07056 

.01874 

.5154 

.6428 

.13690 

.7671 

3.7647 

.83448 

.05542 

9/32 

.28125 

.07910 

.02225 

.5303 

.6552 

.14916 

.7759 

3.5556 

.88357 

.06213 

19/64 

.296875 

.08813 

.02616 

.5449 

.6671 

.16176 

.7844 

3.3684 

.93266 

.06922 


.30 

.090 

.0270 

.5477 

.6694 

.16432 

.7860 

3.3333 

.94248 

.07069 

8/16 

.3126 

.09766 

08062 

.6690 

.6786 

.17469 

.7925 

3.2000 

.98176 

.07670 

21/64 

.328125 

■ .10767 

.03533 

.5728 

.6897 

.18796 

.8002 

3.0476 

1.0308 

.08456 

11/32 

.34375 

.11816 

.04062 

.5863 

.7005 1 

.20154 

.8077 

2.9091 

1.0799 

.09281 

23/64 

.359375 

.12915 

.04641 

.5995 

.7110 

.21544 

.8149 

2.7826 

1.1290 

.10143 

8/8 

.876 

.14063 

.06273 

.6124 

.7211 

.22964 

.8219 

2.6667 

1.1781 

.11046 

25/64 

.390625 

.15259 

.05961 

.6250 

.7310 

.24414 

.8286 

2.5600 

1.2272 

.11984 


.40 

.16 

.0640 

.6325 

.7368 

.25298 

.8326 

2.50 

1.2566 

.12566 

13/32 

.40625 

.16504 

.06705 

.6374 

.7406 

.25894 

.8351 

2.4615 

1.2763 

.12962 

27/64 

.421875 

. 17798 

.07508 

.6495 

.7500 ! 

.27402 

.8415 

2.3704 

1.3254 

. 13979 

7/16 

.4376 

.19141 

.08374 

.6614 

.7692 1 

.28938 

.8476 

2.2867 

1.3744 

.16033 

29/64 

.453125 

.20532 

.09304 

.6732 

.7681 i 

.30502 

.8536 

2.2069 

1.4235 

.16126 

15/32 

.46875 

.21973 

.10300 

.6847 

.7768 

.32093 

.8594 

2.1333 

1.4726 

.17257 

31/64 

.484375 

.23462 

.11364 

.6960 

.7854 

.33711 

.8650 

2.0645 

1.5217 

.18427 

1/2 

.60 

.2600 

.12600 

.7071 

.7937 

.36366 

.8706 

2.0 

1.6708 

.19635 

33/64 

.515625 

.26587 

.13709 

.7181 

.8019 

.37025 

.8759 

1.9394 

1.6199 

.20881 

17/32 

.53125 

.28223 

.14993 

.7289 

.8099 

.38721 

.8812 

1.8824 

1.6690 

.22166 

35/64 

.546875 

.29907 

.16355 

.7395 

.8178 

.40442 

.8863 

1.8286 

1.7181 

.23489 

6/16 

.6626 

.31641 

.17798 

.7600 

.8266 

.42188 

.8913 

1.7778 

1.7671 

.24860 

37/64 

.578125 

.33423 

.19323 

.7604 

.8331 

.43957 

.8962 

1.7297 

1.8162 

.26250 

19/32 

.59375 

.35254 

.20932 

.7706 

.8405 

.45751 

.9010 

1.6842 

1.8653 

.27688 


.60 

.3600 

.21600 

.7746 

.8434 

.46476 

.9029 

1.6667 

1.8850 

.28274 

39/64 

.609375 

. 3713 -* 

.22628 

.7806 

.8478 

.47569 

.9057 

1.6410 

1.9144 

.29165 

6/8 

.626 

.39068 

.24414 

.7906 

.8660 

.49410 

.9103 

1.6000 

1.9636 

.30680 

41/64 

.640625 

.41040 

.26291 

.8004 

.8621 

.51275 

.9148 

1.5610 

2.0126 

.32233 

21/32 

.65625 

.43066 

.28262 

.8101 

.8690 

.53162 

.9192 

1.5238 

2.0617 

.33824 

43/64 

.671875 

.45142 

.30330 

.8197 

.8759 

.55072 

.9235 

1.4884 

2.1108 

.35454 

11/16 

.6876 

.47266 

.82496 

.8297 

.8826 

.67006 

.9278 

1.4646 

2.1698 

.37122 


.70 

.4900 

.34300 

.8367 

.8879 

.58566 

.9312 

1.4286 

2.1991 

.38485 

45/64 

.703125 

.49438 

.34761 

.8385 

.8892 

.58959 

.9320 

1.4222 

2.2089 

.38829 

23/32 

.71875 

.51660 

.37131 

.8478 

.8958 

.60935 

.9361 

1.3913 

2.2580 

.40574 

47/64 

.734375 

.53931 

.39605 

.8570 

.9022 

.62933 

.9401 

1.3617 

2.3071 

.42357 

8/4 

.760 

.66260 

.42188 

.8660 

.9086 

.64962 

.9441 

1.3383 

2.8662 

.44179 

49/64 

.765625 

.58618 

.44879 

.8750 

.9148 

.66992 

.9480 

1.3061 

2.4053 

.46038 

25/32 

.78125 

.61035 

.47684 

.8839 

.9210 

.69053 

.9518 

1.2800 

2.4544 

.47937 

51/64 

.796875 

.63501 

.50602 

.8927 

.9271 

.71135 

.9556 

1.2549 

2.5035 

.49874 


.80 

.6400 

.51200 

.8944 

.9283 

.71554 

.9564 

1.2500 

2.5133 

.50265 

13/16 

.8126 

.66016 

.63638 

.9014 

.9331 

.73238 

.9598 

1.2308 

2.6626 

.61849 


.828125 

.68579 

.56792 

.9100 

.9391 

.75361 

.9630 

1.2075 

2.6016 

.53862 

27/32 

.84375 

.71191 

.60067 

.9186 

.9449 

.77503 

.9666 

1.1852 

2.6507 

.55914 

55/64 

.859375 

.73853 

.63467 

.9270 

.9507 

.79666 

.9702 

1.1636 

2.6998 

.58004 

7/8 

.876 

.76663 

.66992 

.9364 

.9666 

.81849 

.9737 

1.1429 

2.7489 

.60132 

57/64 

.890625 

.79321 

.70645 

.9437 

.9621 

.84051 

.9771 

1.1228 

2.7980 

.62299 


.90 

.81000 

.72900 

.9487 

.9655 

.85435 

.9792 

1.1111 

2.8274 

.63617 

29/32 

.90625 

.82129 

.74429 

.9520 

.9677 

.86272 

.9805 

1.1034 

2.8471 

.64504 

59/64 

.921875 

.84985 

.78346 

.9601 

.9733 

.88513 

.9839 

1.0847 

2.8962 

.66747 

16/16 

.9376 

.87891 

.82398 

.9683 

.9787 

.90773 

.9872 

1.0667 

2.9462 

.69029 

61/64 

.953125 

.90845 

.86587 

.9763 

.9841 

.93053 

.9905 

1.0492 

2.9943 

.71349 

31/32 

.96875 

.93848 

.90915 

.9843 

.9895 

.95349 

.9937 

1.0323 

3.0434 

.73708 

63/64 

.984375 j 

.96899 

.95385 

.9922 

.9948 

.97666 

.9969 

1.0159 

3.0925 

.76104 
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Table 7 .—Coniinved 


N 

JV2 

iV® 

Vn 

3 

Vn 


5 

Vn 

1 

N 

j Circle (N ■■ D) 

Circum. 

Area 

1. 

1.0000 

1.0000 

1.0000 

1.0000 

1.0000 

1.0000 

1.0000000 

8.1416 

.7864 

1.125 

1.2656 

1.4238 

1.0606 

1.0400 

1.1932 

1.0238 

.8888888 

3.5343 

.9940 

1.25 

1.5625 

1.9531 

1.1180 

1.0772 

1.3975 

1.0456 

.80000000 

3.9270 

1,2272 

1.375 

1.8906 

2.5996 

1.1726 

1.1120 

1.6123 

1.0658 

.72727272 

4.3197 

1.4849 

1.5 

2.25 

3.3750 

1.2247 

1.1447 

1.8371 

1.0845 

.66666666 

4.7124 

I.767I 

1.625 

2.6406 

4.2910 

1.2748 

1.1757 

2.0715 

1.1020 

.61538462 

5.1051 

2.0739 

1.75 

3.0625 

5.3594 

1.3229 

1.2051 

2.3150 

1.1186 

.57142857 

5.4978 

2.4053 

1.875 

3.5156 

6.5918 

1.3693 

1.2331 

2.5675 

1.1340 

.53333333 

5.8905 

2.7612 

2. 

4.0000 

8.0000 

1.4142 

1.2599 

2.8284 

1.1487 

.60000000 

6.8888 

8.1416 

2.125 

4.5156 

9.5957 

1.4577 

1.2856 i 

3.0977 

1.1627 

.47058823 

6.6759 

3.5466 

2.25 

5.0625 

11.3906 

1.5000 

1.3104 1 

3.3750 

1.1761 

.44444444 

7.0b86 

3.9761 

2.375 

5.6406 

13.3965 

1.5411 

1.3342 

3.6601 

1.1889 

.42105263 

7.4613 

4.4301 

2.5 

6.2500 

15.6250 

1.5811 

1.3572 

3.9529 

1.2011 

.40000000 

7.8540 

4.9087 

2.625 

6.8906 

18.0879 

1.6202 

1.3795 

4.2530 

1.2129 

.38095231 

8.2467 

5.4119 

2.75 

7.5625 

20.7969 

1.6583 

1.4011 

4.5604 

1.2242 

.36363636 

8.6394 

5.9396 

2.875 

8.2656 

23.7637 

1.6956 

1.4219 

4.8748 

1.2352 

.34782609 

9.0321 

6.4918 

3. 

9.000 

27.0000 

1.7321 

1.4422 

6.1962 

1.2467 

.33333333 

9.4848 

7.0686 

3.125 

9.7656 

30.5176 

1.7678 

1.4620 

5.5243 

1.2559 

.32000000 

9.8175 

7.6699 

3.25 

10.5625 

34.3281 

1.8028 

1.4813 

5.8590 

1.2658 

.30769231 

10.2102 

8.2958 

3.375 

11.3906 

38.4434 

1.8371 

1.5000 

6.2003 

1.2754 

.29629629 

10.6029 

8.9462 

3.5 

12.2500 

42.8750 

1.8708 

1.5183 

6.5479 

1.2847 

.28571429 

10.9956 

9.6211 

3.625 

13.1406 

47.6348 

1.9039 

1.5362 

6.9018 

1.2938 

.27586207 

11.3883 

10.3206 

3.75 

14.0625 

52.7344 

1.9365 

1.5536 

7.2619 

1.3026 

.26666666 

11.7810 

11.0447 

3.875 

15.0156 

58.1856 

1.9685 

1.5707 

7.6279 

1.3112 

.25806452 

12.1737 

11.7932 

i. 

16.0000 

64.0000 

2.0000 

1.6874 

8.0000 

1.3196 

.86000000 

18.5664 

18.6664 

4.125 

17.0156 

70.1895 

2.0310 

1.6038 

8.3779 

1.3277 

.24242424 

12.9591 

13.3640 

4.25 

18.0625 

76.7656 

2.0616 

1.6198 

8.7616 

1.3356 

.23529412 

13.3518 

14.1863 

4.375 

19.1406 

83.7402 

2.0916 

1.6355 

9.1510 

1.3434 

.22857143 

13.7445 

15.0330 

4.5 

20.2500 

91.1250 

2.1213 

1.6510 

9.5460 

1.3510 

.22222222 

14.1372 

15.9043 

4.625 

21.3906 

98.9317 

2.1506 

1.6661 

9.9465 

1.3584 

.21621622 

14.5299 

16.8001 

4.75 

22.5625 

107.1719 

2.1795 

1.6810 

10.3524 

1.3656 

.21052632 

14.9226 

17.7205 

4.875 

23.7656 

115.8574 

2,2079 

1.6956 

10.7637 

1.3728 

.20512821 

15.3153 

18.6655 

6 . 

20.0000 

120.00CO 

2.2361 

1.7100 

11.1803 

1.3799 

.80000000 

16.7080 

19.6860 

5.125 

26.2656 

134.6113 

2.2638 

1.7241 

11.6022 

1.3866 

.19512195 

16.1006 

20.6289 

5.25 

27.5625 

144.7031 

2.2913 

1.7380 

12.0293 

1.3933 

. 19047619 

16.4933 

21.6475 

5.375 

28.8906 

155.2871 

2.3184 

1.7517- 

12.4614 

1.3998 

.18604651 

16.8860 

22.6906 

5.5 

30.2500 

166.3750 

2.3452 

1.7652 

12.8987 

1.4063 

.18181818 

17.2787 

23.7583 

5.625 

31.6406 

177.9785 

2.3727 

1.7784 

13.3409 

1.4126 

.17777777 

17.6714 

24.8505 

5.75 

33.0625 

190.1094 

2.3979 

1.7915 

13.7880 

1.4188 

. 17391304 

18.0641 

25.9672 

5.875 

34.5156 

202.7793 

2.4238 

1.8044 

14.2400 

1.4250 

.17021277 

18.4568 

27.1085 

6 . 

36.0000 

216.0000 

2.449S 

1.8171 

14.6969 

1.4310 

.16666666 

18.8496 

88.8748 

6.125 

37.5156 

229.7832 

2.4749 

1.8297 

15.1586 

1.4369 

.16326531 

19.2422 

29.4647 

6.25 

39.0625 

244.1406 

2.5000 

1.8420 

15.6250 

1.4427 

.16000000 

19.6349 

30.6796 

6.375 

40.6406 

259.0840 

2.5249 

1,8542 

16.0961 

1.4484 

.15686275 

20.0276 

31.9190 

6.5 

42.2500 

274.6250 

2.5495 

1.8663 

16.5718 

1.4542 

.15384615 

2a. 4203 

33.1831 

6.625 

43.8906 

290.7754 

2.5739 

1.8781 

17.0522 

1.4596 

.15094339 

20.8130 

34.4716 

6.75 

45.5625 

307.5469 

2.5981 

1.8899 

17.5370 

I.465I 

.14814815 

21.2057 

35.7847 

6.875 

47.2656 

324.9512 

2.6220 

1.9015 

18.0264 

1.4705 

.14545454 

21.5984 

37.1223 

7. 

49.0000 

343.0000 

2.6468 

1.9129 

18.6208 

1.4768 

.14886714 

81.9911 

88.4846 

7.125 

50.7656 

361.7051 

2.6693 

1.9243 

19.0186 

1.4810 

.14035088 

22.3838 

39.8712 

7.25 

52.5625 

381.0781 

2.6926 

1.9354 

19.5212 

1.4862 

.13793103 

22.7765 

41.2825 

7.375 

54.3906 

401.1309 

2.7157 

1.9465 

20.0283 

1.4913 

.13559322 

23.1692 

42.7183 

7.5 

56.2500 

421.8750 

2.7386 

1.9574 

20.5396 

1.4963 

.13333333 

23.5619 

44.1786 

7.625 

58.1406 

443.3223 

2.7613 

1.9683 

21.0552 

1.5012 

.13114754 

23.9546 

45.6635 

7.75 

60.0625 

465.4844 

2.7839 

1.9789 

21.5751 

1.5061 

.12903226 

24.3473 

47.1730 

7.875 

62.0156 

488.3731 

2.8063 

1.9895 

22.0992 

1.5110 

.12698413 

24.7400 

48.7069 

8. 

64.0000 

612.0000 

2.8284 

2.0000 

82.6874 

1.6167 

.18600000 

86.1887 

60.8666 

8.125 

66.0156 

536.3770 

2.8504 

2.0104 

23.1598 

1.5204 

.12307692 

25.5254 

51.8485 

8.25 

68.0625 

561.5156 

2.8723 

2.0206 

23.6963 

1.5251 

.12121212 

25.9181 

53.4562 

8.375 

70.1406 

587.4278 

2.8940 

2.0308 

24.2369 

1.5297 

.11940298 

26.3108 

55.0883 

8.5 

72.2500 

614.1250 

2.9155 

2.0408 

24.7816 

1.5342 

.11764706 

26.7035 

56.7450 

8.625 

74.3906 

641.6192 

2.9368 

2.0508 

25.3301 

1.5387 

.11594203 

27.0962 

58.4262 

8.75 

76.5625 

669.9219 

2.9580 

2.0606 

25.8828 

1.5431 

.11428571 

27.4889 

60.1320 

8.875 

78.7656 

[699.0450 

2.9791 

2.0704 

26.4394 

1.5475 

.11267605 

27.8816 

61.8623 

9. 

81.0000 

729.0000 

8.0000 

2.0801 

27.0000 

1.6618 

.11111111 

88.8743 

68.6178 

9.125 

83.2656 

759.7989 

3.0207 

2.0897 

27.5645 

1.5561 

.10958904 

28.6670 

65.3966 

9.25 

85.5625 

791.4531 

3.0414 

2.0992 

28.1328 

1.5604 

.10810811 

29.0597 

67.2006 

9.375 

87.8906 

823.9746 

3.0619 

2.1086 

28.7050 

1.5646 

.10666666 

29.4524 

69.0291 

9.5 

90.2500 

857.3750 

3.0822 

2.1179 

29.2810 

1.5687 

.10526316 

29.8451 

70.8822 

9.625 

92.6406 

891.6660 

3.1024 

2.1272 

29.8608 

1.5728 

.10389610 

30.2378 

72.7597 

9.75 

95.0625 

926.8594 

3.1225 

2.1363 

30.4444 

1.5769 

.10256410 

30.6305 

74.6619 

9.875 

97.5156 

962.9668 

3.1425 

2.1454 

31.0317 

1.5809 

.10126582 

31.0232 

76.5886 
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N 



Vn 

3 

Vlv 

jV3/2 

5 

Vn 

1 

N 

Circle {N « D) 

Circum. 

Area 

10 

100 

1000 

8.1628 

2.1644 

81.628 

1.6849 

.10000000 

31.4169 

78.6398 

n 

121 

1331 

3.3166 

2.2240 

36.483 

1.6154 

.09090909 

34.5575 

95.0332 

12 

144 

1728 

3.4641 

2.2894 

41.569 

1.6438 

.08333333 

37.6991 

113.0973 

13 

169 

2197 

3.6056 

2.3513 

46.873 

1.6703 

.07692308 

40.8407 

132.7323 

M 

196 

2744 

3.7417 

2.4101 

52.384 

1.6953 

.07142857 

43.9823 

153.9380 

15 

225 

3375 

3.8730 

2.4662 

58.095 

1.7188 

.06666667 

47.1239 

176.7146 

16 

256 

4096 

4.0000 

2.5198 

64.000 

1.7411 

.06250000 

50.2654 

201.0619 

17 

289 

4913 

4.1231 

2.5713 

70.093 

1.7623 

.05882353 

53.4070 

226.9801 

18 

324 

5832 

4.2426 

2.6207 

76.367 

1.7826 

.05555556 

56.5486 

254.4690 

19 

361 

6859 

4.3589 

2.6684 

82.819 

1.8020 

.05263158 

59.6902 

283.5287 

20 

400. 

8000 

4.4721 

2.7144 

89.442 

1.8206 

.06000000 

62.8818 

314.1693 

21 

441 ' 

9261 

4.5826 

2.7589 

96.235 

1.8384 

.04761905 

65.9734 

346.3606 

22 

484 

10648 

4.6904 

2.8020 

103.19 

1.8556 

.04545455 

69.1150 

380.1327 

23 

529 

12167 

4.7958 

2.8439 

110.30 

1.8722 

.04347826 

72.2566 

415.4756 

24 

576 

13824 

4.8990 

2.8845 

117.58 

1.8882 

.04166667 

75.3982 

452.3893 

25 

625 

15625 

5.0000 

2.9240 

125.00 

1.9037 

.04000000 

78.5398 

490.8739 

26 

676 

17576 

5.0990 

2.9625 

132.57 

1.9186 

.03846154 

81.6813 

530.9292 

27 

729 

19683 

5.1962 

3.0000 

140.30 

1.9332 

.03703704 

84.8229 

572.5553 

28 

784 

21952 

5.2915 

3.0366 

148.16 

1.9473 

.03571429 

87.9645 

615.7522 

29 

841 

24389 

5.3852 

3.0723 

156.17 

1.9610 

.03448276 

91.1061 

660.5198 

20 

900 

27000 

6.4772 

8.1072 

164.82 

1.9744 

.03383333 

94.2477 

706.8683 

31 

961 

29791 

5.5678 

3.1414 

172.60 

1.9873 

.03225806 

97.3893 

754.7676 

32 

1024 

32768 

5.6569 

3.1748 

181.02 

2.0000 

.03125000 

100.5309 

804.2477 

33 

1089 

35937 

5.7446 

3.2075 

189.57 

2.0123 

.03030303 

103.6725 

855.2986 

34 

1156 

39304 

5.8310 

3.2396 

198.25 

2.0244 

.02941176 

106.8141 

907.9203 

35 

1225 

42875 

5.9161 

3.2711 

207.06 

2.0362 

.02857143 

109.9557 

962.1127 

36 

1296 

46656 

6.0000 

3.3019 

216.00 

2.0477 

.02777778 

113.0972 

1017.8760 

37 

1369 

50653 

6.0828 

3.3322 

225.06 

2.0589 

.02702703 

116.2388 

1075.2101 

38 

1444 

54872 

6.1644 

3.3620 

234.25 

2.0699 

.02631579 

119.3804 

1134.1149 

39 

1521 

59319 

6.2450 

3.3912 

243.56 

2.0807 

.02564103 

122.5220 

1194.5906 

40 

1600 

64000 

6.8246 

3.4200 

252.98 

2.0913 

.02600000 

126.6636 

1366.6371 

41 

1681 

68921 

6.4031 

3.4482 

262.53 

2.1016 

.02439024 

128.8052 

1320.2543 

42 

1764 

74088 

6.4807 

3.4760 

272.19 

2.1118 

.02380952 

131.9468 

1385.4424 

43 

1849 

79507 

6.5574 

3.5034 

281.97 

2.1218 

.02325581 

135.0884 

1452.2012 

44 

1936 

85184 

6.6332 

3.5303 

291.86 

2.1315 

.02272727 

138.2300 

1520.5308 

45 

2025 

91125 

6.7082 

3.5569 

301.87 

2.1411 

.02222222 

141.3716 

1590.4313 

46 

2116 

97336 

6.7823 

3.5830 

311.99 

2.1506 

.02173913 

144.5131 

1661.9025 

47 

2209 

103823 

6.8557 

3.6088 

322.22 

2.1598 

.02127660 

147.6547 

1734.9445 

48 

2304 

110592 

6.9282 

3.6342 

332.55 

2.1689 

.02083333 

150.7963 

1809.5574 

49 

2401 

117649 

7.0000 

3.6593 

343.00 

2.1779 

.02040816 

153.9379 

1885.7410 

60 

2500 

125000 

7.0711 

8.6840 

858.56 

2.1867 

.02000000 

167.0796 

1963.600 

51 

2601 

132651 

7.1414 

3.7084 

364.21 

2.1954 

.01960784 

160.2211 

2042.820 

52 

2704 

140608 

7.2111 

3.7325 

374.98 

2.2039 

.01923077 

163.3627 

2123.716 

53 

2809 

148877 

7.2801 

3.7563 

385.85 

2.2124 

.01886792 

166.5043 

2206.183 

54 

2916 

157464 

7.3485 

3.7798 

396.82 

2.2206 

.01851852 

169.6459 

2290.221 

55 

3025 

166375 

7.4162 

3.8030 

407.89 

2.2288 

.01818182 

172.7875 

2375.829 

56 

3136 

175616 

7.4833 

3.8259 

419.07 

2.2369 

.01785714 

175.9290j 

2463.008 

57 

3249 

185193 

7.5498 

3.8485 

430.35 

2.2448 

.01754386 

179.0706 

2551.758 

58 

3364 

195112 

7.6158 

3.8709 

441.72 

2.2526 

.01724138 

182.2122 

2642.079 

59 

3481 

205379 

7.6811 

3.8930 

453.19 

2.2603 

.01694915 

185.3538 

2733.970 

60 

3600 

216000 

7.7460 

8.9149 

464.76 

2.2679 

.01666667 

188.4964 

8837.433 

61 

3721 

226981 

7.8102 

3.9365 

476.43 

2.2755 

.01639344 

191.6370 

2922.466 

62 

3844 

238328 

7.8740 

3.9579 

488.19 

2.2829 

.01612903 

194.7786 

3019.070 

63 

3969 

250047 j 

7.9373 

3.9791 

500.05 

2.2902 

.01587302 

197.9202 

3117.245 

64 

4096 

262144 ! 

8.0000 

4.0000 

512.00 

2.2974 

.01562500 

201.0618 

3216.990 

65 

4225 

274625 j 

8.0623 

4.0207 1 

524.05 

2.3045 

.01538462 

204.2034 

3318.307 

66 

4356 

287496 

8.1240 

4.0412 J 

536.19 

2.3116 

.01515152 

207.3449 

3421.194 

67 

4489 

300763 

8.1854 

4.0615 i 

548.42 

2.3186 

.01492537 

210.4865 

3525.652 

68 

4624 

314432 

8.2462 

4.0817 

560.74 

2.3254 

.01470588 

213.6281 

3631.680 

69 

4761 

328509 

8.3066 

4.1016 

573.16 

2.3322 

.01449275 

216.7697 

3739.280 

70 

4900 

848000 

8.8666 

4.1218 

586.66 

2.8389 

.01428671 

219.9113 

3848.460 

71 

5041 

357911 

8.4261 

4.1408 

598.26 

2.3456 

.01408451 

223.0529 

3959.191 

72 

5184 

373248 

8.4853 

4.1602 

610.94 

2.3522 

.01388889 

226.1945 

4071.503 

73 

5329 

389017 

8.5440 

4.1793 

623.71 

2.3587 

.01369863 

229.3361 

4185.386 

74 

5476 

405224 

8.6023 

4.1983 

636.57 

2.3651 

.01351351 

232.4777 

4300.839 

75 

5625 

421875 

8.6603 

4.2172 

649.52 

2.3714 

.01333333 

235.6193 

4417.864 

76 

5776 

438976 

8.7178 

4.2358 

662.55 

2.3777 

.01315789 

238.7608 

4536.459 

77 

5929 

456533 

8.7750 

4.2543 

675.68 

2.3840 

.01298701 

241.9024 

4656.625 

78 

6084 

474552 

8.8318 

4.2727 

688.88 

2.3901 

.01282051 

245.0440 

4778.361 

79 

6241 

493039 

8.8882 

4.2908 

702.17 

2.3962 

.01265823 

248.1856 

4901.669 
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Table 7. —Coniinued 


N 


^3 

Vn 

3 


5 

Vn 

1 

N 

1 Circle (-V - D) 

Circum. 

Area 

80 

6400 

612000 

8.9443 

4.8089 

716.64 

2.4022 

.01260000 

261.827 

6086.647 

81 

6561 

531441 

9.0000 

4.3267 

729.00 

2.4082 

.01234568 

254.469 

5152.998 

82 

6724 

551368 

9.0554 

4.3445 

742.54 

2.4141 

.01219512 

257.610 

5281.016 

83 

6889 

571787 

9.1104 

4.3621 

756.17 

2.4200 

.01204819 

260.752 

5410.607 

84 

7056 

592704 

9.1652 

4.3795 

769.88 

2.4258 

.01190476 

263.894 

5541.770 

85 

7225 

614125 

9.2195 

4.3968 

783.66 

2.4315 

.01176471 

267.035 

5674.501 

86 

7396 

636056 

9.2736 

4.4140 

797.53 

2.4372 

.01162791 

270.177 

5808.805 

87 

7569 

658503 

9.3274 

4.4310 

811.49 

2.4429 

.01149425 

273.318 

5944.679 

86 

7744 

681472 

9.3808 

4.4480 

825.52 

2.4485 

.01136364 

276.460 

6082.124 

89 

7921 

704969 

9.4340 

4.4647 

839.63 

2.4540 

.01123596 

279.602 

6221.138 

90 

8100 

729000 

9.4868 

4.4814 

863.82 

2.4696 

.01111111 

282.743 

6861.786 

91 

8281 

753571 

9.5394 

4.4979 

868.09 

2.4650 

.01098901 

285.885 

6503.882 

92 

8464 

778688 

9.5917 

4.5144 

882.44 

2.4705 

.01086957 

289.026 

6647.610 

93 

8649 

804357 

9.6437 

4.5307 

896.86 

2.4758 

.01075269 

292.168 

6792.909 

94 

8836 

830584 

9.6954 

4.5468 

911.36 

2.4810 

.01063830 

295.309 

6939.778 

95 

9025 

857375 

9.7468 

4.5629 

925.95 

2.4863 

.01052632 

298.451 

7088.219 

96 

9216 

884736 

9.7980 

4.5789 

940.61 

2.4915 

.01041667 

301.593 

7238.230 

97 

9409 

912673 

9.8489 

4.5947 

955.34 

2.4966 

.01030928 

304.734 

7389.812 

98 

9604 

941192 

9.8995 

4.6104 

970.15 

2.5018 

.01020408 

307.876 

7542.962 

99 

9801 

970299 

9.9499 

4.6261 

985.04 

2.5069 

.01010101 

311.017 

7697.688 

100 

10000 

1000000 

10.0000 

4.6416 

1000.0 

2.6119 

.01000000 

814.169 

7868.988 

101 

10201 

1030301 

10.0499 

4.6570 

1015.0 

2.5169 

.00990099 

317.301 

8011.85 

102 

10404 

1061208 

10.0995 

4.6723 

1030.1 

2.5219 

.00980392 

320.442 

8171.28 

103 

10609 

1092727 

10.1489 

4.6875 

1045.3 

2.5268 

.00970874 

323.584 

8332.29 

104 

10816 

1124864 

10.1980 ' 

4.7027 

1060.6 

2.5317 

.00961538 

326.725 

8494.87 

105 

11025 

1157625 

10.2470 

4.7177 

1075.9 

2.5365 

.00952381 

329.867 

8659.01 

106 

11236 

1191016 

10.2956 

4.7326 

1091.3 

2.5413 

.00943396 

333.009 

8824.73 

107 

11449 

1225043 

10.3441 

4.7475 

1106.8 

2.5461 

.00934579 

336.150 

8992.02 

108 

11664 

1259712 

10.3923 

4.7622 

1122.4 

2.5509 

.00925926 

339.292 

9160.88 

109 

11881 

1295029 

10.4403 

4.7769 

1138.0 

2.5556 

.00917431 

342.433 

9331.32 

110 

12100 

1331000 

10.4881 

4.7914 

1168.7 

2.6602 

.00909091 

846.676 

9608.88 

111 

12321 

1367631 

10.5357 

4.8059 

1169.5 

2.5649 

.00900901 

348.716 

9676.89 

112 

12544 

1404928 

10.5830 

4.8203 

1185.3 

2.5695 

.00892857 

351.858 

9852.03 

113 

12769 

1442897 

10.6301 

4.8346 

1201.2 

1 2.5740 

.00884956 

j 355.000 

10028.75 

114 

12996 

1481544 

10.6771 

4.8488 

1217.2 

1 2.5786 

.00877193 

358.141 

10207.03 

115 

13225 

1520875 

10.7238 

4.8629 

1233.2 

2.5831 

.00869565 

361.283 

10386.89 

116 

13456 

1560896 

10.7703 

4.8770 

1249.4 

2.5876 

.00862069 

364.424 

10568.32 

117 

13689 

1601613 

10.8167 

4.8910 

1265.5 

2.5920 

.00854701 

367.566 

10751.31 

118 

13924 

1643032 

10.8628 

4.9049 

1281.8 

2.5964 

.00847458 

370.708 

10935.88 

119 

14161 

1685159 

10.9087 

4.9187 

1298.1 

2.6008 

.00840336 

373.849 

11122.02 

120 

14400 

1728000 

10.9646 

4.9884 

1314.6 

2.6062 

.00883833 

876.991 

11809.78 

121 

14641 

1771561 

11.0000 

4.9461 

1331.0 

2.6095 

.00826446 

380.132 

11499.01 

122 

14884 

1815848 

11.0454 

4.9597 

1347.5 

2.6138 

.00819672 

383.274 

11689.86 

123 

15129 

1860867 

11.0905 

4.9732 

1364.1 

2.6181 

.00813008 

386.416 

11882.29 

124 

15376 

1906624 

11.1355 

4.9866 

1380.8 

2.6223 

.00806452 

389.557 

12076.28 

125 

15625 

1953125 

11.1803 

5,0000 

[1397.5 

2.6265 

.00800000 

392.699 

12271.84 

126 

15876 

2000376 

11.2250 

5.0133 

1414.4 

2.6307 

.00793651 

395.840 

12468.98 

127 

16129 

2048383 

11.2694 

5.0265 

1431.2 

2.6349 

.00787402 

398.982 

12667.68 

126 

16384 

2097152 

11.3137 

5.0397 

1448.2 

2.6390 

.00781250 

402.124 

12867.96 

129 

16641 

2146689 

11.3578 

5.0528 

1465.2 

2.6431 

.00775194 

405.265 

13069.81 

130 

16900 

2197000 

11.4018 

6.0668 

1482.2 

2.6472 

.00769281 

408.407 

18878.88 

131 

17161 

2248091 

11.4455 

5.0788 

1499.4 

2.6513 

.00763359 

411.548 

13478.22 

132 

17424 

2299968 

11.4891 

5.0916 

1516.6 

2.6553 

.00757576 

414.690 

13684.77 

133 

17689 

2352637 

11.5326 

5.1045 

1533.8 

2.6593 

.00751880 

417.831 

13892.91 

134 

17956 

2406104 

11.5758 

5.1172 

1551.2 

2.6633 

.00746269 

420.973 

14102.61 

135 

18225 

2460375 

11.6190 

5.1299 

1568.6 

2.6673 

.00740741 

424.115 

14313.88 

136 

18496 

2515456 

11.6619 

5.1426 

1586.0 

2.6712 

.00735294 

427.256 

14526.72 

137 

18769 

2571353 

11.7047 

5.1551 

1603.6 

2.6751 

.00729927 

430.398 

14741.14 

138 

19044 

2628072 

11.7473 

5.1676 

1621.1 

2.6790 

.00724638 

433.539 

14957.12 

139 

19321 

2685619 

11.7898 

5.1801 

1638.8 

2.6829 

.00719424 

436.681 

15174.67 

140 

19600 

2744000 

11.8882 

6.1926 

1666.6 

2.6667 

.00714286 

489.828 

16898.80 

141 

19881 

2803221 

11.8743 

5.2048 

1674.3 

2.6906 

.00709220 

442.964 

15614.50 

142 

20164 

2863288 

11.9164 

5.2171 

1692.1 

2.6944 

.00704225 

446.106 

15836.77 

143 

20449 

2924207 

11.9583 

5.2293 

1710.0 

2.6981 

.00699301 

449.247 

16060.60 

144 

20736 

2985984 

12.0000 

5.2415 

1728.0 

2.7019 

.00694444 

452.389 

16286.01 

145 

21025 

3048625 

12.0416 

5.2536 

1746.0 

2.7057 

.00689655 

455.531 

16512.99 

146 

21316 

3112136 

12.0830 

5.2656 

1764.1 

2.7094 

.00684932 

458.672 

16741.54 

147 

21609 

3176523 

12.1244 

5.2776 

1782.2 

2.7131 

.00680272 

461.814 

16971.67 

148 

21904 

3241792 

12.1655 

5.2896 

1800.5 

2.7168 

.00675676 

464.955 

17203.36 

149 

22201 

3307949 

12.2066 

5.3015 

1818.6 

2.7204 

.00671141 

468.097 

17436.62 
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N 

A'i* 


y/N 

3 

Vn 


5 

y/N 

1 

N 

Circle {N = D) 

Circum. 

Area 

160 

83600 

3376000 

12.2474 

6.3183 

1837.1 

2.7241 

.00666667 

471.289 

17671.46 

151 

22801 

3442951 

12.2882 

5.3251 

1855.5 

2.7277 

.00662252 

474.380 

17907.86 

152 

23104 

3511808 

12.3288 

5.3368 

1874.0 

2.7314 

.00657895 

477.522 

18145.84 

153 

23409 

3581577 

12.3693 

5.3485 

1892.5 

2.7349 

.00653595 

480.663 

18385.38 

154 

23716 

3652264 

12.4097 

5.3601 

1911.1 

2.7385 

.00649351 

483.805 

18626.50 

155 

24025 

3723875 

12.4499 

5.3717 

1929.7 

2.7420 

.00645161 

486.946 

18869.19 

156 

24336 

3796416 

12.4900 

5.3832 

1948.4 

2.7455 

.00641026 

490.088 

19113.45 

157 

24649 

3869893 

12.5300 

5.3947 

1967.2 

2.7490 

.00636943 

493.230 

19359.28 

158 

24964 

3944312 

12.5698 

5.4061 

1986.0 


.00632911 

496.371 

19606.68 

159 

25281 

4019679 

12.6095 

5.4175 

2004.9 

2.7560 

.00628931 

499.513 

19855.65 

160 

26600 

4096000 

12.6491 

6.4288 

2023.9 

2.7696 

.00626000 

602.664 

20106.19 

161 

25921 

4173281 

12.6886 

5.4401 

2042.9 

2.7629 

.00621118 

505.796 

20358.30 

162 

26244 

4251528 

12.7279 

5.4514 

2061.9 

2.7663 

.00617284 

508.938 

20611.99 

163 

26569 

4330747 

12.7671 

5.4626 

2081.0 

2.7697 

.00613497 

512.079 

20867.24 

164 

26896 

4410944 

12.8062 

5.4737 

2100.2 

2.7731 

.00609756 

515.221 

21124.06 

165 

27225 

4492125 

12.8452 

5.4848 

2119.5 

2.7765 

.00606061 

518.362 

21382.46 

166 

27556 

4574296 

12.8841 

5.4959 

2138.8 

2.7799 

.00602410 

521.504 

21642.43 

167 

27889 

4657463 

12.9228 

5.5069 

2158.1 

2.7832 

.00598802 

524.646 

21903.96 

168 

28224 

4741632 

12.9615 

5.5178 

2177.5 

2.7865 

.00595238 

527.787 

22167.07 

169 

28561 

4826809 

13.0000 

5.5288 

2197.0 

2.7898 

.00591716 

530.929 

22431.75 

170 

28900 

4913000 

13.0384 

6.6397 

2216.6 

2.7931 

.00688236 

634.070 

22698.00 

171 

29241 

5000211 

13.0767 

5.5505 

2236.1 

2.7964 

.00584795 

537.212 

22965.82 

172 

29584 

5088448 

13.1149 

5.5613 

2255.8 

2.7997 

.00581395 

540.353 

23235.21 

173 

29929 

5177717 

13.1529 

5.5721 

2275.5 

2.8029 

.00578035 

543.495 

23506.18 

174 

30276 

5268024 

13.1909 

5.5828 

2295.2 

2.8061 

.00574713 

546.637 

23778.71 

175 

30625 

5359375 

13.2288 

5.5934 

2315.0 

2.8094 

.00571429 

549.778 

24052.81 

176 

30976 

5451776 

13.2665 

5.6041 

2334.9 

2.8126 

.00568182 

552.920 

24328.49 

177 

31329 

5545233 

13.3041 

5.6147 

2354.8 

2.8158 

.00564972 

556.061 

24605.73 

178 

31684 

5639752 

13.3417 

5.6252 

2374.8 

2.8189 

.00561798 

559.203 

24884.55 

179 

32041 

5735339 

13.3791 

5.6357 

2394.9 

2.8221 

.00558659 

562.345 

25164.94 

180 

32400 

6832000 

13.4164 

6.6462 

2416.0 

2.8262 

.00666666 

666.486 

25446.90 

181 

32761 

5929741 

13.4536 

5.6567 

2435.1 

2.8284 

.00552486 

568.628 

25730.42 

182 

33124 

6028568 

13.4907 

5.6671 

2455.3 

2.8315 

.00549451 

571.769 

26015.52 

183 

33489 

6128487 

13.5277 

5.6774 

2475.6 

2.8346 

.00546448 

574.911 

26302.19 

184 

33856 

6229504 

13.5647 

5.6877 

2495.9 

2.8377 

.00543478 

578.053 

26590.43 

185 

34225 

6331625 

13.6015 

5.6980 

2516.3 

2.8408 

.00540541 

581.194 

26880.25 

186 

34596 

6434856 

13.6382 

5.7083 

2536.7 

2.8438 

.00537634 

584.336 

27171.63 

187 

34969 

6539203 

13.6748 

5.7185 

2557.2 

2.8469 

.00534759 

587.477 

27464.58 

188 

35344 

6644672 

13.7113 

5.7287 

2577.7 

2.8499 

.00531915 

590.619 

27759.11 

189 

35721 

6751269 

13.7477 

5.7388 

2598.3 

2.8529 

.00529101 

593.761 

28055.20 

190 

36100 

6869000 

13.7840 

6.7489 

2619.0 

2.8660 

.00626316 

696.902 

28352.87 

191 

36481 

6967871 

13.8203 

5.7590 

2639.7 

2.8590 

.00523560 

600.044 

28652.10 

192 

36864 

7077888 

13.8564 

5.7690 

2660.4 

2.8619 

.00520833 

603.185 

28952.91 

193 

37249 

7189057 

13.8924 

5.7790 

2681.2 

2.8649 

.00518135 

606.327 

29255.29 

194 

37636 

73013J4 

13.9284 

5.7890 

2702.1 

2.8679 

.00515464 

609.468 

29559.24 

195 

38025 

7414875 

13.9642 

5.7989 

2723.0 

2.8708 

.00512821 

612.610 

29864.76 

196 

38416 

7529536 

14.0000 

5.8088 

2744.0 

2.8738 

.00510204 

615.752 

30171.85 

197 

38809 

7645373 

14.0357 

5.8186 

2765.0 

2.8767 

.00507614 

618.893 

30480.51 

198 

39204 

7762392 

14.0712 

5.8285 

2786.1 

2.8796 

.00505051 

622.035 

30790.74 

199 

39601 

7880599 

14.1067 

5.8383 

2807.2 

2.8825 

.00502513 

625.176 

31102.55 

800 

40000 

8000000 

14.1421 

6.8480 

2828.4 

2.8864 

.00600000 

628.318 

31415.93 

201 

40401 

8120601 

14.1774 

5.8578 

2849.7 

2.8883 

.00497512 

631.460 

31730.87 

202 

40804 

8242408 

14.2127 

5.8675 

2871.0 

2.8911 

.00495050 

634.601 

32047.39 

203 

41209 

8365427 

14.2478 

5.8771 

2892.3 

2.6940 

.00492611 

637.743 

32365.47 

204 

41616 

8489664 

14.2829 

5.8868 

2913.7 

2.8968 

.00490196 

640.884 

32685.13 

205 

42025 

8615125 

14.3178 

5.8964 

2935.2 

2.8997 

.00487805 

644.026 

33006.36 

206 

42436 

8741816 

14.3527 

5.9059 

2956.7 

2.9025 

.00485437 

647.168 

33329.16 

207 

42849 

8869743 

14.3875 

5.9155 

2978.2 

2.9053 

.00483092 

650.309 

33653.53 

208 

43264 

8998912 

14.4222 

5.9250 

2999.8 

2.9081 

.00480769 

653.451 

33979.47 

209 

43681 

9129329 

14.4568 

5.9345 

3021.5 

2.9109 

.00478469 

656.592 

34306.98 

810 

44100 

9261000 

14.4914 

6.9439 

8043.2 

2.9137 

.00476190 

659.784 

34686.06 

211 

44521 

9393931 

14.5258 

5.9533 

3065.0 

2.9165 

.00473934 

662.875 

34966.71 

212 

44944 

9528128 

14.5602 

5.9627 

3086.8 

2.9192 

.00471698 

666.017 

35298.94 

213 

45369 

9663597 

14.5945 

5.9721 

3108.7 

2.9220 

.00469484 

669.159 

35632.73 

214 

45796 

9800344 

14.6287 

5.9814 

3130.6 

2.9247 

.00467290 

672.300 

35968.09 

215 

46225 

9938375 

14.6629 

5.9907 

3152.5 

2.9274 

.00465116 

675.442 

36305,03 

216 

46656 

10077696 

14.6969 

6.0000 

3174.5 

2.9302 

.00462963 

678.583 

36643.54 

217 

47089 

10218313 

14.7309 

6.0092 

3196.6 

2.9329 

.00460829 

681.725 

36983.61 

218 

47524 

10360232 

14.7648 

6.0185 

3218.7 

2.9356 

.00458716 

684.867 

37325.26 

219 

47961 

10503459 

14.7986 

6.0277 

3240.9 

2.9383 

.00456621 

688.008 

37668.48 
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N 



Vn 

3 

V-V 

A^3/2 

6_ 

V A' 

1 

N 

Circle (N — JD) 

Circum. 

Area 

220 

48400 

10648000 

14.8324 

6.0368 

3263.1 

2.9409 

.00404046 

691.160 

38018.27 

221 

48841 

10793861 

14.8661 

6.0459 

3285.4 

2.9436 

.00452489 

694.291 

38359.63 

222 

49284 

10941048 

14.8997 

6.0550 

3307.7 

2.9463 

.00450450 

697.433 

38707.56 

223 

49729 

11089567 

14.9332 

6.0641 

3330.1 

2.9489 

.00448430 

700.575 

39057.07 

224 

50176 

11239424 

14.9666 

6.0732 

3352.5 

2.9516 

.00446429 

703.716 

39408.14 

225 

50625 

11390625 

15.0000 

6.0822 

3375.0 

2.9542 

.00444444 

706.858 

39760.78 

226 

51076 

11543176 

15.0333 

6.0912 

3397.5 

2.9568 

.00442478 

709.999 

40115.00 

227 

51529 

11697083 

15.0665 

6.1002 

3420.1 

2.9594 

.00440529 

713.141 

40470.78 

228 

51984 

11852352 

15.0997 

6.1091 

3442.7 

2.9620 

.00438596 

716.283 

40828.14 

229 

52441 

12008989 

15.1327 

6.1180 

3465.4 

2.9646 1 

.00436681 

719.424 

41187.07 

230 

62900 

12167000 

15.1658 

6.1269 

3488.1 

2.9672 

.00434783 

722.666 

41647.66 

231 

53361 

12326391 

15.1987 

6.1358 

3510.9 

2.9698 

.00432900 

725.707 

41909.63 

232 

53824 

12487168 

15.2315 

6.1446 

3533.7 

2.9723 

.00431034 

728.849 

42273.27 

233 

54289 

12649337) 

15.2643 

6.1534 

3556.6 

2.9749 

.00429185 

731.990 

42638.48 

234 

54756 

12812904 

15.2971 

6.1622 

3579.5 

2.9774 

.00427350 

735.132 

43005.26 

235 

55225 

12977875 

15.3297 

6.1710 

3602.5 

2.9800 

.00425532 

738.274 

43373.61 

236 

55696 1 

13144256) 

15.3623 

6.1797 

3625.5 

2.9825 

.00423729 

741.415 

43743.54 

237 

56169 

13312053 

15.3948 

6.1885 

3648.6 

2.9850 

.00421941 

744.557 

44115.03 

238 

56644 

13481272 

15.4272 

6. 1972 

3671.7 

2.9875 

.00420168 

747.698 

44488.09 

239 

57121 1 

I365I919 

15.4596 

6.2058 

3694.8 

2.9900 

.00418410 

750.840 

44862.73 

240 

67600 

13824000 

15.4919 

6.2145 

3718.0 

2.9925 

.00416667 

763.982 

46288.98 

241 

58081 

13997521 

15.5242 

6.2231 

3741.3 

2.9950 

.00414938 

757.123 

45616.71 

242 

58564 ! 

14172488 

15.5563 

6.2317 

3764.6 

2.9975 

.00413223 

760.265 

45996.06 

243 

59049 

14348907 

15.5885 

6.2403 

3788.0 

3.0000 

.00411523 

763.406 

46376.98 

244 

59536 

14526784 

15.6205 

6.2488 

3811.4 

3.0025 

.00409836 

766.548 

46759.47 

245 

60025 

14706125 

15.6425 

6.2573 

3834.9 

3.0049 

.00408163 

769.690 

47143.52 

246 

60516 

14886936 

15.M4 

6.2658 

3858.4 

1 3.0074 

.00406504 

772.831 

47529.16 

247 

61009 

15069223 

15.7162 

6.2743 

3881.9 

3.0098 

.00404858 

775.973 

47916.36 

248 

61504 

15252992 

15.7480 

6.2828 

3905.5 

3.0122 

.00403226 

779.114 

48305.13 

249 

62001 

15438249 

15.7797 

6.2912 

3929.2 

1 3.0147 

.00401606 

782.256 

48695.47 

280 

62600 

15626000 

15.8114 

6.2996 

3962.9 

3.0171 

.00400000 

785.898 

49087.89 

251 

63001 

15813251 

15.8430 

6.3080 

3976.6 

3.0195 

.00398406 

788.539 

49480.87 

252 

63504 

16003008 

15.8745 

6.3164 

4000.4 

3.0219 

.00396825 

791.681 

49875.92 

253 

64009 

16194277 

15.9060 

6.3247 

. 4024.2 

3.0243 

.00395257 

794.822 

50272.55 

254 

64516 

16387064 

15.9374 

6.3330 

4048.1 

3.0267 

.00393701 

797.964 

50670.75 

255 

65025 

16581375 

15.9687 

6.3413 

4072.0 

3.0291 

.00392157 

801.105 

51070.52 

256 

65536 

16777216 

16.0000 

6.3496 

4096.0 

3.0314 

.00390625 

804.247 

51471.85 

257 

66049 

16974593 

16.0312 

6.3579 

4120.0 

3.0338 

.00389105 

807.389 

51874.76 

258 

66564 

17173512 

16.0624 

6.3661 

4144.1 

3.0362 

.00387597 

810.530 

52279.24 

259 

67081 

17373979 

16.0935 

6.3743 

4168.2 

3.0385 

.00386100 

813.672 

52685.29 

260 

67600 

17576000 

16.1245 

6.3825 

4192.4 

3.0418 

.00384616 

816.813 

63092.92 

261 

68121 

17779581 

16.1555 

6.3907 

4216.6 

3.0432 

.00383142 

819.955 

53502.11 

262 

68644 

17984728 

16.1864 

6.3988 

4240.8 

3.0455 

.00381679 

823.097 

53912.87 

263 

69169 

18191447 

16.2173 

6.4070 

4265.1 

3.0478 

.00380228 

826.238 

54325.21 

264 

69696 

18399744 

16.2481 

6.4151 

4289.5 

3.0501 

.00378788 

829.380 

54739.11 

265 

70225 

18609625 

16.2788 

6.4232 

4313.9 

3.0524 

.00377358 

832.521 

55154.59 

266 

70756 

18821096 

16.3095 

6.4312 

4338.3 

3.0547 

.00375940 

835.663 

55571.63 

267 

71289 

19034163 

16.3401 

6.4393 

4362.8 

3.0570 

.00374532 

838.805 

55990.25 

268 

71824 

19248832 

16.3707 

6.4473 , 

4387.3 

3.0593 

.00373134 

841.946 

56410.44 

269 

72361 

19465109 

16.4012 

6.4553 

4411.9 

3.0616 

.00371747 

845.088 

56832.20 

270 

72900 

19683000 

16.4317 

6.4633 

4436.0 

3.0639 

.00370370 

848.229 

67266.68 

271 

73441 

19902511 

16.4621 

6.4713 1 

4461.2 

3.0662 

.00369004 

851.371 

57680.43 

272 

73984 

20123648 

16.4924 

6.4792 

4485.9 

3.0684 

.00367647 

854.512 

58106.90 

273 

74529 

20346417 

16.5227 

6.4872 

4510.7 

3.0707 

.00366300 

857.654 

58534.94 

274 

75076 

20570824 

16.5529 

6.4951 j 

4535.5 

3.0729 

.00364964 

860.796 

58964.55 

275 

75625 

20796875 

16.5831 

6.5030 

4560.4 

3.0752 

.00363636 

863.937 

59395.74 

276 

76176 

21024576 

16.6132 

6.5108 

4585.3 

3.0774 

.00362319 

867.079 

59828.49 

277 

76729 

21253933 

16.6433 

6.5187 

4610.2 

3.0796 

.00361011 

870.220 

60262.82 

278 

77284 

21484952 

16.6733 

6.5265 

4635.2 

3.0818 

.00359712 

873.362 

60698.71 

279 

77841 

21717639 

16.7033 

6.5343 

4660.2 

3.0840 

.00358423 

876.504 

61136.18 

280 

78400 

21952000 

16.7332 

6.5421 

4680.3 

3.0863 

.00357143 

879.646 

61676.22 

281 

78961 

22188041 

16.7631 

6.5499 

4710.4 

3.0885 

.00355872 

882.787 

62015.82 

282 

79524 

22425768 

16.7929 

6.5577 

4735.6 

3.0907 

.00354610 

885.928 

62458.00 

263 

80089 

22665187 

16.8226 

6.5654 

4760.8 

3.0928 

.003533571 

889.070 

62901.75 

284 

80656 

22906304 

16.8523 

6.5731 

4786.0 

3.0950 

.00352113 

892.212 

63347.07 

285 

81225 

23149125 

16.8819 

6.5808 

4811.3 

3.0972 

.00350877 

895.353 

63793.97 

286 

81796 

23393656 

16.9115 

6.5885 

4836.7 

3.0994 

.003496501 

898.495 

64242.43 

287 

82369 

23639903 

16.9411 

6.5962 

4862.1 

3.1015 

.00348432 

901.636 

64692.46 

288 

82944 

23887872 

16.9706 

6.6039 

4887.5 

3.1037 

.00347222] 

904.778 

65144.07 

289 

83521 

24137569 

17.0000 

6.6115 

4913.0 

3.1058 

.00346021 

907.920 

65597.24 
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N 

JV2 


Vn 

3 

y/N 

jv3;2 

6 

Vn 

1 

N 

Circla {N - D) 

Circum. 

Area 

S90 

84100 

84889000 

17.0894 

6.6191 

4938.6 

8.1080 

.00344828 

911.061 

66061.99 

291 

84681 

24642171 

17.0587 

6.6267 

4964.1 

3.1101 

.00343643 

914.203 

66508.30 

292 

85264 

24897088 

17.0880 

6.6343 

4989.7 

3.1123 

.00342466 

917.344 

66966.19 

293 

85849 

25153757 

17.1172 

6.6419 

5015.4 

3.1144 

.00341297 

920.486 

67425.65 

294 

86436 

25412184 

17.1464 

6.6494 

5041.1 

3.1165 

.00340136 

923.627 

67886.68 

295 

87025 

25672375 

17.1756 

6.6569 

5066.8 

3.1186 

.00338983 

926.769 

68349.28 

296 

87616 

25934336 

17.2047 

6.6644 

5092.6 

3.1207 

.00337838 

929.911 

68813.45 

297 

88209 

26198073 

17.2337 

6.6719 

5118.4 

3.1228 

.00336700 

933.052 

69279.19 

298 

88804 

26463592 

17.2627 

6.6794 

5144.3 

3.1249 

.00335570 

936.194 

69746.50 

299 

89401 

26730899 

17.2916 

6.6869 

5170.2 

3.1270 

.00334448 

939.335 

70215.38 

soo 

00000 

87000000 

17.3806 

6.6943 

0196.2 

3.1291 

.00388333 

942.477 

70686.83 

301 

90601 

27270901 

17.3494 

6.7018 

5222.2 

3.1312 

.00332226 

945.619 

71157.86 

302 

91204 

27543608 

17.3781 

6.7092 

5248.2 

3.1333 

.00331126 

948.760 

71631.45 

303 

91809 

27818127 

17.4069 

6.7166 

5274.3 

3.1354 

.00330033 

951.902 

72106.62 

304 

92416 

28094464 

17.4356 

6.7240 

5300.4 

3.1374 

.00328947 

955.043 

72583.36 

305 

93025 

28372625 

17.4642 

6.7313 

5326.6 

3.1395 

.00327869 

958.185 

73061.66 

306 

93636 

28652616 

17.4929 

6.7387 

5352.8 

3.1416 

.00326797 

961.327 

73541.54 

307 

94249 

28934443 

17.5214 

6.7460 

5379.1 

3.1436 

.00325733 

964.468 

74022.99 

308 

94864 

29218112 

17.5499 

6.7533 

5405.4 

3.1456 

.00324675 

967.610 

74506.01 

309 

95481 

29503629 

17.5784 

6.7606 

5431.7 

3.1477 

.00323625 

970.751 

74990.60 

SIO 

96100 

89791000 

17.6068 

6.7679 

6458.1 

3.1497 

.00322681 

978.893 

76476.76 

311 

96721 

30080231 

17.6352 

6.7752 

5484.5 

3.1518 

.00321543 

977.034 

75964.50 

312 

97344 

30371328 

17.6635 

6.7824 

5511.0 

3.1538 

.00320513 

980.176 

76453.80 

313 

97969 

30664297 

17.6918 

6.7897 

5537.5 

3.1558 

.00319489 

983.318 

76944.67 

314 

98596 

30959144 

17.7200 

6.7969 

5564.1 

3.1578 

.00318471 

986.459 

77437.12 

mym 

99225 

31255875 

17.7482 

6.8041 

5590.7 

3.159y 

.00317460 

989.601 

77931.13 

mm 

99856 

31554496 

17.7764 

6.8113 

5617.3 

3.16lP 

.00316456 

992.742 

78426.72 

mtm 

100489 

31855013 

17.8045 

6.8185 

5644.0 

3.1638 

.00315457 

995.884 

78923.88 

mm 

101124 

32157432 

17.8326 

6.8256 

5670.7 

3.1658 

.00314465 

999.026 

79422.60 

KeI 

I0I76I 

32461759 

17.8606 

6.8328 

5697.5 

3.1678 

.00313480 

1002.167 

79922.90 

E9 

108400 

38768000 

17.8886 

6.8399 

5724.8 

3.1698 

.00312600 

1006.309 

80424.77 

321 

103041 

33076161 

17.9165 

6.8470 

5751.2 

3.1718 

.00311526 

1008.450 

80928.21 

322 

103684 

33386248 

17.9444 

6.8541 

5778.1 

3.1737 

.00310559 

1011.592 

81433.22 

323 

104329 

33698267 

17.9722 

6.8612 

5805.0 

3.1757 

.00309598 

1014.734 

81939.80 

324 

104976 

34012224 

18.0000 

6.8683 

5832.0 

3.1777 

.00308642 

1017.875 

82447.96 

325 

105625 

34328125 

18.0278 

6.8753 

5859.0 

3.1796 

.00307692 

1021.017 

82957.68 

326 

106276 

34645976 

18.0555 

6.8824 

5886.1 

3.1816 

.00306748 

1024.158 

83468.97 

327 

106929 

34965783 

18.0831 

6.8894 

5913.2 

3.1835 

.00305810 

1027.300 

83981.84 

328 

107584 

35287552 

18.1108 

6.8964 

5940.3 

3.1855 

.00304878 

1030.442 

84496.28 

329 

108241 

35611289 

18.1384 

6.9034 

5967.5 

3.1874 

.00303951 

1033.583 

85012.28 

880 

108900 

36937000 

18.1669 

6.9104 

5994.7 

8.1894 

.00303030 

1036.726 

86629.86 

331 

109561 

36264691 

18.1934 

6.9174 

6022.0 

3.1913 

.00302115 

1039.866 

86049.01 

332 

110224 

36594368 

18.2209 

6.9244 

6049.3 

3.1932 

.00301205 

1043.008 

86569.73 

333 

110889 

36926037 

18.2483 

6.9313 

6076.7 

3.1951 

.00300300 

1046.149 

87092.02 

334 

111556 

37259704 

18.2757 

6.9382 

6104.1 

3.1970 

.00299401 

1049.291 

87615.88 

335 

112225 

37595375 

18.3030 

6.9451 

6131.5 

3.1989 

.00298507 

1052.433 

88141.31 

336 

112896 

37933056 

18.3303 

6.9521 

6159.0 

3.2009 

.00297619 

1055.574 

88668.31 

337 

113569 

38272753 

18.3576 

6.9589 

6186.5 

3.2028 

.00296736 

1058.716 

89196.88 

338 

114244 

38614472 

18.3848 

6.9658 

6214.1 

3.2047 

.00295858 

1061.857 

89727.03 

339 

114921 

38958219 

18.4120 

6.9727 

6241.7 

3.2066 

.00294985 

1064.999 

90258.74 

8i0 

110600 

39304000 

18.4391 

6.9795 

6269.3 

3.2086 

.00294118 

1068.141 

90792.03 

341 

116281 

39651821 

18.4662 

6.9864 

6297.0 

3.2103 

.00293255 

1071.282 

91326.88 

342 

116964 

40001688 

18.4932 

6.9932 

6324.7 

3.2122 

.00292398 

1074.424 

91863.31 

343 

117649 

40353607 

18.4203 

7.0000 

6352.4 

3.2141 

.00291545) 

1077.565 

92401.31 

344 

118336 

40707584 

18.5472 

7.0068 

6380.2 

3.2160 

.00290698 

1080.707 

92940.88 

345 

119025 

41063625 

18.5742 

7.0136 

6408.1 

3.2178 

.00289855 

1083.849 ’ 

93482.02 

346 

119716 

41421736 

18.6011 

7.0203 

6436.0 

3.2197 

.00289017 

1086.990 

94024.73 

347 

120409 

41781923 

18.6279 

7.0271 

6463.9 

3.2216 

.00288184 

1090.132 

94569.01 

348 

121104 

42144192 

18.6548 

7.0338 

6491.9 

3.2234 

.00287356 

1093.273 

95114.86 

349 

121801 

42508549 

18.6815 

7.0406 j 

6519.9 

3.2253 

.00286533 

1096.415 

95662.28 

800 

122600 

48876000 

18.7083 

7.0473 

6547.9 

8.2271 

.00286714 

1099.667 

96211.28 

351 

123201 

43243551 

18.7350 

7.0540 

6576.0 

3.2289 

.00284900 

1102.698 

96761.84 

352 

123904 

43614208 

18.7617 

7.0607 

6604.1 

3.2308 

.00284091 

1105.840 

97313.97 

353 

124609 

43986977 

18.7883 

7.0674 

6632.3 

3.2326 

.00283286 

1108.981 

97867.68 

354 

125316 

44361864 

18.8149 

7.0740 

6660.5 

3.2345 

.00282486 

1112.123 

98422.96 

355 

126025 

44738875 

18.8414 

7.0807 

6688.7 

3.2363 

.00281690 

1115.264 

98979.80 

356 

126736 

45118016 

18.8680 

7.0873 

6717.0 

3.2381 

.00280899 

1118.406 

99538.22 

357 

127449 

45499293 

18.8944 

7.0940 

6745.3 

3.2399 

.00280112 

1121.548 

100098.21 

358 

128164 

45882712 

18.9209 

7.1006 

6773.7 

3.2417 

.00279330 

1124.689 

100659.77 

359 

128881 

46268279 

18.9473 

7.1072 

6802.1 

3.2435 1 

.00278552 

1127.831 

101222.90 
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Table 7 .—Continued 


N 



Vn 

3 

Vn 


5 

Vn 


Circle (.V - D) 

Circum. 

Area 

860 

189600 

46666000 

18.9787 

7.1188 

6880.0 

8.2468 

.00277778 

1130.972 

101787.60 

361 

130321 

47045881 

19.0000 

7.1204 

6859.0 

3.2471 

.00277008 

1134.114 

102353.87 

362 

131044 

47437928 

19.0263 

7.1269 

6887.5 

3.2489 

.00276243 

1137.256 

102921.72 

363 

131769 

47832147 

19.0526 

7.1335 

6916.1 

3.2507 

.00275482 

1140.397 

103491.13 

364 

132496 

48228544 

19.0788 

7.1400 

6944.7 

3.2525 

.00274725 

1143.539 

104062.12 

365 

133225 

48627125 

19.1050 

7.1466 

6973.3 

3.2543 

.00273973 

1146.680 

104634.67 

366 

133956 

49027896 

19.1311 

7.1531 

7002.0 

3.2561 

.00273224 

1149.822 

105208.80 

367 

134689 

49430863 

19.1572 

7.1596 

7030.7 

3.2579 

.00272480 

1152.964 

105784.49 

368 

135424 

49836032 

19.1833 

7.1661 

7059.5 

3.2597 

.00271739 

1156.105 

106361.76 

369 

136161 

50243409 

19.2094 

7.1726 

7088.3 

3.2614 

.00271003 

1159.247 

106940.60 

870 

186900 

60668000 

19.2864 

7.1791 

7117.1 

8.2688 

.00270270 

1162.388 

107621.01 

371 

137641 

51064811 

19.2614 

7.1855 

7146.0 

3.2650 

.00269542 

1165.530 

108102.99 

372 

138384 

51478848 

19.2873 

7.1920 

7174.9 

3.2668 

.00268817 

1168.671 

108686.54 

373 

139129 

51895117 

19.3132 

7.1984 

7203.9 

3.2685 

.00268097 

1171.813 

109271.66 

374 

139876 

52313624 

19.3391 

7.2048 

7232.8 

3.2702 

.00267380 

1174.955 

109858.35 

375 

140625 

52734375 

19.3649 

7.2112 

7261.8 

3.2719 

.00266667 

1178.096 

110446.62 

376 

141376 

53157376 

19.3907 

7.2177 

7290.9 

3.2737 

.00265957 

1181.238 

111036.45 

377 

142129 

53582633 

19.4165 

7.2240 

7320.0 

3.2754 

.00265252 

1184.379 

111627.86 

378 

142884 

54010152 

19.4422 

7.2304 

7349.2 

3.2772 

.00264550 

1187.521 

112220.83 

379 

143641 

54439939 

19.4679 

7.2368 

7378.4 

3.2789 

.00263852 

1190.663 

112815.38 

880 

144400 

64878000 

19.4986 

7.2482 

7407.6 

3.2807 

.00263168 

1193.804 

113411.49 

381 

145161 

55306341 

19.5192 

7.2495 

7436.8 

3.2824 

.00262467 

1196.946 

114009.18 

382 

145924 

55742968 

19.5446 

7.2558 

7466.1 

3.2841 

.00261780 

1200.087 

114608.44 

383 

146689 

56181887] 

19.5704 

7.2622 

7495.4 

3.2858 

.00261097 

1203.229 

115209.27 

384 

147456 

56623104* 

19.5959 

7.2685 

7524.8 

3.2875 

.00260417 

1206.371 

115811.67 

385 

148225 

57066625 

19.6214 

7.2748 

7554.2 

3.2892 

.00259740 

1209.512 

116415.64 

386 

148996 

57512456 

19.6469 

7.2811 

7583.7 

3.2909 

.00259067 

1212.654 

117021.18 

387 

149769 

57960603 

19.6723 

7.2874 

7613.2 

3.2926 

.00258398 

1215.795 

117628.30 

388 

150544 

58411072 

19.6977 

7.2936 

7642.7 

3.2943 

.00257732 

1218.937 

118236.98 

389 

151321 

58863869 

19.7231 

7.2999 

7672.3 

3.2960 

.00257069 

1222.0791 

118847.24 

890 

162100 

69319000 

19.7484 

7.8061 

7701.9 

3.2977 

.00266410 

1226.220 

119469.06 

391 

152881 

59776471 

19.7737 

7.3124 

7731.5 

3.2994 

.00255754 

1228.362 

120072.46 

392 

153664 

60236288 

19.7990 

7.3186 

7761.2 

3.3011 

.00255102 

1231.503 

120687.42 

393 

154449 

60698457 

19.8242 

7.3248 

•7790.9 

3.3028 

.00254453 

1234.645 

121303.96 

394 

155236 

61162984 

19.8494 

7.3310 

7820.7 

3.3045 

.00253807 

1237.786 

121922.07 

395 

156025 

61629875 

19.8746 

7.3372 

7850.5 

3.3061 

.00253165 

1240.928 

122541.75 

396 

I568I6 

62099136 

19.8997 

7.3434 

7880.3 

3.3078 

.00252525 

1244.070 

123163.00 

397 

157609 

62570773 

19.9249 

7.3496 

7910.2 

3.3095 

.00251889 

1247.211 

123785.82 

398 

158404 

63044792 

19.9499 

7.3558 

7940.1 

3.3111 

.00251256 

1250.353 

124410.21 

399 

159201 

63521199 

19.9750 

7.3619 

7970.0 

3.3128 

.00250627 

1253.494 

125036.17 

400 

160000 

G4000000 

20.0000 

7.8681 

8000.0 

3.3146 

.00260000 

1266.636 

186663.71 

401 

160801 

64481201 

20.0250 

7.3742 

8030.0 

3.3161 

.00249377 

1259.778 

126292.81 

402 

161604 

64964808 

20.0499 

7.3803 

8061.1 

3.3178 

.00248756 

1262.919 

126923.48 

403 

162409 

65450827 

20.0749 

7.3864 

8090.2 

3.3194 

.00248139 

1266.061 

127555.73 

404 

163216 

65939264 

20.0998 

7.3925 

8120.3 

3.3211 

.00247525 

1269.202 

128189.55 

405 

164025 

66430125 

20.1246 

7.3986 

8150.5 

3.3227 

.00246914 

1272.34^ 

128824.93 

406 

164836 

66923416 

20.1494 

7.4047 

8180.7 

3.3243 

.00246305 

1275.486 

129461.89 

407 

165649 

67419143 

20.1742 

7.4108 

8210.9 

3.3260 

.00245700 

1278.627 

130100.42 

408 

166464 

67917312 

20.1990 

7.4169 

8241.2 

3.3276 

.00245098 

1281.769 

130740.52 

409 

167281 

68417929 

20.2237 

7.4229 

8271.5 

3.3292 

.00244499 

1284.910 

131382.19 

410 

168100 

68921000 

20.2486 

7.4290 

8301.9 

3.3308 

.00243902 

1288.062 

182026.43 

411 

168921 

69426531 

20.2731 

7.4350 

8332.3 

3.3325 

.00243309 

1291.193 

132670.24 

412 

169744 

69934528 

20.2978 

7.4410 

8362.7 

3.3341 

.00242718 

1294.335 

133316.63 

413 

170569 

70444997 

20.3224 

7.4470 

8393.2 

3.3357 

.00242131 

1297.477 

133964.58 

414 

171396 

70957944 

20.3470 

7.4530 

8423.7 

3.3373 

.00241546 

1300.618 

134614.10 

415 

172225 

71473375 

20.3715 

7.4590 

8454.2 

3.3390 

.00240964 

1303.760 

135265.20 

416 

173056 

71991296 

20.3961 

7.4650 

8484.8 

3.3406 

.00240385 

1306.901 

135917.86 

417 

173889 

72511713 

20.4206 

7.4710 

8515.4 

3.3422 

.00239808 

1310.043 

136572.10 

418 

174724 

73034632 

20.4450 

7.4770 

8546.0 

3.3438 

.00239234 

1313.185 

137227.91 

419 

175561 

73560059 

20.4695 

7.4829 

8576.7 

3.3454 

.00238663 

1316.326 

137885.29 

420 

176400 

74088000 

20.4989 

7.4889 

8607.4 

8.3470 

.00238096 

1819.468 

188644.24 

421 

177241 

74618461 

20.5183 

7.4948 

8638.2 

3.3485 

.00237530 

1322.609 

139204.76 

422 

178084 

75151448 

20.5426 

7.5007 

8669.0 

3.3501 

.00236967 

1325.751 

139866.85 

423 

178929 

75686967 

20.5670 

7.5067 

8699.8 

3.3517 1 

.00236407 

1328.893 

140530.51 

424 

179776 

76225024 

20.5913 

7.5126 

8730.7 

3.3533 

.00235849 

1332.034 

141195.74 

425 

180625 

76765625 

20.6155 

7.5185 

8761.6 

3.3559 

.00235294 

1335.176 

141862.54 

426 

181476 

77308776 

20.6398 

7.5244 

8792.5 

3.3564 

.00234742 

1338.317 

142530.92 

427 

182329 

77854483 

20.6640 

7.5302 

8823.5 

3.3580 

.00234192 

1341.459 

143200.86 

428 

183184 

78402752 

20.6882 

7.5361 

8854.5 

3.3596 

.00233645 

1344.601 

143872.38 

429 

184041 

78953589 

20.7123 

7.5420 

8885.6 

3.3612 

.00233100 

1347.742 

144545.46 
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N 

JNr2 


“s/ N 

3 

ViV 


5 

Va 

1 

!>! 

Circle (A — D) 

C/ircum. 

Area 

430 

184900 

79607000 

20.7864 

7.0478 

8916.7 

3.3627 

.00882558 

1350.884 

145280.12 

431 

185761 

80062991 

20.7605 

7.5537 

8947.8 

3.3643 

.00232019 

1354.025 

145896.35 

432 

186624 

80621568 

20.7846 

7.5595 

8979.0 

3.3659 

.00231481 

1357.167 

146574.15 

433 

187489 

81182737 

20.8087 

7.5654 

9010.1 

3.3674 

.00230947 

1360.308 

147253.52 

434 

188356 

81746504 

20.8327 

7.5712 

9041.4 

3.3690 

.00230415 

1363.450 

147934.46 

435 

189225 

82312875 

20.8567 

7.5770 

9072.7 

3.3705 

.00229885 

1366.592 

148616.97 

436 

190096 

82881856 

20.8806 

7.5828 

9104.0 

3.3720 

.00229358 

1369.733 

149301.05 

437 

190969 

83453453 

20.9045 

7.5886 

9135.3 

3.3736 

.00228833 

1372.875 

149986.70 

438 

191844 

84027672 

20.9284 

7.5944 

9166.7 

3.3752 

.00228311 

1376.OK. 

150673.92 

439 

192721 

84604519 

20.9523 

7.6001 

9198.1 

3.3767 

.00227790 

1379.151 

151362.72 

440 

198600 

86184000 

20.9762 

7.6059 

9289.5 

3.3783 

.00227273 

1382.300 

152053.08 

441 

194481 

85766121 

21.0000 

7.6117 

9261.0 

3.3798 

.00226757 

1385.441 

152745.02 

442 

195364 

86350888 

21.0238 

7.6174 

9292.5 

3.3813 

.00226244 

1388.583 

153438.53 

443 

196249 

86938307 

21.0476 

7.6232 

9324.1 

3.3828 

.00225734 

1391.724 

154133.60 

444 

197136 

87528384 

21.0713 

7.6289 

9355.7 

3.3844 

.00225225 

1394.866 

154830.25 

445 

198025 

88121125 

21.0950 

7.6346 

9387.3 

3.3859 

.00224719 

1398.00fc 

155528.47 

446 

198916 

88716536 

21.1187 

7.6403 

9419.0 

3.3874 

.00224215 

1401.149 

156228.26 

447 

199809 

89314623 

21.1424 

7.6460 

9450.7 

3.3889 

.00223714 

1404.291 

156929.62 

448 

200704 

89915392 

21.1660 

7.6517 

9482.4 

3.3904 

.00223214 

1407.432 

157632.55 

449 

201601 

90518849 

21.1896 

7.6574 

9514.2 

3.3919 

.00222717 

1410.574 

158337.05 

400 

202600 

911260C0 

21.2132 

7.6631 

9546.0 

3.3935 

.00222222 

1413.71C 

159043.18 

451 

203401 

91733851 

21.2368 

7.6688 

9577.8 

3.3950 

.00221729 

1416.857 

159750.77 

452 

204304 

92345408 

21.2603 

7.6744 

9609.6 

3.3965 

.00221239 

1419.99‘y 

160459.99 

453 

205209 

92959677 

21.2838 

7.6801 

9641.5 

3.3980 

.00220751 

1423.140 

161170.77 

454 

206116 

93576664 

21.3073 

7.6857 

9673.5 

3.3995 

.00220264 

1426.282 

161883.13 

455 

207025 

94196375 

21.3307 

7.6914 

9705.5 

3.4010 

,00219780 

1429.423 

162597.05 

456 

207936 

94818816 

21.3542 

7.6970 

9737.5 

3.4025 

.00219298 

1432.565 

163312.55 

457 

208849 

95443993 

21.3776 

7.7026 

9769.5 

3.4039 

.00218818 

1435.707 

164029.62 

458 

209764 

96071912 

21.4009 

7.7082 

9801.6 

3.4054 

.00218341 

1438.848 

164748.26 

459 

210681 

96702579 

21.4243 

7.7138 

9833.8 

3.4069 

.00217865 

1441.990 

165468.47 

460 

211600 

97S36C00 

21.4476 

7.7194 

9865.9 

3.4084 

.00217391 

1445.131 

166190.25 

461 

212521 

97972181 

21.4709 

7.7250 

9898.1 

3.4199 

.00216920 

1448.273 

166913.60 

462 

213444 

98611128 

21.4942 

7.7306 

9930.3 

3.4113 

.00216450 

1451.415 

167638.52 

463 

214369 

99252847 

21.5174 

7.7362 

9962.6 

3.4128 

.00215983 

1454.556 

168365.02 

464 

215296 

99897344 

21.5407 

7.7418 

9994.8 

3.4143 

.00215517 

1457.69f 

169093.08 

465 

216225 

100544625 

21.5639 

7.7473 

10027. 

3.4158 

.00215054 

1460.83‘ 

169822.72 

466 

217156 

101194696 

21.5870 

7.7529 

10060. 

3.4173 

.00214592 

1463.981 

170553.92 

467 

218089 

101847563 

21.6102 

7.7584 

10092. 

3.4187 

.00214133 

1467.123 

171286.70 

468 

219024 

102503232 

21.6333 

7.7639 

10124. 

3.4202 

.00213675 

1470.26- 

172021.05 

469 

219961 

103161709 

21.6564 

7.7695 

10157. 

3.4217 

.00213220 

1473.406 

172756.96 

470 

220900 

103828000 

21.6796 

7.7750 

10189. 

3.4231 

.00212766 

1476.547 

173494.45 

471 

221841 

104487111 

21.7025 

7.7805 

10222. 

3.4246 

.00212314 

1479.689 

174233.51 

472 

222784 

105154048 

21.7256 

7.7860 

10255. 

3.4260 

.00211864 

1482.830 

174974.14 

473 

223729 

105823817 

21.7486 

7.7915 

10287. 

3.4275 

.00211416 

1485.972 

175716.34 

474 

224676 

106496424 

21.7715 

7.7970 

10320. 

3.4289 

.00210970 

1489.114 

176460.12 

475 

225625 

107171875 

21.7945 

7.8025 

10352. 

3.4304 

.00210526 

1492.255 

177205.46 

476 

226576 

107850176 

21.8174 

7.8079 

10385. 

3.4318 

.00210084 

1495.397 

177952.37 

477 

227529 

108531333 

21.8403 

7.8134 

10418. 

3.4332 

.00209644 

1498.538 

178700.86 

478 

228484 

109215352 

21.8632 

7.8188 

10450. 

3.4347 

.00209205 

1501.68C 

179450.91 

479 

229441 

109902239 

21.8861 

7.8243 

10483. 

3.4361 

.00208768 

1504.822 

180202.54 

480 

230400 

110692000 

21.9089 

7.8297 

10516. 

3.4375 

.00208333 

1507.963 

180955.74 

481 

231361 

111284641 

21.9317 

7.8352 

10549. 

3.4390 

.00207900 

1511.105 

181710.50 

482 

232324 

111980168 

21.9545 

7.8406 

10582. 

3.4404 

.00207469 

1514.246 

182466.84 

483 

233289 

112678587 

21.-9773 

7.8460 

10615. 

3.4418 

.00207039 

1517.388 

183224.75 

484 

234256 

113379904 

22.0000 

7.8514 

10648. 

3.4433 

.00206612 

1520.530 

183984.23 

485 

235225 

114084125 

22.0227 

7.8568 

10681. 

3.4447 

.00206186 

1523.671 

184745.28 

486 

236196 

114791256 

22.0454 

7.8622 

10714. 

3.4461 

.00205761 

1526.813 

185507.90 

487 

237169 

115501303 

22.0681 

7.8676 

10747. 

3.4475 

.00205339 

1529.954 

186272.10 

488 

238144 

116214272 

22.0907 

7.8730 

10780. 

3.4489 

.00204918 

1533,096 

187037.86 

489 

239121 

116930169 

22.1133 

7.8784 

10813. 

3.4504 

.00204499 

1536.238 

187805.19 

490 

240100 

117649000 

22.1369 

7,8837 

10847. 

3.4518 

.00204082 

1589.379 

188574.10 

491 

241081 

118370771 

22.1585 

7.8891 

10880. 

3.4532 

.00203666 

1542.521 

189344.57 

492 

242064 

119095488 

22.1811 

7.8944 

10913. 

3.4546 

.00203252 

1545.662 

190116.62 

493 

243049 

119823157 

22.2036 

7.8998 

10946. 

3.4560 

.00202840 

1548.804 

190890.24 

494 

244036 

120553784 

22.2261 

7.9051 

10980. 

3.4574 

.00202429 

1551.945 

191665.43 

495 

245025 

121287375 

22.2486 

7.9105 

11013. 

1 3.4588 

.00202020 

1555.087 

192442.18 

496 

246016 

122023936 

22.2711 

7.9158 

11046. 

3.4602 

.00201613 

1558.229 

193220.51 

497 

247009 

122763473 

22.2935 

7.9211 

11080. 

3.4616 

.00201207 

1561.370 

194000.41 

498 

248004 

123505992 

22.3159 

7.9264 

1III3. 

3.4630 

.00200803 

1564.512 

194781.89 

499 

249001 

124251499 

22.3383 

7.9317 

II147. 

3.4643 

.00200401 

1567.653 

195564.93 
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Table 7. —Continued 


N, 


A’3 

Vn 

3 

Vn 

JV8/2 

6 

Vn 

I 

N 

Circle (N ^ D) 

Circum. 

Area 

500 

860000 

180000000 

88.8607 

7.9370 

11180 

8.4667 

.00800000 

1670.790 

) 196349.64 

501 

251001 

125751501 

22.3830 

7.9423 

11214 

3.4671 

.00199601 

1573.937 

' 197135.72 

502 

252004 

126506008 

22.4054 

7.9476 

11247 

3.4685 

.00199203 

1577.078 

1 197923.48 

503 

253009 

127263527 

22.4277 

7.9528 

1I2S1 

3.4699 

.00198807 

1580.220 

> 198712.80 

504 

254016 

128024064 

22.4499 

7.9581 

11315 

3.4713 

.00198413 

1583.361 

199503.70 

505 

255025 

128787625 

22.4722 

7.9634 

11348 

3.4726 

.00198020 

1586.503 

200296.17 

506 

256036 

129554216 

22.4944 

7.9686 

11382 

3.4740 

.00197628 

1589.645 

201090.20 

507 

257049 

130323843 

22.5167 

7.9739 

11416 

3.4754 

.00197239 

1592.786 

201885.81 

508- 

258064 

131096512 

22.5389 

7.9791 

11450 

3.4768 

.00196850 

1595.928 

202682.99 

509 

259081 

131872229 

22.5610 

7.9843 

11484 

3.4781 

.00196464 

1599.069 

203481.74 

610 

860100 

188661000 

88.6838 

7.9896 

11617 

8.4796 

.00196078 

1608.811 

804388.06 

5II 

261121 

133432831 

22.6053 

7.9948 

11551 

3.4808 

.00195695 

1605.352 

205083.95 

512 

262144 

134217728 

22.6274 

8.0000 

11585 

3.4822 

.00195313 

1608.494 

205887.42 

513 

263169 

135005697 

22.6495 

8.0052 

11619 

3.4836 

.00194932 

1611.636 

206692.45 

514 

264196 

135796744 

22.6716 

8.0104 

11653 

3.4849 

.00194553 

1614.777 

207499.05 

515 

265225 

136590875 

22.6936 

8.0156 

11687 

3.4863 

.00194175 

1617.919 

208307.23 

516 

266256 

137388096 

22.7156 

8.0208 

11721 

3.4876 

.00193798 

1621.060 

209116.97 

517 

267289 

138188413 

22.7376 

8.0260 

11755 

3.4890 

.00193424 

1624.202 

209928.29 

518 

268324 

138991832 

22.7596 

8.0311 

11789 

3.4904 

.00193050 

1627.344 

210741.18 

519 

269361 

139798359 

22.7816 

8.0363 

11824 

3.4917 

.00192678 

1630.485 

211555.63 

oao 

870400 

140608000 

88.8036 

8.0416 

11868 

8.4980 

.00198808 

1683.687 

818371.66 

521 

271441 

141420761 

22.8254 

8.0466 

11892 

3.4944 

.00191939 

1636.768 

213189.26 

522 

272484 

142236648 

22.8473 

8.0517 

11926 

3.4957 

.00191571 

11639.910 

214008.43 

523 

273529 

143055667 

22.8692 

8.0569 

11960 

3.4970 

.00191205 

11643.052 

214829.17 

524 

274576 

143877824 

22.8910 

8.0620 

11995 

3.4984 ' 

.00190840 

1646.193 

215651.49 

525 

275625 

144703125 

22.9129 

8.0671 

12029 

3.4997 

.00190476 

1649.335 

216475.37 

526 

276676 

145531576 

22.9347 

8.0723 

12064 

3.5010 

.00190114 

1652.476 

217300.82 

527 

277729 

146363183 

22.9565 

8.0774 

12098 

3.5024 

.00189753 

1655.618 

218127.85 

528 

278784 

147197952 

22.9783 

8.0825 

12133 

3.5037 

.00189394 

1658.760 

218956.44 

529 

279841 

148035889 

23.0000 

8.0876 

12167 

3.5050 

.00189036 

1661.901 

219786.61 

630 

880900 

148877000 

83.0817 

8.0987 

12808 

8.6064 

.00188679 

1666.043 

880618.34 

531 

281961 

149721291 

23.0434 

8.0978 

12236 

3.5077 

.00188324 

1668.184 

221451.65 

532 

263024 

150568768 

23.0651 

8.1028 

12271 

3.5090 

.00187970 

1671.326 

222286.53 

533 

284089 

151419437 

23.0868 

8.1079 

12305 

3.5103 

.00187617 

1674.467 

223122.98 

534 

285156 

152273304 

23.1084 

8.1130 

12340 

3.5116 

.00187266 

1677.609 

223961.00 

535 

286225 

153130375 

23.1301 

8.1180 

12375 

3.5130 

.00186916 

1680.751 

224800.59 

536 

28729b 

153990656 

23.1517 

8.1231 

12410 

3.5143 

.00186567 

1683.892 

225641.75 

537 

288369 

154854153 

23.1733 

8.1281 

12444 

3.5156 

.00186220 

1687.034 

226484.48 

538 

289444 

155720872 

23.1948 

8.1332 

12479 

3.5169 

.00185874 

1690.175 

227328.79 

539 

290521 

156590819 

23.2164 

8.1382 

12514 

3.5182 

.00185529 

1693.317 

228174.66 

640 

891600 

167464000 

83.8379 

8.1433 

12549 

8.6196 

.00186186 

1696.469 

889033.10 

541 

292681 

158340421 

23.2594 

8.1483 

12583 

3.5208 

.00184843 

1699.600 

229871.12 

542 

293764 

159220088 

23.2809 

8.1533 

I26I8 

3.5221 

.00184502 

1702.742 

230721.71 

543 

294849 

160103007 

23.3024 

8.1583 

12653 

3.5234 

.00184162 

1705.883 

231573.86 

544 

295936 

160989184 

23.3238 

8.1633 

12688 

3.5247 

.00183824 

1709.025 

232427.59 

545 

297025 

161878625 

23.3452 

8.1683 

12723 

3,5260 

.00183486 

1712.167 

233282.89 

546 

298116 

162771336 

23.3666 

8.1733 

12758 

3.5273 

.00183150 

1715.308 

234139.76 

547 

299209 

163667323 

23.3880 

8.1783 

12793 

3.5286 

.00182815 

1718.450 

234998.20 

548 

300304 

164566592 

23.4094 

8.1833 

12828 

3.5299 

.00182482 

1721.591 

235858.21 

549 

301401 

165469149 

23.4307 

8.1882 

12863 

3.5311 

.00182149 

1724.733 

236719.79 

660 

S08S00 

166376000 

83.4681 

8.1938 

12899 

8.6384 

.00181818 

1787.876 

837588.94 

551 

303601 

167284151 

23.4734 

8.1982 

12934 

3.5337 

.00181488 

1731.016 

238447.67 

552 

304704 

168196608 

23.4947 

8.2031 

12969 

3.5350 

.00181159 

1734.158 

239313.96 

553 

305809 

169112377 

23.5160 

8.2081 

13004 

3.5363 

.00180832 

1737.299 

240181.83 

554 

306916 

170031464 

23.5372 

8.2130 

13040 

3.5376 

.00180505 

1740.441 

241051.26 

555 

308025 

170953875 

23.5584 

8.2180 

13075 

3.5388 

.00180180 

1743.582 

241922.27 

556 

309136 

1171879616 

23.5797 

8.2229 

13110 

3.5401 

.00179856 

1746.724 

242794.85 

557 

310249 

1172808693 

23.6008 

8.2278 

13146 

3.5414 

.00179533 

1749.866 

243668.99 

558 

311364 

173741112 

23.6220 

8.2327 

13181 

3.5426 

.00179211 

1753.007 

244544.71 

559 

312481 

174676879 

23.6432 

8.2377 

13217 

3.5439 

.00178891 

1756.149 

245422.00 

660 

813600 

176616000 

83.6643 

8.8486 

13868 

3.6461 

.00178671 

1769.890 

846800.86 

561 

314721 

176558481 

23.6854 

8.2475 

13288 

3.5464 

.00178253 

1762.432 

247181.30 

562 

315844 

177504328 

23.7065 

8.2524 

13323 

3.5477 

.00177936 

1765.574 

248063.30 

563 

316969 

178453547 

23.7276 

8.2573 

13359 

3.5490 

.00177620 

1768.715 

248946.87 

564 

318096 

179406144 

23.7487 

8.2621 

13394 

3.5502 

.00177305 

1771.857 

249832.01 

565 

319225 

180362125 

23.7697 

8.2670 

13430 

3.5515 

.00176991 

1774.998 

250718.73 

566 

320356 

181321496 

23.7908 

8.2719 

13466 

3.5527 

.00176678 

1778.140 

251607.01 

567 

321489 

182284263 

23.8118 

8.2768 

13501 

3.5540 

.00176367 

1781.282 

252496.87 

568 

322624 

183250432 

23.8328 

8.2816 

13537 

3.5553 

.00176056 

1784.423 

253388.30 

569 

323761 

184220009 

23.8537 

8.2865 

13573 

3.5565 

.00175747 

1787.565 

254281.29 
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N 



Vn 

3 

Vn 

iV®/2 

6 

Vn 

1 

N 

Circle {N =» D) 


Area 

670 

324900 

180198000 

23.8747 

8.2913 

13609 

3.0077 

.00170439 

1790.706 

866176.86 

571 

326041 

186169411 

23.8956 

8.2962 

13644 

3.5590 

.00175131 

1793.848 

256072.00 

572 

327184 

187149248 

23.9165 

8.3010 

13680 

3.5602 

.00174825 

1796.989 

256969.71 

573 

328329 

188132517 

23.9374 

8.3059 

13716 

3.5615 

.00174520 

1800.131 

257868.99 

574 

329476 

189119224 

23.9583 

8.3107 

13752 

3.5627 

.00174216 

1803.273 

258769.85 

575 

330625 

190109375 

23.9792 

8.3155 

13788 

3.5640 

.00173913 

1806.4H 

259672.27 

576 

331776 

191102976 

24.0000 

8.3203 

13824 

3.5652 

.00173611 

1809.556 

260576.26 

577 

332929 

192100033 

24.0208 

8.3251 

13860 

3.5664 

.00173310 

1812.697 

261481.83 

578 

334084 

193100552 

24.0416 

8.3300 

13896 

3.5677 

.00173010 

1815.839 

262388.96 

579 

335241 

194104539 

24.0624 

8.3348 

13932 

3.5689 

.00172712 

1818.981 

263297.67 

680 

836400 

195112000 

24.0882 

8.3396 

13968 

3.0702 

.00172414 

1822.122 

864307.94 

581 

337561 

196122941 

24.1039 

8.3443 

14004 

3.5714 

.00172117 

1825.264 

265119.79 

582 

338724 

197137368 

24.1247 

8.3491 

14040 

3.5726 

.00171821 

1828.405 

266033.21 

583 

339889 

198155287 

24.1454 

8.3539 

14077 

3.5738 

.00171527 

1831.547 

266948.20 

584 

341056 

199176704 

24.1661 

8.3587 

14113 

3.5751 

.00171233 

1834.689 

267864.76 

585 

342225 

200201625 

24.1868 

8.3634 

14149 

3.5763 

.0017094C 

1837.83C 

268782.89 

586 

343396 

201230056 

24.2074 

8.3682 

14186 

3.5775 

.00170648 

1840.972 

269702.59 

587 

344569 

202262003 

24.2281 

8.3730 

14222 

3.5787 

.00170358 

1844.113 

270623.86 

588 

345744 

203297472 

24.2487 

8.3777 

14258 

3.5799 

.00170068 

1847.255 

271546.70 

589 

346921 

204336469 

24.2693 

8.3825 

14295 

3.5812 

.00169779 

1850.397 

272471.12 

690 

848100 

205879000 

24.2899 

8.3872 

14331 

3.0824 

.00169492 

1863.638 

873397.10 

591 

349281 

206425071 

24.3105 

8.3919 

14368 

3.5886 

.00169205 

1856.680 

274324.66 

592 

330464 

207474688 

24.3311 

8.3967 

14404 

3.5848 

.00168919 

1859.821 

275253.78 

593 

351649 

208527857 

24.3516 

8.4014 

14440 

3.5860 

.00168634 

1862.963 

276184.48 

594 

352836 

209584584 

24.3721 

8.4061 

14477 

3.5872 

.00168350 

1866.104 

277116.75 

595 

354025 

210644875 

24.3926 

8.4108 

14514 

3.5884 

.00168067 

1869.246 

278050.58 

596 

355216 

211708736 

24.4131 

8.4155 

14550 

3.5896 

.00167785 

1872.388 

278985.99 

597 

356409 

212776173 

24.4336 

8.4202 

14587 

3.5908 

.00167504 

1875.529 

279922.97 

598 

357604 

213847192 

24.4540 

8.4249 

14624 

3.5920 

.0016722^ 

1878.671 

280861.52 

599 

358801 

214921799 

24.4745 

8.4296 

14660 

3.5932 

.00166945 

1881.812 

281801.65 

600 

960000 

216000000 

24.4949 

8.4343 

14697 

3.0944 

.00166667 

1884.964 

282743.34 

601 

361201 

217081801 

24.5153 

8.4390 

14734 

3.5956 

.00166389 

1888.096 

283686.60 

602 

362404 

218167208 

24.5357 

8.4437 

14770 

3.5958 

.00166113 

1891.237 

284631.44 

603 

363609 

219256227 

24.5561 

8.4484 

14807 

3.5980 

.00165837 

1894.379 

285577.84 

604 

364816 

220348864 

24.5764 

8.4530 

14844 

3.5992 

.00165563 

1897.520 

286525.82 

605 

366025 

221445125 

24.5967 

8.4577 

14881 

3.6004 

.00165289 

1900.662 

287475.36 

606 

367236 

222545016 

24.6171 

8.4623 

14918 

3.6016 

.00165017 

1903.804 

288426.48 

607 

368449 

223648543 

24.6374 

8.4670 

14955 

3.6028 

.00164745 

1906.945 

289379.17 

608 

369664 

224755712 

24.6577 

8.4716 

14992 

3.6040 

.00164474 

1910.087 

290333.43 

609 

370881 

225866529 

24.6779 

8.4763 

15029 

3.6052 

.00164204 

1913.228 

291289.26 

610 

872100 

886981000 

24.6982 

8.4809 

10066 

3.6063 

.00163934 

1916.870 

292246.66 

611 

373321 

228099131 

24.7184 

8.4856 

15103 

3.6075 

.00163666 

1919.511 

293205.63 

612 

374544 

229220928 

24.7386 

8.4902 

15140 

3.6087 

.00163399 

1922.653 

294166.17 

613 

375769 

230346397 

24.7588 

8.4948 

15177 

3.6099 

.00163132 

1925.795 

295128.28 

614 

376996 

231475544 

24.7790 

8.4994 

15214 

3.6111 

.00162866 

1928.936 

296091.97 

615 

378225 

232608375 

24.7992 

8.5040 

15252 

3.6122 

.00162602 

1932.078 

297057.22 

616 

379456 

233744896 

24.8193 

8.5086 

15289 

3.6134 

.00162338 

1935.219 

298024.05 

617 

380689 

234885113 

24.8395 

8.5132 

15326 

3.6146 

.00162075 

1938.361 

298992.44 

618 

381924 

236029032 

24.8596 

8.5178 

15363 

3.6158 

.00161812 

1941.503 

299962.41 

619 

383161 

237176659 

24.8797 

8.5224 

15400 

3.6169 

.00161551 

1944.644 

300933.95 

680 

884400 

838388000 

24.8998 

8.0270 

10437 

3.6181 

.00161290 

1947.786 

301907.06 

621 

385641 

239483061 

24.9199 

8.5316 

15475 

3.6192 

.00161031 

1950.927 

302881.73 

622 

386884 

240641848 

24.9399 

8.5362 

15513 

3.6204 

.00160772 

1954.069 

303857.98 

623 

388129 

241804367 

24.9600 

8.5408 

15550 

3.6216 

.00160514 

1957.211 

304835.80 

624 

389376 

242970624 

24:9800 

8.5453 

15588 

3.6227 

.00160256 

1960.352 

305815.20 

625 

390625 

244140625 

25.0000 

8.5499 

15625 

3.6239 

.00160000 

1963.494 

306796.16 

626 

391876 

245314376 

25.0200 

8.5544 

15663 

3.6250 

.00159744 

1966.635 

307778.69 

627 

393129 

246491883 

25.0400 

8.5590 

15700 

3.6262 

.00159490 

1969.777 

308762.79 

628 

394384 

247673152 

25.0599 

8.5635 

15738 

3.6274 

.00159236 

1972.919 

309748.47 

629 

395641 

248858189 

25.0799 

8.5681 

15775 

3.6285 

.00158983 

1976.060 

310735.71 

680 

896900 

850047000 

28.0998 

8.0726 

10813 

3.6297 

.00158730 

1979.808 

311724.03 

631 

398161 

251239591 

25.1197 

8.5772 

15850 

3.6309 

.00158479 

1982.343 

312714.92 

632 

399424 

252435968 

25.1396 

8.5817 

15888 

3.6320 

.00158228 

1985.485 

313706.88 

633 

400689 

253636137 

25.1595 

8.5862 

15926 

3.6331 

.00157978 

1988.626 

314700.40 

634 

401956 

254840104 

25.1794 

8.5907 

15964 

3.6343 

.00157729 

1991.768 

315695.50 

635 

403225 

256047875 

25.1992 

8.5952 

16002 

3.6354 

.00157480 

1994.910 

316692.17 

636 

404496 

257259456 

25.2190 

8.5997 

16040 

3.6366 

.00157233 

1998.051 

317690.42 

637 

405769 

258474853 

25.2389 

8.6043 

16077 

3.6377 

.00156986 

2001.193 

318690.23 

638 

407044 

259694072 

25.2587 

8.6088 

16115 

3.6389 

.00156740 

2004.334 

319691.61 

639 

408321 

260917119 

25.2784 

8.6132 

16153 

3.6400 

.00156495 

2007.476 

320694.56 
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Circle (JV < 


2eaii4ooo 

263374721 

264609288 

265847707 

267089984 

268336123 

269386136 

270840023 

272097792 

273359449 

274625000 

275894451 

277167808 

278445077 

279726264 

281011375 

282300416 

283593393 

284890312 

286191179 

287496000 

288804781 

290117528 

291434247 

292754944 

294079625 

295408296 

296740963 

298077632 

299418309 

300763000 

302111711 

303464448 

304821217 

306182024 

307546875 

308915776 

310288733 

311665752 

313046839 

314432000 

315821241 

317214568 

318611987 

320013504 

3214I9I25 

322828856 

324242703 

325660672 

327082769 

328609000 

329939371 

331373888 

332812557 

334255384 

335702375 

337153536 

338608873 

340068392 

341532099 

348000000 

344472101 

345948408 

347428927 

348913664 

350402625 

351895816 

353393243 

354894912 

356400829 


20.2982 

25.3180 
25.3377 
25.3574 
25.3772 
25.3969 
25.4165 
25.4362 
25.4558 
25.4755 
26.4961 
25.5147 
25.5343 
25.5539 
25.5734 
25.5930 
25.6125 
25.6320 
25.6515 
25.6710 
26.6906 
25.7099 
25.7294 
25.7488 
25.7682 
25.7876 
25.8070 
25.8263 
25.8457 
25.8650 
26.8844 
25.9037 
25.9230 
25.9422 
25.9615 
25.9808 
26.0000 
26.0192 
26.0384 
26.0576 
26.0768 
26.0960 
26.1151 
26.1343 
26.1534 
26.1725 
26.1916 
26.2107 
26.2298 
26.2488 
26.2679 
26.2869 
26.3059 
26.3249 
26.3439 
26.3629 
26.3818 
26.4008 
26.4197 
26.4386 
26.4676 
26.4764 
26.4953 
26.5141 
26.5330 
26.5518 
26.5707 
26.5895 
26.6083 
26.6271 


.00166260 2010, 
.00156006 2013. 
.00155763 2016. 
.00155521 2020, 
.00155280 2023, 
.00155039 2026. 
.00154799 2029. 
.00154560 2032. 
.00154321 2035. 
.00154083 2038. 
.00163846 2042. 
.00153610 2045. 
.00153374 2048. 
.00153139 2051. 
.00152905 2054. 
.00152672 2057. 
.00152439 2060. 
.00152207 2064. 
.00151976 2067. 
.00151745 2070. 
.00161615 2078. 
.00151286 2076. 
.00151057 2079. 
.00150830 2082. 
.00150602 2086. 
.00150376 2089. 
.00150150 2092. 
.00149925 2095. 
.00149701 2098. 
.00149477 2101. 
.00149264 2104. 
.00149031 2108. 
.00148810 2111. 
.00148588 2114. 
.00148368 2117. 
.00148148 2120. 
.00147929 2123. 
.00147710 2126. 
.00147493 2129. 
.00147275 2133. 
.00147069 2136. 
.00146843 2139. 
.00146628 2142. 
.00146413 2145. 
.00146199 2148. 
.00145985 2151. 
.00145773 2155. 
.00145560 2158. 
.00145349 2161. 
.00145138 2164. 
.00144928 2167. 
.00144718 2170. 
.00144509 2173. 
.00144300 2177. 
.00144092 2180. 
.00143885 2183. 
.00143678 2186. 
.00143472 2189. 
.00143266 2192. 
.00143062 2195. 
.00142867 2199. 
.00142653 2202. 
.00142450 2205, 
.00142248 2208. 
.00142045 2211. 
.00141844 2214. 
.00141643 2217. 
.00141443 2221. 
.00141243 2224. 
.00141044 2227. 


.618 321690.09 

.759 322705.18 
.901 323712.85 
.042 324722.09 
.184 325732.89 
.326 326745.27 
.467 327759.22 
.609 328774.74 
.750 329791.83 
.892 330810.49 
.034 331830.72 
.175 332852.53 
.317 333875.90 
.458 334900.85 
.600 335927.36 
.741 336955.45 
.883 337985.10 
.025 339016.33 
.166 340049.13 
.308 341083.50 
.449 342119.44 
.591 343156.95 
.733 344196.03 
.874 345236.69 
.016 346278.91 
.157 347322.70 
.299 348368.07 
.441 349415.00 
.582 350463.51 
.724 351513.59 
.865 362666.24 
.007 353618.45 
. 148 354673.24 
.290 355729.60 
.432 356787.54 
.573 357847.04 
.715 358908.11 
.856 359970.75 
.998 361034.97 
. 140 362100.75 
.281 363168.11 
.423 364237.04 
.564 365307.54 
.706 366379.60 
.848 367453.24 
.989 368528.45 
.131 369605.23 
.272 370683.59 
.414 371763.51 
.556 372845.00 
.697 873928.07 
.839 375012.70 
.980 376098.91 
.122 377186.68 
.263 378276.03 
.405 379366.95 
.547 380459.44 
.688 381553.50 
.830 382649.13 
.971 383746.33 
.113 884840.10 
,255 385945.44 
.396 387047.36 
,538 388150.84 
,679 389255.90 
821 390362.52 
,963 391470.72 
104 392580.49 
246 393691.82 
387 394804.73 
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Table 7 .—Continued 


N 

iv* 


Vn 

3 

Vn 


5 

Vn 

1 

N 

Circle (AT - D) 



710 

004100 

307911000 

86.6468 

8.9811 

18919 

8.7176 

.00140846 

8280.689 

896919.21 

711 

505521 

359425431 

26.6646 

8.9253 

18959 

3.7185 

.00140647 

2233.670 

397035.26 

712 

506944 

360944128 

26.6833 

8.9295 

18999 

3.7196 

.00140449 

2236.812 

398152.89 

713 

508369 

362467097 

26.7021 

8.9337 

19039 

3.7206 

.00140252 

2239.954 

399272.08 

714 

509796 

363994344 

26.720t 

8.9378 

19079 

3.7217 

.00140056 

2243 095 

400392.84 

715 

511225 

365525875 

26.7395 

8.9420 

19119 

3.7227 

.00139860 

2246.237 

401515.18 

716 

512656 

367061696 

26.7582 

8.9462 

19159 

3.7238 

.00139665 

2249.378 

402639.08 

717 

514089 

368601813 

26.7769 

1 8.9503 

19199 

3.7248 

.00139470 

2252.520 

403764.56 

718 

515524 

370146232 

26.7955 

1 8.9545 

19239 

3.7258 

.00139276 

2255.662 

404891.60 

719 

516961 

371694959 

26.8142 

8.9587 

19280 

3.7269 

.00139082 

2258.803 

406020 22 

720 

618400 

373848000 

86.8388 

8.9688 

19880 

8.7879 

.00188889 

2261.946 

407160.41 

721 

519841 

374805361 

26.8514 

8.9670 

19360 

3.7290 

.00138696 

2265.086 

408282.17 

722 

521284 

376367048 

26.8701 

8.9711 

19400 

3.7300 

.00138504 

2268.228 

409415.50 

723 

522729 

377933067 

26.8887 

8.9752 

19440 

3.7310 

1.00138313 

2271.370 

1410550.40 

724 

524176 

379503424 

26.9072 

8.9794 

1948! 

3.7321 

.00138122 

2274.511 

411686.87 

725 

525625 

381078125 

26.9258 

8.9835 

19521 

3.7331 

.00137931 

2277.653 

412824.91 

726 

527076 

382657176 

26.9444 

8.9876 

19562 

3.7341 

.00137741 

2280.794 

1413964.52 

727 

528529 

384240583 

26.9629 

8.9918 

19602 

3.7351 

.00137552 

2283.936 

1415105.71 

728 

529984 

385828352 

26.9815 

8.9959 

19643 

3.7362 

.00137363 

2287.078 

416248.46 

729 

531441 

387420489 

27.0000 

9.0000 

19683 

3.7372 

.00137174 

2290.219 

417392.79 

730 

038900 

389017000 

87.0186 

9.0041 

19784 

8.7888 

.00186986 

2298.861 

418638.68 

731 

534361 

390617891 

27.0370 

9.0082 

19764 

3.7392 

.00136799 

2296.502 

419686.15 

732 

535824 

392223168 

27.0555 

9.0123 

19805 

3.7403 

.00136612 

2299.644 

420835.19 

733 

537289 

393832837 

27.0740 

9.0164 

19845 

3.7413 

.00136426 

2302.785 

421985.79 

734 

538756 

395446904 

27.0924 

9.0205 

19886 

3.7423 

.00136240 

2305.927 

423137.97 

735 

540225 

397065375 

27.1109 

9.0246 

19927 

3.7433 

.00136054 

2309.069 

424291.72 

736 

541696 

398688256 

27.1293j 

9.0287 

19967 

3.7443 

.00135870 

2312.210 

425447.04 

737 

543169 

400315553 

27,1477 

9.0328 

20008 

3.7454 

.00135685 

2315.352 

426603.94 

738 

544644 

401947272 

27.1662 

9.0369 

20049 

3.7464 

.00135501 

2318.493 

427762.40 

739 

546121 

403583419 

27.1846 

9.0410 

20090 

3.7474 

.00135318 

2321.635 

428922.43 

740 

047600 

405884000 

87.8089 

9.0460 

80180 

3.7484 

.00186186 

2384.777 

430084.03 

741 

549081 

406869021 

27.2213 

9.0491 

20171 

3.7494 

.00134953 

2327.918 

431247.21 

742 

550564 

408518488 

27.2397 

9.0532 

20212 

3.7504 

.00134771 

2331.060 

432411.95 

743 

552049 

410172407 

27.2580 

9.0572 

20253 

3.7514 

.00134590 

2334.201 

433578.27 

744 

553536 

411830784 

27.2764 

9.0613 

20294 

3.7524 

.00134409 

2337.343 

434746.16 

745 

555025 

413493625 

27.2947 

9.0654 

20335 

3.7534 

.00134228 

2340.485 

435915.62 

746 

556516 

415160936 

27.3130 

9.0694 

20376 

3.7545 

.00134048 

2343.626 

437086.64 

747 

558009 

416832723 

27.3313 

9.0735 

20417 

3.7555 

.00133869 

2346.768 

438259.24 

748 

559504 

418508992 

27.3496 

9.0775 

20458 

3.7565 

.00133690 

2349.909 

439433.41 

749 

561001 

420189749 

27,3679 

9.0816 

20499 

3.7575 

.00133511 

2353.051 

440609.16 

760 

062000 

481876000 

87.3861 

9.0866 

80640 

8.7686 

.00183333 

2366.193 

441786.47 

751 

564001 

423564751 

27.4044 

9.0896 

20581 

3.7595 

.00133156 

2359.334 

442965.35 

752 

565504 

425259008 

27.4226 

9.0937 

20622 

3.7605 

.00132979 

2362.476 

444145.80 

753 

567009 

426957777 

27.4408 

9.0977 

20663 

3.7615 

.00132802 

2365.617 

445327.83 

754 

568516 

428661064 

27.4591 

9.1017 

20704 

3.7625 

.00132626 

2368.759 

446511.42 

755 

570025 

430368875 

27.4773 

9.1057 

20745 

3.7635 

.00132450 

2371.900 

447696.59 

756 

571536 

432081216 

27.4955 

9.1098 

20787 

3.7645 

.00132275 

2375.042 

448883.32 

757 

573049 

433798093 

27.5136 

9.1138 

20828 

3.7655 

.00132100 

2378.184 

450071.63 

758 

574564 

435519512 

27.5318 

9.1178 

20869 

3.7665 

.00131926 

2381.325 

451261.51 

759 

576081 

437245479 

27.5500 

9.1218 

20910 

3.7675 

.00131752 

2384.467 

452452.96 

760 

077600 

488976000 

87.6681 

3.1868 

80968 

8.7686 

.00181679 

2387.608 

463645.98 

761 

579121 

440711081 

27.5862 

9.1298 

20993 

3.7694 

.00131406 

2390.750 

454840.57 

762 

580644 

442450728 

27.6043 

9.1338 

21035 

3.7704 

.00131234 

2393.892 

456036.73 

763 

582169 

444194947 

27.6225 

9.1378 

21076 

3.7714 

.00131062 

2397.033 

457234.46 

764 

583696 

445943744 

27.6405 

9,1418 

21117 

3.7724 

.00130890 

2400.175 

458433.77 

765 

585225 

447697125 

27.6586 

9.1458 

21159 

3.7734 

.00130719 

2403.316 

459634.64 

766 

586756 

449455096 

27.6767 

9.1498 

21200 

3.7744 

.00130548 

2406.458 

460837.08 

767 

588289 

451217663 

27.6948 

9.1537 

21242 

3.7754 

.00130378 

2409.600 

462041.10 

768 

589824 

452984832 

27.7128 

9.1577 

21283 

3.7764 

.00130208 

2412.741 

463246.69 

769 

591361 

454756609 

27.7308 

9.1617 

21325 

3.7774 

.00130039 

2415.883 

464453.84 

770 

098900 

466633000 

87.7489 

9.1667 

81867 

8.7784 

.00129870 

2419.024 

466668.67 

771 

594441 

458314011 

27.7669 

9.1696 

21408 

3.7793 

.00129702 

2422.166 

466872.87 

772 

595984 

460099648 

27.7849 

9.1736 

21450 

3.7803 

.00129534 

2425.307 

468084.74 

773 

597529 

461889917 

27,8029 

9.1775 

21492 

3.7813 

.00129366 

2428.449 

469298.18 

774 

599076 

463684824 

27.8209 

9.1815 

21533 

3.7822 

.00129199 

2431.591 

470513.19 

775 

600625 

465484375 

27.8388 

9.1855 

21575 

3.7832 

.00129032 

2434.732 

471729.77 

776 

602176 

467288576 

27.8568 

9.1894 

21617 

3.7842 

.00128866 

2437.874 

472947.92 

777 

603729 

469097433 

27.8747 

9.1933 

21658 

3.7852 

.00128700 

2441.015 

474167.65 

778 

605284 

470910952 

27.8927 

9.1973 

21700 

3.7861 

.00128535 

2444.157 

475388.94 

779 

606841 

472729139 

27.9106 

9.2012 

21742 

3.7871 

.00128370 

2447.299 

476611.81 
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Table 7. —Coriiinued 


N 


A-3 

Vn 

3 

y/N 



Q 

IIE!&SE&EOIII 


IBB 

780 

608400 

474662000 

27.0286 

9.2062 

21784 

3.7881 

.00128205 

2460.440 

477836.24 

781 

609961 

476379541 

27.9464 

9.2091 

21826 

3.7890 

.00128041 

2453.582 

479062.25 

782 

611524 

478211768 

27.9643 

9.2130 

21868 

3.7900 

.00127877 

2456,723 

480289.83 

783 

613089 

480048687 

27.9821 

9.2170 

21910 

3.7910 

.00127714 

2459.865 

481518.97 

784 

614656 

481890304 

28.0000 

9.2209 

21952 

3.7920 

.00127551 

2463.007 

482749.69 

785 

616225 

483736625 

28.0179 

9.2248 

21994 

3.7929 

.00127389 

2466.148 

483981.98 

786 

617796 

485587656 

28.0357 

9.2287 

22036 

3.7939 

.00127226 

2469.290 

485215.84 

787 

619369 

487443403 

28.0535 

9.2326 

22078 

3.7949 

.00127065 

2472.431 

486451.28 

788 

620944 

489303872 

28.0713 

9.2365 

22120 

3.7959 

.00126904 

2475.573 

487688.28 

789 

622521 

491169069 

28.0891 

9.2404 

22162 

3.7969 

.00126743 

2478.715 

488926.85 

790 

624100 

493039000 

28.1069 

9.2443 

22206 

8.7978 

.00126682 

2481.866 

490166.99 

791 

625681 

494913671 

28.1247 

9.2482 

22247 

3.7987 

.00126422 

2484.998 

491408.71 

792 

627264 

496793088 

28.1425 

9.2521 

22289 

3.7997 

.00126263 

2488.139 

492651.99 

793 

628849 

498677257 

28.1603 

9.2560 

22331 

3.8006 

.00126103 

2491.281 

493896.85 

794 

630436 

500566184 

28.1780 

9.2599 

22373 

3.8016 

.00125945 

2494.422 

495143.28 

795 

632025 

502459875 

28.1957 

9.2638 

22416 

3.8025 

.00125786 

2497.564 

496391.27 

796 

633616 

504358336 

28.2135 

9.2677 

22458 

3.8035 

.00125628 

2500.706 

497640.84 

797 

635209 

506261573 

28.2312 

9.2716 

22500 

3.8044 

.00125471 

2503.847 

498891.98 

798 

636804 

508169592 

28.2489 

9.2754 

22543 

3.8054 

.00125313 

2506.989 

500144.69 

799 

638401 

510082399 

28.2666 

9.2793 

22585 

3.8064 

.00125156 

2510.130 

501398.97 

800 

640000 

612000000 

28.2843 

9.2832 

22627 

3.8073 

.00126000 

8618.872 

502664.82 

801 

641601 

5I392240I 

28.3019 

9.2870 

22670 

3.8083 

.00124844 

2516.414 

503912.25 

802 

643204 

515849608 

28.3196 

9.2909 

22712 

3.8092 

.00124688 

2519.555 

505171.24 

803 

644809 

517781627 

28.3373 

9.2948 

22755 

3.8102 

.00124533 

2522.697 

506431.80 

804 

646416 

519718464 

28.3549 

9.2986 

22797 

3.8111 

.00124378 

2525.838 

507693.94 

805 

648025 

521660125 

28.3725 

9.3025 

22840 

3.8121 

.00124224 

2528.980 

508957.64 

806 

649636 

523606616 

28.3901 

9.3063 

22883 

3.8130 

.00124069 

2532.122 

510222.92 

807 

651249 

525557943 

28.4077 

9.3102 

22925 

3.8139 

.00123916 

2535.263 

511489.77 

808 

652864 

527514112 

28.4253 

9.3140 

22968 

3.8149 

.00123762 

2538.405 

512758.19 

809 

654481 

529475129 

28.4429 

9.3179 

23010 

3.8158 

.00123609 

2541.546 

514028.18 

810 

666100 

631441000 

28.4606 

9.8217 

23068 

3.8168 

.00123467 

8644.688 

615299.74 

811 

657721 

533411731 

28.4781 

9.3255 

23096 

3.8177 

.00123305 

2547.829 

516572.87 

612 

659344 

535387328 

28.4956 

9.3294 

23138 

3.8186 

.00123153 

2550.971 

517847.57 

813 

660969 

537367797 

28.5132 

9.3332 

23181 

3.8196 

.00123001 

2554.113 

519123.84 

814 

662596 

539353144 

28.5307 

9.3370 

23224 

3.8205 

.00122850 

2557.254 

520401.68 

815 

664225 

541343375 

28.5482 

9.3408 

23267 

3.8215 

.00122699 

2560.396 

521681.10 

816 

665856 

543338496 

28.5657 

9.3447 

23310 

3.8224 

.00122549 

2563.537 

522962.08 

817 

667489 

545338513 

28.5832 

9.3485 

23352 

3.8234 

1.00122399 

2566.679 

524244.63 

818 

669124 

547343432 

28.6007 

9.3523 

23395 

3.8243 

.00122249 

2569.821 

525528.76 

819 

670761 

549353259 

28.6182 

9.3561 

23438 

3.8252 

.00122100 

2572.962 

526814.46 

820 

672400 

551368000 

28.6366 

9.3699 

23481 

3.8262 

.00121961 

2676.104 

628101.78 

821 

674041 

553387661 

28.6531 

9.3637 

23524 

3.8271 

.00121803 

2579.245 

529390.56 

822 

675684 

555412248 

28.6705 

9.3675 

23567 

3.8280 

.00121655 

2582.387 

530680.97 

823 

677329 

557441767 

28.6880 

9.3713 

23610 

3.8290 

.00121507 

2585.529 

531972.95 

824 

678976 

559476224 

28.7054 

9.3751 

23653 

3.8299 

.00121359 

2588.670 

533266.50 

825 

680625 

561515625 

28.7228 

9.3789 

23696 

3.8308 

.00121212 

2591.812 

534561.62 

826 

682276 

563559976 

28.7402 

9.3827 

23740 

3.8317 

.00121065 

2594.953 

535858.32 

827 

683929 

565609283 

28.7576 

9.3865 

23783 

3.8327 

.00120919 

2598.095 

537156.58 

828 

685584 

567663552 

28.7750 

9.3902 

23826 

3.8336 

.00120773 

2601.237 

538456.41 

829 

687241 

569722789 

28.7924 

9.3940 

23869 

3.8345 

.00120627 

2604.378 

539757.82 

830 

688900 

671787000 

28.8097 

9.3978 

23912 

3.8366 

.00120482 

2607.680 

641060.79 

831 

690561 

573856191 

28.8271 

9.4016 

23955 

3.8364 

.00120337 

2610.661 

542365.34 

832 

692224 

575930368 

28.8444 

9.4053 

23999 

3.8373 

.00120192 

2613.803 

543671.46 

833 

693889 

578009537 

28.8617 

9.4091 

24042 

3.8382 

.00120048 

2616.944 

544979.15 

834 

695556 

580093704 

28.8791 

9.4129 

24085 

3.8391 

.00119904 

2620.086 

546288.40 

835 

697225 

582182875 

28.8964 

9.4166 

24128 

3.8401 

.00119760 

2623.228 

547599.23 

836 

698896 

584277056 

28.9137 

9.4204 

24172 

3.8410 

.00119617 

2626.369 

548911.63 

837 

700569 

586376253 

28.9310 

9.4241 

24215 

3.8419 

.00119474 

2629.511 

550225.61 

838 

702244 

588480472 

28.9482 

9.4279 

24259 

3.8428 

.00119332 

2632.652 

551541.15 

839 

703921 

590589719 

28.9655 

9.4316 

24302 

3.8437 

.00119190 

2635.794 

552858.26 

840 

700600 

592704000 

28.9828 

9.4364 

24846 

3.8446 

.00119048 

2686.936 

664176.94 

841 

707281 

594823321 

29.0000 

9.4391 

24389 

3.8456 

.00118906 

2642.077 

555497.20 

842 

708964 

596947688 

29.0172 

9.4429 

24432 

3.8465 

.00118765 

2645.219 

556819.02 

843 

710649 

599077107 

29.0345 

9.4466 

24476 

3.8474 

.00118624 

2648.360 

558142.42 

844 

712336 

601211584 

29.0517 

9.4503 

24520 

3.8483 

.00118483 

2651.502 

559467.39 

845 

714025 

603351125 

29.0689 

9.4541 

24563 

3.8492 

.00118343 

2654.644 

560793.92 

846 

715716 

605495736 

29.0861 

9.4578 

24607 

3.8501 

.00118203 

2657.785 

562122.03 

847 

717409 

607645423 

29.1033 

9.4615 

24650 

3.8510 

.00118064 

2660.927 

563451.71 

848 

719104 

609800192 

29.1204 

9.4652 

24694 

3.8519 

,00117925 

2664.068 

564782.96 

849 

720801 

611960049 

29.1376 

9.4690 

24738 

3.8528 

.00117786 

2667.210 

566115.78 
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Table 7 .—Continued 


N 

w* 

jv3 

Vn 

3 

Vn 

A'3/2 

5 

Vn 

1 

N 

1 Circle (N « D) 

Circum. 

Area 

SCO 

788000 

814180000 

89.1648 

9.4787 

84788 

8.8038 

.00117647 

2670.362 

667460.17 

851 

724201 

616295051 

29.1719 

9.4764 

24825 

3.8547 

.00117509 

2673.493 

568786.14 

852 

725904 

618470208 

29.1890 

9.4801 

24869 

3.8556 

.00117371 

2676.635 

570123.67 

653 

727609 

620650477 

29.2062 

9.4838 

24913 

3.8565 

.00117233 

2679.776 

571462.77 

854 

729316 

622835864 

29.2233 

9.4875 

24957 

3.8574 

.00117096 

2682.918 

572803.45 

855 

731025 

625026375 

29.2404 

9.4912 

25000 

3.8582 

.00116959 

2686.059 

574145.69 

856 

732736 

627222016 

29.2575 

9.4949 

25044 

3.8592 

.00116822 

2689.201 

575489.51 

857 

734449 

629422793 

29.27A6 

9.4986 

25088 

3.8601 

.00116686 

2692.343 

576834.90 

858 

736164 

631628712 

29.2916 

9.5023 

25132 

3.8610 

.00116550 

2695.484 

578181.85 

859 

737881 

633839779 

29.3087 

9.5060 

25176 

3.8619 

.00116414 

2698.626 

579530.38 

860 

739600 

686006000 

39.8868 

9.0097 

36880 

3.8628 

.00116279 

2701.767 

680880.48 

861 

741321 

638277381 

29.3428 

9.5134 

25264 

3.8637 

.00116144 

2704.909 

582232.15 

862 

743044 

640503928 

29.3598 

9.5171 

25308 

3.8646 

.00116009 

2708.051 

583585.39 

863 

744769 

642735647 

29.3769 

9.5207 

25352 

3.8655 

.00115875 

2711.192 

584940.20 

864 

746496 

644972544 

29.3939 

9.5244 

25396 

3.8664 

.00115741 

2714.334 

586296.59 

865 

748225 

647214625 

29.4109 

9.5281 

25440 

3.8673 

.00115607 

2717.475 

587654.54 

866 

749956 

649461896 

29.4279 

9.5317 

25485 

3.8682 

.00115473 

2720.617 

589014.07 

867 

751689 

651714363 

29.4449 

9.5354 

25529 

3.8691 

.00115340 

2723.759 

590375.16 

868 

753424 

653972032 

29.4618 

9.5391 

25573 

3.8700 

.00115207 

2726.900 

591737.83 

869 

755161 

656234909 

29.4788 

9.5427 

25617 

3.8708 

.00115075 

2730.042 

593102.06 

870 

706900 

608008000 

89.4968 

9.6464 

26661 

3.8717 

.00114943 

2733.183 

694467.87 

871 

758641 

660776311 

29.5127 

9.5501 

25706 

3.8726 

.00114811 

2736.325 

595835.25 

872 

760384 

663054848 

29.5296 

9.5537 

25750 

3.8735 

.00114679 

2739.466 

597204.20 

873 

762129 

665338617 

29.5466 

9.5574 

25794 

3.8744 

.00114548 

2742.608 

598574.72 

874 

763876 

667627624 

29.5635 

9.5610 

25839 

3.8753 

.00114416 

2745.750 

599946.81 

875 

765625 

669921875 

29.5804 

9.5647 

25883 

3.8762 

.00114286 

2748.891 

601320.47 

876 

767376 

672221376 

29.5973 

9.5683 

25927 

3.8771 

.00114155 

2752.033 

602695.70 

877 

769129 

674526133 

29.6142 

9.5719 

25972 

3.8780 

.00114025 

2755.174 

604072.50 

878 

770884 

676836152 

29.6311 

9.5756 

26016 

3.8789 

.00113895 

2758.316 

605450.88 

879 

772641 

679151439 

29.6479 

9.5792 

26061 

3.8797 

.00113766 

2761.456 

606830.82 

880 

774400 

681478000 

89.6648 

9.6828 

26106 

3.8806 

.00113636 

2764.609 

608219.84 

881 

776161 

683797841 

29.6816 

9.5865 

26150 

3.8815 

.00113507 

2767.741 

609595.42 

882 

777924 

686128968 

29.6985 

9.5901 

26194 

3.8823 

.00113379 

2770.882 

610980.08 

883 

779689 

688465387 

29.7153 

9.5937 

26239 

3.8832 

.00113250 

2774.024 

612366.31 

884 

781456 

690807104 

29.7321 

9,5973 

26283 

3.8841 

.00113122 

2777.166 

613754.11 

885 

783225 

693154125 

29.7489 

9.6010 

26328 

3.8850 

.00112994 

2780.30'/ 

615143.48 

886 

784996 

695506456 

29,7658 

9.6046 

26373 

3.8859 

.00112867 

2783.449 

616534.42 

887 

786769 

697864103 

29.7825 

9.6082 

26417 

3.8868 

.00112740 

2786.590 

617926.93 

888 

788544 

700227072 

29.7993 

9.6118 

26462 

3.8877 

.00112613 

2789.732 

619321.01 

889 

790321 

702595369 

29.8161 

9.6154 

26507 

3.8885 

.00112486 

2792.874 

620716.66 

890 

798100 

704969000 

89.8829 

9.6190 

26661 

3.8894 

.00112360 

2796.016 

622113.89 

891 

793881 

707347971 

29.8496 

9.6226 

26596 

3.8902 

.00112233 

2799.157 

623512.68 

892 

795664 

709732288 

29.8664 

9.6262 

26641 

3.8911 

.00112108 

2802.298 

624913.04 

893 

797449 

712121957 

29.8831 

9.6298 

26686 

3.8920 

.00111982 

2805.440 

626314.98 

894 

799236 

714516984 

29.8998 

9.6334 

26730 

3.8929 

.00111857 

2808.581 

627718.49 

895 

801023 

716917375 

29.9166 

9.6370 

26775 

3.8937 

.00111732 

2811.723 

629123.56 

896 

802816 

719323136 

29.9333 

9.6406 

26820 

3.8946 

.00111607 

2814.865 

630530.21 

897 

804609 

721734273 

29.9500 

9.6442 

26865 

3.8955 

.00111483 

2818.006 

631938.43 

898 

806404 

724150792 

29.9666 

9.6477 

26910 

3.8963 

.00111359 

2821.148 

633348.22 

899 

808201 

726572699 

29.9833 

9.6513 

26955 

3.8972 

.00111235 

2824.289 

634759.58 

900 

810000 

789000000 

30.0000 

9.6649 

27000 

3.8981 

.00111111 

2827.431 

636172.61 

901 

811801 

731432701 

30.0167 

9.6585 

27045 

3.8989 

.00110988 

2830.573 

637587.01 

902 

813604 

733870808 

30.0333 

9.6620 

27090 

3.8998 

.00110865 

2833.714 

639003.09 

903 

1 815409 

736314327 

30.0500 

9.6656 

27135 

3.9007 

.00110742 

2836.856 

640420.73 

904 

817216 

738763264 

30.0666 

9.6692 

27180 

3.9015 

.00110619 

2839.997 

641839.95 

905 

819025 

741217625 

30.0832 

9.6727 

27225 

3.9024 

.00110497 

2843.139 

643260.73 

906 

820836 

743677416 

30.0998 

9.6763 

27270 

3.9032 

.00110375 

2846.281 

644683.09 

907 

822649 

746142643 

30.1164 

9.6799 

27316 

3.9041 

.00110254 

2849.422 

646107.01 

908 

824464 

748613312 

30.1330 

9.6834 

27361 

3.9050 

.00110132 

2852.564 

647532.51 

909 

826281 

751089429 

30.1496 

9.6870 

27406 

3.9059 

.00110011 

2855.705 

648959.58 

910 

888100 

758071000 

80.1668 

9.6906 

27401 

3.9067 

.00109890 

2868.847 

660388.22 

9(1 

829921 

756058031 

30.1828 

9.6941 

27497 

3.9076 

.00109769 

2861.988 

651818.43 

912 

831744 

758550528 

30.1993 

9.6976 

27542 

3.9084 

.00109649 

2865.130 

653250.21 

913 

833569 

761048497 

30.2159 

9.7012 

27587 

3.9093 

.00109529 

2868.272 

654683.56 

914 

835396 

763551944 

30.2324 

9.7047 

27632 

3.9101 

.00109409 

2871.413 

656118.48 

915 

837225 

766060875 

30.2490 

9.7082 

27678 

3.9110 

.00109290 

2874.555 

657554.98 

916 

839056 

768575296 

30.2655 

9.7118 

27723 

3.9118 

.00109170 

2877.696 

658993.04 

917 

840889 

771095213 

30.2820 

9.7153 

27769 

3.9127 

.00109051 

2880.838 

660432.68 

918 

842724 

773620632 

30.2985 

9.7188 

27814 

3.9135 

.00108932 

2883.980 

661873.88 

919 

844561 

776151559 

30.3150 

9.7224 

27859 

3.9144 

.00108814 

2887.121 

663316.66 
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jsr 


920 846400 778688000 

921 848241 781229961 

922 850084 783777448 

923 851929 786330467 

924 853776 788889024 

925 855625 791453125 

926 857476 794022776 

927 859329 796597983 

928 861184 799178752 

929 863041 801765089 

980 864900 804367000 

931 866761 806954491 

932 868624 809557568 

933 870489 812166237 

934 872356 814780504 

935 874225 817400375 

936 876096 820025856 

937 877969 822656953 

938 879844 825293672 

939 881721 827936019 

940 883600 830684000 

941 885481 833237621 

942 887364 835896888 

943 889249 838561807 

944 891136 841232384 

945 893025 843908625 

946 894916 846590536 

947 896809 849278123 

948 898704 851971392 

949 900601 854670349 

960 902600 867376000 

951 904401 860085351 

952 906304 862801408 

953 908209 865523177 

954 910116 868250664 

955 912025 870983875 

956 913936 873722816 

957 915849 876467493 

958 917764 879217912 

959 919681 881974079 

360 921600 884736000 

961 923521 887503681 

962 925444 890277128 

963 927369 893056347 

964 929296 895841344 

965 931225 898632125 

966 933156 901428696 

967 935089 904231063 

968 937024 907039232 

969 938961 909853209 

970 940900 912673000 

971 942841 915498611 

972 944784 918330048 

973 946729 921167317 

974 948676 924010424 

975 950625 926859375 

976 952576 929714176 

977 954529 932574833 

978 956484 935441352 

979 958441 938313739 

980 960400 941192000 

981 962361 944076141 

982 964324 946966168 

983 966289 949862087 

984 968256 952763904 

985 970225 955671625 

986 972196 958565256 

987 974169 961504803 

988 976144 964430272 

989 978121 967361669 


Vn VN Ar®/2 

30.3316 9.7269 27906 

30.3480 9.7294 27950 

30.3645 9.7329 27996 

30.3809 9.7364 26042 

30.3974 9.7400 28087 

30.4138 9.7435 28133 

30.4302 9.7470 28179 

30.4467 9.7505 28224 

30.4631 9.7540 28270 

30.4795 9.7575 28315 

30.4969 9.7610 28361 

30.5123 9.7645 28407 

30.528J 9.7680 28453 

30.5450 9.7715 28499 

30.5614 9.7750 28544 

30.5778 9.7785 28590 

30.5941 9.7819 28636 

30.6105 9.7854 28682 

30.6268 9.7889 28728 

30.6431 9.7924 28774 

30.6694 9.7969 28820 

30.6757 9.7993 28866 

30.6920 9.8028 28912 

30.7083 9.8063 28958 

30.7246 9.8097 29004 

30.7409 9.8132 29050 

30.7571 9.8167 29096 

30.7734 9.8201 29142 

30.7896 9.8236 29189 

30.8058 9,8270 29235 

30.8221 9.8306 29281 

30.8383 9.8339 29327 

30.8545 9.8374 29374 

30.8707 9.8408 29420 

30.8869 9.8443. 29466 

30.9031 9.8477 29513 

30.9192 9.8511 29559 

30.9354 9.8546 29605 

30.9516 9.8580 29652 

30.9677 9.8614 29698 

30.9839 9.8648 29746 

31.0000 9.8683 29791 

31.0161 9.8717 29838 

31.0322 9.8751 29884 

31.0483 9.8785 29931 

31.0644 9.8819 29977 

31,0805 9.8854 30024 

31.0966 9.8888 30070 

31,1127 9.8922 30117 

31.1288 9.8956 30164 

31.1448 9.8990 30210 

31.1609 9,9024 30257 

31.1769 9.9058 30304 

31.1929 9.9092 30351 

31.2090 9.9126 30398 

31,2250 9,9160 30444 

31.2410 9.9194 30491 

31.2570 9.9227 30538 

31.2730 9.9261 30585 

31.2890 9.9295 30632 

31.3060 9.9829 80679 

31.3209 9.9363 30726 

31.3369 9.9396 30773 

31.3528 9.9430 30820 

31.3688 9.9464 30867 

31.3847 9.9497 30914 

31.4006 9.9531 30961 

31.4166 9.9565 31008 

31.4325 9.9598 31055 

31.4484 9.9632 31102 


Circle (iV'-D) 


Area 


8.9163 . 00108696 2890.263 664761.01 

3.9161 .00108578 2893.404 666206.92 
3.9169 .00108460 2896.546 667654.41 
3.9178 .00108342 2899.688 669103.47 
3.9186 .00108225 2902.829 670554.10 
3.9194 .00108108 2905.971 672006.30 
3.9203 .00107991 2909.112 673460.08 
3.9212 .00107875 2912.254 674915.42 
3.9220 .00107759 2915.396 676372.33 
3.9229 .00107643 2918.537 677830.82 
8.9837 . 00107027 2981.679 679290.87 
3.9246 .00107411 2924.820 680752.50 
3.9254 .00107296 2927.962 682215.69 
3.9262 .00107181 2931.103 683680.46 
3.9271 .00107066 2934.245 685146.80 
3.9279 .00106952 2937.387 686614.71 
3.9288 .00106838 2940.528 688084.19 
3.9296 .00106724 2943.670 689555.24 
3.9304 .00106610 2946.811 691027.86 
3.9313 .00106496 2949.953 692502.05 
3.9321 .00100383 2068.095 698977.88 
3.9329 .00106270 2956.236 695455.15 
3.9338 .00106157 2959.378 696934.06 
3.9346 .00106045 2962.519698414.53 
3.9354 .00105932 2965.661 699896.58 
3.9363 .00105820 2968.803701380.19 
3.9371 .00105708 2971.944 702865.38 
3.9379 .00105597 2975.086 704352.14 
3.9388 .00105485 2978.227 705840.47 
3.9396 .00105374 2981.369707330.37 
8.9404 . 00105268 2984.611 708881.84 
3.9413 .00105152 2987.652710314.88 
3.9421 .00105042 2990.794 711809.50 
3.9429 .00104932 2993.935 713305.68 
3.9438 .00104822 2997.077 714803.43 
3.9446 .00104712 3000.218716302.76 
3.9454 .00104603 3003.360 717803.66 
3.9462 .00104493 3006.502719306.12 
3.9471 .00104384 3009.643 720810.16 

3.9479 .00104275 3012.785722315.77 
8.9487 .00104167 3015.986 783888.95 
3.9495 .00104058 3019.068725331.70 
3.9503 .00103950 3022.210726842.02 
3.9512 .00103842 3025.351 728353.91 
3.9520 .00103734 3028.493729867.37 
3.9528 .00103627 3031.634731382.40 
3.9536 .00103520 3034.776 732899.01 
3.9544 .00103413 3037.918 734417.18 
3.9553 .00103306 3041.059 735936.93 
3.9561 .00103199 3044.201 737458.24 
3.9569 .00103098 3047.842 788981.18 
3.9577 .00102987 3050.484 740505.59 
3.9585 .00102881 3053.625 742031.62 
3.9593 .00102775 3056.767 743559.22 
3.9602 .00102669 3059.909 745088,39 
3.9610 .00102564 3063.050 746619.13 
3.9618 .00102459 3066.192 748151.44 
3.9626 .00102354 3069.333 749685.32 
3.9634 .00102249 3072.475751220.78 
3.9642 .00102145 3075.617 752757.80 
3.9650 . 00102041 3078.768 754296.40 
3.9658 .00101937 3081.900 755836.59 
3.9666 .00101833 3085.041 757378.30 
3.9674 .00101729 3088.183 758921.61 
3.9682 .00101626 3091.325 760466.48 
3.9691 .00101523 3094.466 762012.93 
3.9699 .00101420 3097.608 763560.95 
3.9707 .00101317 3100.749 765110.54 
3.9715 .00101215 3103.891 766661.70 
3.9723 .00101112 3107.033 768214.44 
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Table 8. Inches to Decimals of a Foot 


In. 

Ft. 

In. 

Ft. 

In. 

Ft. 

In. 

Ft. 

In. 

Ft. 

In. 

Ft. 

In. 

Ft. 

Vie 

.0052 

Vie 

.0260 

9/16 

.0469 

13/16 

.0677 

1 

.0833 

5 

.4167 

9 

.7500 

Vs 

.0104 

3/8 

.0313 

5/8 

.0521 

Vs 

.0729 

2 

. 1667 

6 

.5000 

10 

.8333 

3/16 

.0156 

Vie 

.0364 

iVie 

.0573 

15/16 

.0781 

3 

.2500 

7 

.5833 

11 

.9167 

V4 

.0208 

V2 

.0417 

3/4 

.0625 

1 

.0833 

4 

.3333 

8 

.6667 

12 

I.0000 


Table 9. Circular Arcs, Chords, and Segments 


Central Height Chord Heipclit Are) 

Detl" ^ — — CioTd 


Central 
Angle in 
Degrees 


Arc Height Chord HeigM A rea 

~it~ '~Ti C^borir "k^ 
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Table 10. Common Logarithms of Numbers 

Mantissas in Six Decimal Places 

The common logarithm of a number is the index of the power to which the base 10 
must be raised in order to equal the number. 

The common logarithm of every positive number not an integral power of 10 consists 
of an integral and a decimal part. The integral part or whole number is called the charac- 
teristic and may be cither positive or negative. The decimal or fractional part is a positive 
number called the mantisaa and is the same for all numbers which have the same sequential 
digits. 

The characteristic of the logarithm of any positive number ^eater than one is positive 
and is one less than the number of digits before the decimal point. 

The characteristic of the logarithm of any positive number less than one is negative 
and is one more than the number of ciphers immediately after the decimal point. 

A negative number or number less than zero has no real logarithm. 

Examples: Logio 25400. = 4.404834 Logio 0.0254 = 2.404834 or 8.404834 - 10 

The two systems of logarithms in general use are the common or Briggsian logarithms, 
introduced in 1615 by Henry Briggs, a contemporary of John Napier, the inventor of 
logarithms, and the natural or loss appropriately termed Napierian or hyperbolic loga¬ 
rithms, which developed somewhat accidentiilly from Napier’s original work. The latter 
have a base denoted by e, an irrational number, which is: 

l + l + ^ + ^ + ij+ 2.7182818 

To obtain the natural logarithm, the common logarithm is multiplied by loge 10 
which is 2.302585, or log« N = 2.302585 logio N. 


N 

0 

1 

2 

3 

4 

6 

6 

7 

8 

9 

0 


000000 

801030 

477121 

602060 

698970 

778161 

846098 

903090 

904243 

1 

000000 

041393 

079181 

113943 

146128 

176091 

204120 

230449 

255273 

278754 

2 

301030 

322219 

342423 

361728 

380211 

397940 

414973 

431364 

447158 

462398 

3 

477121 

491362 

505150 

518514 

531479 

544068 

556303 

568202 

579784 

591065 

4 

602060 

612784 

623249 

633468 

643453 

653213 

662758 

672098 

681241 

690196 

5 

698970 

707570 

716003 

724276 

732394 

740363 

748188 

755875 

763428 

770852 

6 

1 778151 

785330 

792392 

799341 

806180 

812913 

819544 

826075 

832509 

838849 

7 

845098 

851258 

857332 

863323 

869232 

875061 

880814 

886491 

892095 

897627 

8 

903090 

908485 

913814 

919078 

924279 

929419 

934498 

939519 

944483 

949390 

9 

954243 

959041 

963788 

968483 

973128 

977724 

982271 

986772 

991226 

995635 

10 

000000 

004321 

008600 

012837 

017033 

021189 

025306 

029384 

033424 

037426 

1 

041393 

045323 

049218 

053078 

056905 

060698 

064458 

068186 

071882 

075547 

2 

079181 

082785 

086360 

089905 

093422 

096910 

100371 

103804 

107210 

110590 

3 

113943 

117271 

120574 

123852 

127105 

130334 

133539 

136721 1 

139879 

143015 

4 

146128 

149219 

152288 

155336 

158362 

161368 

164353 

167317 1 

170262 

173186 

5 

176091 

178977 

181J44 

184691 

187521 

190332 

193125 

195900 

198657 

201397 

6 

204120 

206826 

209515 

212188 

214844 

217484 

220108 

222716 

225309 

227887 

7 

230449 

232996 

235528 

238046 

240549 

243038 

245513 

247973 

250420 

252853 

8 

255273 

257679 

260071 

262451 

264818 

267172 

269513 

271642 

274158 

276462 

9 

278754 

281033 

283301 

285557 

287802 

290035 j 

292256 

294466 

296665 

298853 

20 

801080 

803196 

806351 

807496 

309630 

811754 

813867 

315970 

818063 

820146 

1 

322219 

324282 

326336 

328380 

330414 

332438 

334454 

336460 

338456 

340444 

2 

342423 

344392 

346353 

348305 

350248 

352183 

354108 

356026 

357935 

359835 

3 

361728 

363612 

365488 

367356 

369216 

371068 

372912 

374748 

376577 

378398 

4 

380211 

382017 

383815 

385606 

387390 

389166 

390935 

392697 

394452 

396199 

5 

397940 

399674 

401401 

403121 

404834 

406540 

408240 

409933 

411620 

413300 

6 

414973 

416641 

418301 

419956 

421604 

423246 1 

424882 

426511 

428135 

429752 

7 

431364 

432969 

434569 

436163 

437751 

439333 

440909 

442480 

444045 

445604 

8 

447158 

448706 

450249 

451786 

453318 

454845 

456366 

457882 

459392 

460898 

9 

462398 ' 

863893 

465383 

466868 

468347 

469822 

471292 

472756 

474216 

475671 

SO 

477121 

478866 

480007 

481443 

482874 

484300 I 

485721 

487188 

488081 

489908 

1 

491362 

492760 

494155 

495544 

496930 

498311 

499687 

501059 

502427 

503791 

2 

505150 

506505 

507856 

509203 

510545 

511883 

513218 

514548 

515874 

517196 

3 

518514 

519828 

521138 

522444 

523746 

525045 

526339 

527630 

528917 

530200 

4 

531479 

532754 

534026 

535294 

536558 

537819 

539076 

540329 

'541579 

542825 

5 

544068 

545307 

546543 

547775 

549003 

550228 

551450 

552668 

553883 

555094 






COMMON LOGABITHMS 


1^1 


N 

0 

1 

8 

8 

4 

6 

6 

7 

8 

9 

5 

i 544066 

545307 

546543 

547775 

549003 

550228 

551450 

552668 

553863 

555094 

6 

556303 

557507 

558709 

559907 

561101 

562293 

563481 

564666 

565846 

567026 

7 

568202 

569374 

570543 

571709 

572872 

574031 

575188 

576341 

577492 

578639 

8 

579784 

, 580925 

582063 

583199 

584331 

585461 

586587 

58771I 

588832 

589950 

9 

591065 

592177 

593286 

594393 

595496 

596597 

597695 

598791 

599883 

600973 

40 

601060 

608144 

604285 

605308 

606381 

607466 

606626 

G096M 

610660 

611783 

1 

612784 

613842 

6I48W 

615950 

617000 

618048 

619093 

620136 

621176 

622214 

2 

623249 

624232 

625312 

626340 

627366 

628389 

629410 

630428 

631444 

632457 

9 

633468 

634477 

635484 

636488 

637490 

638489 

639486 

640481 

641474 

642465 

4 

643453 

644439 

645422 

646404 

647383 

648360 

649335 ! 

650308 

651278 

652246 

5 

653213 

654177 

655138 

656098 

657056 

6580II 

6589*65 

659916 

660865 

661713 

6 

662758 

663701 

664642 

665581 

666518 

667453 

668386 

669317 

670246 

671173 

7 

672098 

673021 

673942 

674861 

675778 

676694 

677607 

678518 

679428 

680336 

8 

681241 

682145 

683047 

, 683947 

684845 

685742 

686636 

687529 j 

688420 

689309 

9 

690196 

691081 

691965 

692847 

693727 

694605 

695482 

696356 

697229 

696100 

00 

698970 

699838 

700704 

701568 

702431 

703291 

704161 

706008 

705864 

706718 

1 

707570 

708421 

709270 

710117 

710963 

711807 

712650 

713491 ’ 

714330 

715167 

2 

716003 

716838 

717671 

718502 

719331 

720159 

720986 

721811 

722634 

723456 

3 

724276 

725095 

725912 

726727 

727541 

728354 

729165 

729974 

730782 

731589 

4 

732394 

733197 

733999 

734800 

735599 

736397 

737193 

737987 

738781 

739572 

5 

740363 

741152 

741939 

742725 

743510 

744293 

745075 

745855 

746634 

747412 

6 

1 748188 

748963 

749736 

750508 

751279 

752048 

752816 

753583 

754348 

755112 

7 

755875 

756636 

757396 

758155 

758912 

759668 

760422 

761176 

761928 

762679 

8 

763428 

764176 

764923 

765669 

766413 

767156 

767898 

768638 

769377 

770115 

9 

770852 

771587 

772322 

773055 

773786 

774517 

775246 

775974 

776701 

777427 

60 

778151 

778874 

779596 

780817 

781037 

781766 

1 782473 

783189 

783904 

784617 

1 

785330 

786041 

786751 

787460 

788168 

788875 

789581 

790285 

790988 

791691 

2 

792392 

793092 

793790 

794488 

795185 

795880 

796574 

797268 

797960 

798651 

3 

799341 

800029 

1 800717 

801404 

802089 

802774 

803457 

804139 

804821 

805501 

4 

306180 

806858 

807535 

808211 

808886 

809560 

810233 

810904 

811575 

812245 

5 

8I29I3 

813581 

814248 

814913 

815578 

816241 

816904 

817565 

818226 

818885 

6 

819544 

820201 

820858 

621514 

822168 

822822 

823474 

824126 

824776 

825426 

7 

826075 

826723 

827369 

828015 

828660 

829304 

829947 

830589 

831230 

831870 

8 

832509 

833147 

833784 

834421 

835056 

835691 

836324 

836957 

837588 

638219 

9 

838849 

639478 

840106 

840733 

841359 

841985 

842609 

843233 

643855 

844477 

70 

846098 

845718 

846337 

846956 

847673 

848189 

848806 

849419 

860038 

860646 

1 

851258 

851870 

852480 

853090 

853698 

854306 

854913 

855519 

856124 

856729 

2 

857332 

857935 

858537 

859138 

859739 

860338 

860937 

861534 

862131 

862728 

3 

863323 

863917 

864511 

865104 

865696 

866287 

866878 

867467 

868056 

868644 

4 

869232 

869818 

870404 

870989 

871573 

872156 

872739 

873321 

873902 

874482 

5 

875061 

8756 iO 

876218 

876795 

877371 

877947 

878522 

879096 

879669 

880242 

6 

880814 

881385 

881955 

882525 

883093 

883661 

884229 

884795 

885361 

885926 

7 

886491 

887054 

887617 

888179 

888741 

889302 

889862 

890421 

890980 

891537 

8 

892095 

892651 

893207 

893762 

894316 

894870 

895423 

895975 

896526 

897077 

9 

897627 

898176 

898725 

899273 

899821 

900367 

900913 

901458 

902003 

902547 

80 

908090 

903633 

904174 

904716 

906255 

905796 

906386 

906874 

907411 

907949 

1 

908485 

909021 

909556 

910091 

910624 

911158 

911690 

912222 

912753 

913284 

2 

913814 

914343 

914872 

915400 

915927 

916454 

916980 

917506 

918030 

918555 

3 

919078 

919601 

920123 

920645 

921166 

921686 

922206 

922725 

923244 

923762 

4 

924279 

924796 

925312 

925828 

926342 

926857 

927370 

927883 

928396 

928908 

5 

929419 

929930 

930440 

930949 

931458 

931966 

932474 

932981 

933487 

933993 

6 

934498 

935003 

935507 

936011 

936514 

937016 

937518 

938019 

938520 

939020 

7 

939519 

940018 

940516 

941014 

941511 

942008 

942504 

943000 

943495 

943989 

6 

944483 

944976 

945469 

945961 

946452 

946943 

947434 

947924 

948413 

948902 

9 

949390 

949878 

950365 

950851 

951338 

951823 

952308 

952792 

953276 

953760 

90 

904248 

954725 

955207 

955688 

966168 

966649 

957128 

967607 

988086 

958864 

1 

959041 

959518 

959995 

960471 

960946 

961421 

961895 

962369 

962843 

963316 

2 

963788 

964260 

964731 

965202 j 

965672 

966142 

966611 

967080 

967548 

968016 

3 

968483 

968950 

969416 

969882 1 

970347 

970812 

971276 

971740 

972203 

972666 

4 

973128 

973590 

974051 

974512 

974972 

975432 

975891 

976350 

976808 

977266 

5 

977724 

978181 

978637 

979093 

979548 

980003 

980458 

980912 

981366 

981819 

6 

982271 

982723 

983175 

983626 

984077 

984527 

984977 

985426 

985875 

986324 

7 

986772 

987219 

987666 

988113 

988559 

989005 

989450 

989895 

990339 

990783 

8 

991226 

991669 

992111 

992554 

992995 

993436 

993877 

994317 

994757 

995196 

9 

995635 

996074 

996512 

996949 

997386 

997823 

998259 

998695 

999131 

999565 

100 

000000 

000434 

000868 

001301 

001734 

002166 

002698 

008089 

003461 

008891 




1-32 


MATHEMATICAIi AND PHYSICAL TABLES 


N 

0 

1 

2 

8 

4 

6 

6 

7 

8 

9 

Diff. 

100 

000000 

000484 

000868 

001301 

001734 

002166 

002698 

003029 

003461 

003891 

432 

1 

004321 

004751 

005181 

005609 

006038 

006466 

006894 

007321 

007748 

008174 

428 

2 

008600 

009026 

009451 

009876 

010300 

010724 

011147 

011570 

011993 

012415 

424 

3 

012837 

013259 

013680 

014100 

014521 

014940 

015360 

015779 

016197 

016616 

420 

4 

017033 

017451 

017868 

018284 

018700 

019116 

019532 

019947 

020361 

020775 

416 

5 

021189 

021603 

022016 

022428 

022841 

023252 

023664 

024075 

024486 

024896 

412 

6 

025306 

025715 

026125 

026533 

026942 

027350 

027757 

028164 

028571 

1 028978 

408 

7 

029384 

029789 

030195 

030600 

031004 

031408 

031812 

032216 

032619 

033021 

404 

8 

033424 

033826 

034227 

034628 

035029 

035430 

035830 

036230 

036629 

037028 

400 

9 

037426 

037825 

038223 

038620 

039017 

039414 

039811 

040207 

040602 

040998 

397 

110 

041893 

041787 

042182 

042576 

042969 

043362 

043765 

044148 

044540 

044932 

393 

1 

045323 

045714 

046105 

046495 

046885 

047275 

047664 

048053 

048442 

048830 

390 

2 

049218 

049606 

049993 

050380 

050766 

051153 

051538 

051924 

052309 

052694 

386 

3 

053078 

053463 

053846 

054230 

0546131 

054996 

055378 

055760 

056142 

056524 

383 

4 

056905 

057286 

057666 

058046 

058426 

058805 

059185 

059563 

059942 

060320 

379 

5 

060698 

061075 

061452 

061829 

062206 

062582 

062958 

063333 

063709 

064083 

376 

6 

064458 

064832 

065206 

065580 

065953 

066326 

066699 

067071 

067443 

067815 

373 

7 

068186 

068557 

068928 

069298 

069668 

070038 

070407 

070776 

071145 

071514 

370 

8 

071882 

072250 

072617 

072985 

073352 

073718 

074085 

074451 

074816 

075182 

366 

9 

075547 

075912 

076276 

076640 

077004 

077368 

077731 

078094 

078457 

078819 

363 

120 

079181 

079843 

079904 

080266 

080626 

080987 

081347 

081707 

082067 

082426 

360 


PROPORTiONAii Parts 


Diff. 

1 

8 

8 

4 

5 

6 

7 

8 

9 

434 

43.4 

86.8 

130.2 

173.6 

217.0 


303.8 

347.2 

390.6 

432 

43.2 

86.4 

129.6 

172,8 

216.0 

259.2 

302.4 

345.6 

388.8 

430 


86.0 

129.0 

172.0 

215.0 

258.0 

301.0 

344.0 


428 

42.8 

85.6 

128.4 

171.2 

214.0 

256.8 

299.6 

342.4 

385.2 

426 

42.6 

85.2 

127.8 

170,4 

213.0 

255.6 

298.2 

340.8 

383.4 

424 

42.4 

84.8 

127.2 

169.6 

212.0 

254.4 

296.8 

339.2 

381.6 

422 

42.2 

84,4 

126.6 

168.8 

211.0 

253.2 

295.4 

337.6 

379.8 

420 


84.0 

126.0 

168.0 

210.0 

252.0 

294.0 

336.0 


418 

41.8 

83.6 

125.4 

167.2 

209.0 

250.8 

292.6 

334.4 

376.2 

416 

41.6 

83.2 

124.8 

166.4 

208.0 

249.6 

291.2 

332.8 

374.4 

414 

41.4 

82.8 

124.2 

165.6 

207.0 

248.4 

289.8 

331.2 

372.6 

412 

41.2 

82.4 

123.6 

164.8 

206.0 

247.2 

288.4 

329.6 


410 

41.0 

82.0 

123.0 

164.0 

205.0 

246.0 

287.0 

328.0 

369.0 

408 


81.6 

122.4 

163.2 

204.0 

244.8 

285.6 

326.4 

367.2 

406 


81.2 

121.8 

162.4 

203.0 

243.6 

284.2 

324.8 

365.4 

404 


80.8 

121.2 

161.6 

202.0 

242.4 

282.8 

323.2 

363.6 

402 

40.2 

80.4 

120.6 

160.8 

201.0 

241.2 

281.4 

321.6 

361.8 

400 

40.0 

80.0 

120.0 

160.0 

200.0 

240.0 

280.0 

320.0 

360.0 

398 ' 

39.8 

79.6 

119.4 

159.2 

199.0 

238.8 

278.6 

318.4 

358.2 

396 

39.6 

79.2 

118.8 

158.4 

198.0 

237.6 

277.2 

316.8 

356.4 

394 

39.4 

78.8 

118.2 

157.6 

197.0 

236.4 

275.8 

315.2 

354.6 

392 

39.2 

78.4 

117.6 

156.8 

196.0 

235.2 

274.4 

313.6 

352.8 

390 



117.0 

156.0 

195.0 

234.0 

273.0 

312.0 

351.0 

388 

38.8 

77.6 

116.4 

155.2 

194.0 

232.8 

271.6 

310.4 

349.2 

386 

38.6 

77.2 

115.8 

154.4 

193.0 

231.6 

270.2 

308.8 

347.4 

384 

38.4 

76.^ 

115.2 

153.6 

192.0 

mkiiwm 

268.8 

307.2 

345.6 

382 

38.2 

76.4 

114.6 

152.8 

191.0 

229.2 

267.4 

305.6 

343.8 

380 j 



114.0 

152.0 

190.0 

228.0 

266.0 

304.0 

342.0 

378 

37.8 

75.6 

113.4 

151.2 

189.0 

226.8 

264.6 

302.4 

340.2 

376 

37,6 

75.2 

112.8 

150.4 

188.0 

225.6 

263.2 

300.8 

338.4 

374 

37.4 

74,8 

112.2 

149.6 

187.0 

224.4 

261.8 

299.2 

336.6 

372 

37.2 

74.4 

111.6 


186.0 

223.2 

260.4 

297.6 

334.8 

370 

37.0 

74.0 

111.0 


185.0 

222.0 

259.0 

296.0 

333.0 



































COMMON LOGARITHMS 


1—33 


N 

B 

B 

B 

8 

4 

5 

6 

7 

« 

9 

Diff. 

ISO 

079181 

079543 

079904 

080266 

080626 

080987 

081347 

081707 

088067 

088486 

360 

I 

082785 

083144 

083503 

083861 

084219 

084576 

084934 

085291 

085647 

086004 

357 

2 

086360 

086716 

087071 

087426 

087781 

088136 

088499 

088845 

089198 

089552 

355 

3 

089903 

090238 

090611 

090963 

091315 

091667 

092018 

092370 

092721 

093071 

352 

4 

093422 

093772 

094122 

094471 

094820 

095169 

095518 

095866 

096215 

096562 

349 

5 

096910 

097257 

097604 

097951 

098298 

098644 

098990 

099335 

099681 

100026 

346 

6 

100371 

100715 

101059 

101403 

101747 

102091 

102434 

102777 

103119 

103462 

343 

7 

103804 

104146 

104487 

104828 

105169 

105510 

105851 

106191 

106531 

106871 

341 

8 

107210 

107549 

107888 

108227 

108565 

108903 

109241 

109579 

109916 

110253 

338 

9 

110590 

110926 

111263 

111599 

111934 

112270 

112605 

112940 

1 13275 

113609 

335 

ISO 

113943 

114277 

114611 

114944 

115278 

115611 

115943 

116276 

116608 

116940 

333 

1 

117271 

II7603 

117934 

118265 

118595 

118926 

1 119256 

119586 

119915 

120245 

330 

2 

120574 

120903 

121231 

121560 

121888 

122216 

1 122544 

122871 

123198 

123525 

328 

3 

123852 

124178 

124504 

124830 

125156 

125481 

125806 

126131 

126456 

126781 

325 

4 

127105 

127429 

127753 

128076 

128399 

128722 

1 129045 

129368 

129690 

130012 

323 

3 

130334 

130655 

130977 

131298 

131619 

131939 

132260 

132580 

132900 

133219 

321 

6 

133539 

133858 

134177 

134496 

134814 

135133 

j 135451 

135769 

136086 

136403 

318 

7 

136721 

137037 

137354 

137671 

137987 

138303 

138618 

138934 

139249 

139564 

316 

8 

139879 

140194 

140308 

140822 

I4II36 

141450 

141763 

142076 

142389 

142702 

314 

9 

143015 

143327 

143639 

143951 

144263 

144574 

144885 

145196 

145507 

145818 

311 

140 

146128 

146438 

146748 

147068 

147387 

147676 

147985 

148294 

148603 

148911 

309 


Proportional Parts 


Diflf. 

1 

2 

3 

4 

5 

6 

7 

8 

9 

370 

37.0 

74.0 

111.0 

148.0 

185.0 

222.0 

259.0 


333.0 

368 

36.8 

73.6 

110.4 

147.2 

184.0 

220.8 

257.6 

294.4 

331.2 

366 

36.6 

73.2 

109.8 

146.4 

183.0 

219.6 

256.2 

292.8 

329.4 

364 

36.4 

72.8 

109.2 

145.6 

182.0 

218.4 

254.8 

291.2 

327.6 

362 

36.2 

72.4 

108.6 

144,8 

181.0 

217.2 

253.4 

289.6 

325.8 

360 

36.0 

72.0 

108.0 

144.0 

' 180.0 

216.0 



324.0 

358 

35.8 

71.6 

107.4 

143.2 

179.0 

214.8 

250.6 

286.4 

322.2 

356 

35.6 

71.2 

106.8 

142.4 

178.0 

213.6 

249.2 

284.8 

320.4 

354 

35.4 

70.8 

106.2 

141.6 

177.0 

212.4 

247.8 

283.2 

318.6 

352 

35.2 

70.4 

105.6 

140.8 

176.0 

211.2 

246.4 

281.6 

316.8 

350 

35.0 

70.0 

105.0 

140.0 

175.0 

210.0 


260.0 

315.0 

348 

34.8 

69.6 

104.4 

139.2 

174.0 

208.8 

243.6 

278.4 

313.2 

346 

34.6 

69.2 

103.8 

138.4 

173.0 

207.6 

242.2 

276.8 

311.4 

344 

34.4 

68.8 

103.2 

137.6 

172.0 

206.4 

240.8 

275.2 

309.5 

342 

34.2 

68.4 

102.6 

136.8 

171.0 

205.2 

239.4 

273.6 

307.8 

340 

34.0 

68.0 

102.0 

136.0 

170.0 

204.0 



306.0 

338 

33.8 

67.6 

101.4 

135.2 

169.0 

202.8 

236.6 


304.2 

336 

33.6 

67.2 ! 

100.8 

134.4 

168.0 

201.6 

235.2 

268.8 

302.4 

334 

33.4 

66.8 

100.2 

133.6 

167.0 

200.4 

233.8 

267.2 

300.6 

332 

33.2 

66.4 

99.6 

132.8 

166.0 

199.2 

232.4 

265.6 

298.8 

330 

33.0 

66.0 

99.0 


1 165.0 

198.0 

m»wm\ 


297.0 

328 

32.8 

65.6 

98.4 

131.2 

1 164.0 

196.8 

229.6 

262.4 

295.2 

326 

32.6 

65.2 

97.8 

130.4 

163.0 

195.6 

228.2 

260.8 

293.4 

324 

32.4 

64.8 

97.2 

129.6 

162.0 

194.4 

226.8 

259.2 

291.6 

322 

32.2 

64.4 

96.6 

128.8 

161.0 

193.2 

225.4 

257.6 

289.8 

320 

32.0 

64.0 

96.0 

128.0 

160.0 

192.0 

224.0 


288.0 

318 

31.8 

63.6 

95.4 

127.2 

159.0 

190.8 

222.6 

254.4 

286.2 

316 

31.6 

63.2 

94.8 

126.4 

158.0 

189.6 

221.2 

252.8 

284.4 

314 

31.4 

62.8 

94.2 

123.6 

157.0 

188.4 

219.8 

251.2 

282.6 

312 

31.2 

62.4 

93.6 

124.8 

156.0 

187.2 

218.4 

249.6 

280.8 

310 

31.0 

62.0 

93.0 

124.0 

1 155.0 

186.0 



279.0 


30.8 

61.6 

92.4 

123.2 

154.0 

184.8 

215.6 

246.4 

277.2 

























1“34 MATHEMATICAL AND PHYSICAL TABLES 


N 

m 

n 

II 

n 

n 

n 

6 

7 

8 

9 

Diff. 

140 

146158 

146488 

146748 

147068 

147367 

147676 

147986 

148894 

148603 

148911 

309 

1 

149219 

149527 

149835 

150142 

150449 

150756 

IHTiig 

151370 

151676 

151982 

307 

2 

152288 

152594 

152900 

153205 

153510 

153815 

ImO 

154424 

154728 

155032 

305 

3 

155336 

155640 

155943 

156246 

156549 

156852 

157154 

157457 

157759 

158061 

303 

4 

158362 

158664 

158965 

159266 

159567 

159868 

160168 

160469 

tmm 

161068 

301 

5 

161368 

161667 

161967 

162266 

162564 

162863 

163161 

163460 

163758 

164055 

299 

6 

164353 

164650 

164947 

165244 

165541 

165838 

166134 

166430 

166726 

167022 

297 

7 

167317 

167613 

167908 

168203 

168497 

168792 


169380 

169674 

169968 

295 

8 

170262 

170555 

170848 

171141 

171434 

171726 

■ryliiyj 

172311 

172603 

172895 

293 

9 

173186 

173478 

173769 

174060 

174351 

174641 

174932 

175222 

175512 

175802 

291 

150 

176091 

176881 

176670 

1T69S9 

177848 

177636 

177886 

178113 

178401 

178689 

289 

1 

178977 

179264 

179552 

179839 

180126 

180413 

■Ti 

180986 

181272 

181558 

287 

2 

181844 

182129 

182415 

182700 

182985 

183270 

It > ►•>>1 

183839 

184123 

184407 

285 

3 

184691 

104975 

185259 

185542 

185825 

186108 

K 1 

186674 

186956 

187239 

283 

4 

187521 

187803 

188084 

188366 

188647 

188928 

K H 

189490 

189771 

190051 

281 

5 

190332 

190612 

190892 

191171 

191451 

191730 

it ilM 

192289 

192567 

192846 

279 

6 

I93I2S 

193403 

193681 

193959 

194237 

194514 

194792 

195069 

195346 

195623 

278 

7 

195900 

196176 

196453 

196729 

197005 

197281 

197556 

197832 

13 

198382 

276 

8 

198657 

198932 

199206 

199481 

199755 

200029 


200577 


201124 

274 

9 

201397 

201670 

201943 

202216 

2024881 

202761 


203305 


203848 

272 

160 

504190 

804891 

804663 

804934 

206804 

205476 

806746 

806016 

806286 

206556 

271 

1 

206826 

207096 

207365 

207634 

207904 

208173 

208441 

208710 

208979 

209247 

269 

2 

209515 

209783 

210051 

210319 

210586 

210853 

211121 

211388 

211654 

211921 

267 

3 

212188 

212454 

212720 

212986 

213252 

213518 

213783 

214049 

214314 

214579 

266 

4 

214844 

215109 

215373 

215638 

215902 

216166 

216430 

216694 

216957 

217221 

264 

5 

217484 

217747 

218010 

218273 

218536 

218798 

219060 

219323 

219585 

219846 

262 

6 

220108 

220370 

220631 

220892 

221153 

221414 

221675 

221936 

222196 

222456 

261 

7 

222716 

222976 

223236 

223496 

223755 

224015 

224274 

224533 

224792 

225051 

259 

8 

225309 

225568 

225826 

226084 

226342 

226600 

226858 

2271 15 

227372 

227630 

258 

9 

227887 

228144 

228400 

228657 

228913 

229170 

229426 

229682 

229938 

230193 

256 

170 

830449 

880704 

230960 

231816 

231470 

231724 

231979 

282234 

232488 

838748 

255 


Proportional Parts 


Diff. 

1 

2 

3 

4 

5 

6 


8 

9 

310 

31.0 


Kaoi 

124.0 

155.0 

186.0 


248.0 

279.0 

308 

30.8 

61.6 

92.4 

123.2 

154.0 

184.8 

215.6 

246.4 

m,i 

306 

30.6 

61.2 

91.8 

122.4 

153.0 

183.6 

214.2 

244.8 

275.4 

304 

30.4 


91.2 

121.6 

152.0 

182.4 

212.8 

243.2 

273.6 

302 

30.2 

60.4 


120.8 

151.0 

181.2 

211.4 

241.6 

271.8 

300 


60.0 


120.0 

150.0 

180.0 


240.0 

270.0 

298 

29.8 

59.6 

89.4 

119.2 

149.0 

178.8 

208.6 

238.4 

268.2 

296 

29.6 

59.2 

88.8 

118.4 

148.0 

177.6 

207.2 

236,8 

266.4 

294 

29.4 

58.8 

88.2 

117.6 

147.0 

176.4 

205.8 

235.2 

264.6 

292 

29.2 

58.4 

87.6 

116.8 

146.0 

175.2 

204.4 

233.6 

262.8 

290 

29.0 



116.0 

145.0 

174.0 


232.0 

261.0 

288 

28.8 

57.6 

86.4 

115,2 

144.0 

172.8 

201.6 

230.4 

259.2 

286 

28.6 

57.2 

85.8 

114.4 

143.0 

171.6 

200.2 

228.8 

257.4 

284 

28.4 

56.8 

85.2 

113.6 

142.0 

ikH 

198.8 

227.2 

255.6 

282 

28.2 

56.4 

84.6 

112.8 

141.0 


197.4 

225.6 

253.8 

280 

28.0 


KOI 

mmm 


B»m 

196.0 

224.0 

252.0 

278 

27.8 

55.6 

83.4 

111.2 

139.0 

B! SB 

194.6 

222.4 

250.2 

276 

27,6 

55,2 

82.8 

II0.4 

138.0 


193.2 

220.8 

248.4 

274 

27.4 

54.8 

82.2 

109.6 

137.0 

164.4 

191.8 

219.2 

246.6 

272 

27.2 

54.4 

81.6 

108.8 

136.0 

163.2 

190.4 

217.6 

244.8 

270 

27.0 

54.0 



135.0 


189.0 

216.0 

243.0 

268 

26.8 

53.6 


107.2 

134.0 


187.6 

214.4 

241.2 

266 

26.6 

53.2 

79.8 

106.4 

133.0 

159.6 

186.2 

212.8 

239.4 

264 

26.4 

52.8 

79.2 

105.6 

132.0 

158.4 

184.8 

211.2 

257.6 



















































































































1-36 


MATHEMATICAL AND PHYSICAL TABLES 


N 

0 

1 

' . 

' 3 

1 4 

8 

6 

7 

8 

1 ^ 

Diff. 

aoo 

801080 

801247 

301464 

301681 

801898 

302114 

802831 

802647 

802764 

802980 

217 

1 

303196 

303412 

303628 

303844 

304059 

304275 

304491 

304706 

304921 

305136 

216 

2 

305351 

305566 

305781 

305996 

306211 

306425 

306639 

306854 

307068 

307282 

215 

3 

307496 

307710 

307924 

308137 

308351 

308564 

308778 

308991 

309204 

309417 

213 

4 

309630 

309843 

310056 

310268 

310481 

310693 

310906 

311118 

311330 

311542 

212 

5 

311754 

311966 

312177 

312389 

312600 

312812 

313023 

313234 

313445 

313656 

211 

6 

313867 

314078 

314289- 

314499 

314710 

314920 

315130 

315340 

315551 

315760 

210 

7 

315970 

316180 

316390 

316599 

316809 

317018 

317227 

317436 

317646 

317854 

209 

8 

318063 

318272 

318481 

318689 

318898 

319106 

319314 

319522 

319730 

319938 

208 

9 

320146 

320354 

320562 

320769 

320977 

321184 

321391 

321598 

321805 

322012 

207 

aio 

822819 

382426 

322633 

322839 

323046 

323262 

323458 

323666 

323871 

824077 

206 

1 

324282 

1 324488 

324694 

324899 

325105 

325310 

325516 

325721 

325926 

326131 

205 

2 

326336 

326541 

326745 

326950 

327155 

327359 

327563 

327767 

327972 

328176 

204 

3 

328380 

328583 

328787 

328991 

329194 

329398 

329601 

329805 

330008 

330211 

203 

4 

330414 

330617 

330819 

331022 

331225 

331427 

331630 

331832 

332034 

332236 

202 

5 

332438 

332640 

332842 

333044 

333246 

333447 

333649 

333850 

334051 

334253 


6 

334454 

334655 

334856 

335057 

335257 

335458 

335658 

335859 

336059 

336260 

201 

7 

336460 

336660 

336860 

337060 

337260 

337459 

337659 

337858 

338058 

338257 

200 

8 

338456 

338656 

338855 

339054 

339253 

339451 

339650 

339849 

340047 

340246 

199 

9 

340444 

340642 

340841 

341039 

341237 

341435 

341632 

341830 

342028 

342225 

198 

S20 

342428 

342620 

842817 

343014 

343212 

343409 

34360G 

843802 

343999 

844196 

197 

1 

344392 

344589 

344785 

344981 

345178 

345374 

345570 

345766 

345962 

346157 

196 

2 

346353 

346549 

346744 

346939 

347135 

347330 

347525 

347720 

347915 

348110 

195 

3 

348305 

348500 

348694 

348889 

349083 

349278 

349472 

1 349666 

349860 

350054 

194 

4 

350248 

350442 

350636 

350829 

351023 

351216 

351410 

351603 

351796 

351989 

193 

5 

352183 

352375 

352568 

352761 

352954 

353147 

353339 

353532 

353724 

353916 


6 

354108 

354301 

354493 

354685 

354876 

355068 

355260 

355452 

355643 

355834 

192 

7 

356026 

356217 

356408 

356599 

356790 

356981 

357172 

357363 

357554 

357744 

191 

8 

357935 

358125 

358316 

358506 

358696 

358886 

359076 

359266 

359456 

359646 1 

190 

9 

359835 

360025 

360215 

360404 

360593 

360783 

360972 

361161 

361350 

361539 

189 

S30 

361728 

361917 

362106 

362294 

S62482 

362671 

362859 

368048 

363236 

863424 

188 

1 

363612 

363800 

363988 

364176 

364363 

364551 

364739 

364926 

365113 

365301 


2 

365488 

365675 

365862 

366049 

366236 

366423 

366610 

366796 

366983 

367169 

187 

3 

367356 

367542 

367729 

367915 

368101 

368287 

368473 

368659 

368845 

369030 

186 

4 

369216 

369401 

369587 

369772 

369958 

370143 

370328 

370513 

370698 

370883 

185 

5 

371068 

371253 

371437 

371622 

371806 

371991 

372175 

372360 

372544 

372728 

184 

6 

372912 

373096 

373280 

373464 

373647 

373831 

374015 

374198 

374382 

374565 


7 

374748 

374932 

375115 

375298 

375481 

375664 

375846 

376029 

376212 

376394 

183 

8 

376577 

376759 

376942 

377124 

377306 

377488 

377670 

377852 

378034 

378216 

182 

9 

378398 

378580 

378761 

378943 

379124 

379306 

379487 

379668 

379849 

380030 

181 

240 

380211 

380392 

380573 

380704 

380934 

381116 

381296 

881476 

881656 

381887 



Pkopobtional Parts 


Diff. 

1 

3 

3 

4 

6 

6 

7 

8 

9 

216 

21.6 

43.2 

64.8 

86.4 

108.0 

192.6 

151.2 

172.8 

194.4 

214 

21.4 

42.8 

64.2 

85.6 

107.0 

128.4 

149.8 

171.2 

192.6 

212 

21.2 

42.4 

63.6 

84.8 

106.0 

127.2 

148.4 

169.6 

190.8 

210 

21.0 

42.0 

63.0 


105.0 

126.0 


168.0 


208 

20.8 

41.6 

62.4- 

83.2 

104.0 

124.8 

145.6 

166.4 

187.2 

206 

20.6 

41.2 

61.8 

82.4 

103.0 

123.6 

144.2 

164.8 

185.4 

204 

20.4 


61.2 

81.6 

102.0 

122.4 

142.8 

163.2 

183.6 

202 

20.2 




101,0 

121.2 

141.4 

161.6 

181.8 

200 

20.0 

40.0 

60.0 

80.0 

100.0 



160.0 


198 

19.8 

39.6 

59.4 

79.2 

99.0 

118.8 

138.6 

158.4 

178.2 

196 1 

19.6 

39.2 

58.8 

78.4 


117.6 

137.2 

156.8 

176.4 

194 

19.4 

38.8 

58.2 

77.6 

97.0 

116.4 

135.8 

155.2 

174.6 

192 

19.2 

38.4 

57.6 

76.8 

96.0 

115.2 

134.4 

153.6 

172.8 

190 

19.0 


57.0 

76.0 

95.0 


133.0 

152.0 


188 ' 

18.8 

37.6 

56.4 

75.2 

94.0 

112.8 

131.6 

150.4 

169.2 

186 1 

18.6 

37.2 

55.8 

74.4 

93.0 

111.6 


148.8 

167.4 































COMMON LOGAMTHMS 


1-47 


N 

0 

1 

2 

8 

4 

5 

6 

n 

n 

Hj 

Diff, 


380211 

380392 

380573 

880754 

380984 

381115 

881296 

381476 

381656 

381887 

■Bl 

1 

382017 

382197 

382377 

382557 

382737 

382917 

383097 

383277 

383456 

383636 

■H 

2 

3«38IS 

383995 

384174 

384353 

384533 

384712 

384891 

J85070 

385249 

385428 


3 

385606 

385785 

385964 

386142 

386321 

386499 

386677 

386856 

387034 

387212 


4 

387390 

387568 

387746 

387924 

388101 

388279 

388456 

3886)4 

388811 

388989 


5 

389166 

389343 

389520 

389698 

389875 

390051 

390228 

390405 

390582 

390759 

177 

6 

390935 

391112 

391288 

391464 

391641 

391817 

391993 

392169 

392345 

392521 

176 

7 

392697 

392873 

393048 

393224 

393400 

393575 

393751 

393926 

394101 

394277 


8 

394452 

394627 

394802 

394977 

395152 

395326 

395501 

395676 

395850 

396025 

■Ft] 

9 

396199 

396374 

396548 

396722 

396896 

397071 

397245 

397419 

397592 

397766 

iBi 

950 

397940 

398114 

398287 

398461 

398634 

398808 

398981 

399154 

399328 

399501 

mm 

1 

399674 

399847 

400020 

400192 

400365 

400538 

400711 

400883 

401056 

401228 


2 

401401 

401573 

401745 

401917 

402089 

402261 

402433 

402605 

402777 

402949 

172 

3 

403121 

403292 

403464 

403635 

403807 

403978 

404149 

404320 

404492 

404663 

171 

4 

404834 

405005 

405176 

405346 

405517 

405688 

405858 

406029 

406199 

406370 


5 

406540 

4067)0 

406881 

407051 

407221 

407391 

407561 

407731 

407901 

408070 

170 

6 

408240 

408410 

408579 

408749 

408918 

409087 

409257 

409426 

409595 

409764 

169 

7 

409933 

410102 

410271 

410440 

410609 

410777 

410946 

411114 

411283 

411451 


8 

411620 

411788 

411956 

412124 

412293 

412461 

412629 

412796 

412964 

413132 

168 

9 

413300 

413467 

413635 

413803 

413970 

414137 

414305 

414472 

414639 

414806 

167 

260 

414973 

415140 

415307 

415474 

415641 

415808 

415974 

416141 

416808 

416474 


1 

416641 

416807 

416973 

417139 

417306 

417472 

417638 

417804 

417970 

418135 

166 

2 

418301 

418467 

418633 

418798 

418964 

419129 

419295 

419460 

419625 

419791 

165 

3 

419956 

420121 

420286 

420451 

420616 

420781 

420945 

421110 

421275 

421439 


4 

421604 

421768 

421933 

422097 

422261 

422426 

422590 

422754 

422918 

423082 

164 

5 

423246 

423410 

423574 

423737 

423901 

424065 

424228 

424392 

424555 

424718 


6 

424882 

425045 

425208 

425371 

425534 

425697 

425860 

426023 

426186 

426349 

163 

7 

426511 

426674 

426836 

426999 

427161 

427324 

427486 

427648 

427811 

427973 

162 

8 

428135 

428297 

428459 

428621 

428783 

428944 

429106 

429268 

429429 

429591 


9 

429752 

429914 

430075 

430236 

430398 

430559 

430720 

430881 

431042 

431203 

161 

270 

431364 

431525 

431685 

431846 

438007 

432167 

438328 

482488 

432649 

432809 


1 

432969 

433130 

433290 

433450 

433610 

433770 

433930 

434090 

434249 

434409 

160 

2 

434569 

434729 

434888 

435048 

435207 

435367 

435526 

435685 

435844 

436004 

159 

3 

436163 

436322 

436481 

436640 

436799 

436957 

437116 

437275 

437433 

437592 


4 

437751 

437909 

438067 

438226 

438384. 

438542 

438701 

438859 

439017 

439175 

158 

5 

439333 

439491 

439648 

439806 

439964 

440122 

440279 

440437 

440594 

440752 


6 

440909 

441066 

441224 

441381 

441538 

441695 

441852 

442009 

442166 

442323 

157 

7 

442480 

442637 

442793 

442950 

443106 

443263 

443419 

443576 

443732 

443889 


8 

444045 

444201 

444357 

444513 

444669 

444825 

444981 

445137 

445293 

445449 

156 

9 

445604 

445760 

445915 

446071 

446226 

446382 

446537 

446692 

446848 

447003 

155 

280 

447108 

447313 

447468 

447623 

447778 

447933 

448088 

448242 

448897 

448552 



Proportional Parts 


Diff. 

1 

2 


4 

5 

S 

7 

• 

9 

184 

18.4 

36.8 

55.2 

73.6 

92.0 

■nijEfl 

128.8 

147.2 

165.6 

182 

18.2 

36.4 

54.6 

72.8 

91.0 

■fiUrS 

127.4 

145.6 

163.8 

180 

18.0 

36.0 


72.0 




144.0 

162.0 

178 

17.8 

35.6 

53.4 

71.2 

89.0 

■m9!H 

124.6 

142.4 

160.2 

176 

17.6 

35.2 

52.8 

70.4 

88.0 

■TitVS 

123.2 

140.8 

158.4 

174 

17.4 

34.8 

52.2 

69.6 

87.0 

104.4 

121.8 

139.2 

156.6 

172 

17.2 

34.4 

51.6 

68.8 

86.0 

103.2 

120.4 

137.6 

154.8 

170 





85.0 

102.0 

119.0 

136.0 

153.0 

168 

16.8 


50.4 

67.2 

84.0 

100.8 

117,6 

134,4 

151.2 

166 

16.6 


49.8 

66.4 

83.0 


116.2 

132.8 

149.4 

164 

16.4 


49.2 

65.6 

82.0 


114.8 

131.2 

147.6 

162 

16.2 

■ Sfl 

48.6 

64.8 

81.0 


113.4 

129.6 

145.8 

160 

16.0 

32.0 

48.0 


80.0 


112.0 

128.0 

144.0 

158 

15.8 

31.6 

47.4 

63.2 

79.0 


110.6 

126.4 

142.2 

156 

15.6 

31.2 

46.8 

62.4 

78.0 


109.2 

124.8 

140.4 

154 

15.4 

30.8 

46.2 

61.6 

77.0 

HU 

107.8 

123.2 






























1-38 


MATHEMATICAL AND PHYSICAL TABLES 


N 

0 

1 

2 

8 

. 4 

6 

6 

7 

8 

9 

Diff. 

280 

447168 

447318 

447468 

447623 

447778 

447988 

448086 

448242 

448897 

448662 


\ 

448706 

448861 

449015 

449170 

449324 

449478 

449633 

449787 

449941 

450095 

154 

2 

450249 

450403 

450557 

450711 

450865 

451018 

451172 

451326 

451479 

451633 


3 

431786 

451940 

452093 

452247 

452400 

452553 

452706 

452859 

453012 

453165 

153 

4 

453318 

453471 

453624 

453777 

453930 

454082 

454235 

454387 

454540 

454692 


5 

454845 

454997 

455150 

455302 

455454 

455606 

455758 

455910 

456062 

456214 

152 

6 

456366 

456518 

456670 

456821 

456973 

457125 

457276 

457428 

457579 

457731 


7 

457882 

458033 

458184 

458336 

458487 

458638 

458789 

458940 

459091 

459242 

; 151 

8 

459392 

459543 

459694 

459845 

459995 

460146 

460296 

460447 

460597 

460748 

I 

9 

460898 

461048 

461198 

461348 

461499 

461649 

461799 

461948 

462098 

462248 

150 

200 

462808 

462648 

462697 

462847 

462997 

463146 

463296 

463446 

463694 

468744 


1 

463893 

464042 

464191 

464340 

464490 

464639 

464788 

464936 

465085 

465234 

149 

2 

465383 

465532 

465680 

465829 

465977 

466126 

466274 

466423 

466571 

466719 


3 

466868 

467016 

467164 

467312 

467460 

467608 

467756 

i 467904 

468052 

468200 

148 

4 

468347 

468495 

468643 

468790 

468938 

469085 

469233 

469380 

469527 

469675 


5 

469822 

469969 

470116 

470263 

470410 

470557 

470704 

470851 

470998 

471145 

147 

6 

471292 

471438 

471585 

471732 

471878 

472025 

472171 

472318 

472464 

472610 

146 

7 

472756 

472903 

473049 

473195 

473341 

473487 

i 473633 

473779 

473925 

474071 


8 

474216 

474362 

474508 

474653 

474799 

474944 

475090 

475235 

475381 

475526 


9 

475671 

475816 

475962 

476107 

476252 

476397 

476542 

476687 

476832 

476976 

145 

800 

477121 

477266 

477411 

477606 

477700 

477844 

477989 

478188 

478278 

478422 


1 

478566 

478711 

478855 

478999 

479143 

479287 

479431 

479575 

479719 

479863 

144 

2 

480007 

480151 

480294 

480438 

480582 

480725 

480869 

! 481012 

481156 

481299 


3 

481443 

481586 

481729 

481872 

482016 

482159 

482302 

482445 

482588 

482731 

143 

4 

482874 i 

483016 

483159 

483302 

483445 

483587 

483730 

483872 

484015 

484157 


5 

484300 

484442 

484585 

484727 

484869 

485011 

485153 

485295 

485437 

485579 

142 

6 

485721 

485863 

486005 

486147 

486289 

486430 

486572 

486714 

486855 

486997 


7 

487138 

487280 

487421 

487563 

487704 

487845 

487986 

488127 

488269 

488410 

141 

6 

488551 

488692 

488833 

488974 

489114 

489255 

489396 

489537 

489677 

489818 


9 

489958 

490099 

490239 

490380 

490520 

490661 

490801 

490941 

491081 

491222 

140 

810 

491862 

491602 

491642 

491782 

491922 

492062 

492201 

492341 

492481 

492621 


1 

492760 

492900 

493040 

493179 

493319 

493458 

493597 

493737 

493876 

494015 

139 

2 

494155 

494294 

494433 

494572 

494711 

494850 

494989 

495128 

495267 

495406 


3 

495544 

495683 

495822 

495960 

496099 

4962381 

496376 

496515 

496653 

496791 


4 

496930 

497068 

497206 

497344 

497483 

497621 

497759 

497897 

498035 

498173 

138 

5 

498311 

498448 

498586 

498724 

498862 

498999 

499137 

499275 

499412 

499550 


6 

499687 

499824 

499962 

500099 

500236 

500374 

500511 

500648 

500785 

500922 

137 

7 

501059 

501196 

501333 

501470 

501607 

501744 

501880 

502017 

502154 

502291 


8 

502427 

502564 

502700 

502837 

502973 

503109 

503246 

503382 

503518 

503655 

136 

9 

503791 

503927 

504063 

504199 

504335 

504471 

504607 

504743 

504878 

505014 


820 

600100 

606286 

606421 

006667 

606693 

605828 

606964 

606099 

606234 

606870 


1 

506505 

506640 

506776 

506911 

507046 

507181 

507316 

507451 

507586 

507721 

135 

2 

507856 

507991 

508126 

508260 

508395 

508530 

508664 

508799 

508934 

509068 


3 

509203 

509337 

509471 

509606 

509740 

509874 

510009 

510143 

510277 

510411 

134 

4 

510545 

510679 

510813 

510947 

511081 

511215 

511349 

511482 

511616 

511750 


5 

511883 

512017 

512151 

512284 

512418 

512551 

512684 

512818 

512951 

513084 

133 

6 

513218 

513351 

513484 

513617 

513750 

513883 

514016 

514149 

514282 

514415 


7 

514548 

514681 

514813 

514946 

515079 

515211 

515344 

515476 

515609 

515741 


8 

515874 

516006 

516139 

516271 

516403 

516535 

516668 

516800 

516932 

517064 

132 

9 

517196 

517328 

517460 

517592 

517724 

517855 

517987 

518119 

518251 

518382 


330 

618614 

618646 

618777 

618909 

619040 

619171 

619803 

619434 

619666 

619697 

131 


Peoportional Parts 


Diff. 

1 

2 

3 

4 

6 

6 

7 

8 

9 

Btfi 

15.4 


46.2 

61.6 

77.0 

92.4 

107.8 

123.2 

138.6 


15.2 

30.4 

45.6 

60.8 

76.0 

91.2 

106.4 

121.6 

136.8 

■ Kj! 



45.0 

60.0 

75.0 


105.0 

120.0 

135.0 


14.8 

29.6 

44.4 

59.2 

74.0 

88.8 

103.6 

118.4 

133.2 


14.6 

29.2 

43.8 

58.4 

73.0 

87.6 

102.2 

116.8 

131.4 

BQb 

14.4 

28.8 

43.2 

57.6 

72.0 

86.4 

100.8 

115.2 

129.6 

BFu 

14.2 

28.4 

42.6 

56.8 

71.0 

85.2 

99.4 

113.6 

127.8 

140 

14.0 


42.0 

56.0 

70.0 

84.0 

98.0 

112.0 

126.0 

138 

13.8 

27.6 

41.4 

55.2 

69.0 

82.8 

96.6 

110.4 

124.2 

136 

. 

13.6 

27.2 

40.8 

54.4 

68.0 

81.6 

. 1 

95.2 

108.8 

122.4 



















COMMON LOGAKimMS 


1-39 


N 

0 

1 

8 

3 

4 

6 

6 

7 

8 

9 

DM. 

8S0 

818814 

518648 

518777 

518909 

519040 

819171 

619803 

619484 

619666 

619697 


\ 

519828 

519959 

520090 

520221 

520353 

520464 

520615 

520745 

520876 

521007 


2 

521138 

521269 

521400 

521530 

521661 

521792 

521922 

522053 

522183 

522314 


3 

522444 

522575 

522705 

522835 

522966 

523096 

523226 

523356 

523486 

523616 

130 

4 

523746 

523876 

524006 

524136 

524266 

524396 

524526 

524656 

524785 

524915 


5 

525045 

525174 

525304 

525434 

525563 

525693 

525822 

525951 

526081 

526210 

129 

6 

526339 

526469 

526598 

526727 

526856 

526985 

527114 

527243 

527372 

527501 


7 

527630 

527759 

527888 

528016 

528145 

528274 

528402 

528531 

528660 

528788 


8 

528917 

529045 

529174 

529302 

529430 

529559 

529687 

529815 

529943 

530072 

128 

9 

530200 

530328 

530456 

530584 

530712 

530840 

530968 

1 531096 

531223 

531351 


840 

581479 

531607 

531784 

531868 

531990 

588117 

632846 

632372 

632500 

882627 


1 

532754 

532882 

533009 

533136 

533264 

533391 

533518 

533645 

533772 

533899 

127 

2 

534026 

534153 

534280 

534407 

534534 

534661 

534787 

534914 

535041 

535167 


3 

535294 

535421 

535547 

535674 

535800 

535927 

536053 

536180 

536306 

536432 

126 

4 

536558 

536685 

536811 

536937 

537063 

537189 

537315 

537441 

537567 

537693 


5 

537819 

537945 

538071 

538197 

538322 

538448 

538574 

538699 

538825 

538951 


6 ! 

539076 

539202 

539327 

539452 

539578 

539703 

539829 

539954 

540079 

540204 

125 

7 

540329 

540455 

540580 

540705 

540830 

540955 

541080 

541205 

541330 

541454 


8 

541579 

541704 

541829 

541953 

542078 

542203 

542327 

542452 

542576 

542701 


9 

542825, 

542950 

543074 

543199 

543323 

543447 

543571 

543696 

543820 

543944 

124 

850 

544068 

544192 

544316 

544440 

544564 

544688 

644812 

644986 

646060 

546183 


1 

545307 

545431 

545555 

545678 

545802 

545925 

546049 

546172 

546296 

546419 


2 

546543 

546666 

546789 

546913 

547036 

547159 

547282 

547405 

547529 

547652 

123 

3 

547775 

547898 

548021 

548144 

548267 

548389 

548512 

548635 

548758 

548881 


4 

549003 

549126 

549249 

549371 

549494 

549616 

549739 

549861 

549984 

550106 


5 

550228 

550351 

550473 

550595 

550717 

550840 

550962 

551084 

551206 

551328 

122 

6 

551450 

551572 

551694 

55I8I6 

551938 

552060 

552181 

552303 

552425 

552547 


7 

552668 

552790 

552911 

553033 

553155 

553276 

553398 

553519 

553640 

553762 

121 

8 

553883 

554004 

554126 

554247 

554368 

554489 

554610 

554731 

554852 

554973 


9 

555094 

555215 

555336 

555457 

555578 

555699 

555820 

[ 555940 

556061 

556182 


860 

656303 

656483 

556544 

556664 

666785 

666906 

667026 

667146 

60786T 

667887 

120 

1 

557507 

557627 

557748 

557868 

557988 

558108 

558228 

558349 

558469 

558589 


2 

558709 

558829 

558948 

559068 

559188 

559308 

559428 

559548 

559667 

559787 


3 

559907 

560026 

560146 

560265 

560385 

560504 

560624 

560743 

560863 

560982 

119 

4 

561101 

561221 

561340 

561459 

561578 

561698 

561817 

561936 

562055 

562174 


5 

562293 

562412 

562531 

562650 

562769 

562887 

563006 

563125 

563244 

563362 


6 

563481 

563600 

563718 

563837 

563955 

564074 

564192 

564311 

564429 

564548 


7 

564666 

564784 

564903 

565021 

565139 

565257 

565376 

1 565494 

565612 

565730 

118 

8 

565848 

565966 

566084 

566202 

566320 

566437 

566555 

1 566673 

566791 

566909 


9 

567026 

567144 

567262 

567379 

567497 

567614 

567732 

567849 

567967 

568084 


870 

668208 

568319 

568486 

568554 

568671 

668788 

568906 

669023 

669140 

669267 

117 

1 

569374 

569491 

569608 

569725 

569842 

569959 

570076 

570193 

570309 

570426 


2 

570543 

570660 

570776 

570893 

571010 

571126 

571243 

571359 

571476 

571592 


3 

571709 

571825 

571942 

572058 

572174 

572291 

572407 

572523 

572639 

572755 

116 

4 

572872 

572988 

573104 

573220 

573336 

573452 

573568 

573684 

573800 

573915 


5 

574031 

574147 

574263 

574379 

574494 

574610 

574726 

574841 

574957 

575072 


6 

575188 

575303 

575419 

575534 

575650 

575765 

575880 

575996 

576111 

576226 

115 

7 

576341 

576457 

576572 

576687 

576802 

576917 

577032 

577147 

577262 

577377 


8 

577492 

577607 

577722 

577836 

577951 

578066 

578181 

578295 

578410 

578525 


9 

578639 

578754 

578868 

578983 

579097 

579212 

579326 

579441 

579555 

579669 

114 

880 

579784 

579898 

580018 

580186 

580841 

680866 

680469 

680688 

680697 

680811 



Pbopobtional Parts 


DM, 

1 

2 

3 

4 

6 

6 

7 

8 

9 

■un 

13.4 

26.8 

40.2 

53.6 

67.0 

80.4 

93.8 

107.2 

120.6 


13.2 

26.4 

39.6 

52.8 

66.0 

79.2 

92.4 

105.6 

118.8 

B t is 

13.0 

26.0 

39.0 


65.0 

78.0 


104.0 

HOEB 

1 

12.8 

25.6 

38.4 

51.2 

64.0 

76.8 

89.6 

102.4 

115,2 

B ' B 

12.6 

25.2 

37.8 

50.4 

63.0 

75.6 

88.2 

100.8 

113.4 

B r 

12.4 

24.8 

37.2 

49.6 

62.0 

74.4 

86.8 

99.2 

111.6 

B ' B 

12.2 

24.4 

36.6 

48.8 

61.0 

73.2 

85.4 

97.6 

109.8 

120 

12.0 

24.0 

36.0 


60.0 

72.0 

84.0 

96.0 

108.0 

118 

11.8 

23.6 

35.4 

47.2 

59.0 

70.8 

82.6 

94.4 

106.2 

116 

11.6 

23.2 

34.8 

46.4 

58.0 

69.6 

81.2 

92.8 

104.4 

114 

11.4 

22.8 

34.2 

45.6 

57.0 

68.4 

79.8 

91.2 

102.6 


























1-40 


MATHEMATICAL AND PHYSICAL TABLES 


N 

0 

1 

9 

8 

4 

5 

m 

n 

n 

9 

Diff . 

880 

579784 

579898 

580019 

580196 

680241 

580355 

580469 

680688 

680697 

880811 

114 

1 

580925 

581039 

581153 

581267 

581381 

581495 

581608 

581722 

581836 

581950 


2 

382063 

582177 

582291 

582404 

582518 

582631 

582745 

582858 

582972 

583085 


3 

583199 

583312 

583426 

583539 

583652 

583765 

583879 

583992 

584105 

584218 


4 

584331 

584444 

584557 

584670 

584783 

584896 

585009 

585122 

585235 

585348 

113 

5 

585461 

585574 

585686 

585799 

585912 

586024 

586137 

586250 

586362 

586475 


6 

586587 

586700 

586812 

586925 

587037 

587149 

587262 

587374 

587486 

587599 


7 

587711 

587823 

587935 

588047 

588160 

588272 

588384 

588496 

588608 

588720 

112 

8 

588832 

588944 

589056 

589167 

589279 

589391 

589503 

589615 

589726 

589838 


9 

589950 

590061 

590173 

590284 

590396 

590507 

590619 

590730 

590842 

590953 


890 

591066 

591176 

591287 

591399 

591510 

591621 

591732 

691843 

691966 

692066 


1 

592177 

592288 

592399 

592510 

592621 

592732 

592843 

592954 

593064 

593175 

111 

2 

593286 

593397 

593508 

593618 

593729 

593840 

593950 

594061 

594171 

594282 


3 

594393 

594503 

594614 

594724 

594834 

594945 

595055 

595165 

595276 

595386 


4 

595496 

595606 

595717 

595827 

595937 

596047 

596157 

596267 

596377 

596487 


5 

596597 

596707 

596817 

596927 

597037 

597146 

597256 

597366 

597476 

597586 

no 

6 

597695 

597805 

597914 

598024 

598134 

598243 

598353 

598462 

598572 

598681 


7 

598791 

598900 

599009 

599119 

599228 

599337 

599446 

599556 

599665 1 

599774 


8 

599883 

599992 

600101 

600210 

600319 

600428 

600537 

600646 

600755 

600864 

109 

9 

600973 

601082 

601191 

601299 

601408 

601517 

601625 

601734 

601843 

601951 


400 

602060 

609169 

602277 

602386 

602494 

602603 

602711 

602819 

602928 

603036 


1 

603144 

603253 

603361 

603469 

603577 

603686 

603794 

603902 

604010 

604118 

108 

2 

604226 

604334 

604442 

604530 

604658 

604766 

604874 

604982 

605089 

605197 


3 

605305 

605413 

605521 

605628 

605736 

605844 

605951 

606059 

606166 

606274 


4 

606381 

606489 

606596 

606704 

606811 

606919 

607026 

607133 

607241 

607348 


5 

607455 

607562 

607669 

607777 

607884 

607991 

608098 

608205 

608312 

608419 

107 

6 

608526 

608633 

608740 

608847 

608954 

609061 

609167 

609274 

609381 

609488 


7 

609594 

609701 

609808 

609914 

610021 

610128 

610234 

610341 

610447 

610554 


8 

610660 

610767 

610873 

610979 

611086 

611192 

611298 

611405 

611511 

611617 


9 

611723 

611829 

611936 

612042 

612148 

612254 

612360 

612466 

612572 

612678 

106 

410 

619784 

612890 

612996 

613102 

613207 

613313 

613419 

613626 

613630 

61373C 


1 

613842 

613947 

614053 

614159 

614264 

614370 

614475 

614581 

614686 

614792 


2 

614897 

615003 

615108 

615213 

615319 

615424 

615529 

615634 

615740 

615845 


3 

615950 

616055 

616160 

616265 

616370 

616476 

616581 

616686 

616790 

616895 

105 

4 

617000 

617105 

617210 

617315 

617420 

617525 

617629 

617734 

617839 

617943 


5 

618048 

618153 

618257 

618362 

618466 

618571 

618676 

618780 

618884 

618989 


6 

619093 

619198 

619302 

619406 

619511 

619615 

619719 

619824 

619928 

620032 


7 

620136 

620240 

620344 

620448 

620552 

620656 

620760 

620864 

620968 

621072 

104 

8 

621176 

621280 

621384 

621488 

621592 

621695 

621799 

621903 

622007 

622110 


9 

622214 

622318 

622421 

622525 

622628 

622732 

622835 

622939 

623042 

623146 


490 

633249 

623353 

623656 

623659 

623663 

623766 

623869 

623973 

624076 

624179 


I 

624282 

624385 

624488 

624591 

624695 

624798 

624901 

625004 

625107 

625210 

103 

2 

625312 

625415 

625518 

625621 

625724 

625827 

625929 

626032 

626135 

626238 


3 

626340 

626443 

626546 

626646 

626751 

626853 

626956 

627058 

627161 

627263 


4 

627366 

627468 

627571 

627673 

627775 

627878 

627980 

628082 

628185 

628287 


5 

628389 

628491 

628593 

628695 

628797 

628900 

629002 

629104 

629206 

629308 

102 

6 

629410 

629512 

629613 

629715 

629817 

629919 

630021 

630123 

630224 

630326 


7 

630428 

630530 

630631 

630733 

630835 

630936 

631038 

631139 

631241 

631342 


8 

631444 

631545 

631647 

631748 

631849 

631951 

632052 

632153 

632255 

632356 


9 

632457 

632559 

632660 

632761 

632862 

632963 

633064 

633165 

633266 

633367 


430 

638468 

683569 

638670 

683771 

633872 

633973 

634074 

634176 

634276 

634376 

101 


Proportional Parts 


Difif . 

1 

2 

3 

4 

6 

6 

7 

8 

9 

114 

11.4 

22.8 

34.2 

45.6 

57.0 

68.4 

79.8 

91.2 

102.6 

MmiM 

11.2 

22.4 

33.6 

44.8 

56.0 

67.2 

78.4 

89.6 

100.8 

110 


22.0 

33.0 

44.0 

55.0 

66.0 

77.0 

88.0 

99.0 

108 

10.8 

21.6 

32.4 

43.2 

54.0 

64.8 

75.6 

86.4 

97.2 

106 


21.2 

31.8 

42.4 

53.0 

63.6 

74.2 

84.8 

95.4 

104 

■tSfl 

20.8 

31.2 

41.6 

52.0 

62.4 

72.8 

83.2 

93.6 

102 


20.4 

30.6 

40.8 

51.0 

61.2 

71.4 

81.6 

91.8 




















COMMON LOGABITHMS 


1-41 


N 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

Diff . 

480 i 

688468 

638569 

638670 

633771 

633872 

633973 

634074 

634175 

684876 

684876 


1 i 

634477 

634578 

634679 

634779 

634880 

63498 ! 

635081 

635182 

635283 

635383 


2 

635484 

635584 

635685 

635785 

635886 

635986 

636087 

636187 

636287 

636388 


3 1 

636488 

636588 

636688 

636789 

6368891 

636989 

637089 

637189 

637290 

637390 


4 i 

637490 

637590 

637690 

637790 

637890 

637990 

638090 

638190 

638290 

638389 

100 

5 

638489 

638589 

638689 

638789 

638888 

638988 

639088 

639188 

639287 

639387 


6 

639486 

639586 

639686 

639785 

639885 

639984 

640084 

640183 

640283 

640382 


7 

640481 

640581 

640680 

640779 

640879 

640978 

641077 

641177 

641276 

641375 


8 

641474 

641573 

641672 

641771 

641871 

641970 

642069 

642168 

642267 

642366 


9 

642465 

642563 

642662 

642761 

642 S 60 

642959 

643058 

643136 

643255 

643354 

99 

440 

643463 

648551 

643650 

643749 

643847 

643946 

644044 

644143 

644842 

644840 


1 

644439 

644537 

644636 

644734 

644832 

644931 

645029 

645127 ! 

645226 

645324 


2 

645422 

645521 

645619 

645717 

645815 

645913 

646011 

646110 

646208 

646306 


3 

646404 

646502 

646600 

646698 

646796 

646894 

646992 

647089 

647187 

647285 

98 

4 

647383 

647481 

647579 

647676 

647774 

647872 

647969 

648067 

648165 

648262 


5 

648360 

648458 

648555 

648653 

648750 

648848 

648945 

649043 

649140 

649237 


6 

649335 

649432 

649530 

649627 

649724 

649821 

649919 

650016 

650113 

650210 


7 

650308 

650405 

650502 

650599 

650696 

650793 

650890 

650987 

651084 

651181 


8 

651278 

651375 

651472 

651569 

651666 

651762 

651859 

651956 

652053 

652150 

97 

9 

652246 

652343 

652440 

652536 

652633 

652730 

652826 

652923 

653019 

653116 


450 

653213 

653309 

668405 

653602 

653698 

653696 

653791 

653888 

663684 

664080 


I 

654177 

654273 

654369 

654465 

654562 

654658 

654754 

654850 

654946 

655042 


2 

655138 

655235 

655331 

655427 

655523 

655619 

655715 

655810 

655906 

656002 

96 

3 

656098 

656194 

656290 

656386 

656482 

656577 

656673 

656769 

656864 

656960 


4 

657056 

657152 

657247 

657343 

657438 

657534 

657629 

657725 

657820 

657916 


5 

658011 

658107 

658202 

658298 

658393 

658488 

658584 

658679 

658774 

658870 


6 

658965 

659060 

659155 

659250 

659346 

659441 

659536 

659631 

659726 

659821 


7 

659916 

660011 

660106 

660201 

660296 

660391 

660486 

660581 

660676 

660771 

95 

8 

660865 

660960 

661055 

661150 

661245 

661339 

661434 

661529 

661623 

661718 


9 

661813 

661907 

662002 

662096 

662191 

662286 

662380 

662475 

662569 

662663 


460 

662758 

662852 

662947 

663041 

663136 

663230 

663324 

663418 

663512 

663607 


1 

663701 

663795 

663889 

663983 

664078 

664172 

664266 

664360 

664454 

664548 


2 

664642 

664736 

664830 

664924 

665018 

665112 

665206 

665299 

665393 

665487 

94 

3 

665581 

665675 

i 665769 

I 665862 

665956 

666050 

666143 

666237 

666331 

666424 


4 

666518 

666612 

666705 

666799 

666892 

666986 

667079 

667173 

667266 

667360 


5 

667453 

667546 

667640 

667733 

607826 

! 667920 

668013 

668106 

668199 

668293 


6 

668386 

668479 

668572 

668665 

668759 

668852 

668945 

669038 

669131 

669224 


7 

669317 

669410 

669503 

669596 

669689 

669782 

669875 

669967 

670060 

670153 

93 

8 

670246 

670339 

670431 

670524 

670617 

670710 

670802 

670895 

670988 

671080 


9 

671173 

671265 

671358 

671451 

671543 

671636 

671728 

671821 

671913 

672005 


470 

672098 

672190 

672283 

672376 

672467 

672560 

672652 

672744 

678836 

672929 


1 

673021 

673113 

673205 

673297 

673390 

673482 

673574 

673666 

673758 

673850 


2 

673942 

674034 

674126 

674216 

674310 

674402 

674494 

674586 

674677 

674769 

92 

3 

674861 

674953 

675045 

675137 

675228 

675320 

675412 

675503 

675595 

675687 


4 

675778 

675870 

675962 

676053 

676145 

676236 

676328 

676419 

676511 

676602 


5 

676694 

676785 

676876 

676968 

677059 

677151 

677242 

677333 

677424 

677516 


6 

677607 

677698 

677789 

677881 

677972 

678063 

678154 

678245 

678336 

678427 


7 

678518 

678609 

678700 

678791 

678882 

678973 

679064 

679155 

679246 

679337 

91 

8 

679428 

679519 

679610 

679700 

679791 

679882 

679973 

680063 

680154 

680245 


9 

680336 

680426 

680517 

680607 

680698 

680789 

680879 

680970 

681060 

681151 


480 

681241 

681332 

681422 

681013 

681603 

681693 

661784 

681874 

681964 

682050 



Propoktional Parts 


Dili . 

1 

2 

3 

4 

0 

6 

7 

8 

9 

102 

10.2 



40.8 

51.0 

61.2 

71.4 

81.6 

91.8 

100 

10.0 



40.0 

50.0 

60,0 


80.0 

90.0 

98 

9.8 

19.6 

29.4 

39.2 

49.0 

58.8 

68.6 

78.4 

88.2 

96 

9.6 

19.2 

28.8 

38.4 

48.0 

57.6 

67.2 

76.8 

86.4 

94 

9.4 

18.8 

28.2 

37.6 

47.0 

56.4 

65.8 

75.2 

84.6 

92 

9.2 

18.4 

27.6 

36.8 

46.0 

55.2 

64.4 

73.6 

82.8 

90 

9.0 

18.0 


36.0 

45.0 

54.0 

63.0 

72.0 

81.0 

L ,., 



















1-42 MATHEMATICAL AND PHYSICAL TABLES 


N 

0 

1 

2 

8 

4 

8 

6 


8 

9 

Diff. 

MO 

681A41 

681882 

681422 

681018 

681603 

681698 

681784 

681874 

681964 

688055 


1 

682145 

682235 

682326 

682416 

682506 

682596 

682686 

682777 

682867 

682957 


2 

683047 

683137 

683227 

683317 

683407 

683497 

683587 j 

683677 

683767 

683857 

90 

3 

683947 

684037 

684127 

684217 

684307 

684396 

684486 

684576 

684666 

684756 


4 

684845 

684935 

685025 

685114 

685204 

685294 

685383 

685473 

685563 

685652 


5 

685742 

685831 

685921 

686010 

686100 

686189 

686279 

686368 

686458 

686547 


6 

686636 

686726 

686815 

686904 

686994 

687083 

687172 

687261 

687351 

687440 


7 

687529 

687618 

687707 

687796 

687886 

687975 

688064 

688153 

688242 

688331 


8 

688420 

688509 

688598 

688687 

688776 

688865 

688953 

689042 

689131 

689220 

89 

9 

689309 

689398 

689486 

689575 

689664 

689753 

689841 

689930 

690019 

690107 


490 

690196 

690286 

690878 

690462 

690550 

$90639 

690728 

690816 

690905 

690998 


1 

691081 

691170 

691258 

691347 

691435 

691524 

691612 

691700 

691789 

691877 


2 

691965 

692053 

692142 

692230 

692318 

692406 

692494 

692583 

692671 

692759 


3 

692847 

692935 

693023 

693111 

693199 

693287 

693375 

693463 

693551 

693639 

88 

4 

693727 

693815 

693903 

693991 

694078 

694166 

694254 

694342 

694430 

694517 


5 

694605 

694693 

694781 

694868 

694956 

695044 

695131 

695219 

695307 

695394 


6 

695482 

695569 

695657 

695744 

695832 

695919 

696007 

696094 

696182 

696269 


7 

696356 

696444 

696531 

696618 

696706 

696793 

696880 

696968 

697055 

697142 


8 

697229 

697317 

697404 

697491 

697578 

697665 

697752 

697839 

697926 

698014 

! 87 

9 

698100 

698188 

698275 

698362 

698449 

698535 

698622 

698709 

698796 

698883 


600 

698970 

699067 

6991U 

699231 

699317 

699404 

699491 

699578 

699664 

699751 


1 

699838 

699924 

700011 

700098 

700184 

700271 

700358 

700444 

700531 

700617 


2 

700704 

700790 

700877 

700963 

701050 

701136 

701222 

701309 

701395 

701482 


3 

701568 

701654 

701741 

701827 

701913 

701999 

702086 

702172 

702258 

702344 


4 

702431 

702517 

702603 

702689 

702775 

702861 

702947 

703033 

703119 

703205 


5 

703291 

703377 

703463 

703549 

703635 

703721 

703807 

703893 

703979 

704065 

86 

6 

704151 

704236 

704322 

704408 

704494 

704579 

704665 

704751 

704837 

704922 


7 

705008 

705094 

705179i 

705265 

705350 

705436 

705522 

705607 

705693 

705778 


8 

705864 

705949 

706035 

706120 

706206 

706291 

706376 

706462 

706547 

706632 


9 

706718 

706803 

706888 

706974 

707059 

707144 

707229 

707315 

707400 

707485 


610 

707870 

707666 

707740 

707826 

707911 

707996 

708081 

708166 

708951 

708886 


1 

708421 

708506 

708591 

708676 

708761 

708846 

708931 

709015 

709100 

709185 

85 

2 

709270 

709355 

709440 

709524 

709609 

709694 

709779 

709863 

709948 

710033 


3 

710117 

710202 

710287 

710371 

710456 

710540 

710625 

710710 

710794 

710879 


4 

710963 

711048 

711132 

711217 

711301 

711385 

711470 

711554 

711639 

711723 


5 

711807 

711892 

711976 

712060 

712144 

712229 

712313 

712397 

712481 

712566 


6 

712650 

712734 

712818 

712902 

712986 

713070 

713154 

713238 

713323 

713407 


7 

713491 

713575 

713659 

713742 

713826 

713910 

713994 

714078 

714162 

714246 


8 

714330 

714414 

714497 

714581 

714665 

714749 

714833 

714916 

715000 

715084 

1 

9 

713167 

715251 

715335 

715418 

715502 

715586 

715669 

715753 

715836 

715920 


620 

716008 

716087 

716170 

716254 

716337 

716421 

716604 

716688 

716671 

716754 


I 

716838 

716921 

717004 

717088 

717171 

717254 

717338 

717421 

717504 

717587 


2 

717671 

717754 

717837 

717920 

718003 

718086 

718169 

718253 

718336 

718419 

83 

3 

718502 

718585 

718668 

718751 

718834 

718917 

719000 

719083 

719165 

719248 


4 

719331 

719414 

719497 

719580 

719663 

719745 

719828 

719911 

719994 

720077 


5 

720159 

720242 

720325 

720407 

720490 

720573 

720655 

720738 

720821 

720903 


6 

720986 

721068 

721151 

721233 

721316 

721398 

721481 

721563 

721646 

721728 


7 

721811 

721893 

721975 

722058 

722140 

722222 

722305 

722387 

722469 

722552 


8 

722634 

722716 

722798 

722881 

722963 

723045 

723127 

723209 

723291 

723374 


9 

723456 

723538 

723620 

723702 

723784 

723866 

723948 

724030 

724112 

724194 

82 

680 

724276 

724868 

724440 

724022 

724604 

724686 

724767 

724849 

724981 

785018 



Proportional Parts 


Diff. 

1 

2 

8 

4 

5 

6 

7 

8 

9 

90 

9.0 

18.0 

27.0 

36.0 

45.0 

54.0 

63.0 

72.0 

81.0 

88 

8.8 

17.6 

26.4 

35.2 


52.8 

61.6 

70.4 

79.2 

86 

8.6 

17.2 

25.8 

34.4 

43.0 

51.6 

60.2 

68.8 

77.4 

84 

8.4 

16.8 

25.2 

33.6 


50.4 

58.8 

67.2 

75.6 

82 

8.2 

■ 

16.4 

24.6 

32.8 

41.0 

49.2 

57.4 

65.6 

73.8 























COMMON LOGARITHMS 1-43 


N 

0 

1 

8 

3 

4 

5 

6 

7 

n 


Diff. 

580 

784876 

784858 

784440 

784088 

784604 

784660 

784767 

784848 

784881 

788018 


1 

725095 

725176 

725258 

725340 

725422 

725503 

725585 

725667 

725748 

725830 


2 

725912 

725993 

726075 

726156 

726238 

726320 

726401 

726483 

726564 

726646 


3 

726727 

726809 

726890 

726972 

727053 

727134 

727216 

727297 

727379 

727460 


4 

727541 

727623 

727704 

727785 

727866 

727948 

728029 

728110 

728191 

728273 


5 

728354 

728435 

728516 

728597 

728678 

728759 

728841 

728922 

729003 

729084 


6 

729165 

729246 

729327 

729408 

729489 

729570 

729651 

729732 

729813 

729893 

81 

7 

729974 

730055 

730136 

730217 

730298 

730378 

730459 

730540 

730621 

730702 


8 

730782 

730863 

730944 

731024 

731105 

731186 

731266 

731347 

731428 

731508 


9 

731589 

731669 

731750 

731830 

731911 

731991 

732072 

732152 

732233 

732313 


540 

738894 

738474 

788550 

788636 

782710 

788796 

788876 

788866 

788087 

788117 


1 

733197 

733278 

733358 

733438 

733518 

733598 

733679 

733759 

733839 

733919 


2 

733999 

734079 

734160 

734240 

734320 

734400 

734480 

734560 

734640 

734720 

80 

3 

734800 

734880 

734960 

735040 

7351201 

735200 

735279 

735339 1 

735439 

735519 


4 

735599 

735679 

735759 

735838 

735918 

735998 

736078 

736157 

736237 

736317 


5 

736397 

736476 

736556 

736635 

736715 

736795 

736874 

736954 

737034 

737113 


6 

737193 

737272 

737352 

737431 

737511 

737590 

737670 

737749 

737829 

737908 


7 

737987 

738067 

738146 

738225 

738305 

738384 

738463 

738543 

738622 

738701 


8 

738781 

738860 

738939 

739018 

739097 

739177 

739256 

739335 

739414 

739493 


9 

739572 

739651 

739731 

739810 

739889 

739968 

740047 

740126 

740205 

740284 

79 

550 

740368 

740M8 

740081 

740600 

740678 

740757 

740836 

740816 

740884 

741073 


1 

741152 

741230 

741309 

741388 

741467 

741546 

741624 

741703 

741782 

741860 


2 

741939 

742018 

742096 

742175 

742254 

742332 

742411 

742489 

742568 

742647 


3 

742725 

742804 

742882 

742961 

743039 

743118 

743196 

743275 

743353 

743431 


4 

743510 

743588 

743667 

743745 

743823 

743902 

743980 

744058 

744136 

744215 


5 

744293 

744371 

744449 

744528 

744606 

744684 

744762 

744840 

744919 

744997 


6 

745075 

745153 

745231 

745309 

745387 

745465 

745543 

745621 

745699 

745777 

78 

7 

745855 

745933 

746011 

746069 

746167 

746245 

746323 

746401 

746479 

746556 


8 

746634 

746712 

746790 

746868 

746945 

747023 

747101 

747179 

747256 

747334 


9 

747412 

747489 

747567 

747645 

747722 

747800 

747878 

747955 

748033 

748110 


660 

748188 

748866 

748343 

748481 

748498 

748576 

748658 

748781 

748808 

748886 


t 

748963 

749040 

749118 

749195 

749272 

749350 

749427 

74y504 

749582 

749659 


2 

749736 

749814 

749891 

749968 

750045 

750123 

750200 

750277 

750354 

750431 


3 

750508 

750586 

750663 

750740 

750817 

750894 

750971 

751048 

751125 

751202 


4 

751279 

751356 

751433 

751510 

751587 

751664 

751741 

751818 

751895 

751972 

77 

5 

752048 

752125 

752202 

752279 

752356 

752433 

752509 

752586 

752663 

752740 


6 

752816 

752893 

752970 

753047 

753123 

753200 

753277 

753353 

753430 

753506 


7 

753583 

753660 

753736 

753813 

753889 

753966 

754042 

754119 

754195 

754272 


8 

754348 

754425 

754501 

754578 

754654 

754730 

754807 

754883 

754960 

755036 


9 

755112 

755189 

755265 

755341 

755417 

755494 

755570 

755646 

755722 

755799 


570 

755875 

765951 

766027 

766103 

706180 

756866 

766838 

766408 

756484 

756660 


1 

756636 

1 756712 

756788 

756864 

756940 

757016 

757092 

757168 

757244 

757320 

76 

2 

757396 

757472 

757548 

757624 

757700 

757775 

757851 

757927 

758003 

7:8079 


3 

758155 

758230 

758306 

758382 

758458 

758533 

758609 

758685 

758761 

758836 


4 

758912 

758988 

759063 

759139 

759214 

759290 

759366 

759441 

759517 

759592 


5 

759668 

759743 

759819 

759894 

759970 

760045 

760121 

760196 

760272 

760347 


6 

760422 

760498 

760573 

760649 

760724 

760799 

760875 

760950 

761025 

761101 


7 

761176 

761251 

761326 

761402 

761477 

761552 

761627 

761702 

761778 

761853 


8 

761928 

762003 

762078 

762153 

762228 

762303 

762378 

762453 

762529 

762604 

75 

9 

762679 

762754 

762829 

762904 

762978 

763053 

763128 

763203 

763278 

763353 


580 

768488 

768503 

763578 

763668 

768787 

763808 

768677 

768868 

764087 

764101 



Pboportional Parts 


DifJ. 

1 

8 

8 

4 

6 

6 

7 

8 

9 

82 

8.2 

16.4 

24.6 

32.8 

41.0 

49.2 

57.4 

65.6 

73.8 

80 

8.0 




40.0 


56.0 

64.0 

72.0 

78 

7.8 

15.6 

23.4 

31.2 

39.0 

46.8 

54.6 

62.4 

70.2 

76 

7.6 

15.2 

22.8 

30.4 

38.0 

45.6 

53.2 

60.8 

68.4 

74 

7.4 

14.8 

22.2 

29.6 

37.0 

44.4 

51.8 

59.2 

66.6 























1-44 


MATHEMATICAL AND PHYSICAL TABLES 


N 

0 

1 

2 

8 

4 

5 

6 

7 

8 

ft 

Diflf. 

MO 

768418 

768808 

763578 

768658 

763727 

763802 

763877 

763952 

764027 

764101 


1 

764176 

764251 

764326 

764400 

764475 

764550 

764624 

764699 

764774 

764848 


2 

764923 

764998 

765072 

765147 

765221 

765296 

765370 

765445 

765520 

765594 


3 

1 765669 

765743 

765818 

765892 

765966 

766041 

766115 

766190 

766264 

766338 


4 

766413 

766487 

766562 

766636 

766710 

766785 

766859 

766933 

767007 

767082 


5 

767156 

767230 

767304 

767379 

767453 

767527 

767601 

767675 

767749 

767823 


6 

767898 

767972 

768046 

768120 

768194 

768268 

768342 

768416 

768490 

768564 

74 

7 

768638 

768712 

768766 

768860 

768934 

769008 

769082 

769156 

769230 

769303 


8 

769377 

769451 

769525 

769599 

769673 

769746 

769820 

769894 

769968 

770042 


9 

770115 

770189 

770263 

770336 

770410 

770484 

770557 

770631 

770705 

770778 


800 

770882 

770986 

770999 

771078 

771146 

771220 

771898 

771867 

771440 

771514 


1 

771587 

771661 

771734 

771808 

771881 

771955 

772028 

772102 

772175 

772248 


2 

772322 

772395 

772468 

772542 

772615 

772688 

772762 

772835 

772908 

772981 


3 

773055 

773128 

773201 

773274 

773348 

773421 

773494 

773567 

773640 

773713 


4 

773786 

773860 

773933 

774006 

774079 

774152 

774225 

774298 

774371 

774444 

73 

5 

774517 

774590 i 

774663 

774736 

774809 

774882 

774955 

775028 

775100 

775173 


6 

775246 

775319' 

775392 

775465 

775538 

775610 

775683 

775756 

775829 

775902 

I 

7 

775974 

776047 

776120 

776193 

776265 

776338 

776411 

776483 

I 776556 

776629 


8 

776701 

776774 

776846 

776919 

776992 

777064 

777137 

777209 

777282 

777354 


9 

777427 

777499 

777572 

777644 

777717 

777789 

777862 

777934 

778006 

778079 


800 

778181 

778884 

778296 

778868 

778441 

778613 

778585 

778658 

778730 

778802 


1 

778874 

778947 

779019 

779091 

779163 

779236 

779308 

779380 

779452 

779524 


2 

779596 

779669 

779741 

779813 

779885 

779957 

780029 

780101 

780173 

780245 


3 

780317 

780389 

780461 

780533 

780605 

780677 

780749 

780821 

780893 

780965 

72 

4 

781037 

781109 

781181 

781253 

781324 

781396 

781468 

781540 

781612 

781684 


5 

781755 

781827 

781899 

781971 

782042 

782114 

782186 

782258 

782329 

782401 


6 

782473 

782544 

782616 

782688 

782759 

782831 

782902 

782974 

783046 

783117 


7 

783189 

783260 

783332 

783403 

783475 

783546 

783618 

783689 

783761 

783832 


8 

783904 

783975 

784046 

784118 

784189 

784261 

784332 

784403 

784475 

784546 


9 

784617 

784689 

784760 

784831 

784902 

784974 

785045 

785116 

785167 

785259 


610 

788380 

786401 

786472 

786643 

786616 

785686 

785757 

785828 

785899 

785970 


1 

786041 

786112 

786183 

786254 

786325 

786396 

786467 

786538 

786609 

786680 

71 

2 

786751 

786822 

786893 

786964 

787035 

787106 

787177 

787248 

787319 

787390 


3 

787460 

787531 

787602 

787673 

787744 

787815 

787885 

787956 

788027 

788098 


4 

788168 

788239 

788310 

788381 

788451 

788522 

788593 

788663 

788734 

788804 


5 

788875 

788946 

789016 

789087 

789157 

789228 

789299 

789369 

789440 

789510 


6 

789581 

789651 

789722 

789792 

789863 

789933 

790004 

790074 

790144 

790215 


7 

790285 

790356 

790426 

790496 

790567 

790637 

790707 

790778 

790848 

790918 


8 

790988 

791059 

791129 

791199 

791269 

791340 

791410 

791480 

791550 

791620 


9 

791691 

791761 

791831 

791901 

791971 

792041 

792111 

792181 

792252 

792322 


eao 

792398 

792462 

792682 

792602 

792672 

792742 

792818 

792882 

792952 

793022 

70 

1 

793092 

793162 

793231 

793301 

793371 

793441 

793511 

793581 

793651 

793721 


2 

793790 

793860 

793930 

794000 

794070 

794139 

794209 

794279 

794349 

794418 


3 

794488 j 

794558 

794627 

794697 

794767 

794836 

794906 

794976 

795045 

795115 


4 

795185 

795254 

795324 

795393 

! 795463 

795532 

795602 

795672 

795741 

795811 


5 

795880 

795949 

796019 

796088 

796158 

796227 

796297 

796366 

796436 

796505 


6 

796574 

796644 

796713 

796782 

796852 

796921 

796990 

797060 

797129 

797198 


7 

797268 

797337 

797406 

797475 

797545 

797614 

797683 

797752 

797821 

797890 


8 

797960 

798029 

798098 

798167 

798236 

798305 

798374 

798443 

798513 

798582 


9 

798651 

798720 

798789 

798858 

798927 

798996 

799065 

799134 

799203 

799272 

69 

630 

799341 

799409 

799478 

799547 

799616 

799685 

799754 

799823 

799892 

799961 



PROPOKTIONAL PaRTS 


DifF. 

1 

2 

3 

4 

5 

6 

7 

8 

9 

76 

7.6 

15.2 

22.8 

30.4 

38.0 

45.6 

53.2 

60.8 

68.4 

74 

7.4 

14.8 

22.2 

29.6 

37.0 

44.4 

51.8 

59.2 

66.6 

72 

7.2 

14.4 

21.6 

28.8 

36.0 

43.2 

50.4 

57.6 

64.8 

70 





35.0 

42.0 

49.0 


63.0 

68 

6.8 

n.6 

20.4 

27.2 

34.0 

40.8 

47.6 

54.4 

61.2 













COMMON LOGARITHMS 1-45 


N 

0 

1 

2 

8 

4 

8 

6 

7 

8 

9 

Diff. 

6S0 

799841 

799409 

799478 

799647 

799616 

799686 

799754 

799823 

799892 

799981 


1 

800029 

800098 

800167 

800236 

800305 

800373 

800442 

800511 

800580 



2 

800717 

800786 

800854 

800923 

800992 

801061 

801129 

801198 

801266 

•Mwyj 


3 

801404 

801472 

801541 

801609 

801678 

801747 

801815 

801884 

801952 



4 

802089 

802158 

802226 

802295 

802363 

802432 

802500 

802568 

802637 

7 T Tl 


5 

802774 

802842 

802910 

802979 

803047 

803116 

803184 

803252 

803321 



6 

803457 

803525 

803594 

803662 

803730 

803798 

803867 

803935 

804003 

804071 


7| 

804139 

804208 

804276 

804344 

804412 

804480 

804548 

804616 

804685 

f 7 


8 

804821 

804889 

804957 

805025 

805093 

805161 

805229 

805297 

805365 


68 

9 

805501 

805569 

805637 

805705 

805773 

805841 

805908 

805976 

806044 

806112 


640 

806180 

806248 

806316 

806884 

806461 

806519 

806687 

806666 

806728 

806790 


1 

806858 

806926 

806994 

807061 

807129 

807197 

807264 

807332 

807400 

807467 


2 

807535 

807603 

807670 

807738 

807806 

807873 

607941 

808008 

808076 

808143 


3 

808211 

808279 

808346 

808414 

808481 

808549 

808616 

808684 

808751 

806618 


4 

808886 

808953 

809021 

809088 

809156 

809223 

809290 

809358 

809425 

809492 


5 

809560 

809627 

809694 

809762 

809829 

809896 

809964 

810031 

810098 

810165 


6 

810233 

810300 

810367 

810434 

810501 

810569 

810636 

810703 

810770 

810837 


7 

810904 

810971 

811039 

811106 

811173 

811240 

811307 

811374 

811441 

811508 

67 

8 

811575 

811642 

811709 

811776 

811843 

811910 

811977 

812044 

812111 

812178 


9 

812245 

812312 

812379 

812445 

812512 

812579 

812646 

812713 

812780 

812847 


600 

812913 

812980 

813047 

813114 

813181 

818247 

818314 

813381 

818448 

813614 


1 

813581 

813648 

813714 

813781 

813848 

813914 

813981 

814048 

814114 

814181 


2 

814248 

814314 

814381 

814447 

814514 

814581 

814647 

814714 

814780 

814847 


3 

814913 

814980 

815046 

815113 

815179 

815246 

815312 

815378 

815445 

815511 


4 

815578 

815644 

815711 

815777 

815843 

815910 

815976 

816042 

816109 

816175 


5 

816241 

816308 

816374 

816440 

816506 

816573 

816639 

816705 

816771 

816838 


6 

816904 

816970 

817036 

817102 

817169 

817235 

817301 

817367 

817433 

817499 


7 

817565 

817631 

817698 

817764 

817830 

817896 

817962 

818028 

818094 

818160 


8 

818226 

818292 

818358 

818424 

818490 

818556 

818622 

818688 

818754 

818820 

66 

9 

818885 

818951 

819017 

819083 

819149 

819215 

819281 

819346 

819412 

819478 


660 

819644 

819610 

819676 

819741 

819807 

819878 

819989 

820004 

820070 

820136 


1 

820201 

820267 

820333 

820399 

820464 

820530 

820595 

820661 

820727 

820792 


2 

820858 

820924 

820989 

821055 

821120 

821186 

821251 

821317 

821382 

821448 


3 

621514 

821579 

821645 

821710 

821775 

821841 

821906 

821972 

822037 

822103 


4 

822168 

822233 

822299 

822364 

822430 

822495 

822560 

822626 

822691 

822756 


5 

822822 

822887 

822952 

823018 

823083 

823148 

823213 

823279 

823344 

823409 


6 

823474 

823539 

823605 

823670 

823735 

823800 

823865 

823930 

823996 

824061 


7 

824126 

824191 

824256 

824321 

824386 

824451 

824516 

824581 

824646 

824711 


8 

824776 

824841 

824906 

824971 

825036 

825101 

825166 

825231 

825296 

825361 

65 

9 

825426 

825491 

825556 

825621 

825686 

825751 

825815 

825880 

825945 

826010 


670 

826075 

826140 

826204 

836269 

826334 

826399 

826464 

826628 

826693 

826668 


1 

826723 

826787 

826852 

826917 

826981 

827046 

827111 

827175 

827240 

827305 


2 

827369 

827434 

827499 

827563 

827628 

827692 

827757 

827821 

827886 

827951 


3 

828015 

828080 

828144 

828209 

828273 

828338 

828402 

828467 

828531 

828595 


4 

828660 

828724 

828789 

828853 

828918 

828982 

829046 

829111 

829175 

829239 


5 

829304 

829368 

829432 

829497 

829561 

829625 

829690 

829754 

829818 

829882 


6 

829947 

830011 

830075 

830139 

830204 

830268 

830332 

830396 

830460 

830525 


7 

830589 

830653 

830717 

830781 

830845 

830909 

830973 

831037 

831102 

831166 


8 

831230 

831294 

831358 

831422 

831486 

831550 

831614 

831678 

831742 

831806 

64 

9 

831870 

831934 

831998 

632062 

832126 

832189 

832253 

832317 

832381 

832445 


680 

832609 

832673 

832637 

832700 

832764 

832828 

882892 

832966 

833020 

838088 



PBOPOBTIONAIi PaBTB 


Diff. 

1 

2 

3 

4 

0 

6 

7 

8 

9 

70 

7.0 

14.0 

21.0 

28.0 

35.0 

42.0 

49.0 

56.0 

63.0 

68 

6.8 

13.6 


27.Z 

34.0 

40.8 

47.6 

54.4 

61.2 

66 

6.6 

13.2 

19.8 

26.4' 

33.0 

39.6 

46.2 

52.8 

59.4 

64 

6.4 

12.8 

19.2 

25.6 

32.0 

38.4 

44.8 

51.2 

57.6 

62 

6.2 

12.4 

18.6 

24.8 

31.0 

37.2 

43.4 

49.6 

55.8 














1-46 MATHEMATICAL AND PHYSICAL TABLES 


N 

0 

1 

9 

8 

4 

0 

6 


8 

9 

Di£f. 

680 

868609 

868076 

869667 

869700 

869764 

889898 

889899 

889906 

888090 

883088 


\ 

833t47 

833211 

633275 

833338 

833402 

833466 

833530 

833593 

833657 

833721 


2 

833784 

833848 

833912 

833975 

834039 

834103 

834166 

834230 

834294 

834357 


3 

834421 

834484 

834548 

834611 

834675 

834739 

834802 

834866 

834929 

834993 


4 

835056 

835120 

835183 

835247 

835310 

835373 

835437 

835500 

835564 

835627 


5 

835691 

835754 

835817 

835881 

835944 

836007 

836071 

836134 

836197 

836261 


6 

836324 

836387 

836451 

836514 

836577 

836641 

836704 

836767 

836830 

836894 


7 

836957 

837020 

837083 

837146 

837210 

837273 

837336 

837399 

837462 

837525 


8 

837568 

837652 

837715 

837778 

837841 

837904 

837967 

838030 

838093 

838156 

63 

9 

638219 

838282 

838345 

838408 

838471 

838534 

838597 

838660 

838723 

838786 


690 

868849 

888918 

888970 

889088 

889101 

839164 

839997 

839989 

839869 

889410 


1 

839478 

839541 

839604 

839667 

839729 

839792 

839855 

839918 

839981 

840043 


2 

840106 

840169 

840232 

840294 

840357 

840420 

840482 

840545 

840608 

84067? 


3 

840733 

840796 

840859 

840921 

840984 

841046 

841109 

841172 

841234 

841297 


4 

841359 

841422 

841485 

841547 

841610 

841672 

841735 

841797 

841860 

841922 


5 

841985 

642047 

842110 

842172 

842235 

842297 

842360 

842422 

842484 

842547 


6 

842609 

842672 

842734 

842796 

842859 

842921 

842983 1 

843046 

8431081 

8431701 


7 

843233 

843295 

843357 

843420 

843482 

843544 i 

843606 

843669 

843731 

843793 


8 

843855 

843918 

843980 

844042 

844104 

844166 

844229 

844291 

844353 

844415 


9 

844477 

844539 

844601 

844664 

844726 

844788 j 

844850 

844912 

844974 

845036 


700 

846098 

840160 

840999 

840984 

840346 

840408 

840470 

840689 

846694 

846606 

62 

1 

845718 

845780 

845842 

845904 

845966 

846028' 

846090 

846151 

846213 

846275 


2 

846337 

846399 

846461 

846523 

846385 

846646 

846708 

846770 

846832 

846894 


3 

646955 

847017 

847079 

847141 

847202 

847264 

847326 

847388 

847449 

8475111 


4 

847573 

847634 

847696 

847758 

847819 

847881 

847943 

848004 

848066 

848128 


5 

848189 

848251 

848312 

848374 

848435 

848497 

848559 

848620 

848682 

8487431 


6 

848805 

848866 

848928 

848989 

849051 

849112 

849174 

849235 

849297 

849358 


7 

849419 

849481 

849542 

849604 

849665 

849726 

849788 

849849 

849911 

849972 


8 

850033 

850095 

850156 

850217 

850279 

850340 

850401 

850462 

850524 

850585 


9 

850646 

850707 

850769 

850830 

850891 

850952 

851014 

851075 

851136 

851197 


710 

851808 

801880 

801681 

801449 

801003 

801064 

851690 

861686 

801747 

801809 


I 

851870 

851931 

851992 

852053 

852114 

852175 

852236 

852297 

852358 

852419 

61 

2 

852480 

852541 

852602 

852663 

852724 

852785 

852846 

852907 

852968 

853029 


3 

853090 

853150 

853211 

853272 

853333 

853394 

853455 

853516 

853577 

853637 


4 

853698 

853759 

853820 

853881 

853941 

854002 

854063 

854124 

854185 

854245 


5 

854306 

854367 

854428 

854438 

854549 

854610 

854670 

854731 

854792 

854852 


6 

854913 

854974 

855034 

855095 

855156 

855216 

855277 

855337 

855398 

855459 


7 

855519 

855580 

855640 

855701 

855761 

855822 

855882 

855943 

856003 

856064 


8 

856124 

856185 

856245 

856306 

856366 

856427 

856487 

856548 

856608 

856668 


9 

856729 

856789 

856850 

856910 

856970 

857031 

857091 

857152 

857212 

857272 


780 

807688 

807898 

807408 

807018 

807074 

807634 

807694 

867700 

807810 

807870 


1 

857935 

857995 

858056 

858116 

858176 

858236 

858297 

858357 

858417 

858477 


2 

858537 

858597 

858657 

858718 

858778 

858838 

858898 

858958 

859018 

859078 


3 

859138 

859198 

,859258 

859318 

859379 

859439 

859499 

859559 

859619 

859679 

60 

4 

859739 

859799 

859859 

859918 

859978 

860038 

860098 

860158 

860218 

860278 


5 

860338 

860398 

860458 

860518 

860578 

860637 

860697 

860757 

860817 

860877 1 


6 

860937 

860996 

661056 

861116 

861176 

861236 

861295 

861355 

861415 

861475! 


7 

861534 

861594 

861654 

861714 

861773 

861833 

861893 

861952 

862012 

862072 


8 

862131 

862191 

862251 

862310 

862370 

862430 

862489 

862549 

862608 

862668 


9 

862728 

862787 

862847 

862906 

862966 

863025 

863085 

863144 

863204 

863263 


730 

868688 

868689 

868449 

866001 

868061 

863690 

863680 

868789 

863799 

863808 



Proportional Parts 


Diff. 

1 

8 

3 1 

4 

0 

6 

7 

8 

9 

64 

6.4 

12.8 

19.2 

25.6 

32.0 

38.4 

44.8 

51.2 

57.6 

62 

6.2 

12.4 

18.6 

24.8 

31.0 

37.2 

43.4 

49,6 

55.8 

60 


12.0 

18.0 

24.0 

30.0 


42.0 

48.0 

54.0 

58 

1 1 

11.6 

17.4 

23.2 

. 

29.0 

34.8 

40.6 

46.4 

52.2 














COMMON LOCARPTHMS 


N 

a 

B 

B 

8 

4 

6 

6 

7 

8 

9 

Di£f. 

730 

I 

86S3S8 

663917 

868882 

863977 

868442 

864036 

868601 

864096 

868661 

864155 

868620 

864214 

868680 

864274 

863789 

864333 

868799 

864392 

868868 

864452 


2 

864511 

864570 

864630 

864689 

864748 

864808 

864867 

864926 

864985 

865045 


3 

865104 

865163 

865222 

865282 

863341 

865400 

865459 

865519 

865578 

865637 


4 

865696 

865755 

865814 

865874 

865933 

865992 

866051 

866110 

866169 

866228 


5 

866287 

866346 

866405 

866465 

866524 

866583 

866642 

866701 

866760 

866819 


6 

866878 

866937 

866996 

867055 

867114 

867173 

867232 

867291 

867350 

867409 

59 

7 

867467 

867526 

867585 

867644 

867703 

867762 

867821 

867880 

867939 

867998 


8 

868056 

,868115 

868174 

868233 

868292 

868350 

868409 

868468 

868527 

868586 


9 

868644 

868703 

868762 

868821 

868879 

868938 

868997 

869056 

869114 

869173 


740 

869283 

869290 

869849 

869408 

869466 

869526 

869684 

869642 

869701 

869760 


1 

869818 

869877 

869935 

869994 

870053 

870111 

870170 

870228 

870287 

870345 


2 

870404 

870462 

870521 

870579 

870638 

870696 

870755 

870813 

870872 

870930 


3 

870989 

871047 

871106 

871164 

871223 

871281 

871339 

871398 

871456 

871515 


4 

871573 

871631 

871690 

871748 

871806 

871865 

871923 

871981 

872040 

872098 


5 

872156 

872215 

872273 

872331 

872389 

872448 

872506 

872564 

872622 

872681 


6 

872739 

872797 

872855 

872913 

872972 

873030 

873088 

873146 

873204 

873262 


7 

873321 

873379 

873437 

873495 

873553 

873611 

873669 

873727 

873785 

873844 


8 

873902 

873960 

874018 

874076 

874134 

874192 

874250 

874308 

874366 

874424 

58 

9 

874482 

874540 

874598 

874656 

874714 

874772 

874830 

874888 

874945 

875003 

750 

876061 

676119 

876177 

876236 

876298 

876361 

876409 

876466 

876624 

876682 


1 

875640 

875698 

875756 

875813 

875871 

875929 

875987 

876045 

876102 

876160 


2 

876218 

876276 

876333 

876391 

876449 

876507 

876564 

876622 

876680 

876737 


3 

876795 

876853 

876910 

876968 

877026 

877083 

877141 

877199 

877256 

877314 


4 

877371 

877429 

877487 

877544 

877602 

877659 

877717 

877774 

877832 

877889 


5 

877947 

878004 

878062 

878119 

878177 

878234 

878292 

878349 

878407 

878464 


6 

878522 

878579 

878637 

878694 

878752 

878809 

878866 

878924 

878981 

879039 


7 

879096 

879153 

879211 

879268 

879325 

879383 

879440 

879497 

879555 

879612 


8 

879669 

879726 

879784 

879841 

879898 

879956 

880013 

880070 

880127 

880185 


9 

880242 

880299 

880356 

880413 

880471 

880528 

880585 

880642 

880699 

880756 


760 

880814 

880871 

880928 

880986 

881042 

881099 

881166 

881218 

881271 

881S28 


I 

881385 

881442 

881499 

881556 

881613 

881670 

881727 

881784 

881841 

881898 


2 

881955 

882012 

882069 

882126 

882183 

682240 

882297 

882354 

882411 

882468 

57 

3 

882525 

882581 

882638 

882695 

882752 

882809 

882866 

882923 

882980 

883037 


4 

883093 

883150 

883207 

883264 

883321 

863377 

883434 

883491 

883548 

883605 


5 

883661 

883718 

883775 

883832 

883888 

883945 

884002 

884059 

884115 

884172 


6 

884229 

884285 

884342 

884399 

884455 

884512 

884569 

884625 

884682 

884739 


7 

884795 

884852 

884909 

884965 

885022 

885078 

885135 

885192 

885248 

885305 


8 

885361' 

885418 

885474 

885531 

885587 

885644 

885700 

885757 

885813 

885870 


9 

885926 

885983 

886039 

886096 

886152 

886209 

886265 

886321 

886378 

886434 


770 

886491 

886647 

886604 

886660 

886716 

886773 

886829 

886886 

886942 

886998 


1 

887054 

887111 

887167 

887223 

887280 

887336 

887392 

887449 

887505 

887561 


2 

887617 

887674 

887730 

887786 

887842 

887898 

887955 

888011 

888067 

888123 


3 

888179 

888236 

888292 

888348 

888404 

888460 

888516 

888573 

888629 

888685 


4 

888741 

888797 

888853 

888909 

888965 

889021 

889077 

889134 

889190 

889246 


5 

889302 

889358 

889414 

889470 

889526 

889582 

889638 

889694 

889750 

1 889806 

56 

6 

889862 

889918 

889974 

890030 

890086 

890141 

890197 

890253 

890309 

890365 


7 

890421 

890477 

890533 

890589 

890645 

890700 

890756 

890812 

890868 

890924 


8 

890980 

891035 

891091 

891147 

891203 

891259 

891314 

891370 

891426 

891482 


9 

891537 

891593 

891649 

891705, 

891760 

891816 

891872 

891928 

891983 

1 892039 


780 

898096 

892160 

892206 

892262 

892817 

892373 

892429 

892484 

892640 

892696 



Pbopobtional Pabtb 


DifF. 

1 

2 

8 

4 

CM 

6 

7 

8 

9 

mm 

6.0 

12.0 

18.0 

24.0 

30.0 

36.0 

42.0 

48.0 

54.0 

58 

5.8 

11.6 

17.4 

23.2 

29.0 

34.8 

40.6 

46.4 

52.2 

56 

5.6 

11.2 

16.8 

22.4 

28.0 

33.6 

39.2 

44.8 

50.4 

54 

5.4 

10.8 

16.2 

21.6 

27.0 

32.4 

37.8 

43.2 

48.6 




















1-48 


MATHEMATICAL AND PHYSICAL TABLES 


N 

0 

1 

8 

8 

4 

8 

6 

7 1 

8 

■■ 

9 

Diflf. 

760 

898090 

898100 

898806 

892262 

892317 

892373 

892tt9 

898484 

898840 

892696 


1 

892651 

892707 

892762 

892818 

892873 

892929 

892985 

893040 

893096 

893151 


2 

893207 

893262 

893318 

893373 

893429 

893484 

893540 

893595 

893651 

893706 


3 

893762 

893817 

893873 

893928 

893984 

894039 

894094 

894150 

894205 

894261 


4 

894316 

894371 

894427 

894482 

894538 

894593 

894648 

894704 

894759 

894814 


5 

894870 

894925 

894980 

895036 

895091 

895146 

895201 

895257 

895312 

895367 


6 

895423 

895478 

895533 

895588 

895644 

895699 

895754 

895809 

895864 

895920 


7 

! 895975 

896030 

896085 

896140 

896195 

896251 

896306 

896361 

896416 

896471 


8 

896526 

896581 

896636 

896692 

896747 

896802 

896857 

896912 

896967 

897022 


9 

897077 

897132 

897187 

897242 

897297 

897352 

897407 

897462 

897517 

897572 


790 

897687 

897688 

897737 

897792 

897847 

897902 

897957 

898018 

898067 

898122 

55 

1 

898176 

898231 

898286 

898341 

898396 

898451 

898506 

898561 

898615 

898670 


2 

898725 

898780 

898835 

898890 

898944 

898999 

899054 

899109 

899164 

899218 


3 

899273 

899328 

899383 

899437 

899492 

899547 

899602 

899656 

899711 

899766 


4 

899821 

899875 

899930 

899985 

900039 

900094 

900149 

900203 

900258 

900312 


5 

900367 

900422 

900476 

900531 

900586 

900640 

900695 

900749 

900804 

900859 


6 

900913 

900968 

901022 

901077 

901131 

901186 

901240 

901295 

901349 

901404 


7 

901458 

901513 

901567 

901622 

901676 

901731 

901785 

901840 

901894 

901948 


8 

902003 

902057 

902112 

902166 

902221 

902275 

902329 

902384 

902438 

902492 


9 

902547 

902601 

902655 

902710 

902764 

902818 

902873 

902927 

902981 

903036 


800 

908090 

903144 

903199 

903253 

903307 

903361 

903416 

903470 

903624 

903678 


1 

903633 

903687 

903741 

903795 

903849 

903904 

903958 

904012 

904066 

904120 


2 

904174 

904229 

904283 

904337 

904391 

904445 

904499 

904553 

904607 

904661 


3 

904716 

904770 

904824 

904878 

904932 

904986 

905040 

905094 

905148 

905202 


4 

905256 

905310 

905364 

905418 

905472 

905526 

905580 

905634 

905688 

905742 

54 

5 

905796 

905850 

905904 

905958 

906012 

906066 

906119 

906173 

906227 

906281 


6 

906335 

906389 

9064431 

906497 

906551 

906604 

906658 

906712 

906766 

906820 


7 

906874 

906927 

906981 

907035 

907089 

907143 

907196 

907250 

907304 

907358 


8 

907411 

907465 

907519 

907573 

907626 

907680 

907734 

907787 

907841 

907895 


9 

907949 

908002 

908056 

908110 

908163 

908217 

908270 

908324 

908378 

908431 


810 

908480 

908339 

908592 

908646 

908699 

908753 

908807 

908860 

908914 

908967 


1 

909021 

909074 

909128 

909181 

909235 

909289 

909342 

909396 

909449 

909503 


2 

909556 

909610 

909663 

909716 

909770 

909823 

909877 

909930 

909984 

910037 


3 

910091 

910144 

910197 

910251 

910304 

910358 

910411 

910464 

910518 

910571 


4 

910624 

910678 

910731 

910784 

910838 

910891 

910944 

910998 

911051 

911104 


5 

911158 

911211 

911264 

911317 

911371 

911424 

911477 

911530 

911584 

911637 


6 

911690 

911743 

911797 1 

911850 

911903 

911956 

912009 

912063 

912116 

912169 


7 

912222 

912275 

912328 

912381 

912435 

912488 

912541 

912594 

912647 

912700 


8 

912753 

912806 

912859 

912913 

912966 

913019 

913072 

913125 

913178 

913231 


9 

913284 

913337 

913390 

913443 

913496 

913549 

913602 

913655 

913708 

913761 

53 

880 

913814 

913867 

913920 

913973 

914026 

914079 

914138 

914184 

914237 

914290 


1 

914343 

914396 

914449 

914502 

914555 

914608 

914660 

914713 

9M766 

914819 


2 

914872 

914925 

914977 

915030 

915083 

915136 

915189 

915241 

915294 

I 915347 


3 

915400 

915453 

915505 

915558 

915611 

915664 

915716 

915769 

915822 

915875 


4 

915927 

915980 

916033 

916085 

916138 

916191 

916243 

916296 

916349 

916401 


5 

916454 

916507 

916559 

916612 

916664 

916717 

916770 

916822 

916875 

916927 


6 

916980 

917033 

917085 

917138 

917190 

917243 

917295 

917348 

917400 

917453 


7 

917506 

917558 

917611 

917663 

917716 

917768 

917820 

917873 

917925 

917978 


8 

918030 

918083 

918135 

918188 

918240 

918293 

918345 

918397 

918450 

918502 


9 

918555 

918607 

918659 

918712 

918764 

918816 

918869 

918921 

918973 

919026 


880 

919078 

919130 

919183 

919236 

919287 

919340 

919398 

919444 

919496 

919649 


1 

919601 

919653 

919706 

919758 

919810 

919862 

9I99I4 

919967 

920019 

920071 


2 

920123 

920176 

920228 

920280 

920332 

920384 

920436 

920489 

920541 

920593 


3 

920645 

920697 

920749 

920801 

920853 

920906 1 

920958 

921010 

921062 

921114 

52 

4 

921166 

921218 

921270 

921322 

921374 

921426 

921478 

921530 

921582 

921634 


5 

921686j 

921738 

921790 

921842 

921894 

921946 

921998 

922050 

922102 

922154 



Propobtional Parts 


Difif. 

1 

2 

3 

4 

6 

6 

7 

8 

9 

56 

5.6 

11.2 

16.8 

22.4 

28.0 

33.6 

39.2 

44.8 

50.4 

54 

5.4 

10.8 

16.2 

21.6 

27.0 

32.4 

37.8 

43.2 

48.6 

52 

5.2 

10.4 

15.6 

20.8 

26.0 

31.2 

36.4 

41.6 

46.8 


















COMMON LOGARITHMS 


1-49 


N 

0 

1 

2 

8 

4 

8 

6 

7 

8 

9 

835 

921686 

921738 

921790 

921842 

921894 

921946 

921998 

922050 

922102 

922154 

6 

922206 

922258 

922310 

922362 

922414 

922466 

922518 

922570 

922622 

922674 

1 

922725 

922777 

922829 

922881 

922933 

922985 

923037 

923089 

923140 

923192 

8 

923244 

923296 

923348 

923399 

923451 

923503 

923555 

923607 

923658 

923710 

9 

923762 

923814 

923865 

923917 

923969 

924021 

924072 

924124 

924176 

924228 

840 

984879 

984381 

924888 

924434 

924486 

924038 

924589 

924641 

924693 

924744 

1 

924796 

924848 

924899 

924951 

925003 

925054 

925106 

925157 

925209 

925261 

2 

925312 

925364 

925415 

925467 

925518 

925570 

925621 

925673 

925725 

925776 

3 

925828 

925879 

925931 

925982 

926034 

926085 

926137 

926188 

926240 

926291 

4 

926342 

926394 

926445 

926497 

926548 

926600 

926651 

926702 

926754 

926805 

5 

926857 

926908 

926959 

927011 

927062 

927114 

927165 

927216 

927268 

927319 

6 

927370 

927422 

927473 

927524 

927576 

927627 

927678 

927730 

927781 

927832 

7 

927883 

927935 

927986 

928037 

928088 

928140 

928191 

928242 

928293 

928345 

8 

928396 

928447 

928498 

928549 

928601 

928652 

928703 

928754 

928805 

928857 

9 

928908 

928959 

929010 

929061 

929112 

929163 

929215 

929266 

929317 

929368 

850 

989419 

929470 

929621 

929572 

929623 

929674 

929720 

929776 

929827 

929879 

1 

929930 

929981 

930032 

930083 

930134 

930185 

930236 

930287 

930338 

930389 

2 

930440 

930491 

930542 

930592 

930643 

930694 

930745 

930796 

930847 

930898 

3 

930949 

931000 

931051 

931102 

931153 

931204 

931254 

931305 

931356 

931407 

4 

931458 

931509 

931560 

931610 

931661 

931712 

931763 

931814 

931865 

931915 

5 

931966 

932017 

932068 

932118 

932169 

932220 

932271 

932322 

932372 

932423 

6 

932474 

932524 

932575 

932626 

932677 

932727 

932778 

932829 

932879 

932930 

7 

932981 

933031 

933082 

933133 

933183 

933234 

933285 

933335 

933386 

933437 

8 

933487 

933538 

933589 

933639 

933690 

933740 

933791 

933841 

933892 

933943 

9 

933993 

934044 

934094 

934145 

934195 

934246 

934296 

934347 

934397 

934448 

860 

934498 

934549 

934699 

934660 

934700 

934751 

934801 

934802 

934902 

9849S8 

1 

935003 

935054 

935104 

935154 

935205 

935255 

935306 

935356 

935406 

935457 

2 

935507 

935558 

935608 

935658 

935709 

935759 

935809 

935860 

935910 

935960 

3 

936011 

936061 

936111 

936162 

936212 

936262 

936313 

936363 

936413 

936463 

4 

936514 

936564 

936614 

936665 

936715 

936765 

936815 

936865 

936916 

936966 

5 

937016 

937066 

937116 

937167 

937217 

937267 

937317 

937367 

937418 

937468 

6 

937518 

937568 

937618 

937668 

937718 

937769 

937819 

937869 

937919 

937969 

7 

938019 

938069 

938119 

938169 

938219 

938269 

938320 

938370 

938420 

938470 

8 

938520 

938570 

938620 

938670 

938720 

938770 

938820 

938870 

938920 

938970 

9 

939020 

939070 

939120 

939170, 

939220 

939270 

939320 

939369 

939419 

939469 

870 

939519 

989069 

939619 

939669 

989719 

939769 

939819 

939869 

939918 

980968 

1 

940018 

940068 

940118 

940168 

940218 

940267 

940317 

940367 

940417 

940467 

2 

940516 

940566 

940616 

940666 

940716 

940765 

940815 

940865 

940915 

940964 

3 

941014 

941064 

941114 

941163 

941213 

941263 

941313 

941362 

941412 

941462 

4 

941511 

941561 

941611 

941660 

941710 

941760 

941809 

941859 

941909 

941958 

5 

942008 

942058 

942107 

942157 

942207 

942256 

942306 

942355 

942405 

942455 

6 

942504 

942554 

942603 

942653 

942702 

942752 

942801 

942851 

942901 

942950 

7 

943000 

943049 

943099 

943148 

943198 

943247 

943297 

943346 

943396 

943445 

8 

943495 

943544 

943593 

943643 

943692 

943742 

943791 

943841 

943890 

943939 

9 

943989 

944038 

944088 

944137 

944186 

944236 

944285 

944335 

944384 

944433 

880 

944483 

944682 

944681 

944681 

944680 

944729 

944779 

944828 

944877 

944927 

1 

944976 

945025 

945074 

945124 

945173 

945222 

945272 

945321 

945370 

945419 

2 

945469 

945518 

945567 

945616 

945665 

1945715 

945764 

945813 

945862 

945912 

3 

945961 

946010 

946059 

946108 

946157 

946207 

946256 

946305 

946354 

946403 

4 

946452 

946501 

946551 

946600 

946649 

946698 

946747 

946796 

946845 

946894 

5 

946943 

946992 

947041 

947090 

947140 

947189 

947238 

947287 

947336 

947385 

6 

947434 

947483 

947532 

947581 

947630 

947679 

947728 

947777 

947826 

947875 

7 

947924 

947973 

948022 

948070 

948119 

948168 

948217 

948266 

948315 

948364 

8 

948413 

948462 

948511 

948560 

948608 

948657 

948706 

948755 

948804 

948853 

9 

948902 

948951 

948999 

949048 

949097 

949146 

949195 

949244 

949292 

949341 

890 

949390 

949439 

949488 

949086 

949085 

949634 

949683 

949731 

949780 

949829 


Pbopobtxonal Pabts 


Diff. 

1 

2 

8 

4 

8 

6 

7 

8 

9 

52 

5.2 

10.4 

15.6 

20.8 

26.0 

31.2 

36.4 

41.6 

46.8 

50 




20.0 




40.0 

45.0 

48 

1 1 

1 1 

1 1 

19.2 

1 M.o 1 

1 28.8 1 

I 33.6 1 

38.4 

43.2 











1-50 


MATHEMATICAL AND PHYSICAL TABLES 


N 

IB 

IB 

m 

IB 

4 

I ‘ 

1 ‘ 

7 

J • 

9 

m 

1949890 1 949489 1 949488 

1949586 

/ 949681 

11949684 


19497S11949780 

949889 

t 

/ 949878 

1 / 949926 

i / 949975 

/950024 

/950073 

/950121 

/950170 

1950219 

; 950267 

1950316 

2 

/930365 

/950414 

/ 950462 

1930511 

/950560 

1950608 

/ 

1 950706 

/ 950754 

1 950603 

3 

950851 

/ 950900 

/ 950949 

9509971 

[951046 

1951095 

951143 

951192 

/ 951240 

[ 951289 

4 

'951338 

I 951386 

1951435 

951483 

951532 

[951580 

951629 

951677 

1951726 

95 f 775 

5 

951823 

951872 

951920 

951969 

952017 

[ 952066 

952114 

952163 

9522 If 

952260 

6 

952308 

I 952356 

1 952405 

952453 

952502 

952550 

952599 

952647 

952696 

952744 


7 

952792 

952841 

952889 

952938 

952986 

953034 

953083 

953131 

953180 

953228 


8 

953276 

953325 

953373 

953421 

953470 

953518 

953566 

953615 

953663 

953711 


9 

953760 

953808 

953856 

953905 

953953 

954001 

954049 

954098 

954146 

954194 


900 

954248 

954291 

954889 ' 

954387 

964485 

96U84 

954682 

954580 

954688 

954577 


1 

954725 

954773 

954821 

954869 

954918 

954966 

955014 

955062 

955110 

955158 


2 

955207 

955255 

955303 

955351 

955399 

955447 

955495 

955543 

955592 

955640 


3 

955688 

955736 

955784 

955832 

955880 

955928 

955976 

956024 

956072 

956120 


4 

956168 

956216 

956265 

956313 

956361 

956409 

956457 

956505 

956553 

956601 


5 

956649 

956697 

956745 

956793 

956840 

956888 

956936 

956984 

957032 

957080 


6 

957128 

957176 

957224 

957172 

957320 

957368 

957416 

957464 

957512 

957559 


7 

957607 

957655 

957703 

957751 

957799 

957847 

957894 

957942 

957990 

958038 


8 

958086 

958134 

958181 

958229 

958277 

958325 

958373 

958421 

958468 

958516 


9 

958564 

958612 

958659 

958707 

958755 

958803 

958850 

958898 

958946 

958994 


910 

959041 

959089 

959137 

959186 

959232 

959280 

969828 

959375 

959423 

959471 


I 

959518 

959566 

959614 

959661 

959709 

959757 

959804 

959852 

959900 

959947 


2 

959995 

960042 

960090 

960138 

960185 

960233 

960280 

960328 

960376 

960423 


3 

960471 

960518 

960566 

960613 

960661 

960709 

960756 

960804 

960851 

960899 


4 

960946 

960994 

961041 

961089 

961136 

961184 

961231 

961279 

961326 

961374 


5 

961421 

961469 

961516 

961563 

961611 

961658 

961706 

961753 

961801 

961848 


6 

961895 

961943 

961990 

962038 

962085 

962132 

962180 

962227 

962275 

962322 


7 

962369 

962417 

962464 

962511 

962559 

962606 

962653 

962701 

962748 

962795 


8 

962843 

962890 

962937 

962985 

963032 

963079 

963126 

963174 

963221 

963268 


9 

963316 

963363 

963410 

963457 

963504 

963552 

963599 

963646 

963693 

963741 


990 

968788 

963835 

968888 

968929 

963977 

964024 

964071, 

954118 

:964165 

954312 


1 

964260 

964307 

964354 

964401 

964448 

964495 

964542 

964590 

964637 

964684 


2 

964731 

964778 

964825 

964872 

964919 

964966 

965013 

965061 

965108 

965155 


3 

965202 

965249 

965296 

965343 

965390 

965437 

965484 

965531 

965578 

965625 


4 

965672 

965719 

965766 

965813 

965860 

965907 

965954 

966001 

966048 

966095 


5 

966142 

966189 

966236 

966283 

966329 

966376 

966423 

966470 

966517 

966564 


6 

966611 

966658 

966705 

966752 

966799 

966845 

966892 

966939 

966986 

967033 


7 

967080 

967127 

967173 

967220 

967267 

967314 

967361 

967408 

967454 

967501 


8 

967548 

967595 

967642 

967688 

967735 

967782 

967829 

967875 

967922 

967969 


9 

968016 

968062 

968109 

968136 

968203 

968249 

968296 

968343 

968390 

968436 


980 

968488 

968580 

968576 

968623 

968670 

968716 

968763 

968810 

958855 

958903 


1 

968950 

968996 

969043 

969090 

969136 

969183 

969229 

969276 

969323 

969369 


2 

969416 

969463 

969509 

969556 

969602 

969649 

969695 

969742 

969789 

969835 


3 

969882 

969928 

969975 

970021 

970068 

970114 

970161 

970207 

970254 

970300 


4 

970347 

970393 

970440 

970486 

970533 

970579 

970626 

970672 

970719 

970765 


5 

970812 

97085E 

970904 

970951 

970997 

971044 

971090 

971137 

971183 

971229 


6 

971276 

971322 

971369 

971415 

971461 

971508 

971554 

971601 

971647 

971693 


7 

971740 

971786 

971832 

971879 

971925 

971971 

972018 

972064 

972110 

972157 


8 

972203 

972249 1 

972295 

972342 

972388 

972434 

972481 

972527 

972573 

972619 


9 

972666 

972712 

972758 

972804 

972851 

972897 

972943 

972989 

973035 

973082 


940 

978128 

978174 

973820 

978266 

973313 

973869 

973405 

973451 

973497 

978543 


1 

973590 

973636 

973682 

973728 

973774 

973820 

973866 

973913 

973959 

974005 


2 

974051 

974097 

974143 

974189 

974235 

974281 

974327 

974374 

974420 

974466 


3 

974512 

974558 

974604 

974650 

974696 

1 974742 

974788 

974834 

974880 

974926 


4 

974972 

975018 

975064' 

975110 

975156 

975202 

975248 

975294 

975340 

975386 


5 

975432 

975478 

975524 

975570 

975616 

1 975662 

975707 

975753 

975799 

9758^5 



Pbopobtxokal Pabtb 


Diff. 

1 

a 

3 

4 

5 

8 

7 

8 

9 

50 

5.0 

10.0 

15.0 


25.0 

30.0 

35.0 

40.0 

45.0 

48 

4.8 

9.6 

14.4 

19.2 


28.8 

33.6 

38.4 

43.2 

46 

4.6 

9.2 

13.8 

18.4 

1 1 

27.6 

32.2 

36.8 

41.4 













COMMON LOGAKITHMS 


N 

0 

1 

2 

■ . 

8 

4 

6 

6 

7 

0 

9 


945 

975432 

975478 

975524 

975570 

975615 

975662 


975753 

975799 

97584S 


6 

975891 

975937 

975983 

976029 

976075 

976121 

976167 

976212 

976258 

976304 


7 

976350 

976396 

976442 

976488 

976533 

976579 

976625 

976671 

976717 

976763 


8 

976808 

976854 

976900 

976946 

976992 

977037 

977083 

977129 

977175 

977220 


9 

977266 

977312 

977358 

977403 

977449 

977495 

977541 

977586 

977632 

977678 


980 

97T724 

977769 

977816 

977861 

977906 

877962 

977968 

978048 

•T80S9 

978186 


I 

978181 

978226 

978272 

978317 

978363 

978409 

978454 

978500 

978546 

' 978591 


2 

978637 

978683 

978728 

978774 

978819 

978865 

978911 

978956 

979002 

979047 


3 

979093 

979138 

979184 

979230 

979275 

979321 

979366 

979412 

979457 

979503 


4 

979548 

979594 

979639 

979685 

979730 

979776 

979821 

979867 

979912 

979958 


5 

980003 

980049 

980094 

980140 

980185 

980231 

980276 

980322 

980367 

980412 


6 

980458 

980503 

980549 

980594 

980640 

980685 

980730 

980776 

980821 

980867 


7 

980912 

980937 

981003 

981048 

981093 

981139 

981184 

981229 

981275 

981320 


8 

981366 

981411 

981456 

981501 

981547 

981592 

981637 

981683 

981728 

981773 


9 

981819 

981864 

981909 

981954 

982000 

982045 

982090 

982135 

982181 

982226 


980 

988271 

982816 

982362 

982407 

982462 

982497 

982648 

982688 

982638 

988678 


1 

982723 

982769 

982814 

982859 

982904 

982949 

982994 

983040 

983085 

983130 


2 

983175 

983220 

983265 

983310 

983356 

983401 

983446 

983491 

983536 

983581 


3 

983626 

983671 

983716 

983762 

983807 

983852 

983897 

983942 

983987 

984032 


4 

984077 

984122 

984167 

984212 

984257 

984302 

984347 

984392 

984437 

984482 


5 

984527 

984572 

984617 

984662 

984707 

984752 

984797 

984842 

984887 

984932 


6 

984977 

985022 

985067 

985112 

985157 

985202 

985247 

985292 

985337 

985382 


7 

985426 

985471 

985516 

985561 

985606 

985651 

985696 

985741 

985786 

985830 


8 

985875 

985920 

985965 

986010 

986055 

986100 

986144 

986189 

986234 

986279 


9 

986324 

986369 

986413 

986458 

986503 

986548 

986593 

986637 

986682 

986727 


970 

986778 

986817 

986861 

986906 

986961 

986996 

987040 

987085 

987180 

987176 


] 

987219 

987264 

987309 

987353 

987398 

987443 

987488 

987532 

987577 

987622 


2 

987666 

987711 

987756 

987800 

987845 

987890 

987934 

987979 

988024 

988068 


3 

988M3 

988157 

988202 

988247 

988291 

988336 

988381 

988425 

988470 

988514 


4 

988559 

988604 

988648 

988693 

988737 

988782 

988826 

988871 

988916 

988960 


5 

989005 

989049 

989094 

989138 

989183 

989227 

989272 

989316 

989361 

989405 


6 

989450 

989494 

989539 

969583 

989628 

989672 

989717 

989761 

989806 

989850 


7 

989895 

989939 

989983 

990028 

990072 

990117 

990161 

990206 

990250 

990294 


8 

990339 

990383 

990428 

990472 

990516 

990561 

990605 

990650 

990694 

990738 


9 

990783 

990827 

990871 

990916 

990960 

991004 

991049 

991093 

991137 

991182 


980 

991226 

991270 

991316 

991359 

991403 

991448 

991492 

991636 

991680 

991686 


1 

991669 

991713 

991758 

991802 

991846 

991890 

991935 

991979 

992023 

992067 


2 

992111 

992156 

992200 

992244 

992288 

992333 

992377 

992421 

992465 

992509 


3 

992554 

992598 

992642 

992686 

992730 

992774 

992819 

992863 

992907 

992951 


4 

992995 

993039 

993083 

993127 

993172 

993216 

993260 

993304 

993348 

993392 


5 

1 993436 

993480 

993524 

993568 

993613 

993657 

993701 

993745 

993789 

993833 


6 

993877 

993921 

993965 

994009 

994053 

994097 

994141 

994185 

994229 

994273 


7 

994317 

994361 

994405 

994449 

994493 

994537 

994581 

994625 

994669 

994713 


8 

994757 

994801 

994845 

994889 

994933 

994977 

995021 

995065 

995108 

995152 


9 

995196 

995240 

995284 

995328 

995372 

995416 

995460 

995504 

995547 

995591 


990 

995635 

995679 

996728 

996767 

995811 

995854 

996898 

996942 

996986 

996080 


1 

996074 

996117 

996161 

996205 

996249 

996293 

996337 

996380 

996424 

996468 


2 

996512 

996555 

996599 

996643 

996687 

996731 

996774 

996818 

996862 

996906 


3 

996949 

996993 

997037 

997080 

997124 

997168 

997212 

997255 

997299 

997343 


4 

997386 

997430 

997474 

997517 

997561 

997605 

997648 

997692 

997736 

997779 


5 

997823 

997867 

997910 

997954 

997998 

998041 

998085 

998129 

998172 

998216 


6 

998259 

998303 

998347 

998390 

998434 

998477 

998521 

998564 

998608 

998652 


7 

998695 

998739 

998782 

998826 

998869 

998913 

998956 

999000 

999043 

999087 


6 

999131 

999174 

999218! 

999261 

999305 

999348 

999392 

999435 

999479 

999522 


9 j 

999565 

999609 

999652 

999696 

999739 

999783 

999826 

999870 

999913 

999957 


1000 

000000 

000043 

000087 

000130 

000174 

009217 

000260 

000804 

000347 

000891 



Proportional Parts 


niff. 

1 

2 

3 

4 

6 

6 

7 

8 

9 

46 

4.6 

9.2 

13.8 

18.4 

23.0 


32.2 


41.4 

44 

4.4 

8.8 

13.2 

17.6 



30.8 


39.6 

42 

4.2 

8,4 

12.6 

16.8 

1 2'-» 1 


29.4 

■a 

37.8 













1-52 


MATHEMATICAL AND PHYSICAL TABLES 


Table 11. ITatural (Napierian) Logarithms of Numbers 

The natural logarithm of a number is the index of the power to which the base e 
(•■ 2.71B2818) must be raised in order to equal the number. 

Example; log« 4.12 » In 4.12 » 1.4159. 

The table gives the natural logarithms of numbers from 1.00 to 9.99 directly, and 
permits the finding of the logarithms of numbers outside of that range by the addition or 
subtraction of the natural logarithms of powers of 10. 

Examples: log* 679. log#. 6.79 + loge 10^ — 1.9155 + 4.6052 *6.5207. 

loge .0679 * log« 6.79 - logc 10* = 1.9155 - 4.6052 * - 2.6897. 

Natural Logarithms of Powers of 10 

loge 10 » 2.302 585 log^ 10^ = 9.210 340 loge 10^ * 16.118 096 

loft, 10* * 4.605 170 loge 10^ * 11.512 925 log^ 10* * 18.420 681 

loge 10* « 6.907 755 log^ 10® * 13.815 511 Ior. 10» « 20.723 266 


To obtain the common logarithm, the natural logarithm is multiplied by logic c, which 
is 0.434 294, or logic N * 0.434 294 log,. .V. 

A negative number or number leas than zero has no real logarithm. 


N 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

1.0 

0.0000 

0.0103 

0.0198 

0.0296 

0.0392 

0.0488 

0.0683 

0.0677 

0.0770 

0.0862 

1.1 

0.0953 

0.1044 

0.1133 

0.1222 

0.1310 

0.1398 

0.1484 

0.1570 

0.1655 

0.1740 

1.2 

0.1823 

0.1906 

0.1989 

0.2070 

0.2151 

0.2231 

0.2311 

0.2390 

0.2469 

0.2546 

1.3 

0.2624 

0.2700 

0.2776 

0.2852 

0.2927 

0.3001 

0.3075 

0.3148 

0.322) 

0.3293 

1.4 

0.3365 

0.3436 

0.3507 

0.3577 

0.3646 

0.3716 

0.3784 

0.3853 

0.3920 

0.3988 

1.5 

0.4055 

0.4121 

0.4187 

0.4253 

0.4318 

0.4383 

0.4447 

0.4511 

0.4574 

0.4637 

1.6 

0.4700 

0.4762 

0.4824 

0.4886 

0.4947 

0.5008 

0.5068 

0.5128 

0.5188 

0.5247 

1.7 

0.5306 

0.5365 

0.5423 

0.5481 

0.5539 

0.5596 

0.5653 

0.5710 

0.5766 

0.5822 

1.8 

0.5878 

0.5933 

0.5988 

0.6043 

0.6098 

0.6152 

0.6206 

0.6259 

0.6313 

0.6366 

1.9 

0.6419 

0.6471 

0.6523 

0.6575 

0.6627 

0.6678 

0.6729 

0.6780 

0.6831 

0.6881 

S.O 

0.6931 

0.6981 

0.7031 

0.7080 

0.7129 

0.7178 

0.7227 

0.7276 

0,7324 

0.7372 

2.1 

0.7419 

0.7467 

0.7514 

0.7561 

0.7608 

0.7655 

0.7701 

0.7747 

0.7793 

0.7839 

2.2 

0,7885 

0.7930 

0.7975 

0.8020 

0.8065 

0.8109 

0.8154 

0.8198 

0.8242 

0.8286 

2.3 

0.8329 

0.8372 

0.8416 

0.8459 

0.8502 

0.8544 

0.8587 j 

0.8629 

0.8671 

0.8713 

2.4 

0.8755 

0.8796 

0.8838 

0.8879 

0.8920 

0.8961 ' 

0.9002 ' 

0.9042 

0.9083 

0.9123 

2.5 

0.9163 

0.9203 

0.9243 

0.9282 

0.9322 

0.9361 

0.9400 

0.9439 

0.9478 

0.9517 

2.6 1 

0.9555 

0.9594 

0.9632 

0,9670 

0.9708 1 

0.9746 

0.9783 1 

0.9821 

0.9858 

0.9895 

2.7 

0.9933 

0.9969 

1.0006 

1.0043 

1.0080 

1.0116 

1.0152 1 

1.0188 

1.0225 

1.0260 

2.8 

1.0296 

1.0332 

1.0367 

1.0403 

1.0433 1 

1.0473 

1.0508 

1.0543 

1.0578 

1.0613 

2.9 

1.0647 

1.0682 

1.0716 

1.0750 

1.0784 1 

1.0818 

1.0852 

1.0886 

1.0919 

1.0953 

8.0 

1.0986 

1.1019 

1.1083 

1.1086 

1.1119 

1.1161 

1.1184 

1.1217 

1.1249 

1.1282 

3.1 

1.1314 

1.1346 

1.1378 

1.1410 

1.1442 

1,1474 

1.1506 

1.1537 

1.1569 

1.1600 

3.2 

1.1632 

1.1663 

1.1694 

1.1725 

1.1756 

1.1787 

1.1817 

1.1848 

1.1678 

1.1909 

3.3 

1.1939 

1.1969 

1.2000 

1.2030 

1.2060 

1.2090 I 

1.2119 

1.2149 

1.2179 

I.2208 

3.4 

1.2238 

1.2267 

1.2296 

1.2326 

1.2355 

1.2384 

1,2413 

I.2442 

1.2470 

1.2499 

3.5 

1.2528 

1.2556 

1.2585 

1.2613 

1.2641 

1.2669 1 

1.2698 

1.2726 

1.2754 

1.2782 

3.6 

1.2809 

1.2837 

1.2865 

1.2892 

1.2920 

1.2947 j 

1.2975 j 

1.3002 

1.3029 

I.3056 

3.7 

1.3083 

1.3110 

1.3137 

1.3164 

1.3191 

1.3218 ! 

1.3244 

1.3271 

1.3297 

1.3324 

3.8 

1.3350 

1.3376 

1.3403 

1.3429 

1.3455 

1.3481 

1.3507 

1.3533 

1.3558 

1.3584 

3.9 

1.3610 

I.3635 

I.366r 

1.3686 

I.3712 

1.3737 : 

1.3762 

1.3788 

1.3813 

1.3838 

4.0 

1.8868 

1.8888 

1.8913 

1.8938 

1.3962 

1.3987 j 

1.4012 

1.4036 

1.4061 

1.4086 

4.1 

1.4110 

1.4134 

1.4159 

1,4183 

1.4207 

1.4231 

1.4255 

1.4279 

1.4303 

1.4327 

4.2 

1.4351 

1.4375 

1.4398 

1.4422 

1.4446 

1,4469 

1.4493 i 

1.4516 

1.4540 

1.4563 

4.3 

1.4586 

1.4609 

1.4633 

1.4656 

1.4679 

1.4702 

1.4725 

1.4748 

1.4770 

1.4793 

4.4 

I.48I6 

1.4839 

1.4861 

1.4884 

1.4907 

1.4929 

1.4951 

1.4974 

1.4996 

1.5019 

4.5 

1.5041 

1.5063 

1.5085 

1.5107 1 

1.5129 

I.5151 

1.5173 

1.5195 

I.52I7 

1.5239 

4.6 

1.5261 

1.5282 

1.5304 

1.5326 

1.5347 

1.5369 

1.5390 

1.5412 

1.5433 

1.5454 

4.7 

1.5476 

1.5497 

I.55I8 

1.5539 

1.5560 

1.5581 

1.5602 

1.5623 

1.5644 

1.5665 

4.8 

1.5686 

1.5707 

1.5728 

1.5743 

1.5769 

1.5790 

1.5810 

1.5831 

1.5851 

1.5872 

4.9 

1.5892 

1.5913 

1.5933 

1.5953 

1.5974 

1.5994 

1.6014 

1.6034 

1.6054 

1.6074 
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Table 12. Values of Degrees and Minutes in Radians 


Degl Radians I Deg,] Radians I Dq 





I Radian » 57.29578 deg | 2 Radians - 114.59156 deg 


3 Radians « 171.88734 deg 



Table 15. Minutes in Decimals of a Degree 
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Table 16. Stadia Reductions 


Differences in Elevation for 100 ft Inclined Distance 


Min¬ 

utes 

Qo 

1 ® 

2 ° 

30 

4® 

5® 

6 ® 

7® 

8 ® 

90 

10 ® 

11 ® 

12 ® 

m 

0.00 

1.74 

3.49 

5.23 

6.96 

8.68 

10.40 

12.10 

13.78 

15.45 

17.10 

18.73 

20.34 

2 

0.06 

1.80 

3.55 

5.28 

7.02 

8.74 

10.45 

12.15 

13.84 

15.51 

17.16 

18.78 

20.39 

4 

0.12 

1.86 

3.60 

5.34 

7.07 

8.80 

10.51 

12.21 

13.89 

15.56 

;i7.21 

18.84 

20 44 

6 

mwfM 

1.92 

3.66 


7.13 

8.85 

10.57 

12 26 

13.95 

15.62 

17.26 

18.89 

20.50 

8 


1.98 

3.72 

5.46 

7.19 

8.91 

10.62 

12.32 

14.01 

15.67 

17.32 

18.95 

20.55 

10 


2.04 

3.78 

5.52 

7.25 

8.97 

10.68 

12.38 


15.73 

17.37 


20.60 

12 

0.35 

2.09 

3.84 

5.57 

7.30 

9.03 

10.74 

12.43 

14.12 

15.78 

17.43 


20.66 

14 

0.41 

Hi 

Ksa 

5.63 

7.36 

9.08 

10.79 

12.49 

14.17 

15.84 

17.48 

19.11 

20.71 

16 

0.47 

M 1 

3.95 

5.69 

7.42 

9.14 

10.85 

12.55 

14.23 

15.89 

17.54 

19.16 

20.76 

18 

0.52 

WWm 

4.01 

5.75 

7.48 

9.20 

10.91 

12.60 

14.28 

15.95 

17.59 

19.21 

20.81 

SO 

0.58 

B] 

4.07 

5.80 

7.53 

9.25 

10.96 

12.66 

14.34 

16.00 

17.65 

19.27 

20.87 

22 

0.64 

2.38 

4.13 

5.86 

7.59 

9.31 

nri 

12.72 

iss 

16.06 

17.70 

19.32 

20.92 

24 

0.70 

2.44 

4.18 

5.92 

7.65 

9.37 

lULJ 

12.77 

14.45 

16.11 

17.76 

19.38 

20.97 

26 

0.76 

2.50 

4.24 

5.98 

7.71 

9.43 

11.13 

12.83 

14.51 

16.17 

17.81 

19.43 

21.03 

28 

0.81 

2.56 

4.30 

6.04 

7.76 

9.48 

11.19 

12.88 

14.56 

16.22 

17.86 

ItXIj 

QEI 1 

so 

0.87 

2.62 

4.36 

6.09 

7.82 

9.54 

11.25 

12.94 

14.62 

16.28 

17.92 

19.54 

21.13 

32 

0.93 

2.67 

4.42 

6.15 

7.88 

9.60 

11.30 

13.00 

14.67 

16.33 

17.97 

19.59 

21.18 

34 

0.99 

2.73 

4.48 

6.21 

7.94 

9 65 

ilEfi 

IEE9 

14.73 

16.39 

mxiij 

19.64 

21.24 

36 

1.05 

2.79 

4.53 

6.27 

7.99 

9.71 

11.42 

13.11 

14.79 

16.44 

■fwyi 

19.70 

21.29 

38 

i.n 

2.85 

4.59 

6.33 


mWn 

11.47 

13.17 

14.84 

16.50 

18.14 

19.75 

21.34 

40 

1.16 

2.91 

4.65 

6.38 

8.11 

9.83 

11.53 

13.22 

14.90 

16.55 

18.19 

19.80 

21.39 

42 

1.22 

2.97 

4.71 

6.44 

8.17 

9.88 

11.59 

13.28 

14.95 

16.61 

18.24 

19.86 

21.45 

44 

1.28 

3.02 

4.76 

6.50 

8.22 

9.94 

11.64 

13.33 

15.01 

16.66 

18.30 

19.91 

21.50 

46 

1.34 

3.08 

4.82 

6.56 

8.28 


11.70 

13.39 

USLl 

16.72 

18.35 

19.96 

21.55 

48 

1.40 

3.14 

4.88 

6.61 

8.34 


IISO 

13.45 

15.12 

16.77 

18.41 

20.02 

21.60 


1.45 

3.20 

4.94 

6.67 

8.40 

10.11 

11.81 

13.50 

15.17 

16.83 

18.46 

|aj]J 

21.66 

52 

1.51 

3.26 

4.99 

6.73 

8.45 

10.17 

11.87 

13.56 

15.23 

16.88 

18.51 

20.12 

21.71 

54 

1.57 

3.31 

5.05 

6.79 

8.51 

10.22 

11.93 

13.61 

15.28 

16.94 

18.57 

20.18 

21.76 

56 

1.63 

3.37 

5.11 

6.84 

8.57 

10.28 

11.98 

13.67 

15.34 

16.99 

18.62 

20.23 

21.81 

58 

1.69 

3.43 

5.17 

6.90 

8.63 

10.34 

12.04 

13.73 

15.40 

17.05 

18.68 

20.28 

21.87 

60 

1.74 

3.49 

5.23 

6.96 

8.68 

10.40 


13.78 

15.45 

17.10 

18.73 

20.34 

21.92 

/ + c 














.75 



0.03 

0.05 

0.06 

0.07 

0.08 

0.10 

0.11 

0.12 

0.14 



1.00 


0.03 

0.04 

0.06 

0.08 

0.09 

0.11 

0.13 

0.15 

KSq 



0.22 

1.25 





0.10 

0.11 

0.14 

0.16 

0.18 

0.21 

0.23 

0.25 

0.27 


Corrections to Horizontal Distances 


Min¬ 

utes 

0 ® 

1 ® 

2 ® 

30 

4® 

5® 

6 ® 

7® 

8 ® 

90 

10 ® 

11 ® 

12 * 

0 


0.03 

0.12 

0.27 

0.49 

0.76 

1.09 

1.49 

1.94 

2.45 

3.02 

3.64 

4.32 

10 


0.04 

0. 14 

0.31 

0.53 

0.81 

1.15 

1.56 

2.02 

2.54 

3.12 

3.75 

4.44 

20 


0.05 

0. 17 

0.34 

0.57 

0.86 

1.22 

1.63 

2.10 

2.63 

3.22 

3.86 

4.56 

80 

0.01 

0.07 

0.19 

0.37 

0.62 

0.92 

1.28 

1.70 

2.18 

2.72 

3.32 

3.97 

4.68 

40 

0.01 

0.08 

0.22 

0.41 

0.66 

0.98 

1.35 

1.78 

2.27 

2.82 

3.42 

4.09 

4.81 

60 

0.02 

0.10 

0.24 

0.45 

0.71 

1.03 

1.42 

1.86 

2.36 

2.92 

3.53 

4.21 

4.93 


I.— 4^ 
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Table 16. Stadia Reductions.— Con/inued 
Differences in Elevation for 100 it Inclined Distance 






























































































































Table 17. Volttea and Logarithms of Trigonometric Functions 


D 

1 

Natoral Values 

1 Common Logarithms 

i 




Tan 

Cot 

Sin 

Cob 

Tan 

Cot 

.00 

0 

.00000 

1.00000 

.00000 

+ «8 

— <e 

10.000000 

■— « 

4- • 

60 

1.00 


I 

.00029 

1.00000 

.00029 

3437.75 

6.463726 

.000000 

6.463726 

13.536274 

59 



2 

.00058 

1.00000 

.00058 

1718.87 

.764756 

.000000 

.764756 

.235244 

58 


.00 

8 

.00087 

1.00000 

.00087 

1145.92 

.940847 

.000000 

.940847 

.089158 

57 

.90 


4 

.00116 

1.00000 

.00116 

859.436 

7.065786 

.000000 

7.065786 

12.934214 

56 



5 

.00145 

1.00000 

.00145 

687.549 

. 162696 

.000000 

.162696 

.837304 

55 


.10 

0 

.00170 

1.00000 

.00175 

572.957 

.241877 

9.999999 

.241878 

.788122 

04 

.90 


7 

.00204 

1.00000 

.00204 

491.106 

.308824 

.999999 

.308825 

.691175 

53 



8 

.00233 

1.00000 

.00233 

429.718 

.366816 

.999999 

.366817 

.633183 

52 


.15 

9 

.00868 

1.00000 

.00262 

381.971 

.417968 

.999999 

.417970 

.588080 

51 

.80 


10 

.00291 

1.00000 

.00291 

343.774 

.463726 

.999998 

.463727 

.536273 

50 



It 

.00320 

.99999 

.00320 

312.521 

.505118 

.999998 

.505120 

.494880 

49 


.20 

12 

.00349 

.99999 

.00349 

286.478 

.542906 

.999997 

.542909 

.457091 

48 

.00 


13 

.00378 

.99999 

.00378 

264.441 

.577668 

.999997 

.577672 

.422328 

47 



14 

.00407 

.99999 

.00407 

245.552 

.609853 

.999996 

.609857 

.390143 

46 


.25 

10 

.00436 

.99999 

.00436 

229.182 

.639816 

• W9Vif D 

.689820 

.360180 

45 

.70 


16 

.00465 

.99999 

.00465 

214.858 

.667845 

.999995 

.667849 

.332151 

44 



17 

.00495 

.99999 

.00495 

202.219 

.694173 

.999995 

.694179 

.305821 

43 


.SO 

18 

.00584 

.99999 

.00624 

190.984 

.718997 


.719008 

.280997 

42 

.70 


19 

.00553 

.99998 

.00553 

180.932 

.742478 

.999993 

.742484 

.257516 

41 



20 

.00582 

.99998 

.00582 

171.885 

.764754 

.999993 

.764761 

.235239 

40 


.85 

21 

.00611 

.99998 

.00611 

163.700 

.785943 

.099992 

.785951 

.214049 

89 

.60 


22 

.00640 

.99998 

.00640 

156.259 

.806146 

.999991 

.806155 

.193845 

38 



23 

.00669 

.99998 

.00669 

149.465 

.825451 

.999990 

.825460 

.174540 

37 


.40 

84 

.00698 

99998 

.00698 

148.237 

.843934 

.909989 

.843944 

.156006 

86 

.60 


25 

.00727 

.99997 

.00727 

137.507 

.861662 

.999989 

.861674 

. 138326 

35 



26 

.00756 

.99997 

.00756 

132.219 

.878695 

.999988 

.878708 

.121292 

34 


.45 

87 

.00785 

.99997 

.00785 

127.821 

.895086 

.999987 

.895099 

.104901 

83 

.00 


28 

.00814 

.99997 

.00815 

122.774 

.910879 

.999986 

.910894 

.089106 

32 



29 

.00844 

.99996 

.00844 

118.540 

.926119 

.999985 

.926134 

.073866 

31 


.00 

80 

.00873 

.99996 

.00873 

114.589 

.940842 

.999983 

.940858 

.059142 

80 

.00 


31 

.00902 

.99996 

.00902 

110.892 

.955082 

.999982 

.955100 

.044900 

29 



32 

.00931 

.99996 

.00931 

107.426 

.968870 

.999981 

.968889 

.031111 

28 


.55 

83 

.00960 

.99995 

.00960 

104.171 

.982233 

.999980 

.982208 

.017747 

27 

.40 


34 

.00989 

.99995 

.00989 

101.107 

.995198 

.999979 

.995219 

.004781 

26 



35 

.01018 

.99995 

.01018 

98.2179 

8.007787 

.999977 

8.007809 

11.992191 

25 


.00 

30 

.01047 

.99996 

.01047 

96.4896 

.020021 

.999976 

.020044 

.979956 

24 

.40 


37 

.01076 

.99994 

.01076 

92.9085 

.031919 

.999975 

.031945 

.968055 

23 



38 

.01105 

.99994 

.01105 

90.4633 

.043501 

.999973 

.043527 

.956473 

22 


.05 

89 

.01134 

.99994 

.01136 

88.1436 

.054781 

.999972 

.054809 

.945191 

21 

.80 


40 

.01164 

.99993 

.01164 

85.9398 

.065776 

.999971 

.065806 

.934194 

20 



41 

.01193 

.99993 

.01193 

83.8435 

.076500 

.999969 

.076531 

.923469 

19 


.70 

48 

.01288 

.99993 

.01222 

81.8470 

.086965 

.999968 

.086997 

.918008 

18 

.80 


43 

.01251 

.99992 

.01251 

1 79.9434 

.097183 

.999966 

.097217 

.902783 

17 



44 

.01280 

.99992 

.01280 

78.1263 

.107167 

.999964 

.107203 

.892797 

16 


-75 

45 

.01309 

.99991 

.01309 

76.3900 

.116926 

.999963 

.116963 

.888087 

15 

.20 


46 

.01338 

.99991 

.01338 

74.7292 

.126471 

.999961 

.126510 

.873490 

14 



47 

.01367 

.99991 

.01367 

73.1390 

.135810 

.999959 

. 135851 

.864149 

13 


.80 

48 

.01396 

.99990 

.01396 

71.6151 

.144953 

.999958 

.144996 

.850004 

12 

.20 


49 

.01425 

.99990 

.01425 

70.1533 

.153907 

.999956 

.153952 

.846048 

11 



50 

.01454 

.99989 

.01455 

68.7501 

.162681 

.999954 

.162727 

.837273 

10 


.85 

51 

.01483 

.99989 

.01484 

67.4019 

.171280 

.999952 

.171328 

.828672 

9 

.10 


52 

.01513 

.99989 

.01513 

66.1055 

.179713 

.999950 

.179763 

.820237 

8 



53 

.01542 

.99988 

.01342 

64.8580 

.187985 

.999948 

.188036 

.811964 

7 


.90 

54 

.01571 

.99988 

.01571 

63.6567 

.196102 

.999946 

.196156 

.808844 

6 

.10 


55 

.01600 

.99987 

.01600 

62.4992 

.204070 

.999944 

.204126 

.795874 

5 



56 

.01629 

.99987 

.01629 

61.3829 

.211895 

.999942 

.211953 

.788047 

4 


.96 

57 

.01658 

.99986 

.01658 

60.3068 

.219581 

.999940 

.219641 

.780359 

8 

.00 


58 

.01687 

.99986 

.01687 

59.2659 

.227134 

.999938 

.227195 

.772805 

2 



59 

.01716 

.99985 

.01716 

58.2612 

.234557 

.999936 

.234621 

.765379 

1 


1.00 

00 

.01748 

.99985 

.01746 

67.2900 

8.241856 

9.999934 

8.241921 

11.758079 

0 

.00 

T* 

i 

Cos 

Sin 

Cot 

Tan 

Cos 

Sin 

Cot 



n 


is 

Natural Values 

1 Common Logarithms 

H 

m 
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T 

Minutes 

1 Natural Valuea 

Common Logarithms 

.1 

Dedmals 

Sin 

Cos 

Tan 

Cot 

Sin 

Cos 

Tan 

Cot 

1 

.00 

0 

.01740 

.99985 

.01746 

67.2900 

8.241855 

9.999934 

8.241921 

11.758079 

60 

1.00 


1 

.01774 

.99984 

.01775 

56.3506 

.249033 

.999932 

.249102 

.750898 

59 



2 

.01803 

.99984 

.01804 

55.4415 

.256094 

.999929 

.256165 

.743835 

58 


.00 

8 

.01888 

.99983 

.01833 

54.5613 

.263042 

.999927 

.263115 

.736886 

67 

.90 


4 

.01862 

.99983 

.01862 

53.7086 

.269881 

.999925 

.269956 

.730044 

56 



5 

.01891 

.99982 

.01891 

52.8821 

.276614 

.999922 

.276691 

.723309 

55 


.10 

6 

.01980 

.99988 

.01980 

62.0807 

.283243 

.999920 

.283323 

.716577 

54 

.90 


7 

.01949 

.99981 

.01949 

51.3032 

.289773 

.999918 

.289856 

.710144 

55 



6 

.01978 

.99980 

.01978 

50.5485 

.296207 

.999915 

.296292 

.703708 

52 


.10 

9 

.08007 

.99980 

.02007 

49.8157 

.302546 

.999913 

.302634 

.697366 

51 

.85 


10 

.02036 

.99979 

.02036 

49.1039 

.308794 

.999910 

.308884 

.691116 

50 


r 

M 

.02065 

.99979 

.02066 

48.4121 

.314954 

.999907 

.315046 

.684954 

49 


.20 

12 

.02094 

.99978 

.02095 

47.7395 

.321027 

.999906 

.321122 

.678878 

48 

.80 


13 

.02123 

.99977 

.02124 

47.0853 

.327016 

.999902 

.327114 

.672886 

47 



14 

.02152 

.99977 

.02153 

46.4489 

.332924 

.999899 

.333025 

.666975 

46 


.20 

10 

.08181 

.99976 

.02182 

46.8291 

.338753 

.999897 

.338856 

.661144 

45 

.75 


16 

.02211 

.99976 

.02211 

45.2261 

.344504 

.999894 

.344610 

.655390 

44 



17 

.02240 

.99975 

.02240 

44.6386 

.350181 

.999891 

.350289 

.649711 

43 


.00 

18 

.08869 

.99974 

.02269 

44.0661 

.365783 

.999888 

.356896 

.644106 

42 

.70 


19 

.02298 

.99974 

.02298 

43.5081 

.361315 

.999885 

.361430 

.638570 

41 



20 

.02327 

.99973 

.02328 

42.9641 

.366777 

.999882 

.366895 

.633105 

40 


.80 

81 

.02356 

.99978 

.02367 

42.4335 

.372171 

.999879 

.372292 

.637708 

39 

.65 


22 

.02385 

.99972 

.02386 

41.9158 

.377499 

.999876 

.377622 

.622378 

38 



23 

.02414 

.99971 

.02415 

41.4106 

.382762 

.999873 

.382889 

.617111 

37 


.40 

94 

.08443 

.99970 

.02444 

40.9174 

.337962 

.999870 

.838092 

.611908 

36 

.60 


25 

.02472 

.99969 

.02473 

40.4358 

.393101 

.999867 

.393234 

.606766 

35 



26 

.02501 

.99969 

.02502 

39.9655 

.398179 

.999864 

.398315 

.601685 

34 


.40 

87 

.08530 

.99968 

.02631 

39.6069 

.403199 

.999861 

.403338 

.696662 

33 

.55 


28 

.02560 

,99967 

.02560 

39.0568 

.408161 

.999858 

.408304 

.591696 

32 



29 

.02389 

.99966 

.02589 

38.6177 

.413068 

.999854 

.413213 

.586787 

31 


.00 

30 

.08618 

.99966 

.02619 

38.188S 

.417919 

.999851 

.418068 

.681932 

30 

.50 


31 

.02647 

.99965 

.02648 

37.7636 

.422717 

.999848 

.422869 

.577131 

29 



32 

.02676 

.99964 

.02677 

37.3579 

.427462 

.999844 

.427618 

.572382 

28 


.00 

83 

.08705 

.99963 

.02706 

36.9360 

.432156 

.999841 

.432316 

.567686 

27 

.45 


34 

.02734 

.99963 

.02735 

36.5627 

.436800 

.999838 

.436962 

.563038 

26 



35 

.02763 

.99962 

.02764 

36. 1776 

.441394 

.999834 

.441560 

.558440 j 

25 


.60 

86 

.08792 

.99961 

.02793 

35.8006 

.445941 

.999831 

.446110 

.553890 

24 

.40 


37 

.02821 

.99960 

.02822 

35.4313 

.450440 

.999827 

.450613 

.549387 

23 



38 

.02850 

.99959 

.02851 

35.0695 

.454893 

.999824 

.455070 

.544930 

22 


.60 

39 

.08879 

.99959 

.02381 

34.7151 

.459301 

.999820 

.459481 

.540519 

21 

.85 


40 

.02908 

.99958 

.02910 

34.3678 

.463665 

.999816 

.463049 

.536151 

20 



41 

.02938 

.99957 

.02939 

34.0273 

.467985 

.999813 

.468172 

.531828 

19 


.70 

42 

.08967 

.99956 

.02968 

33.6935 

.472263 

.999809 

.472454 

.527546 

18 

.30 


43 

.02996 

.99955 

.02997 

33.3662 

.476498 

.999805 

.476693 

.523307 

17 



44 

.03025 

.99954 

.03026 

33.0452 

.480693 

.999801 

.480892 

.519108 

16 


' .76 

45 

.03064 

.99963 

.03055 

32.7303 

.484818 

.999797 

.485050 

.614950 

IS 

.25 


46 

.03083 

.99952 

.03084 

32.4213 

.488963 

.999794 

.489170 

.510830 

14 



47 

.03112 

.99952 

.03114 

32. 1181 

.493040 

.999790 

.493250 

.506750 

13 


.80 

48 

.03141 

.99951 

.03143 

31.8205 

.497078 

.999786 

.497203 

.502707 

12 

.20 


46 

.03170 

.99950 

.03172 

31.5284 

.501080 

,999782 

.501298 

.498702 

II 



50 

.03199 

.99949 

.03201 

31.2416 

.505045 

.999778 

.505267 

.494733 

10 


.85 

51 

.03228 

.99948 

.03230 

30.9699 

.608974 

.999774 

.609200 

.490800 

9 

.15 


52 

.03257 

.99947 

.03259 

30.6833 

.512867 

.999769 

.513098 

.486902 

8 



53 

.03286 

.99946 

.03288 

30.4116 

.516726 

.999765 

.516961 

.483039 

7 


.90 

54 

.03316 

.99946 

.03317 

30.1446 

.520551 

.999761 

.620790 

.479210 

6 

.10 


55 

.03345 

.99944 

.03346 

29.8823 

.524343 

.999757 

.524586 

.475414 

5 



56 

.03374 

.99943 

.03376 

29.6245 

.528102 

.999753 

.528349 

.471651 

4 


.90 

57 

.08493 

.99942 

.03405 

29.3711 

.631828 

.999748 

.582080 

.467920 

3 

.05 


58 

.03432 

.99941 

.03434 

29.1220 

.535523 

.999744 

.535779 

.464221 

2 



59 

.03461 

.99940 

.03463 

28.8771 

.539186 

.999740 

.539447 

.460553 

1 


1.00 

60 

.08490 

.99939 

.03492 

88.6363 

8.542819 

9.999736 

8.543084 

11.456916 

0 

.00 

1 

1 

Cos 

Sin 

Cot 

Tan 

1 Cos 

Sin 

Cot 

Tan 

1 

1 

1 

m 

Natural Values | 

Common Logarithms 

.a 

1 


88 ® 


1-58 






2® VALUES AND LOGARITHMS OP TRIGONOMETRIC FUNCTIONS 


1 

1 

Natixral Values 

Common Logarithms 


1 

1 

1 

Sin 

Cob 

Tan 

Wm\ 


Cos 

Tan 

WM\ 


1 

.00 

0 

.03490 

.99939 

.03492 

28.6363 

3.542819 

9.999735 

8.543084 

11.456916 

60 

1.00 

1 

.03519 

.99938 

.03521 

28.3994 

.546422 

.999731 

.546691 

.453309 

59 



2 

.03548 

.99937 

.03550 

28.1664 

. 549995 

.999726 

.550268 

.449732 

58 


.06 

3 

.03677 

.99936 

.03579 

27.9372 

.553539 

.999722 

.553817 

.446183 

57 

.95 

4 

.03606 

.99935 

.03609 

27.7117 

.557054 

.999717 

.557336 

.442664 

56 


5 

.03635 

.99934 

.03638 

27.4899 

.560540 

.999713 

.560828 

.439172 

55 


.10 

6 

.03664 

.99933 

.03667 

27.2715 

.563999 

.999708 

.664291 

.435709 

04 

.90 

7 

.03693 

.99932 

.03696 

27.0566 

.567431 

.999704 

.567727 

.432273 

53 



8 

.03723 

.99931 

.03725 

26.8430 

.570836 

.999699 

.571137 

.428863 

52 


.16 

9 

.03762 

.99930 

.03754 

23.6367 

.574214 

.999694 

.574520 

.425480 

61 

.80 

10 

.03781 

.99929 

.03783 

26.4316 

.577566 

.999689 

.577877 

.422123 

50 



n 

.03810 

.99927 

.03812 

26.2296 

.580892 

.999685 

.581208 

.418792 

49 


.20 

12 

.03839 

.99926 

.03842 

26.0307 

.584193 

.999680 

.584514 

.415486 

48 

.80 

13 

.03868 

.99925 

.03871 

25.8348 

.587469 

.999675 

.587795 

.412205 

47 



14 

.03897 

.99924 

.03900 

25.6418 

.590721. 

.999670 

.591051 

.408949 

46 


.26 

15 

.03926 

.99923 

.03929 

23.4517 

.593948 

.999665 

.694283 

.405717 

45 

.78 

16 

.03955 

.99922 

.03958 

25.2644 

.597152 

.999660 

.597492 

.402508 

44 



17 

.03984 

.99921 

.03987 

25.0798 

.600332 

.999655 

.600677 

.399323 

43 


.80 

18 

.04013 

.99919 

.04016 

24.8978 

.603489 

.999650 

.603839 

.396161 

42 

.70 

19 

.04042 

.99918 

.04046 

24.7185 

.6D6623 

.999645 

.606978 

.393022 

41 



20 

.04071 

.99917 

.04075 

24.5418 

. 609734 

.999640 

.610094 

.389906 

40 


.36 

21 

.04100 

.99916 

.04104 

24.3676 

.612823 

.999635 

.613189 

.386811 

39 

.68 

22 

.04129 

.99915 

.04133 

24.1957 

.615891 

.999629 

.616262 

.383738 

38 



23 

.04159 

.99913 

.04162 

24.0263 

.618937 

.999624 

.619313 

.380687 

37 


.40 

24 

.04188 

.99912 

.04191 

23.8693 

.621962 

.999619 

.622343 

.377657 

86 

.60 

25 

.04217 

.9991 1 

.04220 

23.6945 

.624965 

.999614 

.625352 

.374648 

35 



26 

.04246 

.99910 

.04250 

23.5321 

.627948 

.999608 

.628340 

.371660 

34 


.46 

27 

.04276 

.99909 

.04279 

23.3718 

.630911 

.999603 

.631308 

.368692 

S3 

.08 

28 

. 04.304 

.99907 

.04308 

23.2137 

.633854 

.999597 

.634256 

.365744 

32 



29 

.04333 

.99906 

.04337 

23.0577 

.636776 

.999592 

.637184 

.362816 

31 


.60 

30 

.04362 

.99905 

.04366 

22.9038 

.639680 

.999588 

.640093 

.359907 

30 

.50 

31 

.04391 

.99904 

.04395 

22.7519 

. 642563 

.999581 

.642982 

.357018 

29 



32 

. 04420 

.99902 

.04424 

22.6020 

.645428 

.999575 

.645853 

.354147 

28 


.66 

33 

.04449 

.99901 

.04454 

22.4541 

.648274 

.999570 

.648704 

.351296 

27 

.40 

34 

.04478 

.99900 

.04483 

22.3081 

.651102 

.999564 

.651537 

.348463 

26 



35 

.04507 

.99898 

.04512 

22.1640 

.653911 

.999558 

.654352 

.345648 

25 


.60 

36 

.04636 

.99897 

.04541 

22.0217 

.656702 

.999653 

.657149 

.342851 

24 

.40 

37 

.04565 

.99896 

.04570 

21.8813 

.659475 

.999547 

.659928 

.340072 

23 



38 

.04594 

.99894 

.04599 

21.7420 

.662230 

.999541 

. 662689 

.337311 

22 


.65 

39 

.04623 

.99893 

.01628 

21.6066 

.664968 

.999535 

.665433 

.334567 

21 

.30 

40 

.04653 

.99892 

.0465H 

21.4704 

.607689 

.999529 

.668160 

.331840 

20 



41 

.04682 

.99890 

.04687 

21.3369 

.670393 

.999524 

. 670870 

.329130 

19 


.70 

42 

.04711 

' .99889 

.04716 

21.2049 

.673080 

.999618 

.673663 

.326437 

18 

.80 

43 

.04740 

.99885 

.04745 

21.0747 

.675751 

.999512 

.676239 

.323761 

17 



44 

.04769 

.99886 

.04774 

20.9460 

.678405 

.999506 

. 678900 

.321100 

16 


.76 

46 

.04798 

.99886 

.04803 

20.8188 

.681043 

.999500 

.681644 

.818456 

16 1 

.20 

46 

.04827 

.99883 

.04833 

20.6932 

.683665 

.999493 

.684172 

.315828 

14 



47 

.04856 

.99882 

.04862 

20.5691 

.686272 

.999487 

.686784 

.313216 

13 


iO 

48 

.04885 

.99881 

.04391 

20.4465 

.688863 

.999481 

.689331 

.310619 

12 

.20 

49 

.04914 

.99879 

.04920 

20.3253 

.691438! 

.999475 

.691963 

.308037 

II 



50 

.04943 

.99878 

.04949 

20.2056 

.693998 

.999469 

.694529 

.305471 

10 


.86 

61 

.04972 

.99876 

.04978 

20.0872 

.696543 

.999433 

.697081 

.302919 

9 

.15 

52 

.05001 

.99875 

.05007 

19.9702 

.699073 

.999456 

.699617 

.300383 

8 



53 

.05030 

.99873 

.05037 

19.8546 

.701589 

.999450 

.702139 

.297861 

7 


.90 

64 

.06059 

.99872 

.05066 

19.7403 

.704090 

.999413 

.704646 

.205364 

6 

.10 


55 

.05088 

.99870 

.05095 

19.6273 

.706577 

.999437 

.707140 

.2928601 

5 



56 

.05117 

.99869 

.05124 

19.5156 

.709049 

.999431 

.709618 

.290382 

4 


.96 

67 

.05146 

.99867 

.05153 

19.4051 

.711607 

.999421 

.712083 

.287917 

8 

.00 


58 

.05175 

.99866 

.05182 

19.2959 

,713952 

.999418 

.714534 

.285466 

2 



59 

.05205 

.99864 

.05212 

19.1879 

.716383 

.999411 

.716972 

.283028 

1 


1.00 

60 

.06234 

.99863 

.05841 

19.0811 

8.718800 

9.999404 

8.719396 

11.280604 

0 

.00 

1 


Cob 

Sin 

Cot 

Tan 

Ct>8 

Sin 

Cot 

Tan 

9 

1 

J 

1 

Natural Values 

II Common Logarithms 

1 

1 


1-59 


87 


















3® MATHEMATICAL AND PHYSICAL TABLES 


1 

s 

1 Natural Valuaa 

Common Logarithms 

1 

1 

1 

1 

Sin 

Cos 

Tan 

Cot 

Sin 

Cos 

Tan 

Cot 

1 

1 

.(K> 

0 

.00884 

.99868 

.00241 

19.0811 

8,718800 

9.999404 

8.719896 

11.880604 

00 

1.00 


1 

.05263 

.99861 

.05270 

18.9755 

.721204 

.999398 

.721806 

.278194 

59 



2 

.05292 

.99860 

.05299 

18.8711 

.723595 

.999391 

.724204 

.275796 

58 


.OS 

8 

.00881 

.99868 

.00328 

18.7678 

.725972 

.999384 

.726688 

.273412 

67 

.90 


4 

.05350 

.99857 

.05357 

18.6656 

.728337 

.999378 

.728959 

.271041 

56 



5 

.05379 

.99855 

.05387 

18.5645 

.730688 

.999371 

.731317 

.268683 

55 


.10 

6 

.00408 

.99804 

.05416 

18.4640 

.783027 

.999364 

.733663 

.266337 

64 

.90 


7 

.05437 

.99852 

.05445 

18.3655 

.735354 

.999357 

.735996 

.264004 

53 



8 

.05466 

.99851 

.05474 

18.2677 

.737667 

.999350 

.738317 

.261683 

52 


.15 

9 

.00490 

.99849 

.00008 

18.1708 

.789969 

.999348 

.740626 

.269374 

61 

.80 


10 

.05524 

.99847 

.05533 

18.0750 

.742259 

.999336 

.742922 

.257078 

50 



11 

.05553 

.99846 

05562 

17.9802 

.744536 

.999329 

.745207 

.254793 

49 


.SO 

IS 

.00088 

.99844 

.06091 

17.8863 

.746802 

.999322 

.747470 

.202021 

48 

.80 


13 

.05611 

.99842 

.05620 

17.7934 

.749055 

.999315 

.749740 

. 250260 

47 



14 

.05640 

.99841 

.05649 

17.7015 

.751297 

.999308 

.751989 

.248011 

46 


.SO 

16 

.00660 

.99889 

.00678 

17.6106 

.708028 

.999301 

.764227 

.246773 

46 

.75 


16 

.05698 

.99838 

.05708 

17.5205 

.755747 

.999294 

.756453 

.243547 

44 



17 

.05727 

.99836 

.05737 

17.4314 

.757955 

.999287 

.758668 

.241332 

43 


.to 

18 

.08706 

.99834 

.00766 

17.3432 

.760151 

.999279 

.760872 

.239128 

42 

.70 


19 

.05785 

.99833 

.05795 

17.2558 

.762337 

.999272 

.763065 

.236935 

41 



20 

.05814 

.99831 

.05824 

17.1693 

.764511 

.999265 

.765246 

.234754 

40 


.SO 

SI 

.00844 

.99889 

.00804 

17.0837 

.766670 

.999257 

.767417 

.232683 

39 

.66 


22 

.05873 

.99827 

.05883 

16.9990 

. 768828 

.999250 

.769578 

.230422 

38 


23 

.05902 

.99826 

.05912 

16.9150 

.770970 

.999242 

.771727 

.228273 

37 


.40 

84 

.00981 

.99884 

.00941 

16.8819 

.778101 

.999236 

.773866 

.226134 

86 

.60 


25 

.05960 

.99822 

.05970 

16.7496 

.775223 

.999227 

.775995 

.224005 

35 


26 

.05989 

.99821 

.05999 

16.6681 

.777333 

.999220 

.778114 

.221886 

34 


.40 

S7 

.06018 

.90819 

.06029 

16.0874 

.779434 

.999212 

.780222 

.219778 

83 

.60 


28 

.06047 

.99817 

.06058 

16.5075 

.781524 

.999205 

.782320 

.217680 

32 


29 

.06076 

.99815 

. 06087 

16.4283 

.783605 

.99919/ 

.784408 

.215592 

31 


.00 

80 

.06100 

.99813 

.06116 

16.8499 

.786670 

.999189 

.786486 

.213614 

30 

.00 


31 

.06134 

.99812 

.06145 

16.2722 

.787736 

.999181 

.788554 

.211446 

29 



32 

.06163 

.99810 

.06175 

16.1952 

.789787 

.999174 

.790613 

.209387 

28 


.00 

83 

.06198 

.90808 

.06204 

16.1190 

.791828 

.999166 

.792662 

.207338 

27 

.46 


34 

.06221 

.99806 

.06233 

16.0435 

.793859 

.999158 

.794701 

.205299 

26 



35 

.06250 

.99804 

.06262 

15.9687 

.795881 

.999150 

.796731 

.203269 

25 


.60 

86 

.06879 

.99808 

.06291 

10.8945 

.797894 

.999142 

.798702 

.201248 

24 

.40 


37 

.06308 

.99801 

.06321 

15.8211 

.799897 

.999134 

.800763 

.199237 

23 


38 

.06337 

.99799 

.06350 

15.7483 

.801892 

.999126 

.802765 

. 197235 

22 


.65 

89 

.06366 

.99797 

.06379 

10.6762 

.808876 

.999118 

.804758 

.196242 

21 

.86 


40 

. 06395 

.99795 

.06408 

15.6048 

. 805852 

.999110 

.806742 

. 193258 

20 


41 

.06424 

.99793 

.06437 

15.5340 

.807819 

.999102 

.808717 

.191283 

19 


.70 

48 

.06468 

.99792 

.06467 

10.4638 

.809777 

.999094 

.810683 

.189317 

18 

.80 


43 

.06482 

.99790 

.06496 

15.3943 

.811726 

.999086 

.812641 

.187359 

17 


44 

.06511 

.99788 

.06525 

15.3254 

.813667 

.999077 

.814589 

.18541 I 

16 


.76 

45 

.06040 

.99786 

.06654 

10.2071 

.815699 

.999069 

.816629 

.183471 

16 

.25 


46 

.06369 

.99784 

.06584 

15.1893 

.817522 

.999061 

.818461 

. 181539 

14 


47 

.06598 

.99782 

.06613 

15.1222 

.819436 

.999053 

.820384 

.179616 

13 


.80 

48 

.06687 

.99780 

.06642 

15.0057 

.821343 

.999044 

.822298 

. 17r/02 

12 

.20 


49 

.06656 

.99778 

.06671 

14.9898' 

.823240 

.999036 

.824205 

.175795 

11 



50 

. 06685 

.99776 

.06700 

14.9244 

.825130 

.999027 

.826103 

.173897 

10 


.80 

61 

.06714 

.99774 

.06730 

14.8696 

.827011 

.999019 

.827992 

.172008 

9 

.16 


52 

.06743 

.99772 

.06759 

14.7954 

.828884 

.999010 

.829874 

. 170126 

8 



53 

.06773 

.99770 

.06788 

14.7317 

.830749 

.999002 

.831748 

.168252 

7 


.90 

64 

.06808 

.99768 

.06817 

14.6680 

.832607 

.998993 

.833613 

.166387 

6 

.10 


55 

.06831 

.99766 

.06847 

14.6059 

.834456 

.998984 

.835471 

.164529 

5 



56 

.06860 

.99764 

.06876 

14.5438 

.836297 

.998976 

.837321 

.162679 

4 


.96 

67 

.06889 

.99762 

.06905 

14.4823 

.888180 

.998967 

.839163 

. 160837 

8 

.00 


58 

.06918 

.99760 

.06934 

14.4212 

.839956 

.998958 

.840998 

.159002 

2 



59 

.06947 

.99758 

.06963 

14.3607 

j .841774 

.998950 

.842825 

.157175 

1 


1.00 

60 

.06976 

.99706 

.06998 

14.3007 

8.843080 

9.998941 

8.844644 

11.106366 

0 

.00 





Cot 

Tan 

Cos 

Sin 

Cot 

Tan 

1 

1 

1 

1 

Natural Values | 

Common Logarithms 

1 

1 


1-60 


86 





























4° VALUES AND LOGARITHMS OP TRIGONOMETRIC FUNCTIONS 


1 

1 

Natond Values 

1 Common Lofarithms 

5 

1 

1 

1 

Sin 

Cos 

Tan 


Sin 

Cos 

Tan 

Cot 

1 

1 

.00 

0 

.06976 

.99766 

.06993 

14.3007 

8.843585 

0.098941 

8.844644 

11.155856 

60 

1.00 

1 

.07005 

.99754 

.07022 

14.2411 

.845387 

.998932 

.846455 

.153545 

59 



2 

.07034 

.99752 

.07051 

14.1821 

.847183 

.998923 , 

.848260 

.151740 

58 


.05 

8 

.07068 

.99750 

.07080 

14.1336 

.848971 

.098914 

.850087 

.149943 

57 

.95 


4 

.07092 

.99748 

.07110 

14.0655 

.850751 

.998905 

.851846 

.148154 

56 



5 

.07121 

.99746 

.07139 

14.0079 

.852525 

.998896 

.853628 

.146372 

55 


.10 

6 

.07160 

. 997U 

.07168 

18.9507 

.854291 

.008887 

.855408 

.144597 

54 

.90 


7 

.07179 

.99742 

.07197 

13.8940 

.856049 

.998878 

.857171 

.142829 

53 



8 

.07208 

.99740 

.07227 

13.8378 

.857801 

.998869 

.858932 

.141068 

52 


.16 

9 

.07287 

.99738 

.07256 

13.7821 

.859546 

.998860 

.860686 

.189814 

51 

.85 


10 

.07266 

.99736 

.07285 

13.7267 

.861283 

.998851 

.862433 

.137567 

50 



11 

.07295 

.99734 

.07314 

13.6719 

.863014 

.998841 

.864173 

.135827 

49 


.20 

12 

.07324 

.99781 

.07344 

18.6174 

.864738 

.998838 

.865906 

.134094 

48 

.80 

13 

.07353 

.99729 

.07373 

13.5634 

.866455 

.998823 

.867632 

.132368 

47 



14 

.07382 

.99727 

.07402 

13.5098 

.868165 

.998813 

.869351 

.130649 

46 


.20 

16 

.07411 

.99726 

.07431 

18.4566 

.869868 

.998804 

.871064 

.128986 

48 

.76 

16 

.07440 

.99723 

.07461 

13.4039 

.871565 

.998795 

.872770 

.127230 

44 



17 

.07469 

.99721 

.07490 

13.3515 

.873255 

.998785 

.874469 

,125531 

43 


.80 

18 

.07498 

.99719 

.07519 

18.2996 

.874938 

.998776 

.876162 

.128838 

42 

.70 

19 

.07527 

.99716 

.07548 

13.2480 

.876615 

.998766 

.877849 

.122151 

41 



20 

.07556 

.99714 

.07578 

13.1969 

.878285 

.998757 

.879529 

.120471 

40 


.35 

21 

.07686 

.99712 

.07607 

18.1461 

.879949 

.998747 

.881802 

.118798 

89 

.65 


22 

.07614 

.99710 

.07636 

13.0958 

.881607 

.998738 

.882869 

.117131 

38 



23 

.07643 

.99708 

.07665 

13.0458 

.883258 

.998728 

.884530 

.115470 

37 


.40 

24 

.07672 

.99706 

.07695 

12.9962 

.884903 

.998718 

.886185 

.118815 

36 

.60 


25 

.07701 

.99703 

.07724 

12.9469 

.886542 

.998708 

.887833 

.112167 

35 



26 

.07730 

.99701 

.07753 

12.8981 

.888174 

.998699 

.889476 

.110524 

34 


.45 

27 

.07769 

.99699 

.07782 

12.8496 

.889801 

.998689 

.891112 

.108888 

83 

.50 


28 

.07788 

.99696 

.07812 

12.8014 

.891421 

.998679 

.892742 

.107258 

32 



29 

.07817 

.99694 

.07841 

12.7536 

.893035 

.998669 

.894366 

.105634 

31 


.00 

80 

.07846 

.99692 

.07870 

12.7062 

.894643 

.998659 

.895984 

.104016 

SO 

.50 


31 

.07875 

.99689 

.07899 

12.6591 

.896246 

.998649 

.897596 

.102404 

29 



32 

.07904 

.99687 

.07929 

12.6124 

.897842 

.998639 

.899203 

.100797 

28 


.55 

88 

.07933 

.99686 

.07958 

12.5660 

.899432 

.998629 

.900803 

.099197 

27 

.46 


34 

.07962 

.99683 

.07987 

12.5199 

.901017 

.998619 

.902398 

.097602 

26 



35 

.07991 

.99680 

.08017 

12.4742 

.902596 

.998609 

.903987 

.096013 

25 


.60 

36 

.08020 

.99678 

.08046 

12.4288 

.904169 

.998599 

.905570 

.094430 

24 

.40 


37 

.08049 

.99676 

.08075 

12.3838 

.905736 

.998589 

.907147 

.092853 

23 



38 

.08078 

.99673 

.08104 

12.3390 

.907297 

.998578 

.908719 

.091281 

22 


.65 

39 

.08107 

.99671 

.08134 

12.2946 

.908853 

.998568 

.910885 

.089715 

21 

.85 


40 

.08136 

.99668 

.08163 

12.2505 

.910404 

.998558 

.911846 

.088154 

20 



41 

.08165 

.99666 

.08192 

12.2067 

,911949 

.998548 

.91340! 

.086599 

19 


.70 

42 

.08194 

.99664 

.08221 

12.1632 

.913488 

.998537 

.914951 

.085049 

18 

] .80 


43 

.08223 

.99661 

.08251 

12.1201 

.915022 

.998527 

.916495 

.083505 

17 



44 

.08252 

.99659 

.08280 

12.0772 

.916550 

.998516 

.918034 

.081966 

16 


.76 

40 

.08281 

1 .99657 

.08309 

12.0346 

.918073 

.998506 

.919568 

.080432 

15 

.25 


46 

.08310 

.99654 

.08339 

11.9923 

.919591 

.998495 

.921096 

.078904 

14 



47 

.08339 

.99652 

.08368 

11.9504 

.921103 

.998485 

.922619 

.077381 

13 


.80 

48 

.08368 

.99649 

.08397 

11.9087 

.922610 

.998474 

.984136 

.075864 

12 

.20 


49 

.08397 

.99647 

.08427 

11.8673 

.924112 

.998464 

.925649 

.074351 

11 



50 

.08426 

.99644 

.08456 

11.8262 

.925609 

.998453 

.927156 

.072844 

10 


.85 

51 

.08465 

.99648 

.08485 

11.7863 

.927100 

.998442 

.928658 

.071342 

9 

.15 


52 

.08484 

.99639 

.08514 

11.7448 

.928587 

.998431 

.930155 

.069845 

8 


i 

53 

.08513 

.99637 

.08544 

11.7045 

.930068 

.998421 

.931647 

.068353 

7 


.90 

64 

.08542 

.99636 

.08573 

11.6645 

.931544 

.998410 

.933184 

.066866 

6 

.10 


55 

.08571 

.99632 

.08602 

11.6248 

.933015 

.998399 

.934616 

.065384 

5 



56 

.08600 

.99630 

.08632 

11.5853 

.934481 

.998388 

.936093 

.063907 

4 


.95 

67 

.08629 

.99627 

.08661 

11.5461 

.935942 

.998877 

.987566 

.062485 

8 

.05 


58 

.08658 

.99625 

.08690 

11.5072 

.937398 

.998366 

.939032 

.060968 

2 



59 

.08687 

.99622 

.08720 

11.4685 

.938850 

.998355 

.940494 

.059506 

1 


1.00 

60 

.08716 

.99619 

.08749 

11.4301 

8.940896 

9.998844 

8.941052 

11.068048 

0 

.00 

1 

1 

Cos 

Sin 

Cot 

Tan 

Cos 

Sin 

Cot 

Tan 1 

1 

1 


SI 

1 

Natural Values 

Common Logarithms 

i 

1 


1-61 


85 ' 

















6® MATHEMATICAL AND PHYSICAL TABLES 


Decimals 

Minutes 

Natural Valuea 

1 Common Logarithma 


Decimals 

Sin 



Cot 

Sin 

Cos 

Tan 


.00 

0 

.08716 

.99619 

.08749 

11.4301 

8.940296 

9.998344 

8.941952 

11.068048 

60 

1.00 


I 

. 08745 

.99617 

.08778 

11.3919 

.941738 

.998333 

.943404 

.056596 

59 



2 

.08774 

.99614 

.08807 

11.3540 

.943174 

.998322 

.944852 

.055148 

58 


.05 

8 

.06808 

.99613 

.08837 

11.8163 

.944606 

.998311 

.946296 

.063705 

67 

.96 


4 

.08831 

.99609 

.08866 

11.2789 

.946034 

.998300 

.947734 

.052266 

56 



5 

.08860 

.99607 

.08895 

11.2417 

.947456 

.998289 

.949168 

.050832 

55 


.10 

6 

.08889 

.99604 

.08925 

11.2048 

.948874 

.998277 

.960597 

.049403 

54 

.90 


7 

.08918 

.99602 

.08954 

11.1681 

.950287 

.998266 

.952021 

.047979 

53 



8 

.08947 

.99599 

.08983 

11.1316 

.951696 

.998255 

.953441 

.046559 

52 


.10 

9 

.08976 

.99596 

.09013 

11.0954 

.963100 

.998243 

.964866 

.045144 

51 

.86 


10 

.09005 

.99594 

.09042 

11.0594 

.954499 

.998232 

.956267 

.043733 

50 



II 

.09034 

.99591 

.09071 

11.0237 

.955894 

.998220 

.957674 

.042326 

49 


.00 

13 

.09063 

.99588 

.09101 

10.9882 

.957284 

.998209 

.959075 

.040926 

48 

.80 


13 

. 09092 

.99586 

.09130 

10.9529 

.958670 

.998197 

.960473 

.039527 

47 



14 

.09121 

.99583 

.09159 

10.9178 

.960052 

.998186 

.961866 

.038134 

46 


.35 

15 

.09160 

.99580 

.09189 

10.8829 

.961429 

.998174 

.963265 

.036745 

46 

.76 


16 

.09179 

.99578 

.09218 

10.8483 

.962801 

.998163 

.964639 

.035361 

44 



17 

.09208 

.99575 

.09247 

10.8139 

.964170 

.998151 

.966019 

.033981 

43 


.80 

18 

.09337 

.99572 

.09277 

10.7797 

.966634 

.998139 

.967394 

.032606 

42 

.70 


19 

. 09266 

.99570 

.09306 

10.7457 

.966893 

.998128 

.968766 

.031234 

41 



20 

.09295 

.99567 

.09335 

10.7119 

.968249 

.998116 

.970133 

.029867 

40 


.85 

21 

.09324 

.99564 

.09365 

10.6783 

.969600 

.998104 

.971496 

.028604 

39 

.65 


22 

. 09353 

.99562 

.09394 

10.6450 

.970947 

.998092 

.972855 

.027145 

38 



23 

.09382 

.99559 

.09423 

10.6118 

.972289 

.998080 

.974209 

.025791 

37 


.40 

34 

.09411 

.99666 

.09463 

10.6789 

.973628 

.998068 

.976660 

.024440 

36 

.60 


23 

.09440 

.99553 

.09482 

10.5462 

.974962 

.998056 

.976906 

.023094 

35 



26 

. 09469 

.99551 

.09511 

10.5136 

.976293 

.998044 

.978248 

.021752 

34 


.45 

37 

.09498 

.99648 

.09641 

10.4813 

.977619 

.998032 

.979686 

.020414 

33 

.66 


28 

.09527 

.99545 

.09570 

10.4491 

.978941 

.998020 

.980921 

.019079 

32 



29 

.09556 

.99542 

.09600 

10.4172 

.980259 

.998008 

.982251 

.017749 

31 


.50 

80 

.09585 

.99640 

.09629 

10.3864 

.981573 

.997996 

.983577 

.016423 

30 

.60 


31 

.09614 

.99537 

.09658 

10.3538 

.982883 

.997984 

.984899 

.015101 

29 



32 

.09642 

.99534 

.09688 

10.3224 

.984189 

.997972 

.986217 

.013783 

28 


.55 

83 

.09671 

.99531 

.09717 

10.2913 

.986491 

.997969 

.987632 

.012468 

27 

.45 


34 

.09700 

.99528 

.09746 

10.2602 

.986789 

.997947 

.988842 

.011158 

26 



35 

.09729 

.99526 

.09776 

10.2294 

.988083 

.997935 

.990149 

.009831 

25 


.60 

36 

.09758 

.99523 

.09305 

10.1988 

.989374 

.997922 

.991451 

.008549 

24 

.40 


37 

.09787 

.99520 

.09834 

10.1683 

.990660 

.997910 

.992750 

.007250 

23 



38 

.09816 

.99517 

.09864 

10.1381 

.991943 

.997897 

.994045 

.005955 

22 


.65 

39 

.09846 

.99514 

.09893 

10.1080 

.993222 

.997886 

.996337 

.004663 

21 

.36 


40 

.09874 

.99511 

.09923 

10.0780 

.994497 

.997872 

.996624 

I .003376 

20 



41 

.09903 

.99508 

.09952 

10.0483 

.995768 

.997860 

.997908 

.002092 

19 


.70 

43 

.09932 

.99506 

.09981 

10.0187 

.997036 

.997847 

.999188 

.000812 

18 

.30 


43 

.09961 

.99503 

. 10011 

9.98931 

.998299 

.997835 

9.000465 

10.999535 

17 



44 

. 09990 

.99500 

. 10040 

9.96007 

.999560 

.997822 

.001738 

.998262 

16 


.75 

46 

. 10019 

.99497 

.10069 

9.93101 

9.000816 

.997803 

.003007 

.996993 

15 

.M 


46 

. 10048 

.99494 

. 10099 

9.90211 

.002069 

.997797 

.004272 

.995728 

14 



1 47 

.10077 

.99491 

. I0I28 

9.87338 

.003318 

.997784 

.005534 

.994466 

13 


.80 

48 

.10106 

.99488 

.10168 

9.84482 

.004663 

.997771 

.006792 

.993208 

12 

.20 


49 

. 10135 

.99485 

.10187 

9.81641 

.005805 

.997758 

.008047 

.991953 

II 



50 

.10164 

.99482 

. 10216 

9.78817 

.007044 

.997745 

.009298 

.990702 

10 


.80 

61 

. 10192 

.99479 

.10246 

9.76009 

.008278 

.997732 

.010646 

.989464 

9 

.16 


52 

.10221 

.99476 

. 10275 

9.73217 

.009510 

.997719 

.011790 

.988210 

8 



53 

.10250 

.99473 

. 10305 

9.70441 

.010737 

.997706 

.013031 

.986969 

7 


.90 

54 

.10279 

.99470 

.10334 

9.67680 

.011962 

.997693 

.014268 

.985732 

6 

.10 


55 

.10308 

.99467 

.10363 

9.64935 

.013182 

.997680 

.015502 

.984498 

5 



56 

.10337 

.99464 

. 10393 

9.62205 

.014400 

.997667 

.016732 

.983268 

4 


.95 

57 

.10366 

.99461 

.10422 

9.69490 

.015613 

.997664 

.017969 

.982041 

3 

.06 


58 

.10395 

.99458 

. 10452 

9.56791 

.016824 

.997641 

.019183 

.980817 

2 



59 

.10424 

.99455 

. 10481 

9.54106 

,018031 

,997628 

.020403 

.979597 

1 


1.00 

60 

.10463 

.99452 

.10610 

9.51436 

9.019235 

9.997614 

9.021620 

10.978380 

0 

.00 

1 

s 

Cob 

Sin 

Cot 

Tan 

Cos 

Sin 

Cot 

Tan 

1 

1 

1 

I 

1 Natural Values 

1 Common Logarithms 

a 

9 . 

1 


1-62 


84 - 














er VALUES AND LOGARITHMS OF TRIGONOMETRIC FUNCTIONS 


Decimals 

Minutes | 

Natural Values 

Common Logarithms 

Minutes 

Decimals 

Sin 

Cos 

Tan 

Cot 

Sin 

Cos 

Tan 

Cot 

.00 

0 

.10403 

.99452 

.10810 

9.51436 

9.019235 

9.997614 

9.081690 

10.978880 

60 

1.00 


1 

.10482 

.99449 

.10540 

9.48781 

.020435 

.997601 

.022834 

.977166 

59 



2 

. I05II 

.99446 

.10569 

9.46141 

.021632 

.997588 

.024044 

.975956 

58 


.00 

8 

.10040 

.99443 

.10599 

9.43515 

.022825 

.997574 

.080851 

.974749 

07 

.90 


A 

.10569 

.99440 

.10628 

9.40904 

.024016 

.997561 

.026455 

.973545 

56 



5 

.10597 

.99437 

.10657 

9.38307 

.025203 

.997547 

.027655 

.972345 

55 


.10 

6 

.10626 

.99434 

.10687 

9.85724 

.026386 

.997534 

.028808 

.971148 

04 

.90 


7 

. 10655 

.99431 

.10716 

9.33155 

.027567 

.997520 

.030046 

.969954 

53 



8 

. 10684 

.99428 

.10746 

9.30599 

.028744 

.997507 

.031237 

.968763 

52 


.10 

9 

.10718 

.99424 

.10775 

9.28058 

.029918 

.997493 

.038486 

.967075 

01 

.80 


iO 

. 10742 

.99421 

.10805 

9.25530 

.031089 

.997480 

.033609 

.966391 

50 



II 

.10771 

.99418 

.10834 

9.23016 

.032257 

.997466 

.034791 

.965209 

49 


.20 

12 

.10800 

.99416 

.10863 

9.20616 

.033421 

.997462 

.030969 

.964031 

48 

.80 


13 

. 10829 

.99412 

.10893 

9. 18028 

.034582 

.997439 

.037144 

.962856 

47 



M 

.10858 

.99409 

.10922 

9.15554 

.035741 

.997425 

.038316 

.961684 

46 


.20 

10 

.10887 

.99406 

.10962 

9.13093 

.036896 

.997411 

.039485 

.960510 

45 

.70 


16 

. 10916 

.99402 

.10981 

9.10646 

.038048 

.997397 

.040651 

.959349 

44 



17 

. 10945 

.99399 

.non 

9.08211 

.039197 

.997383 

.041813 

.958187 

43 


.80 

18 

.10973 

.99896 

.11040 

9.05789 

.040342 

.997369 

.042973 

.907027 

42 

.70 


19 

.11002 

.99393 

.11070 

9.03379 

.041485 

.997355 

.044130 

.955870 

41 



20 

.11031 

.99390 

.11099 

9.00983 

.042625 

.997341 

.045284 

.954716 

40 


.80 

21 

.11060 

.99386 

.11128 

8.98598 

.043762 

.997327 

.046434 

.908566 

39 

.60 


22 

.11089 

.99383 

.11158 

8.96227 

.044895 

.997313 

.047582 

.952418 

38 



23 

.11118 

.99380 

.11187 

8.93867 

.046026 

.997299 

.048727 

.951273 

37 


.40 

24 

.11147 

.99377 

.11217 

8.91520 

.047164 

.997285 

.049869 

.900181 

88 

.60 


25 

.11176 

.99374 

.11246 

8.89185 

.048279 

.997271 

.051008 

.948992 

35 



26 

.11205 

.99370 

.11276 

8.86862 

.049400 

.997257 

.052144 

.947856 

34 


.40 

27 

.11234 

.99367 

.11305 

8.84551 

.050619 

.997242 

.063877 

.946723 

88 

.00 


28 

.11263 

.99364 

.11335 

8.82252 

.051635 

.997228 

.054407 

.945593 

32 



29 

.11291 

.99360 

.11364 

8.79964 

.052749 

.997214 

.055535 

.944465 

31 


.00 

30 

.11320 

.99857 

.11894 

8.77689 

.053859 

.997199 

.006659 

.943341 

SO 

.00 


31 

.11349 

.99354 

.11423 

8.75425 

.054966 

.997185 

.057781 

.942219 

29 



32 

.11378 

.99351 

.11452 

8.73172 

.056071 

.997170 

.058900 

.941100 

28 


.05 

83 

.11407 

.99347 

.11482 

8.70931 

.057172 

.997166 

.060016 

.939984 

27 

.40 


34 

.11436 

.99344 

.11511 

8.68701 

.058271 

.997141 

.061130 

.938870 

26 



35 

.11465 

.99341 

.11541 

8.66482 

.059367 

.997127 

.062240 

.937760 

25 


.60 

86 

.11494 

.99337 

.11570 

8.64275 

.060460 

.997112 

.063348 

.986662 

81 

.40 


37 

.11523 

.99334 

.11600 

8.62078 

.061551 

.997098 

.064453 

.935547 

23 



38 

.11552 

.99331 

.11629 

8.59893 

.062639 

.997083 

.065556 

.934444 

22 


.65 

39 

.11580 

.99327 

.11659 

8.67718 

.063724 

.997068 

.066656 

.938845 

81 

.80 


40 

.11609 

.99324 

.11688 

8.55555 

.064806 

.997053 

.067752 

.932248 

20 



41 

.11638 

.99320 

.11718 

8.53402 

.065885 

.997039 

.068846 

.931154 

19 


.70 

42 

.11667 

.99317 

.11747 

8.61269 

.066962 

.997024 

.069938 

.930062 

IS 

.80 


43 

.11696 

.99314 

.11777 

8.49128 

.068036 

.997009 

.071027 

.928973 

17 



44 

.11725 

.99310 

.11806 

8.47007 

.069107 

.996994 

.072113 

.927887 

16 


.75 

40 

.11754 

.99307 

.11836 

8.44896 

.070176 

.996979 

.073197 

.926803 

15 

.80 


46 

.11783 

.99303 

.11865 

8.42795 

.071242 

.996964 

.074278 

.925722 

14 



47 

.11812 

.99300 

.11895 

8.40705 

.072306 

.996949 

.075356 

.924644 

13 


.80 

48 

.11840 

.99297 

.11924 

8.38626 

.073366 

.996934 

.076432 

.923568 

18 

.80 


49 

.11869 

.99293 

.11954 

8,36555 

.074424 

.996919 

.077505 

.922495 

11 



50 

.11898 

.99290 

.11983 

8.34496 

.075480 

.996904 

.078576 

.921424 

10 


.80 

01 

.11927 

.99286 

.12013 

8.32446 

.076533 

.996889 

.079644 

.980306 

9 

.10 


52 

.11956 

.99283 

.12042 

8.3U406 

.077583 

.996874 

.080710 

.919290 

8 



53 

.11985 

.99279 

. 12072 

8.28376 

.078631 

.996858 

.081773 

.918227 

7 


.90 

04 

. 12014 

.99276 

.12101 

8.26356 

.079676 

.996848 

.082833 

.917167 

6 

.10 


55 

.12043 

.99272 

.12131 

8.24345 

.080719 

.996828 

.083891 

.916109 

5 



56 

.12071 

.99269 

. 12160 

8.22344 

.081759 

.996812 

.084947 

.915053 

4 


.90 

57 

.12100 

.99265 

.12190 

8.20362 

.082797 

.996797 

.086000 

.914000 

8 

.06 


58 

.12129 

.99262 

. 12219 

8.18370 

.083832 

.996782 

.087050 

.912950 

2 



59 

.12158 

.99258 

. 12249 

8.16398 

.084864 

.996766 

.088098 

.911902 

1 


1.00 

60 

. 121871 

.99265 

.12278 

8.14436 

9.085894 

9.996761 

9.089144 

10.910806 

0 

.00 

JS 

n 

1 

Cos 

Sin 

Cot 

Tan 

Cos 

Sin 

Cot 

Tan 

1 

1 


1 

Natural Values 

1 Common Logarithms 

i 

1 


1-63 


83 ' 








7® MATHEMATICAL AND PHYSICAL TABLES 


I 

1 

Natural Values 

Common Logarithms 

1 

1 

1 

1 

Sin 

Cos 

Tan 

Cot 

Sin 

Cos 

Tan 

Cot 

1 

1 

.00 

0 

.18187 

.99806 

.18878 

8.14486 

9.085894 

9.996701 

9.089144 

10.910806 

60 

1.00 


1 

.12216 

.99251 

.12308 

8.12481 

.086922 

.996735 

.090187 

.909813 

59 



2 

.12245 

.99248 

.12338 

8.10536 

.087947 

.996720 

.091228 

.908772 

58 


.00 

8 

.1S874 

.99844 

.12867 

8.08600 

.088970 

.996704 

.092866 

.907784 

67 

.96 


4 

.12302 

.99240 

.12397 

8.06674 

.089990 

.996688 

.093302 

.906698 

56 



5 

.12331 

.99237 

.12426 

8.04756 

.091008 

.996673 

.094336 

.905664 

55 


.10 

6 

.18860 

.99888 

.18406 

8.02848 

.092024 

.996607 

.090867 

.904633 

04 

.90 


7 

.12389 

.99230 

.12485 

8.00948 

.093037 

.996641 

.096395 

.903605 

53 



8 

.12418 

.99226 

.12515 

7.99058 

.094047 

.996625 

.097422 

.902578 

52 


.10 

9 

.1SU7 

.99882 

.18044 

7.97176 

.096056 

.996610 

.098446 

.901504 

01 

.80 


10 

.12476 

.99219 

.12574 

7.95302 

.096062 

.996594 

.099468 

.900532 

50 



11 

.12504 

.99215 

.12603 

7.93438 

.097065 

.996578 

. 100487 

.899513 

49 


.so 

IS 

.18688 

.99811 

.12638 

7.91082 

.098066 

.996662 

.101004 

.898496 

48 

.80 


13 

.12562 

.99208 

.12662 

7.89734 

.099065 

.996546 

. 102519 

.897481 

47 



14 

.12591 

.99204 

.12692 

7.87895 

.100062 

.996530 

. 103532 

.896468 

46 


.so 

10 

.12620 

.99200 

.12722 

7.86064 

.101066 

.996614 

.104642 

.895458 

46 

.76 


16 

.12649 

.99197 

.12751 

7.84242 

.102048 

.996498 

. 105550 

.894450 

44 



17 

.12678 

.99193 

. 12781 

7.82428 

.103037 

.996482 

. 106556 

.893444 

43 


.80 

18 

.18706 

.99189 

.12810 

7.80622 

.104026 

.996466 

.107069 

.892441 

42 

.70 


19 

.12735 

.99186 

. 12840 

7.78825 

. I050I0 

.996449 

. 108560 

.891440 

41 



20 

. 12764 

.99182 

. 12869 

7.77035 

.105992 

.996433 

. 109559 

.890441 

40 


.80 

SI 

.18793 

.99178 

.12899 

7.70204 

.106973 

.996417 

.110666 

.889444 

39 

.66 


22 

. 12822 

.99175 

. 12929 

7.73480 

.107951 

.996400 

.111551 

.888449 

38 



23 

.12851 

.99171 

. 12958 

7,71715 

.108927 

.996384 

.112543 

.887457 

37 


.40 

24 

.12880 

.99167 

.12988 

7.69967 

.109901 

.996368 

.113633 

.886467 

36 

.60 


25 

. 12908 

.99163 

. 13017 

7.68208 

.110873 

.996351 

.114521 

.885479 

35 



26 

.12937 

.99160 

. 13047 

7. 66466 

.111842 

.996335 

.115507 

.884493 

34 


AO 

27 

.18966 

.99106 

.13076 

7.64732 

.112809 

.996318 

.116491 

.883609 

33 

.00 


28 

. 12995 

.99152 

. 13106 

7. 63005 

. 113774 

.996302 

.117472 

.882528 

32 



29 

. 13024 

.99148 

. 13136 

7.61287 

.114737 

.996285 

.118452 

.881548 

31 


.00 

80 

.18008 

.99144 

.13160 

7.09670 

.110698 

.996269 

.119429 

.880571 

39 

.00 


31 

. 13081 

.99141 

. 13195 

7.57872 

.116656 

.996252 

.120404 

.879596 

29 



32 

.13110 

.99137 

. 13224 

7.56176 

.117613 

.996235 

.121377 

.878623 

28 


.00 

88 

.18189 

.99183 

.13804 

7.04487 

. 118567 

.996219 

.122348 

.877602 

27 

.40 


34 

. 13168 

.99129 

. 13284 

7.52806 

.119519 

.996202 

.123317 

.876683 

26 



35 

. 13197 

,99125 

. 13313 

7.51132 

. 120469 

.996185 

.124284 

.875716 

25 


.60 

86 

.18886 

.99188 

.13843 

7.49460 

.181417 

.996168 

,126249 

.874761 

24 

.40 


37 

. 13254 

.99118 

. 13372 

7.47806 

.122362 

.996151 

. 126211 

.873789 

23 



38 

. 13283 

.99114 

. 13402 

7.46154 

.123306 

.996134 

.127172 

.872828 

22 


.60 

89 

.18318 

.99110 

.13482 

7.44009 

.184848 

.996117 

.128130 

.871870 

21 

.35 


40 

. 13341 

.99106 

. I346I 

7.42871 

.125187 

.996100 

.129087 

.870913 

20 



411 

. 13370 

.99102 

, 13491 

7 41240 

.126125 

.996083 

.130041 

.869959 

19 


.70 

42 

.13399 

.99098 

.13021 

7.89616 

.187060 

.996066 

.180994 

.869006 

18 

.80 


4^ 

.13427 

.99094 

. 13550 

7.37999 

.127993 

.996049 

.131944 

.868056 

17 



44 

. 13456 

.99091 

. 13580 

7.36389 

.128925 

.996032 

.132893 

.867107 

16 


.70 

45 

.13480 

.99087 

.13609 

7.84786 

.189864 

.996016 

.133889 

.866161 

10 

.20 


46 

. 13514 

.99083 

. 13639 

7.33190 

.130781 

.995998 

.134784 

.865216 

14 



47 

. 13543 

.99079 

. 13669 

7.31600 

.131706 

.995980 

.135726 

.864274 

13 


AO 

48 

.18678 

.99076 

.13698 

7.80018 

.138680 

.996963 

.186667 

.863333 

12 

.20 


49 

. 13600 

.99071 

. 13728 

7,28442 

.133551 

.995946 

.137605 

.862395 

11 



50 

.13629 

.99067 

.13758 

7.26873 

.134470 

.995928 

.138542 

.861458 

10 


.80 

01 

.18608 

.99068 

.13787 

7.80810 

.130387 

.996911 

.139476 

.860024 

9 

.10 


52 

.13687 

.99059 

.13817 

7.23754 

.136303 

.995894 

.140409 

.859591 

8 



53 

.13716 

.99055 

.13846 

7.22204 

. 137216 

.995876 

.141340 

.858660 

7 


.80 

64 

.18744 

.99061 

.18876 

7.80661 

.138188 

.990869 

.148269 

.867781 

6 

.10 


55 

.13773 

.99047 

. 13906 

7.19125 

.139037 

.995841 

.143196 

.856804 

5 



56 

.13802 

.99043 

. 13935 

7.17594 

.139944 

.995823 

.144121 

.855879 

4 


.80 

07 

.18681 

.99089 

.13966 

7.16071 

.140860 

.990806 

.140044 

.804956 

8 

.00 


58 

.13860 

.99035 

.13995 

7.14553 

.141754 

.995788 

.145966 

.854034 

2 



59 

. 13889 

.99031 

. 14024 

7.13042 

.142655 

.995771 

.146885 

.853115 

1 


1.00 

60 

.18917 

.99087 

.14004 

7.11037 

9.143000 

9.990708 

9.147803 

10.808197 

0 

.00 

1 

1 

Cos 

Sin 

Cot 

Tan 

Cos 

Sin 

Cot 

Tan 

1 

1 

i 

1 

Natural Values | 

Common Logarithms 

1 

J 


1-64 
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8° VALTTES AND LOGARITHMS OF TRIGONOMETRIC FUNCTIONS 


1 

1 

II Natural Values 

Common Logarithms 

1 

1 

1 

1 

Sin 

Coe 

Tan 

Cot 

Sin 

Cos 

Tan 

Cot 

1 

1 

.00 

0 

.18917 

.99087 

.14064 

7.11637 

9.143666 

9.998763 

9.147808 

10.862197 

80 

1.00 

1 

.13946 

.99023 

.14084 

7.10038 

.144453 

.995735 

.148718 

.851282 

59 



2 

.13975 

.99019 

.14113 

7.08546 

.145349 

.995717 

.149632 

.850368 

58 


.00 

8 

.14004 

.99016 

.14143 

7.07069 

.146843 

.996899 

.160644 

.849468 

67 

.98 


4 

.14033 

.99011 

.14173 

7.05579 

.147136 

.995681 

.151454 

.848546 

56 



5 

.14061 

.99006 

.14202 

7.04105 

.148026 

.995664 

.152363 

.847637 

55 


.10 

6 

.14090 

.99008 

.14832 

7.08687 

.148916 

.998646 

.168269 

.846781 

54 

.90 

7 

.14119 

.98998 

.14262 

7.01174 

.149802 

.995628 

.154174 

.845826 

53 



8 

.14148 

.98994 

.14291 

6.99718 

.150686 

.995610 

.155077 

.844923 

52 


.16 

0 

.14177 

.98990 

.14821 

6.98268 

.161669 

.996691 

.168978 

.844022 

61 

.86 

10 

.14205 

.98986 

.14351 

6.96823 

.152451 

.995573 

.156877 

.843123 

50 



II 

.14234 

.98982 

.14381 

6.95385 

.153330 

.995555 

.157775 

.842225 

49 


.00 

18 

.14868 

.98978 

.14410 

6.93968 

.184808 

.998637 

.188671 

.841829 

48 

.80 


13 

.14292 

.98973 

.14440 

6.92525 

.155083 

.995519 

.159565 

.840435 

17 



14 

.14320 

.98969 

. 14470 

6.91104 

.155957 

.995501 

.160457 

.839543 

46 


.26 

16 

.14849 

.98966 

.14499 

6.89388 

.166830 

.996482 

.161847 

.888668 

46 

.75 

16 

.14378 

.98961 

. 14529 

6.88278 

.157700 

.995464 

.162236 

.837764 

44 



17 

.14407 

.98957 

.14559 

6.86874 

.158569 

.995446 

.163123 

.836877 

43 


.30 

18 

.14486 

.98963 

.14688 

6.86476 

.169486 

.996427 

.164008 

.886992 

42 

.70 

19 

.14464 

.98948 

.14618 

6.84082 

.160301 

.995409 

. 164892 

.835108 

41 



20 

.14493 

.98944 

.14648 

6.82694 

.161164 

.995390 

.16^774 

.834226 

40 


.36 

81 

.14022 

.98940 

.14678 

{6.81318 

.162026 

.996872 

.166664 

.888846 

89 

.86 

22 

.14551 

.98936 

. 14707 

6.79936 

.162885 

.995353 

.167532 

.832468 

38 



23 

.14580 

.98931 

.14737 

6.78564 

.163743 

.995334 

.168409 

.831591 

37 


.40 

84 

.14608 

.98987 

.14767 

6.77199 

.164600 

.996816 

.169284 

.880716 

86 

.60 

25 

.14637 

.98923 

.14796 

6.75838 

.165454 

.995297 

. 170157 

.829843 

35 



26 

.14666 

.98919 

.14826 

6.74483 

.166307 

.995278 

.171029 

.828971 

34 


.46 

87 

.14690 

.98914 

.14866 

6.73188 

.167169 

.996260 

.171899 

.828101 

88 

.66 

28 

,14723 

.98910 

.14886 

6.71789 

.168008 

.995241 

.172767 

.827233 

32 



29 

.14752 

.98906 

. 14915 

6.70450 

. 168856 

.995222 

.173634 

.826366 

31 


.60 

80 

.14781 

.98908 

.14946 

6.69116 

.169702 

.996208 

.17U99 

.826601 

80 

.60 

31 

.14810 

,98897 

. 14975 

6.67787 

.170547 

.995184 

. 175362 

.824638 

29 



32 

.14838 

.98893 

.15005 

6.66463 

.171389 

.995165 

.176224 

.823776 

28 


.66 

83 

.14867 

.98889 

.15034 

6.66144 

.172830 

.996146 

.177084 

.822916 

27 

.46 

34 

.14896 

.98884 

. 15064 

6.63831 

.173070 

.995127 

.177942 

.822058 

26 



35 

.14925 

.98880 

. 15094 

6.62523 

.173908 

.995108 

.178799 

.821201 

25 


.60 

36 

.14904 

.98876 

.16124 

6.61219 

.174744 

.996089 

.179666 

.820846 

24 

.40 

37 

.14982 

.98871 

.15153 

6.59921 

.175578 

.995070 

.180508 

.819492 

23 



38 

.15011 

.98867 

.15183 

6.58627 

.176411 

.995051 

.181360 

.818640 

22 


.65 

89 

.10040 

.98863 

.15218 

6.67339 

.177242 

.996088 

.182211 

.817789 

21 

.86 

40 

.15069 

.98858 

.15243 

6.56055 

.178072 

.995013 

.183059 

.816941 

20 



41 

.15097 

.98854 

.15272 

6.54777 

.178900 

.994993 

.183907 

.816093 

19 


.70 

48 

.16186 

.98849 

.16802 

6.63603 

.179726 

.994974 

.184762 

.816248 

18 

.80 

43 

.15155 

.98845 

.15332 

6.52234 

.180551 

.994955 

.185597 

.814403 

17 



44 

.15184 

.98841 

.15362 

6.50970 

.181374 

.994935 

.186439 

.813561 

16 



40 

.16812 

.98836 

.16391 

6.49710 

.182196 

.994916 

.187280 

.812720 

16 

.26 

46 

,I524I 

.98832 

.15421 

6.48456 

. 183016 

.994896 

.188120 

.811880 

14 



47 

. 15270 

.98827 

.15451 

6.47206 

.183834 

.994877 

.188958 

.811042 

13 


.80 

48 

.16299 

.98828 

.16481 

6.46961 

.184661 

.994867 

.189794 

.810206 

12 

.20 

49 

.15327 

.98818 

.15511 

6.44720 

.185466 

.994838 

.190629 

.809371 

II 



50 

.15356 

.98814 

.15540 

6.43484 

.186280 

.994818 

.191462 

.808538 

10 


.86 

61 

.16386 

.98809 

.16670 

6.42268 

.187098 

.994798 

.192294 

.807706 

9 

.16 

52 

.15414 

.98805 

.15600 

6.41026 

.187903 

.994779 

.193124 

.806876 

8 



53 

.15442 

.98800 

.15630 

6.39804 

.188712 

.994759 

.193953 

.806047 

7 


.00 

64 

.16471 

.98796 

.16660 

6.88687 

.189619 

.994789 

.194780 

.806220 

6 

.10 

55 

.15500 

.98791 

.15689 

6.37374 

.190325 

.994720 

.195606 

804394 

5 



56 

.15529 

.98787 

.15719 

6.36165 

.191130 

.994700 

.196430 

.803570 

4 


.96 

67 

.16667 

.98788 

.16749 

6.84961 

.191988 

.994680 

.197268 

.802747 

8 

.06 


58 

.15586 

.98778 

.15779 

6.33761 

.192734 

.994660 

.198074 

.801926 

2 



59 

. 15615 

.98773 

. 15809 

6.32566 

.193534 

.994640 

. 198894 

.801106 

1 


1.00 

60 

.16643 

.98789 

.16838 

6.81876 

9.194832 

9.994620 

9.199713 

10.800287 

0 

.00 

1 

1 

Cos 

Siu 

Cot 

Tan 

Cos 

Sin 

Cot 

Tan 

J 

1 

1 

1 

Natural Values 

1 Common Logarithms | 

1 

1 
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9® MATHEMATICAL AND PHYSICAL TABLES 


1 


Natural Values || 

Common Logarithms | 

1 

1 

1 

.1 

s 

Sin 

Cob 

Tan 

Cot 

Sin 

Cob 

Tan 

Cot 


1 

.00 

0 

.16648 

.98769 

.15838 

6.31375 

9.194332 

9.994620 

9.199713 

10.300287 

60 

1.00 


1 

.15672 

.98764 

.15868 

6.30189 

.195129 

.994600 

.200529 

.799471 

59 



2 

.15701 

.98760 

.15898 

8.29007 

.195925 

.994580 

.201345 

.798655 

58 


.05 

8 

.18730 

.98755 

.15928 

6.27829 

.196719 

.994560 

.202159 

.797841 

87 

.90 


4 

.15758 

.98751 

.15958 

6.26655 

.197511 

.994540 

.202971 

.797029 

56 



5 

.15787 

.98746 

.15988 

6.25486 

.198302 

.994519 

.203782 

.796218 

55 


.10 

6 

.15816 

.98741 

.16017 

6.24321 

.199091 

.994499 

.204592 

.795408 

54 

.90 


7 

.15845 

.98737 

. 16047 

6.23160 

.199879 

.994479 

.205400 

.794600 

53 



8 

.15873 

.98732 

.16077 

6.22003 

.200666 

.994459 

.206207 

.793793 

52 


.15 

9 

.16902 

.98728 

.16107 

6.20851 

.201451 

.994438 

.207013 

.792987 

51 

.85 


10 

.15931 

.98723 

.16137 

6.19703 

.202234 

.994418 

.207817 

.792183 

50 



II 

. 15959 

.98718 

.16167 

6.18559 

.203017 

.994398 

.208619 

.791381 

49 


.20 

12 

.15988 

.98714 

.16196 

6.17419 

.203797 

.994377 

.209420 

.790580 

48 

.80 


13 

. 16017 

.98709 

.16226 

6.16283 

.204577 

.994357 

.210220 

.789780 

47 



14 

.16046 

.98704 

.16256 

6.15151 

.205354 

.994336 

.211018 

.788982 

46 


.25 

15 

.16074 

.98700 

.16286 

6.14023 

.206131 

.994816 

.211815 

.788185 

45 

.78 


16 

. 16103 

.98695 

.16316 

6.12899 

.206906 

.994295 

.212611 

.787389 

44 



17 

. 16132 

.98690 

.16346 

6.11779 

.207679 

.994274 

.213405 

.786595 

43 


.80 

18 

. 16160 

.98686 

.16376 

6.10664 

.208452 

.994254 

.214198 

.785802 

42 

.70 


19 

. 16189 

.98681 

. 16405 

6.09552 

.209222 

.994233 

.214989 

.785011 

41 



20 

.16218 

.98676 

.16435 

6.08444 

.209992 

.994212 

.215780 

.784220 

40 


.85 

21 

.16246 

.98671 

.16465 

6.07340 

.210760 

.994191 

.216568 

.783432 

39 

.86 


22 

.16275 

.98667 

.16495 

6.06240 

.211526 

.994171 

.217356 

.782644 

38 



23 

. 16304 

.98662 

.16525 

6.05143 

.212291 

.994150 

.218142 

.781858 

37 


.40 

24 

.16338 

.98687 

.16555 

6.04051 

.213055 

.994129 

.218926 

.781074 

36 

.60 


25 

.16361 

.98652 

.16585 

6,02962 

.213818 

.994108 

.219710 

.780290 

35 



26 

.16390 

.98648 

.16615 

6.01878 

.214579 

.994087 

.220492 

.779508 

34 


.45 

27 

.16419 

.98643 

.16646 

6.00797 

.215338 

.994066 

.221272 

.778728 

33 

.06 


28 

.16447 

.98638 

.16674 

5.99720 

.216097 

.994045 

.222052 

.777948 

32 



29 

.16476 

.98633 

.16704 

5.98646 

.216854 

.994024 

.222630 

.777170 

31 


.50 

30 

.16505 

.98629 

.16734 

5.97576 

.217609 

.994003 

.223607 

.776393 

30 

.60 


31 

.16533 

.98624 

.16764 

5.96510 

.218363 

.993982 

.224382 

.775618 

29 



32 

.16562 

.98619 

.16794 

5.95448 

.219116 

.993960 

.225156 

.774844 

28 


.55 

38 

.16691 

.98614 

.16824 

6.94390 

.219868 

.993939 

.225929 

.774071 

27 

.46 


34 

.16620 

.98609 

.16854 

5.93335 

.220618 

.993918 

.226700 

.773300 

26 



35 

.16648 

.98604 

.16884 

5.92283 

.221367 

.993897 

.227471 

.772529 

25 


.00 

86 

.16677 

.98600 

.16914 

5.91236 

.222116 

.993876 

.228239 

.771761 

24 

.40 


37 

.16706 

.98595 

.16944 

5.90191 

.222861 

.993854 

.229007 

.770993 

23 



38 

.16734 

.98590 

,16974 

5.89151 

.223606 

.993832 

.229773 

.770227 

22 


.65 

89 

.16763 

.98586 

.17004 

5.88114 

.224349 

.993811 

.230539 

.769461 

21 

.30 


40 

.16792 

.98580 

.17033 

5.87080 

.225092 

.993789 

.231302 

.768698 

20 



41 

.16820 

.98575 

.17063 

5.86051 

.225833 

.993768 

.232065 

.767935 

19 


.70 

42 

.16849 

.98570 

,17093 

5.85024 

.226673 

.993746 

.232826 

.767174 

18 

.30 


43 

.16878 

.98565 

.17123 

5.84001 

.227311 

.993725 

.233586 

.766414 

17 



44 

.16906 

.98561 

.17153 

5.82982 

.228048 

.993703 

.234345 

.765655 

16 


.75 

45 

.16935 

.98506 

.17183 

5.81966 

.228784 

.998681 

.235108 

.764897 

15 

.20 


46 

.16964 

.98551 

.17213 

5.80953 

.229518 

.993660 

.235859 

.764141 

1 >4 



47 

.16992 

.98546 

.17243 

5.79944 

.230252 

.993638 

.236614 

.763386 

13 


.80 

48 

.17021 

.98041 

.17273 

5.78938 

.230984 

.993616 

.237368 

.762632 

12 

.20 


49 

.17050 

.98536 

.17303 

5.77936 

.231715 

.993594 

.238120 

.761880 

11 



50 

.17078 

.98531 

.17333 

5.76937 

-.232444 

.993572 

.238872 

.761128 

10 


.85 

61 

.17107 

.98526 

.17363 

5.75941 

.233172 

.993550 

.239622 

.760378 

9 

.18 


52 

.17136 

.98521 

.17393 

5.74949 

.233899 

.993528 

.240371 

.759629 

8 



53 

.17164 

.98516 

.17423 

5.73960 

.234625 

.993506 

.241118 

.758882 

7 


.90 

54 

.17193 

.98511 

.17463 

5.72974 

.236349 

.993484 

.241865 

.768136 

6 

.10 


55 

.17222 

.98506 

.17483 

5.71992 

.236073 

.993462 

.242610 

.757390 

5 



56 

.17250 

.98501 

.17513 

5.71013 

.236795 

.993440 

.243354 

.756646 

4 


.96 

67 

.17279 

.98496 

.17043 

5.70037 

.237616 

.993418 

.244097 

.765903 

8 

.08 


58 

.17308 

.98491 

.17573 

5.69064 

.238235 

.993396 

.244839 

.755(61 

2 



59 

.17336 

.98486 

.17603 

5.68094 

.238953 

.993374 

.245579 

.754421 

1 


1.00 

60 

.17366 

.98481 

.17633 

5.67128 

9.289670 

9.993351 

9.246319 

10.763681 

0 

.00 

n 

1 

Cob 

Sin 

Cot 

Tan 

Cob 

Sin 

Cot 

Tan 


1 

m 

1 

II Natural Values 

I Common Logarithms 

J 

s 

1 


1-66 


80 









lo"" VALUES AND LOGARITHMS OF TRIGONOMETRIC FUNCTIONS 


1 

1 

Natural Values | 

1 Common Logarithms 


1 


1 




Cot 

HB 

Cos 

Tan 

Cot 

1 

1 

.00 

0 

.17360 

.98481 

.17633 

0.67128 

9.239670 

9.993301 

9.246319 

10.708681 

60 

1.00 


1 

.17393 

.98476 

.17663 

5.66165 

.240386 

.993329 

.247057 

.752943 

59 



2 

.17422 

.98471 

.17693 

5.65205 

.241101 

.993307 

.247794 

.752206 

58 


.00 

8 

.17461 

.98466 

.17723 

0.64248 

.241814 

.993284 

.248030 

.701470 

07 

.95 


4 

.17479 

.98461 

.17753 

5.63295 

.242526 

.993262 

.249264 

.750736 

56 



5 

.17508 

.98455 

.17783 

5.62344 

.243237 

.993240 

.249998 

.750002 

55 


.10 

6 

.17637 

.98400 

.17813 

6.61397 

.243947 

.993217 

.200780 

.749270 

04 

90 


7 

.17565 

.98445 

.17843 

5.60452 

.244656 

.993195 

.251461 

.748539 

53 



8 

.17594 

.98440 

.17873 

5.59511 

.245363 

.993172 

.252191 

.747809 

52 


.10 

9 

.17623 

.98436 

.17903 

0.08073 

.246069 

.993149 

.202920 

.747080 

01 

.85 


10 

.17651 

.98430 

.17933 

5.57638 

.246775 

.993127 

.253648 

.746352 

50 



]l 

.17680 

.98425 

.17963 

5.56706 

.247478 

.993104 

.254374 

.745626 

49 


.30 

12 

.17708 

.98420 

.17993 

6.60777 

.248181 

.993081 

.200100 

.744900 

48 

.80 


13 

. 17737 

.98414 

.18023 

5.54851 

.248883 

.993059 

.255824 

.744176 

47 



14 

.17766 

.98409 

.18053 

5.53927 

.249583 

.993036 

.256547 

.743453 

46 


.80 

10 

.17794 

.98404 

.18083 

0.03007 

.250282 

.993013 

.207269 

.742731 

40 

.75 


16 

.17823 

.98399 

.18113 

5.52090 

.250980 

.992990 

.257990 

.742010 

44 



17 

.17852 

.98394 

. 18143 

5.51176 

.251677 

.992967 

.258710 

.741290 

43 


.80 

18 

. 17880 

.98389 

.18173 

0.60264 

.262373 

.992944 

.209429 

.740071 

42 

.70 


19 

.17909 

.98383 

.18203 

5.49356 

.253067 

.992921 

.260146 

.739854 

41 



20 

.17937 

.98378 

.18233 

5.48451 

.253761 

.992898 

.260863 

.739137 

40 


.30 

31 

.17966 

.98373 

.18263 

0.47548 

.254453 

.992876 

.261078 

.738422 

89 

.65 


22 

.17995 

.98368 

.18293 

5.46648 

.255144 

.992852 

.262292 

.737708 

38 



23 

.18023 

.98362 

.18323 

5.45751 

.255834 

.992829 

.263005 

.736995 

37 


.40 

24 

.18062 

.98357 

.18353 

6.44867 

.256523 

.992806 

.263717 

.736283 

36 

.60 


25 

.18081 

.98352 

.18384 

5.43966 

.257211 

.992783 

.264428 

.735572 

35 



26 

.18109 

.98347 

.18414 

5.43077 

.257898 

.992759 

.265138 

.734862 

34 


.40 

27 

.18138 

.98341 

.18444 

0.42192 

.258083 

.992736 

.260847 

.734103 

83 

.05 


28 

.18166 

.98336 

.18474 

5.41309 

.259268 

.992713 

.266555 

.733445 

32 



29 

.18195 

.98331 

.18504 

5.40429 

.259951 

.992690 

.267261 

.732739 

31 


.00 

30 

.18224 

.98320 

.18034 

0.39652 

.260633 

.992666 

.267967 

.732033 

80 

.00 


31 

.18252 

.98320 

.18564 

5.38677 

.261314 

.992643 

.268671 

.731329 

29 



32 

.18281 

.98315 

.18594 

5.37805 

.261994 

.992619 

.269375 

.730625 

28 


.06 

83 

.18309 

.98310 

.18624 

6.36936 

.262673 

.992596 

.270077 

.729928 

27 

.46 


34 

,18338 

.98304 

.18654 

5.36070 

,263351 

.992572 

.270779 

.729221 

26 



35 

.18367 

.98299 

.18684 

5.35206 

.264027 

.992549 

.271479 

.728521 

25 


.60 

36 

.18395 

.98294 

.18714 

0.34345 

.264703 

.992525 

.272178 

.727822 

24 

.40 


37 

.18424 

.98288 

.18745 

5.33487 

.265377 

.992501 

.272876 

.727124 

23 



38 

.18452 

.98283 

.18775 

5,32631 

.266051 

.992478 

.273573 

.726427 

22 


.65 

39 

.18481 

.98277 

.18805 

5.31778 

.266723 

.992454 

.274869 

.725781 

21 

.35 


40 

.18509 

.98272 

.18835 

5.30928 

.267395 

.992430 

.274964 

.725036 

20 



41 

.18538 

.98267 

.18865 

5.30080 

.268065 

.992406 

.275658 

.724342 

19 


.70 

42 

. 18567 

.98261 

.18895 

6.29235 

.268734 

.992382 

.276351 

.723649 

18 

.80 


43 

.18595 

.98256 

.18925 

5.28393 

.269402 

.992359 

.277043 

.722957 

17 



44 

.18624 

.98250 

.18955 

5.27553 

.270069 

.992335 

.277734 

.722266 

16 


.70 

45 

.18662 

.98245 

.18986 

0.26716 

.270730 

.992311 

.278424 

.721576 

10 

.20 


46 

. 18681 

.98240 

.19016 

5.25880 

.271400 

.992287 

.279113 

.720887 

14 



47 

.18710 

.98234 

.19046 

5.25048 

. 272064 

j .992263 

.279801 

.720199 

13 


.80 

48 

.18738 

.98229 

.19076 

0.24218 

.272726 

1 .992239 

.280488 

.719012 

12 

.20 


49 

.18767 

.98223 

.19106 

5.23391 

.273388 

.992214 

.281174 

.718826 

11 



50 

. 18795 

.98218 

.19136 

5.22566 

. 274049 

.992190 

.281856 

.718142 

10 


.85 

61 

.18824 

.98212 

.19166 

6.21744 

.274708 

.992166 

.282542 

.717408 

9 

.15 


52 

.18852 

.98207 

.19197 

5.20925 

.275367 

.992142 

.283225 

.716775 

8 



53 

. 18881 

.98201 

.19227 

5.20107 

.276025 

.992118 

.283907 

.716093 

7 


.90 

04 

.18910 

.98196 

.19267 

0.19293 

.276681 

.992093 

.284588 

.715412 

6 

.10 


55 

. »«V38 

.98190 

. 19287 

5.18480 

.277337 

.992069 

.285268 

.714732 

5 



56 

. 18967 

.98185 

.19317 

5.17671 

.277991 

.992044 

.285947 

.714053 

4 


.90 

07 

.18990 

.98179 

.19347 

6.16863 

.278645 

.992020 

.286624 

.713876 

8 

.00 


58 

.19024 

.98174 

.19378 

5.16058 

.279297 

.991996 

.287301 

.712699 

2 



59 

.19052 

.98168 

.19408 

5.15256 

.279948 

.991971 

.287977 

.712023 

1 


i.00 

60 

.19081 

.98163 

.19438 

6.14466 

9.280099 

9.991947 

9.288602 

10.711348 

0 

.00 

1 

J 

Cos 

Sin 

Cot 

Tan 

Cos 

Sin 

Cot 

Tan 

H 


1 

Mini] 

1 Natural Values 

Common Logarithms | 

m 



1-^7 


79 ' 




















11 


MAlOTiMATICAL AND PHYSICAL TABLES 


1 

1 

Natural ValiMt | 

Common Logarithms 

m 

1 

1 

1 

Sin 

Cob 

Tan 

Cot 

Sin 

Cos 

Tan 

Cot 

s 

1 

.00 

0 

.10081 

.98168 

.19488 

0.14400 

9.280099 

9.991947 

9.388602 

10.711848 

60 

1.00 


1 

.19109 

.98157 

.19468 

5.13658 

.281248 

.991922 

.289326 

.710674 

59 



2 

.19138 

.98152 

.19498 

5.12862 

.261897 

.991897 

.289999 

.710001 

58 


.00 

8 

.10167 

.98146 

.19089 

0.18069 

.882044 

.991873 

.290671 

.709329 

07 

.90 


4 

.19195 

.98140 

.19559 

5.11279 

.283190 

.991848 

.291342 

.708658 

56 



S 

.19224 

.98135 

.19589 

5.10490 

.283836 

.991823 

.292013 

.707987 

55 


.10 

6 

.19202 

.98129 

.19619 

0.09704 

.284480 

.991799 

.292688 

.707818 

04 

.90 


7 

.19281 

.98124 

.19649 

5.08921 

.285124 

.991774 

.293350 

.706650 

53 



8 


.98118 


5.08139 

.285766 

.991749 

.294017 

.705983 

52 


.15 

0 

.19838 

.98110 

.19710 

0.07360 

.286408 

.991724 

.294684 

.700816 

51 

.85 


10 

.19366 

.98107 

.19740 

5.06584 

.287048 

.991699 

.295349 

.704651 

50 



11 

. 19395 

.98101 

.19770 

5.05809 

.287688 

.991674 

.296013 

.703987 

49 


.00 


.19408 

.98096 

.19801 

0.00087 

.888386 

.991649 

.296677 

.703828 

48 

.80 


R 

.19452 

.98090 

.19831 


.288964 

.991624 

. 297339 

.702661 

47 



R 

.19481 

.98084 

.19861 

5.03499 

.289600 

.991599 

.298001 

.701999 

46 


.00 

W 

.19609 

.98079 

.19891 

0.02734 

.290836 

.991074 

.298668 

.701388 

40 

.75 


R 

.19538 

.98073 

.19921 

5.01971 

.290870 

.991549 

. 299322 

.700678 

44 



Ir 

.19566 

.98067 

.19952 

5.01210 

.291504 

.991524 

. 299980 

.700020 

43 


.00 

It 

.19090 

.98061 

.19982 

0.00401 

.292137 

.991498 

.800688 

.699862 

42 

.70 


19 

.19623 

.98056 

.20012 

4.99695 

.292768 

.991473 

.301295 

.698705 

41 



El 

.19652 

.98050 

.20042 

4.98940 

.293399 

.991448 

.301951 

.698049 

40 


AO 

81 

.19680 

.98044 

.20078 

4.98188 

.294029 

.991422 

.302607 

.697398 

89 

.65 


22 

.19709 

.98039 

.20103 

4.97438 

.294658 

.991397 

.303261 

.696739 

38 



23 

.19737 

.98033 

.20133 

4.96690 

.295286 

.991372 

.303914 

.696086 

37 


.40 

04 

.19766 

.98087 

.20164 

4.90940 

.290913 

.991346 

.304067 

.698483 

86 

.60 


25 

. 19794 

.98021 

.20194 

4.95201 

.296539 

.991321 

.305218 

.694782 

35 



26 

.19823 

.98016 

.20224 

4.94460 

.297164 

.991295 

.305869 

.694131 

34 


.45 

07 

.19801 

.98010 

.20804 

4.93721 

.297788 

.991870 

.306019 

.698481 

83 

.05 


20 

.19880 

.98004 

.20285 

4.92984 

.298412 

.991244 

.307168 

.692832 

32 



29 

■Eon 

.97998 

.20315 

4.92249 

.299034 

.991218 

.307816 

.692184 

31 


.00 

80 

.19937 

.97992 

.80340 

4.91016 

.299600 

.991198 

.308463 

.691087 

80 

.00 


31 

.19965 

.97987 

.20376 

4.90785 

.300276 

.991167 

.309109 

.690891 

29 



m 

.19994 

.97981 

.20406 

4.90056 

.300895 

.991141 

.309754 

.690246 

28 


.00 

88 

.00082 

.97978 

.20436 

4.89330 

.801014 

.991110 

.310399 

.689601 

27 

.40 


34 

.20051 

.97969 

.20466 

4.88605 

.302132 

.991090 

.311042 

.688958 

26 



35 


.97963 , 

.20497 

4.87882 

.302748 

.991064 

.311685 

.688315 

25 


00 

86 

.80108 

.97958 

.20027 

4.87162 

.303364 

.991038 

.812327 

.687673 

24 

.40 


37 

.20136 

.97952 

.20557 

4.86444 

.303979 

.991012 

.312968 

.687032 

23 



38 

.20165 

.97946 

.20588 

4.85727 

.304593 

.990986 

.313608 

.686392 

22 


.60 


.00198 

.97940 

.80618 

4.80013 

.300207 

.990960 

.314247 

.680703 

21 

.80 


IQ 

.20222 

.97934 

.20648 

4.84300 

.305819 

.990934 

.314885 

.685115 

20 



Rj 

.20250 

.97928 

.20679 

4.83590 

.306430 

.990908 

.315523 

.684477 

19 


.70 

fvj 

.80079 

.97920 

.20709 

4.82882 

.807041 

.990882 

.316109 

.688841 

18 

.30 


43 

.20307 

.97916 

.20739 

4.82175 

.307650 

.990855 

.316795 

.683205 

17 



44 

. 20336 

.97910 

.20770 

4.81471 

.308259 

.990829 

.317430 

.682570 

16 


70 

40 

.00864 

.97900 

.20800 

4.80769 

.308867 

.990808 

.818064 

.681936 

10 

.25 

1 

46 

. 20393 

.97899 

.20830 

4.80068 

.309474 

.990777 

.318697 

.681303 

14 



47 

.20421 

.97893 

.20861 

4.79370 

.310080 

.990750 

.319330 

.680670 

13 


.80 

48 


.97887 

.20891 

4.78673 

.310680 

.990724 

.819961 

.680039 

12 

.20 


49 

.20478 

.97881 

.20921 

4.77978 

-.311289 

.990697 

.320592 

.679408 

11 



50 

. 20507 

.97875 

.20952 

4.77286 

.311893 

.990671 

.3212221 

.678778 

10 


.80 

01 

.00080 

.97869 

.20988 

4.76090 

.318490 I 

.990640 

.881801 

.678149 

9 

.15 


52 

.20563 

.97863 

.21013 

4.75906 

.313097 

.990618 

.322479 

.677521 

8 



53 

.20592 

.97857 

.21043 

4.75219 

.313698 


.323106 

.676894 

7 


.00 

04 

.80600 

.97801 

.81073 

4.74034 

.814297 

.990060 

.323733 

.676267 

6 

.10 


55 

.20649 

.97845 

.21104 

4.73851 

.314897 

.990538 

.324358 

.675642 

5 



56 

.20677 

.97839 

.21134 

4.73170 

.315495 

.990511 

.324983 

.675017 

4 


.00 

07 

.00706 

.97838 

.21164 

4.72490 

.816098 

.990480 

.320607 

.674393 

8 

.05 


58 

.20734 


.21195 

4.71813 

.316689 

.990458 

.326231 

.673769 

2 



59 

.20763 


.21225 

4.71137 

.317284 

.990431 

.326853 

.673147 

1 


1.00 

60 

.00791 

iSQ 

.21206 

4.70463 

9.317879 

9.990404 

9.327470 

10.672020 

0 

.00 

1 

1 

Cob 

Sin 

Cot 


Cob 

Sin 

Cot 

Tan 

1 

1 



1 Natural Values 

Common Logarithms | 

1 



1-68 


78 ' 



























































12“ VAWJBS AND IjOOABITHMS OF TRIOONOMETBIC FUNCTIONS 


T 

1 

Natural Valuea 

Common Logarithms 

1 

II 

1 

1 

Sin 

Cos 

Tan 

Cot 

Sin 

Cos 

Tan 

Cot 

1 

II 

.00 

0 

.80791 

.97816 

.21266 

4.70463 

9.317879 

9.990404 

8.387476 

10.678888 

60 

1.00 


1 

.20820 

.97809 

.21286 

4.69791 

.318473 

.990378 

.328095 

.671905 

59 



2 

.20848 

.97803 

.21316 

4.69121 

.319066 

.990351 

.328715 

.671285 

58 


.06 

8 

.80877 

.97797 

.81847 

4.68488 

.319668 

.990884 

.389384 

.670686 

67 

.96 


4 

.20905 

.97791 

.21377 

4.67786 

.320249 

.990297 

.329953 

.670047 

56 



5 

.20933 

.97784 

.21408 

4.67121 

.320840 

.990270 

.330570 

.669430 

55 


SO 

6 

.80968 

.97778 

.21438 

4.66468 

.321430 

.990848 

.831187 

.668818 

64 

.90 


7 

.20990 

.97772 

.21469 

4.65797 

.322019 

.990215 

.331803 

.668197 

53 



8 

.21019 

.97766 

.21499 

4.65138 

.322607 

.990188 

.332418 

.667582 

52 


.16 

9 

.81047 

.97760 

.21529 

4.64480 

.383194 

.990161 

.833033 

.666967 

61 

.86 


to 

.21076 

.97754 

.21560 

4.63825 

.323780 

.990134 

.333646 

.666354 

50 



11 

.21104 

.97748 

.21590 

4.63171 

.324366 

.990107 

.334259 

.665741 

49 


.SO 

IS 

.81188 

.97748 

.21681 

4.68618 

.884960 

.990079 

.884871 

.668189 

48 

.80 


13 

.21161 

.97735 

.21651 

4.61868 

.325534 

.990052 

.335482 

.664518 

47 



14 

.21189 

.97729 

.21682 

4.61219 

.326117 

.990025 

.336093 

.663907 

46 


.S6 

16 

.81818 

.97728 

.21718 

4.60678 

.886700 

.989997 

.836708 

.668898 

46 

.76 


16 

.21246 

.97717 

.21743 

4.59927 

.327281 

.989970 

.337311 

.662689 

44 



17 

.21275 

.97711 

.21773 

4.59283 

.327862 

.989942 

.337919 

.662081 

43 


.SO 

18 

.81803 

.97706 

.81804 

4.68641 

.888442 

.989916 

.888687 

.661478 

48 

.70 


19 

.21331 

.97698 

.21834 

4.58001 

.329021 

.989887 

.339133 

.660867 

41 



20 

.21360 

.97692 

.21864 

4.57363 

.329599 

.989860 

.339739 

.660261 

40 


.86 

81 

.21388 

.97686 

.81896 

4.66786 

.880176 

.989888 

.840844 

.669666 

89 

.66 


22 

.21417 

.97680 

.21925 

4.56091 

.330753 

.989804 

.340948 

.659052 

38 



23 

.21445 

.97673 

.21956 

4.55458 

.331329 

.989777 

.341552 

. 658448 

37 


.40 

S4 

.81474 

.97667 

.21986 

4.64886 

.831903 

.989749 

.842186 

.667846 

86 

.60 


23 

.21502 

.97661 

.22017 

4.54196 

.332478 

.989721 

.342757 

.657243 

35 



26 

.21530 

.97655 

.22047 

4.53568 

.333051 

.989693 

.343358 

.656642 

34 


.45 

87 

.81669 

.97648 

.82078 

4.62941 

.888684 

.989666 

.848988 

.666048 

83 

.86 


28 

.21587 

.97642 

.22108 

4.52316 

.334195 

.989637 

.344558 

.655442 

32 



29 

.21616 

.97636 

.22139 

4.51693 

.334767 

.989610 

.345157 

.654843 

31 


.60 

80 

.81644 

.97630 

.22169 

4.61071 

.886337 

.989682 

.346766 

.664845 

80 

.60 


31 

.21672 

.97623 

.22200 

4.50451 

.335906 

.989553 

.346353 

.653647 

29 



32 

.21701 

.97617 

.22231 

4.49832 

.336475 

.989525 

.346949 

.653051 

28 


.66 

33 

.21729 

.97611 

.22261 

4.49816 

.837043 

.989497 

.847646 

.688466 

87 

.46 


34 

.21758 

.97604 

.22292 

4.48600 

.337610 

.989469 

.348141 

.651859 

26 



35 

.21786 

.97598 

. 22322 

4.47986 

.338176 

.989441 

.348735 

.651265 

25 


.60 

36 

.81814 

.97592 

.82368 

4.47374 

.838742 

.989418 

.849829 

.660671 

84 

.40 


37 

.21843 

.97585 

.22383 

4.46764 

.339307 

.989385 

.349922 

.650078 

23 



38 

.21871 

.97579 

.22414 

4.46155 

.339871 

.989356 

.350514 

.649486 

22 


.65 

39 

.21899 

.97573 

.22444 

4.46648 

.840434 

.989888 

.361106 

.648894 

81 

.86 


40 

.21928 

.97566 

.22475 

4.44942 

.340996 

.989300 

.351697 

.648303 

20 



41 

.21956 

.97560 

. 22505 

4.44338 

.341558 

.989271 

.352287 

.647713 

19 


.70 

42 

.21985 

.97563 

.82536 

4.43736 

.842119 

.989843 

.368876 

.647184 

18 

.80 


43 

.22013 

.97547 

. 22567 

4.43134 

.342679 

.989214 

.353465 

.646535 

17 



44 

.22041 

.97541 

. 22597 

4.42534 

.343239 

.989186 

.354053 

.645947 

16 


.75 

45 

.22070 

.97684 

.22628 

4.41936 

.843797 

.989167 

.364640 

.646360 

16 

.86 


46 

.22098 

.97528 

.22658 

4.41340 

.344355 

.989128 

.355227 

.644773 

14 



47 

.22126 

.97521 

.22689 

4.40745 

.344912 

.989100 

.355813 

.644187 

13 


.80 

48 

.82166 

.97516 

.22719 

4.40152 

.346469 

.989071 

.866398 

.648608 

12 

.80 


49 

.22183 

.97508 

.22750 

4.39560 

.346024 

.989042 

.356982 

.643018 

11 



50 

.22212 

.97502 

.22781 

4.38969 

.346579 

.989014 

.357566 

.642434 

10 


.86 

61 

.22840 

.97496 

.22811 

4.38381 

.847134 

.988986 

.868149 

.641881 

9 

.16 


52 

.22268 

.97489 

.22842 

4.37793 

.347687 

.988956 

.358731 

.641269 

8 



53 

.22297 

.97483 

.22872 

4.37207 

.348240 

.988927 

.359313 

.640687 

7 


.90 

84 

.28325 

.97476 

.82903 

4.86623 

.848792 

.988898 

.869898 

.640107 

6 

.10 


55 

.22353 

.97470 

.22934 

4.36040 

.349343 

.988869 

.360474 

.639526 

5 



56 

.22382 

.97463 

.22964 

4.35459 

.349893 

.988840 

.361053 

.638947 

4 


.95 

67 

.28410 

.97457 

.22995 

4.84879 

.860448 

.988811 

.861682 

.688868 

8 

.06 


58 

.22438 

.97450 

.23026 

4.34300 

.350992 

.988782 

.362210 

.637790 

2 



59 

.22467 

.97444 

.23056 

4.33723 

.351540 

.988753 

.362787 

.637213 

1 


1.00 

60 

.82495 

.97487 

.23087 

4.88148 

9.868088 

9.988724 

9.868864 

10.686686 

0 

.00 

1 

J 

Cos 

Sin 

Cot 

Tan 

Cos 

Sin 

Cot 

Tan 

1 

1 

J 

m 

Natural Values 

Common Logarithms 

1 

1 


77“ 


1-69 






















13'" MATHEMATICAL AND PHYSICAL TABLES 


n 


1 Natural Values 

Common Logarithms 

1 

1 

H 

1 

Sin 

Cos 

Tan 

Cot 

Sin 

Cos 

Tan 

Cot 

1 

1 

.00 

0 

.08495 

.97437 

.08087 

4.88148 

9.858088 

0.988704 

9.863864 

10.636686 

60 

1.00 


1 

.22523 

.97430 

.23117 

4.32573 

.352635 

.988695 

.363940 

.636060 

59 



2 

.22552 

.97424 

.23148 

4.32001 

.353181 

. 988666 

.364515 

.635485 

58 


.00 

S 

.00080 

.97417 

.08179 

4.81430 

.853786 

.988636 

.865090 

.634910 

57 

.90 


4 

.22608 

.97411 

.23209 

4.30860 

.354271 

.988607 

.365664 

.634336 

56 



5 

.22637 

.97404 

.23240 

4.30291 

.354815 

.988578 

.366237 

.633763 

55 


.10 

6 

.00660 

.97398 

.83871 

4.89724 

.860358 

.988048 

.866810 

.633190 

54 

.90 


7 

.22693 

.97391 

.23301 

4.29159 

.355901 

.988519 

.367382 

.632618 

53 



8 

.22722 

.97384 

.23332 

4.28595 

.356443 

.988489 

.367953 

.632047 

52 


.10 

9 

.08700 

.97378 

.88363 

4.88032 

.856984 

.988460 

.868024 

.631476 

51 

.80 


10 

.22778 

.97371 

.23393 

4.27471 

.357524 

.988430 

.369094 

.630906 

50 



II 

.22807 

.97365 

.23424 

4.26911 

.358064 

.988401 

.369663 

.630337 

49 


.00 

10 

.08885 

.97358 

.83466 

4.86368 

.368603 

.988371 

.370882 

.689768 

48 

.80 


13 

.22863 

.97351 

.23485 

4.25795 

.359141 

.988342 

.370799 

.629201 

47 



14 

.22892 

.97345 

.23516 

4.25239 

.359678 

.988312 

.371367 

.628633 

46 


.05 

15 

.08980 

.97388 

.83547 

4.24680 

.360815 

.988282 

.871933 

.638067 

45 

.75 


16 

.22948 

.97331 

.23578 

4.24132 

.360752 

.988252 

.372499 

.627501 

44 



17 

.22977 

.97325 

.23608 

4.23580 

.361287 

.988223 

.373064 

.626936 

43 


.SO 

18 

.88005 

.97318 

.83639 

4.23030 

.361822 

.988193 

.378689 

.686371 

42 

.70 


19 

.23033 

.97311 

.23670 

4.22481 

.362356 

.988163 

.374193 

.625807 

41 



20 

.23062 

.97304 

. 23700 

4.21933 

.362889 

.988133 

.374756 

.625244 

40 


.SO 

81 

.08090 

.97898 

.83731 

4.21387 

.368422 

.988103 

.375319 

.624681 

39 

.60 


22 

.23118 

.97291 

.23762 

4.20842 

.363954 

.988073 

.375881 

.624119 

38 



23 

.23146 

.97284 

.23793 

4.20298 

.364485 

.988043 

.376442 

.623558 

37 


.40 

81 

.08170 

.97878 

.88833 

4.19756 

.865016 

.988013 

.377003 

.682997 

36 

.60 


25 

.23203 

.97271 

.23854 

4. 19215 

.365546 

.987983 

.377563 

.622437 

35 


26 

.23231 

.97264 

.23885 

4.18675 

.366075 

.987953 

.378122 

.621878 

34 


.45 

87 

.83860 

.97857 

.83916 

4.18137 

.366604 

.987928 

.878681 

.621319 

33 

.55 


28 

.23288 

.97251 

.23946 

4.17600 

.367131 

.987892 

.379239 

.620761 

32 


29 

.23316 

.97244 

.23977 

4.17064 

.367659 

.987862 

.379797 

.620203 

31 


.00 

30 

.83840 

.97837 

.84008 

4.16530 

.868185 

.987838 

.380354 

.619646 

30 

.50 


31 

.23373 

.97230 

. 24039 

4.15997 

.368711 

.987801 

.380910 

.619090 

29 


32 

.23401 

.97223 

.24069 

4.15465 

.369236 

.987771 

.381466 

.618534 

28 


.05 

33 

.83489 

.97817 

.34100 

4.14934 : 

.369761 

.987740 

.388020 

.617980 

27 

.45 


34 

.23458 

.97210 

.24131 

4.14405 

.370285 

.987710 

.382575 

.617425 

26 



35 

.23486 

.97203 

.24162 

4.13377 

.370808 

.987679 

.383129 

.616871 

25 


.60 

36 

.83014 

.97196 

.84193 

4.13300 

.371330 

.987649 

.383682 

.616318 

24 

.40 


37 

.23542 

.97189 

.24223 

4. 12825 

.371852 

.987618 

.384234 

.615766 

23 


33 

.23571 

,97182 

.24254 

4.12301 

.372373 

.987588 

.384786 

.615214 

22 


.65 

39 

.83099 

.97176 

.34285 

4.11778 

.878894 

.987557 

.385337 

.614663 

21 

.35 


43 

.23627 

.97169 

.24316 

4.11256 

.373414 

.987526 

.385888 

.614112 

20 



41 

.23656 

.97162 

.24347 

4.10736 

.373933 

.987496 

.386438 

.613562 

19 


•70 

48 

.83684 

.97105 

.84377 

4.10216 

.374452 

.987465 

.886987 

.613013 

18 

.30 


43 

.23712 

.97148 

.24408 

4.09699 

.374970 

.987434 

.387536 

.612464 

17 


44 

. 23740 

.97141 

,24439 

4.09182 

.375487 

.987403 

.388084 

.611916 

16 


.75 

45 

.83769 

.97134 

.84470 

4.08666 

.376003 

.987378 

.388631 

.611369 

15 

.25 


46 

.23797 

.97127 

.24501 

4.08152 

.376519 

.987341 

.389178 

.610822 

14 



47 

. 23825 

.97120 

.24532 

4.07639 

.377035 

.987310 

.389724 

.610276 

13 


.80 

48 

.83803 

.97113 

.84663 

4.07187 

.377049 

.987279 

.890870 

.609730 

12 

.80 


49 

.23882 

.97106 

.24593 

4.06616 

.378063 

.987248 

.390815 

. 609185 

11 



50 

.23910 

.97100 

.24624 

4.06107 

-.378577 

.987217 

.391360 

. 608640 

10 


.85 

51 

.83988 

.97093 

.84656 

4.05599 

.379089 

.987186 

.391903 

.608097 

9 

.15 


52 

.23966 

.97086 

.24686 

4.05092 

.379601 

.987155 

.392447 

.607553 

8 



53 

. 23995 

.97079 

.24717 

4.04586 

.380113 

.987124 

.392989 

.607011 

7 


.90 

54 

.84083 

.97078 

.24747 

4.04081 

.380624 

.987092 

.393531 

.606469 

6 

.10 


55 

.24051 

.97065 

.24778 

4.03578 

.381134 

.987061 

.394073 

.605927 

5 



56 

.24079 

.97058 

.24809 

4.03076 

.381643 

.987030 

.394614 

.605386 

4 


.95 

57 

.84108 

.97051 

.24840 

4.02574 

.388153 

.986998 

.395154 

.604846 

3 

.05 


58 

.24136 

.97044 

.24871 

4.02074 

.382661 

.986967 

.395694 

.604306 

2 



59 

.24164 

.97037 

.24902 

4.01576 

.383168 

.986936 

.396233 

.603767 

1 


1.00 

60 

.04198 

.97030 

.24933 

4.01078 

9.383675 

9.986904 

9.896771 

10.603889 

0 

.00 

1 

J 

Cofl 

Sin 






Tan 


T 

J_ 

.1 

Natural Values | 

Common Logarithms 

9 

1 



1-70 


76 

























14'' VALUES AND LOGARITHMS OF TRIGONOMETRIC FUNCTIONS 


1 

1 

Natural Values 

Common Logarithms 


1 

1 

_i 

Sin 

Cos 

Tan 

Cot 

Sin 

Cos 

Tan 

Cot 

1 

is 

.00 

0 

.84198 

.97080 

.84933 

4.01078 

9.883676 

9.986904 

9.896771 

10.608229 

60 

1.00 


1 

.24220 

.97023 

.24964 

4.00582 

.384182 

.986873 

.397309 

.602691 

59 


2 

.24249 

.97015 

.24995 

4.00086 

.384687 

.986841 

.397846 

.602154 

58 


.06 

S 

.84877 

.97008 

.86086 

3.99698 

.880192 

.986809 

.398383 

.601617 

67 

.98 


4 

.24305 

.97001 

.25056 

3.99099 

.385697 

.986778 

.398919 

.601081 

56 



5 

.24333 

.96994 

.25087 

3.98607 

.386201 

.986746 

.399455 

.600545 

55 


.10 

6 

.84868 

.96987 

.80118 

3.98117 

.886704 

.986714 

.899990 

.600010 

64 

.90 


7 

.24390 

.96980 

.25149 

3.97627 

.387207 

.986683 

.400524 

.599476 

53 



8 

.24418 

.96973 

.25180 

3.97139 

.387709 

.986651 

.401058 

.598942 

52 


.16 

9 

.84446 

.96966 

.26211 

3.96661 

.388210 

.986619 

.401691 

.698409 

61 

.86 


10 

.24474 

.96959 

.25242 

3.96165 

.388711 

.986587 

. 402124 

.597876 

50 


If 

.24503 

.96952 

.25273 

3.95680 

.389211 

.986555 

.402656 

.597344 

49 


.80 

18 

.84631 

.96940 

.25304 

3.96196 

.889711 

.986628 

.403187 

.096813 

48 

.80 


13 

.24559 

.96937 

.25335 

3.94713 

.390210 

.986491 

.403718 

.596282 

47 



14 

.24587 

.96930 

.25366 

3.94232 

.390708 

.986459 

.404249 

.595751 

46 


.86 

15 

.24616 

.96923 

.86397 

8.03761 

.891206 

.986427 

.404778 

.090222 

45 

.76 


16 

.24644 

.96916 

.25428 

3.93271 

.391703 

.986395 

.405308 

.594692 

44 



17 

.24672 

.96909 

.25459 

3.92793 

.392199 

.986363 

.405836 

.594164 

43 


.80 

18 

.24700 

.96908 

.25490 

8.98316 

.392696 

.986831 

.406364 

.093686 

42 

.70 


19 

.24728 

.96894 

.25521 

3.91839 

.393191 

.986299 

. 406892 

.593108 

41 



20 

.24756 

.96867 

.25552 

3.91364 

.393685 

.986266 

.407419 

.592581 

40 


.86 

21 

.24784 

.96880 

.20688 

8.90890 

.894179 

.986234 

.407940 

.092060 

89 

.66 


22 

.24813 

.96873 

.25614 

3.90417 

.394673 

.986202 

.408471 

.591529 

38 



23 

.24841 

.96866 

.25645 

3.89945 

.395166 

.986169 

.408996 

.591004 

37 


.40 

24 

.24869 

.96808 

.20676 

3.89474 

.896668 

.986187 

.409021 

.690479 

86 

.60 


25 

.24897 

.96851 

.25707 

3.89004 

.396150 

.986104 

.410045 

.589955 

35 



26 

.24925 

.96844 

.25738 

3.88536 

.396641 

.986072 

.410569 

.589431 

34 


.46 

27 

.24964 

.96837 

.25769 

3.88068 

.397132 

.986039 

.411092 

.688908 

83 

.66 


28 

.24982 

.96829 

.25800 

3.87601 

.397621 

.986007 

.411615 

.588385 

32 



29 

.25010 

.96822 

.25831 

3.87136 

.398111 

.985974 

.412137 

.587863 

31 


.60 

30 

.26038 

.96816 

.26862 

3.86671 

.898600 

.980942 

.412668 

.087342 

80 

.60 

31 

.25066 

.96807 

.25893 

3.86208 

.399088 

.985909 

.413179 

.586821 

29 



32 

.25094 

.96800 

.25924 

3.85745 

.399575 

.985876 

.413699 

.586301 

28 


.66 

33 

.26122 

.96793 

.20966 

3.86284 

.400062 

.980843 

.414219 

.080781 

27 

.46 


34 

.25151 

.96786 

.25986 

3.84824 

.400549 

.985811 

.414738 

.585262 

26 



35 

.25179 

.96778 

.26017 

3.84364 

.401035 

.985778 

.415257 

.584743 

25 


.60 

36 

.26207 

.96771 

.26048 

3.83906 

.401020 

.986746 

.416770 

.684220 

24 

.40 

37 

.25235 

.96764 

.26079 

3.83449 

.402005 

.985712 

.416293 

.583707 

23 



38 

.25263 

.96756 

.26110 

3.82992 

.402489 

.985679 

.416810 

.583190 

22 


.66 

39 

.20291 

.96749 

.26141 

3.82037 

.402972 

.980646 

.417326 

.082674 

21 

.86 


40 

.25320 

.96742 

.26172 

3.82083 

.403455 

.985613 

.417842 

.582158 

20 



41 

.25348 

. 96734 

.26203 

3.81630 

.403938 

. 985580 

.418358 

.581642 

19 


.70 

42 

.25376 

.96727 

.26236 

3.81177 

.404420 

.980047 

.418873 

.081127 

18 

.80 


43 

.25404 

.96719 

.26266 

3.80726 

.404901 

.985514 

.419387 

.580613 

17 



44 

.25432 

.96712 

.26297 

3.80276 

.405382 

.985480 

.419901 

.580099 

16 


.76 

46 

.85460 

.96706 

.26328 

3.79827 

.406862 

.980447 

.420416 

.079686 

16 

.26 

46 

.25488 

.96697 

.26359 

3.79378 

.406341 

.985414 

.420927 

.579073 

14 



47 

.25516 

. 96690 

.26390 

3.78931 

.406820 

.985381 

.421440 

.578560 

13 


.80 

48 

.20646 

.96682 

.26421 

3.78485 

.407299 

.986347 

.421902 

.078048 

12 

.20 

49 

.25573 

.96675 

.26452 

3.78040 

.407777 

.985314 

.422463 

.577537 

11 



50 

.25601 

.96667 . 

. 264*83 

3.77595 

.408254 

.985280 

.422974 

.577026 

10 


.85 

61 

.26629 

.96660 

.26610 

3.77162 

.408731 

.980247 

.423484 

.076016 

9 

.10 


52 

.25657 

.96653 

.26546 

3.76709 

.409207 

.985213 

.423993 

.576007 

8 



53 

.25685 

.96645 

.26577 

3.76268 

.409682 

.985180 

.424503 

.575497 

7 


.90 

54 

.80713 

.96638 

.26608 

3.76828 

.410167 

.980146 

.420011 

.674989 

6 

.10 


55 

.25741 

.96630 

.26639 

3.75388 

.410632 

.985113 

.425519 

.574481 

5 



56 

.25769 

.96623 

.26670 

3.74950 

.411106 

.985079 

.426027 

.573973 

4 


.96 

67 

.20798 

.9661) 

.26701 

3.74612 

.411079 

.986040 

.426034 

.073466 

3 

.06 


58 

.25826 

.96608 

.26733 

3.74075 

.412052 

.985011 

.427041 

.572959 

2 



59 

.25854 

.96600 

.26764 

3.73640 

.412524 

.984978 

.427547 

.572453 

1 


1.00 

60 

.28882 

.96593 

.26796 

8.73200 

9.412996 

9.984944 

9.428062 

10.071948 

0 

.00 

1 


Cos 

Sin 

Cot 

Tan 

Cos 

Sin 

Cot 

Tan 

1 

X 

1 

§ 

is 

Natural Values | 

1 Common Logarithms ^ 

m 

j 


75 " 


1-71 
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MATHEMATICAL AND PHYSICAL TABLES 


•ja 

1 

1 

NAtttTftl Values 

Common Logarithms 

1 

.1 


1 

J 

S 

Sin 

Cos 

Tan 

Cot 

Sin 

Cos 

Tan 

Cot 

1 

J 


.00 

M 


.96098 

.86790 

8.78800 

9.412996 

9.984944 

9.488002 

10.071948 

60 

1.00 

H 

.25910 

.96585 

.26826 

3.72771 

.413467 

.984910 

.428558 

.571442 

59 




V 

.25938 

.96578 

.26857 

3.72338 

.413938 

.984876 

.429062 

.570938 

58 



.00 

9 

.80966 

.96070 

.86888 

8.71907 

.414408 

.984848 

.489066 

.070484 

07 

. 

96 

9 

.25994 

.96562 

.26920 

3.71476 

.414878 

.984808 

.430070 

.569930 

56 




5 

. 26022 

.96555 

.26951 

3.71046 

.415347 

.984774 

.430573 

.569427 

55 



.10 

6 

.86000 

.96047 

.86088 

8.70616 

.410810 

.984740 

.431070 

.068980 

04 

.90 

7 

. 26079 

.96540 

.27013 

3.70188 

.416283 

.984706 

.431577 

.568423 

53 




8 

.26107 

.96532 

. 27044 

3.69761 

.416751 

.984672 

.432079 

.567921 

52 



.10 

9 

.86180 

.96624 

.27076 

8.69380 

.417217 

.984638 

.488080 

.067480 

01 

.85 

10 

.26163 

.96517 

,27107 

3.68909 

.417684 

.984603 

.433080 

.566920 

50 




II 

.26191 

.96509 

.27138 

3.68485 

.418150 

.984569 

.433580 

.566420 

49 



.so 

IS 

.86819 

.96002 

.27169 

8.68061 

.418610 

.984030 

.434080 

.060980 

48 

.80 


13 

.26247 

.96494 

.27201 

3.67638 

.419079 

.984500 

.434579 

.565421 

47 




14 

.26275 

.96486 

.27232 

3.67217 

.419544 

.984466 

.435078 

.564922 

46 



.so 

10 

.86803 

.96479 

.87268 

8.66796 

.420007 

.984432 

.480076 

.064484 

46 

.70 


16 

.26331 

.96471 

.27294 

3.66376 

.420470 

.984397 

.436073 

.563927 

44 




17 

.26359 

.96463 

.27326 

3.65957 

.420933 

.984363 

.436570 

.563430 

43 



.so 

16 

.86887 

.96466 

.27807 

8.60088 

.421890 

.984328 

.487067 

.062933 

48 

.70 


19 

.26415 

.96448 

.27388 

3.65121 

.421857 

.984294 

.437563 

.562437 

41 




20 

.26443 

.96440 

.27419 

3.64705 

.422318 

.984259 

.438059 

.561941 

40 



.80 

SI 

.86471 

.96483 

.87401 

3.64889 

.422778 

.984224 

.488084 

.061446 

89 

.66 


22 

.26500 

.96425 

.27482 

3.63874 

.423238 

.984190 

.439048 

.560952 

38 




23 

.26528 

.96417 

.27513 

3.63461 

.423697 

.984155 

.439543 

.560457 

37 



.40 

94 

.86006 

.96410 

.87040 

8.68048 

.424106 

.984120 

.440086 

.009964 

86 

.60 


25 

.26584 

.96402 

.27576 

3.62636 

.424615 

.984085 

.440529 

.559471 

35 




26 

.26612 

.96394 

.27607 

3.62224 

.425073 

.984050 

.441022 

.558978 

34 



.40 

87 

.86640 

.96886 

.27638 

8.61814 

.420030 

.984010 

.441014 

.068486 

33 

.66 


28 

.26668 

.96379 

.27670 

3.61405 

.425987 

.983981 

.442006 

.557994 

32 




29 

.26696 

.96371 

.27701 

3.60996 

.426443 

.983946 

.442497 

.557503 

31 



.00 

30 

.86724 

.96868 

.87732 

8.60088 

.426899 

.983911 

.442988 

.067012 

30 

.00 


31 

.26752 

.96355 

.27764 

3.60181 

.427354 

.983875 

.443479 

.556521 

29 




32 

.26780 

.96347 

.27795 

3.59775 

.427809 

.983840 

. 443968 

.556032 

28 



.00 

83 

.86808 

.96840 

.87826 

3.09370 

.428263 

.983800 

.444408 

.606642 

27 

.46 


34 

.26836 

.96332 

.27858 

3.58966 

.428717 

.983770 

.444947 

.555053 

26 




35 

.26864 

.96324 

.27889 

3.58562 

.429170 

.983735 

.445435 

.554565 1 

25 



.60 

86 

.86898 

.96316 

.27921 

3.08160 

.429623 

.983700 

.440923 

.064077 

24 

.40 


37 

.26920 

.96308 

.27952 

3.57758 

.430C75 

,983664 

.446411 

.553589 

23 




38 

.26948 

.96301 

.27983 

3.57357 

.430527 

.983629 

.446898 

.553102 

22 



.60 

39 

.86976 

.96298 

.28010 

3.06907 

.430978 

.983094 

.447384 

.008616 

21 

.30 


40 

. 27004 

.96285 

.28046 

3.56557 

.431429 

.983558 

. 447870 

.552130 

20 




41 

.27032 

.96277 

.28077 

3.56159 

.431879 

.983523 

.448356 

.551644 

19 



.70 

42 

.27060 

.96269 

.28109 

8.00761 

.482329 

.983487 

.448841 

.061109 

18 

.80 


43 

. 27088 

.96261 

.28140 

3.55364 

.432778 

.983452 

.449328 

.550674 

17 




44 

.27116 

.96253 

.28172 

3.54968 

.433226 

.983416 

.449810 

I .550190 

16 



.76 

46 

.87144 

.96246 

.28203 

3.04073 

.488670 

.983381 

.450294 

.049706 

15 

.85 


46 

.27172 

.96238 

.28234 

3.54179 

.434122 

.983345 

.450777 

.549223 

14 




47 

. 27200 

.96230 

.28266 

3,53785 

.434569 

.983309 

.451260 

.548740 

13 



.80 

48 

.87288 

.96228 

.28897 

8.88893 

.430016 

.983273 

.401743 

.048207 

12 

.80 


49 

. 27256 

.96214 

.28329 

3.53001 

.435462 

.983238 

.452225 

.547775 

11 




50 

. 27284 

.96206 

.28360 

3.52609 

- .435908 

.983202 

.452706 

.547294 , 

10 



.80 

T 

.87818 

.96198 

.88891 

8.02219 

.436808 

.983166 

.403187 

.646813 

9 

.16 


T 

mSEm 

.96190 

.28423 

3.51829 

.436798 

.983130 

.453668 

.546332 i 

8 




S 

.27368 

.96182 

.28454 

3.51441 

.437242 

.983094 

.454148 

.545852 j 

7 



.80 


.27896 

.96174 

.88486 

3.01008 

.437686 

.988008 

.404628 

.646372 

6 

.10 



.27424 

.96166 

.28517 

3.50666 

.438129 

.983022 

.455107 

.544893 

5 




i 

.27452 

.96158 

.28549 

3.50279 

.438572 

.982986 

.455586 

.544414 

4 



.90 

'M 

.87480 

.96100 

.88080 

3.49894 

.439014 

.988900 

.406064 

.048986 

8 

.06 


£ 


.96142 

.28612 

3.49509 

,439456 

.982914 

.456542 

.543458 

2 




59 

.27536 

.96134 

.28643 

3.49125 

.439897 

.982878 

.457019 

.542981 

I 



1.00 

60 

.87064 

.96126 

.88670 

8.48741 

9.440388 

9.988848 

9.407496 

10.048004 

0 

.00 

1 

s 

Cos 

Sin 

Cot 

Tan 

Cos 

Sin 

Cot 

Tan 

1 

i 


i 

1 

1 Natural Values 

1 Common Logarithms 

1 

J 



1-72 


74 































16° VALTTES AND LOGARITHMS OF TRIGONOMETRIC FUNCTIONS 


1 

1 

Natural Values 

Common Logarithms 

1 

1 

1 

1 

Sin 

Cob 

Tan 

Cot 

Sin 

Cos 

Tan 

Cot 

1 

j 

.00 

0 

.27664 

.96126 

.28676 

3.48741 

9.440338 

9.988848 

9.467496 

10.648804 

60 

1.00 


I 

.27592 

.96118 

.28706 

3.48359 

.440778 

.982805 

.457973 

.542027 

59 



2 

.27620 

.96110 

.28738 

3.47977 

.441218 

.982769 

.458449 

.541551 

58 


.06 

8 

.27648 

.96102 

.28769 

8.47596 

.441668 

.988733 

.458986 

.641076 

87 

.96 


4 

.27676 

.96094 

.28800 

3.47216 

.442096 

.982696 

.459400 

.540600 

56 



5 

.27704 

.96086 

.28832 

3.46837 

.442535 

.982660 

.459875 

.540125 

55 


.10 

6 

.27731 

.96078 

.28864 

8.46468 

.442978 

.982624 

.469349 

.689661 

64 

.90 


7 

.27759 

.96070 

.28895 

3.46080 

.443410 

.982587 

.460823 

.539177 

53 


8 

.27787 

.96062 

.28927 

3.45703 

.443847 

.982551 

.461297 

.538703 

52 


.16 

9 

.27816 

.96064 

.28968 

8.46327 

.444884 

.982614 

.461770 

.688230 

61 

.88 


10 

.27843 

.96046 

.28990 

3.44951 

.444720 

.982477 

.462242 

.537758 

50 



n 

.27871 

.96037 

.29021 

3.44576 

.445155 

.982441 

.462715 

.537285 

49 


.20 

12 

.27899 

.96029 

.29063 

8.44202 

.446690 

.982404 

.463186 

.686814 

48 

.80 


13 

.27927 

.96021 

.29084 

3.43829 

.446025 

.982367 

.463658 

.536342 

47 



14 

.27955 

.96013 

.29116 

3.43456 

.446459 

.982331 

.464128 

.535872 

46 


.26 

16 

.27983 

.96006 

.29147 

3.48084 

.446893 

.982294 

.464699 

.686401 

46 

.78 


16 

.28011 

.95997 

.29179 

3.42713 

.447326 

.982257 

.465069 

.534931 

44 



17 

.28039 

.95989 

.29210 

3.42343 

.447759 

.982220 

.465539 

.534461 

43 


.80 

18 

.28067 

.96981 

.29242 

8.41973 

.448191 

.988188 

.466008 

.688998 

42 

.70 


19 

.28095 

.95972 

. 29274 

3.41604 

.448623 

.982146 

.466477 

.533523 

41 



20 

.28123 

.95964 

. 29305 

3.41236 

.449054 

.982109 

.466945 

.533055 

40 


.36 

21 

.28160 

.96966 

.29337 

3.40869 

.449486 

.982072 

.467413 

.688687 

89 

.68 


22 

.28178 

.95948 

.29368 

3.40502 

.449915 

.982035 

.467880 

.532120 

38 



23 

.28206 

.95940 

. 29400 

3.40136 

.450345 

.981998 

.468347 

.531653 

37 


.40 

24 

.28234 

.96931 

.29432 

3.89771 

.450776 

.981961 

.468814 

.681186 

86 

.60 


25 

.28262 

.95923 

. 29463 

3.39406 

.451204 

.981924 

.469280 

.530720 

35 



26 

.28290 

.95915 

.29495 

3.39042 

.451632 

.981886 

.469746 

.530254 

34 


.46 

27 

.28318 

.96907 

.29626 

3.38679 

.462060 

.981849 

.470211 

.689789 

88 

.68 


28 

. 28346 

.95898 

.29558 

3.38317 

.452488 

.981812 

.470676 

.529324 

32 



29 

.28374 

.95890 

. 29590 

3.37955 

.452915 

.981774 

, .471141 

.528859 

31 


.60 

80 

.28402 

.96882 

.29621 

3.87694 

.463342 

.981737 

.471606 

.688896 

80 

.80 


31 

. 28429 

.95874 

.29653 

3.37234 

.453768 

.981700 

.472069 

.527931 

29 



32 

.28457 

.95865 

. 29685 

3.36875 

.454194 

.981662 

.472532 

.527468 

28 


.66 

83 

.28485 

.96867 

.29716 

8.86616 

.464619 

.981626 

.472996 

.687006 

27 

.48 


34 

.28513 

.95849 

. 29748 

3.36158 

.455044 

.981587 

.473457 

.526543 

26 



35 

.28541 

.95841 

. 29780 

3.35800 

.455469 

.981549 

.473919 

.526081 

25 


.60 

86 

.28669 

.96832 

.29811 

8.36448 

.466898 

.981612 

.474381 

.686619 

24 

.40 


37 

. 28597 

.95824 

. 29843 

3.35087 

.456316 

.981474 

.474842 

.525158 

23 



38 

. 28625 

.95816 

.29875 

3.34732 

.456739 

.981436 

.475303 

.524697 

22 


.65 

89 

.28668 

.96807 

.29906 

8.84877 

.467168 

.981399 

.476768 

.684887 

81 

.88 


40 

. 28680 

.95799 

.29938 

3.34023 

.457584 

.981361 

.476223 

.523777 

20 



41 

. 28708 

.95791 

. 29970 

3.33670 

.458006 

.981323 

.476683 

.523317 

19 


.70 

42 

.28736 

.96782 

.30001 

8.33317 

.468487 

.981286 

.477148 

.682868 

18 

.80 


43 

. 28764 

.95774 

.30033 

3.32965 

.458848 

.981247 

.477601 

.522399 

17 



44 

. 28792 

.95766 

.30065 

3.32614 

.459268 

.981209 

.478059 

.521941 

16 


.76 

45 

.28820 

.96767 

.30097 

8.82264 

.469688 

.981171 

.478617 

.621488 

16 

.26 


46 

.28847 

.95749 

.30128 

3.31914 

.460108 

.981133 

.478975 

.521025 

14 



47 

.28875 

.95740 

.30160 

3.31565 

.460527 

.981095 

.479432 

.520568 

13 


.80 

48 

.28903 

.96732 

.30192 

8.31216 

.460946 

.981067 

.479889 

.620111 

12 

.20 


49 

.28931 

.95724 

.30224 

3.30868 

.461364 

.981019 

.480345 

.519655 

11 



50 

.28959 

.95715 

.30255 

3.30521 

.461782 

.980981 

.480801 

.519199 

10 


.86 

61 

.28987 

.96707 

.30287 

3.30174 

.462199 

.980942 

.481267 

.618748 

9 

.18 


52 

.29015 

.95698 

.30319 

3.29829 

.462616 

.980904 

.481712 

.518288 

8 



53 

.29042 

.95690 

.30351 

3.29483 

.463032 

.980866 

.482167 

.517833 

7 


.90 

64 

.29070 

.96681 

.30382 

3.29139 

.463448 

.980827 

.488621 

.617879 

6 

.10 


55 

.29098 

.95673 

.30414 

3.28795 

.463864 

.980789 

.483075 

.516925 

5 



56 

.29126 

.95664 

.30446 

3.28452 

.464279 

.980750 

.483529 

.516471 

4 


.96 

67 

.29164 

.96666 

.30478 

3.28109 

.464694 

.980712 

.488982 

.616018 

8 

.08 


58 

.29182 

.95647 

.30509 

3.27767 

.465108 

.980673 

.484435 

,515565 

2 



59 

.29209 

.95639 

.30541 

3.27426 

.465522 

.980635 

.484887 

.515113 

1 


1.00 

60 

.29237 

.96630 

.30573 

3.87088 

9.465986 

9.980696 

9.486839 

10.614661 

0 

.00 

1 

1 

m 

Sin 

Cot 

Tan 

Cob 

Sin 

Cot 

Tan 

1 

1 

J 


Natural Values 

1 Common Logarithms 


I 


1-73 


73’ 



























17'" MATHEMATICAL AND PHYSICAL TABLES 


m 

1 

Natural Values 

Common Logarithms 

ii 

1 

1 

1 

Sin 

Cos 

Tan 

Cot 

Sin 

Cos 

Tan 

Cot 

I 

1 

.00 

0 

,29287 

.96680 

.80678 

3.27080 

9.460936 

9.980696 

9.486839 

10.614661 

60 

1.00 


1 

.29265 

.95622 

.30605 

3.26745 

.466348 

.980558 

.485791 

.514209 

59 



2 

.29293 

.95613 

.30637 

3.26406 

.466761 

.980519 

.486242 

.513758 

58 


.OS 

8 

.29381 

.95600 

.80669 

8.26067 

.467173 

.980480 

.486698 

.013307 

67 

.90 


A 

.29348 

.95596 

.30700 

3.25729 

.467585 

.980442 

.487143 

.512857 

56 



5 

.29376 

.95588 

.30732 

3.25392 

.467996 

.980403 

.487593 

.512407 

55 


.10 

6 

.29404 

.96679 

.80764 

8.20066 

.468407 

.980364 

.488043 

.011967 

04 

.90 


7 

.29432 

.95571 

.30796 

3.24719 

.468817 

.980325 

.488492 

.511508 

53 



8 

,29460 

.95562 

.30828 

3.24383 

.469227 

.980286 

.488941 

.511059 

52 


.15 

9 

.29487 

.96664 

.30860 

3.24049 

.469637 

.980247 

.489390 

.010610 

01 

.80 


10 

.29515 

.95545 

.30891 

3.23714 

.470046 

.980208 

.489838 

.510162 

50 



11 

.29543 

.95536 

.30923 

3.23381 

.470455 

.980169 

.490286 

.509714 

49 


.20 

12 

.29071 

.96028 

.30906 

3.23048 

.470863 

.980130 

.490733 

.609867 

48 

.80 


13 

.29599 

.95519 

.30987 

3.22715 

.471271 

.980091 

.491180 

.508820 

47 



M 

.29626 

.95511 

.31019 

3.22384 

.471679 

.980052 

.491627 

.508373 

46 


.20 

16 

.29664 

.96602 

.31061 

3.22063 

.472086 

.980012 

.492073 

.007927 

45 

.70 


16 

.29682 

.95493 

.31083 

3.21722 

.472492 

.979973 

.492519 

.507481 

44 



17 

.29710 

.95485 

.31115 

3.21392 

.472898 

.979934 

.492965 

.507035 

43 


.SO 

18 

.29737 

.96476 

.31147 

3.21063 

.473304 

.979896 

.493410 

.006690 

42 

.70 


19 

.29765 

.95467 

.31178 

3.20734 

.473710 

.979855 

.493854 

.506146 

41 



20 

.29793 

.95459 

.31210 

3.20406 

.474115 

.979816 

.494299 

.505701 

40 


.80 

21 

.29821 

.96450 

.31242 

3.20079 

.474619 

.979776 

.494743 

.006267 

39 

.60 


22 

.29849 

.95441 

.31274 

3.19752 

.474923 

.979737 

.495186 

.504814 

38 



23 

. 29876 

.95433 

.31306 

3,19426 

.475327 

.979697 

.495630 

.504370 

37 


.40 

84 

.29904 

.95424 

.31338 

3.19100 

.470730 

.979668 

.496073 

.603927 

36 

.60 


25 

.29932 

.95415 

.31370 

3.18775 

.476133 

.979618 

.496515 

.503485 

35 



26 

.29960 

.95407 

.31402 

3.18451 

.476536 

.979579 

.496957 

.503043 

34 


.40 

27 

.29987 

.96398 

.31434 

3.18127 

.476938 

.979639 

.497399 

.602601 

33 

.66 


28 

.30015 

.95389 

.31466 

3.17804 

.477340 

.979499 

.497841 

.502159 

32 



29 

.30043 

.95380 

.31498 

3.17481 

.477741 

.979459 

.498282 

.501718 

31 


.00 

30 

.80071 

.96372 

.31630 

3.17169 

.478142 

.979420 

.498722 

.601278 

30 

.60 


31 

.30098 

.95363 

.31562 

3.16838 

.478542 

.979380 

.499163 

.500837 

29 



32 

.30126 

.95354 

.31594 

3,16517 

.478942 

.979340 

.499603 

.500397 

28 


.00 

33 

.80104 

.96346 

.31626 

3.16197 

.479342 

.979800 

.600042 

.499968 

27 

.46 


34 

.30182 

.95337 

.31658 

3.15877 

.479741 

.979260 

.500481 

.499519 

26 



35 

.30209 

.95328 

.31690 

3.15558 

.480140 

.979220 

.500920 

.499080 

25 


.60 

36 

.30237 

.90819 

.31722 

3.10240 

.480539 

.979180 

.601369 

.498641 

24 

.40 


37 

.30265 

.95310 

.31754 

3.14922 

.480937 

.979140 

.501797 

.498203 

23 



38 

.30292 

.95301 

.31786 

3.14605 

.4813341 

.979100 

.502235 

.497765 

22 


.65 

39 

.30320 

.95293 

.31818 

3.14288 

.481731 

.979009 

.602672 

.497328 

21 

.36 


40 

.30348 

.95284 

.31850 

3.13972 

.482128 

.979019 

.503109 

.496891 

20 



41 

.30376 

.95275 

.31882 

3.13656 

.482525 

.978979 

.503546 

.496454 

19 


.70 

42 

.30403 

.95266 

.31914 

3.13341 

.482921 

.978939 

.603982 

.496018 

18 

.80 


43 

.30431 

.95257 

.31946 

3.13027 

.483316 

.978898 

.504418 

.495582 

17 



44 

.30459 

.95248 

.31978 

3.12713 

.483712 

.978858 

.504854 

.495146 

16 


.76 

46 

.30486 

.95240 

. 32010 

8.12400 

.484107 

.978817 

.500289 

.494711 

16 

.80 


46 

.30514 

.95231 

.32042 

3.12087 

.484501 

.978777 

.505724 

.494276 

14 



47 

.30542 

.95222 

.32074 

3.11775 

.484895 

.978737 

.506159 

.493841 

13 


.80 

48 

.30070 

.96213 

.32106 

3.11464 

.486289 

.978696 

.006693 

.493407 

12 

.80 


49 

.30597 

.95204 

.32139 

3.11153 

,.485682 

.978655 

.507027 

.492973 

11 



50 

.30625 

.95195 

.32171 

3.10842 

.486075 

.978615 

.507460 

.492540 

10 


.80 

61 

.30603 

.96186 

.32203 

3.10032 

.486467 

.978674 

.607893 

.498107 

9 

.16 


52 

.30680 

.95177 

.32235 

3.10223 

.486860 

.978533 

.508326 

.491674 

8 



53' 

.30708 

.95168 

.32267 

3.09914 

.487251 

.978493 

.508759 

.491241 

7 


.90 

64 

.30736 

.95169 

.32299 

3.09606 

.487643 

.978462 

.509191 

.490809 

6 

.10 


55 

.30763 

.95150 

.32331 

3.09298 

.488034 

.978411 

.509622 

.490378 

5 



56 

.30791 

.95142 

.32363 

3.08991 

.488424 

.978370 

.510054 

.489946 

4 


.95 

07 

.80819 

.90133 

.32396 

3.08685 

.488814 

.978329 

.610486 

.489616 

8 

.00 


58 

.30846 

.95124 

.32428 

3.08379 

.489204 

.978288 

.510916 

.489084 

2 



59 

.30874 

.95115 

.32460 

3.08073 

.489593 

.978247 

.511346 

.488654 



1.00 

60 

.30902 

.96106 

.32492 

3.07768 

9.489982 

9.978206 

9.611776 

10.488224 

0 

.00 

1 

1 

Cos 

Sin 

Cot 

Tan 

Cos 

Sin 

Cot 

Tan 

1 ^ 

JS 

I 

% 

% 

II Natural Values 

1 Common Logarithms 

Minu 

1 


1-74 


72 







IS'' VALUES AND LOGARITHMS OP TRIGONOMETRIC FUNCTIONS 


Decimalsj 

Minutes I 

Natural Values 

Common Logarithms | 

1 

j 




El 

Sin 

Cos 

Tan 

Cot 

.00 

0 

.30902 

.96106 

.82492 

8.07768 

9.489982 

9.978206 

9.011776 

10.488224 

60 

1.00 


I 

.30929 

.95097 

.32524 

3.07464 

.490371 

.978165 

.512206 

.487794 

59 



2 

.30957 

.95088 

.32556 

3.07160 

.490759 

.978124 

.512635 

.487365 

58 


.06 

3 

.30986 

.96079 

.82688 

8.06857 

.491147 

.978083 

.013064 

.486936 

07 

.90 


4 

.31012 

.95070 

.32621 

3.06554 

.491535 

.978042 

.513493 

.486507 

56 



5 

.31040 

.95061 

.32653 

3.06252 

.491922 

.978001 

.513921 

.486079 

55 


.10 

6 

.31068 

.96052 

.82686 

8.06960 

.492308 

.977969 

.014349 

.480601 

04 

.90 


7 

.31095 

.95043 

.32717 

3.05649 

.492695 

.977918 

.514777 

.485223 

53 



8 

.31123 

.95033 

.32749 

3.05349 

.493081 

.977877 

.515204 

.484796 

52 


.10 

9 

.31151 

.96024 

.82782 

3.06049 

.498466 

.977836 

.010631 

.484369 

61 

.80 


10 

.31178 

.95015 

.32814 

3.04749 

.493851 

977794 

.516057 

.483943 

53 



II 

.31206 

.95006 

.32846 

3,04450 

.494236 

.977752 

.516484 

.483516 

49 


.20 

12 

.31233 

.94997 

.82878 

8.04162 

.494621 

.977711 

.016910 

.483990 

48 

.80 


13 

.31261 

.94988 

.32911 

3.03854 

.495005 

.977669 

.517335 

.482665 

47 



14 

.31289 

.94979 

.32943 

3.03556 

.495388 

.977628 

.517761 

.482239 

46 


.26 

15 

.31316 

.94970 

.32976 

8.03260 

.496772 

.977686 

.018186 

.481814 

40 

.70 


16 

.31344 

.94961 

.33007 

3.02963 

.496154 

.977544 

.518610 

.481390 

44 



17 

.31372 

.94952 

.33040 

3.02667 

.496537 

.977503 

.519034 

.480966 

43 


.30 

18 

.31399 

.94943 

.83072 

8.02372 

.496919 

.977461 

.019408 

.480042 

42 

,70 


19 

.31427 

.94933 

.33104 

3.02077 

.497301 

.977419 

.519882 

.480118 

41 



20 

.31454 

.94924 

.33136 

3.01783 

.497682 

.977377 

.520305 

.479695 

40 


.36 

21 

.31482 

.94916 

.33169 

8.01489 

.498064 

.977336 

.020723 

.479272 

39 

.60 


22 

.31510 

.94906 

.33201 

3.01196 

.498444 

.977293 

.521151 

.478849 

38 



23 

.31537 

.94897 

.33233 

3.00903 

.498825 

.977251 

.521573 

.478427 

37 


.40 

24 

.31565 

.94888 

.33266 

3.00611 

.499204 

.977209 

.021995 

.478000 

36 

.60 


25 

.31593 

.94878 

.33298 

3.00319 

.499584 

.977167 

.522417 

.477583 

35 



26 

.31620 

.94869 

.33330 

3.00028 

.499963 

.977125 

.522838 

.477162 

34 


.46 

27 

.31648 

.94860 

.33363 

2.99738 

.600342 

.977083 

.523259 

.476741 

83 

.00 


28 

.31675 

.94851 

.33395 

2.99447 

.500721 

.977041 

.523680 

.476320 

32 



29 

.31703 

.94842 

.33427 

2.99158 

.501099 

.976999 

.524100 

.475900 

31 


.60 

30 

.31730 

.94832 

.33460 

2.98868 

.601476 

.976957 

.024025 

.470480 

80 

.00 


31 

.31758 

.94823 

.33492 

2.98580 

.501834 

.976914 

.524940 

.475063 

29 



32 

.31786 

.94814 

.33524 

2.98292 

.502231 

.976872 

.525359 

.474641 

28 


.66 

33 

.31813 

.94805 

.33557 

2.98004 

.602607 

.976830 

.020778 

.474222 

27 

.40 


34 

.31841 

.94795 

.33589 

2.97717 

.502984 

.976787 

.526197 

.473803 

26 



35 

.31868 

.94786 

.33621 

2.97430 

.503360 

.976745 

.526615 

.473385 

25 


.60 

36 

.31896 

.94777 

.33654 

2.97144 

.603736 

.976702 

.027033 

.472967 

21 

.40 


37 

.31923 

.94768 

.33686 

2.96858 

.504110 

.976660 

.527451 

.472549 

23 



38 

.31951 

.94758 j 

.33718 

2.96573 

. 504485 

.976617 

.527868 

.472132 

22 


.66 

39 

.31979 

.94749 ' 

.33761 

2.96288 

.604860 

.976674 

.028285 

.471710 

21 

.80 


40 

.32006 

.94740 

.33783 

2.96004 

.505234 

.976532 

.528702 

.471298 

23 



41 

.32334 

.94730 

.33816 

2.95721 

.505608 

.976489 

.529119 

.470881 

19 


.70 

42 

.32061 

.94721 

.33848 

2.96437 

.605981 

.976446 

.529035 

.470460 

18 

.80 


43 

.32089 

.94712 

.33881 

2.95155 

.506354 

.976404 

.529951 

.470049 

17 



44 

.32116 

.94702 

.33913 

2.94872 

.506727 

.976361 

.530366 

.469634 

16 


.75 

45 

.32144 

.94693 

.33945 

2.94391 

.607099 

.976318 

.030781 

.469219 

10 

.20 


46 

.32171 

.94684 

.33978 

2.94309 

.507471 

.976275 

.531196 

.468804 

14 



47 

.32199 

.94674 

.34010 

2.94028 

.507843 

.976232 

.531611 

.468389 

13 


.80 

48 

.32227 

.94666 

.34043 

2.93748 

.608214 

.976189 

.032925 

.467975 

12 

.20 


49 

.32254 

.94656 

.34075 

2.93468 

.508585 

.976146 

.532439 

.467561 

11 



50 

.32282 

.94646 

.34108 

2.93189 

.508956 

.976103 

.532853 

.467147 

10 


.86 

61 

.32309 

.94637 

.34140 

2.92910 

.609326 

.976060 

.038266 

.466734 

9 

.10 


52 

.32337 

.94627 

.34173 

2.92632 

.509696 

.976017 

.533679 

.466321 

8 



53 

.32364 

.94618 

. 34205j 

2.92354 

.510065 

.975974 

.534092 

.465908 

7 


.90 

64 

.32392 

.94699 

.34238 

2.92076 

.610434 

.975930 

.034004 

.460496 

6 

.10 


55 

.32419 

.94599 

.34270 

2.91799 

.510803 

.975887 

.534916 

.465084 

5 



56 

.32447 

.94590 

.34303 

2.91523 

.511172 

.975844 

.535328 

.464672 

4 


.96 

67 

.32474 

.94580 

.84335 

2.91246 

.611640 

.970800 

.585739 

.464261 

8 

.06 


58 

.32502 

.94571 

.34368 

2.90971 

.511907 

.975757 

.536150 

.463850 

2 



59 

.32529 

.94561 

.34400 

2.90696 

.512275 

.975714 

.536561 

.463439 



1.00 

60 

.82667 

.94662 

.84483 

2.90421 

9.612642 

9.975670 ^ 

9.086972 

10.463028 

ol 

.00 

JO 

1 

Cos 

Sin 

Cot 

Tan 

Cos 

Sin 

Cot 

Tan 

T 

1 

1 

Minu 

Natural Values 

Common Logarithms 

1 

1 


1-75 71 '" 














10 " MATHEMATICAL AND PHYSICAL TABLES 


1 

Minutes I 

Natural Values 

Common Logaritiims 

Minutes 

1 

Sin 

Cos 

Tan 

Cot 


Cos 

Tan 

Cot 

.00 

0 

.82007 

.94002 

.84483 

2.90421 

9.012642 

9.970670 

9.036972 

10.463028 

60 

1.00 


1 

.32584 

.94542 

.34465 

2.90147 

.513009 

.975627 

.537382 

.462618 

59 



2 

.32612 

.94533 

.34498 

2.89873 

.513375 

.975583 

.537792 

.462208 

58 


.00 

8 

.82689 

.94028 

.34080 

2.89600 

.013741 

.970039 

.038202 

.461798 

07 

.90 


4 

.32667 

.94514 

.34563 

2.89327 

.514107 

.975496 

.538611 

.461389 

56 



5 

.32694 

.94504 

.34596 

2.89055 

.514472 

.975452 

.539020 

.460980 

55 


.10 

6 

.82722 

.94490 

.84628 

2.88783 

.014837 

.975408 

.039429 

.460071 

04 

.90 


7 

.32749 

.94485 

.34661 

2.88511 

.515202 

.975365 

.539837 

.460163 

53 



8 

.32777 

.94476 

.34693 

2,88240 

.515566 

.975321 

.540245 

.459755 

52 


.10 

9 

.82804 

.94466 

.84786 

2.87970 

.015980 

.970277 

.040603 

.409347 

51 

.80 


10 

.32832 

.94457 

.34758 

2.87700 

.516294 

.975233 

.541061 

.458939 

50 



II 

.32859 

.94447 

.34791 

2.87430 

.516657 

.975189 

.541468 

.458532 

49 


.20 

12 

.82887 

.94438 

.84824 

2.87161 

.017080 

.970145 

.041875 

.408125 

48 

.80 


13 

.32914 

.94428 

.34856 

2.86892 

.517382 

.97510: 

.542281 

.457719 

47 



14 

.32942 

.94418 

.34889 

2.86624 

.517745 

.975057 

.542688 

.457312 

46 


.20 

10 

.82969 

.94409 

.84922 

2.86356 

.018107 

.976013 

.043094 

.406906 

40 

.70 


16 

.32997 

.94399 

.34954 

2.86089 

.518468 

.974969 

.543499 

.456501 

44 



17 

.33024 

.94390 

.34987 

2.85822 

.518829 

.974925 

.543905 

.456095 

43 


.80 

18 

.88001 

.94380 

.35020 

2.80066 

.019190 

.974880 

.044310 

.400690 

42 

.70 


19 

.33079 

.94370 

.35052 

2. 85289 

.519551 

.974836 

.544715 

.455285 

41 



20 

.33106 

.94361 

.35085 

2.85023 

.519911 

.974792 

.545119 

.454881 

40 


.80 

21 

.38184 

.94851 

.80118 

2.84708 

.020271 

.974748 

.040024 

.464476 

89 

.60 


22 

.33161 

.94342 

.35150 

2.84494 

.520631 

.974703 

.545928 

.454072 

38 



23 

.33189 

.94332 

.35183 

2.84229 

.520990 

.974659 

.546331 

.453669 

37 


.40 

24 

.83216 

.94322 

.30216 

8.83960 

.021349 

.974614 

.646730 

.453265 

36 

.60 


25 

.33244 

,94313 

.35248 

2.83702 

.521707 

.974570 

.547138 

.452862 

35 



26 

.33271 

.94303 

.35281 

2.83439 

.522066 

.974525 

.547540 

.452460 

34 


.40 

27 

.38298 

.94298 

.35814 

2.83176 

.022424 

.974481 

.047943 

.402057 

33 

.00 


28 

.33326 

.94284 

.35346 

2.82914 

.522781 

.974436 

.548345 

.451655 

32 



29 

.33353 

.94274 

.35379 

2.82653 

.523138 

.974391 

.548747 

.451253 

31 


.00 

80 

.88381 

.94264 

.86412 

2.82391 

.023490 

.974347 

.549149 

.450851 

80 

.00 


31 

.33408 

.94254 

.35445 

2.82130 

.523852 

.974302 

.549550 

.450450 

29 



32 

.33436 

.94245 

.35477 

2.81870 

.524208 

.974257 

.549951 

.450049 

28 


.00 

88 

.88468 

.94880 

.85010 

2.81610 

.524664 

.974212 

.600352 

.449648 

27 

.40 


34 

.33490 

.94225 

,35543 

2.81350 

,524920 

.974167 

.550752 

.449248 

26 



35 

.33518 

.94215 

.35576 

2.81091 

.525275 

.974122 

.551153 

.448847 

25 


.00 

36 

.88540 

.94206 

.85608 

2.80833 

.525630 

.974077 

.551558 

.448448 

24 

.40 


37 

.33573 

.94196 

.35641 

2,80574 

.525984 

.974032 

.551952 

.448048 

23 



38 

.33600 

.94186 

.35674 

2.80316 

.526339 

.973987 

.552351 

.447649 

22 


.60 

89 

.83627 

.94176 

.85707 

2.80059 

.026693 

.973942 

.552750 

.447250 

21 

.85 


40 

.33655 

.94167 

.35740 

2.79802 

.527046 

.973897 

.553149 

.446851 

20 



41 

.33682 

.94157 

.35772 

2.79545 

.527400 

.973852 

.553548 

.446452 

19 


.70 

42 

.88710 

.94147 

.36800 

2.79289 

.087763 

.973807 

.653946 

.446054 

18 

.30 


43 

.33737 

.94137 

.35838 

2.79033 

.528105 

.973761 

.554344 

.445656 

17 



44 

.33764 

.94127 

.35871 

2.78778 

.528458 

.973716 

.554741 

.445259 

16 


.70 

40 

.83792 

.94118 

.36904 

8.78683 

.028810 

.973671 

.555139 

.444861 

16 

.20 


46 

.33819 

.94108 

.35937 

2.78269 

.529161 

.973625 

.555536 

.444464 

14 



47 

.33846 

.94098 

.35969 

2.78014 

.529513 

.973580 

.555933 

.444067 

13 


.80 

48 

.88874 

.94088 

.86002 

2,77761 

.529864 

.973535 

.556329 

.443671 

12 

.20 


49 

.33901 

.94078 

.36035 

2.77507 

.530215 

.973489 

.556725 

.443275 

II 



50 

.33929 

.94068 

.36068 

2.77254 

- .530565 

.973444 

.557121 

.442879 

10 


.80 

01 

.88906 

.94058 

.36101 

2.77002 

.530915 

.973398 

.557517 

.442483 

9 

.10 


52 

.33983 

.94049 

.36134 

2.76750 

.531265 

.973352 

.557913 

.442087 

8 



53 

.34011 

.94039 

.36167 

2.76498 

.531614 

.973307 

.558308 

.441692 

7 


.90 

04 

.34038 

.94029 

.36199 

2.76247 

.531963 

.973261 

.568703 

.441297 

6 

.10 


55 

.34065 

.94019 

.36232 

2.75996 

.532312 

.973215 

.559097 

.440903 

5 



56 

.34093 

.94009 

.36265 

2.75746 

.532661 

.973169 

,559491 

.440509 

4 


.90 

07 

.84120 

.93999 

.36298 

2.70496 

.533009 

.973124 

.559880 

.440115 

8 

.00 


58 

.34147 

.93989 

.36331 

2.75246 

.533357 

.973078 

.560279 

.439721 

2 



59 

.34175 

.93979 

.36364 

2.74997 

.533704 

.973032 

.560673 

.439327 

1 


1.00 

60 

.84202 

.93969 

.36897 

2.74748 

9.034002 

9.978986 

9.061066 

10.488934 

0 

.00 

1 

1 

Cos 



Tan 

mm 

Sin 

Cot 

Tan 

1 

1 

J 

1 

1 Natural Values 1 

1 Common Logarithms 

1 

I 


1-76 


70’ 






















80“ VALUES AND LOGABITBMS OF TRIGONOMETRIC FUNCTIONS 


T 

1 

Natural Values 

II Common Logarithms 

1 

iti 

1 

1 

Sin 

Cos 

Tan 


m 

Cos 

Tan 

Cot 

1 

y 

.00 

0 

.34202 

.93969 

.36897 

2.74748 

9.034002 

9.972986 

9.061066 

10.488934 

60 

1.00 


1 

.34229 

.93959 

.36430 

2.74499 

.534399 

.972940 

.561459 

.438541 

59 


2 

.34257 

.93949 

.36463 

2.74251 

.534745 

.972894 

.561851 

.438149 

58 


.00 

3 

.34284 

.98989 

.36496 

2.74004 

.030098 

.972848 

.062244 

.487706 

07 

.90 


4 

.34311 

.93929 

.36529 

2.73756 

.535438 

.972802 

.562636 

.437364 

56 


5 

.34339 

.93919 

.36562 

2.73509 

.535783 

.972755 

.563028 

.436972 

55 


.10 

6 

.34366 

.93909 

.36090 

2.73263 

.036129 

.972709 

.063419 

.486081 

M 

.90 


7 

.34393 

.93899 

.36628 

2,73017 

.536474 

.972663 

.563811 

.436189 

53 


8 

.34421 

.93889 

.36661 

2.72771 

.536818 

.972617 

.564202 

.435798 

52 


.15 

9 

.34448 

.93879 

.36694 

2.72026 

.037163 

.972070 

.064093 

.480407 

01 

.80 


10 

.34475 

.93869 

.36727 

2.72281 

.537507 

.972524 

.564983 

.435017 

50 


n 

.34503 

.93859 

.36760 

2.72036 

.537851 

.972478 

.565373 

.434627 

49 


.20 

12 

.34030 

.93849 

.36793 

2.71792 

.038194 

.972431 

.060763 

.434287 

48 

.80 


13 

.34557 

.93839 

.36826 

2.71548 

.538538 

.972385 

.566153 

.433847 

47 


14 

.34584 

.93829 

.36859 

2.71305 

.538880 

.972338 

.566542 

.433458 

46 


.20 

10 

.34612 

93819 

.36892 

2.71062 

.639223 

.972291 

.066982 

.438063 

40 

.70 


16 

.34639 

.93809 

.36925 

2.70819 

.539565 

.972245 

.567320 

.432680 

44 


17 

.34666 

.93799 

.36958 

2.70577 

.539907 

.972198 

.567709 

.432291 

43 


.30 

18 

.34694 

.93789 

.36991 

2.70330 

.040249 

.972101 

.068098 

.481902 

42 

.70 


19 

.34721 

.93779 

.37024 

2.70094 

.540590 

.972105 

.568486 

.431514 

41 


20 

.34748 

.93769 

.37057 

2.69853 

.540931 

.972058 

.568873 

.431127 

40 


.30 

21 

.34775 

.93709 

.37090 

2.69612 

.041272 

.972011 

.069261 

.430739 

89 

.60 


22 

.34803 

.93748 

.37123 

2.69371 

.541613 

.971964 

.569648 

.430352 

38 



23 

.34830 

.93738 

.37157 

2.69131 

.541953 

.971917 

.570035 

.429965 

37 


.40 

24 

.84807 

.93728 

.37190 

2.68892 

^048293 

.971870 

.070422 

.429078 

86 

.60 


25 

.34884 

.93718 

.37223 

2.68653 

.542632 

.971823 

.570809 

.429191 

35 



26 

.34912 

.93708 

.37256 

2.68414 

.542971 

.971776 

.571195 

.428805 

34 


.40 

27 

.34939 

.93698 

.37289 

2.68170 

.043310 

.971729 

.071081 

.428419 

88 

.00 


28 

.34966 

.93688 

,37322 

2.67937 

.543649 

.971682 

.571967 

.428033 

32 



29 

.34993 

.93677 

.37355 

2.67700 

.543987 

.971635 

.572352 

.427648 

31 


.00 

30 

.35021 

.93667 

.37388 

2.67462 

.044320 

.971088 

.072738 

.427202 

80 

.00 


31 

.35048 

.93657 

.37422 

2. 67225 

.544663 

.971540 

.573123 

.426877 

29 



32 

.35075 

.93647 

.37455 

2.66989 

.545000 

.971493 

.573507 

,426493 

28 


.90 

33 

.30102 

.93637 

.37488 

2.66702 

.045338 

.971446 

.073892 

.426108 

27 

.45 

34 

.35130 

.93626 

.37521 

2.66516 

.545674 

.971398 

.574276 

.425724 

26 



35 

.35157 

.93616 

.37554 

2.66281 

.546011 

.971351 

.574660 

.425340 

25 


.60 

36 

.35184 

.93606 

.37088 

2.66046 

.046347 

.971303 

.070044 

.424906 

24 

.40 

37 

.35211 

.93596 

,37621 

2.65811 

.546683 

.971256 

.575427 

.424573 

23 



38 

.35239 

.93585 

.37654 

2.65576 

.547019 

.971206 

.575810 

.424190 

22 


.60 

89 

.35266 

.93075 

.37687 

2.60342 

.047364 

.971161 

.076193 

.428807 

21 

.80 

40 

.35293 

.93565 

.37720 

2.65109 

.547689 

.971113 

.576576 

.423424 

20 



41 

.35320 

.93555 

.37754 

2.64875 

.548024 

.971066 

.576959 

.423041 

19 


.70 

42 

.30347 

.93544 

.37787 

2.64642 

.648359 

.971018 

.077841 

.422609 

18 

JIO 

43 

.35375 

.93534 

.37820 

2.64410 

.548693 

.970970 

.577723 

.422277 

17 



44 

.35402 

.93524 

.37853 

2.64177 

.549027 

.970922 

.578104 

.421896 

16 


.70 

45 

.80429 

.93514 

.37887 

2.63940 

.649360 

.970874 

.078486 

.421014 

10 

.20 

46 

.35456 

.93503 

.37920 

2.63714 

.549693 

.970827 

.578867 

.421133 

14 



47 

.35484 

.93493 

.37953 

2.63483 

.550026 

.970779 

.579248 

.420752 

13 


.80 

48 

.85511 

.93483 

.37986 

2.63262 

.000369 

.970731 

.079629 

.420871 

12 

.20 

49 

.35538 

.93472 

.38020 

2.63021 

.550692 

.970683 

.580009 

.419991 

11 



50 

.35565 

.93462 

.38053 

2.62791 

.551024 

.970635 

.580389 

.419611 

10 


.80 

01 

.85592 

.93452 

.38086 

2.62061 

.001306 

.970086 

.080769 

.419281 

9 

.10 

52 

.35619 

.93441 

.38120 

2.62332 

.551687 

.970538 

.581149 

.418851 

8 



53 

.35647 

.93431 

.38153 

2.62103 

.552018 

.970490 

.581528 

.416472 

7 


.90 

04 

.35674 

.93420 

.38186 

2.61874 

.002349 

.970442 

.081907 

.418098 

6 

.10 

55 

.35701 

.93410 

.38220 

2.61646 

.552680 

.970394 

.582286 

.417714 

5 



56 

.35728 

.93400 

.38253 

2.61418 

.553010 

.970345 

.582665 

.417335 

4 


.90 

07 

.35705 

.93389 

.38286 

2.61190 

.003341 

.970297 

.083044 

.416906 

8 

J05 

58 

.35782 

.93379 

.38320 

2.60963 

.553670 

.970249 

.583422 

.416578 

2 



59 

.35810 

.93368 

.38353 

2.60736 

.554000 

.970200 

.583800 

.416200 

1 


1.00 

60 

.35837 

.98808 

.38386 

2.60009 

9.004329 

9.970102 

9.084177 

10.410828 

0 

.00 

.9 : 

J 

Cos 

Sin 

Cot 

Tan 

Cos 

Sin 

Cot 

Tan 

1 

1 

1: 

.1 

2 

Natural Values 

Common Logarithms 

± 
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21 


MATHEMATICAL AND PHYSICAL TABLES 


Deetmab 

Minutes | 

Natural Values | 


Minutes | 

I 

Sin 

Cob 

13 




Tan 

Cot 

.00 

0 

.30887 

.93808 

.38886 

2.60009 

9.004329 

9.970102 

9.084177 

10.410823 

60 

1.00 


1 

.35864 

.93348 

.38420 

2.60283 

.554658 

.970103 

.584555 

.415445 

59 



2 

.35891 

.93337 

.38453 

2.60057 

.554987 

.970055 

.584932 

.415068 

58 


.05 

8 

.80918 

.98337 

.88487 

8.69831 

.055310 

.970006 

.080809 

.414691 

67 

.9» 


4 

.35945 

.93316 

.38520 

2.59606 

.555643 

.969957 

.585686 

.414314 

56 



5 

.35973 

.93306 

.38553 

2.59381 

.555971 

.969909 

.586062 

.413938 

55 


.10 

6 

.86000 

.93890 

.88087 

2.09156 

.066299 

.969860 

.586439 

.413061 

64 

.90 


7 

.36027 

.93285 

.38620 

2.58932 

. 556626 

.969811 

.586815 

.413185 

53 



8 

.36054 

.93274 

.38654 

2.58708 

.556953 

.969762 

.587190 

.412810 

52 


.10 

9 

.86061 

.93864 

.88687 

2.08484 

.607280 

.969714 

.087066 

.412434 

61 

.85 


10 

.36108 

.93253 

.38721 

2.58261 

.557606 

.969665 

.587941 

.412059 

50 



M 

.36135 

.93243 

.38754 

2.58038 

.557932 

.969616 

.588316 

.411684 

49 


.80 

18 

.86168 

.93338 

.88787 

2.67815 

.068258 

.969567 

.088691 

.411309 

48 

.80 


13 

.36190 

.93222 

.38821 

2.57593 

.558583 

.969518 

.589066 

.410934 

47 



14 

.36217 

.93211 

.38854 

2.57371 

.558909 

.969469 

.589440 

.410560 

46 


.80 

10 

.86844 

.93301 

.38888 

2.57160 

.659234 

.969420 

.089814 

.410186 

45 

.76 


16 

.36271 

.93190 

.38921 

2.56928 

.559558 

.969370 

.590188 

.409812 

44 



17 

.36298 

,93180 

.38955 

2.56707 

.559883 

.969321 

.590562 

.409438 

43 


.80 

18 

.86385 

.93169 

.38988 

2.06487 

.560207 

.969272 

.590935 

.409065 

42 

.70 


19 

.36352 

.93159 

.39022 

2.56266 

.560531 

.969223 

.591308 

.408692 

41 



20 

.36379 

.93148 

.39055 

2.56046 

.560855 

.969173 

.591681 

.408319 

40 


.80 

31 

.36406 

.93137 

.39089 

2.55827 

.061178 

.969124 

.592054 

.407946 

39 

.65 


22 

.36434 

.93127 

.39122 

2.55608 

.561501 

.969075 

.592426 

.407574 

38 



23 

.36461 

.93116 

.39156 

2.55389 

.561824 

.969025 

.592799 

.407201 

37 


.40 

84 

.36488 

.93106 

.39190 

2.00170 

.062146 

.968976 

.093171 

.406829 

36 

.60 


25 

.36515 

.93095 

.39223 

2.54952 

.562468 

.968926 

.593542 

.406458 

35 



26 

.36542 

.93084 

.39257 

2.54734 

.562790 

.968877 

.593914 

.406086 

34 


.45 

87 

.36569 

.93074 

.39290 

2.64516 

.563112 

.968827 

.094285 

.400715 

33 

.55 


28 

.36596 

.93063 

.39324 

2.54299 

.563433 

.968777 

.594656 

.405344 

32 



29 

.36623 

.93052 

.39357 

2.54082 

.563755 

.968728 

.595027 

.404973 

31 


.00 

30 

.36600 

.93048 

.39391 

2.63865 

.064076 

.968678 

.095398 

.404602 

30 

.60 


31 

.36677 

.93031 

.39425 

2.53645 

.564396 

.968628 

.595768 

.404232 

29 



32 

.36704 

,93020 

.39458 

2.53432 

.564716 

.968578 

.596138 

.403862 

28 


.00 

33 

.36731 

.93010 

.39492 

2.03217 

.565036 

.968528 

.096508 

.403492 

27 

.45 


34 

.36758 

.92999 

.39526 

2.53001 

.565356 

.968479 

.596878 

.403122 

26 



35 

.36785 

.92988 

.39559 

2.52786 

.565676 

.968429 

.597247 

.402753 

25 


.60 

36 

.36818 

.93978 

.39593 

2.52S71 

.565995 

.968379 

.097616 

.402384 

24 

.40 


37 

.36839 

.92967 

.39626 

2.52357 

.566314 

.968329 

.597985 

.402015 

23 



38 

.36867 

.92956 

.39660 

2.52142 

.566632 

.968278 

.598354 

.401646 

22 


.60 

39 

.36894 

.92945 

.39694 

2.61929 

.666951 

.968228 

.098722 

.401278 

21 

.36 


40 

.36921 

.92935 

.39727 

2.51715 

.567269 

.968178 

.599091 

.400909 

20 



41 

.36948 

.92924 

.39761 

2.51502 

.567587 

.968128 

.599459 

.400541 

19 


.70 

48 

.36975 

.98913 

.39795 

2.01289 

.567904 

.968078 

.099827 

.400173 

18 

.30 


43 

.37002 

.92902 

.39829 

2.51076 

.568222 

.968027 

.600194 

.399806 

17 



44 

.37029 

.92892 

.39862 

2.50864 

.568539 

.967977 

.600562 

.399438 

16 


.76 

45 

. 37056 

.92881 

.39896 

2.60652 

.668866 

.967927 

.600929 

.399071 

16 

.25 


46 

.37083 

.92870 

.39930 

2.50440 

.569172 

.967876 

.601296 

.398704 

14 



47 

.37110 

.92859 

. 39963 

2.50229 

.569488 

.967826 

.601663 

.398337 

13 


.80 

48 

.37137 

.92849 

.39997 

2.00018 

.669804 

.967775 

.602029 

.397971 

12 

.20 


49 

.37164 

.92838 

.40031 

2.49807 

i .570120 

.967725 

.602395 

.397605 

1 11 



50 

.37191 

.92827 

.40065 

2.49597 

.570435 

.967674 

.602761 

.397239 

1 


.80 

61 

.87818 

.92816 

.40098 

2.49386 

.570751 

.967624 

.603127 

.396873 

9 

.15 


52 

.37245 

.92805 

.40132 

2.49177 

.571066 

.967573 

.603493 

.396507 

8 



53 

.37272 

.92794 

.40166 

2.48967 

.571380 

.967522 

.603858 

.396142 

7 


.90 

04 

.87899 

.92784 

.40203 

2.48758 

.071695 

.967471 

.604223 

.396777 

6 

.10 


55 

.37326 

.92773 

.40234 

2.48549 

.572009 

.967421 

.604588 

.395412 

5 



56 

.37353 

.92762 

.40267 

2.48340 

.572323 

.967370 

.604953 

.395047 

4 


.90 

07 

.37380 

.98751 

.40301 

2.48132 

.572636 

.967319 

.605317 

.394683 

3 

.05 


58 

.37407 

.02740 

.40335 

2.47924 

.572950 

.967268 

.605682 

.394318 

2 



59 

.37434 

.92729 

.40369 

2.47716 

,573263 

.967217 

.606046 

.393954 

1 


1.00 

60 

.37461 

.93718 

.40403 

2.47009 

9.073575 

9.967163 

9.606410 

10.393690 

0 

.00 

1 

1 

Cos 

Sin 

Cot 

Tan 

Cos 

Sin 

Cot 

Tan 

s 

ja 

1 

1 

§ 

II Natural Values 

j| Common Logarithms 

1 

1 
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32'“ VALUES AND LOGARITHMS OP TRIGONOMETRIC FUNCTIONS 


1 

m 

Natural Values 

1 Common Logarithms 

1 

1 


■i 

Sin 

Cos 

Tan 

Cot 

Sin 

Cos 

Tan 

Cot 

1 

1 

.00 

0 

.37461 

.92718 

.40403 

2.47509 

9.573575 

9.967166 

9.606410 

10.893590 

60 

1.00 


1 

.37488 

.92707 

.40436 

2.47302 

.573888 

.967115 

.606773 

.393227 

59 


2 

.37515 

.92697 

.40470 

2.47095 

.574200 

.967064 

.607137 

.392863 

58 


.05 

8 

.37542 

.92686 

.40504 

2.46888 

.574512 

.967013 

,607500 

.392500 

57 

.96 


4 

.37569 

.92675 

.40538 

2.46682 

.574824 

.966961 

.607863 

.392137 

56 


5 

.37595 

.92664 

.40572 

2.46476 

.575136 

.966910 

.608225 

.391775 

55 


.10 

6 

.37622 

.92653 

.40606 

2.46270 

.675447 

.966859 

.608588 

.391412 

64 

.90 


7 

.37649 

.92642 

.40640 

2.46065 

.575758 

.966808 

.608950 

.391050 

53 


8 

.37676 

.92631 

.40674 

2.45860 

.576069 

.966756 

.609312 

.390688 

52 


.16 

9 

.37703 

.92620 

.40707 

2.45655 

.576379 

.966705 

.609674 

.390326 

61 

.86 


10 

.37730 

.92609 

.40741 

2.45451 

.576689 

.966653 

.610036 

.389964 

50 



11 

.37757 

.92598 

.40775 

2.45246 

.576999 

.966602 

.610397 

.389603 

49 


.20 

12 

.37784 

.92387 

.40809 

2.45043 

.577309 

.966550 

.610759 

.389241 

48 

.80 


13 

.37811 

.92576 

.40843 

2.44839 

.577618 

.966499 

.611120 

.388880 

47 



14 

.37838 

.92565 

.40877 

2.44636 

.577927 

.966447 

.6I14dO 

.388520 

46 


.25 

IS 

.37865 

.925S4 

.40911 

2.44433 

.578236 

.963395 

.611841 

.388159 

45 

.76 


16 

.37892 

.92543 

.40945 

2.44230 

.578545 

.966344 

.612201 

.387799 

44 



17 

.37919 

.92532 

.40979 

2.44027 

.578853 

.966292 

.612561 

.387439 

43 


.30 

18 

.37946 

.92521 

.41013 

2.43825 

.579162 

.966240 

.612921 

.387079 

42 

.70 


19 

.37973 

.92510 

.41047 

2.43623 

.579470 

.966188 

.613281 

.386719 

41 


20 

.37999 

.92499 

.41081 

2.43422 

.579777 

.966136 

.613641 

.386359 

40 


.35 

21 

.38026 

.92483 

.41115 

2.43220 

.580085 

.966085 

.614000 

.886000 

39 

.66 


22 

.38053 

.92477 

.41149 

2.43019 

.580392 

.966033 

.614359 

.385641 

38 



23 

.38080 

.92466 

.41183 

2.42819 

.580699 

.965981 

.614718 

.385282 

37 


.40 

24 

.38107 

.92455 

.41217 

2.42618 

.581005 

.965929 

.615077 

.384923 

36 

.60 


25 

.38134 

.92444 

.41251 

2.42418 

.581312 

.965876 

.615435 

.384565 

35 



26 

.38161 

.92432 

.41285 

2.42218 

.581618 

.965824 

.615793 

.384207 

34 


.45 

27 

.38188 

.92421 

.41319 

2.42019 

.581984 

.965772 

.616151 

.383849 

33 

.66 


28 

.38215 

.92410 

.41353 

2.41819 

.582229 

.965720 

.616509 

.383491 

32 



29 

.38241 

.92399 

.41387 

2.41620 

.582535 

.965668 

.616867 

.383133 

31 


.60 

30 

.38268 

.92388 

.41421 

2.41421 

.582840 

.965615 

. 617224 

.382776 

30 

.60 


31 

.38295 

.92377 

.41455 

2.41223 

.583145 

.965563 

.617582 

.382418 

29 



32 

.38322 

.92366 

.41490 

2.41025 

.583449 

.965511 

.617939 

.382061 

28 


.66 

33 

.38349 

.92355 

.41524 

2.40827 

.583754 

.965458 

.618295 

.881705 

27 

.46 


34 

.38376 

.92343 

.41558 

2.40629 

.584058 

.965406 

.618652 

.381348 

26 



35 

.38403 

.92332 

.41592 

2. 40432 

.584361 

.965353 

.619008 

.380992 

25 


.60 

36 

.38430 

.92321 

.41626 

2.40236 

.684365 

.965301 

.619364 

.380636 

24 

.40 


37 

.38456 

.92310 

.41660 

2.40038 

.584968 

.965248 

.619720 

.380280 

23 



38 

.38483 

.92299 

.41694 

2.39841 

.585272 

.965195 

.620076 

.379924 

22 


.65 

39 

.38510 

.92287 

.41728 

2.39645 

.686574 

.965143 

.620432 

.379568 

21 

.86 


40 

.38537 

.92276 

.41763 

2.39449 

.585877 

.965090 

.620787 

.379213 

20 



41 

.38564 

.92265 

.41797 

2.39253 

.586179 

.965037 

.621142 

.378858 

19 


.70 

42 

.38591 

.92254 

.41831 

2.39058 

.686482 

.964981 

.621497 

.378503 

18 

.30 


43 

.38617 

.92243 

.41865 

2.38863 

.586783 

.964931 

,621852 

.378148 

17 



44 

.38644 

.92231 

.41899 

2.38668 

.587085 

.964879 

.622207 

.377793 

16 


.75 

45 

.38671 

.92220 

.41933 

2.38473 

.587386 

.964323 

.622561 

.377439 

15 

.25 


46 

.38698 

.92209 

.41963 

2.33279 

.587688 

.964773 

.622915 

.377085 

14 



47 

.38725 

.92198 

.42002 

2.38084 

.587989 

.964720 

.623269 

.376731 

13 


.80 

43 

.33752 

.92136 

.42033 

2.37831 

.583289 

.964665 

.623623 

.376377 

12 

.20 


49 

.38778 

.92175 

.42070 

2.37697 

.588590 

.964613 

.623976 

.376024 

1 1 



53 

.38805 

.92164 

.42105 

2.37504 

.583890 

.964560 

.624330 

.375670 

10 


.85 

51 

.38832 

.92152 

.42139 

2.37311 

.589190 

.964507 

.621G83 

.375317 

9 

.16 


52 

.38559 

.92141 

.42173 

2.37118 

.539489 

.964454 

.625036 

.374964 

8 



53 

.38886 

.92130 

.42207 

2.36925 

.589789 

.964400 

.625388 

.374612 

7 


.90 

54 

.38912 

.92119 

.42242 

2.35733 

.590088 

.964347 

.625741 

.874259 

6 

.10 


55 

.38939 

.92107 

.42276 

2.36541 

.590387 

.964294 

.626093 

.373907 

5 



56 

.38966 

.92096 

.42310 

2.36349 

.590686 

.964240 

.626445 

.373555 

4 


.95 

67 

.38993 

.92085 

.42345 

2.36158 

.590984 

.964187 

.626797 

.373203 

3 

.06 


53 

.39020 

.92073 

.42379 

2.35967 

.591282 

.964133 

.627149 

.372851 

2 



59 

.39046 

.92062 

.42413 

2.35776 

.591580 

.964080 

.627501 

.372499 

1 


1.00 

60 

.39073 

.92050 

.42447 

2.35585 

9.591878 

9.964026 

9.627852 

10.372148 

0 

.00 

ja 


Cos 

Sin 

Cot 

Tan 

Cob 

Sin 

Cot 

Tan 

£ 

1 

1 

a 

Natural Values | 

Common Logarithms 

1 



1-79 


67 








BlATffEMATTCAL AND PHYSICAL TABLES 


D 


1 NutOTMl VMlueB 

1 Common Logarithms 

|g 

j 

Sin 

Cos 

Tan 


Sin 

Cos 

Tan 

Cot 

.00 

0 

.89078 

.92050 

.42U7 

2.86686 

9.691878 

9.964026 

9.627852 

10.372148 

60 

1.00 


1 

.39100 

.92039 

.42482 

2.35395 

.592176 

.963972 

.628203 

.371797 

59 



2 

.39127 

.92028 

.42516 

2.35205 

.592473 

.963919 

.628554 

.371446 

58 


.05 

5 

.89158 

.92016 

.42661 

2.86016 

.692770 

.963866 

.628906 

.371096 

67 

.06 


4 

.39180 

.92005 

.42585 

2.34825 

.593067 

.963811 

.629255 

.370745 

56 



5 

.39207 

.91994 

.42619 

2.34636 

.593363 

.963757 

.629606 

.370394 

55 


.10 

6 

.89284 

.91982 

.42654 

2.84447 

.698669 

.963704 

.629966 

.370044 

54 

.90 


7 

.39260 

.91971 

.42688 

2.34258 

.593955 

.963650 

.630306 

.369694 

53 



8 

.39287 

.91959 

.42722 

2.34069 

.594251 

.963596 

.630656 

.369344 

52 


.15 

9 

.89814 

.91948 

.42767 

2.88881 

.694547 

.963542 

.631006 

.368995 

61 

.80 


10 

.39341 

.91936 

.42791 

2.33693 

.594842 

.963488 

.631355 

.368645 

50 



II 

.39367 

.91925 

.42826 

2.33505 

.595137 

.963434 

.631704 

.368296 

49 


.80 

18 

.89394 

.91914 

.42860 

2.38317 

.696432 

.963379 

.632063 

.367947 

48 

.80 


13 

.39421 

.91902 

.42894 

2.33130 

.595727 

.963325 

.632402 

.367598 

47 



14 

.39448 

.91891 

.42929 

2.32943 

.596021 

.963271 

.632750 

.367250 

46 


.85 

15 

.39474 

.91879 

.42963 

2.32766 

.696316 

.963217 

.638099 

.366901 

46 

.76 


16 

.39501 

.91868 

.42998 

2.32570 

.596609 

.963163 

.633447 

.366553 

44 



17 

.39528 

.91856 

.43032 

2.32383 

.596903 

.963108 

.633795 

.366205 

43 


.50 

18 

.89656 

.91846 

.43067 

2.32197 

.697196 

.963064 

.634143 

.366857 

42 

.70 


19 

.39581 

.91833 

.43101 

2.32012 

.597490 

.962999 

.634490 

.365510 

41 



20 

.39608 

.91822 

.43136 

2.31826 

.597783 

.962945 

.634838 

.365162 

40 


.55 

21 

.39636 

.91810 

.43170 

2.81641 

.698075 

.962890 

.635185 

.364815 

39 

.65 


22 

.39661 

.91799 

.43205 

2.31456 

.598368 

.962836 

.635532 

.364468 

38 



23 

.39688 

.91787 

.43239 

2.31271 

.598660 

.962781 

.635879 

.364121 

37 


.40 

24 

.89715 

.91776 

.48274 

2.81086 

.698952 

.962727 

.636226 

.363774 

36 

.60 


25 

.39741 

.91764 

.43308 

2.30902 

.599244 

.962672 

.636572 

.363428 

35 



26 

.39768 

.91752 

.43343 

2.30718 

.599536 

.962617 

.636919 

.363081 

34 


.45 

27 

.89796 

.91741 

.48378 

2.30634 

.699827 

.962662 

.637266 

.362736 

33 

.05 


28 

.39822 

.91729 

.43412 

2.30351 

.600118 

.962508 

.637611 

.362389 

32 



29 

.39848 

.91718 

.43447 

2.30167 

.600409 

.962453 

.637956 

.362044 

31 


.50 

SO 

.89876 

.91706 

.43481 

2.29984 

.600700 

.962398 

.638302 

.361698 

30 

.60 


31 

.39902 

.91694 

.43516 

2.29801 

.600990 

.962343 

.638647 

.361353 

29 



32 

.39928 

.91683 

.43550 

2.29619 

.601280 

.962288 

.638992 

.361008 

28 


.55 

88 

.39966 

.91671 

.436861 

2.29437 

.601670 

.962233 

.639837 

.360663 

27 

.46 


34 

.39982 

.91660 

.43620 

2.29254 

.601860 

.962178 

.639682 

.360318 

26 



35 

.40008 

.91648 

. 43654 

2.29073 

.602150 

.962123 

.640027 

.359973 

25 


.60 

86 

.40085 

.91636 

.43689 

2.28891 

.602439 

.962067 

.640371 

.369629 

24 

.40 


37 

.40062 

.91625 

.43724 

2.28710 

.602728 

.962012 

.640716 

.359284 

23 



38 

.40088 

.91613 

,43758 

2. 28528 

.603017 

.961957 

.641060 

.358940 

22 


.65 

39 

.40115 

.91601 

.43793 

2.28348 

.603306 

.961902 

.641404 

.368596 

21 

.36 


40 

.40141 

.91590 

.43828 

2.28167 

.603594 

.961846 

.641747 

.358253 

20 



41 

.40168 

.91578 

.43862 

2.27987 

,603882 

.961791 

.642091 

.357909 

19 


.70 

42 

.40196 

.91666 

.43897 

2.27806 

.604170 

.961735 

.642434 

.357666 

18 

.30 


43 

.40221 

.91555 

.43932 

2.27626 

.604457 

.961680 

.642777 

.357223 

17 



44 

. 40248 

.91543 

.43966 

2.27447 

.604745 

.961624 

.643120 

.356880 

16 


.75 

45 

.40276 

.91631 

.44001 

2.27267 

.606032 

.961669 

.643463 

.866637 

16 

.20 


46 

.40301 

.91519 

.44036 

2.27088 

.605319 

.961513 

; .643806 

.356194 

14 



47 

.40328 

.91508 

,44071 

2. 26909 

. 605606 

.961458 

1 .644148 

.355852 

13 


.80 

48 

.40365 

.91496 

.44106 

2.26780 

.606892 

.961402 

.644490 

.365610 

12 

.20 


49 

.40381 

.91484 

.44140 

2.26552 

.606179 

.961346 

.644832 

.355168 

II 



50 

.40408 

.91472 

.44175 

2. 26374 

- .606465 

.961290 

.645174 

.354826 

10 


.85 

51 

.40434 

.91461 

.44210 

2.26196 

.606761 

.961236 

.646516 

.364484 

9 

.16 


52 

.40461 

.91449 

.44244 

2.26018 

.607036 

.961179 

.645857 

.354143 

8 



53 

.40488 

.91437 

.44279 

2.25840 

.607322 

.961123 

.646199 

.353801 

7 


.90 

54 

.40614 

.91426 

.44814 

2.26663 

.607607 

.961067 

.646540 

.363460 

6 

.10 


55 

.40541 

.91414 

.44349 

2.25486 

.607892 

.961011 

.646881 

.353119 

5 



56 

.40567 

.91402 

.44384 

2.25309 

.608177 

.960955 

.647222 

.352778 

4 


.95 

57 

.40694 

.91890 

.44418 

2.26132 

.608461 

.960899 

.647662 

.362438 

3 

.00 


58 

.40621 

.91378 

.44453 

2.24956 

.608745 

.960843 

.647903 

.352097 

2 



59 

.40647 

.91366 

.44488 

2.24780 

.609029 

.960786 

.648243 

.351757 

1 


1,00 

60 

.40674 

.91366 

.44623 

2.24604 

9.609813 

9.960730 

9.648683 

10.861417 

0 

.00 

1 


Cos 

Bin 

Cot 


Cos 

Sin 

Cot 

Tan 

J 

T" 

1 

.1 

1 Natural Values j 

Common Logarithms 

9 

1 

1 ■ 


1-80 


66 




















24 ^ VALUES AND L06AKITHMS OF TKIGONOMETRIC FUNCTIONS 


1 

1 

Natural Values 

1 Common Logarithms 

1 


1 

1 

Sin 

Cos 

Tan 

Cot 

Sin 

Cos 

Tan 

Cot 

.9 

:g 


.00 

0 

.40674 

.91865 

.44623 

8.24604 

9.609313 

9.960730 

9.648683 

10.861417 

60 

1.00 


1 

.40700 

.91343 

.44558 

2.24428 

.609597 

.960674 

.648923 

.351077 

59 



2 

.40727 

.91331 

.44593 

2.24252 

.609880 

.960618 

. 649263 

.350737 

58 


.06 

3 

.40703 

.91319 

.44627 

2.24077 

.610164 

.960561 

.649602 

.350898 

67 

.96 

4 

. 40780 

.91307 

.44662 

2.23902 

.610447 

.960505 

.649942 

.350058 

56 



5 

.40806 

.91295 

.44697 

2.23727 

.610729 

.960448 

.650281 

.349719 

55 


.10 

6 

.40833 

.91283 

.44732 

2.23663 

.611012 

.960392 

.660620 

.849880 

64 

.90 


7 

. 40860 

.91272 

.44767 

2.23378 

.611294 

.960335 

.650959 

.349041 

53 



8 

. 40886 

.91260 

.44802 

2.23204 

.611576 

.960279 

.651297 

.348703 

52 


.16 

9 

.40918 

.91248 

.44837 

2.23030 

.611868 

.960228 

.661636 

.848364 

61 

.86 

10 

.40939 

.91236 

.44872 

2.22857 

.612140 

.960165 

.651974 

.348026 

50 


11 

.40966 

.91224 

.44907 

2.22683 

.612421 

.960109 

.652312 

.347688 

49 


.20 

12 

.40992 

.91218 

.44942 

8.82510 

.618708 

.960068 

.662660 

.347360 

48 

.80 


13 

.41019 

.91200 

.44977 

2.22337 

.612983 

.959995 

. 652988 

.347012 

.47 



M 

.41045 

.91188 

.45012 

2.22164 

.613264 

.959938 

.653326 

.346674 

46 


.26 

16 

.41072 

.91176 

.45047 

2.21992 

.613645 

.959882 

.653663 

.346837 

45 

.76 


16 

.41098 

.91164 

.45082 

2.2I8I9 

.613825 

.959825 

.654000 

.346000 

44 



17 

.41125 

.91152 

.45117 

2.21647 

.614105 

.959768 

.654337 

.345663 

43 


.30 

18 

.41161 

.91140 

.46152 

2.21476 

.614386 

.969711 

.664674 

.846326 

42 

.70 


19 

.41178 

.91128 

.45187 

2.21304 

.614665 

.959654 

.655011 

.344989 

41 



20 

.41204 

.91116 

.45222 

2.21132 

.614944 

.959596 

.655348 

.344652 

40 


.86 

21 

.41281 

.91104 

.46267 

2.20961 

.616223 

.969639 

.655684 

.344316 

89 

.66 


22 

.41257 

.91092 

.45292 

2.20790 

.615502 

.959482 

.656020 

.343980 

38 



23 

.41284 

.91080 

.45327 

2.20619 

.615781 

.959425 

.656356 

.343644 

37 


.40 

24 

.41810 

.91068 

.46362 

2.20449 

.616060 

.969368 

.666692 

.843308 

86 

.60 


25 

.41337 

.91056 

.45397 

2.20278 

.616338 

.959310 

.657028 

.342972 

35 



26 

.41363 

,91044 

.45432 

2.20108 

.616616 

.959253 

.657364 

.342636 

34 


.46 

27 

.41890 

.91032 

.46467 

2.19938 

.616894 

.969196 

.667699 

.342301 

33 

.66 


28 

.41416 

.91020 

.45502 

2.19769 

.617172 

.959138 

.658034 

.341966 

32 



29 

.41443 

.91008 

.45538 

2.19599 

.617450 

.959080 

.658369 

.341631 

31 


.60 

30 

.41469 

.90996 

.46673 

2.19430 

.617727 

.969023 

.658704 

.841296 

3) 

.60 


31 

.41496 

.90984 

.45608 

2.19261 

.6-18004 

.958965 

.659039 

.340961 

29 



32 

.41522 

.90972 

.45643 

2.19092 

.618281 

.958908 

.659373 

.340627 

28 


.66 

33 

.41649 

.90960 

.46678 

2.18923 

.618668 

.968860 

.669708 

.840292 

27 

.46 


34 

.41575 

.90948 

.45713 

2.18755 

.618834 

.958792 

.660042 

.339958 

26 



35 

.41602 

.90936 

.45748 

2.18587 

.619110 

.958734 

.660376 

.339624 

25 


.60 

36 

.41628 

.90984 

.46784 

2.18419 

.619386 

.968677 

.660710 

.839290 

21 

.40 

37 

.41655 

.90911 

.45819 

2.18251 

.619662 

.958619 

.661043 

.338957 

23 



38 

.41681 

.90899 

.45854 

2.18084 

.619938 

.958561 

.661377 

.338623 

22 


.66 

39 

.41707 

.90887 

.45889 

2.17916 

.620213 

.968503 

.661710 

.838290 

21 

.86 


40 

.41734 

.90875 

.45924 

2.17749 

.620488 

.958445 

.662043 

.337957 

20 



41 

.41760 

.90863 

.45960 

2.17582 

.620763 

.958387 

.662376 

.337624 

19 


.70 

42 

.41787 

.90851 

.46996 

2.17416 

.621038 

.968329 

.662709 

.837291 

18 

.30 

43 

.41813 

.90839 

.46030 

2.17249 

.621313 

.958271 

.663042 

.336958 

17 



44 

.41840 

.90826 

.46065 

2.17083 

,621587 

.958213 

.663375 

.336625 

16 


.76 

45 

.41866 

.90814 

.46101 

2.16917 

.621861 

.968154 

.663707 

.336293 

16 

.26 

46 

.41892 

.90802 1 

.46136 

2.16751 

.622135 

.958096 

.664039 

.335961 

14 



47 

.41919 

.90790 

.46171 

2.16585 

.622409 

.958038 

.664371 

.335629 

13 


.80 

48 

.41946 

.90778 1 

.46206 

2.16420 

.622682 

.957979 

.664703 

.836297 

12 

.20 

49 

.41972 

.90766 

.46242 

2.16255 

.622956 

.957921 

.665035 

.334965 

11 



50 

.41998 

.90753 

.46277 

2.16090 

.623229 

.957863 

.665366 

.334634 

10 


.86 

61 

.42024 

.90741 

.46312 

2.16926 

.623602 

.967804 

.666698 

.334302 

9 

.16 


52 

.42051 

.90729 

.46348 

2.15760 

.623774 

.957746 

.666029 

.333971 

8 



53 

.42077 

.90717 

.46383 

2.15596 

.624047 

.957687 

.666360 

.333640 

7 


.90 

64 

.42104 

.90704 

.46418 

2.16432 

.624319 

.967628 

.666691 

.838809 

6 

.10 


55 

.42130 

.90692 

.46454 

2.15268 

.624591 

.957570 

.667021 

.332979 

5 



56 

.42156 

.90680 

.46489 

2.15104 

.624863 

.957511 

.667352 

.332648 

4 


.96 

67 

.42183 

.90668 

.46525 

2.14940 

.626136 

.967462 

.667682 

.382318 

8 

.06 


58 

.42209 

.90655 

.46560 

2.14777 

.625406 

.957393 

.668013 

.331987 

2 



59 

.42235 

.90643 

.46595 

2.14614 

.625677 

.957335 

.668343 

.331657 

1 


1.00 

60 

.42862 

.90631 

.46631 

2.14461 

9.685948 

9.967276 

9.668673 

10.881827 

0 

.00 

1 

J 

Cos 

Sin 

Cot 

Tan 

Cos 

Sin 

Cot 

Tan 

1 

1 

WM 

m 

Natural Values 

Common Logarithms 

.9 

1 


1-81 


65 

























25 


MATHEMATICAL AND PHYSICAL TABLES 


Natural Values 


P Sin 


.00 0 .42262^ 

/ I .42288 
2 .42315 


j Cos 

j Taa 

1 

^ .90631 1 

1 .46631 

12. 

.90618 

. 46666 

/ ^ 

.90606 / 

.467021 

' 2. i 


II Common Logarithms 

II Sin I Cos I Tan ^ 


56 I 

.95 57 

58 

59 

1.00 60 


.46737 2.13963 
.46772 2.1380* 
.46808 2.13639 
.46843 2.13477 
.46879 2.13316 
.46914 2.13154 
.46950 2.12993 
.46985 2.12832 
.47021 2.12671 

.47066 2.12511 
.47092 2.12350 
.47128 2.12190 
.47163 2.12030 
.47199 2.11871 
.47234 2.11711 
.47270 2.11562 
.47305 2.11392 
.47341 2.11233 

.47377 2.11075 
.47412 2.10916 
.47448 2.10758 
.47483 2.10600 
.47519 2.10442 
.47355 2.10284 
.47690 2.1012B 
.47626 2.09969 
.47662 2.09811 
.47698 2.09664 
.47733 2.09498 
.47769 2.09341 
.47806 2.09184 
.47840 2.09028 
.47876 2.08872 
.47912 2.03716 
.47948 2.08560 
.47984 2.08405 
.43019 2.08230 
.48055 2.08094 

.48091 1.07939 

.48127 2.07786 
.48163 2.07630 

.48198 2.07476 
.48234 2.07321 
.48270 2.07167 
.48306 2.07014 
.48342 2.06860 
.48378 2.06706 
.48414 2.06553 
.48450 2.06400 
.48486 2.06247 
.48521 2.06094 

.48557 2.05942 
.48593 2.05790 
.48629 2.05637 
.48665 2.05485 
.48701 2.05333 

.48737 2.05182 
.48773 2.05030 


0.625948. 

I .626219 
/ .626490 
' .626760 
.627030 
.627300 
.627570 
.627840 
.628109 
.628378 
.628647 
.628916 
.629185 
.629453 
.629721 
.629939 
.630257 
.630524 
.630792 
.631059 
.631326 
.631593 
.631859 
.632125 
.632392 
.632658 
.632923 
.633189 
.633454 
.633719 
.633984 
.634249 
.634514 
.634778 
.633042 
.635306 
I .636570 
.635834 
I .636097 
I .636360 
.636623 
.636886 
.637148 
I .637411 
I .637673 
.637935 
.638197 
.638458 
.638720 
- .638981 
.639242 
.639593 
.639764 
.640024 
.640284 
.640544 
.640804 
.641364 
.641324 
.641583 
9.641842 


9.957276 / 9.668673 / 10.331327 60 / 1.00 

.957217 .669002 .330998 59 

.957158 .669332 / . 330668 // 58 


.957099 
.957040 
.956981 
.956921 
.956862 
.956803 
.956744 
.956684 
.956625 
.956566 
.956506 
.956447 
.956387 
.956327 
.956268 
.956208 
.956148 
.956089 
.956029 
.955969 
.955909 
.955849 
.955789 
.955729 
.955669 
.955609 
.955548 
.955483 
.955428 
.955368 
.955307 
.955247 
.955186 
.955125 
.955065 
.955005 
.954944 
.954883 
.954823 
.954762 
.954701 
.954640 
.954579 
.954518 
.954457 
.954396 
.954335 
.954274 , 
.954213 
.954152 
.954090 
.954029 
.953968 
.953906 
.953845 
.953783 
.953722 
9.953660 


.669661 

.669991 
.670320 
.670649 
.670977 
.671306 
.671635 
.671963 
.672291 
.672619 
.672947 
.673274 
.673602 
.673929 
.674257 
.674534 
.67491 I 
.675237 
.675561 
.675890 
.676217 
.676543 
.676869 
.677194 
.677520 
.677846 
.678171 
.678496 
.678821 
.679146 
.679471 
.679795 
.680120 
.680444 
.680768 
.681092 
.681416 
.681740 
.682063 
.632387 
.682710 
.683033 
.683356 
.683679 
.684001 
.684321 
.684646 
.684968 
.685290 
.685612 
.685934 
.686255 
.686577 
.686898 
.687219 
.687540 
.687861 
9.688182 


.330339 67 

.330009 56 
.329680 55 
.329361 64 
.329023 53 
.328694 52 

.328365 61 
.328037 50 

. 327709 49 
.327381 48 
.327053 47 
.326726 46 
.326398 45 
.326071 44 

.325743 43 
.325416 42 
.325089 41 

.324763 40 

.324436 39 
.324110 38 
.323783 37 
.323467 35 
.323131 35 

.322806 34 
.322480 33 
.322154 32 
.321829 31 
.321604 30 
.321179 29 
.320854 28 
.320529 27 
.320205 26 

.319880 25 
.319556 24 
.319232 23 

.318908 22 
.318584 21 
.318260 20 

.317937 19 

.317613 18 
.317290 17 

,316967 16 
.316644 15 

.316321 14 

.315999 13 

.315676 12 

.315354 11 

.315032 10 

.314710 9 

.314388 8 

.314066 7 

.313746 6 

.313423 5 

.313102 4 

.312781 3 

.312460 2 

.312139 1 

10.311818 0 


£ Cos 


Cot Tail 


Natural Values 


Common Logarithms 






26 '^ VALUES AND LOGARITHMS OF TRIGONOMETRIC FUNCTIONS 



s 

Natural Values 

Common Logarithms 

1 

1 


.s 

Sin 

Cos 

Tail 

Cot 

Sin 

Cos 

1 Tan 

Cot 

.5 

1 

,00 

0 

1 .43837 

.89879 

.48773 

8.03030 

9.641342 

9.953660 

9.688182 

10.311818 

60 

1.00 


1 

.43863 

.89867 

.48809 

2.04879 

.642101 

.953599 

.688502 

.311498 

59 


2 

.43889 

.89854 

.48845 

2.04726 

.642360 

.953537 

.688823 

.311177 

58 


.05 

3 

.43916 

.89841 

.48881 

2.04677 

.642613 

.953475 

.689143 

.310857 

57 

.90 


4 

.43942 

.89828 

.48917 

2.04426 

.642877 

.953413 

.689463 

.310537 

56 


5 

.43968 

.89816 

.48953 

2.04276 

.643135 

.953352 

.689783 

.310217 

55 


.10 

6 

.43994 

.89803 

.48989 

2.04123 

.643393 

.953290 

.690103 

.339897 

64 

.90 


7 

.44020 

.89790 

.49026 

2.03975 

.643650 

.953228 

.690423 

.309577 

53 


8 

.44046 

.89777 

,49062 

2.03825 

. 643908 

.953166 

.690742 

.309258 

52 


.15 

9 

.44072 

.89764 

.49098 

2.03676 

. 644165 

.953194 

.691062 

.308938 

01 

.80 


10 

.44098 

.89752 

.49134 

2.03526 

.644423 

.953042 

.691381 

.308619 

50 



II 

.44124 

.89739 

.49170 

2.03376 

.644680 

.952980 

.691700 

.308300 

49 


.20 

12 

.44151 

.89726 

.49203 

2.03227 

.644936 

.952913 

.692019 

.307981 

48 

.80 


13 

.44177 

.89713 

.49242 

2.03078 

.645193 

.952855 

.692338 

.307662 

47 



14 

.44203 

.89700 

.49278 

2.02929 

. 645450 

.952793 

.692656 

.307344 

46 


.25 

15 

.44229 

.89687 

.49315 

2.02780 

.645706 

.952731 

.692973 

.307025 

45 

.70 


16 

.44255 

.89674 

.49351 

2.02631 

.645962 

.952669 

.693293 

.306707 

44 



17 

.44281 

.89662 

.49387 

2.02483 

.646218 

.952606 

.693612 

.306388 

43 


.30 

18 

.41307 

.89519 

.49423 

2.02335 

.646474 

.952514 

.693930 

.306070 

42 

.70 


19 

.44333 

.89636 

.49459 

2.02187 

.646729 

.952481 

.694248 

.305752 

41 



20 

.44359 

.89623 

.49495 

2.02039 

.646984 

.952419 

.694566 

.305434 

40 


.35 

21 

.44385 

.89610 

.49632 

2.01391 

.647240 

.952353 

.694883 

.335117 

39 

.60 


22 

.44411 

.89597 

.49568 

2.01743 

.647494 

.952294 

.695201 

.304799 

38 



23 

.44437 

.89584 

.49604 

2.01596 

.647749 

.952231 

.695518 

.304482 

37 


.40 

24 

.44464 

.89671 

.49640 

2.01449 

.613004 

.952168 

.695335 

.304164 

86 

.60 


25 

.44490 

.89558 

.49677 

2.01302 

.648258 

.952106 

.696153 

.303847 

35 



26 

.44516 

.89545 

.49713 

2.01155 

.648512 

.952043 

.696470 

.303530 

34 


.45 

27 

.44542 

.89332 

.49749 

2.01003 

.648766 

.951930 

.695787 

.333213 

83 

.00 


281 

.44568 

.89519 

.49786 

2.00862 

.649020 

.951917 

.697103 

.302897 

32 



29 

.44594 

. 89506 

.49822 

2.00715 

.649274 

.951854 

.697420 

.302580 

31 


.50 

30 

.44520 

.89493 

.49353 

2.09569 

.649527 

.951791 

.697736 

.302261 

30 

.00 


31 

.44646 

.89480 

.49894 

2.00423 

.649781 

.951728 

.698053 

.301947 

29 



32 

.44672 

.89467 

.49931 

2.00277 

.650034 

.951665 

.698369 

.301631 

28 


.65 

33 

.44698 

.89454 

.49967 

2.00131 

.650287 

.951602 

.698683 

.301315 

27 

.40 


34 

.44724 

.89441 

.50004 

1.99986 

.650539 

.951539 

.699001 

.300999 

26 



35 

.44750 

.89428 

.50040 

1.99841 

.650792 

.951476 

.699316 

.300684 

25 


.60 

33 

.44776 

.89415 

.69376 

1.93696 

.651044 

.951412 

.699632 

.300368 

24 

.40 


37 

.44802 

.89402 

.5JI13 

1.99550 1 

.651297 

.951349 

.699947 

.300053 

23 



38 

.44828 

.89389 

.50149 

1.99406 

.651549 

.951236 

.700263 

.299737 

22 


.65 

33 

.44854 

. 89376 

.601J5 

1.99251 1 

.651800 

.951222 

.700578 

.299422 

21 

.80 


40 

.44880 

.89363 

.5J222 

1.99116 

.652052 

.951159 

.700893 

.299107 

20 




.44906 

.89350 

.50258 

1.98972 

.652304 

.951096 

.701208 

.298792 

19 


.70 

42 

.44932 

.89337 

.60296 

1.98323 

.652355 

.951032 

.701523 

.298477 

18 

.30 


43 

.44958 

.89324 

.50331 

1.98684 j 

.652806 

.950968 

.701837 

.298163 

17 



44 

.44984 

.89311 

.50363 

1.98540 1 

.653057 

.950905 

.702152 

.297848 

16 


.76 

46 

.45010 

.89298 

.60491 

1.93396 

.653308 

.950841 

.702485 

.297534 

16 

.20 


46 

.45036 

.89285 

.50441 

1.98253 

.653558 

.950778 

.702781 

.297219 1 

14 



47 

.45062 

.89272 

.50477 

1.98110 

, 653803 

.950714 

.703095 

.296905 

13 


.80 

48 

.45088 

.89259 

.60511 

1.97956 

.604053 

.950650 

.703409 

.296591 

12 

.20 


49 

.45114 

.89245 

.50550 

1.97823 

. 654309 

.950586 

.703722 

.296278 

1 1 



50 

.45140 

.89232 

.50587 

1.97681 

.654558 

.950522 

.704036 

.295964 

10 


.86 

61 

.45166 

.89219 

.69S23 

1.97538 

. 661808 

.950458 

.7)4350 

.295650 

9 

.10 


52 

.45192 

.89206 

.50660 

1.97395 

.655058 

.950394 

.704663 

.295337 

8 



53 

.45218 

.89193 

.50696 

1.97253 

.655307 

.950330 

.704976 

.295024 

7 


.90 

64 

.45243 

.89180 

.50733 

1.97111 

.666556 

.950266 

.705290 

.294710 

6 

.10 


55 

.45269 

.89167 

.50769 

1.96969 

.655805 

.950202 

,705603 

.294397 

5 



56 

.45295 

.89153 

.50806 

1.96827 

. 656054 

.950138 

.705916 

.294084 

4 


.96 

57 

.46321 

.89140 

.60843 

1.96685 

.656302 

.950074 

.706228 

.293772 

3 

.00 


57 

.45347 

.89127 

.50879 

1.96544 

.656551 

.950010 

.706541 

.293459 

2 



59 

.45373 

.89114 

.50916 

1.96402 

. 656799 

.949945 

.706854 

.293146 

I 


L.OO 

60 

.45399 

.89101 

.60963 

1.96261 

9.657047 

9.949881 

9.707166 

10.292834 

0 

.00 

.£3 

1 

Cos 

Sin 

Cot 

Tan 

Cos 

Sin 

Cot 

Tan 

1 

1 

1 

3 

.2 

S3 

Natural Values | 

Com-non Logarithms 


1 


1-83 


63 





27'" MATHEMATICAL AND PHYSICAL TABLES 




Natural Values | 

Common Logarithms | 

1 

1 



Sin 

Cob 

Tan 

m 

Sin 

Cos 

Tan 

HI 


.00 

0 

.40800 

.89101 

.00963 

1.96261 

9.657047 

9.949881 

9.707166 

10.292834 

60 

1.00 


1 

.45425 

.89087 

.50989 

1.96120 

.657295 

.949816 

.707478 

.292522 

59 



2 

.45451 

.89074 

.51026 

1.95979 

.657542 

.949752 

.707790 

.292210 

58 


.05 

8 

.45477 

.89061 

.61063 

1.96838 

.657790 

.949688 

.708102 

.291898 

67 

.98 


4 

.45503 

.89048 

.51099 

1.95698 

.658037 

.949623 

.708414 

.291586 

56 



5 

.45529 

.89035 

.51136 

1.95557 

,658284 

.949558 

.708726 

.291274 

55 


.10 

6 

.40004 

.89081 

.61173 

1.96417 

.668531 

.949494 

.709037 

.290963 

64 

.90 


7 

.45580 

.89008 

.51209 

1.95277 

.658778 

.949429 

.709349 

.290651 

53 



6 

.45606 

.88995 

.51246 

1.95137 

.659025 

.949364 

.709660 

.290340 

52 


.10 

0 

.40688 

.88981 

.01883 

1.94997 

.659271 

.949300 

.709971 

.290029 

61 

.85 


10 

.45658 

.88968 

.51319 

1.94858 

.659517 

.949235 

.710282 

.289718 

50 



n 

.45684 

.88955 

.51356 

1.94718 

.659763 

.949170 

.710593 

.289407 

49 


o 

Ci 

18 

.40710 

.88942 

.61393 

1.94579 

.660009 

.949106 

.710904 

.289096 

48 

.80 


13 

.45736 

.88928 

.51430 

1.94440 

.660255 

.949040 

.711215 

.288785 

47 



14 

.45762 

.88915 

.51467 

1.94301 

.660501 

.948975 

.711525 

.288475 

46 


.20 

10 

.40787 

.88908 

.61603 

1.94162 

.660746 

.948910 

.711836 

.288164 

46 

.75 


16 

.45813 

.88888 

.51540 

1.94023 

.660991 

.948845 

.712146 

.287854 

44 



17 

.45839 

.88875 

.51577 

1.93885 

.661236 

.948780 

.712456 

.287544 

43 


.80 

18 

.45860 

.88868 

.01614 

1.93746 

.661481 

.948715 

.712766 

.287234 

42 

.70 


19 

.45891 

.88848 

.51651 

1.93608 

.661726 

.948650 

.713076 

.286924 

41 



20 

.45917 

.88835 

.51688 

1.93470 

.661970 

.948584 

.713386 

.286614 

40 


.80 

81 

.46048 

.88882 

.61724 

1.93332 

.662214 

.948519 

.713696 

.286304 

39 

.65 


22 

.45968 

.88808 

.51761 

1.93195 

.662459 

.948454 

.714005 

.285995 

38 



23 

.45994 

.88795 

.51798 

1.93057 

.662703 

.948388 

.714314 

.285686 

37 


.40 

84 

.46080 

.88788 

.61835 

1.92920 

.662946 

.948323 

.714624 

.285376 

86 

.60 


25 

.46046 

.88768 

.51872 

1.92782 

.663190 

.948257 

.714933 

.285067 

35 



26 

.46072 

.88755 

.51909 

1.92645 

.663433 

.948192 

.715242 

.284758 

34 


.40 

87 

.46097 

.88741 

.61946 

1.92608 

.663077 

.948126 

.716661 

.284449 

83 

.65 


28 

.46123 

.88728 

.51983 

1.92371 

.663920 

.948060 

.715860 

.284140 

32 



29 

.46149 

.88715 

.52020 

1.92235 

.664163 

.947995 

.716168 

.283832 

31 


.00 

80 

.46170 

.88701 

.02057 

1.92098 

.664406 

.947929 

.716477 

.283523 

30 

.60 


31 

.46201 

.88688 

.52094 

1.91962 

.664648 

.947863 

.716785 

.283215 

29 



32 

.46226 

.88674 

.52131 

1.91826 

.664891 

.947797 

.717093 

. 282907 

28 


.00 

33 

.46202 

.88661 

.62168 

1.91690 

.665133 

.947731 

.717401 

.282599 

27 

.46 

34 

.46278 

.88647 

.52205 

1.91554 

.665375 

.947665 

.717709 

.282^91 

26 


35 

.46304 

.88634 

.52242 

1.91418 

.665617 

.947600 

.718017 

.281983 

25 


.60 

86 

.46330 

.88680 

.02879 

1.91282 

.666859 

.947633 

.718325 

.281675 

24 

.40 

37 

.46355 

.88607 

.52316 

1.91147 

.666100 

.947467 

.718633 

.281367 

23 



38 

.46381 

.88593 

.52353 

1.91012 

1 .666342 

.947401 

.718940 

.281060 

22 


.60 

80 

.46407 

.88680 

.02390 

1.90876 

.666583 

.947335 

.719248 

.280752 

21 

.85 


40 

..46433 

.88566 

.52427 

1.90741 

.666824 

.947269 

.719555 

.280445 

20 



41 

.46458 

.88553 

.52464 

1.90607 

.667065 

. 94>203 

.719862 

.280138 

•9 


.70 

48 

.46484 

.88539 

.52501 

1.90472 

.667305 

.947136 

.720169 

.279831 

18 

.30 


43 

.46510 

.88526 

.52538 

1.90337 

.667546 

.947070 

.720476 

.279524 

17 



44 

.46536 

.88512 

.52575 

1.90203 

; .667786 

.947004 

.720783 

.279217 

16 


.75 

40 

.46061 

.88499 

.62613 

1.90068 

.668027 

.946937 

.721089 

.278911 

16 

.26 


46 

.46587 

.88485 

.52650 

1.89935 

.668267 

.946871 

.721396 

.278604 

14 



47 

.46613 

.88472 

.52687 

1.89801 

.668506 

.946804 

.721702 

.278298 

13 


.80 

48 

.46639 

.88403 

.02724 

1.89667 

.668746 

.946738 

.722009 

.277991 

12 

.20 


49 

.46664 

.88445 

.52761 

1.89533 

.668986 

.946671 

.722315 

.277685 

11 



50 

.46690 

.88431 

.52798 

1.89400 

' .669225 

.946604 

.722621 

.277379 

10 


.80 

51 

.46716 

.88417 

.52836 

1.89266 

.669464 

.946538 

.722927 

.277073 

9 

.15 


52 

.46742 

.88404 

.52873 

1,89133 

.669703 

.946471 

.723232 

.276768 

8 



53 

.46>67 

.88390 

.52910 

1.89000 

.669942 

.946404 

.723538 

.276462 

7 


.00 

04 

.46793 

. 88377 

.52947 

I.88867 

.670181 

.946337 

.723844 

.276156 

6 

.10 


55 

.46819 

.88363 

.52985 

1.88734 

.670419 

.946270 

.724149 

.275851 

5 



56 

.46844 

.88349 

.53022 

1.88602 

.670658 

.946203 

.724454 

.275546 

4 


.00 

07 

.46870 

.88336 

.63009 

1.88469 

.670896 

.946136 

.724760 

.276240 

3 

.05 


58 

.46896 

.88322 

.53096 

1.88337 

.671134 

.946069 

.725065 

.274935 

2 



59 

.46921 

.88308 

.53134 

1.88205 

.671372 

.946002 

.725370 

.274630 

1 


1.00 

60 

.46947 

.88895 

.63171 

1.88073 

9.671609 

9.946936 

9.725674 

10.274326 

0 

.00 

’T 

1 

Cob 

Sin 

Cot 

Tan 

j Cob 


HI 

Tan 

m 

1 

i 

.S 

Natural Values 

Common Logarithms 

.a 

1 


1-84 


62 





















28"" VALUES AND LOGABITHMS OF TRIGONOMETRIC FUNCTIONS 


1 

1 

Natural Vftlues 

1 Common Logarithms 


D 



Tan 

Cot 

Sin 

Coe 

Tan 

Cot 

.09 

0 

.46947 

.88295 

.58171 

1.88073 

9.671609 

9.945935 

9.725674 

10.274326 

60 

lAO 


I 

.46973 

.88281 

.53208 

1.87941 

.671847 

.945868 

.725979 

.274021 

59 



2 

.46999 

.88267 

.53246 

t. 87809 

.672084 

.945800 

.726284 

.273716 

58 


.05 

S 

.47024 

.88254 

.53283 

1.87677 

) .672321 

.945733 

.726888 

.27U12 

87 

J5 


4 

.47050 

.88240 

.53320 

1.87546 

.672558 

.945666 

.726892 

.273T08 

56 



5 

.47076 

.88226 

.53358 

1.87415 

.672795 

.945598 

.727197 

.272803 

55 


.10 

6 

.47101 

.88213 

.53395 

1.87283 

.673032 

.945531 

.727501 

.272499 

54 

JO 


7 

.47127 

.88199 

.53432 

1.87152 

.673268 

.945464 

.727805 

.272195 

53 



8 

.47153 

.88185 

.53470 

1.87021 

.673505 

.945396 

.728109 

.271891 

52 


.15 

9 

.47178 

.88172 

.53507 

1.86891 

.673741 

.945328 

.728412 

.271588 

51 

J5 


10 

.47204 

.88158 

.53545 

1.86760 

.673977 

.945261 

.728716 

.271284 

50 



11 

.47229 

.88144 

.53582 

1.86630 

.674213 

.945193 

.729020 

.270980 

49 


.20 

12 

.47256 

.88130 

.53620 

1.86499 

.674448 

.945125 

.729323 

.270677 

48 

.80 


13 

.47281 

.88117 

.53657 

1.86369 

.674684 

.945058 

.729626 

.270374 

47 



14 

.47306 

.88103 

.53694 

1.86239 

.674919 

.944990 

.729929 

.270071 

46 


.25 

15 

.47332 

.88089 

.53732 

1.86109 

.675155 

.944922 

.730233 

.269767 

46 

.75 


16 

.47358 

.88075 

.53769 

1.85979 

.675390 

.944854 

.730535 

.269465 

44 



17 

.47383 

.88062 

.53807 

1.85850 

.675624 

.944786 

.730838 

.269162 

43 


.80 

18 

.47409 

.88048 

.63844 

1.85720 

.67S859 

.944T18 

.731141 

.268859 

42 

.70 


19 

.47434 

.88034 

. 53882 

1.85591 

.676094 

.944650 

.731444 

.268556 

41 



20 

.47460 

.88020 

. 53920 

1.85462 

.676328 

.944582 

.731746 

.268254 

40 


.36 

21 

.47486 

.88006 

.53957 

1.86333 

.676562 

.944514 

.782048 

.267962 

39 

.65 


22 

.47511 

.87993 

.53995 

1.85204 

.676796 

.944446 

.732351 

. 267649 

38 



23 

.47537 

.87979 

.54032 

J. 85075 

.677030 

.944377 

.732653 

. 267347 

37 


.40 

24 

.47562 

.87965 

.64070 

1.84946 

.677264 

.944309 

.732955 

.267046 

86 

.60 


25 

.47588 

.87951 

.54107 

1.84818 

.677498 

.944241 

.733257 

.266743 

35 



26 

.47614 

.87937 

.54145 

1.84689 

.677731 

.944172 

.733558 

. 266442 

34 


.45 

27 

.47639 

.87923 

.54183 

1.84561 

.677964 

.944104 

.733860 

.266140 

33 

.55 


28 

.47665 

.87909 

. 54220 

1.84433 

.678197 

.944036 

.734162 

.265838 

32 



29 

.47690 

.87896 

.54258 

1.84305 

.678430 

.943967 

.734463 

.265537 

31 


.60 

30 

.47716 

.87882 

.64296 

1.84177 

.678663 

.943899 

.734764 

.265236 

30 

.50 


31 

.47741 

.87868 

.54333 

1.84049 

.678895 

.943830 

.735066 

.264934 

29 



32 

.47767 

.87854 

.54371 

1.83922 

.679128 

.943761 

.735367 

.264633 

28 


.65 

33 

.47793 

.87840 

.54409 

1.83794 

.679360 

.943693 

.735668 

.264832 

87 

.45 


34 

.47818 

.87826 

.54446 

1.83667 

.679592 

.943624 

.735969 

.264031 j 

26 



35 

.47844 

.87812 

.54484 

1.83540 

.679824 

.943555 

.736269 

.263731 

25 


.60 

36 

.47869 

.87798 

.64522 

1.83413 

.680056 

.943486 

.736570 

.263430 

24 

.40 


37 

.47895 

.87784 

.54560 

1.83286 

.680288 

.943417 

.736870 

.263130 

23 



38 

.47920 

.87770 

.54597 

1.83159 

.680519 

.943348 

.737171 

.262829 

22 


.65 

39 

.47946 

.87756 

.64635 

1.83033 

.680750 

.943279 

.737471 

.262629 

21 

.85 


40 

.47971 

.87743 

.54673 

1.82906 

.680982 

.943210 

.737771 

.262229 

20 



41 

.47997 

.87729 

.54711 

1.82780 

.681213 

.943141 

.738071 

.261929 

19 


.70 

42 

.48022 

.87715 

.54748 

1.82654 

.681443 

.943072 

.738371 

.261629 

18 

.30 


43 

.48048 

.87701 

.54786 

1.82528 

.681674 

.943003 

.738671 

.261329 

17 



44 

.48073 

.87687 

.54824 

1.82402 

.681905 

.942934 

.738971 

.261029 

16 


.75 

45 

.48099 

.87673 

.54862 

1.82276 

.688135 

.942864 

.789271 

.260729 

16 

.25 


46 

.48124 

.87659 

. 54900 

1.82150 

.682365 

.942795 

.739570 

.260430 

14 



47 

.48150 

.87645 

.54938 

1.82025 

.682595 

.942726 

.739870 

.260130 

13 


.80 

48 

.48175 

.87631 

.54976 

1.81899 

.682825 

.942656 

.740169 

.259831 

12 

.20 


49 

.48201 

.87617 

.55013 

1.81774 

.683055 

.942587 

.740468 

.259532 

il 



50 

.48226 

.87603 

.55051 

1.81649 

.683284 

.942517 

.740767 

.259233 

10 


.86 

51 

.48252 

.87589 

.65089 

1.81524 

.688514 

.942448 

.741066 

.268934 

9 

.15 


52 

.48277 

.87575 

.55127 

1.81399 

.683743 

.942378 

.741365 

.258635 

8 



53 

.48303 

.87561 

.55165 

1.81274 

.683972 

.942308 

.741664 

.258336 

7 


.90 

54 

.48328 

.87546 

.55203 

1.81150 

.684201 

.942239 

.741962 

.258088 

6 

.10 


55 

.48354 

.87532 

.55241 

1.81025 

.684430 

.942169 

.742261 

.257739 

5 



56 

.48379 

.87518 

.55279 

1.80901 

.684636 

.942099 

.742559 

.257441 

4 


.95 

57 

.48405 

.87504 

.66317 

1.80777 

.684887 

.942029 

.742858 

.257142 

8 

.05 


58 

.48430 

.87490 

.55355 

1.80653 

.685115 

.941959 

.743156 

.256844 

2 



59 

.48456 

.87476 

.55393 

1.80529 

.685343 

.941889 

.743454 

.256546 

I 


1.00 

60 

.48481 

.87462 

.85431 

1.80405 

9.680871 

9.941819 

9.742752 

10.256248 

0 

.00 

i 

J 

Coe 

Sin 

Cot 

Tan 

mm 

Sin 

Cot 

Tan 

1 

1 

J. 

.1 

a 

Natttral Values 

Common Logarithm! 

g 

1 


1-85 


61 

























MATHEMATICAL AND PHYSICAL TABLES 


1 

1 

Natural Values 

Common Logarithms 

1 

■i 


I 

Sin 

Cos 

Tan 

Cot 

Sin 

Cos 

Tan 

Cot 

1 

1 

.00 

0 

.48481 

.87462 

.55431 

1.80405 

9.685571 

9.941819 

9.743752 

10.266248 

60 

1.00 


1 

.48506 

.87448 

.55469 

1.80281 

.685799 

.941749 

.744050 

.255950 

59 



2 

.48532 

.87434 

.55507 

1.80158 

.686027 

.941679 

.744348 

.255652 

58 


.05 

8 

.48557 

.87420 

.66045 

1.80034 

.686204 

.941609 

.744640 

.205800 

07 

.90 


4 

.48583 

.87406 

.55583 

1.79911 

.686482 

.941539 

.744943 

.255057 

56 



5 

.48608 

.87391 

.55621 

1.79788 

.686709 

.941469 

.745240 

.254760 

55 


.10 

6 

.48634 

.87377 

.66669 

1.79665 

.686936 

^941398 

.745538 

.254462 

54 

.90 


7 

.48659 

.87363 

.55697 

1.79542 

.687163 

.941328 

.745835 

.254165 

53 


8 

.48684 

.87349 

.55736 

1.79419 

.687389 

.941258 

.746132 

.253868 

52 


.16 

9 

.48710 

.87335 

.65774 

1.79296 

.687616 

.941187 

.746429 

.203071 

01 

.80 


10 

.48735 

.87321 

.55812 

1.79174 

.687843 

.941117 

.746726 

.253274 

50 


II 

.48761 

.87306 

.55850 

1.79051 

.688069 

.941046 

.747023 

.252977 

49 


.20 

12 

.48786 

.87892 

.66888 

1.78929 

.688290 

.940975 

.747319 

.202681 

48 

.801 


13 

.48811 

.87278 

.55926 

1.78807 

.688521 

.940905 

.747616 

.252384 

47 



14 

.48837 

.87264 

.55964 

1.78685 

.688747 

.940834 

.747913 

.252087 

46 


.25 

10 

.48868 

.87200 

.66003 

1.78663 

.688972 

.940763 

.748209 

.251791 

45 

.15 


16 

.48888 

.87235 

.56041 

1.78441 

.689198 

.940693 

.748505 

.251495 

44 


17 

.48913 

.87221 

.56079 

1.78319 

.689423 

.940622 

.748801 

.251199 

43 


.80 

18 

.48938 

.87207 

.56117 

1.78198 

.689648 

.940001 

.749097 

.200903 

42 

.70 


19 

.48964 

.87193 

.56156 

1.78077 

.689873 

.940480 

.749393 

.250607 

41 


20 

.48989 

.87178 

.56194 

1.77955 

.690098 

.940409 

.749689 

. 250311 

40 


.80 

81 

.49014 

.87164 

.56232 

1.77834 

.690323 

.940338 

.749985 

.200010 

39 

.65 


22 

.49040 

.87150 

.56270 

1.77713 

.690548 

.940267 

.750281 

.249719 

38 


23 

.49065 

.87136 

.56309 

1.77592 

.690772 

.940196 

.750576 

.249424 

37 


.40 

84 

.49090 

.87121 

.06347 

1.77471 

.690996 

.940120 

.750872 

.249128 

36 

.60 


23 

.49116 

.87107 

.56385 

1.77351 

.691220 

.940054 

.751167 

.248833 

35 


26 

.49141 

.87093 

.56424 

1.77230 

.691444 

.939982 

.751462 

.248538 

34 


.45 

87 

.49166 

.87079 

.66462 

1.77110 

.691668 

.939911 

.751757 

.248243 

33 

.05 


28 

.49192 

.87064 

.56501 

1.76990 

.691892 

.939840 

.752052 

.247948 

32 


29 

.49217 

.87050 

.56539 

1.76869 

.692115 

.939768 

.752347 

.247653 

31 


.50 

30 

.49848 

.87036 

.56677 

1.76749 

.692339 

.939697 

.702642 

.247308 

30 

.00 


31 

.49268 

.87021 

.56616 

1.76629 

.692562 

.939623 

.752937 

. 247063 

29 


32 

.49293 

.87007 

.56654 

1.76510 

.692785 

.939554 

.753231 

. 246769 

28 


.55 

33 

.49318 

.86993 

.56693 

1.76390 

.693008 

.939482 

.703026 

.246474 

27 

.40 


34 

.49344 

.86978 

.56731 

1.76271 

.693231 

.939410 

.753820 

.246180 

26 


35 

.49369 

.86964 

.56769 

1.76151 

.693453 

.939339 

.754115 

.245885 ; 

25 


.00 

36 

.49394 

.86949 

.06808 

1.76032 

.693676 

.939267 

.704409 

.240091 

24 

.40 


37 

.49419 

.86935 

.568461 

1.75913 

.693898 

.939195 

.754703 

.245297 

23 


38 

.49445 

.86921 

. 56885 

1.75794 

.694120 

.939123 

.754997 

.245003 

22 


.65 

39 

.49470 

.86906 

.06923 

1.75675 

.694312 

.939002 

.700291 

.244709 

21 

.36. 


40 

.49495 

.86892 

.56962 

1.75556 

.694564 

.938980 

.755585 

.244415 

20 


41 

.49521 

.86878 

. 57000 

1.75437 

.694786 

.938908 

.755878 

.244122 

19 


.70 

48 

.49546 

.86863 

.07039 1 

1.76319 

.690007 

.933836 

.706172 

.243828 

18 

.30 


43 

.49571 

.86849 

.57078 

1.75200 

.695229 

.938763 

.756465 

.243535 

17 


44 

.49596 

.86834 

.57116 

1.75082 

.695450 

.938691 

.756759 

.243241 

16 


.75 

45 

.49688 

.86820 

.07160 

1.74964 

.690671 

.938619 

.707002 

.242948 

10 

.20 


46 

.49647 

.86805 

.57193 

1.74846 

.695892 

.938547 

.757345 

.242655 

14 


47 

.49672 

.86791 

.572'32 

1.74728 

.696113 

.938475 

.757638 

.242362 

13 


.80 

48 

.49697 

.86777 

.57271 

1.74610 

.696334 

.938402 

.757931 

.242069 

12 

.20 


49 

.49723 

.86762 

.57309 

1.74492 

.696554 

.938330 

.758224 

.241776 

It 


50 

.49748 

.86748 

.57348 

1.74375" 

.696775 

.938258 

.758517 

.241483 

10 


.80 

01 

.49773 

.86733 

.67386 

1.74267 

.696990 

.938180 

.708810 

.241190 

9 

.15 


52 

.49798 

.86719 

.57425 

1.74140 

.697215 

.938113 

.759102 

.240898 

8 


53 

.49824 

.86704 

.57464 

1.74022 

.697435 

.938040 

.759395 

.240605 

7 


.90 

54 

.49849 

.86690 

.57603 

1.73905 

.697654 

.937967 

.709687 

.240313 

6 

.10 


55 

.49874 

.86675 

.57541 

1.73788 

.697874 

.937895 

.759979 

.240021 

5 


56 

.49899 

.86661 

.57580 

I.73671 

.698094 

.937822 

.760272 

.239726 

4 


.95 

57 

.49984 

.86646 

.67619 

1.73655 

.698313 

.937749 

.760064 

.239436 

8 

.05 


58 

.49950 

.86632 

.57657 

1.73438 

.698532 

.937676 

.760856 

.239144 

2 


59 

.49975 

.86617 

.57696 

1.73321 

.698751 

.937604 

.761148 

.238852 

1 


1.00 

60 

.50000 

.86603 

.57735 

1.73205 

9.698970 

9.937531 

9.761439 

10.238061 

0 

.00 

1 

|: 

m 

Sin 

Cot 

Tan 


Sin 

Cot 

Tan 

J 


1 

.1 

1 

Natural Values 

|| Common Logarithms 

.1 



1-86 


60 



















30"" VALUES AND LOGARITHMS OP TRIGONOMETRIC FUNCTIONS 


1 

8 

2 

Natural Values 

j Common Logarithms 

J 

1 

1 

.a 

IS 

Sin 

Cos 

Tan 


wm 

Cos 

Tan 

Cot 

.a 

IS 

Q 

.00 

0 

.50000 

.86603 

.07735 

1.73205 

9.698970 

9.937531 

9.761439 

10.238561 

60 

1.00 


1 

.50025 

. 86588 

.57774 

1.73089 

.699189 

.937458 

.761731 

.238269 

59 



2 

.50050 

. 86573 

.57813 

1.72973 

.699407 

.937385 

.762023 

.237977 

58 


.00 

8 

.00076 

.86059 

.07861 

1.72857 

.699626 

.937312 

.762314 

.237686 

57 

.98 


4 

.50101 

.86544 

,57890 

1.72741 

.699844 

.937238 

.762606 

.237394 

56 


5 

.50126 

. 86530 

.57929 

1.72625 

.700062 

.937165 

.762897 

.237103 

55 


.10 

6 

.60151 

.86516 

.57968 

1.72509 

.700280 

.937092 

.763188 

.236812 

54 

.90 


7 

.50176 

.86501 

.58007 

1.72393 

.700498 

.937019 

.763479 

.236521 

53 


6 

.50201 

.86486 

.58046 

1.72278 

.700716 

.936946 

.763770 

.236230 

52 


.10 

9 

.50227 

.86471 

.58085 

1.72163 

.700933 

.936872 

.764061 

.235939 

51 

.85 


10 

.50252 

.86457 

.58124 

1.72047 

.701151 

.936799 

.764352 

.235648 

50 


II 

.50277 

.86442 

.58162 

I.71932 

.701368 

.936725 

.764643 

.235357 

49 


.20 

12 

.60302 

.86427 

.68201 

1.71817 

.701685 

.936652 

.764933 

.235067 

48 

.80 


13 

.50327 

.86413 

.58240 

1.71702 

.701802 

.936578 

.765224 

.234776 

47 



14 

.50352 

.86398 

.58279 

1.71588 

.702019 

.936505 

.765514 

.234486 

46 


.20 

15 

.50377 

.86384 

.68318 

1.71473 

.702236 

.936431 

.765805 

.234195 

45 

.75 


16 

.50403 

.86369 

.58357 

1.71358 

.702452 

.936357 

.766095 

.233905 

44 


17 

.50428 

.86354 

.58396 

1.71244 

.702669 

.936284 

.766385 

.233615 

43 


.80 

18 

.60463 

.86340 

.68436 

1.71129 

.702885 

.936210 

.766675 

.233325 

42 

.70 


19 

.50478 

.86325 

.58474 

1.71015 

.703101 

.936136 

.766965 

. 233035 

41 


20 

.50503 

.86310 

.58513 

1.70901 

.703317 

.936062 

.767255 

.232745 

40 


.30 

21 

.50028 

.86295 

.68552 

1.70787 

.703533 

.935968 

.767545 

.232455 

39 

.65 


22 

.50553 

.86281 

.58591 

1.70673 

.703749 

.935914 

.767834 

.232166 

38 


23 

.50578 

.86266 

.58631 

1.70560 

.703964 

.935840 

.768124 

.231876 

37 


.40 

24 

.60603 

.86251 

.58670 

1.70446 

.704179 

.935766 

.768414 

.231586 

36 

.60 


25 

.50628 

.86237 

.58709 

1.70332 

.704395 

.935692 

.768703 

.231297 

35 



26 

.50654 

.86222 

.58748 

1.70219 

.704610 

.935618 

.768992 

.231008 

34 


.45 

27 

.60679 

.86207 

.68787 

1.70106 

.704825 

.935543 

.769281 

.230719 

33 

.55 


28 

.50704 

.86192 

.58826 

1.69992 

.705040 

.935469 

.769571 

.230429 

32 



29 

.50729 

.86178 

.58865 

1.69879 

.705254 

.935395 

.769860 

.230140 

31 


.60 

30 

.60764 

.86163 

.68905 

1.69766 

.705469 

.935320 

.770148 

.229852 

30 

.50 


31 

.50779 

.86148 

.58944 

1.69653 

.705683 

.935246 

.770437 

.229563 

29 



32 

.50804 

.86133 

.58983 

1.69541 

.705898 

.935171 

.770726 

.229274 

28 


.55 

33 

.00829 

.86119 

.09022 

1.69428 

.706112 

.935097 

.771015 

.228985 

27 

.45 


34 

.50854 

.86104 

.59061 

I.69316 

.706326 

.935022 

.771303 

.228697 

26 



35 

.50879 

.86089 

.59101 

1.69203 

.706539 

.934948 

.771592 

.228408 

25 


.60 

36 

.00904 

.86074 

.69140 

1.69091 

.706753 

.934873 

.771889 

.228120 

24 

.40 


37 

.50929 

.86059 

.59179 

1.68979 

.706967 

.934798 

.772168 

.227832 

23 



38 

.50954 

.86045 

.59218 

1.68866 

.707180 

.934723 

.772457 

.227543 

22 


.66 

39 

.60979 

.86030 

.59268 

1.68754 

.707393 

.934649 

.772743 

.227255 

21 

.35 


40 

.51004 

.86015 

.59297 

1.68643 

.707606 

.934574 

.773033 

.226967 

20 



41 

.51029 

.86000 

.59336 

1.68531 

.707819 

.934499 

.773321 

. 226679 

19 


.70 

42 

.61064 

.85985 

.69376 

1.68419 

.708032 

.934424 

.773608 

,226392 

18 

.80 


43 

.51079 

.85970 

.59415 

1.68308 

.708245 

.934349 

.773896 

.226104 

17 



44 

.51104 

.85956 

.59454 

1.68196 

.708458 

.934274 

.774184 

.225816 

16 


.75 

46 

.61129 

.85941 

.69494 

1.68085 

.708670 

.934199 

.774471 

.225529 


.25 


46 

.51154 

.85926 

.59533 

1.67974 

.708882 

.934123 

.774759 

.225241 

14 



47 

.51179 

.85911 

.59573 

1.67863 

.709094 

.934048 

.775046 

.224954 

13 


.80 

48 

.51204 

.85896 

.59612 

1.67752 

.709306 

.033973 

.775333 

.224667 

12 

.20 


49 

.51229 

.85881 

.59651 

1.67641 

.709518 

.933898 

.775621 

.224379 

II 



50 

.51254 

.85866 

. 59691 

1.67530 

.709730 

.933822 

.775908 

.224092 

10 


.86 

51 

.01279 

.85851 

.59730 

1.67419 

.709941 

.933747 

.776195 

.223805 

9 

.15 


52 

.51304 

.85836 

.59770 

1.67309 

! .710153 

.933671 

.776482 

.223518 

8 



53 

.51329 

.85821 

.59809 

1.67198 

.710364 

.933596 

.776768 

.223232 

7 


.90 

54 

.61354 

.85806 

.69849 

1.67088 

.710575 

.933520 

,777055 

.222945 

6 

.10 


55 

.51379 

.85792 

.59888 

1.66978 

.710786 

.933445 

.777342 

.222658 

5 



56 

.51404 

.85777 

.59928 

1.66867 

.710997 

.933369 

.777628 

.222372 

4 


.95 

57 

.51429 

.85762 

.59967 

1.66757 

.711208 

.933293 

.777915 

.222085 

3 

.08 


58 

.51454 

.85747 

.60007 

1.66647 

.711419 

.933217 

.778201 

.221799 

2 



59 

.51479 

.85732 

.60046 

1.66538 

.711629 

.933141 

.778488 

.221512 

1 


1.00 

60 

.51504 

.86717 

.60086 

1.66428 

9.711889 

9.933066 

9.778774 

10.221226 

0 

.00 

"T 

1 

Cos 

Sin 

Cot 

Tan 

Cos 

Sin 

Cot 

Tan 

1 

1 

1 

§ 

Natural Values | 

Common Logarithms 

S 

1 


1-87 59 ° 

I--* 
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MATHEMATICAL ANT) PHYSICAL TABLES 


1 

II 

1 Katural Yaluei 

Common Logartthmo 


j| 


1 

Sin 



Cot 

Sin 

Cos 

Tan 

Cot 

1 

1 

M 

0 

.61604 

.86717 

.60086 

1.66428 

9.711880 

9.933066 

9.778774 

10.221226 

60 

1J>0 


1 

.51529 

.85702 

.60126 

1.66398 

.712050 

.932990 

.779060 

.220940 

59 



2 

.51554 

.85687 

.60165 

1.66209 

.712260 

.932914 

.779346 

.220654 

58 


J)5 

8 

.61679 

.86672 

.60206 

1.66099 

.712469 

.932838 

.779682 

.220868 

67 

.96 


4 

.51604 

.85657 

.60245 

1.65990 

.712679 

.932762 

.779918 

.220082 

56 



5 

.51628 

.85642 

.60284 

1.65881 

.712889 

.932685 

.780203 

.219797 

55 


.10 

6 

.51653 

.86627 

.60324 

1.65778 

.713098 

.982609 

.780489 

.219511 

64 

.90 


7 

.51678 

.85612 

.60364 

1.65663 

.713308 

.932533 

.780775 

.219225 

53 



8 

.51703 

.85597 

.60403 

1.65554 

.713517 

.932457 

.781060 

.218940 

52 


.15 

9 

.61728 

.86682 

.60443 

1.65445 

.713726 

.932380 

.781346 

.218664 

61 

.86 


iO 

.51753 

.85567 

.60483 

1.65337 

.713935 

.932304 

.781631 

.218369 

50 



II 

.51778 

.85551 

.60522 

1.65228 

.714I44„ 

.932228 

.781916 

.218084 

49 


.20 

12 

.61808 

.86636 

.60562 

1.65120 

.714852 

.932151 

.782201 

.217799 

48 

.80 


13 

.51828 

.85521 

.60602 

1.65011 

.714561 

.932075 

.782486 

.217514 

47 



14 

.51852 

.85506 

. 60642 

1.64903 

.714769 

.931998 

.782771 

.217229 

46 


.26 

15 

.61877 

.86491 

.60681 

1.64795 

.714978 

.931921 

.783056 

.216944 

45 

.76 


16 

.51902 

.85476 

.60721 

1.64687 

.715186 

.931845 

.783341 

.216659 

44 



17 

.51927 

.85461 

.60761 

1.64579 

.715394 

.931768 

.783626 

.216374 

43 


.30 

18 

.61962 

.86446 

.60801 

1.64471 

.715602 

.931691 

.783910 

.216090 

42 

.70 


19 

.51977 

.85431 

.60841 

1.64363 

.715809 

.931614 

.784195 

.215805 

41 



20 

. 52002 

.85416 

.60881 

1.64256 

.716017 

.931537 

.784479 

.215521 

40 


.86 

21 

.62026 

.86401 

.60921 

1.64148 

.716224 

.931460 

.784764 

.215236 

39 

.66 


22 

.52051 

.85385 

.60960 

1.64041 

.716432 

.931383 

.785048 

.214952 

38 



23 

.52076 

.85370 

.61000 

1.63934 

.716639 

.931306 

.785332 

.214668 

37 


.40 

24 

.62101 

.85865 

.61040 

1.63826 

.716846 

.931229 

.785616 

.214384 

36 

.60 


25 

.52126 

.85340 

.61080 

1.63719 

.717053 

.931152 

. 785900 

.214100 

35 



26 

.52151 

.85325 

.61120 

1.63612 

.717259 

.931075 

.786184 

.213816 

34 


.46 

27 

.62176 

.86310 

.61160 

1.63505 

.717466 

.930998 

.786468 

.213632 

38 

.66 


28 

. 52200 

.85294 

.61200 

1.63398 

.717673 

.930921 

.786752 

.213248 

32 


29 

.52225 

.85279 

.61240 

1.63292 

.717879 

.930843 

.787036 

.212964 

31 


AO 

80 

.62260 

.86264 

.61280 

1.63185 

.718085 

.930766 

.787319 

.212681 

80 



31 

.52275 

.85249 

.61320 

1.63079 

.718291 

.930688 

.787603 

.212397 

29 


32 

.52299 

.85234 

.61360 

1.62972 

.718497 

.930611 

.787886 

.212114 

28 


.66 

S 3 

.62324 

.86218 

.61400 

1.62866 

.718703 

.930633 

.788170 

.211830 

27 

.46 


34 

.52349 

.85203 

.61440 

1.62760 

.718909 

.930456 

.788453 

.211547 

26 



35 

.52374 

.85188 

.61480 

1.62654 

.719114 

.930378 

.788736 

.211264 

25 


.60 

36 

.62899 

.86173 

.61620 

1.62548 

.719320 

.930300 

.789019 

.210981 

24 

.40 


37 

.52423 1 

.85157 

.61561 

1.62442 

.719525 

.930223 

.789302 

.210698 

23 



38 

.52448 

.85142 

.61601 

1.62336 

.719730 

.930145 

.789585 

.210415 

22 


.66 1 

89 

.62478 

.86127 

.61641 

1.62230 

.719935 

.930067 

.789868 

.210132 

21 

.85 


40 

.52498 

.83112 

.61681 

1.62125 

.720140 

.929989 

.790151 

.209849 

20 



41 

. 52522 

.85096 

.61721 

1.62019 

.720345 

.929911 

.790434 

.209566 

19 


.70 

42 

.62647 

.86081 

.61761 

1.61914 

.720549 

.929833 

.790716 

.209284 

18 

.80 


43 

.52572 

.83066 

.61801 

1.61808 

.720754 

.929755 

.790999 

.209001 

17 



44 

.52597 

.85051 

,61842 

1.61703 

.720958 

.929677 

.791281 

.208719 

16 


.76 

46 

.62621 

.95035 

.61882 

1.61598 

.721162 

.929599 

.791063 

.208437 

15 

JIO 


46 

.52646 

.85020 

.61922 

1.61493 

.721366 

.929521 

.791846 

.208154 

14 



47 

.52671 

.85005 

.61962 

1.61388 

.721570 

.929442 

.792128 

.207872 

13 


.80 

48 

.62696 

.84989 

.62003 

1.61283 

.721774 

.929864 

.792410 

.207690 

12 

JO 


49 

. 52720 

.84974 

. 62043 

1.61179. 

.721978 

.929286 

.792692 

.207308 

11 



50 

. 52745 

.84959 

. 62083 

1.61074 

.722181 

.929207 

.792974 

.207026 

10 


.86 

61 

.62770 

.84943 

.62124 

1.60970 

.722385 

.929129 

.703256 

.206744 

9 

.16 


52 

. 52794 

.84928 

.62164 

1.60865 

.722588 

.929050 

.793538 

.206462 

8 



53 

.52819 

.84913 

.62204 

1.60761 

.722791 

.928972 

.793819 

.206181 

7 


.00 

64 

.62844 

.84897 

.62245 

1.60657 

.722994 

.928893 

.794101 

.205899 

6 

.10 


55 

. 52869 

.84882 

.62285 

1.60553 

.723197 

.928815 

.794383 

.205617 

5 



56 

.52893 

.84866 

.62325 

1.60449 

.723400 

.928736 

.794664 

.205336 

4 


.96 

87 

.62918 

.84851 

.62366 

1.60345 

.723603 

.928657 

.794946 

.206054 

8 

.06 


58 

. 52943 

.84836 

.62406 

1.60241 

.723805 

.928578 

.795227 

.204773 

2 



59 

. 52967 

.84820 

. 62446 

1.60137 

.724007 

.928499 

.795508 

.204492 

I 


1.00 

80 

.82992 

.84806 

.62487 

f - 

i 1.60083 

9.724210 

9.928420 

9.796789 

10.204211 

0 

.00 

1 

T 

Cos 

Sin 

i Cot 

mM 


Sin 

Cot 

Tan 

1 


I 


NAtiirsl Valuss | 

Common Logftritiims | 

1 

i 


1-88 


58 






















22 ^" VALUES AND LOGARITHMS OP TRIGONOMETRIC FUNCTIONS 


1 

1 

1 Natural Values 

Common Logarithms 

1 

1 

j 

s 

i 

Sin 

Cos 




Cos 

Tan 

Cot 


1 

.00 

0 

.62991 

.84806 

.62487 

1.60038 

9.724210 

9.928420 

9.795789 

10.204211 

60 

1.00 

1 

.53017 

.84789 

.62527 

1.59930 

.724412 

.928342 

.796070 

.203930 

59 


2 

.53041 

.84774 

.62568 

1.59826 

.724614 

.928263 

.796351 

.203649 

58 


.06 

8 

.68066 

.84769 

.62608 

1.69723 

.724816 

.928183 

.796632 

.203868 

67 

.05 

4 

.53091 

.84743 

.62649 

1.59620 

.725017 

.928104 

.796913 

.203087 

56 



5 

.53115 

.84728 

.62689 

1.59517 

.725219 

.928025 

.797194 

.202806 

55 


.10 

6 

.63140 

.84712 

.62730 

1.69414 

.720420 

.927946 

.797474 

.202626 

64 

.90 


7 

.53164 

.84697 

.62770 

1.59311 

.725622 

.927867 

.797755 

.202245 

53 


8 

.53189 

.84681 

.62811 

1.59208 

.725823 

.927787 

.798036 

.201964 

52 


.16 

9 

.63214 

.84666 

.62832 

1.69105 

.726024 

.927708 

.798316 

.201684 

61 

.85 


10 

.53238 

.84650 

.62892 

1.59002 

.726225 

.927629 

.798596 

.201404 

50 



11 

.53263 

.84635 

.62933 

1.58900 

.726426 

.927549 

.798877 

.201123 

49 


.SO 

12 

.63288 

.84619 

.62973 

1.68797 

.726626 

.927470 

.799167 

.200843 

48 

.80 


13 

.53312 

.84604 

.63014 

1.58695 

.726827 

.927390 

.799437 

.200563 

47 



14 

.53337 

.84588 

.63055 

1.58593 

.727027 

.927310 

.799717 

.200283 

46 


.25 

16 

.63361 

.84573 

.63095 

1.68490 

.727228 

.927231 

.799997 

.200003 

46 

.75 


16 

.53386 

.84557 

.63136 

1.58388 

.727428 

.927151 

.800277 

.199723 

44 



17 

.53411 

.84542 

.63177 

1.58286 

.727628 

.927071 

.800557 

.199443 

43 


.60 

18 

.63436 

.84026 

.63217 

1.68184 

.727828 

.926991 

.800836 

.199164 

42 

.70 


19 

.53460 

.84511 

.63258 

1.58083 

.728027 

.926911 

.801116 

.198884 

41 



20 

.53484 

.84495 

.63299 

1.57981 

.728227 

.926831 

.801396 

.198604 

40 


.86 

21 

.63509 

.84480 

.63340 

1.67879 

.728427 

.926751 

.801676 

.198326 

89 

.65 


22 

. 53534 

.84464 

.63380 

1.57778 

.728626 

.926671 

.801955 

. 198045 

38 



23 

.53558 

.84448 

.63421 

1.57676 

.728825 

.926591 

.802234 

.197766 

37 


.40 

24 

.08583 

.84438 

.63462 

1.57570 

.729024 

.926511 

.802013 

.197487 

86 

.60 


25 

.53607 

.84417 

.63503 

1.57474 

.729223 

.926431 

.802792 

. 197208 

35 



26 

.53632 

.84402 

.63544 

1.57372 

.729422 

.926351 

.803072 

.196928 

34 


.46 

27 

.63666 

.84386 

.63584 

1.57271 

.729621 

.926270 

.803361 

.196649 

83 

.55 


28 

.53681 

.84370 

.63625 

1.57170 

.729820 

,926190 

.803630 

.196370 

32 



29 

.53705 

.84355 

.63666 

1.57069 

.730018 

.926110 

. 803909 

.196091 

31 


.60 

30 

.63730 

.84339 

.63707 

1.66969 

.730217 

.926029 

.804187 

.196813 

80 

.50 


31 

.53754 

.84324 

.63748 

1.56868 

.730415 

.925949 

.804466 

. 195534 

29 


32 

.53779 

.84308 

,63789 

1.56767 

.730613 

.925868 

.804745 

. 195255 

28 


.66 

33 

.63804 

.84292 

.63830 

1.66667 

.730811 

.925788 

.806023 

.194977 

27 

.45 


34 

.53828 

.84277 

.63871 

1.56566 

.731009 

.925707 

.805302 

. 194698 

26 



35 

.53853 

.84261 

.63912 

1.56466 

.731206 

.925626 

. 805580 

. 194420 

25 


.60 

36 

.63877 

.84245 

.63953 

1.66366 

.731404 

.920040 

.805869 

.194141 

24 

.40 


37 

. 53902 

.84230 

.63994 

1.56265 

.731602 

.925465 

.806137 

. 193863 

23 


38 

. 53926 

.84214 

.64035 

1.56165 

.731799 

.925384 

, .806415 

.193585 

22 


.66 

39 

.63951 

.84198 

.64076 

1.06065 

.731996 

.925303 

.806693 

.198807 

21 

.85 


1 40 

.53975 

.84182 

.64117 

1.55966 

.732193 

.925222 

.806971 

.193029 

20 



41 

. 54000 

.84167 

.64158 

1.55866 

. 732390 

.925141 

.807249 

.192751 

19 


.70 

42 

.64024 

.84161 

.64199 

1.00766 

.732687 

.926060 

.807627 

.192478 

18 

.80 


43 

. 54049 

.84135 

.64240 

1.55666 

. 732784 

.924979 

.807805 

.192195 

17 



44 

.54073 

.84120 

. 64281 

1.55567 

.732980 

.924897 

.808083 

,191917 

16 


.75 

46 

.54097 

.84104 

.64322 

1.06467 

.783177 

.924816 

^ .808361 

.191639 

16 

.25 


46 

.54122 

.84088 

.64363 

1.55368 

.733373 

.924735 

.808638 

.191362 

14 



47 

.54146 

.84072 

.64404 

1.55269 

.733569 

.924654 

.808916 

.191084 

13 


.80 

48 

.64171 

.84057 

.64446 

1.05170 

.783765 

.924072* 

.809193 

.190807 

12 

.20 


49 

.54195 

.84041 

.64487 

1.55071 

.733961 

.924491 

.809471 

.190529 

11 



50 

.54220 

.84025 

.64528 

1.54972 

.734157 

.924409 

.809748 

.190252 

10 


.86 

61 

.64244 

.84009 

.64569 

1.54873 

.734353 

.924328 

.810025 

.189976 

9 

.15 


52 

.54269 

.83994 

.64610 

1.54774 

.734549 

.924246 

.810302 

.189698 

8 



53 

.54293 

.83978 

. 64652 

1.54675 

. 734744 

.924164 

.810580 

.189420 

7 


.90 

64 

.64317 

.83962 

.64693 

1.64076 

.734939 

.924083 

.810867 

.189148 ! 

6 

.10 


55 

.54342 

.83946 

.64734 

1.54478 

.735135 

.924001 

.811134 

. 188366 

5 


56 

.54366 

.83930 

.64775 

1.54379 

.735330 

.923919 

.811410 

. 188590 

4 


.96 

67 

.54391 

.83915 

.64817 

1.64281 

.735625 

.923837 

.811687 

.188313 

8 

.05 


58 

.54415 

.83899 

.648581 

1.54183 

.735719 

.923755 

.811964 

.188036 

2 



59 

.54440 

.83883 

, .64899 

1.54085 

,735914 

.923673 

.812241 

.187759 

1 


1.00 

60 

.64464 

.83867 

.64941 

1.53986 

9.736109 

9.923591 

9.812517 

10.187483 

0 

.00 

1 

1 

Cob 

Sin 

^ Cot 

Tan 

Cob 

Sin 

Cot 

Tan 

1 

1 

1 

J 

7^. 

1 Natural Values | 

Common Logarithms | 

1 

1 


1-89 


67’ 
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MATHEMATICAL AND PHYSICAL TABLES 


■/I 

8 

p 

Natural Values 

1 Common Logarithms 

M 

Hi 


s 

Sin 

Cos 

Tan 

Cot 

Sin 

Cos 

Tan 

Cot 

a 

2 

1 

.00 

0 

.04464 

.83867 

.64941 

1.53986 

9.736109 

9.923591 

9.812517 

10.187483 

60 

1.00 


I 

.54488 

.83851 

.64982 

1.53888 

.736303 

.923509 

.812794 

.187206 

59 


2 

.54513 

.83835 

.65024 

1.53791 

.736498 

.923427 

.813070 

.186930 

58 


.05 

8 

.54637 

.83819 

.66066 

1.53693 

.736692 

.923345 

.813347 

.186653 

57 

.95 


4 

.54561 

.83804 

.65106 

1.53595 

.736886 

.923263 

.813623 

.186377 

56 



5 

.54586 

.83788 

.65148 

I.53497 

1 .737080 

.923181 

.813899 

.I86I0I 

55 


.10 

6 

.04610 

.83772 

.65189 

1.53400 

.737274 

.923098 

.814176 

.185821 

04 

.90 


7 

.54635 

.83756 

.65231 

I.53302 

.737467 

.923016 

.814452 

.185548 

53 


8 

.54659 

.83740 

.65272 

1.53205 

.737661 

.922933 

.814728 

.185272 

52 


,15 

9 

.04683 

.83724 

.65314 

1.53107 

.737855 

.922851 

.815004 

.184996 

61 

.86 


10 

.54708 

.83708 

.65355 

1.53010 

.738048 

.922768 

.815280 

.184720 

50 



II 

.54732 

.83692 

.65397 

1.52913 

.738241 

.922686 

.815555 

.184445 

49 


.20 

12 

.64755 

.83676 

.65438 

1.52816 

.738434 

.922603 

.815831 

.1841S9 

48 

.80 


13 

.54781 

.83660 

.65480 

1.52719 

.738627 

.922520 

.816107 

.183893 

47 



14 

.54805 

.83645 

.65521 

1.52622 

.738820 

.922438 

.816382 

.163618 

46 


.23 

15 

.01823 

.83629 

.65563 

1.52525 

.739013 

.922356 

.816658 

.183342 

45 

.76 


16 

.54854 

.83613 

.65634 

1.52429 

.739206 

.922272 

.816933 

.183067 

44 


17 

.54878 

.83597 

.65646 

1.52332 

.739398 

.922189 

.817209 

.182791 

43 


.80 

18 

.54902 

.83581 

.65688 

1.82235 

.739690 

.922106 

.817484 

.. 182316 

42 

.70 


19 

.54927 

.83565 

.65729 

1.52139 

.739783 

.922023 

.817759 

.182241 

41 



20 

.54951 

.83549 

.65771 

1.52043 

.739975 

.921940 

.818035 

.181965 

40 


.35 

21 

.54976 

.83533 

.65813 

1.51946 

.740167 

.921857 

.818319 

.181699 

39 

.60 


22 

.54999 

.83517 

.65854 

1.51850 

.740359 

.921774 

.818585 

.181415 

38 


23 

.55024 

.83501 

.65896 

1.51754 

.740550 

.921691 

.818860 

.161140 

37 


.40 

24 

.55048 

.83485 

.65938 

1.51658 

.740742 

.921607 

.819135 

.180865 

36 

.60 


25 

.55072 

.83469 

.65980 

1.51562 

.740934 

.921524 

.819410 

.180590 

35 


26 

.55097 

.83453 

.66021 

1.51466 

.741125 

.921441 

.819684 

. 180316 

34 


.45 

27 

.05121 

.83437 

.66063 

1.51370 

.741316 

.921357 

.819969 

.180011 

33 

.66 


28 

.55145 

.83421 

.66105 

1.51275 

.741508 

.921274 

.820234 

.179766 

32 


29 

.55169 

.83405 

.66147 

1.51179 

.741699 

.921190 

.820508 

.179492 

31 


.00 

30 

.53194 

.83389 

.66189 

1.61081 

.741889 

.921107 

.820783 

.179217 

30 

.60 


31 

.55218 

.83373 

.66230 

1.50988 

.742080 

.921023 

.821057 

.178943 

29 


32 

.55242 

.83356 

.66272 

1.50893 

.742271 

.920939 

.821332 

.178668 

28 


.03 

33 

.05236 

.83340 

.63311 

1.60797 

.742162 

.92085S 

.821605 

.178391 

27 

.46 


34 

.55291 

.83324 

.66356 

1.50702 

.742652 

.920772 

. 82188v3 

.178120 

26 


35 

.55315 

.83308 

.66398 

1.50607 

.742842 

.920688 

.822154 

.177846 

25 


.60 

33 

.55333 

.83292 

.66440 

1.60612 

.743033 

.920601 

.822429 

.177571 

24 

.40 


37 

.55363 

1 .83276 

.66482 

1.50417 

.743223 

.920520 

.822703 

.177297 

23 


38 

.55388 

.83260 

.66524 

1.50322 

.743413 

.920436 

.822977 

.177023 

22 


.65 

39 

.55412 

.83244 

.66566 

1.60228 

.743602 

.920362 

.823251 

.176749 

21 

1 .80 


1 ^0 

.55436 

,83228 

.66608 

1.50133 

.743792 

.920268 

.823524 

.176476 

20 


41 

. 55463 

.83212 

.66650 

1.50038 

.743982 

.920184 

.823798 

j .176202 

19 


.70 

42 

.65484 

.83195 

.66692 

1.49941 

.744171 

.920099 

.824072 

.175923 

18 

.30 


43 

. 55509 

.83179 

.66734 

1.49849 

.744361 

.920015 

.824345 

.175655 

17 



44 

.55533 

.83163 

.66776 

1.49755 

.744550 

.919931 

.824619 

.175381 

16 


.75 

45 

.65557 

.83147 

.66818 

1.49661 

.744739 

.919843 

.824893 

.175107 

15 

.26 


46 

.55581 

.83131 

.66860 

1.49566 

.744928 

.919762 

.825166 

.174834 

14 


47 

.55605 

.83115 

.66902 

1.49472 

.745117 

.919677 

.825439 

. 174561 

13 


.80 

48 

.65630 

.83098 

.66944 

1.49378 

.745306 

.919593 

.823713 

.174287 

12 

.20 


49 

.55654 

.83082 

.66986 

1.49284 

. 745494 

.919508 

.825986 

. 174014 

11 


50 

.55678 

.83066 

.67028 

1.49l90r 

. 745683 

.919424 

.826259 

. 173741 

10 


JB5 

51 

.56702 

.83050 

.67071 

1.49097 

,745871 

.919339 

.826632 

. 173468 

9 

.16 


52 

.55726 

.83034 

.67113 

1.49003 

,746060 

.919254 

.826805 

. I73I95 

8 



53 

.55750 

.83017 

.67155 

1.48909 

.746248 

.919169 

.827078 

. 172922 

7 


.90 

54 

66775 

.83001 

.67197 

1.43816 

.746436 

.919085 

.827351 

. 172649 

6 

.10 


55 

.55799 

.82985 

.67239 

1.48722 

.746624 

.919000 

.827624 

. 172376 

5 



56 

.55823 

.82969 

.67282 

1.48629 

.746812 

.918915 

.827897 

. 172103 

4 


.90 

57 

.55847 

.82953 

.67324 

1.48636 

.746999 

.918830 

.828170 

.171830 

8 

.00 


58 

.55871 

.82936 

.67366 

1.48442 

.747187 

.918745 

.826442 

.171558 

2 



59 

. 55895 

.82920 

.67409 

1.48349 

.747374 

.918659 

.828715 

. 171285 

1 


1.00 

60 

.65919 

.82904 

.67451 

1.48256 

9.747562 

9.91S574 

9.828987 

10.171013 

0 

.00 


1 

Cos 

Sin 

Cot 

Ta:» 

I Cos 

Sin 

Cot 

Tan 

J 

1 

1 


Natural Values | 

Common Logarithms 

.2 

1 


1-90 


56 





Si^ -VALUES AND LOGARITHMS OP TRIGONOMETRIC FUNCTIONS 


1 

1 

Natural Values 

Common Logarithms 

3 

m 


e 

2 

Sin 

Cos 



wm 

Cos 

Tan 

Cot 

.a 

a 

.00 

0 

.00919 

.82904 

.67401 

1.48206 

9.747062 

9.918674 

9.828987 

10.171013 

60 

1.00 


1 

.55943 

.82887 

.67493 

1.48163 

.747749 

.918489 

.829260 

. 170740 

59 



2 

.55968 

.82871 

.67536 

1.48070 

.747936 

.918404 

• .829532 

.170468 

58 


.05 

8 

.00998 

.88800 

.67078 

1.47977 

.748123 

.918318 

.829800 

.170190 

07 

.96 

4 

.56016 

.82839 

.67620 

1.47885 

.748310 

.918233 

.830077 

.169923 

56 


5 

.56040 

.82822 

.67663 

1.47792 

.748497 

.918147 

.830349 

.169651 

55 


.10 

6 

.06064 

.82806 

.67705 

1.47699 

.748683 

.918062 

.830621 

.169379 

04 

.90 


7 

.56088 

.82790 

.67748 

1.47607 

.748870 

.917976 

.830893 

.169107 

53 


8 

.56112 

.82773 

.67790 

1.47514 

.749056 

.917891 

.831165 

.168835 

52 


.16 

9 

.66136 

.82707 

.67832 

1.47422 

.749243 

.917800 

.831437 

.168063 

01 

.86 


]0 

.56160 

.82741 

.67875 

1.47330 

.749429 

.917719 

.831709 

.168291 

50 



11 

.56184 

.82724 

.67917 

1.47238 

.749615 

.917634 

.831981 

.168019 

49 


.SO 

12 

.66208 

.82708 

.67960 

1.47146 

.749801 

.917648 

.832253 

.167747 

48 

.80 


13 

.562,32 

.82692 

.68002 

1.47053 

.749987 

.917462 

.832525 

.167475 

47 



14 

.56256 

.82675 

.68045 

1.46962 

.750172 

.917376 

.832796 

.167204 

46 


.S 6 

15 

.66280 

.82609 

.68088 

1.46870 

.750308 

.917290 

.833068 

.166932 

46 

.76 


16 

.56305 

.82643 

.68130 

1.46778 

.750543 

.917204 

.833339 

.166661 

44 



17 

.56329 

.82626 

.68173 

1.46686 

.750729 

.917118 

.833611 

.166389 

43 


.80 

18 

.66353 

.82610 

.68216 

1.46596 

.760914 

.917032 

.833882 

.166118 

42 

.70 


19 

.56377 

.82593 

.68258 

1.46503 

.751099 

.916946 

.834154 

.165846 

41 


20 

.56401 

.82577 

.68301 

1.46411 

.751284 

.916859 

.834425 

.165575 

40 


.80 

21 

.06425 

.82061 

.68343 

1.46320 

.701469 

.916773 

.834696 

.160304 

39 

.60 


22 

.56449 

.82544 

.68386 

1.46229 

.751654 

.916687 

.834967 

.165033 

38 



23 

.56473 

.82528 

.68429 

1.46137 

.751839 

.916600 

.835238 

.164762 

37 


.40 

21 

.66437 

.82011 

.68471 

1.46046 

.702023 

.916514 

.835509 

.164491 

38 

.60 


25 

.56521 

.82495 

.68514 

1.45955 

.752208 

.916427 

.835780 

.164220 

35 



26 

.56545 

.82478 

.68557 

1.45864 

.752392 

.916341 

.636051 

.163949 

34 


.45 

27 

.66569 

.82462 

.68600 

1.45773 

.762376 

.916264 

.836322 

.163678 

33 

.06 


28 

.56593 

.82446 

.68642 

1.45682 

.752760 

.916167 

.836593 

.163407 

32 


29 

.56617 

.82429 

.68685 

1.45592 

.752944 

.916081 

.836864 

.163136 

31 


.00 

30 

.06641 

.82413 

.68728 

1.45501 

.753123 

.916994 

.837134 

. 162866 

30 

.00 


31 

.56665 

.82396 

.68771 

1.45410 

.753312 

.915907 

.837405 

. 162595 

29 



32 

.56689 

.82380 

.68814 

1.45320 

.753495 

.915820 

.837675 

.162325 

28 


.05 

33 

.06713 

.82363 

.68807 

1.45229 

.763579 

.915733 

.837946 

. 162064 

27 

.46 


34 

.56736 

.82347 

. 68900 

1.45139 

.753862 

.915646 

.838216 

. 161784 

26 


35 

.56760 

.82330 

.68942 

1.45049 

.754046 

.915559 

.838487 

. 161513 

25 


.00 

36 

.06784 

.82314 

.68985 

1.44963 

.764229 

.915472 

.838757 

.161243 

21 

.40 


37 

.56808 

.82297 

.69028 

1.44868 

.754412 

.915385 

.839027 

.160973 

23 



38 

,56832 

.82281 

.69071 

1.44778 

.754595 

.915297 

.839297 

.160703 

22 


.65 

39 

.06856 

.82264 

.69114 

1.44688 

.754778 

.916210 

.839568 

.160132 

21 

.30 


40 

. 56880 

.82248 

.69157 

1.44598 

.754960 

.915123 

.839838 

.160162 

20 



41 

.56904 

.82231 

.69200 

1.44508 

.755143 

.915035 

.840108 

. 159892 

19 


.70 

42 

.06928 

.82214 

.69213 

1.44418 

.755326 

.914943 

.840378 

.109622 

18 

.30 


43 

.56952 

.82198 

.69286 

1.44329 

.755508 

.914860 

.840648 

.159352 

17 



44 

.56976 

.82181 

.69329 

1.44239 

.755690 

.914773 

.840917 

.159083 

16 


.76 

45 

.07000 

.82160 

.69372 

1.44149 

.765872 

.914685 

.841187 

.108813 

15 

.23 


46 

.57024 

.82148 

.69416 

1.44060 

.756054 

.914598 

.841457 

.158543 

14 



47 

.57047 

.82132 

.69459 

1.43970 

.756236 

.914510 

.841727 

.158273 

13 


.80 

48 

.07071 

.82110 

.69502 

1.43881 

.766418 

.914422 

.841996 

.158004 

12 

.20 


49 

.57095 

.82098 

.69545 

1.43792 

.756600 

.914334 

.842266 

.157734 

11 



50 

.57119 

.82082 

.69588 

1.43703 

.756782 

.914246 

.842535 

.157465 

10 


.85 

61 

.07143 

.82066 

.69631 

1 . 43 S 14 

.756953 

.914163 

.842806 

.167193 

9 

.10 


52 

.57167 

.82048 

.69675 

1.43525 

.757144 

.914070 

.843074 

.156926 

8 



53 

.57191 

.82032 

.69718 

1.43436 

.757326 

.913982 

.843343 

.156657 

7 


.90 

04 

. 67216 

.82015 

. 69761 

1.43317 

.757607 

.913894 

.843612 

. 166388 

6 

.10 


55 

.57238 

.81999 

.69804 

1.43253 

.757688 

.913806 

.843882 

.156118 

5 



56 

.57262 

.81982 

.69847 

1.43169 

.757869 

.913718 

.844151 

.155849 

4 


.90 

67 

.07286 

.81960 

.69891 

1.43080 

.768060 

.913630 

.844429 

.160080 

3 

.00 


58 

.57310 

.81949 

.69934 

1.42992 

.758230 

.913541 

.844689 

.155311 

2 



59 

.57334 

.81932 

.69977 

1.42903 

.758411 

.913453 

.844958 

.155042 

1 


1.00 

60 

.67308 

.81916 

.70021 

1.42810 

9.768691 

9.913365 

0.846227 

10.164778 

0 

.00 

1 

1 

Cos 

Sin 

Cot 

Tan 

Cos 

Sin 

Cot 

Tan 

s 


n 

i 

Natural Values 

Common Logarithms j 

1 

i 


1-91 


55 
















35° MATHEMATICAL AND PHYSICAL TABLES 


I 

11 


Natural Values 


Common Logarithms 

Ji 

111 



/ Cos 

m 

HEB 

Sin 

1 Cos 

/ Tan 

1 Cot 

m 

r 

.00 

/ ® 

.97868 

/ .81915 

.70021 

1.42815 

9. 768591 

/ 9.918368 

/ 9.848327 

/ 10.154773 

60 

Itoo 


' 1 

.57381 

' .81899 

.70064 

1 .42726 

.758772 

.9/3276 

.845496 

' .154504 

59 



2 

.57405 

.81882 

.70170 

1.42636 

.758952 

.913187 

.845764 

.154236 

58 


.05 

0 

.07429 

.81865 

.70101 

1.42560 

.769132 

.913099 

.846033 

.153967 

67 

.98 

4 

.57453 

.81848 

.70194 

1.42462 

.759312 

.913010 

.846302 

. 153698 

56 



5 

.57477 

.81832 

.70238 

1.42374 

.759492 

.912922 

.846570 

.153430 

55 


.10 

0 

.07001 

.81810 

.70281 

1.42286 

.759672 

.912833 

.846839 

.153161 

54 

.90 


7 

.57524 

.81798 

.70325 

1.42198 

.759852 

.912744 

.847108 

.152892 

53 



8 

.57548 

.81782 

.70368 

1.42110 

.760031 

.912655 

.847376 

. 152624 

52 


.15 

9 

.07072 

.81760 

.70412 

1.42022 

.760211 

.912566 

.847644 

.152356 

51 

.80 


10 

.57596 

.81748 

.70455 

1.41934 

. 760390 

.912477 

.847913 

.152087 

50 



li 

.57619 

.81731 

.70499 

1.41847 

.760569 

.912388 

.848181 

.151819 

49 


.20 

is : 

.07643 

.81714 

.70542 

1.41759 

.760748 

.912299 

.848449 

.151551 

48 

.80 


13 

.57667 

.81698 

.70586 

1.41672 

.760927 

.912210 

.848717 

.151283 

47 



14 

.57601 

.81681 

.70629 

1.41584 

.761106 

.912121 

.848986 

. 151014 

46 


.20 

10 

.07710 

.81664 

.70673 

1.41497 

.761285 

.912031 

.849254 

. 150746 

45 

.75 


16 

.57738 

.81647 

.70717 

1,41409 

.761464 

.911942 

.849522 

.150478 

44 


17 

.57762 

.81631 

.70760 

1.41322 

. 761642 

.911853 

. 849790 

.150210 

43 


.00 

18 

.07786 

.81614 

.70804 

1.41236 

.761821 

.911763 

.850057 

.149943 

42 

.70 


19 

.57810 

.81597 

70848 

1.41148 

.761999 

.911674 

.850325 

. 149675 

41 


20 

.57833 

.81580 

.70891 

1.41061 

.762177 

.911584 

.850593 

.149407 

40 


.00 

21 

.07807 

.81663 

.70935 

1.40974 

.762356 

.911495 

.850861 

.149139 

39 

.65 


22 

.57881 

.81546 

.70979 

1.40887 

.762534 

.911405 

.851129 

. 148871 

38 


23 

.57904 

.81530 

.71023 

1.40800 

.762712 

.911315 

.851396 

. 148604 

37 


.40 

24 

.07928 

.81013 

.71066 

1.40714 

.762889 

.911226 

.851664 

.148336 

36 

.60 


25 

.57952 

.81496 

.71110 

1.40627 

.763067 

.911136 

.851931 

. 148069 

35 


26 

.57976 

.81479 

.71154 

1.40540 

.763245 

.911046 

.852199 

.147801 

34 


.45 

27 

.07999 

.81462 

.71198 

1.40464 

.763422 

.910956 

.852466 

.147634 

33 

.55 


28 

.58023 

.81445 

.71242 

1.40367 

.763600 

.910866 

.852733 

.147267 

32 


29 

.58047 

.81428 

.71285 

1.40281 

.763777 

.910776 

.853001 

.146999 

31 


.50 

30 

.08070 

.81412 

.71329 

1.40195 

.763954 

.910686 

.853268 

.146732 

30 

.50 


31 

.58094 

.81395 

.71373 

1.40109 

.764131 

.910596 

.853535 

.146465 

29 


32 

.58118 

.81378 

.71417 

1.40022 

.764308 

.910506 

.853802 

.146198 

28 


.50 

33 

.08141 

.81361 

.71461 

1.39936 

.764485 

.910415 

.854069 

.145931 

27 

.45 


34 

.08160 

.81344 

.71506 

1.39860 

.764662 

,910325 

.854336 

. 145664 

26 


35 

.58189 

.81327 

.71549 

1.39764 

. 764838 

.910235 

.854603 

.145397 

25 


.00 

36 

.08212 

.81310 

.71593 

1.39679 

.765015 

.910144 

.854870 

.145130 

24 

.40 


37 

.58236 

.81293 

.71637 

1.39593 

.765191 

.910054 

.855137 

.144863 

23 


38 

.58260 

.81276 

.71681 

1 1.39507 

.765367 

.909963 

.855404 

. 144596 

22 


.60 

39 

.08283 

.81209 

.71725 

1.39421 

.765544 

.909873 

.855671 

.144329 

21 

.35 


40 

.58307 

.81242 

.71769 

1.39336 

.765720 

.909782 

.855938 

. 144062 

20 


41 

.58330 

.81225 

.71813 

’.39250 

.765896 

.909691 

.856204 

.143796 

19 


.70 

42 

.08304 

.81208 

.71867 

1.39165 

.766072 

.909601 

.856471 

.143529 

18 

.30 


43 

.58378 

.81191 

.71901 

1.39079 

.766247 

.909510 

.856737 

.143263 

17 


44 

.58401 

.81174 

.71946 

1.38994 

.766423 

.909419 

.857004 

.142996 

16 


.70 

40 

.08420 

.81157 

.71990 

1.38909 

.766598 

.909328 

.857270 

.142780 

15 

.25 


46 

.58449 

.81140 

.72034 

1.38824 

.766774 

.909237 

.857537 

.142463 

14 


47 

.58472 

.81123 

.72078 

1.38738 

.766949 

.909146 

.857803 

.142197 

13 


.80 

48 

.08496 

.81106 

.72122 

1.38653 

,787124 

.909055 

.858069 

.141931 

12 

.20 


49 

.58519 

.81089 

.72167 

1.38568 

. .767300 

.908964 

.858336 

.141664 

11 


50 

.58543 

.81072 

.72211 

1.38484 

.767475 

.908873 

.858602 

.141398 

10 


.80 

01 

.08567 

.81065 

.72265 

1.38399 

.767649 

.908781 

.858868 

.141132 

9 

.15 

1 

52 

.58590 

.81038 

.72299 

1.38314 

.767824 

.908690 

.859134 

.140866 

8 


53 

.58614 

1 .81021 

.72344 

1.38229 

.767999 

.908599 

.859400 

. 140600 

7 


.90 

04 

.08637 

.81004 

.72388 

1.38145 

.768173 

.908507 

.859666 

. 140384 

6 

.10 


55 

.58661 

.80987 

.72432 

1.38060 

.768348 

.908416 

.859932 

.140068 

5 


56 

.58684 

.80970 

.72477 

1.37976 

.768522 

.908324 

.860198 

.139802 

4 


.95 

57 

.08708 

.80903 

.72521 

1.37891 

.768697 

.908233 

.860464 

.139636 

a 

.05 


58 

.58731 

.80936 

.72565 

1.37807 

.768871 

.908141 

,860730 

.139270 

2 



59 

.58755 

.80919 

,72610 

1.37722 

.769045 

.908049 

.860995 

.139005 

1 


1.00 

60 

.08779 

.80902 

.72664 

1.37638 

* 

.769219 

9.907958 

9.861261 

10.138739 

0 

.00 
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Cot 
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1 

T" 

1 
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VAIitTES AND LOGARITHMS OF TRIGONOMETRIC FUNCTIONS 


T 

1 

1 Natucml Values 

Common Logarithms | 

PEI 

1 

1 

■a 


Tan 

1 Cot 

■■ 

1 Cos 

1 Tan 

Cot ll 

HeI 

.00 

0 

1 .08779 

^ .80902 

.72664 

1.37638 

9.769219 

g 

oi 

9.961261 

10.138739 

60 1.00 

\ 

.58802 

.80885 

. 72699 

1 .37554 

.769393 

' .907866 

.861527 

.138473 / 

59 


2 

.58826 

.80867 

. 72743 

1.37470 

.769566 

.907774 

.861792 

.138208 

18 

.08 

8 

.58849 

.80800 

.72788 

1.37386 

.769740 

.907682 

.862058 

.137942 1 

7 .95 


4 

.58873 

.80833 

.72832 

1.37302 

.769913 

.907590 

.862323 

.137677 5 

6 


5 

.58896 

.80816 

.72877 

1.37218 

.770087 

.907498 

.862589 

.137411 5 

5 

.10 

6 

.68920 

.80799 

.72921 

1.37134 

.770260 

.907406 

.862854 

.137146 0 

4 .90 


7 

.58943 

.80782 

.72966 

1.37050 

.770433 

.907314 

.863119 

.136881 5 

3 


8 

.58967 

.80765 

.73010 

1.36967 

.770606 

.907222 

.863385 

.136615 5 

2 

.15 

9 

.08990 

.80748 

.73068 

1.86883 

.770779 

.907129 

.863660 

.136300 8 

1 .85 


10 

.59014 

.80730 

.73100 

1.36800 

.770952 

.907037 

.863915 

.136085 5 

0 


II 

.59037 

.80713 

.73144 

1.36716 

.771125 

.906945 

.864180 

.135820 4 

9 

.SO 

18 

.09061 

.80696 

.78189 

1.36633 

.771298 

.906862 

.864446 

.136600 4 

8 .80 


13 

.59084 

.80679 

.73234 

1.36549 

.771470 

.906760 

.864710 

.135290 4 

7 


14 

.59108 

.80662 

.73278 

1.36466 

.771643 

.906667 

.864975 

.135025 4 

6 

.S5 

10 

.09181 

.80644 

.73323 

1.86383 

.771816 

.906670 

.860240 

.134760 4 

8 .75 


16 

.59154 

.80627 

.73368 

1.36300 

.771987 

.906482 

.865505 

.134495 4 

4 


17 

.59178 

.80610 

.73413 

1.36217 

.772159 

.906389 

.865770 

.134230 4 

3 

.80 

18 

.69801 

.80093 

.73467 

1.86134 

.772331 

.906296 

.866030 

.133966 4 

8 .70 


19 

.59225 

.80576 

.73502 

1.36051 

.772503 

.906204 

.866300 

.133700 4 



20 

.59248 

.80558 

.73547 

1.35968 

.772675 

.906111 

.866564 

.133436 4 

0 

.80 

21 

.09872 

.80641 

.73692 

1.30880 

.772847 

.906018 

.866829 

.133171 8 

» .65 


22 

.59295 

.80524 

.73637 

1.35802 

.773018 

.905925 

. 867094 

.132906 3 

8 


23 

.59318 

.80507 

,73681 

1.35719 

.773190 

.905832 

. 867358 

.132642 3 

7 

.40 

24 

.59342 

.80489 

.73726 

1.86637 

.773361 

.906739 

.867623 

.132377 3 

S .60 


25 

.59365 

.80472 

.73771 

1.35554 

.773533 

.905645 

.867887 

.132113 3 

5 


26 

.59389 

.80455 

.73816 

1.35472 

.773704 

.905552 

.868152 

.131848 3 

4 

.40 

27 

.09412 

.80488 

.73861 

1.30389 

.773876 

.906469 

.868416 

.131084 81 

1 J5 

1 


28 

.59436 

.80420 

.73906 

1.35307 

.774046 

.905366 

.868680 

.131320 3 


29 

.59459 

.80403 

.73951 

1.35224 

.774217 

.905272 

.868945 

.131055 3 


.00 

80 

.09482 

.80386 

.73996 

1.80142 

.774388 

.906179 

.869209 

.130791 8( 

} .60 


31 

.59506 

.80368 

.74041 

1.35060 

.774558 

.905085 

.869473 

.130527 2 

? 


32 

.59529 

,80351 

.74086 

1.34978 

.774729 

.904992 

.869737 

.130263 2 

3 

.00 

83 

.09062 

.80334 

.74131 

1.34896 

.774899 

.904898 

.870001 

.129999 2^ 

.45 


34 

.59576 

.80316 

.74176 

1.34814 

.775070 

.904804 

.870265 

.129735 21 

S 


35 

.59599 

.80299 

.74221 

1.34732 

.775240 

.904711 

.870529 

.129471 2! 

) 

.60 

36 

.09622 

.80282 

.74267 

1.34600 

.776410 

.904617 

.870793 

.129207 ti 

L .40 


37 

.59646 

.80264 

.74312 

1.34568 

.775580 

.904523 

.871057 

.128943 21 

J 


38 

.59669 

.80247 

.74357 

1.34487 

.775750 

.904429 

.871321 

.128679 2: 

1 

.65 

39 

.09693 

.80230 

.74402 

1.34400 

.770920 

.904330 

.871080 

.128410 Zi 

1 .80 


40 

.59716 

.80212 

.74447 

1.34323 

.776090 

.904241 

.871849 

.128151 2( 

) 


41 

.59739 

.80195 

.74492 

1.34242 

.776259 

.904147 

.872112 

. 127888 l< 

) 

.70 

48 

.69763 

.80178 

.74638 

1.34160 

.776429 

.904003 

.872376 

.127624 If 

1 .80 

f 


43 

.59786 

.80160 

.74583 

1.34079 

.776598 

.903959 

.872640 

. 127360 i: 


44 

.59809 

.80143 

.74628 

1.33998 

.776768 

.903864 

.872903 

.127097 I< 

i 

.76 

40 

.69832 

.80126 

.74674 

1.33916 

.776937 

.903770 

.873167 

. 126883 11 

1 .25 


46 

.59856 

.80108 

.74719 

1.33835 

.777106 

.903676 

.873430 

.126570 N 

1 


47 

.59879 

.80091 

.74764 

1.33754 

.777275 

.903581 

.873694 
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1 

.80 

48 

.69902 

.80073 

.74810 

1.38673 

.777444 

.903487 

.873967 

.126048 19 

t .20 


49 

.59926 

.80056 

,74855 

1.33592 

.777613 

.903392 

.874220 

.125780 11 

1 


50 

.59949 

.80038 

.74900 

1.33511 

.777781 

.903298 

.874484 

.125516 1C 


.80 

61 

.09972 

.80021 

.74946 

1.33430 

.777900 
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.874747 
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52 
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1.33349 

.778119 
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J 


53 
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.124727 i 

r 
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04 

.60042 

.79968 

.76082 
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.902919 
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\ 


55 

.60065 

,79951 

.75128 

1.33107 

.778624 

.902824 
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i 


56 

.60089 

.79934 

.75173 

1.33026 

.778792 

.902729 

.876063 

.123937 ^ 

1 
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07 

.60112 

.79916 

.76219 

1.32946 

.778960 

.902634 
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1 .05 


58 

.60135 

.79899 

.75264 

1.32865 

.779128 

.902539 

.876589 
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j 


59 
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.79881 

.75310 

1.32785 

.779295 

.902444 
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1 
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60 
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.79864 
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9.877114 

10.122886 C 
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J 

Cos 

Sin 

Cot 

Tan 

Cos 

Sin 

Cot 

Tan j 


m 

m 

Natural Values 


Common Logarithms 


1 


1-93 


53' 













37'" MATHEMATICAL AND PHYSICAL TABLES 


1 

1 

Natural Values 

Common Logarithms 

1 

JS 

1 

.3 

Sin 

Cob 

Tan 

Cot 

Sin 

Cos 

Tan 


m 


.00 

0 

.60182 

.79864 

.75866 

1.32704 

9.779463 

9.902349 

9.877114 

10.122886 

60 

1.00 


1 

.60205 

.79846 

.75401 

1.32624 

.779631 

.902253 

.877377 

.122623 

59 



2 

.60228 

.79829 

.75447 

1.32544 

.779798 

.902158 

.877640 

. 122360 

58 


J05 

8 

.60251 

.79811 

.76492 

1.32464 

.779966 

.902063 

.877903 

.122097 

57 

.95 


4 

.60274 

.79793 

.75538 

1.32384 

.780133 

.901967 

.878165 

.121835 

56 



5 

.60298 

.79776 

.75584 

1.32304 

.780300 

.901872 

.878428 

. 121572 

55 


.10 

6 

.60321 

.79768 

.76689 

1.82224 

.780467 

.901776 

.878691 

.121309 

54 

.90 

7 

.60344 

.79741 

.75675 

1.32144 

.780634 

.901681 

.878953 

. 121047 

53 



8 

.60367 

.79723 

.75721 

1.32064 

.780801 

.901585 

.879216 

. 120784 

52 


.15 

9 

.60390 

.79706 

.75767 

1.81984 

.780968 

.901490 

.879478 

.120522 

51 

.85 


10 

.60414 

.79688 

.75812 

1.31904 

.781134 

.901394 

.879741 

.120259 

50 



It 

.60437 

.79671 

.75858 

1.31825 

.781301 

.901298 
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49 


.20 

12 

.60460 

.79663 

.76904 

1.31746 

.781468 

.901202 

.880266 

.119736 

48 

.80 


13 

.60483 

.79635 

.75950 

1.31666 

.781634 

.901106 

,880528 

. 119472 

47 



14 
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.79618 

.75996 

1.31586 

.781800 

.901010 

.880790 
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46 
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16 

.60629 

.79600 

.76042 

1.81607 
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.900914 

.881052 

.118943 

46 
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16 

.60553 

.79583 

.76088 

1.31427 

.782132 

.900818 

.881314 

. 118686 

44 



17 

.60576 

.79565 

.76134 

1.31348 

.782298 

.900722 

.881577 
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43 


.80 

18 

.60699 

.79647 

.76180 

1.31269 

.782464 

.900626 

.881839 
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42 
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19 
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.79530 

.76226 

1.31190 

.782630 

.900529 

.882101 

.117899 
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20 

.60645 

.79512 

.76272 

1.31110 

.782796 

.900433 

.882363 

.117637 

40 


.86 

21 

.60688 

.79494 

.76318 

1.31031 

.782961 

.900337 

.882625 

.117376 

39 

.65 


22 
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.79477 

.76364 

1,30952 

.783127 

.900240 

.882887 

.117113 
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23 

.60714 

.79459 

.76410 

1.30873 

.783292 

.900144 

.883148 

.116852 

37 


.40 

21 

.60738 

.79441 

.76466 

1,30795 

.783458 

.900047 

.883410 

.116590 

36 

.60 


25 

.60761 

.79424 

.76502 

1.30716 

.783623 

.899951 

.883672 

.116328 

35 



26 

.60784 

.79406 

.76548 

1.30637 

.783788 

.899854 

.883934 

.116066 

34 


.46 

27 

.60807 

.79388 

.76694 

1.30668 

.783963 

.899757 

.884196 

.115804 

83 

.66 


26 

.60830 

.79371 

.76640 

1.30480 

.784118 

.899660 

.884457 

.115543 

32 



29 

.60853 

.79353 

.76686 

1.30401 

.784282 

.899564 

.884719 

.115281 

31 


.60 

30 

.60876 

.79835 

.76733 

1.30323 

.784447 

.899467 

.884980 

.115020 

30 

.60 


31 

.60899 

.79318 

.76779 

1.30244 

.784612 

.899370 

.885242 

.114758 

29 



32 

.60922 

.79300 

.76825 

1.30166 

.784776 

.899273 

.885504 

.114496 

28 


.66 

33 

.60946 

.79282 

.76871 

1.30087 

.784941 

.899176 

.885766 

.114233 

27 

.46 


34 

.60968 

.79264 

.76918 

1.30009 

.785105 

.899078 

.886026 

. 113974 

26 



35 

.60991 

.79247 

.76964 

1.29931 

.785269 

.898981 

.886288 

.11371? 

25 


.60 

36 

.61016 

.79229 

.77010 

1.29863 

.786433 

.898384 

.886549 

.113431 

24 

.40 


37 

,61038 

.79211 

.77057 

1.29775 

.785597 

.898787 

.886811 

.113189 

23 



38 

.61061 

.79193 

.77103 

1.29696 

.785761 

.898689 

.887072 

. 112928 

22 


.66 

39 

.61084 

,79176 

.77149 

1.29618 

.786925 

.898692 

.887333 

. 112667 

21 

.35 


40 

.61107 

.79158 

.77196 

1.29541 

.786089 

.898494 

.887594 

. 112406 

20 



41 

.61130, 

.70140 

.77242 

1.29463 

.786252 

.898397 

.887855 

.112145 

19 


.70 

42 

.61153 

.79122 

.77289 

1.29385 

.786416 

.898299 

.888116 

. 111884 

18 

.30 


43 

.61176 

.79105 

.77335 

1.29307 

.786579 

.898202 

.888378 

.111622 

17 



44 

.61199 

.79087 

.77382 

1.29229 

.786742 

.898104 

. 888639 

.111361 

16 


.76 

43 

.61222 

.79069 

.77428 

1.29162 

.786906 

.898006 

.888900 

. 111100 

13 

.25 


46 

.61245 

.79051 

.77475 

1.29074 

.787069 

.897908 

.889161 

.110839 

14 



47 

.61268 

.79033 

.77521 

1.28997 

! .787232 

.897810 

.889421 

.110579 

13 


.80 

48 

.61291 

.79016 

.77668 

1.28919 

.787396 

.897712 

.889682 

.110318 

13 

.20 


49 

.61314 

.78998 

.77615 

1.28842 

.787557 

.897614 

.889943 

.110057 

11 



50 

1 .61337 

.78980 

.77661 

1.28764. 

! .787720 

.897516 

.890204 

.109796 

10 


.86 

61 

.61360 

.78962 

.77708 

1.28687 

.787883 

.897418 

.890465 

.109535 

9 

.15 


52 

.61383 

.78944 

.77754 

1.28610 

,788045 

.897320 

.890725 

.109275 

8i 



53 

.61406 

.78926 

.77801 

1.28533 

.788208 

.897222 

.890986 

. 109014 

7 


.90 

54 

.61429 

.78908 

.77848 

1.28466 

.788370 

.897123 

.891247 

.108753 

6 

.10 


55 

.61451 

.78891 

.77895 

1.28379 

! .788532 

.897025 

.891507 

.108493 

5i 



56 

.61474 

.78873 

.77941 

1.28302 

.788694 

.896926 

.891768 

.108232 

4 


.95 

67 

.61497 

.78865 

.77988 

1.28226 

.788856 

.896828 

.892028 

.107972 

3 

.05 


58 

.61520 

.78837 

.78035 

1,28148 

.789018 

.896729 

.892289 

. 107711 

2 



59 

.61543 

.78819 

.78082 

1.28071 

.789180 

.896631 

.892549 

.107451 

1 


1.00 

60 

.61666 

.78801 

.78139 

1.27994 

9.789342 

9.896632 

9.892810 

10.107190 

0 

.00 

ja 

g 

T 

Cos 

Sin 

Cot 

1 Tan 

Cos 

Sin 

Cot 

Tan 

s 

1 



Natural Values 

1 Common Logarithms 

1 

‘<1 


1-94 


52 














38'" VALUlilS AND LOGARITHMS OF TRIGONOMETRIC FUNCTIONS 


-3“ 

jg 

Natural Values ' 

Common Logarithms 

s 

a 


1 

i 

Sin 

Cos 

Tan 


m 

Cos 

Tan 

Cot 

•S 

IS 

1 

.00 

0 

.61066 

.78801 

.78129 

1.27994 

9.789342 

9.896582 

9.892810 

10.107190 

60 

1.00 


1 

.61589 

.78783 

.78175 

1.27917 

.789504 

.896433 

.893070 

.106930 

59 



2 

.61612 

.78765 

.78222 

1.27841 

.789665 

.896335 

.893331 

.106669 

58 


.00 

8 

.61635 

,78747 

.78269 

1.27764 

.789827 

.896236 

.893591 

.106409 

67 

.96 


4 

.61658 

.78729 

.78316 

1.27688 

.789988 

.896137 

.893851 

.106149 

56 



5 

.61681 

.78711 

.78363 

1.27611 

.790149 

.896038 

.894111 

.105889 

55 


.10 

6 

61704 

.78694 

.78410 

1.27030 

.790310 

.895939 

.894372 

.105628 

54 

.90 


7 

.61726 

.78676 

.78457 

1.27458 

.790471 

.895840 

.894632 

.105368 

53 



8 

.61749 

.78658 

.78504 

1.27382 

.790632 

.895741 

.894892 

.105108 

52 


.15 

9 

.61772 

.78640 

.78551 

1.27306 

.790793 

.895641 

.895152 

.104848 

51 

.86 


10 

.61795 

.78622 

.78598 

1.27230 

.790954 

.895542 

.895412 

.104588 

50 



11 

.61818 

.78604 

. 78645 

1.27153 

.791115 

.895443 

. 895672 

.104328 

49 


.20 

12 

.61841 

.78586 

.78692 

1.27077 

.791275 

.895343 

.895932 

.104068 

48 

.80 


13 

.61864 

.78568 

.78739 

1.27001 

.791436 

.895244 

.896192 

.103808 

47 



14 

.61887 

.78550 

;. 78786 

1.26925 

.791596 

.895145 

.896452 

.103548 

46 


.20 

10 

.61909 

.78032 

.78834 

1.26849 

.791757 

.895045 

.896712 

.103288 

46 

.76 


16 

.61932 

.78514 

.78881 

1.26774 

.791917 

.894945 

.896971 

.103029 

44 



17 

.61955 

.78496 

.78928 

1.26698 

.792077 

.894846 

.897231 

.102769 

43 


.30 

18 

.61978 

.78478 

.78975 

1.26622 

.792237 

.894746 

.897491 

.102509 

42 

.70 


19 

.62001 

.78460 

.79022 

1.26546 

.792397 

.894646 

.897751 

.102249 

41 



20 

. 62024 

.78442 

.79070 

1.26471 

.792557 

.894546 

.698010 

.101990 

40 


.80 

21 

.62046 

.78424 

.79117 

1.26390 

.792716 

.894446 

.898270 

.101780 

89 

.66 


22 

. 62069 

.78405 

.79164 

1.26319 

.792876 

.894346 

.898530 

. 101470 

38 



23 

. 62092 

.78387 

.79212 

1,26244 

.793035 

.894246 

.898789 

. 101211 

37 


.40 

24 

.62115 

.78369 

.79259 

1.26169 

.793195 

.894146 

.899049 

.100951 

86 

.60 

25 

.62138 

.78351 

.79306 

1.26093 

.793354 

.894046 

.899308 

.100692 

35 



26 

.62160 

.78333 

.79354 

1.26018 

.793514 

.893946 

.899568 

.100432 

34 


.40 

27 

.62183 

.78315 

.79401 

1.25943 

.793673 

.893846 

.899827 

.100173 

88 

.56 

28 

.62206 

.78297 

.79449 

1.25867 

.793832 

.893745 

.900087 

.099913 

32 



29 

.62229 

.78279 

.79496 

1.25792 

.793991 

.893645 

.900346 

.099654 

31 


.00 

30 

.62251 

.78261 

.79544 

1.25717 

.794150 

.893544 

.900605 

.099395 

30 

.50 

31 

.62274 

.78243 

.79591 

1.25642 

.794308 

.893444 

.900864 

.099136 

29 



32 

.62297 

.78225 

.79639 

1.25567 

.794467 

.893343 

.901124 

.098876 

28 


.00 

33 

.62320 

.78206 

.79686 

1.25492 

.794626 

.893243 

.901383 

.098617 

27 

.46 

34 

.62342 

.78188 

.79734 

1.25417 

.794784 

.893142 

.901642 

.098358 

26 



35 

.62365 

.78170 

.79781 

1.25343 

.794942 

.893041 

.901901 

.098099 

25 


.60 

36 

.62388 

.78152 

.79829 

1.25268 

.795101 

.892940 

.902160 

.097840 

24 

.40 

37 

.62411 

.78134 

.79877 

1.25193 

.795259 

.892839 

.902420 

.097580 

23 



38 

.62433 

.78116 

.79924 

1.25118 

.795417 

.892739 

.902679 

.097321 

22 


.65 

39 

.62406 

.78098 

.79972 

1.25044 

.795575 

.892638 

.902938 

.097062 

21 

.86 

40 

.62479 

.78079 

. 80020 

1.24969 

.795733 

.892536 

.903197 

.096803 

20 



41 

, 62502 

.78061 

. 80067 

1.24895 

.795891 

.892435 

.903456 

.096544 

19 


.70 

42 

.62524 

.78043 

.80115 

1.24820 

.796049 

.892334 

.903714 

.096286 

18 

.80 

43 

.62547 

.78025 

.80163 

1.24746 

.796206 

.892233 

.903973 

.096027 

17 



44 

.62570 

.78007 

.80211 

1.24672 

.796364 

.892132 

.904232 

.095768 

16 


.75 

45 

.62592 

.77988 

.80268 

1.24597 

.796521 

.892030 

.904491 

.095609 

16 

.26 

46 

.62615 

.77970 

. 80306 

1.24523 

.796679 

.891929 

.904750 

.095250 

14 



47 

. 62638 

.77952 

.80354 

1.24449 

.796836 

.891827 

.905008 

.094992 

13 


.80 

48 

.62660 

.77934 

.80402 

1.24375 

,796993 

.891726 

.905267 

.094733 

12 

.20 

49 

. 62683 

.77916 

.80450 

1.24301 

.797150 

.891624 

.905526 

.094474 

11 



50 

.62706 

.77897 

.80498 

1.24227 

.797307 

.891523 

.905785 

.094215 

10 


.80 

51 

.62728 

.77879 

.80546 

1.24153 

.797464 

.891421 

.906043 

.093957 

9 

.16 

52 

.62751 

.77861 

.80594 

1.24079 

.797621 

.891319 

.906302 

.093698 

8 



53 

.62774 

.77843 

. 80642 

1.24005 

.797777 

.891217 

.906560 

.093440 

7 


.90 

04 

.62798 

.77824 

.80690 

1.23931 

.797934 

.891115 

.906819 

.093181 

6 

.10 


55 

.62819 

.77806 

. 80738 

1.23858 

.798091 

.891013 

.907077 

.092923 

5 



56 

.62842 

.77788 

.80786 

1.23784 

.798247 

.890911 

.907336 

.092664 

4 


.00 

07 

.62864 

.77769 

.80834 

1.23710 

.798403 

.890809 

.907594 

.092406 

8 

.06 


58 

.62887 

.77751 

.80882 

1.23637 

.798560 

.890707 

.907853 

.092147 

2 



59 

.62909 

.77733 

.80930 

1.23563 

.798716 

.890605 

.908111 

.091889 

1 


1.00 

60 

.62932 

.77715 

.80978 

1.23490 

9.798872 

9.890503 

9.908369 

10.091631 

0 

.00 

JS 

S 

Cos 

Sin 

Cot 

Tan 

Cos 

Sin 

Cot 

Tan 

J 

1 


3 

C 

S 

Natural Values 

Common Logarithms 

§ 



1-95 


51 








39'" MATHEMATICAL AND PHYSICAL TABLES 


1 

1 

[| natural Values 

IJ Common Logarithms 

.III 

1 

1 

1 

Sin 

1 Cos 

Tan 

j Cot 

■1 

1 

Tan 

Cot 

m 


.90 

0 

.68933 

.77715 

.80973 

1.23400 

9.798872 

9.890503 

9.908369 

10.091631 

60 

1.00 


1 

.62955 

.77696 

.81027 

1.23416 

.799028 

.890400 

.908628 

.091372 

39 



2 

.62977 

.77678 

.81075 

1.23343 

.799184 

.890298 

.908886 

.091114 

58 


.05 

8 

.63000 

.77660 

.81123 

1.23270 

.799399 

.890195 

.909144 

.090856 

57 

.95 

4 

.63022 

.77641 

.81171 

1.23196 

.799495 

.890093 

.909402 

.090598 

56 



5 

.63045 

.77623 

.81220 

1.23123 

.799651 

.889990 

.909660 

.090340 

55 


.10 

6 

.63068 

.77605 

.81268 

1.23050 

.799806 

.889888 

.909918 

.090082 

54 

.90 

7 

.63090 

.77586 

.81316 

1.22977 

.799962 

.889785 

.910177 

.089823 

53 



8 

.63113 

.77568 

.81364 

1.22904 

.800117 

.889682 

.910435 

.089565 

52 


.10 

9 

.63135 

.77550 

.81413 

1.22831 

.800272 

.889579 

.910693 

.089307 

51 

.85 


10 

.63158 

.77531 

.81461 

1.22758 

.800427 

.889477 

.910951 

.089049 

50 



II 

.63180 

.77513 

.81510 

I.22685 

.800582 

.889374 

.911209 

.088791 

49 


.ao 

12 

.68208 

.77494 

.81058 

1.22612 

.800787 

.889271 

.911467 

.088533 

48 

.80 


13 

.63225 

.77476 

.81606 

1.22539 

.800892 

.889168 

.911725 

.088275 

47 



14 

.63246 

.77458 

.81655 

1.22467 

.801047 

.889064 

.911982 

.088018 

46 


.80 

15 

.68271 

.77439 

.81703 

1.22394 

.801201 

.888961 

.912240 

.087760 

45 

.75 


16 

.63293 

.77421 

.81752 

1.22321 

.801356 

.888858 

.912498 

.087502 

44 



17 

.63316 

.77402 

.81800 

1.22249 

.801511 

.888755 

.912756 

.087244 

43 


.30 

18 

.63338 

.77384 

.81849 

1.22176 

1 .801665 

.888651 

.913014 

.086986 

42 

.70 

19 

.63361 

.77366 

.81898 

1.22104 

.801819 

.888548 

.913271 

.086729 

41 



20 

.63383 

.77347 

.81946 

1.22031 

.801973 

.888444 

.913529 

.086471 

40 


.80 

81 

.63406 

.77329 

.81995 

1 21959 

.802128 

.888341 

.913787 

.086213 

39 

.65 

22 

. 63428 

.77310 

.82044 

1.21886 

.802282 

.888237 

.914044 

.085956 

38 



23 

.63451 

.77292 

.82092 

1.21814 

.802436 

.888134 

.914302 

.085698 

37 


.40 

84 

.63473 

.77273 

.82141 

1.21742 

.802589 

.888030 

.914660 

.085440 

36 

.60 

25 

.63496 

.77255 

.82190 

1.21670 

.802743 

.887926 

.914817 

.085183 

35 



26 

,63518 

.77236 

.82238 

1.21598 

.802897 

.887822 

.915075 

.084925 

34 


.40 

87 

.63540 

.77218 

.82287 

1.21526 

.803050 

.887718 

.915332 

.084668 

33 

.55 


28 

.63563 

.77199 

.82336 

1.21454 

.803204 

.887614 

.915590 

.084410 

32 



29 

.63585 

,77181 

.82385 

I.21382 

.803357 

.887510 

.915847 

.084153 

31 


.00 

30 

.63608 

.77162 

.82434 

1.21310 

.803511 

.887406 

.916104 

.083896 

30 

.50 


31 

.63630 

,77144 

.82483 

1.21238 

. 803664 

.887302 

.916362 

.083638 

29 



32 

. 63653 

.77125 

.82531 

1.21166 

.803817 

.887198 

.916619 

.083381 

28 


.00 

33 

.63675 

.77107 

.82580 

1.21094 

.803970 

,887093 

.916877 

.083123 

27 

.45 


34 

.63698 

.77088 

.82629 

1.21023 

,804123 

.886989 

.917134 

.082866 

26 



35 

.63720 

.77070 

.82678 

1.20951 

.804276 

.886885 

.917391 

.082609 

25 


.60 

86 

.63742 

.77051 

.82727 

1.20879 

.804428 

.886780 

.917648 

.082352 

24 

.40 


37 

.63765 

.77033 

.82776 

1.20808 

.804581 

.886676 

.917906 

.082094 

23 



38 

.63787 

.77014 

.82825 

1.20736 

.804734 

.886571 

.918163 

.081837 

22 


.65 

39 

.63810 

.76996 

.82874 

1.20665 

.804886 

.886466 

.918420 

.081580 

21 

.35 


40 

.63832 

. 76977 

.82923 

1.20593 

.805039 

.886362 

.918677 

.081323 

20 



41 

.63854 

.76959 

.82972 

..20522 

.805191 

.886257 

.918934 

.081066 

19 


.70 

48 

.63877 

.76940 

.83022 

1.20451 

.805343 

.886152 

.919191 

.080809 

18 

.30 


43 

.63899 

.76921 

.83071 

1.20379 

.805495 

.886047 

.919448 

.080552 

17 



44 

.63922 

. 76903 

.83120 

I.20308 

.805647 

.885942 

.919705 

.080295 

16 


.75 

45 

.63944 

.76884 

.83169 

1.20287 

.805799 

.885837 

.919962 

.080038 

15 

.25 


46 

.63966 

. 76866 

.83218 

I. 20166 

.805951 

.885732 

.920219 

.079781 

14 



47 

.63989 

.76847 

.83268 

1.20095 

.806103 

.885627 

.920476 

.079524 

13 


.80 

48 

.64011 

.76828 

.88317 

1.20024 

.806254 

.885522 

.920738 

.079267 

12 

.20 


49 

.64033 

.76810 

.83366 

1.19953 

' .806406 

.885416 

.920990 

.079010 

>11 



50 

.64056 

.76791 

.83415 

1.19882 

.806557 

.885311 

.921247 

.076753 

10 


.85 

51 

.64078 

.76778 

.88465 

1.19811 

.806709 

.885205 

.921503 

.078497 

9 

.15 


52 

.64100 

.76754 

.83514 

1.19740 

.806860 

.885100 

.921760 

.078240 

8 



53 

.64123 

.76735 

.83564 

1.19669 

.807011 

.884994 

.922017 

.077983 

7 


.90 

54 

.64145 

.76717 

.83613 

1.19599 

.807163 

.884889 

.922274 

.077726 

6 

.10 


55 

.64167 

.76698 

.83662 

1.19528 

.807314 

.884783 

.922530 

.077470 

5 



56 

.64190 

.76679 

.83712 

1.19457 

.807465 

.884677 

.922787 

.077213 

4 


.95 

07 

.64818 

.76661 

.88761 

1.19387 

.807615 

.884572 

.923044 

.076956 

3 

.05 


58 

.64234 

.76642 

.83811 

1.19316 

.807766 

.884466 

.923300 

.076700 

2 



59 

.64256 

,76623 

.83860 

1.19246 

.807917 

. 884360 

.923557 

.076443 

I 


1.00 

60 

.64879 

.76604 

.83910 

1.19175 

9.808067 

9.884254 

9.923814 

10.076166 

0 

.00 

1 

J 

Cos 

Sin 

Cot 

Tan 

Cos 

Sin 

Cot 

Tan 

J 

JS 

Becii 

ll 

Natural Values |j 

Common Logarithms 

a 

s 

|_ 


1-96 


50 





40^ VALUES AND LOGARITHMS OP TRIGONOMETRIC FUNCTIONS 


1 

1 

1 Natural Values 

1 Common Logarithms 

s 

j 

i 

1 

Sin 

Cos 

Tan 

Cot 

■■ 

Cos 

Tan 

Cot 

.S 

1 

.00 

0 

.64279 

.76604 

.83910 

1.19178 

9.808067 

9.884264 

9.923814 

10.076186 

60 

1.00 

1 

.64301 

.76586 

.83960 

1.19105 

.808218 

.884148 

.924070 

.075930 

59 



2 

.64323 

.76567 

. 84009 

1.19035 

.808368 

.884042 

.924327 

.075673 

58 


.06 

8 

.64346 

.76548 

.84069 

1.18964 

.808519 

.888986 

.924683 

.076417 

67 

.96 


4 

. 64368 

.76530 

.84108 

1.18894 

.808669 

.883829 

.924840 

.075160 

56 



5 

. 64390 

.76511 

.84158 

1.18824 

.808819 

.883723 

.925096 

.074904 

55 


.10 

6 

.64412 

.76492 

.84208 

1.18754 

.808969 

.888617 

.925862 

.074648 

64 

.90 

7 

. 64435 

.76473 

.84258 

1.18684 

.809119 

.883510 

.925609 

.074391 

53 



5 

. 64457 

.76455 

.84307 

1.18614 

.809269 

.883404 

.925865 

.074135 

52 


.16 

9 

.64479 

.76436 

.84357 

1.18544 

.809419 

.883297 

.926122 

.073878 

61 

.86 

10 

.64501 

.76417 

.84407 

1.18474 

.809569 

.883191 

.926378 

,073622 

50 



It 

.64524 

.76398 

.84457 

1.18404 

.809718 

.883084 

.926634 

.073366 

49 


.20 

12 

.64646 

.76380 

.84507 

1.18384 

.809868 

.882977 

.926890 

.073110 

48 

.80 

13 

. 64568 

.76361 

.84556 

1.18264 

.810017 

.882871 

.927147 

.072853 

47 



14 

.64590 

.76342 

.84606 

1.18194 

.810167 

.882764 

.927403 

.072597 

46 


.25 

15 

.64612 

.76323 

.84666 

1.18126 

.810316 

.882657 

.927669 

.072341 

46 

.78 

16 

. 64635 

.76304 

.84706 

1.18055 

.810465 

.882550 

.927915 

.072085 

44 



17 

. 64657 

.76286 

.84756 

1.17986 

.810614 

.882443 

.928171 

.071829 

43 


.20 

18 

.64679 

.76267 

.84806 

1.17916 

.810763 

.882386 

.928427 

.071678 

42 

.70 

19 

.64701 

.76248 

.84856 

1.17846 

.810912 

.882229 

.928684 

.071316 

41 



20 

.64723 

.76229 

.84906 

1.17777 

.811061 

.882121 

.928940 

.071060 

40 


.80 

21 

.64746 

.76210 

.84966 

1.17708 

.811210 

.882014 

.929196 

.070804 

39 

.66 

22 

.64768 

.76192 

.85006 

1.17638 

.811358 

.881907 

.929452 

.070548 

38 



23 

.64790 

.76173 

.85057 

1.17569 

.811507 

.881799 

.929708 

.070292 

37 


.40 

24 

.64812 

.76154 

.86107 

1.17600 

.811666 

.881692 

.929964 

.070036 

36 

.60 

25 

.64834 

.76135 

.85157 

1.17430 

.811804 

.881584 

.930220 

.069780 

35 



26 

.64856 

.76116 

.85207 

1.17361 

.811952 

.881477 

.930475 

.069525 

34 


.45 

27 

.64878 

.76097 

.86267 

1.17292 

.812100 

.881369 

.980731 

.069269 

33 

.65 

28 

.64901 

.76078 

.85308 

1.17223 

.812248 

.881261 

.930987 

.069013 

32 



29 

.64923 

.76059 

. 85358 

1.17154 

.812396 

.881153 

.931243 

.06875i 

31 


.60 

80 

.64945 

.76041 

.86408 

1.17085 

.812644 

.881046 

.931499 

.068601 

SO 

.60 

31 

.64967 

.76022 

.85458 

1.17016 

.812692 

.880938 

.931755 

.068245 

29 



32 

.64989 

.76003 

.85509 

1.16947 

.812840 

.880830 

.932010 

.067990 

28 


.65 

38 

.66011 

.76984 

.86659 

1.16878 

.812988 

.880722 

.932266 

.067734 

27 

.46 

34 

.65033 

.75965 

.85609 

1.16809 

.813135 

.880613 

.932522 

.067478 

26 



35 

.65055 

,75946 

.85660 

1.16741 

.813283 

.880505 

.932778 

.067222 

25 


.60 

36 

.65077 

.75927 

.85710 

1.16672 

.813430 

.880397 

.933083 

.066967 

24 

.40 

37 

.65100 

.75908 

.85761 

1. 16603 

.813578 

.880289 

.933289 

.066711 

25 



38 

.65122 

.75889 

.85811 

1.16535 

.813725 

. 880180 

.933545 

.066455 

22 


.65 

89 

.65144 

.76870 

.86862 

1.16466 

.813872 

.880072 

.933800 

.066203 

21 

.86 

40 

.65166 

.75851 

.85912 

1.16398 

.814019 

.879963 

.934056 

.065944 

20 



41 

.65188 

.75832 

.85963 

1.16329 

.814166 

.879855 

.934311 

.065689 

19 


.70 

42 

.65210 

.75813 

.86014 

1.16261 

.814313 

.879746 

.934567 

.066433 

18 

.30 

43 

.65232 

.75794 

.86064 

1.16192 

.814460 

.879637 

.934822 

.065178 

17 



44 

.65254 

.75775 

.86115 

1.16124 

.814607 

.879529 

.935078 

.064922 

16 


.76 

45 

.65276 

.76756 

.86166 

1.16066 

.814763 

.879429 

.936333 

.064667 

15 

.26 

46 

.65298 

.75738 

.86216 

1.15987 

.814900 

.879311 

.935589 

.064411 

14 



47 

.65320 

.75719 

.86267 

1.15919 

.815046 

.879202 

.935844 

.064156 

13 


.80 

48 

.65342 

.75700 

.86318 

1.15851 

.815193 

.879093 

.936100 

.063900 

12 

.20 

49 

.65364 

.75680 

.86368 

1.15783 

.815339 

.878984 

.936355 

.063645 

11 



50 

.65386 

.75661 

.86419 

1.15715 

.815485 

.878875 

.936611 

.063389 

10 


.85 

51 

.65408 

.76642 

.86470 

1.15647 

.815632 

.878766 

.986866 

.068134 

9 

.16 

52 

.65430 

.75623 

.86521 

1.15579 

.815778 

.878656 

.937121 

.062879 

8 



53 

. 65452 

.75604 

.86572 

1.15511 

.815924 

.878547 

.937377 

.062623 

7 


.90 

54 

.65474 

.75585 

.86623 

1.15443 

.816069 

.878438 

.987682 

.062368 

6 

.10 

55 

. 65496 

.75566 

.86674 

1.15375 

.816215 

.878328 

.937887 

.062113 

5 



56 

.65518 

.75547 

.86725 

1.15308 

.816361 

.878219 

.938142 

.061858 

4 


.96 

67 

.65540 

.76588 

.86776 

1.15240 

.816607 

.878109 

.938898 

.061602 

8 

.06 


58 

. 65562 

.75509 

.86827 

1.15172 

.816652 

.877999 

.938653 

.061347 

2 



59 

.65584 

.75490 

.86878 

1. 15104 

.816798 

.877890 

.938908 

.061092 

1 


1.00 

60 

.65606 

.76471 

.86929 

1.15037 

9.816943 

9.877780 

9.939168 

10.060887 

0 

.00 

ja 

1 

Cob 

Sin 

Cot 

Tan 

Cos 

Sin 

Cot 

Tan 

J 

1 

1 

.3 

S 

Natural Values | 

Common Logarithms j 

.1 



1-97 


49 














41 


MATHEMATICAL AND PHYSICAL TABLES 


1 

9 

Natural Values 

1 Common. Logarithms 

in 

1 



Sin 

Cos 

Tan 


Sin 

Cos 

Tan 

Cot 

H 


.00 

0 

.66608 

.76471 

.86989 

1.16037 

9.816943 

9.877780 

9.939163 

10.060837 

60 

1.00 


1 

.65628 

.75452 

. 86980 

1.14969 

.817088 

.877670 

.939418 

.060582 

59 



2 

.65650 

.75433 

. 87031 

1. 14902 

.817233 

.877560 

.939673 

.060327 

58 


.06 

8 

.66672 

.76414 

.87088 

1.14834 

.817379 

.877460 

.939928 

.060072 

67 

.95 


4 

.65694 

.75395 

.87133 

1.14767 

.817524 

.877340 

.940183 

.059817 

56 



5 

.65716 

.75375 

.87184 

1.14699 

.817668 

.877230 

.940439 

.059561 

55 


.10 

6 

.65738 

.76366 

.87236 

1.14632 

.817813 

.877120 

.940694 

.059306 

54 

.90 


7 

.65759 

.75337 

.87287 

1.14565 

.817958 

.877010 

.940949 

.059051 

53 


8 

.65781 

.75318 

.87338 

1.14498 

.818103 

.876899 

.941204 

.058796 

52 


.16 

9 

.65803 

.75299 

.87389 

1.14430 

.818247 

.876789 

.941459 

.058541 

51 

.86 


10 

.65825 

.75280 

.87441 

1.14363 

.818392 

.876678 

.941713 

.058287 

50 



11 

.65847 

.75261 

.87492 

1.14296 

.818536 

.876568 

.941968 

.058032 

49 


.80 

12 

.65839 

.76241 

.87643 

1.14229 

.818681 

.876457 

.942223 

.057777 

48 

.80 


13 

.65891 

.75222 

.87595 

1.14162 

.818825 

.876347 

.942478 

.057522 

47 


14 

.65913 

.75203 

.87646 

1.14095 

.818969 

.876236 

.942733 

.057267 

46 


.85 

15 

.65936 

.76184 

.87698 

1.14028 

.819113 

.876126 

.942988 

.057012 

46 

.78 


16 

.65956 

.75165 

.87749 

1.13961 

.819257 

.876014 

.943243 

.056757 

44 


17 

.65978 

.75146 

.87801 

1.13894 

.819401 

.875904 

.943498 

.056502 

43 


.30 

18 

.66000 

.76126 

.87862 

1.13828 

.819646 

.875793 

.943752 

.056248 

42 

.70 


19 

.66022 

.75107 

.87904 

1. 13761 

.819689 

.875682 

.944007 

.055993 

41 


20 

.66044 

.75088 

.87955 

1.13694 

.819832 

.875571 

.944262 

.055738 

40 


.86 

81 

.66066 

.75069 

.88007 

1.13627 

.819976 

.875459 

.944517 

.055483 

39 

.65 


22 

. 66088 

.75050 

. 88059 

1.13561 

.820120 

.875348 

.944771 

.055229 

38 


23 

.66109 

.75030 

.88110 

1.13494 

.820263 

.875237 

.945026 

.054974 

37 


.40 

21 

.66131 

.76011 

.88162 

1.13428 

.820406 

.876126 

.946281 

.064719 

36 

.60 


25 

.66153 

.74992 

.88214 

1.13361 

.820550 

.875014 

.945535 

.054465 

35 


26 

.66175 

.74973 

.88265 

1.13295 

.820693 

.874903 

.945790 

.054210 

34 


.46 

27 

.66197 

.74953 

.88317 

1.13228 

.820836 

.874791 

.946045 

.053966 

33 

.50 


28 

.66218 

.74934 

.88369 

1.13162 

.820979 

.874680 

.946299 

.053701 

32 


29 

.66240 

.74915 

.88421 

1.13096 

.821122 

.874568 

.946554 

.053446 

31 


.60 

30 

.66282 

.74896 

.88473 

1.13029 

.821266 

.874466 

.943808 

.053192 

30 

.50 


31 

.66284 

.74876 

.88524 

1.12963 

.821407 

.874344 

.947063 

.052937 

29 


32 

.66306 

.74857 

.88576 

1. 12897 

.821550 

.874232 

. 947318 

.052682 

28 


.66 

33 

.66327 

.74838 

.88628 

1.12831 

.821693 

.874121 

.947672 

.052428 

27 

.46 


34 

.66349 

.74818 

, 88680 

1.12765 

.821835 

.874009 

.947827 

.052173 

26 


35 

.66371 

.74799 

. 88732 

1. 12699 

.821977 

.873896 

.948081 

.051919 

25 


.60 

36 

.68393 

.74780 

.88784 

1.12633 

.822120 

.873784 

.948336 

.051665 

24 

.40 


37 

.66414 

.74760 1 

.88836 

1.12567 

.822262 

.873672 

.948590 

.051410 

23 


38 

.66436 

.74741 

.88888 

1.12501 

.822404 

.873560 

.948844 

.051156 

22 


.65 

39 

.66458 

.74722 

.88940 

1.12436 

.822546 

.873448 

.949099 

.050901 

21 

.36 


40 

.66480 

.74703 

.88992 

1. 12369 

. 822688 

.873335 

.949353 

.050647 

20 


41 

.66501 

.74683 

.89045 

1.12303 

.822830 

.873223 

. 949608 

.050392 

19 


.70 

42 

.66683 

.74664 

.89097 

1.12238 

.822972 

.873110 

.949862 

.060138 

18 

.80 


43 

.66545 

.74644 

.89149 

1.12172 

.823114 

.872998 

.950116 

.049884 

17 


44 

.66566 

.74625 

.89201 

1.12106 

.823255 

.872885 

.950371 

.049629 

16 


.75 

45 

.66688 

.74606 

.89263 

1.12041 

.823397 

.872772 

.950625 

.049375 

15 

.26 


46 

.66610 

.74586 

.89306 

1. 11975 

.823539 

.872659 

.950879 

.049121 

14 


47 

.66632 

.74567 

.89358 

I. 11909 

.823680 

.872547 

.951133 

.048867 

13 


.80 

43 

.66663 

.74648 

.89410 

1.11844 

.823821 

.872434 

.951388 

.048612 

12 

.20 


49 

.66675 

.74528 

.89463 

1.1 1778 

.823963 

.872321 

.951642 

.048358 

11 


50 

.66697 

.74509 

.89515 

1.11713 

.824104 

.872208 

.951896 

.048104 

10 


A5 

51 

.66718 

.74489 

.89667 

1.11648 

.824245 

.872095 

.962160 

.047860 

9 

.16 


52 

.66740 

.74470 

.89620 

1.11582 

.824386 

.871981 

.952405 

.047595 

8 


53 

.66762 

.74451 

.89672 

1.11517 

.824527 

.871868 

.952659 

.047341 

7 


.60 

64 

.66783 

.74431 

.89726 

1.11462 

.824668 

.871755 

.952913 

.047087 

6 

.10 


55 

.66805 

.74412 

.89777 

1.11387 

.824808 

.871641 

.953167 

.046833 

5 


56 

.66827 

.74392 

.89830 

1.11321 

.824949 

I .871528 

.953421 

.046579 

4 


.96 

57 

.66848 

.74373 

.89883 

1.11256 

.826090 

.871414 

.953676 

.046326 

8 

.06 


58 

.66870 

.74353 

.89935 

1.11191 

.825230 

.871301 

.953929 

.046071 

2 


59 

.66891 

.74334 

.89988 

1.11126 

,825371 

.871187 

.954183 

.045817 

1 


1.00 

60 

.66913 

.74314 

.90040 

1.11061 

9.826611 

9.871073 

9.954437 

10.046563 

0 

.00 

JS 

i 

1 

S 

Cos 

Sin 

Cot 

Tan 

Cos 

Sin 

Cot 

Tan 

8 


9 

.5 

Natural Values | 

Common Logarithms | 

m 

1 


1-98 


48 
















4:2"' VALUES AND LOGARITHMS OF TRIGONOMETRIC FUNCTIONS 


1 

8 

Kataral Values 

Common Logarithms 

J 

1 


1 

Sin 

Cos 



Sin 

Cos 

Tan 

Cot 

1 

i 

n 

.00 

0 

.66913 

.74314 

.90040 

1.11061 

9.825011 

9.871073 

9.904437 

10.040063 

60 

1.00 


1 

.66935 

.74295 

.90093 

1.10996 

.825651 

.870960 

.954691 

.045309 

59 



2 

.66956 

.74276 

.90146 

1.10931 

.825791 

.870846 

.954946 

.045054 

58 


.00 

3 

.66978 

.74206 

.90199 

1.10867 

.820931 

.870732 

.900200 

.044800 

57 

.95 


4 

. 66999 

.74237 

.90251 

1.10802 

.826071 

.870618 

.955454 

.044546 

56 



5 

.67021 

.74217 

.90304 

1.10737 

.826211 

.870504 

.955708 

.044292 

55 


.10 

6 

.67043 

.74198 

.90307 

1.10672 

.826301 

.870390 

.900961 

.044039 

64 

.90 


7 

.67064 

.74178 

.90410 

1.10607 

.826491 

.870276 

.956215 

.043785 

53 



8 

.67086 

.74159 

.90463 

1.10543 

.826631 

.870161 

.956469 

.043531 

52 


.10 

9 

.67107 

.74189 

.90016 

1.10478 

.826770 

.870047 

.906723 

.043277 

61 

.86 


10 

.67129 

.74120 

.90569 

1.10414 

.826910 

.869933 

.956977 

.043023 

50 



n 

.67151 

.74100 

.90621 

1.10349 

.827049 

.869818 

.957231 

.042769 

49 


.20 

12 

.67172 

.74080 

.90674 

1.10280 

.827189 

.869704 

.907480 

.042010 

48 

.80 


13 

.67194 

.74061 

.90727 

1.10220 

.827328 

,869589 

.957739 

.042261 

47 



14 

.67215 

.74041 

.90781 

1.10156 

.827467 

.869474 

.957993 

.042007 

46 


.20 

10 

.67237 

.74022 

.90834 

1.10091 

.827606 

.869360 

.908247 

.041703 

46 

.75 


16 

.67258 

.74002 

.90887 

1.10027 

.827745 

.869245 

.958500 

.041500 

44 



17 

.67280 

.73983 

.90940 

1.09963 

.827884 

.869130 

.958754 

.041246 

43 


.30 

18 

.67301 

.73963 

.90993 

1.09899 

.828023 

.869010 

.909008 

.040992 

42 

.70 


19 

.67323 

.73944 

.91046 

1.09834 

.828162 

.868900 

.959262 

.040738 

41 



20 

.67344 

.73924 

.91099 

1.09770 

.828301 

.868785 

.959516 

.040484 

40 


.30 

21 

.67366 

.73904 

.91103 

1.09708 

.828439 

.868670 

.909769 

.040231 

39 

.65 


22 

.67387 

.73885 

.91206 

1.09642 

.828578 

.868555 

.960023 

.039977 

38 



23 

. 67409 

.73865 

.91259 

1.09578 

.828716 

.868440 

.960277 

.039723 

37 


.40 

24 

.67430 

.73846 

.91313 

1.09014 

.828805 

.868324 

.960030 

.039470 

36 

.60 


25 

.67452 

.73826 

.91366 

1.09450 

.828993 

.868209 

.960784 

.039216 

35 



26 

.67473 

.73806 

.91419 

1.09386 

.829131 

.868093 

.961038 

.038962 

34 


.40 

27 

.67490 

.73787 

.91473 

1.09322 

.829269 

.867978 

.961292 

.038708 

33 

.65 


28 

.67516 

.73767 

.91526 

1.09258 

.829407 

.867862 

.961545 

.038455 

32 



29 

.67538 

.73747 

.91580 

1.09195 

.829545 

.867747 

.961799 

.038201 

31 


.00 

30 

.67009 

.73728 

.91633 

1.09131 

.829683 

.867631 

.962002 

.037948 

30 

.60 


31 

.67580 

.73708 

.91687 

1.09067 

.829821 

.867515 

.962306 

.037694 

29 



32 

.67602 

.73688 

.91740 

1.09003 

.829959 

.867399 

.962560 

.037440 

28 


.00 

33 

.67623 

.73669 

.91794 

1.08940 

.830097 

.867283 

.962813 

.037187 

27 

.45 


34 

.67645 

.73649 

.91847 

1.08876 

.830234 

.867167 

.963067 

.036933 

26 



35 

.67666 

.73629 

.91901 

1.08813 

.830372 

.867051 

.963320 

.036680 

25 


.60 

36 

.67688 

.73610 

.91905 

1.08749 

.830009 

.866930 

.963074 

.036426 

24 

.40 


37 

. 67709 

.73590 

.92008 

1.08686 

. 830646 

.866819 

.963828 

.036172 

23 



38 

.67730 

.73570 

.92062 

1.08622 

.830784 

.866703 

.964081 

.035919 

22 


.60 

39 

.67752 

.73051 

.92116 

1.08559 

.830921 

.866086 

.964330 

.036666 

21 

.35 


40 

.67773 

.73531 

.92170 

1.08496 

,831058 

.866470 

.964588 

.035412 

20 



41 

.67795 

.73511 

.92224 

1.08432 

.831195 

.866353 

.964842 

.035158 

19 


.70 

42 

.67816 

.73491 

.92277 

1.08369 

.831332 

.866237 

.960090 

.034906 

18 

.80 


43 

.67837 

.73472 

.92331 

1.08306 

.831469 

.866120 

.965349 

.034651 

17 


44 

.67859 

.73452 

.92385 

1.08243 

.831606 

.866004 

.965602 

.034398 

16 


.70 

40 

.67880 

.73432 

.92439 

1.08179 

.831742 

.860887 

.960800 

.034146 

16 

.85 


46 

.67901 

.73413 

.92493 

1.08116 

.831879 

.865770 

.966109 

.033891 

14 



47 

.67923 

.73393 

.92547 

1.08053 

.832015 

.865653 

.966362 

.033638 

13 


.80 

48 

.67944 

.73373 

.92601 

1.07990 

.832102 

.860036 

.966616 

.033384 

12 

.20 


49 

.67965 

.73353 

.92655 

1 1.07927 

.832288 

.865419 

.966869 

.033131 

11 



50 

.67987 

.73333 

.92709 

1.07864 

.832425 

.865302 

.967123 

.032877 

10 


.80 

01 

.68008 

.73314 

.92763 

1.07801 

.832061 

.860180 

.967376 

.032624 

9 

.15 


52 

.68029 

.73294 

.92817 

1.07733 

.832697 

.865068 

.967629 

.032371 

8 



53 

.68051 

.73274 

.92872 

1.07676 

.832833 

.864950 

.967883 

.032117 

7 


.90 

04 

.68072 

.73204 

.92926 

1.07613 

.832969 

.864833 

.968136 

.031864 

6 

.10 


55 

.68093 

.73234 

.92980 

1.07550 

.833105 

.864716 

.968389 

.031611 

5 



56 

.68115 

.73215 

.93034 

1.07487 

.833241 

.864598 

.968643 

.031357 

4 


.90 

07 

.68136 

.73195 

.93088 

1.07420 

.833377 

.864481 

.968896 

.031104 

3 

.05 


58 

.68157 

.73175 

.93143 

1.07362 

.833512 

.864363 

.969149 

.030851 

2 



59 

.68179 

.73155 

.93197 

1.07299 

.833648 

.864245 

.969403 

.030597 

1 


1.00 

60 

.68200 

.73130 

.93202 

1.07237 

9.833783 

9.864127 

9.969606 

10.030844 

0 

.00 

JO 

m 

Cos 

Sin 



Cos 

Sin 

, Cot 

Tan 

5 

1 

1 

1 

Natural Values 

1 Common Logarithms 

s 

1 



1-99 


47 
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ItfATHEMATICAL AND PHYSICAL TABLES 


1 

s 

1 

Natural Values 

Common Logarithms 

Minutes 


Sin 

Cos 

Tan 

Cot 

Sin 

Cos 

Tan 


.00 

0 

.68200 

.72180 

.93282 

1.07237 

9.833783 

9.864127 

9.969656 

10.030344 

60 

1.0 


I 

.68221 

.73116 

.93306 

1.07174 

.833919 

.864010 

.969909 

.030091 

59 



2 

.68242 

.73096 

.93360 

1.07112 

.834054 

.863892 

.970162 

.029838 

58 


.05 

8 

.68264 

.72076 

.98410 

1.07049 

.834189 

.863774 

.970416 

.029584 

57 

.9: 


4 

.68285 

.73056 

.93469 

1.06987 

.834325 

.863656 

.970669 

.029331 

56 



5 

.68306 

.73036 

.93524 

1.06925 

.834460 

.863538 

.970922 

.029078 

55 


.10 

6 

.68327 

.72016 

.93078 

1.06862 

.834696 

.863419 

.971175 

.028825 

04 

.o: 


7 

. 68349 

.72996 

.93633 

1.06800 

.834730 

.863301 

.971429 

.028571 

53 



8 

.68370 

.72976 

.93688 

1.06738 

.834865 

.863183 

.971682 

.028318 

52 


.10 

9 

.68391 

.72907 

.93742 

1.06676 

.834999 

.863064 

.971935 

.028065 

51 

.85 


10 

.68412 

.72937 

.93797 

1.06613 

.835134 

.862946 

.972188 

.027812 

50 



II 

.68434 

.72917 

.93852 

1.06551 

.835269 

.862827 

.972441 

.027559 

49 


.20 

12 

.68400 

.72897 

.93906 

1.06489 

.836403 

.862709 

.972695 

.027305 

48 

.80 


13 

. 68476 

.72877 

,93961 

1.06427 

.835538 

.862590 

.972948 

.027052 

47 



14 

. 68497 

.72857 

.94016 

1.06365 

.835672 

.862471 

.973201 

.026799 

46 


.20 

10 

.68018 

.72837 

.94071 

1.06303 

.835807 

.862353 

.973454 

.026546 

45 

.75 


16 

.68539 

.72817 

.94125 

1.06241 

.835941 

.862234 

.973707 

.026293 

44 



17 

.68561 

.72797 

.94180 

1.06179 

.836075 

.862115 

.973960 

.026040 

43 


.80 

18 

.68088 

.72777 

.94230 

1.06117 

.836209 

.861996 

.974213 

.025787 

42 

.70 


19 

. 68603 

.72757 

.94290 

1.06056 

.836343 

.861877 

.974466 

.025534 

41 



20 

.68624 

.72737 

.94345 

1.05994 

.836477 

.861758 

.974720 

.025280 

40 


.80 

21 

.68640 

.72717 

.94400 

1.00932 

.836611 

.861638 

.974973 

.025027 

39 

.65 


22 

. 68666 

.72697 

.94455 

1.05870 

.836745 

.861519 

.975226 

.024774 

38 



23 

.68688 

.72677 

.94510 

1.05609 

.836878 

.861400 

.975479 

.024521 

37 


.40 

24 

.68709 

.72607 

.94060 

1.06747 

.837012 

.861280 

.975732 

.024268 

36 

.60 


25 

. 68730 

.72637 

.94620 

1.05685 

.837146 

.861161 

.975985 

.024015 

35 



26 

.68751 

.72617 

.94676 

1.05624 

.837279 

.861041 

.976238 

.023762 

34 


.40 

27 

.68772 

.72097 

.94731 

1.00062 

.837412 

.860922 

.976491 

.023509 

33 

.55 


28 

. 68793 

.72577 

.94786 

1.05501 

.837546 

.860802 

.976744 

.023256 

32 



29 

.68814 

.72557 

.94841 

1.05439 

. 837679 

.860662 

.976997 

.023003 

31 


.00 

80 

.68880 

.72037 

.94896 

1.00378 

.837812 

.860562 

.977250 

.022750 

30 

.50 


31 

.68857 

.72517 

,94952 

1.05317 

.837945 

.660442 

.977503 

.022497 

29 



32 

.68878 

.72497 

. 95007 

1.05255 

.838078 

.860322 

.977756 

.022244 

28 


.00 

83 

.68899 

,72477 

.90062 

1.06194 

.838211 

.860202 

.978009 

.021991 

27 

.45 


34 

.68920 

.72457 

.95118 

1.05133 

.838344 

.860082 

.978262 

.021738 

26 



35 

.68941 

.72437 

,95173 

1.05072 

.838477 

.859962 

.978515 

.021485 

25 


.60 

86 

.68962 

.72417 

.90229 

1.06010 

.838610 

.859842 

.978768 

.021232 

24 

.40 


37 

.68983 

.72397 

.95284 

1.04949 

.838742 

.859721 

.979021 

.020979 

23 



38 

. 69004 

.72377 

.95340 

1.04888 

.838875 

.859601 

.979274 

.020726 

22 


.60 

39 

.69020 

.72307 

.90390 

1.04827 

.839007 

.859480 

.079527 

.020473 

21 

.35 


40 

.69046 

.72337 

,95451 

1.04766 

.839140 

.859360 

.979780 

.020220 

20 




. 69067 

.72317 

.95506 

1.04705 

.839272 

.859239 

.980033 

.019967 

19 


.70 

48 

.69088 

.72297 

.90062 

1.04644 

.839404 

.859119 

.080286 

.019714 

18 

.30 


43 

.69109 

.72277 

.95618 

1 1.04583 

.839536 

.858998 

.980538 

.019462 

17 



44 

.69130 

.72257 

.95673 

1.04522 

.839668 

.858877 

.980791 

.019209 

16 


.75 

40 

.69101 

.72236 

.90729 

1.04461 

.839800 

.858756 

.981044 

.018956 

15 

.25 


46 

.69172 

.72216 

.95785 

1.04401 

.839932 

.858635 

.981297 

.018703 

14 



47 

.69193 

.72196 

.95841 

1.04340 

.840064 

.858514 

.981550 

.018450 

13 


.80 

48 

.69214 

.72176 

.95897 

1.04279 

.840196 

.858393 

.981803 

.018197 

12 

.20 


49 

.69235 

.72156 

.95952 

1.04218 

.840328 

.858272 

.982056 

.017944 

1) 



50 

.69256 

.72136 

.96008 

1.04158 

" .840459 

.858151 

.982309 

.017691 

10 


.85 

01 

.69277 

.72116 

.96064 

1.04097 

.840691 

.858029 

.982562 

.017438 

9 

.15 


52 

.69298 

.72095 

.96120 

! 1.04036 

. 840722 

.857908 

.982814 

.017186 

8 



53 

.69319 

.72075 

.96176 

1.03976 1 

.840854 

.857786 

.983067 

.016933 

7 


.00 

04 

.69340 

.72000 

.96232 

1.03915 

.840985 

.857665 

.983320 

.016680 

6 

.10 


55 

.69361 

.72035 

.96288 

1.03855 

.841116 

.857543 

.983573 

.016427 

5 



56 

.69382 

.72015 

.96344 

1.03794 

,841247 

.857422 

.983826 

.016174 

4 


.90 

07 

.69403 

.71990 

.96400 

1.03734 

.841378 

.857300 

.984079 

.015921 

8 

.05 


58 

.69424 

.71974 

.96457 

1.03674 

.841509 

.857178 

.984332 

.015668 

2 



59 

.69445 

.71954 

.96513 

1,03613 

.841640 

.857056 

.984584 

.015416 

1 


1.00 

60 

.69466 

.71934 

.96069 

1.03663 

9.841771 

9.856934 

9.984837 

10.010163 

0 

.00 



Cos 

Sin 

Cot 

Tan 

Cos 

Sin 

Cot 

Tan 


1 

1 

a 

1 Natural Values 

Common Logarithms 

§ 

li 

1 


1-100 


46 













44'" VALUES AND LOGARITHMS OF TRIGONOMETRIC FUNCTIONS 



1 

Natural Valueg 

1 Common Logarithms 


J9 

g 

M 

1 

Sin 

Cos 

Tan 

Cot 

Sin 

Cos 

Tan 

Cot 

1 

a 

.00 

0 

.69466 

.71984 

.96869 

1.03053 

9.841771 

9.856934 

9.984837 

10.015163 

60 

1.00 


I 

. 69487 

.71914 

.96625 

1.03493 

.841902 

.856812 

.985090 

.014910 

59 



2 

.69508 

.71894 

.96681 

1.03433 

.842033 

.856690 

.985343 

.014657 

58 


.05 

8 

.69529 

.71873 

.96738 

1.03372 

.842163 

.866568 

.985596 

.014404 

57 

.95 


4 

.69549 

.71853 

.96794 

1.03312 

.842294 

.856446 

.985848 

.014152 

56 



5 

.69570 

.71833 

.96850 

1.03252 

.842424 

.856323 

.986101 

.013899 

55 


.10 

6 

.69091 

.71813 

.96907 

1.08192 

.842555 

.856201 

.986354 

.013646 

54 

.90 


7 

.69612 

.71792 

.96963 

1.03132 

.842685 

.836078 

.986607 

.013393 

53 



8 

. 69633 

.71772 

.97020 

1.03072 

.842815 

.855956 

.986860 

.013140 

52 


.10 

9 

.69654 

.71752 

.97076 

1.03012 

.842946 

.866833 

.987112 

.012888 

51 

.85 


10 

.69675 

.71732 

.97133 

1.02952 

.843076 

.855711 

.987365 

.012635 

50 


II 

.69696 

.71711 

.97189 

1.02892 

.843206 

.855588 

.987618 

.012382 

49 


.20 

12 

.69717 

.71691 

.97246 

1.02832 

.843336 

.865465 

.987871 

.012129 

48 

.80 


13 

.69737 

.71671 

.97302 

1.02772 

.843466 

.855342 

.988123 

.011877 

47 


14 

.69758 

.71650 

.97359 

1.02713 

.843595 

.855219 

.988376 

.011624 

46 


.20 

10 

.69779 

.71630 

.97416 

1.02653 

.843725 

.855096 

.988629 

.011371 

45 

.75 


16 

.69800 

.71610 

.97472 

1.02593 

.843855 

.854973 

. 988882 

.011118 

44 


17 

.69821 

.71590 

.97529 

1.02533 

.843984 

.854850 

.989134 

.010866 

43 


.80 

18 

.69842 

.71069 

.97586 

1.02474 

.844114 

.854727 

.989387 

.010613 

42 

.70 


19 

.69862 

.71549 

.97643 

1.02414 

.844243 

.854603 

.989640 

.010360 

41 


20 

.69883 

.71529 

.97700 

1.02355 

.844372 

.854480 

.989893 

.010107 

40 


.80 

21 

.69904 

.71008 

.97756 

1.02295 

.844502 

.854356 

.990145 

.000850 

39 

.65 


22 

.69925 

.71488 

.97813 

1.02236 

.844631 

.854233 

.990398 

.009602 

38 


23 

.69946 

.71468 

.97870 

1.02176 

.844760 

.854109 

.990651 

.009349 

37 


.40 

84 

.69966 

.71447 

.97927 

1.02117 

.844889 

.853986 

.990908 

.009097 

36 

.60 


25 

.6998/ 

.71427 

.97984 

1.02057 

.845018 

.853862 

.991156 

.008844 

35 


26 

.70008 

.71407 

.98041 

1.01998 

.845147 

.853738 

.991409 

.008591 

34 


.40 

27 

.70029 

.71386 

.98098 

1.01939 

.845276 

.863614 

.991662 

.008338 

33 

.55 


28 

.70049 

.71366 

.98155 

1.01879 

.845405 

.853490 

.991914 

.008086 

32 


29 

. 70070 

.71345 

.98213 

1.01820 

.845533 

.853366 

.992167 

.007833 

31 


.00 

80 

.70091 

.71325 

.98270 

1.01761 

.845662 

.863242 

.992420 

.007580 

30 

.50 


31 

.70112 

.71305 

.98327 

1.01702 

.845790 

.853118 

.992672 

.007328 

29 


32 

.70132 

.71284 

.98384 

1.01642 

.845919 

.852994 

.992925 

.007075 

28 


.00 

33 

.70108 

.71264 

.98441 

1.01083 

.846047 

.852869 

.998178 

.006822 

27 

.45 


34 

.70174 

.71243 

.98499 

1.01524 

.846175 

.852745 

.993431 

.006569 

26 



35 

.70195 

.71223 

.98556 

1.01465 

.846304 

.852620 

.993683 

.006317 

25 


.60 

86 

.70210 

.71203 

.98613 

1.01406 

.846432 

.852496 

.993936 

.006064 

24 

.40 


37 

.70236 

.71182 

.98671 

1.01347 

.846560 

.852371 

.994189 

.005811 

23 


38 

.70257 

.71162 

.98728 

1.01288 

.846688 

.852247 

.994441 

.005559 

22 


.60 

89 

.70277 

1 .71141 

.98786 

1.01229 

.846816 

.862122 

.994694 

.005306 

21 

.35 


40 

.70298 

.71121 

.98843 

1.01170 

.846944 

.851997 

.994947 

.005053 

20 


41 

.70319 

.71100 

,98901 

1.01112 

.847071 

.851872 

.995199 

.004801 

19 


.70 

42 

.70339 

.71080 

.98958 

1.01053 

.847199 

.851747 

.995462 

.004548 

U 

.30 


43 

.70360 

.71059 

.99016 

1.00994 

.847327 

.851622 

.995705 

.004295 

17 


44 

.70381 

.71039 

.99073 

1.00935 

.847454 

.851497 

.995957 

.004043 

16 


.70 

45 

.70401 

.71019 

.99131 

1.00876 

.847582 

.861372 

.996210 

.003790 

15 

.25 


46 

.70422 

.70998 

.99189 

1.00818 

.847709 

.851246 

.996463 

.003537 

14 


47 

.70443 

.70978 

.99247 

1.00759 

.847836 

.851121 

.996715 

.003285 

13 


.80 

48 

.70463 

.70957 

.99304 

1.00701 

.847964 

.860996 

.996968 

.003032 

12 

.20 


49 

.70484 

.70937 

.99362 

1.00642 

.848091 

.850870 

.997221 

.002779 

11 


50 

.70505 

.70916 

.99420 

1.00583 

.848218 

.850745 

.997473 

.002527 

10 


.80 

01 

.70520 

.70896 

.99478 

1.00525 

.848345 

.850619 

.997726 

.002274 

9 

.15 


52 

.70546 

.70875 

.99536 

1.00467 

.848472 

.850493 

.997979 

.002021 

8 


53 

.70567 

.70855 

.99594 

1.00408 

,848599 

.850368 

.998231 

.001769 

7 


.90 

04 

.70587 

.70834 

.99652 

1.00350 

.848726 

.860242 ' 

.998484 

.001516 

6 

.10 


55 

.70608 

.70813 

.99710 

1.00291 

.848852 

.850116 

.998737 

.001263 

5 


56 

.70628 

.70793 

.99768 

1.00233 

. 848979 

.849990 

.998989 

.001011 

4 


.90 

07 

.70649 

.70772 

.99826 

1.00175 

.849106 

.849864 

.999242 

.000758 

3 

.05 


58 

.70670 

.70752 

.99884 

1.00116 

.849232 

.849738 

.999495 

.000505 

2 



59 

.70690 

.70731 

.99942 

1.00058 

.849359 

.849611 

.999747 

.000253 

1 


1.00 

60 

.70711 

.70711 

1.00000 

1.00000 

9.849485 

9.849486 

10.000000 

10.000000 

0 

.00 


1 


Sin 

Cot 

Tan 

Cos 

Sin 

Cot 

Tan 

5 




Natural Values 

Common Logarithms 

1 

s 
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Table 18. Values and Logarithms of Exponentials and Hyperbolic Functions 


The following tables give values of e*, e“*, sinh x, cosh x and tanh x for values of x 
from 0.00 to 6.00 in intervals of 0.01. 

To facilitate computations involving multiplication, the common logarithms of e*, 
sinh X, cosh x, and tanh x are also given. 

For values of x greater than 6:6* may be computed from the relationship e* = log""*^ 
(x logic e) ~ log“^ 0.43429x; approaches zero; sinh x and cosh x are approximately 
equal and become 0.5 e*; and tanh x and coth x have values approximately equal to unity. 

Where more accurate values of the exponentials and functions are required they may 
be computed from the following relationships. 


e = 2.71828 18285 


M = logic c = 0.43429 44819 


- = 0.36787 94412 
e 

i = loge 10 = 2.30258 50930 
M 


e* — log"^ Mx 

c* — 6“* 
Sinh X = --- 


cschx = “ :— 
smh X 


e”* = log"*^ — Mx 


30sh X = 
sech X = 




cosh X 


tanh X = 
coth X == 


6 *- 6 - 
6 * + 6 - 
1 

tanh X 
































VALUES AND LOGARITHMS OF HYPERBOLIC FUNCTIONS 1-103 



Natural Values 

1 Common Logarithms 

X 



Sinh X 

Cosh X 

Tanhx 


Sinh X 

Cosho; 

Tanh x 

0.00 

1.0000 

1.0000 

0.0000 

1.0000 

.00000 

0.00000 

— « 

0.00000 

— OB 

o.ot 

1.0101 

.99005 

0.0100 

I.OOOl 

.01000 

.00434 

S.00001 

.00002 

8.99999 

0.02 

1.0202 

.98020 

0.0200 

1.0002 

1 .02000 

.00869 

..30106 

.00009 

§.30097 

0.03 

1.0305 

.97045 

0.0300 

1.0005 

1 .02999 

.01303 

.47719 

.00020 

.47699 

0.04 

1.0408 

.96079 

0.0400 

1.0008 

.03998 

.01737 

.60218 

.00035 

.60183 

0.05 

1.0513 

.95123 

0.0500 

1.0013 

.04996 

.02171 

.69915 

.00054 

.69861 

0.06 

1.0618 

.94176 

0.0600 

1.0018 

.05993 

.02606 

.77841 

.00078 

.77763 

0.07 

1.0725 

.93239 

0.0701 

1.0025 

.06989 

.03040 

.84545 

.00106 

.84439 

0.08 

1.0833 

.92312 

0.0801 

1.0032 

.07983 

.03474 

.90355 

.00139 

.90216 

0.09 

1.0942 

.91393 

0.0901 

1.0041 

.08976 

.03909 

.95483 

.00176 

.95307 

0.10 

1.1052 

.90484 

0.1002 

1.0060 

.09967 

0.04343 

i.00072 

0.00217 

§.99806 

o.n 

1.1163 

.89583 

0.1102 

1.0061 

.10956 

.04777 

.04227 

.00262 

i.03965 

0.12 

1.1275 

.88692 

0.1203 

1.0072 

.11943 

.05212 

.08022 

.00312 

.07710 

0.13 

1.1388 

.87810 

0.1304 

1.0085 

. 12927 

.05646 

.11517 

.00366 

.11151 

0.14 

1.1503 

.86936 

0.1405 

1.0098 

.13909 

.06080 

.14755 

.00424 

.14330 

0.15 

1.1618 

.86071 

0.1506 

1.0113 

.14889 

.06514 

.17772 

.00487 

.17285 

0.16 

1.1735 

.85214 

0.1607 

1.0128 

.15865 

.06949 

.20597 

.00554 

.20044 

0.17 

1.1853 

.84366 

0.1708 

1.0145 

.16838 

.07383 

1 .23254 

.00625 

.22629 

0.18 

1.1972 

.83527 

0.1810 

1.0162 

.17808 

.07817 

.25762 

.00700 

.25062 

0. 19 

1.2092 

.82696 

0.1911 

1.0181 

.18775 

.08252 

.28136 

.00779 

.27357 

0.20 

1.2214 

.81873 

0.2013 

1.0201 

.19738 

0.08686 

1.30392 

0.00863 

1.29029 

0.21 

1.2337 

.81058 

0.2115 

1.0221 

.20697 

.09120 

.32541 

.00951 

.31590 

0.22 

1.2461 

.80252 

0.2218 

1.0243 

.21652 

.09554 

.34592 

.01043 

.33549 

0.23 

1.2586 

.79453 

0.2320 

1.0266 

.22603 

.09989 

.36555 

.01139 

.35416 

0.24 

1.2712 

.78663 

0.2423 

1.0289 

.23550 

.10423 

.38437 

.01239 

.37198 

0.25 

1.2840 

.77880 

0.2526 

1.0314 

.24492 

.10857 

.40245 

.01343 

.38902 

0.26 

1.2969 

.77105 

0.2629 

1.0340 

.25430 

.11292 

.41986 

.01432 

.40534 

0.27 

1.3100 

.76338 

0.2733 

1.0367 

.26362 

.11726 

.43663 

.01564 

.42099 

0.28 

1.3231 

.75578 

0.2837 

1.0395 

.27291 

.12160 

.45282 

.01681 

.43601 

0.29 

1.3364 

.74826 

0.2941 

1.0423 

.28213 

.12595 

.46847 

.01801 

.45046 

0.30 

1.3499 

.74082 

0.3046 

1.0453 

.29131 

0.13029 

1.48362 

0.01926 

1.46436 

0.31 

1.3634 

.73345 

0.3150 

1.0484 

.30044 

.13463 

.49830 

.02054 

.47775 

0.32 

1.3771 

.72615 

0.3255 

1.0516 

,30951 

.13897 

.51254 

.02107 

.49067 

0.33 

1.3910 

.71892 

0.3360 

1.0549 

.31852 

.14332 

.52637 

.02323 

.50314 

0.34 

1.4049 

.71177 

0.3466 

1.0584 

.32748 

.14766 

.53981 

.02463 

.51518 

0.35 

1.4191 

.70469 

0.3572 

1.0619 

.33638 

.15200 

.55290 

.02607 

.52682 

0.36 

1.4333 

.69768 

0.3678 

1.0655 

.34521 

.15635 

.56564 

.02755 

.53809 

0.37 

1.4477 

.69073 

0.3785 

1.0692 

.35399 

.16069 

.57807 

.02907 

.54899 

0.38 

1.4623 

.68386 

0.3892 

1.0731 

.36271 

. 16503 

.59019 

.03063 

.55956 

0.39 

1.4770 

.67706 

0.4000 

1.0770 

.37136 

.16937 

.60202 

.03222 

.56980 

0.40 

1.4918 

.67032 

0.4108 

1.0811 

.37996 

0.17372 

1.61358 

0.03385 

1.67978 

0.41 

1.5068 

.66365 

0.4216 

1.0852 

.38847 

.17806 

.62488 

.03552 

.58936 

0.42 

1.5220 

.65705 

0.4325 

1.0895 

.39693 

.18240 

.63594 

.03723 

.59871 

0.43 

1.5373 

.65051 

0.4434 

1.0939 

.40532 

.18675 

.64677 

.03897 

.60780 

0.44 

1.5527 

.64404 

0.4543 

1.0984 

.41364 

.19109 

.65738 

.04075 

.61663 

0.45 

1.5683 

.63763 

0.4653 

1.1030 

.42190 

.19543 

.66777 

.04256 

.62521 

0.46 

1.5841 

.63128 

0.4764 

1.1077 

.43008 

.19978 

.67797 

.04441 

.63355 

0.47 

1.6000 

.62500 

0.4875 

1.1125 

.43820 

.20412 

.68797 

.04630 

.64167 

0.48 

1.6161 

.61878 

0.4986 

1.1174 

.44624 

.20846 

.69779 

.04822 

.64957 

0.49 

1.6323 

.61263 

0.5098 

1.1225 

.45422 

.21280 

.70744 

.05018 

.65726 

0.50 

1.6487 

.60653 

0.6211 

1.1276 

.46212 

0.21716 

1.71692 

0.05217 

1.66475 

0.51 

1.6653 

.60050 

0.5324 

1.1329 

.46995 

.22149 

.72624 

05419 

.67205 

0.52 

1.6820 

.59452 

0.5438 

1.1383 

.47770 

.22583 

.73540 

.05625 

.67916 

0.53 

1.6989 

.58860 

0.5552 

1.1438 

.48538 

.23018 

.74442 

.05834 

.68608 

0.54 

1.7160 

.58275 

0.5666 

1.1494 

.49299 

.23452 

.75330 

.06046 

.69284 

0.55 

1.7333 

.57695 

0.5782 

1.1551 

.50052 

.23886 

.76204 

.06262 

.69942 

0.56 

1.7507 

.57121 

0.5897 

1.1609 

. 50798 

.24320 

.77065 

06481 

.70584 

0.57 

1.7683 

.56553 

0.6014 

1.1669 

.51536 

.24755 

.77914 

.06703 

.71211 

0.58 

1.7860 

.55990 

0.6131 

1.1730 

. 52267 

.25189 

.78751 

.06929 

.71822 

0.59 

1.8040 

.55433 

0.6248 

1.1792 

.52990 

.25623 

.79576 

.07157 

.72419 

0.60 

1.8221 

.64881 

0.6367 

1.1866 

.63706 

0.26068 

1.80390 

0.07389 

1.78001 
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Natural Values Common Logarithms 


X 

«* 1 


Sinh X 

Cosh X 

Tanh x 

<»* 

Sinh X 

Cosh X 

Tanh x 

0.60 

1.6991 

.04881 

0.6867 

1.1800 

.03700 

0.86008 

i.80890 

0.07389 

1.78001 

0.61 

1.8404 

.54335 

0.6485 

1.1919 

.54413 

.26492 

.81194 

.07624 

.73570 

0.62 

1.8589 

.53794 

.0.6605 

1.1984 

.55113 

.26926 

.81987 

.07861 

.74125 

0.63 

1.8776 

.53259 

0.6725 

1.2051 

.55805 

.27361 

.82770 

.08102 

.74667 

0.64 

1.8965 

.52729 

0.6846 

1.2119 

.56490 

.27795 

.83543 

.08346 

.75197 

0.65 

1.9155 

.52205 

0.6967 

1.2188 

.57167 

.28229 

.84308 

.08593 

.75715 

0.66 

1.9348 

.51685 

0.7090 

1.2258 

.57836 

.28663 

.85063 

.08843 

.76220 

0.67 

1.9542 

.51171 

0.7213 

1.2330 

.58498 

.29098 

.85809 

.09095 

.76714 

0.68 

1.9739 

.50662 

0.7336 

1.2402 

.59152 

.29532 

.86548 

.09351 

.77197 

0.69 

1.9937 

.50158 

0.7461 

1.2476 ! 

.59798 

.29966 

.87278 

.09609 

.77669 

0.70 

2.0188 

.49009 

0.7086 

1.2002 

.60437 

0.30401 

1.88000 

0.09870 

i.78180 

0.71 

2.0340 

.49164 

0.7712 

1.2628 

.61068 

.30835 

.88715 

.10134 

.78581 

0.72 

2.0544 

.48675 

0.7838 

1.2706 

.61691 

.31269 

.89423 

.10401 

.79022 

0.73 

2.0751 

.48191 

0.7966 

1.2785 

.62307 

.31704 

.90123 

.10670 

.79453 

0.74 

2.0959 

.47711 

0.8094 

1.2865 

.62915 

.32138 

.90817 

.10942 

.79875 

0.75 

2.1170 

.47237 

0.8223 

1.2947 

.63515 

.32572 

.91504 

.11216 

.80288 

0.76 

2.1383 

.46767 

0.8353 

1.3030 

.64108 

.33006 

.92185 

.11493 

.80691 

0.77 

2. 1598 

.46301 

0.8484 

1.3II4 

. 64693 

.33441 

.92859 

.11773 

.81086 

0.78 

2.1815 

.45841 

0.8615 

1.3199 

.65271 

.33875 

.93527 

.12055 

.81472 

0.79 

2.2034 

.45384 

0.8748 

1.3286 

.65841 

.34309 

.94190 

.12340 

.81850 

0.80 

2.9200 

.44988 

0.8881 

1.8874 

.66404 

0.34744 

1.94846 

0.12627 

1.82219 

0.81 

2.2479 

. 44486 

0.9015 

1.3464 

.66959 

.35178 

.95498 

.12917 

.82581 

0.82 

2.2705 

.44043 1 

0.9150 

1.3555 

.67507 

.35612 

.96144 

.13209 

I .82935 

0.83 

2.2933 

.43605 

0.9286 

1.3647 

.68048 

.36046 

.96784 

.13503 

.83281 

0.84 

2.3164 

.43171 

0.9423 

1.3740 

.68581 

.36481 

.97420 

! .13800 

.83620 

0.85 

2.3396 

.42741 

0.9561 

1.3835 

.69107 

.36915 

.98051 

.14099 

.83952 

0.86 

2.3632 

.42316 

0.9700 

1.3932 

.69626 

.37349 

.98677 

.14400 

.84277 

0.87 

2.3869 

.41895 

0.9840 1 

1.4029 

.70137 

.37784 

.99299 

.14704 

.84595 

0.88 

2.4109 

.41478 

0.9981 

1.4128 

.70642 

.38218 

.99916 

.15009 

.84906 

0.89 

2.4351 

.41066 

1.0122 1 

1.4229 

.71139 

.38652 

0.00528 

.15317 

.85211 

0.90 

2.4096 

.40607 

1.0268 

1.4331 

.71680 

0.39087 

0.01137 

0.16627 

1.86609 

0.91 

2.4843 

.40252 

1.0409 

1.4434 

.72113 

.39521 

.01741 

.15939 

.85801 

0.92 

2.5093 

.39852 

1.0554 

1.4539 

.72590 

.39955 

.02341 

.16254 

.86088 

0.93 

2.5345 

.39455 

1.0700 

1.4645 

.73059 

.40389 

.02937 

.16570 

.86368 

0.94 

2.5600 

.39063 

1.0847 

1.4753 

.73522 

.40824 

.03530 

.16888 

.86642 

0.95 

2.5857 

.38674 

1.0995 

1.4862 

.73978 

.41258 

.04119 

.17208 

.86910 

0.96 

2.6117 

.38289 

1.1144 

1.4973 

.74428 

.41692 

.04704 

.17531 

.87173 

0.97 

2.6379 

,37908 

1.1294 

1.5085 

.74870 

.42127 

.05286 

.17855 

.87431 

0.98 

2.6645 

.37531 

1.1446 

1.5199 

.75307 

.42561 

.05864 

.18181 

. 87683 

0.99 

2.6912 

.37158 

1.1598 

1.5314 

.73736 

.42995 

.06439 

.18509 

.87930 

1.00 

2.7183 

.86788 

1.1702 

1.0431 

.76109 

0.43429 

0.07011 

0.18839 

1.88172 

1.01 

2.7456 

.36422 

1.1907 

1.5549 

.76576 

.43864 

.07580 

.19171 

.88409 

1.02 

2.7732 

.36059 

1.2063 

1.5669 

.76987 

.44298 

.08146 

.19504 

.88642 

1.03 

2.8011 

.35701 

1.2220 

1.5790 

.77391 

.44732 

.08708 

.19839 

.88869 

1.04 

2.8292 

.35345 

1.2379 

1.5913 

.77789 

.45167 

.09268 

.20176 

.89092 

1.05 

2,8577 

.34994 

1.2539 

1.6038 

.78181 

.45601 

.09825 

.20515 

.89310 

1.06 

2.8864 

.34646 

1.2700 

1.6164 

.78566 

.46035 

.10379 

.20855 

. 89524 

1.07 

2.VI54 

.34301 

1.2862 

1.6292 " 

.78946 

.46470 

.10930 

.21197 

.89733 

1.08 

2.9447 

.33960 

1.3025 

1.6421 

,79320 

.46904 

.11479 

.21541 

.89938 

1.09 

2.9743 

.33622 

1.3190 

1.6552 

.79688 

.47338 

.12025 

.21886 

.90139 

1.10 

8.0042 

.83287 

1.3306 

1.6685 

.80000 

0.47772 

0.12669 

0.22283 

i.90886 

1.11 

3.0344 

.32956 

1.3524 

1.6820 

.80406 

.48207 

.13111 

.22582 

.90529 

1.12 

3.0649 

.32628 

1.3693 

1.6956 

.80757 

.48641 

.13649 

.22931 

.90718 

1.13 

3.0957 

.32303 

1.3863 

1.7093 

.81102 

.49075 

. 1 H86 

.23283 

.90903 

1.14 

3.1268 

.31982 

1.4035 

1.7233 

.81441 

.49510 

.14720 

.23636 

.91085 

1.15 

3.1582 

.31664 

1.4208 

1.7374 

,81775 

.49944 

.15253 

.23990 

.91262 

1.16 

3.1899 

.31349 

1.4382 

1.7517 

.82104 

.50378 

.15783 

.24346 

.91436 

1.17 

3.2220 

.31037 

1.4558 

1.7662 

.82427 

.50812 

.16311 

.24703 

.91607 

1.18 

3.2544 

.30728 

1.4735 

1.7808 

.82745 

.51247 

.16836 

.25062 

.91774 

1.19 

3.2871 

.30422 1 

1.4914 

1.7957 

.83058 

.51681 

.17360 

.25422 

.91938 

1.90 

8.8201 

.80119 

1.0090 

1.8107 

.83360 

0.82118 

0.17882 

0.26784 

1.92099 


I 








VALUES AND LOGABITHMS OF HYPEBBOLIC FUNCTIONS 1-105 



Natural Values 

Common Logarithms 

X 

e» 


Siuh X 

Cosh X 

1 

Tanhx 

e* 

Sinh X 

Cosh X 

Tanh x 

t.SO 

8.8201 

.30119 

1.6096 

1.8107 

.83366 

0.52116 

0.17882 

0.25784 

1.92099 

1.21 

3.3535 

.29820 

1.5276 

1.8258 

.83668 

.52550 

.18402 

.26146 

.92254 

1.22 

3.3872 

.29523 

1.5460 

1.8412 

.83965 

.52984 

.18920 

.26510 

.92410 

1.23 

3.4212 

.29229 

1.5645 

1.8568 

.84258 

.53418 

.19437 

.26876 

.92561 

1.24 

3.4556 

.28938 

1.5831 

1.8725 

.84546 

.53853 

.19951 

.27242 

.92709 

L25 

3.4903 

.28650 

1.6019 

1.8884 

.84828 

.54287 

.20464 

.27610 

.92854 

1.26 

3.5254 

.28365 

1.6209 

1.9045 

.85106 

.54721 

.20975 

.27979 

.92996 

1.27 

3.5609 

.28083 

1.6400 

1.9208 

.85380 

.55155 

.21485 

.28349 

.93135 

1.28 

3.5966 

.27804 

1.6593 

1.9373 

.85648 

.55590 

.21993 

.28721 

.93272 

1.29 

3.6328 

.27527 

1.6788 

1.9540 

.85913 

.56024 

.22499 

.29093 

.93406 

1.80 

8.6698 

.27268 

1.6984 

1.9709 

.86172 

0.66468 

0.23004 

0.29467 

1.98537 

1.31 

3.7062 

.26982 

1.7182 

1.9880 

.86428 

.56893 

.23507 

.29842 

.93665 

1.32 

3.7434 

.26714 

1.7381 

2.0053 

.86678 

.57327 

.24009 

.30217 

.93791 

1.33 

3.7810 

.26448 

1.7583 

2.0228 

.86925 

.57761 

.24509 

.30594 

.93914 

1.34 

3.8190 

.26185 

1.7786 

2.0404 

.87167 

.58195 

.25008 

.30972 

.94035 

1.35 

3.8574 

.25924 

1.7991 

2.0583 

.87405 

.58630 

.25505 

.31352 

.94154 

1.36 

3.8962 

.25666 

1.8198 

2.0764 

.87639 

.59064 

.26002 

.31732 

.94270 

1.37 

3.9354 

.25411 

1.8406 

2.0947 

.87869 

.59498 

.26496 

.32113 

.94384 

1.38 

3.9749 

.25158 

1.8617 

2.1132 

.88095 

.59933 

.26990 

.32495 

.94495 

1.39 

4.0149 

.24908 

1.8829 

2.1320 

.88317 

.60367 

.27482 

.32878 

.94604 

1.40 

4.0608 

.24660 

1.9048 

2.1609 

.88536 

0.60801 

0.27974 

0.83262 

1.94711 

1.41 

4.0960 

.24414 

1.9259 

2.1700 

.88749 

.61236 

.28464 

.33647 

.94817 

1.42 

4.1371 

.24171 

1.9477 

2.1894 

.88960 

.61670 

.28952 

.34033 

.94919 

1.43 

4.1787 

.23931 

1.9697 

2.2090 

.89167 

.62104 

.29440 

.34420 

.95020 

1.44 

4.2207 

.23693 

1.9919 

2.2288 

.89370 

.62538 

.29926 

.34807 

.95119 

1.45 

4.2631 

.23457 

2.0143 

2.2488 

.89569 

.62973 

.30412 

.35196 

.95216 

1.46 

4.3060 

.23224 

2.0369 

2.2691 

.89765 

.63407 

.30896 

.35585 

.95311 

1.47 

4.3492 

.22993 

2.0597 

2. 2896 

.89958 

.63841 

.31379 

.35976 

.95404 

1.48 

4,3929 

. 22764 

2.0827 

2,3103 

.90147 

.64276 

.31862 

.36367 

.95495 

1.49 

4.4371 

.22537 

2.1059 

2.3312 

• .90332 

.64710 

.32343 

.36759 

.95584 

1.60 

4.4817 

.22318 

2.1298 

2.3624 

.90616 

0.66144 

0.32823 

0.87151 

i.95671 

1.51 

4.5267 

.22091 

2.1529 

2.3738 

.90694 

.65578 

.33303 

.37545 1 

.95758 

1.52 

4.5722 

.21871 

2.1768 

2.3955 

.90870 

.66013 

.33781 

.37939 1 

.95842 

1.53 

4.6182 

.21654 

2.2008 

2.4174 

.91042 

.66447 

.34258 

.38334 1 

.95924 

1.54 

4.6646 

.21438 

2.2251 

2.4395 

.91212 

.66881 

.34735 

.38730 

.96005 

1.55 

4.7115 

.21225 

2.2496 

2.4619 

.91379 

.67316 

.35211 

.39126 

.96084 

1.56 

4.7588 

.21014 

2.2743 

2.4845 

.91542 

.67750 

.35686 

.39524 

.96162 

1.57 

4. 8066 

.20805 

2.2993 

2. 5073 

.91703 

.68184 

.36160 

.39921 

.96238 

1.58 

4.8550 

.20598 

2.3245 

2.5305 

.91860 

.68619 

.36633 

.40320 

.96313 

1.59 

4.9037 

.20393 

2.3499 

2.5538 

.92015 

.69053 

.37105 

.40719 

.96386 

1.00 

4.9630 

.20190 

2.3766 

2.6776 

.92167 

0.69487 

0.87577 

0.41119 

1.96457 

1 

1.61 

5.0028 

.19989 

2.4015 

2.6013 

.92316 

.69921 

.38048 

.41520 

.96528 

1.62 

5.0531 

.19790 

2.4276 

2.6255 

.92462 

.70356 

.38518 

.41921 

.96597 

1.63 

5.1039 

.19593 

2.4540 

2.6499 

.92606 

.70790 

.38987 

.42323 

.96664 

1.64 

5.1552 

.19398 

2.4806 

2.6746 

.92747 

.71224 

.39456 

.42725 

.96730 

1.65 

5.2070 

.19205 

2.5075 

2.6995 

.92886 

.71659 

.39923 

.43129 

.96795 

1.66 

5.2593 

.19014 

2.5346 

2.7247 

.93022 

.72093 

.40391 

.43532 

.96658 

1.67 

5.3122 

.18825 

2.5620 

2.7502 

.93155 

.72527 

.40857 

.43937 

.96921 

1.68 

5.3656 

. 18637 

2.5896 

2.7760 

i .93286 

.72961 

.41323 

.44341 

.96982 

1.69 

5.4195 

.18452 

2.6175 

2.8020 

.93415 

.73396 

.41788 

.44747 

.97042 

1.70 

6.4739 

.18268 

2.6466 

2.8283 

.93641 

0.78830 

0.42253 

0.45153 

1.97100 

1.71 

5.5290 

.18087 

2.6740 

2.8549 

.93665 

.74264 

.42717 

.45559 

.97158 

1.72 

5.5845 

.17907 

2.7027 

2.8818 

.93786 

.74699 

.43180 

.45966 

.97214 

1.73 

5.6407 

.17728 

2.7317 

2.9090 

.93906 

.75133 

.43643 

.46374 

.97269 

1.74 

5.6973 

.17552 

2.7609 

2.9364 

.94023 

.75567 

.44105 

.46782 

.97323 

1.75 

5.7546 

.17377 

2.7904 

2.9642 

.94138 

.76002 

.44567 

.47191 

.97376 

1.76 

5.8124 

.17204 

2.8202 

2,9922 

.94250 

.76436 

.45028 

.47600 

.97428 

1.77 

5.8709 

.17033 

2.8503 

3.0206 

.94361 

.76870 

.45488 

.48009 

.97479 

1.78 

5.9299 

.16864 

2.8806 

3.0492 

.94470 

.77304 

.45948 

.48419 

.97529 

1.79 

5.9895 

.16696 

2.9112 

3.0782 

.94576 

.77739 

.46408 

.48830 

.97578 

1.80 

6.0496 

.16580 

2.9422 

3.1076 

.94681 

0.78178 

0.46857 

0.49241 

1.97628 





1-106 MATHEMATICAL AND PHYSICAL TABLES 



Natural Values 

Common Logarithms 

X 

e* 


Sinh X 

Cosh X 

Tanh x 

e* 

Sinh x 

Cosh X 

Tanh x 

1.80 

6.0490 

.16030 

2.9422 

3.1075 

.94681 

0.78173 

0.46867 

0.49241 

i.97626 

1.81 

1.82 

1.83 

6.1104 
6.1719 
6.2339 

.16365 

.16203 

.16041 

2.9734 

3.0049 

3.0367 

3.1371 
3.1669 
3.1972 

.94783 
.94884 
.94983 

.78607 
.79042 
.79476 

.47325 

.47783 

.48241 

.49652 

.50064 

.50476 

.97673 

.97719 

.97764 

1.84 

1.85 

1.86 

6.2965 

6.3598 

6.4237 

.15882 
.15724 
.15567 

3.0689 
3.1013 
3.1340 

3.2277 

3.2585 

3.2897 

.95080 

.95175 

.95268 

.79910 
.80344 
.80779 

.48698 

.49154 

.49610 

.50889 
.51302 
.51716 

.97809 
.97852 
.97895 

1.87 

1.88 
1.89 

6.4883 

6.5535 

6.6194 

.15412 
.15259 
.15107 

3.1671 

3.2005 

3.2341 

3.3212 

3.3530 

3.3852 

.95359 

.95449 

.95537 

.81213 

.81647 

.82082 

.50066 

.50521 

.50976 

.52130 

.52544 

.52959 

.97936 

.97977 

.98017 

1.90 

6.6899 

.14957 

8.2682 

3.4177 

.95624 

0.82516 

0.51430 

0.53374 

1.98067 

1.91 

1.92 

1.93 

6.7531 

6.8210 

6.8895 

.14808 

.14661 

.14515 

3.3025 

3.3372 

3.3722 

3.4506 

3.4838 

3.5173 

.95709 

.95792 

.95873 

.82950 
.83385 
.83819 

.51884 

.52338 

.52791 

.53789 

.54205 

.54621 

.98095 

.98133 

.98170 

1.94 

1.95 

1.96 

6.9588 

7.0287 

7.0993 

.14370 

.14227 

.14086 

3.4075 

3.4432 

3.4792 

3.5512 

3.5855 

3.6201 

.95953 

.96032 

.96109 

.84253 
.84687 
.85122 

.53244 
.53696 
.54148 

.55038 

.55455 

.55872 

.98206 

.98242 

.98272 

1.97 

1.98 

1.99 

7.1707 

7.2427 

7.3155 

.13946 
.13807 
. 13670 

3.5156 

3.5523 

3.5894 

3.6551 

3.6904 

3.7261 

.96185 

.96259 

.96331 

.85556 
.85990 
.86425 

.54600 

.55051 

.55502 

.56290 
.56707 
.57126 

.98311 

.98344 

.98377 

2.00 

7.3891 

.13534 

3.6269 

3.7622 

.96403 

0.86859 

0.56953 

0.57544 

i.98409 

2.01 

2.02 

2.03 

7.4633 

7.5383 

7.6141 

.13399 

.13266 

.13134 

3.6647 

3.7028 

3.7414 

3.7987 

3.8355 

3.8727 

.96473 

.96541 

.96609 

.87293 

.87727 

.88162 

.56403 
.56853 
.57303 

.57963 
.58382 
.58802 

.98440 

.98471 

.98502 

2.04 

2.05 

2.06 

7.6906 

7.7679 

7.8460 

. 13003 
.12873 
.12745 

3.7803 

3.8196 

3.8593 

3.9103 

3.9483 

3.9867 

.96675 

.96740 

.96803 

.88596 

.89030 

.89465 

.57753 
.58202 
.58650 

.59221 

.59641 

.60061 

.98531 

.98560 

.98589 

2.07 

2.08 

2.09 

7.9248 

8.0045 

8.0849 

.12619 

.12493 

.12369 

3.8993 

3.9398 

3.9806 

4.0255 

4.0647 

4.1043 

.96865 

.96926 

.96986 

.89899 
.90333 
.90768 

.59099 
.59547 
.59995 

.60482 
.60903 
.61324 

.98617 

.98644 

.98671 

2.10 

8.1662 

.12246 

4.0219 

4.1443 

.97045 

0.91202 

0.60443 

0.61746 

1.98697 

2.11 

2.12 

2.13 

8.2482 
8.3311 
8.4149 

.12124 
,12003 
.11884 

4.0635 

4,1056 

4.1480 

4.1847 

4.2256 

4.2669 

.97103 
.97159 
.97215 1 

.91636 

.92070 

.92505 

.60890 
.61337 
.61784 

.62167 

.62589 

.63011 

.98723 

.98748 

.98773 

2.14 

2.15 

2.16 

8.4994 

8.5849 

8.6711 

.11765 

.11648 

.11533 

4.1909 

4.2342 

4.2779 

4.3085 

4.3507 

4.3932 

.97269 1 

.97323 

.97375 

.92939 

.93373 

.93808 

.62231 

.62677 

.63123 

.63433 

.63856 

.64278 

.98798 

.98821 

.98845 

2.17 

2.18 
2.19 

8.7583 

8.8463 

8.9352 

.11418 

.11304 

.11192 

4.3221 

4.3666 

4.4116 

4.4362 

4.4797 

4.5236 

.97426 

.97477 

.97526 

.94242 

.94676 

.95110 

.63569 

.64015 

.64460 

.64701 

.65125 

.65548 

.98868 
.98890 
.98912 

2.20 

9.0260 

.11080 

4.4571 

4.5679 

.97574 

0.95545 

0.64905 

0.65972 

1.98934 

2.21 

2.22 

2.23 

9.1157 

9.2073 

9.2999 

.10970 

.10861 

.10753 

4.5030 

4.5494 

4.5962 

4.6127 

4,6580 

4.7037 

.97622 

.97668 

.97714 

.95979 

.96413 

.96848 

.65350 
.65795 
.66240 

.66396 
. 66820 
. 67244 

.98955 

.98975 

.98996 

2.24 

2.25 

2.26 

9.3933 

9.4877 

9.5831 

.10646 
.10540 
.10435 

4.6434 

4.6912 

4.7394 

4.7499 

4.7966 

4.8437- 

.97759 

.97803 

.97846 

.97282 

.97716 

.98151 

.66684 
.67128 
.67572 

. 67668 
.68093 
.68518 

.99016 

.99035 

.99054 

2.27 

2.28 
2.29 

9.6794 

9.7767 

9.8749 

.10331 
.10228 
.10127 

4.7880 

4.8372 

4.8868 

4.8914 

4.9395 

4.9881 

.97888 

.97929 

.97970 

.98585 

.99019 

.99453 

.68016 
.68459 
.68903 

.68943 
.69368 
.69794 

.99073 

.99091 

.99109 

2.80 

9.9742 

.10026 

4.9370 

5.0372 

.98010 

0.99888 

0.69346 

0.70219 

1.99127 

2.31 

2.32 

2.33 

10.074 
10.176 
10.278 

.09926 

.09827 

.09730 

4.9876 

5.0387 

5.0903 

5.0868 

5.1370 

5.1876 

.98049 

.98087 

.98124 

1.00322 

.00756 

.01191 

.69789 

.70232 

.70675 

.70645 

.71071 

.71497 

.99144 

.99161 

.99178 

2.34 

2.35 

2.36 

10.381 

10.486 

10.591 

.09633 

.09537 

.09442 

5.1425 

5.1951 
5.2483 

5.2388 

5.2905 

5.3427 

.98161 

.98197 

.98233 

.01625 

.02059 

.02493 

.71117 

.71559 

.72002 

.71923 

.72349 

.72776 

.99194 

.99210 

.99226 

2.37 

2.38 

2.39 

10.697 

10.805 

10.913 

.09348 

.09255 

.09163 

5.3020 

5.3562 

5.4109 

5.3954 

5.4487 

5.5026 

.98267 

.98301 

.98335 

.02928 

.03362 

.03796 

.72444 

.72885 

.73327 

.73203 

.73630 

.74056 

.99241 

.99256 

.99271 

8.40 

11.023 

.09072 

5.4662 

5.0569 

.98367 

1.04231 

0.73769 

0.7U84 

1.99286 






VALUES AND LOGARITHMS OF HYPERBOLIC FUNCTIONS 1-107 



Natural Values | 

1 Common Logarithms 

X 



Sinh X 

Cosh X 

Tanh x 


Sinh X 

Cosh X 

Tanh x 

a.4o 

11.028 

.09072 

6.4662 

6.6669 

.98367 

1.04231 

0.73769 

0.74484 

1.99288 

2.41 

2.42 

2.43 

11.134 

11.246 
11.359 

.08982 
.08892 
.08804 

5.5221 

5.5785 

5.6354 

5.6119 

5.6674 

5.7235 

.98400 

.98431 

.98462 

.04665 

.05099 

.05534 

.74210 

.74652 

.75093 

.74911 

.75338 

.75766 

.99299 

.99313 

.99327 

2.44 

2.45 

2.46 

11.473 

11.588 

11.705 

.08716 
.08629 
.08543 

5.6929 

5.7510 

5.8097 

5.7801 

5.8373 

5.8951 

.98492 
.98522 1 
.98551 

.05968 
.06402 
.06836 

.75534 

.75975 

.76415 

.76194 

.76621 

.77049 

.99340 

.99353 

.99366 

2.47 

2.48 

2.49 

11.822 

11.941 

12.061 

.08458 

.08374 

.08291 

5.8689 

5.9288 

5.9892 

5.9535 

6.0125 

6.0721 

.98579 
.98607 
.98635 1 

.07271 

.07705 

.08139 

.76856 

.77296 

.77737 

.77477 

.77906 

.78334 

.99379 
.99391 
.99403 

2.60 

12.182 

.08208 

6.0602 

6.1323 

.98661 

1.08574 

0.78177 

0.78762 

r. 99416 

2.51 

2.52 

2.53 

12.305 

12.429 

12.554 

.08127 

.08046 

.07966 

6.1118 
6.1741 
6.2369 

6.1931 
6.2545 
6.3166 

.98688 

.98714 

.98739 

.09008 

.09442 

.09877 

.78617 

.79057 

.79497 

.79191 

.79619 

.80048 

.99426 

.99438 

.99449 

2.54 

2.55 

2.56 

12.680 

12.807 

12.936 

.07887 

.07808 

.07730 

6.3004 

6.3645 

6.4293 

6.m3 
6.4426 
6.5066 

.98764 

.98788 

.98812 

.10311 
.10745 
.11179 

.79937 

.80377 

.80816 

.80477 

.80906 

.81335 

.99460 

.99470 

.99481 

2.57 

2.58 

2.59 

13.066 

13.197 

13.330 

.07654 

.07577 

.07502 

6.4946 
6.5607 
6.6274 

6.5712 
6.6365 
6.7024 

.98835 

.98858 

.98881 

.11614 
.12048 
.12482 

.81256 

.81695 

.82134 

.81764 

.82194 

.82623 

.99491 
.99501 
.99511 

2.60 

13.464 

.07427 

6.6947 

6.7690 

.98903 

1.12917 

0.82578 

0.83052 

1.99521 

2.61 

2.62 

2.63 

13.599 

13.736 

13.874 

.07353 

.07280 

.07208 

6.7628 

6.8315 

6.9008 

6.8363 
6.9043 
6.9729 

.98924 
.98946 
.98966 I 

.13351 

.13785 

.14219 

.83012 
.83451 
.83890 

.83482 

.83912 

.84341 

.99530 

.99540 

.99549 

2.64 

2.65 

2.66 

14.013 

14.154 

14.296 

.07136 

.07065 

.06995 

6.9709 

7.0417 

7.1132 

7.QA23 
7.1123 
7.1831 

.98987 

.99007 

.99026 

.14654 
.15088 
.15522 

.84329 
.84768 
.85206 

.84771 

.85201 

.85631 

.99558 

.99566 

.99575 

2.67 

2.68 
2.69 

14.440 

14.585 

14.732 

.06925 

.06856 

.06788 

7.1854 
7.2383 
7.3319 

7.2546 

7.3268 

7.3998 

.99045 

.99064 

.99083 

.15957 
.16391 
.16825 

.85645 
.86083 
.86522 

.86061 
.86492 
.86922 

.99583 
.99592 
.99600 

2.70 

14.880 

.06721 

7.4063 

7.4735 

.99101 

1.17260 

0.86960 

0.87362 

1.99608 

2.71 

2.72 

2.73 

15.029 
15.180 
15.333 

.06654 
.06587 
.06522 

7.4814 

7.5572 

7.6338 

7.5479 

7.6231 

7.6991 

.99118 

.99136 

.99153 

.17694 

.18128 

.18562 

.87398 

.87836 

.88274 

.87783 

.88213 

.88644 

.99615 

.99623 

.99631 

2.74 

2.75 

2.76 

15.487 

15.643 

15.800 

.06457 
.06393 
.06329 

7.7112 

7.7894 

7.8683 

7.7758 

7.8533 

7.9316 

.99170 

.99186 

.99202 

.18997 
.19431 
.19865 

.88712 
.89150 
.89588 

.89074 
.89505 
.89936 

.99638 

.99645 

.99652 

2.77 

2.78 

2.79 

15.959 
16.119 
16.281 

.06266 
.06204 
.06142 

7.9480 
8.0285 
8.1098 

8.0106 

1 8.0905 
8.1712 

! .99218 
.99233 
.99248 

.20300 
.20734 
.21168 

.90026 
.90463 
.90901 

.90367 
.90798 
.91229 

.99659 
.99666 
.99672 

2.80 

16.446 

.06081 

8.1919 

8.2527 

.99263 

1.21602 

0.91339 

0.91660 

1.99679 

2.81 

2.82 

2.83 

16.610 

16.777 

16.945 

.06020 

.05961 

.05901 

8.2749 

8.3586 

8.4432 

8.3351 
8.4182 
8.5022 

.99278 
.99292 
.99306 

.22037 
.22471 
.22905 

.91776 

.92213 

.92651 

.92091 

.92522 

.92953 

.99685 

.99691 

.99698 

2.84 

2.85 

2.86 

17.116 

17.288 

17.462 

.05843 

.05784 

.05727 

8.5287 

8.6150 

8.7021 

8.5871 

8.6728 

8.7594 

.99320 

.99333 

.99346 

.23340 
.23774 
.24208 

.93088 

.93525 

.93963 

.93385 

.93816 

.94247 

.99704 

.99709 

.99715 

2.87 

2.88 
2.89 

17.637 

17.814 

17.993 

.05670 

.05613 

.05558 

8.7902 

8.8791 

8.9689 

8.8469 
8.9352 
9.0244 

.99359 

.99372 

.99384 

.24643 

.25077 

.25511 

.94400 

.94837 

.95274 

.94679 

.95110 

.95542 

.99721 

.99726 

.99732 

2.90 

18.174 

.06602 

9.0696 

9.1146 

.99396 

1.25945 

0.95711 

0.96974 

r. 99787 

2.91 

2.92 

2.93 

18.357 

18.541 

18.728 

.05448 

.05393 

.05340 

9.1512 

9.2437 

9.3371 

9.2056 

9.2976 

9.3905 

.99408 

.99420 

.99431 

.26380 
.26814 
.27248 

.96148 

.96584 

.97021 

.96405 

.96837 

.97269 

.99742 

.99747 

.99752 

2.94 

2.95 

2.96 

18.916 
19.106 
19.298 

.05287 
.05234 
.05182 

9.4315 

9.5268 

9.6231 

9.4844 

9.5791 

9.6749 

.99443 

.99454 

.99464 

.27683 
.28117 
.28551 

.97458 

.97895 

.98331 

.97701 

.98133 

.98565 

.99757 

.99762 

.99767 

2.97 

2.98 

2.99 

19.492 

19.688 

19.886 

.05130 

.05079 

.05029 

9.7203 

9.8185 

9.9177 

9.7716 

9.8693 

9.9680 

.99475 

.99485 

.99496 

.28985 
.29420 
.29854 

.98768 

.99205 

.99641 

.98997 

.99429 

.99861 

.99771 

.99776 

.99780 

8.00 

20.086 

.04979 

10.018 

10.068 

.99505 

1.30283 

1.00078 

1.00293 

f. 99780 



1-108 MATHEMATICAL AND PHTSICAL TABLES 



Natural Values 

Common Logarithms 

X 



Sinh X 1 

Cosh X 

Tanh x 


Sinh X 

Cosh X 

Tanh x 

S.00 

20.066 

.049T9 

10.018 

10.068 

.99606 

1.30288 

1.00078 

1.00898 

i.99785 

3.01 

20.287 

.04929 

10.119 

10.168 

.99515 

.30723 

i .00514 

.00725 

.99789 

3.02 

20.491 

.04880 

10.221 

10.270 

.99525 

.31157 

.00950 I 

.01157 

.99793 

3.03 

20.697 

.04832 

10.325 

10.373 

.99534 

.31591 

.01387 

.01589 

.99797 

3.04 

20.905 

.04783 

10.429 

10.477 

.99543 

.32026 

.01823 

.02022 

.99801 

3.05 

21.115 

.04736 

10.534 

10.581 

.99552 

.32460 

.02259 

.02454 

.99805 

3.06 

21.328 

.04689 

10.640 

10.687 

.99561 

.32894 

.02696 

.02886 

.99809 

3.07 

21.542 

.04642 

10.748 

10.794 

.99570 

.33328 

.03132 

.03319 

.99813 

3.08 

21.758 

.04596 

10.856 

10.902 

.99578 

.33763 

.03568 

.03751 

.99817 

3.09 

21.977 

.04550 

10.966 

11.011 

.99587 

.34197 

.04004 

.04184 

.99820 

S.IO 

22.198 

.04606 

11.077 

11.122 

.99696 

1.34631 

1.04440 

1.04616 

i.99884 

3.11 

22.421 

.04460 

11.188 

11.233 

.99603 

.35066 

.04876 

.05049 

.99827 

3.12 

22.646 

.04416 

11.301 

11.345 

.99611 

.35500 

.05312 

.05481 

.99831 

3.13 

22.874 

.04372 

11.415 

11.459 

.99618 

.35934 

.05748 

.05914 

.99834 

3.14 

23.104 

.04328 

11.530 

11.574 

.99626 

.36368 

.06184 

.06347 

.99837 

3.15 

23.336 

.04285 

11.647 

11.689 

.99633 

.36803 

.06620 

.06779 

.99841 

3.16 

23.571 

.04243 

11.764 

11.807 

.99641 

.37237 

.07056 

.07212 

.99844 

3.17 

23.807 

.04200 

11.883 

11.925 

.99648 

.37671 

.07492 

.07645 

.99847 

3.18 

24.047 

.04159 

12.003 

12.044 

.99655 

.38106 

.07927 

.08078 

.99850 

3.19 

24.288 

.04117 

12.124 

12.165 

.99662 

.38540 

.08363 

.08510 

.99853 

8.20 

24.683 

.04076 

12.246 

12.287 

.99668 

1.38974 

1.08799 

1.08943 

i.99866 

3.21 

! 24.779 

.04036 

12.369 

12.410 

.99675 

.39409 

.09235 

.09376 

.99859 

3.22 

25.028 

.03996 

12.494 

12.534 

.99681 

.39843 

.09670 

.09809 

.99861 

3.23 

25.280 

.03956 

12.620 

12.660 

.99688 

.40277 

.10106 

.10242 

.99864 

3.24 

25.534 

.03916 

12.747 

12.786 

.99694 

.40711 

.10542 

.10675 

.99867 

3.25 

25.790 

.03877 

12.876 

12.915 

.99700 

.41146 

.10977 

.11108 

.99869 

3.26 

26.050 

.03839 

13.006 

13.044 

.99706 

.41580 

.11413 

.11541 

.99872 

3.27 

26.311 

.03801 

13.137 

13.175 

.99712 

.42014 

.11849 

.11974 

.99875 

3.28 

26.576 

.03763 

13.269 

13.307 

.99717 

.42449 

.12284 

.12407 

.99877 

3.29 

26.843 1 

.03725 

13.403 

13.440 

.99723 

.42883 

.12720 

.12840 

.99879 

8.80 

2T.113 

.03688 

13.688 

13.070 

.99728 

1.43317 

1.13166 

1.13873 

i.99888 

3.31 

27.385 

.03652 

13.674 

13.711 

! .99734 

43751 

.13591 

.13706 

.99884 

3.32 

27.660 

.03615 

13.812 

13.848 

.99739 

.44186 

.14026 

.14139 

.99886 

3.33 

27.938 1 

.03579 

13.951 

13.987 

.99744 

.44620 

.14461 

.14573 

.99889 

3.34 

28.219 

.03544 

14.092 

14.127 

.99749 

.45054 

.14897 

.15006 

.99891 

3.35 

28.503 

,03508 

14.234 

14.269 

.99754 

.45489 

.15332 

.15439 

.99893 

3.36 

28.789 

! .03474 

14.377 

14.412 

.99759 

.45923 

.15768 1 

.15872 

.99895 

3.37 

29.079 

.03439 

14.522 

14.556 

.99764 

.46357 

.16203 ! 

.16306 

.99897 

3.38 

29.371 

.03405 

14.668 

14.702 

.99768 

.46792 

.16638 

.16739 

.99899 

3.39 

1 

29.666 

.03371 

14.816 

14.850 

.99773 

.47226 

.17073 

.17172 

.99901 

8.40 

29.964 

.08837 

14.960 

14.999 

.99777 

1.47660 

1.17609 

1.17606 

i.99908 

3.41 

30.265 

.03304 

15.116 

15.149 1 

,99782 

.48094 

.17944 

.18039 

.99905 

3.42 

30.569 

.03271 

15.268 

15.301 

.99786 

.48529 

.18379 

.18472 

.99907 

3.43 

30.877 

.03239 

15.422 j 

15.455 

.99790 

.48963 

.18814 

.I8906 

.99909 

3.44 

31.187 

.03206 

15.577 

15.610 

.99795 

.49397 

.19250 

.19339 

.99911 

3.45 

31.500 

.03175 

15.734 1 

15.766 

.99799 

.49832 

.19685 

.19772 

.99912 

3.46 

31.817 

.03143 

15.893 

15.924 

,99803 

.50266 

.20120 

.20206 

.99914 

3.47 

3^.137 

.03112 

16.053 

16.084 

.99807 

.50700 

.20555 

.20639 1 

.99916 

3.48 

32.460 

.03081 

16.215 

16.245 

.99810 

.51134 

.20990 

.21073 

.99918 

3.49 

32.786 

.03050 

16.378 

16.408 

.99814 

.51569 

.21425 

.21506 

.99919 

8.80 

38.116 

.03020 

16.643 

16.673 

.99818 

1.62003 

1.21860 

1.81940 

1.99981 

3.51 

33.448 

.02990 

16.709 

16.739 

.99821 

.52437 

.22296 

I .22373 

.99922 

3.52 

33.784 

.02960 

16.877 

16.907 

.99825 

.52872 

.22731 

.22807 

.99924 

3.53 

34.124 

.02930 

17.047 

17.077 

.99828 

.53306 

.23166 

.23240 

.99925 

3.54 

34.467 

.02901 

17.219 

17.248 

.99832 

.53740 

.23601 

i .23674 

i .99927 

3.55 

34.813 

.02872 

17.392 

17.421 

.99835 

.54175 

.24036 

1 ,24107 

i .99928 

3.56 

35. 163 

.02844 

17.567 

17.596 

.99838 

.54609 

.24471 

.24541 

.99930 

3.57 

35.517 

.02816 

17.744 

17.772 

.99842 

.55043 

. 24906 

i .24975 

.99931 

3.58 

35.874 

.02788 

17.923 

17.951 

.99845 

.55477 

.25341 

.25408 

.99933 

3.59 

36.234 

.02760 

18.103 

18.131 

.99848 

.55912 

.25776 

.25842 

.99934 

8.60 

86.698 

.02782 

1 18.286 

18.313 

.99801 

1.66846 

1.86811 

1.86876 

1.98886 





VALUES AND LOGARITHMS OE HYPERBOLIC FUNCTIONS 1-100 



Natural Values 

Conunon LiOgarithma 

X 



Sinh X 

Cosh X 

Tanh x 

«* 

Sinh X 

Cosh X 

Tanh x 

a.60 

86.608 

.08788 

18.885 

18.318 

.99861 

1.66846 

1.86811 

1.86870 

1.99986 

3.61 

3.62 

3.63 

36.966 

37.338 

37.713 

.02705 

.02678 

.02652 

18.470 

18.655 

18.843 

18.497 

18.682 

18.870 

.99854 
.99857 
.99859 j 

.56780 
.57215 
.57649 

.26646 
.27080 
.27515 

.26709 
.27143 
.27576 

.99936 

.99938 

.99939 

3.64 

3.65 

3.66 

38.092 

38.475 

38.861 

.02625 

.02599 

.02573 

19.033 

19.224 

19.418 

19.059 

19.250 

19.444 

.99862 

.99865 

.99868 

.58083 
.58517 
.58952 

.27950 

.28385 

.28820 

.28010 

.28444 

.28878 

.99940 

.99941 

.99942 

3.67 

3.68 

3.69 

39.252 

39.646 

40.045 

.02548 

.02522 

.02497 

19.613 

19.811 

20.010 

19.639 

19.836 

20.035 

.99870 

.99873 

.99875 

.59386 

.59820 

.60255 

.29255 
.29690 
.30125 

.29311 

.29745 

.30179 

.99944 

.99945 

.99946 

3.70 

40.447 

.02472 

20.211 

80.236 

.99878 

1.60689 

1.30609 

1.80618 

i.99947 

3.71 

3.72 

3.73 

40.854 

41.264 

41.679 

.02448 

.02423 

.02399 

20.415 

20.620 

20.828 

20.439 

20.644 

20.852 

.99880 
.99883 
.99885 

.61123 

.61558 

.61992 

.30994 

.31429 

.31864 

.31046 

.31480 

.31914 

.99948 
.99949 
.99950 

3.74 

3.75 

3.76 

42.098 

42.521 

42.948 

.02375 

.02352 

.02328 

21.037 

21.249 

21.463 

21.061 

21.272 

21.486 

.99887 

.99889 

.99892 

El 

■ 11 

.32348 

.32781 

.33215 

,99951 

.99952 

.99953 

3.77 

3.78 

3.79 

43.380 

43.816 

44.256 

.02305 

.02282 

.02260 

21.679 

21.897 

22.117 

21.702 

21.919 

22.140 

.99894 

.99896 

.99898 

.63729 

.64163 

.64598 

.33603 

.34038 

.34472 

.33649 

.34083 

.34517 

.99954 

.99955 

.99956 

3.80 

44.701 

.02237 

82.389 

22.362 

.99900 

1.66032 

1.34907 

1.34961 

!.09007 

3.81 

3.82 

3.83 

45.150 

45.604 

46.063 

.02215 

.02193 

.02171 

22.564 

22.791 

23.020 

22.586 

22.813 

23.042 

.99902 

.99904 

.99906 

.65466 
.65900 j 
.66335 1 

.35342 
i .35777 

1 .36211 

.35384 

.35818 

.36252 

.99957 
.99958 
.99959 

3.84 

3.85 

3.86 

46.525 

46.993 

47.465 

.02149 

.02128 

.02107 

23.252 

23.486 

23.722 

23.274 

23.507 

23.743 

.99908 

.99909 

.99911 

.66769 
.67203 
.67638 

.36646 

.37081 

.37515 

.36686 1 

.37120 

.37554 

.99960 

.99961 

.99961 

3.87 

3.88 

3.89 

47.942 

48.424 

48.911 

.02086 

.02065 

.02045 

23.961 

24.202 

24.445 

23.982 

24.222 

24.466 

.99913 

.99915 

-.99916 

.68072 
.68506 
.68941 

.37950 

.38385 

.38819 

.37988 

.38422 

.38856 

.99962 
.99963 
.99964 

8.90 

49.402 

.02084 

24.691 

24.711 

.93918 

1.69376 

1.39864 

1 1.39390 

i.00064 

3.91 

3.92 

3.93 

49.899 

50.400 

50.907 

.02004 

.01984 

.01964 

24.939 

25,190 

25.444 

24.960 

25.210 

25.463 

.99920 

.99921 

.99923 

.69809 
.70243 
.70678 

.39689 
.40123 
.40558 

.39724 

.40158 

.40591 

.99965 
.99966 
.99966 

3.94 

3.95 

3.96 

51.419 

51.935 

52.457 

.01945 

.01925 

.01906 

25.700 

25.958 

26.219 

25.719 

25.977 

26.238 

.99924 

.99926 

.99927 

.71112 

.71546 

.71981 

.40993 

.41427 

.41862 

.41025 

.41459 

.41893 

.99967 

.99968 

.99968 

3.97 

3.98 

3.99 

52.985 

53.517 

54.055 

.01887 

.01869 

.01850 

26.483 

26.749 

27.018 

26.502 

26.768 

27.037 

.99929 
.99930 
.99932 

.72415 
.72849 
.73284 

.42296 

.42731 

.43166 

.42327 

.42761 

.43195 

.99969 
.99970 
.99970 

4.00 

54.598 

.01888 

87.290 

87.308 

.99933 

1.73718 

1.48600 

1.48689 

i.00071 

4.01 

4.02 

4.03 

55.147 

55.701 

56.261 

.01813 

.01795 

.01777 

27.564 

27,842 

28.122 

27.583 

27.860 

28.139 

.99934 

.99936 

.99937 

.74152 

.74586 

.75021 

.44035 
.44469 
.44904 

.44063 
.44497 
.44931 

.99971 
.99972 
.99973 

4.04 

4.05 

4.06 

56.826 

57.397 

57.974 

.01760 

.01742 

.01725 

28.404 

28.690 

28.979 

28.422 

28.707 

28.996 

.99938 

.99939 

.99941 

.75455 

.75889 

.76324 

.45339 

.45773 

.46208 

.45365 

.45799 

.46233 

.99973 
.99974 
.99974 

4.07 

4.08 

4.09 

58.557 

59.145 

59.740 

.01708 

.01691 

.01674 

29.270 

29.564 

29.862 

29.287 

29.581 

29.878 

.99942 

.99943 

.99944 

.76758 

.77192 

.77626 

.46642 
.47077 
.47511 

.46668 

.47102 

.47536 

.99975 

.99975 

.99976 

4.10 

60.840 

.01607 

80.162 

30.178 

.99946 

1.78061 

1.47946 

1.47970 

1.00076 

4.11 

4.12 

4.13 

60.947 

61.559 

62.178 

.01641 

.01624 

.01608 

30.465 

30.772 

31.081 

30.482 

30.788 

31.097 

.99946 

.99947 

.99948 

.78495 
.78929 
.79364 

.48380 

.48815 

.49249 

.48404 
.48838 
.49272 

.99977 
.99977 
.99978 

4.14 

4.15 

4.16 

62.803 

63.434 

64.072 

.01592 

.01576 

.01561 

31.393 

31.709 

32.028 

31.409 

31.725 

32.044 

.99949 

.99950 

.99951 

.79798 
.80232 
.80667 

.49684 

.50118 

.50553 

.49706 

.50140 

.50574 

.99978 
.99978 
.99979 

4.17 

4.18 

4.19 

64.715 

65.366 

66.023 

.01545 

.01530 

.01515 

32.350 

32.675 

33.004 

32.365 

32.691 

33.019 

.99952 
.99953 
.99954 

.81101 

.81535 

.81969 

.50987 

.51422 

.51856 

.51008 

.51442 

.51676 

.99979 

.99980 

.99980 

4.80 

66.686 

.01800 

88.886 

88.861 

.99966 

1.88404 

1.68891 

1.08810 

1.09080 



1-110 MATHEMATICAL AND PHYSICAL TABLES 




17atural Values 



Common Logarithms 

X 



Sinh X 

Cosh X 

Tanh x 

e* 

Sinh X 

Cosh X 

Tanh x 

4.20 

66.686 

.01000 

33.336 

33.351 

.99965 

1.82404 

1.52291 

1.52310 

i.99980 

4.21 

67.357 

I .01485 

33.671 

33.686 1 

.99956 

.82838 

.52725 

.52745 

.99981 

4.22 

68.033 

.01470 

34.009 

34.024 

.99957 

.83272 

.531 0 

.53179 

.99981 

4.23 

68.717 

.01455 

34.351 

34.366 

.99958 

.83707 

.53594 

.53613 

.99982 

4.24 

69.408 

.01441 

34.697 

34.711 

.99958 

.84141 

.54029 * 

.54047 

.99982 

4.25 

70.105 

.01426 

35.046 

35.060 

.99959 

.84575 

.54463 

.54481 

.99982 

4.26 

70.810 

.01412 

35.398 

35.412 

.99960 

.85009 

.54898 

.54915 j 

.99983 

4.27 

71.522 

.01398 

35.754 

1 35.768 

.99961 

.85444 

.55332 

.55349 

.99983 

4.28 

72.240 

.01384 

36.113 

36.127 

.99962 

.85878 

.55767 

.55783 

.99983 

4.29 

72.966 

.01370 

36.476 

36.490 

j .99962 

.86312 

.56201 

.56217 

.99984 

4.80 

73.700 

.01397 

36.843 

36.807 

.99063 

1.86747 

1.66636 

1.66662 

i.99984 

4.31 

74.440 

.01343 

37.214 

37.227 

.99964 

.87181 

.57070 

.57086 

.99984 

4.32 

75.189 

.01330 

37.588 

37.601 

.99965 

.87615 

.57505 

.57520 

.99985 

4.33 

75.944 

.01317 

37.966 

37.979 

.99965 

.88050 

.57939 

.57954 

.99985 

4.34 

76.708 

.01304 

38.347 

38.360 

.99966 

.88484 

.58373 

.58388 

.99985 

4.35 

77.478 

.01291 

38.733 

38.746 

.99967 

.88918 

.58808 

.58822 

.99986 

4.36 

78.257 

.01278 

39.122 

39.135 

.99967 

.89352 

.59242 

.59256 

.99986 

4.37 

79.044 

.01265 

39.515 

39.528 

.99968 

.89787 

.59677 

.59691 

.99986 

4.38 

79.838 

.01253 

39.913 

39.925 

.99969 

.90221 

.60111 

.60125 

.99986 

4.39 

80.640 

.01240 

40.314 

40.326 

.99969 

.90655 

.60546 

.60559 

.99987 

4.40 

81.461 

.01228 

40.719 

40.732 

.99970 

1.91090 

1.60980 

1.60993 

i.99987 

4.41 

82.269 

.01216 

41.129 

41.141 

.99970 

.91524 

.61414 

.61427 

.99987 

4.42 

83.096 

.01203 

41.542 

41.554 

.99971 

.91958 

.61849 

.61861 

.99987 

4.43 

83.931 

.01191 

41.960 

41.972 

.99972 

.92392 

.62283 

.62296 

.99988 

4.44 

84.775 

.01180 

1 42.382 

42.393 

.99972 

.92827 

.62718 

.62730 

.99988 

4.45 

85.627 

.01168 

42.808 

42.819 

.99973 

.93261 

.63152 

.63164 

.99988 

4.46 

86.488 1 

.01156 

! 43.238 

43.250 

.99973 

.93695 

.63587 

.63598 

.99988 

4.47 

87.357 

.01145 

43.673 

43.684 

.99974 

.94130 

.64021 

.64032 

.99989 

4.48 

88.235 

.01133 

44.112 

44.123 

.99974 

.94564 

.64455 

.64467 

.99989 

4.49 

89.121 

.01122 

44.555 

44.566 

.99975 

.94998 

.64890 

.64901 

.99989 

4.00 

90.017 

.01111 

45.003 

45.014 

.99976 

1.95433 

1.66324 

1.65836 

1.99989 

4.51 

90.922 

.01100 

45.455 

45.466 

.99976 

.95867 

.65759 

.65769 

.99989 

4.52 

91.836 

.01089 

45.912 

45.923 

.99976 

.96301 

.66193 

. 66203 

.99990 

4.53 

92.759 

.01078 

46.374 

46.385 

.99977 

.96735 

.66627 

.66637 

.99990 

4.54 

93.691 

.01067 

46.840 

46.851 

.99977 

.97170 

.67062 

.67072 

.99990 

4.55 

94.632 

.01057 

47.311 

47.321 

.99978 

.97604 

.67496 

.67506 

.99990 

4.56 

95.583 

.01046 

47.787 

47,797 

.99978 

.98038 

.67931 

.67940 

.99990 

4.57 

96.544 

.01036 

48.267 

48.277 

.99979 

.98473 

.68365 

.68374 

.99991 

4.58 

97.514 

.01025 

48.752 

48.762 

.99979 

.98907 

.68799 

.68808 

.99991 

4.59 

98.494 

.01015 

49.242 

49.252 

.99979 

.99341 

.69234 

.69243 

.99991 

4.60 

99.484 

.01000 

49.737 

49.747 

.99980 

1.99775 

1.69668 

1.69677 

i.99991 

4.61 

100.48 

.00995 

50.237 

50.247 

.99980 

2.00210 

.70102 

.70111 

.99991 

4.62 

101.49 

.00985 

50.742 

50.752 

.99981 

.00644 

.70537 

.70545 

.99992 

4.63 

102.51 

.00975 

51.252 

51.262 

.99981 

.01078 

,70971 

.70979 

.99992 

4.64 

103.54 

.00966 

51.767 

51.777 

.99981 

.01513 

.71406 

.71414 

.99992 

4.65 

104.58 

.00956 

52.288 

52.297 

.99982 

.01947 

.71840 

.71848 

.99992 

4.66 

105.64 

.00947 

52.813 

52.823 

.99982 

.02381 

.72274 

.72282 

.99992 

4.67 

106.70 

.00937 

53.344 

53.354 

.99982 

.02816 

.72709 

.72716 

.99992 

4.68 

107.77 

.00928 

53.880 

53.890 

.99983 

.03250 

.73143 

.73151 

.99993 

4.69 

108.85 

.00919 

54.422 

54,431 

.99983 

.03684 

.73577 

.73585 

.99993 

4.70 

109.90 

.00910 

64.969 

64.978 

.99983 

2.04118 

1.74012 

1.74019 

i.99993 

4.71 

111.05 

.00900 

55.522 

55.531 

,99984 

.04553 

.74446 

.74453 

.99993 

4.72 

112. 17 

.00892 

56.080 

56.089 

,99984 

.04987 

.74881 

.74887 

.99993 

4.73 

113.30 

.00883 

56.643 

56.652 

.99984 

.05421 

.75315 

.75322 

.99993 

4.74 

114.43 

.00874 

57.213 

57.222 

.99985 

.05856 

.75749 

.75756 

.99993 

4.75 

115.58 

.00865 

57.788 

57.796 

.99985 

.06290 

.76184 

.76190 

.99993 

4.76 

116.75 

.00857 

58.369 

58.377 

.99985 j 

.06724 

.76618 

.76624 

.99994 

4.77 

117.92 

.00848 

58.955 

58.964 

.99986 j 

.07158 

.77052 

.77059 

.99994 

4.78 

119.10 

.00840 

59.548 

59.556 

.99986 

.07593 

.77487 

.77493 

.99994 

4.79 

120.30 

.00831 

60.147 

60.155 

.99986 

.08027 

.77921 

.77927 

.99994 

4.80 

181.01 

.00883 

60.701 

80.759 

.99986 

8.08461 

1.78865 

1.78361 

1.99994 


VALUES AND LOGARITHMS OF HYPERBOLIC FUNCTIONS 1-111 


Natural Values Conunon Logarithms 


X 



Sinh X 

Cosh X 

Tanh x 


Sinh X 

! Cosh X 

Tanh x 

4.80 

181.61 

.00883 

60.761 

60.760 

.99986 

2.08461 

1.78800 

1.78861 

1.99994 

4.81 

4.82 

4.83 

122.73 

123.97 

125.21 

.00815 

.00807 

.00799 

61.362 

61.979 

62.601 

61.370 

61.987 

62.609 

.99987 

.99987 

.99987 

.08896 

.09330 

.09764 

.78790 
.79224 
.79658 

.78796 
.79230 
.79664 

.99994 

.99994 

.99994 

4.84 

4.85 

4.86 

126.47 

127.74 

129.02 

.00791 

.00783 

.00775 

63.231 

63.866 

64.508 

63.239 

63.874 

64.516 

.99987 

.99988 

.99988 

.10199 

.10633 

.11067 

.80093 
.80527 
.80962 

.80098 
.80532 
.80967 

.99995 

.99995 

.99995 

4.87 

4.88 

4.89 

130.32 

131.63 

132.95 

.00767 

.00760 

.00752 

65.157 

65.812 

66.473 

65.164 

65.819 

66.481 

.99988 
.99988 
.99989 

.11501 

.11936 

.12370 

.81396 
.81830 
.82265 

.81401 

.81835 

.82269 

.99995 
.99995 
.99995 

4.90 

134.29 

.00745 

67.141 

67.149 

.99989 

2.12804 

1.88699 

1.82704 

1.99996 

4.91 

4.92 

4.93 

135.64 

137.00 

138.38 

.00737 

.00730 

.00723 

67.816 

68.498 

69.186 

67.823 

68.505 

69.193 

.99989 

.99989 

.99990 

.13239 
.13673 
.14107 

.83133 

.83568 

.84002 

.83138 
.83572 
.84006 

.99995 

.99995 

.99995 

4.94 

4.95 

4.96 

139.77 

141.17 

142.59 

.00715 

.00708 

.00701 

69.882 

70.584 

71.293 

69.889 

70.591 

71.300 

.99990 

.99990 

.99990 

.14541 

.14976 

.15410 

.84436 
.84871 
.85305 

.84441 
.84875 
.85309 

.99996 

.99996 

.99996 

4.97 

4.98 

4.99 

144.03 

145.47 

146.94 

.00694 
.00687 
.00681 

72.010 

72.734 

73.465 

72.017 

72.741 

73.472 

.99990 
.99991 
.99991 

.15844 

.16279 

.16713 

.85739 

.86174 

.86608 

.85743 

.86178 

.86612 

.99996 
.99996 
.99996 

8.00 

148.41 

.00674 

74.203 

74.210 

.99991 

2.17147 

1.87042 

1.87046 

1.99996 

5.01 

5.02 

5.03 

149.90 

151.41 

152.93 

.00667 
.00660 
.00654 

74.949 

75.702 

76.463 

74.956 

75.710 

76.470 

.99991 

.99991 

.99991 

.17582 
.18016 
.18450 

.87477 

.87911 

.88345 

.87480 
.87915 
.88349 

.99996 
.99996 
.99996 

5.04 

5.05 

5.06 

154.47 

156.02 

157.59 

.00647 
.00641 
.00635 

77.232 

78.008 

78.792 

77.238 

78.014 

78.798 

.99992 
.99992 
.99992 

.18884 
.19319 
.19753 

.88780 
.89214 
.89648 

.88783 

.89217 

.89652 

.99996 
.99996 
.99997 

5.07 

5.08 

5.09 

159.17 

160.77 

162.39 

.00628 

.00622 

.00616 

79.584 

80.384 

81.192 

79.590 

80.390 

81.198 

.99992 

.99992 

.99992 

.20187 
.20622 
.21056 

.90083 

.90517 

.90951 

.90086 

.90520 

.90955 

.99997 

.99997 

.99997 

6.10 

164.02 

.00610 

82.008 

82.014 

.99993 

2.21490 

1.91386 

1.91889 

1.99997 

5.11 

5.12 

5.13 

165.67 

167.34 

169.02 

.00004 
.00598 
.00592 

82.832 

83.665 

84.506 

82.838 

83.671 

84.512 

.99993 
.99993 
.99993 

.21924 

.22359 

.22793 

.91820 

.92254 

.92689 

.91823 

.92257 

.92692 

.99997 
.99997 
.99997 

5.14 

5.15 

5.16 

170.72 
172.43 
174. 16 

.00586 

.00580 

.00574 

85.355 

86.213 

87.079 

85.361 

86.219 

87.085 

.99993 
.99993 
.99993 

.23227 

.23662 

.24096 

.93123 

.93557 

.93992 

.93126 

.93560 

.93994 

.99997 
.99997 
.99997 

5.17 

5.18 

5.19 

175.91 

177.68 

179.47 

.00568 

.00563 

.00557 

87.955 

88.839 

89.732 

87.960 

88.844 

89.737 

.99994 
.99994 
.99994 

.24530 

.24965 

.25399 

.94426 

.94860 

.95294 

.94429 
.94863 
.95297 

.99997 
.99997 
.99997 

6.20 

181.27 

.00602 

90.633 

90.639 

.99994 

2.25833 

1.90729 

1.90731 

1.99907 

5.21 

5.22 

5.23 

183.09 

184.93 

186.79 

.00546 

.00541 

.00535 

91.544 

92.464 

93.394 

91.550 

92.470 

93.399 

.99994 
.99994 
.99994 

.26267 

.26702 

.27136 

.96163 

.96597 

.97032 

.96166 
.96600 
.97034 

.99997 
.99997 
.99998 

5.24 

5.25 

5.26 

188.67 

190.57 

192.48 

.00530 

.00525 

.00520 

94.332 

95.281 

96.238 

94.338 

95.286 

96.243 

.99994 

.99994 

.99995 

.27570 

.28005 

.28439 

.97466 

.97900 

.98335 

.97469 

.97903 

.98337 

.99998 
.99998 
.99998 

5.27 

5.28 

5.29 

194.42 

196.37 

198.34 

.00514 

.00509 

.00504 

97.205 

98.182 

99.169 

97.211 

98.188 

99.174 

.99995 

.99995 

.99995 

.28873 

.29307 

.29742 

.98769 

.99203 

.99638 

.98771 
.99206 
.99640 

.99998 
.99998 
.99998 

6.30 

200.34 

.00499 

100.17 

100.17 

.99990 

2.30176 

2.00072 

2.00074 

1.99998 

5.31 

5.32 

5.33 

202.35 

204.38 

206.44 

.00494 

.00489 

.00484 

101.17 
102.19 
103.22 

101.18 

102.19 

103.22 

.99995 

.99995 

.99995 

.30610 

.31045 

.31479 

.00506 

.00941 

.01375 

.00508 

.00943 

.01377 

.99998 
.99998 
.99998 

5.34 

5.35 

5.36 

208.51 

210.61 

212.72 

.00480 

.00475 

.00470 

104.25 

105.30 

106.36 

104.26 

105.31 

106.36 

.99995 

.99995 

.99996 

.31913 

.32348 

.32782 

.01809 

.02244 

.02678 

.01811 

.02246 

.02680 

.99998 

.99998 

.99998 

5.37 

5.38 

5.39 

214.86 

217.02 

219.20 

.00465 

.00461 

.00456 

107.43 

108.51 

109.60 

107.43 

108.51 

109.60 

.99996 

,99996 

.99996 

.33216 

.33650 

.34085 

.03112 

,03547 

.03981 

.03114 

.03548 

.03983 

.99998 

.99998 

.99998 

6.40 

821.41 

.00408 

110.70 

110.71 

.99996 

2.34019 

2.04410 

2.04417 

1.99996 


1-112 MATHEMATICAIi AND PHYSICAL TABLES 



Natural Valueg | 

Common Logaritbma 

9 


g-® 

8inh X 

Coah z 

Tanh z 

e* 

SirJj X 

Coah X 

Tanh x 

i.40 

881.41 

.00488 

110.70 

110.71 

.99996 

8.34519 

8.04410 

8.04417 

1.98996 

5.41 

223.63 

.00447 

111.81 

111.82 

.99996 1 

.34953 

.04849 

.04851 

.99998 

5.42 

225.88 

.00443 

112.94 

112.94 

.99996 

.35388 

.05284 

.05285 

.99998 

5.43 

228.15 

.00438 

114.07 

114.08 

.99996 

.35822 

.05718 

.05720 

.99998 

5.44 

230.44 

.00434 

115.22 

115.22 

.99996 

.36256 

.06152 

.06154 

.99998 

5.45 

232.76 

.00430 

116.38 

116.38 

.99996 

.36690 

.06587 

.06588 

.99998 

5.46 

235.10 

.00425 

117.55 

117.55 

.99996 

.37125 

.07021 

.07023 

.99998 

5.47 

237.46 

.00421 

118.73 

118.73 

.99996 

.37559 

.07455 

.07457 

.99998 

5.48 

239.85 

.00417 

119.92 

119.93 

.99997 

.37993 

.07890 

.07891 

.99998 

5.49 

242.26 

.00413 

121.13 

121.13 

.99997 

.38428 

.08324 

.08325 

.99999 

8.00 

844.69 

.00409 

188.84 

138.85 

.99997 

8.38862 

2.08758 

8.08760 

^..99999 

5.51 

247.15 

.00405 

123.57 

123.58 

.99997 

.39296 

.09193 

.09194 

.99999 

5.52 

249.64 

.00401 

124.82 

124.82 

.99997 

.39731 

.09627 

.09628 

.99999 

5.53 

252.14 

.00397 

126.07 

126.07 

.99997 

.40165 

. 10061 

.10063 

.99999 

5.54 

254.68 

.00393 

127.34 

127.34 

.99997 

.40599 

.10495 

.10497 

.99999 

5.55 

257.24 

.00389 

128.62 

128.62 

.99997 

.41033 

.10930 

.10931 

.99999 

5.56 

259.82 

.00385 

129.91 

129.91 

.99997 

.41468 

.11364 

.11365 

.99999 

5.57 

262.43 

.00381 

131.22 

131.22 

.99997 

.41902 

.11798 

.11800 

.99999 

5.58 

265.07 

.00377 

132.53 

132.54 

.99997 

.42336 

.12233 

.12234 

.99999 

5.59 

267.74 

.00374 

133.87 

133.87 

.99997 

.42771 

.12667 

.12668 

.99999 

8.80 

870.48 

.00870 

185.81 

135.38 

.99997 

8.43805 

2.13101 

2.13103 

99999 

5.61 

273.14 

.00366 

136.57 

136.57 

.99997 

.43639 

.13536 

.13537 

.99999 

5.62 

275.89 

.00362 

137.94 

137.95 

.99997 

.44074 

.13970 

.13971 

.99999 

5.63 

278.66 

.00359 

139.33 

139.33 

.99997 

.44508 

.14404 

.14405 

. 99999 

5.64 

281.46 

.00355 

140.73 

140.73 

.99997 

.44942 

.14839 

.14840 

.99999 

5.65 

284.29 

.00352 

142.14 

142.15 

.99998 

.45376 

.15273 

.15274 

.99999 

5.66 

287.15 

.00348 

143.57 

143.58 

.99998 

.45811 

.15707 

.15708 

.99999 

5.67 

290.03 

.00345 

145.02 

145.02 

.99998 

.46245 

.16141 

.16142 

.99999 

5.68 

292.95 

.00341 

146.47 

146.48 

.99998 

.46679 

.16576 

.16577 

.99999 

5.69 

295.89 

.00338 

147.95 

147.95 

.99998 

.47114 

.17010 

.17011 

.99999 

8.70 

898.87 

.00835 

149.48 

149.44 

.99998 

8.47548 

8.17444 

2.17445 

1.99999 

5.71 

301.87 

.00331 

150.93 

150.94 

.99998 

.47982 

.17879 

.17880 

.99999 

5.72 

304.90 1 

.00328 

152.45 

152.45 

.99998 

.48416 

.18313 

.18314 

,99999 

5.73 

307.97 

.00325 

153.98 

153.99 

.99998 

.48851 

.18747 

.18748 

.99999 

5.74 

311.06 

.00321 

155.53 

155.53 

.99998 

.49285 

.19182 

.19182 

.99999 

5.75 

314.19 

.00318 

157.09 

157.10 

.99998 

.49719 

.19616 

.19617 

,99999 

5.76 

317.35 

.00315 

158.67 

158.68 

.99998 

.50154 

.20050 

.20051 

.99999 

5.77 

320.54 

.00312 

160.27 

160.27 

.99998 

.50588 

.20484 

.20485 

.99999 

5.78 

323.76 

.00309 

161.88 

161.88 

.99998 

.51022 

.20919 

.20920 

.99999 

5.79 

327.01 

.00306 

163.51 

163.51 

.99998 

.51457 

.21353 

.21354 

.99999 

8.80 

830.30 

.00303 

165.15 

165.15 

.99998 

8.51891 

2.21787 

8.81788 

2.99909 

5.81 

333.62 

.00300 

166.81 

166.81 

.99998 

.52325 

.22222 

.22222 

.99999 

5.82 

336.97 

.00297 

168.48 

168.49 

.99998 

.52759 

.22656 

.22657 

.99999 

5.83 

340.36 

.00294 

170.18 

170.18 

.99998 

.53194 

.23090 

.23091 

.99999 

5.84 

343.78 

.00291 

171.89 

171.89 

.99998 

.53628 

.23525 

.23525 

.99999 

5.85 

347.23 

.00288 

173.62 

173.62 

.99998 

.54062 

.23959 

.23960 

.99999 

5.86 

350.72 

.00285 

175.36 

175.36 

.99998 

.54497 

.24393 

.24394 

.99999 

5.87 

35^.25 

.00282 

177.12 

177.13 

’ .99998 

.54931 

.24828 

.24828 

.99999 

5.88 

357.81 

.00279 

178,90 

178.91 

.99998 

.55365 

.25262 

.25262 

.99999 

5.89 

361.41 

.00277 

180.70 

180.70 

,99998 

.55799 

.25696 

.25697 

.99999 

8.80 

365.04 

.00874 

188.58 

183.53 

.99998 

8.56234 

2.86130 

8.86131 

2.99999 

5.91 

368.71 

.00271 

184.35 

184.35 

.99999 

.56668 

.26565 

.26565 

.99999 

5.92 

372.41 

.00269 

186.20 

186.21 

.99999 

.57102 

.26999 

.27000 

.99999 

5.93 

376.15 

.00266 

188.08 

188.08 

.99999 

.57537 

.27433 

.27434 

.99999 

5.94 

379.93 

.00263 

189.97 

189.97 

.99999 

.57971 

.27868 

.27868 

.99999 

5.95 

383.75 

.00261 

191.88 

191.88 

.99999 

.58405 

.28302 

.28303 

.99999 

5.96 

387.61 

.00258 

193.80 

193.81 

.99999 

.58840 

.28736 

.28737 

.99999 

5.97 

391.51 

.00255 

195.75 

195.75 

.99999 

.59274 

.29171 

.29171 

.99999 

5.98 

395.44 

.00253 

197.72 

197.72 

.99999 

.59708 

.29605 

.29605 

.99999 

5.99 

399.41 

.00250 

199.71 

199.71 

.99999 

.60142 

.30039 

.30040 

.99999 

8.80 

408.48 

.00848 

1 801.71 

801.78 

.989M 

8.60677 

I 

8.30478 

8.80474 

2.99999 
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Table 19. Table of Integrals 

Elementary Indefinite Integrals 

a dx ^ ax c 

J (w + » -f IT ■+• • • •)dx ^ J'udx +/ V dx j* w dx , . , 

J'udv = uv —J*vdu, integration by parts 

J*f{x) dx s=J'fl(t){y)]<t>\y)dy, x = change of variable 

/ -n+i 

x^dx^ —— H- c, (n 5*^ — 1) 
n + 1 

— = loge a; + c ~ loga ci x, [log® x = loga i—x) + (2 A; + l)irt] 
x 

f e'^dx = -^ + c 
J a 

f dx — r-+ c 

loga a 

J' (f loge adx — (f c 

/ sin axdx — — - cos ox + c 
a 

/ cos axdx — sin ox + c 
a 

/ tan ax dx == — loge cos ox -f- c = - loge 8cc ox 4* o 
a a 

/ I 1 

cot ox dx == loge sin ox 4“ c = — loge esc ox 4" c 
o a 

/ sec o* dx = - loga (sec ox 4“ tan ox) 4" c = - loge tan ( 4" ^ ^ + < 

o o \ 2 4/ 

/ CSC ox dx = - loge (esc ox — cot ox) 4" c = "■ loge tan 4“ c 
a a 2 

f - . == sin"^ - 4* C = — COS“^ “ 4" C (X“ < O^) 

J Vo^ — x“ ^ ® 

/ dx 1 X -1 ^ I 1 x-i ^ I 

-vj—== - tan i - 4- c --cot ‘ + c 

o“ 4 - a;- o o a a 

/ sinh ox dx = “ cosh ox 4" c 
o 

/ cosh ax dx = - sinh ox 4" c 
a 

/ tanh ax dx — -- loge (cosh ox) 4" c 
a 

/ coth ox dx = - loge (sinh ox) 4" c 
a 

/ sech ax dx — - sin”^ (tanh ax) 4" c 
a 

J* csch ax dx — ^ loge ^tanh 4" c 

/•o,! 1. I 1 

/ Bin^ ox dx = " X — — sin ox cos ox 4~ c = - x — sin 2ax 4" C 
J 2 2a 2 4a 

/* o . 1 , 1 ■ . 1,1. 

/ cos* ox dx = - X 4" TT" sin ax cos ox 4" c — - x 4- — sm 2ox 4“ C 
J 2 2a 2 4a 

f tan* ox dx = " tan ax — x e 
J a 

/ \ 

cot* ox dx --cot ox ■— X 4” <5 

a 
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Elementary Indefinite Integrals— Continued 

28. / sec® axdx ^ - tan ox + c 

a 

29. r CSC® axdx = — ^ cot ax c 

a 

30. f sin"^ axdx — x sin“^ ox -f - Vi — «« ^2 _l ^ 

•/ a 

31. f cos"’^ ox dx = X 008“^ ox — - Vl — o® X® + c 

o 

32. y'tan"^ ox dx = x tan“^ ox — ™ loge (1 4" o® a;®) -f* c 

33. f cot"^ axdx = X cof^ ax + log^ (I 4- o® x®) 4- c 

2o 

34. y*sec"*^ ax dx ~ x sec”^ ^ ^ ' ~ ^ 

35. y* csc"^ axdx = X cac~^ “ 1) + c 


36 


/; 


/{oi + h)" dx = —- ^ (a* + 6)»+' (n - 


Integrals Involving {ax + b) 

1 ) 


^ , , = - log* (ox 4- 5) 

ox 4" w a 


38. /*(a* + 6)» dx = (ax + (.)»« - (ax 4 M«+>(n 1, -2^ 

/a 

"'>• /( 


( —— ~ --- logc (ax 4- 14 

ox 4” 5 a a® 


X dx 


42./ 


(ox 4-14“' 

•® dx 

ox 4" 1> 

x®d.r 
(ox 4" I')* 
X® dx 


'OK* (<“ + *>) 


ifi 

a’[2 


43. / 

44. / 

•/"X* (ax + b) 


(ax 4- 5)^ “■ 26 (ox 4 6) 4 6® log^ (ax 4 h) 

6 ® 1 


(ox 4 6)® 

dx ^ I ^ 

x(ax 4 6) 6 ox 4 6 


(ox 4“ 6) — 26 log^ (ox 4- 6) ~ 

logc (ax 4 6) 4-- --— I 

ox 4 6 2(ox 4 6 )®J 


ox 4 6j 
6 ® 1 


dx 


1 , o , ox 4 6 

= —• 1-r 71 log*-- 

6x 6® X 


40./ 

/: 

48. / 


x(ax 4 6)® 
dx 

X® (ox 4 6)' 
dx 

X Vox 4 6 
dx 

X Vox 4 6 
50. / •^ax + ft 


1 _/ OX 4~ ft 

6 (ox 4 6) 6® X 

- _ 6 4 2 ox 2(f ox 4 6 

6® x\ax 4 6) 6® X 


= — 7 = log< 


4 6 - 


(6 positive) 


49. / 
/ 
•/ 


51 


X 

Vox 4 6 


dx 


V6 v^ax 4 6 4 V6 

“=: tan""^ (6 negative) 

— 6 ~ —6 

V^ax 4 6 — Vfe 


V-6 ^ -6 

= 2 Vax 4 6 4 V6 logc 


Vox 4 6 4 V6 


dx 


= 2 Vox 4” & 2 V—6 tan”® 'VpEliJ 


(6 positive) 
(6 negative) 
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Integrals Involving {ax + b )— Continued 

/ dx ^ __ y/ax + b _ « Vax + h - Vb 

^ax h bx 26V^6 Vax + + ^b 


(6 positive) 


f - j =rT-z\ , = — -: -—r, lai 

V ax + 6 bx b V —b 

/ ax + b ^ ax , b/ - a^, ^ 

j+-y-lose (Sx + g) 

r dx 1 . / /x 4 - j 


^ - 7 =rr, tan ^ \ (b negative) 

bx bV-b ^ -b 


(ax + ^)(/x + g) 

_ X rfx _ 

(ax + b)(/x + M) 

’_dx_ 

(ax + b)2(/x + ii) 


-T = TT^- loge (ag 7^ i 

g) hf — ag \ax -t b/ 

- = — \- \oge (ax + b) — ^ log 

H) bf-agla / 


- logc (ax + b) — * logfi (/x + s) (ag ^ bf) 


bf — a^\ax b bf — 


— log/— 
ag ax -f I 


(ag 7^ bf) 


Integrals Involving (ax^ + b) 

1 (ax“ + br+i , , 


/* —r~rT — ~7~ tan"^ ^ ^ posiiive) 

J ax^ + b y/ah \ ^ b/ 

/ dx _ 1 1 ^ “ b . 


I- (a positive, b negative) 


: logfi ~ (a negative, b positive) 

W — ab V b — X V — a 


/* _ 11 , __ 

J x{ax^ + b) 2b ax'^ + b , * 

r dx ___ 1 X . 2n~3 r dx 

J (ax’^ -f- b/ 2(/I~ l)b {ax^ + b)«-i 2(a - l)bJ (ax‘^ + b)«"i ^ 

/ X" dj^ ^ / dx 

ox“ -j- b a o»/ ax^ 4* b 

f x^ dx 1 X . 1 r dx r ■ + 1 ^ 

7 (axM^* “ ” 2(n - l)a {ax^ 4- b)"-‘ 2(« - \)aJ (ox'^ + b/"^ ^ 

/ x-m/+ 6) " = / xHax^.O)"- - 

/* VOX* 4" b dx = - “/ax" 4^ b 4" logc (x Vo + / ax^ + b) (a positive) 

2 2Va _ 

y* Vox2 4 b dx == " Vox^ 4 b 4 -~^= sin“’^x (o negative) 


(o negative) 


f . y -: ■- = - 7 = loge (x 4 Vax^ 4 b) (a positive) 

\/ax2 4b Va ■ _ 

f = - 7 zL= sin“i (X yf- (a negative) 

Vax2 4 b V~ a V 

r.^iL= = iV^ir:rb 

Vax2 4b a 

V j dx = Vax^ 4 b 4 Vb loge - - (b positive) 

J x X 

_ v^btan-* (I 

j*X Vox* 4 b dx = ^ (ax^ 4 b)5^ 


(b negative) 
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bitegralt Involving (ox^ + 6)-—Continued 

74. y’**Vaa:»+6dx-^(a*»+6)«-^-\4r« + 6-^ log. (x V^+V^is + 6) 

8a '^a (o positive) 

75. y* «* VoxMhfe cix = ^ (ox* + 6)?^ - ^ Vaj^ + b - — sin-i 


8a 




y^x vcTj 


_ 1 . _ Vox* + b - Vh 

■ ~ 77 k --—“ positive) 


(a negative) 


- T--- - = ~7r lOge - 

»Vax' + 6 \/6 z 


- - = "-7==.- sec 

X vax'^ -f- 6 V — 6 

Vax^ 4 * 6 

f* x^dx X ^/•— ~, 7 

■ j._. 3 = ” V ox^ 4" b 


(-Vl) 


(b negative) 


2^ ‘^ax^ + 6 — ^ loge (x Va -f "n/ox^ 4- b) (a positive) 


^ Vox* + 6 - —^ sin- (x V - 0 

on /*^ax* “t" ^ j Vax^ -j- b , /- , /— , /-- 

go. J dx ^ |- V a logtf (x V a 4 * ^ax^ + b) (o positive) 

rVax2 + b Vax-4-b /- . / i 

J X* -X ^ — asm ( ® \ ^ ) (onegative) 


yx(ox" + 6) in ox” + 6 
83. /_^==. = -J-log.^ 


• rfi 1 , Vox" + () - vT. ,. 

-* - pz logc -- -7. (b positive) 

X vox” 4'b n V b Vox"4'b4"'^b 


4“ b — b 


“v/ — (b negative) 

^ b 


Integrals Involving (ax* 4- ftx + d) 

oe r i , 2 ax +'b — Vb^ — 4 ad 

■ y ax‘" 4 -bx4-d -x/ba^ 4 ad 2 ox + b 4- > 4 ad) 


86. /-7^ 
•/ ax^ 


• dx 2 ^ 2ax + b 

—, 1 . ~T~~j - --- ~ tan ^ -—■. ■ ■ rrrr (b® < 4 od) 

ax^ 4 -bx + d V 4 ad-b 2 V4ad-b2 


* 4" bx + d 2 ox 4^ b 


(£»^ = 4 ad) 


88. f y- - - - - - 7 = loge (2 ax 4* b 4“ 2 V^aCax^ 4" bx 4 d)) (a positive) 

•' V ox'-* 4- bx 4 d V a 

r dx 1 . , --2ax —b 

89. / . == — 7 - ::-:^ sm"^ — 7 ========= (o negative) 

Vax^ 4 bx 4 d V — a Vb“ — 4 od 


ax“ 4 bx 4 d 


= ^log. (ox^ + 6x +-<!) - 


^ X dx _ _ Vox^ 4 bx 4 d _b r _dx_ 

Vox'-* 4 bx 4 d ** 2a •/ V^2 _|_ ^ 

/* dx 1 , (Vax'^ 4 bx 4 d 4 , b 

J X Vax 2 4 bx 4 d Vd V ^ 2V 

f dx 1 . bx 4 2d 

93 . I -7=============! = ~7==. sin 1- ,.r_.=::z:=r : 

X V «^2 4 - A-r 4 . // \/— -r \/;»2 — A nA 


4 positive) 


bx 4 2 d 


-. = -7=. Sin -- ,.r_.=::z:=r : 

Vox* 4 bx 4 d V — d X V b* — 4 od 


.. /• dx 
94. / 7== 


.- -f Vox* + bx 

X Vox* + 6i 


(d negative) 
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Integral* IneeMug (ax< + Ax + <0—Centfnued 

95. f Vo** + 5® + d dx - Vo®* + &® + d + f .. . ^ . 

'' 4o 8 a ^ Vo** + 5 * 4 - 

96. /* V^;q:6ma* ^ + bx + 4 dx 

Integrals Involving sin*^ ax 

/ I 1 

sin^ axdx = -cos oa: + Tr“ cos® ax 

d OCL 

/ 3 1 1 

sin^ oa; dx = - a; — sin 2 aar + sin 4 ox 
8 4a 32 a 

r • n j 8 in”“^ ax cos ax , n — 1 /* . _ « 

99. J sin” ax dx =- ^ - -j-- —J ax dx (n * positive integer) 

e«« /* . J sin ax x cos ax 

100 . / X sin ax ax = —^-*- 

J a 

irti r 2 • J 2x . /x^ 2 \ 

101. I x^ sin ax ax = —1 sin ax — I-- i cos ax 

J a* \a aV 

102 . J X® sin ox dx = I — — — 1 sin ax — ( — — ~ 1 cos ox 

103. J' x” sin axdx = — ^ cos ax + ^J' x”~* cos ax dx > 0) 

- ^, /*sin ax , 1 sin ax , a /•cos ax , 


/ sin ax , 1 Bin ax , a /•cos ax , 

d* = - — +—J rf* 

^ r dx 1 cos ax , n — 2 /• dx 


sin” ox a(n — 1 ) sin’ 


os ax , n — 2 /• dx , , 

+ n~J -“teBer > I) 


iC 1 

- --cot OX + —, loge sin ox 

sin- ax a a^ 

107. / ^r-r—:- =-V 1 “ ] 

108. / --^" ®ot ( - - — ) 

r ^ ^ I 2 I fir ax\ 

*/ 1 + sin ax a \4 2 / a^ \4 2 / 

/ X dx X / V ax\ , 2 - . / tt 

1 —sin ax a \4 2/ o^ \4 2/ 


/ dx — 2 

^ , - . - -- 7 T-:r= tan 

6 + d sin ax ^ Vb^ - d® 


/, 

“ 2 - f] 




dx —1 , d + !!; sm ax + — 6 ® cos ax , „ ^ 

. ■ , . . - --loge- ,-x 7 - > ^>*) 

6 “h d sin ax v d® — b® 6 -j- d sin ax 

. , , sin (a — b)x sin (a + b)x . , ^ 

sin ox sin Oxdx = —7 -j-- ——tTT" ^ 

2 (a — 6 ) 2 (a + 


113. / sin ax sin bxdx = 


(o® 5 ^ 6 ®) 


Integrals Involving cos” ax 


114. / cos® ax dx = - sin ax — sin® ax 


/ 3 1 1 

COB* ax dx = - X + — sin 2 ax + — sin 4 ax 
8 4a 32a 

r n , cos” ax sin ax , n — 1 /• « » , , ... 

116. J cos axdx — -- H- —J cos ^axdx (n *= positive integer) 


- cosox , Xsin ax 

117. I X cos axdx —~ -- 

J a^ a 
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Integrals Involving cos’* ax—CoiUinxied 


118. f ** cos oa: (fz = ^ cos ax + (- -gju ^ 

J a* \a o?J 

iin /* a j /3x® 6\ \ • 

119. / X® cos ox dx = I — -i I cos ox -f- I --; I sin 

J \ o 2 oV \a a^J 


120. / x” cos axdx ^ 


X sin ax n 


- f x"“‘ sin ax dx (n > 0) 
a*/ 


f*Gos ax 1 cos ax a /•sin ax 

J a-n ^ _ 1 ^n-i ” ^ _ iJ ~n=T 


1 sin ax , n — 2dx , . , ^ 

122. / — ^ -- '— -1- - /- - — (n integer > i) 

•/ cos” ax a(n — 1) cos” ^ax n — iJ cos” ^ax 

/ X dx X 1 

—z — = - tan ax 4" --- loge cos ax 
cos^ ax a 


dx 1 . ax 

124. / —- = tan ~ 

•/ 1 -t" cos ax a 2 

r dx I ^ ax 

125. # •;- =-cot 

*/ 1 — cos ax a 2 


r dx 1 ^ ax 

125. # •;- =-cot 

*/ 1 — cos ax a 2 

r xdx X , ax , 2 , ax 

126. / --“I- = - tan --- 4- -r loge cos “ 

^ 1 4- cos ax a 2 a^ 2 

, X dx X ax , 2 , .a: 

/i-co8ax=-a“‘'2 

128. f ■ — tan"' ^ 

6 + d cos ax ^ V52 _ ^2 \ ^ 5 

^ /* 1 , d 4” 5 r 

129. / , ( j — /--~ ioge ——— 

J b d cos ax v— />2 


b — d ax\ ^ 


dx 1 , d 4” 5 cos ax y/ d- — //- sin ax , 

--- 7.----- - - 7-r-j - (d^ > 

0 4" d cos ax V d^ — " 4" d cos ox 


f 1 , Sin (a - 5)r , sm (a 4- Mx , , ^ 

130. / cos ox cos hx dx = -r-1-7— r ~,— ^ 

J 2(a — 0) 2(a 4“ b) 


131. / sin ox cos hx hx 


Integrals Involvii^ sin” ax, cos” ax 
— 1 f cos (g -- h)x , cos (g 4~ 5)x 4 

2L o - 6 a + h ] 


(a^ 5*^ b^ 


o , ^ 4 ax 

132. / sin- ax cos^ ax dx = - — —7—— 

^ 8 32a 

133. f sin” ax cos ax dx = --—sin”"^' ax (n — 1) 

•/ a(n 4" 1.) 


134. f sin ox cos” ax dx= - ;—cos”'*'' ox (n — 1) 

J a(n 4" 1) 

■ n m , sin”~^aXCOS*”^*aX , n — 1 nnr 

*/ aC?i 4” n 4" TnJ {m, 

rsin” ax sin”"*"^ ax n — m 2 r sin” ax 

136. I — ;fi — dx = --—-r---— I —— dx (m, n pos, rn 9^ 1) 

J coe ox a(m — 1) cos”^ ‘ ax rn — 1 J cos ^ ox ^ ^ / 

/"cos’” ax: ^ — cos’" "*'' ax , w — w — 2 /" cos’” ox 

137. I -T-;j -dx = - — 4 -;- 7;— / — dx (m, n pos, 

•/ sin” ox a(w — 1) sm” ^ ax {n — 1) J sm” -ox ^ 

/ dx 1 

-= - loge tan ox 

sm ax cos ax a 


- J coe’” ax aim - 1) cos’”-‘ ax m - 1 J cos”^-^ ox 

/"cos’” ax , — cos’" "*'' ax , w — w — 2 /" cos’” ox 

• / HTn— dx — — -- - -—— # -7~—— dx (m, n pos, n 5*^ 1) 

•/ sin ox a(w — 1) sm” ^ox (n — Ij ./ sm” -ox n * / 


r dx 1, ^ 

-= - loge tan ax 

sm ax cos ox a 


Aow. / T—. -:— -- — luge * 

•/ 0 sm OX 4“ d cos ax ^ v 4- d* 

^ sin ox , 1 , ,, , , 

140. I - - dx ~-loge (6 4" d COS OX) 

•/ 6 4- d cos ox od 

141. r — — dx = -— loge (ft 4- d sin ox) 

•/ 0 4“ d sin ox od 


loge tan V2( ox 4" tan” 




TABLE OF INTEGRALS 

Integrals Involving tan*^ ox, cot** ox, sec** ox, esc** ox 
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142. y*tan** ax dx ^ 1) ^ ^ J*ax dx (n integer > 1) 

143. y*cot** axdx —— ^ cot**“^ ax — y'cot**”* ax dx (n integer > 1) 

144. f sec** axdx ^ ~—-(- -? f sec**""* ax dx (n integer > 1) 

145. f CSC** ax dx — -——h - - f esc**"* ax dx (n integer > 1) 

J a(n — 1) sm** * ox n — 1./ 

f b + ti,.nax = + i <»*><“ + <“)] 

147. r .. . '-jf--— = — 7 ^-—-: ., sin"* f \ /- ■■ - sin oxl (5 pos, 6* > d*) 

V 6 -f d tan* ox aVb- d J 

148. / tan clx sec axdx ^ - sec ax 

J a 

149. f tan” ax sec* axdx = —V— tan” ax (ti 5 «^ — 1) 

•/ a[ri + 1) 

,/*8ec* axdx 1 , 

150. I --= - logc tan ax 

J tan ax a 

151. / cot ax CSC axdx =-esc ax 

J a 

152. f cot” ax CSC* ax dx =-;——-- cot”"*"* ax (n 1) 

J a{n + 1) 

, ..r. /’CSC* ax . 1, 

153. / —:— dx - -logc cot ax 

J cot ax a 

Integrals Involving 5 ®^, c®*, sin &x, cos bx 

154 fxV^^dx- 

ISA. J Xb dx o2(log«6p 

/ fflX 

xd‘^ dx = ^ (a® - 1) 


156. J . 

157. /. 

158. f 

159. f 

160. / 
IGl. f 


/ ■T^ TJ 

x” 5®^ dx = -r-/ x”"' 6®* dx (w positive) 

a logc 0 a logc 0 

yx?* c®^ dx = ^ x” e®* — ^y*x”"^ dx (n positive) 


■ dx 

- _L| 

b + dc'®® ■ 

obj 

• e®®dx 

1 

b + de®® ■ 

od 

• dx 



ox — logc (6 + de®^) 


ftd“ + de-“* aVbd^”‘' 




(5 and d positive) 


/’e®'*' (ox)* (ox)* 

y—dx = log«x +ax+ --—! + —- + . . . 


/*c®^ 1 / e®* r e®^ \ 

(nmtCEer>l) 

/ e®* 

c®^ sin 6x dx = -— t - •- (o sin bx — b cos 5x) 
o* -|- 5* 

/ gOI 

e®® cos bx dx — —-■ , (o cos bx b sin bx) 
o* + b^ 

/ xe®® 

xe®* sin bx dx = -r -. ' — r;; (o sin bx—b cos bx) 
a* + b“ 


■ o* + b* 


(o cos bx b sin bx) 


— ^^ 2 1|1 “■ bx — 2 ob cos bxj 


/ xe 

xe®* cos bx dx ~ ■ (o cos bx + b sin bx) 

o* “h b‘ 


^a* "V b*^ 




b*) cos bx 4- 2o5 sin bx 


1—5 
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Some Definite Integrals 




* — x^dx '• 


2. / V2 ax — x^dx ^ — 

JQ 4 

^OO (ix TC 

3. / —rr-^ =- 7 = (o and h positive) 

^0 aj^hx^ 2^ab 

4. X V 2 2 = —^ (o and 6 positive) 

Jq a + fca ;2 •'■v/iTft “ + 4 

g rV^ dx _ ^ positive) 

^0 Vo — hx^ 2 V 6 


^ rVa/ft oa; IT , 

6. I .' =-7= (a fi 

^0 Vo — bx^ 2 V 6 

. /•« sin 5x , IT /r ^ 

6. / -dx = - (b> 0) 

Jo X 2 


*0 (6 = 0 ) 

= -f (6<0) 


/•« tan * . ir 

7 . I -dx = ~ 

Jo X 2 

8. /* sin^”‘^^xdx= f cos^”'*"'xdx = 
^0 •'0 


2-4-6» ... -2/1 
3-5*7- ... *(2/* + 1) 


^ir/2 ^ir/2 l-3*5‘ . . . * (2 n — 1) TT v. 

9 . / sin^" X dx = / cos " x dx = — -— —-- (n > 0 ) 

./o •'0 2‘4‘fe* . . . *20 2 

10. f sin ox sin hxdx ^ f cos ox cos 6x dx = 0 (o 6) 

«/o </o 


11. ^ 

/’*■ ir 

/ sin* axdx ^ / cos* axdx ^ — 
fn Jo 2 

12. 

/*»/2 

/ loge cos X dx = J 

TT 

' loge sin X dx = — - log* 2 

0 2 

13. 



14. 


(o > 0, n = 1, 2. 3,. . . > 

15. 

log«X _ T* 

lo 1 - X 6 


16. ^ 

fo 1 + x 12 


17. ^ 

^0 1 ““ 8 




































































Table 20. Properties of Gases .—Continued 
(All properties are at a pressure equivalent to 760 mm of mercury unless otherwise stated) 
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■! ^ 

deg 

cent 

18.7 

20 

20.6 


15 

20 

20 


e 

i2 ® £ 

K • W 

> • O •A (A • 


1 1 

> 4 

a 

X 

181.9 

140 

185.7 

? 

246 

120.1 

116 



« • (N O' 

i ^ i 

isg 

1 1 

q H 

deg 

cent 













1 ! i 

II 









003719 



.003903 

CoefBci 

perdei 

Temp, 

deg 

cent 













1 : 

-a 

^ C 

li 

a 








. . 

• • ( 

• • i 

: 

8 ijS' 

.005060 

(75.9 cm) 


• \r\ 

;|; 
:S ; 

d 

1 

deg 

cent 


20-100 


O' ^ 



O' «A 

0 

5-14 


'• 2; 


1.42 

1.389 


1.324 

ISs = 


1.642 

1.40 

A. 

— i iz S' 

r • cA S 



ll ' 

icmp, 
deg cent 

11-100 

13-100 

0 

0 

1 





081-01 

o • fA 

i 

• rs| — 


:8 : 

: 

1 1 
c 

Pressure, 

Cp 

0 082 
0.194 

0.343 

0.06 

s 

O 


0 5929 

0 24 


■ 

•a; 

- o 

C • \0 *r\ 

A ■ Al |>, 

5 • S r3 
=> 'do 


:S : 

Latent 
Heat of 
Vapor- 

uation, 

g-calperg 

48.7 

105.9 

33.92 


t<s 


. . c 

: ;! 

c 

1 a 


; » ^ 

• S' »s 

Boiling 

Point, 

deg cent 

aoeo'«'$Co'Oooc> oo»aooo •'••m ■- 

QOr^' r>i'TaQ0 9> 

‘AvOtscsr*. oooo oo'tS — o 

1 1 S 11 1 1 1 1 T 1 1 1 1 7 T T 1 1 T 1 1 1 1 T 

Latent 
Heat of 

g-cal per g 

7.67 

13.4 

5.68 



14.53 



2.84 

18.4 

o 

CA 

rA 

rA 


'• t> 

• • (A 

Melting 
Point, 
deg cent 

- 86.7 
-111.3 

- 92.3 

- 51.3 

- 64 

- 86 
- 48 
-169 
-182.5 
-103.6 
-138 

- 92 5 
-248.67 
-167 
-209.86 

- 64.5 
-102.4 
-218.4 

-133.5 
-189 9 

iSf 

: ! T 

Molec¬ 

ular 

S 

s 

80 92 
36.465 

20 01 

127.93 

81.22 

34.08 

129.5 

82.9 

16 0317 

50.4004 
46 05 

34 02 

31 05 

20.183 

30 008 

28.016 

65.47 

44.016 

32 0000 

34.04 
44.06 
104.06 
64.06 
130 2 

o 

0 

o 

Lb per 
cu ft 

.22752 
.10233 

.0576 

.3614 

.229 

.09608 

.363 

2315 

.0448 

.14406 

.13171 

.09646 

.08715 

.05621 

08367 

.07807 

.1868 

.1235 

.089212 

0955 
.1261 
.292 
.18272 
.365 

Q 

G per 1 

3.6445 

1.6392 

0.922 

5.789 

3.670 

1 539 * 
5.803 

3 708 

0 717 

2 3076 
2.1098 

1 5452 
1.3% 
0.9004 

1 3402 

1.2506 

2.992 

1.978 

1.42904 

1 529 

2 020 
4.68 
2.9269 
5.85 

Formula 


Si s Jlc? gil 


Name 


Hydrogen bromide.. 
Hydrogen chloride.. 

Hydrogen fluoride... 

Hydrogen iodide— 
Hydrogen selenide.. 
Hydrogen sulfide... 

li 

b 

iu 

Methane. 

Methyl chlonde.... 
Methyl ether. 

Methyl fluoride.... 
Monomethylamine.. 

Neon. 

Nitric oxide. 

Nitrogen. 

Nitrosyl chloride... 
Nitrous oxide. 

Oxygen. 

Propane. 

Silicon tetrafiuonde. 

Sulfur dioxide. 

Xenon. 


Dyne sec per sq cm. 
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* Where the temperature ie aot given, ordinary temperature is understood, t Dyne sec per sq cm. 






































































Table 21. Properties of Liquids.—-Confinuei 

(Normal compounds only) 
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MATHEMATICAL AND PHYSICAL TABLES 
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* Where the temperature is not given, ordinary temperature is understood. t Dyne sec per sq cm. J 8 lb per saI. 62 }i lb per cu ft (approx.). 








































































Table 22. Physical Properties of Metals 

(For properties of alloys, see Bee. 11, Metallic Materials) 
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Temp Coefficient 
of Resistivity 

Temp, 

deg 

cent 

e • ^ • e o e 

o o o o *o o 

ei r. <s e, .e. ^ ! 

Temp 

Coeffi¬ 

cient 

0.00403 

0.0036 

0.0042 

0.0033 

0.004 

0.0042 

0.00364 

0.00478 

0.00658 

0.00393 

0.0034 

0.00411 

0.0065 

0.0039 

0.0047 

0.0040 

Electrical 

Resistivity 

Temp, 

♦ 

deg 

cent 

o o o e o 00 oo ooe oeooooooo 
fs ts fs — — m <s fs fs fs cs fs 

Mi- 

crohm- 

cm 

00 — JJ 

00 '••O' r4'*‘0»A'0~ 

vO — 00 — O ‘A »A h* ••• •> 00 O lA «•■ o 

fS O' lA O' ©O' tsi '•■OOO' r'io' — fS'OO'«S00^ lA 

»A CA — — M 

Thermal 

Conductivity 

Temp, 

deg 

cent 

OQ Q • • • QO OO 

■ 00 1*^ 0 00 0 

G-cal per 
sec per sq 
cm per deg 
cent per cm 

(S) • • • •«■ 

^ ... O' A| • 

00 ••■ . — f'l 

'*• O . O A4 

o o • • o o 

. . 00 (A — fA At 'O 

. — O^OOOO'OA* 

. O' lA •“ ^ 0 •“ fA 

• 0000000 

Thermal Coeffi¬ 
cient of Linear 
Expansion 

Temp, 

deg 

cent 

o 

o — 

CA OOO O O O O O Al 

1 CS «N rs . <N CN Ol 1 

O o 

0-26 

20-100 

20 

20 

17-100 

20 

0-100 

20-100 

0-178 

20-300 

0-100 

X 104 per 
deg 
cent 

r*. 'O o Ai o «A 

lA «A0O«A <N^O'rO>A 

?S — OO 

O OOO O O O O o o’ 

0O»AAlrA»AO'— AI(A eo 

A. 'OAIO^'O — O' — 00 Al 

O' 0 — — — 0 — AIiAAI Al 

0 000000000 0 

Specific 

Heat 

Temp, 

deg 

cent 

O-ICO 

20-100 

18 

- 185 
to 4-20 
0-100 
20 

27.9 

0-100 

20-100 

0-26 

18-100 

20 

18-100 

18 

18-100 

20 

0 

50 

0-100 

20-100 

G-cal 
per g or 
Btu 
per lb 

••• — «N — ®»NfAiAI>, — 

•O O « OO *AO' «A O' — 00 — 0(S— A»l>»0‘ O' — 

Al lA A. 'O <SP>» «A — OO'fArAOtS'O'O IS 

fS O O O '••O*© — O© — — OOO — OO'IN — 

O O o' O O O O OOO d o o o o o o o o' o 

Latent 

Heat 

of 

Vapori¬ 
zation, 
g-cal 
per g 

1950- 

2000 

373 

74 

628 

221 

227.5 

— . • 0 

••• A. . • 0 

. . 'O >0 0 0 fA . 1 «A ^ 

— -r . .A —Al . 0 — 

tA — •A.'^fA — fA -O 0 

Boiling 

Point, 

deg 

cent 

CO 

o O *AVO oo 'O OOO OOOOOOOOh* o 

O 00 — 0»A >0 t>.Or^ OOOOOOtNOO' o 

00 «A '0:5— tA'^' !>, — ■♦'O AiecA'000<M'OrSO O' 

— — .Q — — — — — CN fA «N rN -r CA — — — — 

CO 

Latent 
Heat of 
Fusion, 
g-cal 
per g 

93.0 

39.0 

318 

12.5 

12.8 

78 

OO 

fA O' — »A 

fA O'TO'iA'OiA'Odo 
A.vO'A — Alv© AIA. 

Melting 

Point, 

deg 

cent 

00 ^ 2 1 CA 0'_ O ^ 

O' O «8 O O— O O O <0 »A o CA fA «A rs. O — o 

»A *A >75 lA lAr^ Al — '••f'l 'OaOQO'O'ArArMOO'A <0 

^ r^^OOjOjtAfA — 'O *N 

Density 

Temp, 

* 

deg 

cent 

O O O OO O OOO lA- OOI>iOOOO O 

«N fS — n rsr'i ai a^aiai aiaiaiai — aia«aiai ai 

G per 
cu cm 

00 — 00 fA A* -r 

O — «A oo «AOA. t*>t — O' AII^^CA'O 

A, 'O A. OOe* 'O IAO>00 O'AiOOtA'^OOrAtAA. A| 

Al 'O «A CA — O' oo' — O— doOOOO'AIA. — d— In,’ 

— Al — 

Atomic 

Weight 

A. 'O rA 'O Al o — 00 rA — —A. ••• Al ^ A| (A 

O' rn O' CA OO 0 — 00 O O'lA A4 — 00 Al O'fA O' 

•d — ^ O' O' Al O o' Al Al d (A A> fA lA A.’ <0 •«•' V 

Al Al fA 0 — ^♦(A 'A'AOO'O'lAO Al lA 

— — Al — — — __fM 

Name 

Aluminum... . 

Antimony.... 

Arsenic. 

Barium. 

Beryllium.... 
Bismuth. 

Cadmium. 

Calcium. 

Cerium. 

Cesium. 

Chromium.... 

Cobalt. 

Copper. 

Gold. 

Iridium. 

Iron (99.97%) 

Lead. 

Lithium. 

Magnesium... 

Manganese. .. 


*Where the temperature is not given, ordinary temperature is imderstood. 
t- ^ = 182.0 X 10-« at 20 deg cent. 













































Table 22. Physical Properties of Metals .—Continued 
(For properties of alloys, see Sec. 11, Metallic Materials) 
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Temp CoefficienI 
of Resistivity 

Temp, 

deg 

cent 

e o . 

oTT :oooo©o 

«NI . 

20 

0 

20-180( 

20 

001-0 

tfs 

" 73 

Temp 

Coeffi¬ 

cient 

0.00089 

0.0047 

0.00537 

0.0033 

0.003 

0.0055 

0.0043 

0.0038 

0.0054 

0.0031 

0.0040 

0.0021 

0.0042 

0.0047 

0.0037 

0.00116 

Electrical 

Resistivity 

Temp, 

* 

deg 

cent 

\0 

OOOOOOOOOOO 00 9^ ooo ooo o o 

fs fs<srx» •. rats 

Mi- 

crohm- 

cm 

95.783 

5.08 

7.8 

9.5 

11 

9.83 

6. 1 
5.11 
1.629 
4.3 

24.8 

15.5 
200,000 

17.6 

18 

11.5 

3.0 

5.50 

60±18 

5.75 

170± 

Thermal 

Conductivity 

Temp, 

deg 

cent 

o • 
o 

OPs—■ 'OOflOO ‘OOO 

o 

r>. m o 
— >•• 

O 


QO 


G-cal per 
sec per sq 
cm per deg 
cent per cm 

00 i ^ * 

^ sO • oO <0 vO • vO 

— -OvO 

o CO — . — — M . O t<N 

ooo -ooo . — o 

0. 130 
0.0143 

0.093 

m 

m 

O 

sO 

'•• 

o 

0.2653 


Thermal Coeffi¬ 
cient of Linear 
Expansion 

Temp, 

deg 

cent 

25-100 

25-100 

40 

20 

20 
0-50 
6-21 
0-100 
- 190 
to-17 

o 

o 

— ooo 

o o 

fs rsi 

LZ 

o o 
o o 

fsi ni 


X 104 per 
deg 
cent 

o IN o rs. Os 

•^«^so — oo*nooosrsi 

0 — 0 — 0000 — 0 

ooooooooo 

0.0655 

110.016 

-L0.272 

0.302 

m m 
o m 
m — 

o o’ 

= H 

••• 

■sr 

o 

o 

110.639 
LO. 141 


Specific 

Heat 

Temp, 

deg 

cent 

17 

0 

0 

19.98 

0 

20-100 

3.4 

10-97 

0 

0 

15 

58 

15-100 

20-100 

0-100 

25 

0-100 
100 

0-98 

0-100 

20-100 

0-100 

G-cal 
per g or 
Btu 
per lb 

<<\Os<N — OOOs rx OsOoO m 0«<N — 

^^a 0 ^*^ — rA — trwo to CsItN,'**- M(NQ 0 tArr> o 

f<>mof'>»n»»>r>.ir»tAqo —(^«N — Os o 

O O — O O O — O O (N ooo OOO —00 — 0 O 

OOOOOOOOOO OOO OOO ooooo o' 

Latent 

Heat 

of 

Vapori¬ 
zation, 
g-cal 
per g 

to yO 

— >OOOOC«r<%0 — O .O O 

— m — fo — rsinrs, -in «m 

— Or'^'OsOsnsOtn— o •— rsi 

655 

1320 

1183 

426.8 


Boiling 

Point, 

deg 

cent 

o 

•ooooo ooo ooo ooo OO 

sOOOOOOOOu-toO ir\OOs mo-o OO 

— — ro sOOCN OOs 

coporssntN'^Cs.r^— ^r<>cN 

A AAA 

3000 
905 ±2 

>2900 

Latent 
Heat of 
F usion, 
g-cal 
per g 

!>, . os . Ov 

«N . fO . O ^ is-i 

. r^. . m rsi — . cn 

- rr\ 

■ 

14.4 


. ^ 

• sO 
- CN 


Melting 

Point, 

deg 

cent 

fs* Os in 

00 mmmm moo O'^ 

■ • • • • . . m 

00OOOr<><^<Ns0OC« OOr^ rnm— or^ioooos o 

rofS^o^nrs^sosOsoos omm O'V’m ooo - — — o 

2®- “S'^ '"2" 2svr:'>' 2 

Density 

Temp, 

* 

deg 

cent 

e -oooooooo 

CN . «N cs rs m <N tN M rs 

• o o t>i • eo . m . • 

. CS4 . 


G per 
cu cm 

so o — 4J "H 

^ moo t««. o m moos "n ♦ m 

mrstaO'^OfoaO'4’V>os Osocn oorsi moeoso— m 

rnooopirs — orsioo tNOO — — '^osoomts.' o 

‘ 


o t«. 

— Os foo — ooos m O'^<o o '••moo <n 

o o o 00 IS. fs — O'00 os so-«■ m m — os o — os m <n 

0 ' 0 ooosom 0 'is»r'*ni fs — ts. '•■rsiao r>iVo6om — 

oosmosoosmoocN oooo<si om— -•■oommo os 

<M -—- -fN «si — — rs| 

Name 

Mercury. 

Molybdenum. 

Nickel. 

Gsmiiim. 

Palladium.... 

Platinum. 

Potassium.... 

Rhodium. 

Silver. 

Sodium. 

Strontium.... 
Tantalum.... 
Tellurium.... 

Thallium. 

Thorium. 

Tin. 

Titanium. 

Tungsten. 

Uranium. 

Vanadium.... 
Zinc. 

Zirconium.... 


♦ Where the temperature is not given, ordinary temperature is understood, 
t ~ ^ 182.0 X 10 “6 at 20 deg cent. 































































Table 23. Mechanical Properties of Metals * 

(For properties of alloys, see Sec. 11, Metallic Materials) 
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Table 24. Density of Miscellaneous Non-metallic Solids 


i 

Name 

Density* 

Name 

Density* 



S per 

cu cm 

lb per 
cu ft 

Agate. 

2 .5-2.7 

156-168 


2 8-3 0 

175-187 

Amber. 

1.06-1.11 

66-69 


2.0-2 7 

125-168 

Asbestos. 

2 .0-2.8 

125-175 


.86-1.02 

54-64 

Asphalt. 

1. 1-1.5 

69-94 


1.65-1.78 

103-111 

Basalt. 

2.4-3.1 

150-193 

quick (in bulk). . 

0.8-0.96 

50-60 

Bauxite. 

2.55 

159 


1.3-1,4 

81-87 

Beeswax. 

0.96-0.97 

60-61 


2.00-2.9 

125-181 

Biotite. 

2.7-3.1 

168-193 

Litharge 



Borax. 

1 .7-1.8 

106-112 


9.3-9.4 

580-587 

Brick, soft. 

1.6 

100 

natural. 

7.8-8.0 

487-499 

common. 

1.79 

112 

Magnesia 



hard. 

2.0 

125 


2.4 

150 

pressed. 

2 . 16 

135 


4.9-5 2 

306-324 

fire. 

2.24-2.4 

140-150 


2.6-2.84 

162-177 

sand lime. 

2 . 18 

136 

Masonry, dry 



Brickwork 



rubble. 

2.24-2.56 

140-160 


1.6 

100 


2.24-2.88 

140-180 

cement. 

1.79 

112 


26-3.2 

162-200 

Carbon, diamond.. 

3.52 

220 

Muscovite. 

2.76-3.00 

172-187 

graphite. 

2.25 

140 


2.65-2.67 

165-167 

Cement, natural.. . 

2. 8-3.2 

175-200 

Ortlioclase. 

2.58-2.61 

161-163 

Portland. .. 

3.05-3.15 

190-197 

Paper. 

0.7-1.15 

44-72 


1.44 

90 


1.07 

67 

barreled. 

1.84 

115 

Plaster-of-Paris. . . 

1.5-1.8 

94-112 

slag.. 

1.9-2.3 

119-144 


2.3-2. 5 

143-156 

Chalk. 

1.9-2. 8 

119-175 

Porphyry. 

2 .6-2.9 

162-181 


0.57 

35 


0.37-0.90 

23-56 

pine. 

0.28-0.44 

17-27 

Pyrite. 

4.95-5.1 

309-318 


1 ,8-2 6 

112-162 


2. 65 

165 

Coal, anthracite.. . 

1.4-1.8 

87-112 

Quartzite. 

2.73 

170 

bituminous . . . 

12-16 

75-100 

Itesin. 

1.07 

67 

charcoal. 

0.27-0.58 

17-36 

Riprap 



lignite. 

1. 1-1.4 

69-87 

limestone. 

1.3-1.4 

81-87 

Coke. 

1 .0-1.7 

62-106 

sandstone. 

1.4 

87 

Concrete t 


144 

shale. 

1.7 

106 

Corundum. 

3.9-4.0 

244-250 

Rock salt. 

2 . 18 

136 

Dolomite. 

2.84 

177 

Rubber 



Earth 



caoutchouc. 

0.92-0.96 

57-60 

dry, loose. 

1.2 

75 

manufactured,. . 

1 .0-2.0 

62-125 

packed. 

1.5 

94 

Salt. 

0.78-1.25 

49-78 

moist, loose. 

1 .3 

81 

Sand, dry. 

1.44-1.76 

90-110 

packed... 

1.6 

100 

wet. 

1.89-2.07 

118-129 

mud, flowing.. . . 

1.7 

106 

Selenium. 

4.82 

301 

packed.. . . 

1.8 

112 

Serpentine. 

2.50-2.65 

150-165 

Emery . 

4.0 

250 

Shale. 

2 .6-2.9 

162-181 

feldspar. 

2.55-2.75 

159-172 

Silicon. 

2.42 

151 

Flint. 

2.63 

164 

Slag, bank. 

1 . 1-1.2 

69-75 

Garnet. 

3. 15-4.3 

197-268 

bank screenings. 

1.5-1.9 

94-119 

Gas carbon. 

1.88 

117 

furnace. 

2.0-3.9 

125-244 

Gelatin. 

1.27 

80 

machine. 

1.5 

94 

Glass, common.. . . 

2 5-2 75 

156-17^ 

sand. 

0 .8-0.9 

50-56 

rTystn.! 

2.90-3.00 

181-187 

Slate . 

2.6-3.3 

162-205 

flint . 

3 2-4 7 

200-294 

Soapstone. 

26-2.8 

162-175 

plate. . 

2.45-2.72 

153-170 

Starch. 

1.53 

95 

Glue. 

1.27 

80 

Stone, various. 

2. 16-3.4 

130-212 

Gneiss.. . 

2 .4-2.7 

150-169 

crushed. 

1.6 

100 

Granite 

2.65-2.7 

165-169 . 

Sugar. 

1.61 

too 

Gravel, dry, loose.... 

1.4-1.7 

87-106 

Sulfur. 

2 .0-2. 1 

125-131 

lacked... 

I.6-I.9 

IOO-II9 

Talc. 

2. 7-2.8 

168-175 

wet. 

1.9 

119 

Tar, bituminous.. . 

1.20 

75 

Gypsum ... 

2.31-2.33 

144-145 

Terracotta. 

1.9 

119 . 


4.9-5.3 

306-330 

Tile. 

1.76-1.92 

M 0-120 

Bnmblende. 

3.0 

187 

Tourmaline. 

3.0-3.2 

187-200 

Todine , ,. 

4.94 

308 

Traprock. 

2.72-3.4 

170-212 

Ivory. 

1.83-1 92 

114-120 

Wood. -. 

see Sec. 12 

see Sec. 12 


* Ordinary temperatures understood. 


tSee p. 12-09 for light-weight concrete. 
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TaUe SS. Specific Heat of MUcellaneoui Hon-metalUc SoUda 


Name 

Temp, 
deg cent 

Specifio 

heat, 

g-cal per g 
or Btu per lb 

Name 

Temp, 
deg cent 

Specifio 

heat, 

g-cal per g 
or Btu per lb 

Asbestos. 

20-98 

0. 195 


12-100 

. 192 

Bakelite. 


.3-, 4 


-20 

.465 

Basalt. 

20-100 

.20 


0 

.487 

Carbon, graphite... 

-76-0 

. 126 

India rubber, Para 

?-I 00 

.481 


26-76 

. 165 



.22 


0 

. 1044 


18 

.21 


0-100 

.2005 


20 

. 10 

Cellulose. .... 


.35 

Paraffin . 

0-20 

.694 

Chalk. 

20-99 

.214 

Porcelain. 

15-950 

.26 

Clay. 

20-100 

.22 

Quartz. 

0 

. 17 

Coal. 


.3 

Rock salt. 

12-100 

. 188 

Coke. 

21-400 

.265 

Sand. 


. 19 

Concrete. 

70-312 

. 156 

Selenium. 

20.5 

.077 

Bbonite. 

20-100 

.40 

Silicon. 

18.2-99.1 

. 181 

Glass 



Sulfur, rhombic. . . 

15-96 

.176 

normal thermom¬ 



monoclinic. 

0-52 

.181 

eter 16^^*. 

19-100 

. 1988 

Woods, general.. . . 


.3-. 7 

crown. 

10-50 

. 161 



flint. 

10-50 

.117 





Table 26. Thermal Coefficient of Linear Expansion of Miscellaneous Iton-metallic Solids* 


Name 

Temp, 
deg cent 

Thermal 
Coefficient of 
Expansion, 
per deg cent 
CX10<) 

Name 

Temp, 
deg cent 

Thermal 
Coefficient of 
Expansion, 
per deg cent 
(X10<) 


0-30 

0.50 


16-1000 

0.0058 

Bakelite, bleached.. 

20-60 

0.22 

Rock salt. 

40 

0.4040 


16.7-25.3 

0.770 

Rubber, hard. 

0 

0.691 

Carbon, diamond.. . 

50 

0.012 

Rubber, hard. 

-160 

0.300 


50 

0.06 

Selenium. 

0-100 

0.660 


20 -80. 

1.0 


-3 to + 18 

0.0249 

Ebonite. 

25.3-35.4 

0.842 

Tourmaline: 


Fluorspar: CaF 2 .. . . 

0-100 

0.1950 

II to longitudinal 




0-100 

0.0833 

axis. 

0-100 

0.0937 

plate. 

0-100 

0.0891 

II to horizontal 



crown (mean).. , . 

0-100 

0.0897 

axis. 

0-100 

0.0773 


50-60 

0.0788 

Vulcanite. 

0-18 

0.6360 

Jena thermometer 



Wedgwood Ware. . 

0-100 

0.0890 

16111 



Wood II to fiber 




0-100 

0.081 

ash. 

0-100 

0.0951 

Jena thermometer 



beech. 

2.34 

0.0257 

56in 

0-100 

0.058 

chestnut. 

2.34 

0.0649 

Jena thermometer 



clrn. 

2.34 

0.0565 

59111. 

- 191to-f-16 

0.424 

mahogany. 

2.34 

0.0361 

pcrcha 

20 

1.983 

maple . 

2.34 

0.0638 


- 20 to - 1 

0.51 

oak . 

2.34 

0.0492 

Iceland spar: 



pine . 

2.34 

0.0541 

II a*is - T .... - 

0-80 

0.2631 

walnut. 

2.34 

0.0658 

i. to axis. 

0-80 

0.0544 

Wood: 



IJmestone. 

25-100 

0.09 

X to fiber 



Marble . 

15-100 

0.117 

beech . 

2.34 

0.614 

Paraffin . 

0-16 

1.0662 

chestnut . 

2.34 

0.325 

pf^rftffin - , - 

16-38 

1 . 3030 

elm . 

2.34 


Porcelain . 

2(1-790 

0.0413 

mahogany . 

2.34 


PayeiiT. 

1000-1400 

0.0553 

maple . 

2.34 


Quartz: 



oak . 

2.34 


II to axis . 

0-80 

0.0797 

pine . 

2.34 


II to axifi . 

- 190to+ 16 

0.0521 

walnut . 

2.34 


X to axis . 

0-80 

0.1337 

Wax, white . 

10-26 


Quartz glass . 

- 190to-|-16 

-0.0026 

Wax, white. 

26-31 


Quartz glass. 

16-500 

0.0057 



■m 


' * The coefficient of cubical expansion may be taken as three times the linear coefficient. 
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TABLES OF CONVERSION FACTORS, 
UNITS OF WEIGHTS AND MEASURES 

By J. G. Brainerd 


Tables?. Length [I] 


Multiply 

Number 

Centimeters 

Feet 

Inches 

Kilometers 

Nautical miles 

Meters 


Miles 

i 

MUlimetexs | 

Yards 

Centimctcra 

1 

30.48 

2.540 

105 

1.853 

XI05 

100 

2.540 

XlO-3 

1.609 

XI05 

0.1 

91.44 

Feet 

3.281 

XlO-2 

' 

8.333 

XIO'2 

3281 

6060.27 

3.281 

8.333 

XIO-6 

5280 

3.281 

XlO-3 

3 

Inches 

0.3937 

12 

1 

3.937 

X104 

7.296 

X104 

39.37 

0.001 

6.336 

X104 

3.937 

XlO-2 

36 

Kilometers 

10-fc 

3.048 

XIO-4 

2.540 

xio-6 

1 

1.853 

0.001 

2.540 

XIO-8 

1.609 

10-6 

9.144 

XlO-4 

Nautical miles 


1.645 

XlO-4 


0.5396 

I 

5.396 
X 10-4 


0.8684 


4.934 . 
xw-i 

Meters 

O.OI 

0.3048 

2.540 

XIO 2 

1000 

1853 

1 


1609 

0.001 

0.9144 

Mils 

393.7 

1.2 

X104 

1000 

3.937 

X107 


3.937 

XI04 

1 


39.37 

3.6 

XI04 

Miles 

6.214 
XIO‘6 

1 894 
XIO 4 

1.578 

xio-6 

0.6214 

1.1516 

6.214 

XlO-4 


I 

6.214 

XIO-7 

5.682 

XlO-4 

Millimeters 

10 

304 8 

25.40 

106 


1000 

2.540 

XlO-2 


I 

914.4 

Yards 

1.094 

XIO-2 

0.3333 

2.778 
XIO 2 

1094 

2027 

1.094 

2.778 

XIO 5 

1760 

1.094 

XlO-3 

1 


Metric Multiples 

10 * microns = 10’ millimeters = 10* centimeters = 10 decimeters = 1 meter 
10 “^ dekametor *= 10“* hectometer = 10“’ kilometer = 10“^ myriameter 
= 10“® megameter = 10^® Angstrom Units. 


7.92 inches 
25 links 
4 rods 
10 chains 
8 furlongs 


2 Land Measure 

1 rod = 16.5 feet « 5.5 yards (1 rod = 1 polo = 1 perch) 

1 chain (Gunther’s) = 66 feet = 22 yards = 100 links 

1 furlong = 600 feet = 220 yards = 1000 links = 40 rods 

1 mile = 5280 feet ~ 1760 yards = 8000 links — 320 rods = 80 chains 


Ropes and Cables 

2 yards = 1 fathom 120 fathoms = 1 cable’s length 


Nautical Measure 

6080.27 feet « 1 nautical mile * 1.15156 statute miles 

3 nautical miles » 1 league (U. S.) 3 statute miles « 1 league (Gr. Britain) 

(Note. A nautical mile is the length of a minute of longitude of the earth at the 
equator at sea level. The British Admiralty uses the round figure of 6080 feet. The 
word knot ” is used to denote " nautical miles per hour.”) 


Miscellaneous 


3 inches — 1 palm 

4 inches i hand 


9 inches «■ 1 span 
2 1/2 feet *■ I military pace 
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Tabto28. Aret[£>| 


Multiply 

Number 

Acres 

1 

Square centimeters 

J 

1 

1 

Square kilometers 

■ 

Square metm 

_^ 

i 

Square miles 

1 

I 

1 

Acres 

1 

■ 

■ 

2.296 

XlO-6 


247.1 


640 


2.066 

XlO-4 

Circular mils 


1 

1.973 

XI06 

1.833 

XI08 

1.273 

xio« 


1.973 

xio» 


1973 


Square ceutimeters 


5.067 

xio^ 

1 

929.0 

6.452 

1010 

104 



8361 

Square feet 

4 356 
XI(H 


1.076 

XlO-8 

■ 

6.944 

XlO-8 

1.076 

X107 


2.788 

X107 

1.076 

XlO-6 

9 

Square inches 

6,272,640 




' 

1.550 

X109 

1550 

4.015 

XlOO 

1.550 

XlO-3 

1296 

Square kilometers 

4.047 

XlO-8 


- 

40-10 

9 290 
XIO 8 

6.452 

X10-10 

■ ' 

10-* 

2.590 

10-u 

8.361 

X10-V 

Square meters 

4047 


0.0001 

9.290 

XlO-2 

6.452 

XlO-4 

10* 

1 

2.590 

X106 

10-6 

0.8361 

Square miles 

1.562 

XlO-3 


3.861 

X10-11 

3.587 

xio-» 


0.3861 

3.861 

XlO-7 

1 

3.861 

X10-1* 


Square millimeters 


5.067 

XlO-4 

100 

9.290 

X1(H 

645.2 

1012 

106 


1 


Square yards 

4840 


1.196 

XlO-4 

0.1111 

7.716 

XlO-4 

1.196 

XIO* 

1.196 


1.196 

XlO-6 



Land Measure 

30 1/4 square yards = 1 square rod = 272 1/4 square feet 

16 square rods = 1 square chain = 484 square yards == 4356 square feet 
2 1/2 square chains = 1 rood = 40 square rods = 1210 square yards 
4 roods = 1 acre = 10 square chains = 160 square rods 

640 acres = 1 square mile == 2560 roods == 102,400 square rods 

1 section of land = 1 square mile; 1 quarter section = 160 acres 

Architect’s Measure 
100 square feet = 1 square 

Circular Inch and Circular Mil 

A circular inch is the area of a circle 1 inch in diameter = 0.7854 square inch 
1 square inch = 1.2732 circular inches 

A circular mil is the area of a circle 1 mil (or 0.001 inch) in diameter =* 0.7854 square mil 
1 square mil = 1.2732 circular mils 

1 circular inch = 10* circular mils = 0.7854 X 10* square mils 
1 square inch =* 1.2732 X 10® circular mils = 10* square mils 

Metric Multiples 

1 square meter = 1 centiare = 10"* are = lO*"* hectare 

= 10"* square kilometer = 10~® square msrriameter 
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Table M. Volume [£>] 


Multiply 
. Number 

ObUU.^^ 

Bushels (dry) 

Cubic centimeters 

Cubic feet 

Cubic inches 

Cubic meters 


a 

.1 

1 

1 



1 

0 


■ 


Bushels (dry) 

I 


0.8036 

4.651 

XIO-4 

28.38 



2.838 

XlO-2 



Cubic centimeters 

3.524 

XltH 

I 

2.832 

Xl(H 

16.39 

106 

7.646 

XI06 

3785 

1000 

473.2 

946.4 

Cubic foot 

1.2445 

3.531 

XIO-6 

1 

5.787 

xio-4 

35.31 

27 

0.1337 

3.531 

XlO-2 

1.671 

XlO-2 

3.342 
XIO -2 

Cuttto inches 

2150.4 

6.102 

XlO-2 

1728 

' 

6.102 

XI04 

46,656 

231 

61.02 

28.87 

57.75 

Cubic meters 

3 524 
XlO-2 

io-« 

2.832 

XlO-2 

1.639 

XlO-8 

' 

0.7646 

3.785 

XlO-3 

0.001 

4 732 
XlO-4 

9.464 

XlO-4 

Cubic yards 


X - 

3.704 

XlO-2 

2.143 

xio-8 

1.308» 

1 

4 951 
XIO 3 

1.308 

XlO-8 

6.189 

XIO--* 

1.238 

XI0-* 

QalloDB (liquid) 


2.642 

xio--* 

7.481 

4.329 

XIO'3 

264.2 

202.0 

1 

0.2642 

0.125 

0.25 

liters 

35.24 

0.001 

28.32 

1.639 

XlO-2 

1000 

764.6 

3.785 

1 

0.4732 

0.9464 

Pints (liquid) 


2.113 

XlO-8 

59.84 

3 463 
XIO-2 

2113 

1616 

8 

2.113 

1 

2 

Quarts (liquid). 


1.057 

29.92 

1.732 

XIO-2 

1057 

807 9 

4 

1.057 

0.5 

1 


Metric Multiples 


10 milliliters = 
10 centiliters = 
10 deciliters = 
10 liters = 
10 dekaliters = 
10 hectoliters = 


1 centiliter 
1 deciliter 
1 liter 
1 dekaliter 
1 hectoliter 
1 kiloliter (or stere) 


= 0.338 fluid ounce 
= 0.845 liquid gill 
= 1.0567 liquid quarts 
= 2.6417 liquid gallons 
= 2.8375 U. S. bushels 
- 28.375 U. S. bushels 


Cubic Measure 

1 cord of wood =s a pile cut 4 feet long, piled 4 feet high and 8 feet on the 
ground = 128 cubic feet 

1 porch of stone = a quantity 1 t /2 feet thick, 1 foot high and 16 J /2 feet long 
= 24 3/4 cubic feet 

(Note. —A perch of stone is, however, often computed differently in different locali¬ 
ties; thus, in most if not all of the States and Territories west of the Mississippi, stone¬ 
masons figure rubble by the perch of 16 1/2 cubic feet. In Philadelphia, 22 cubic feet are 
called a perch. In Chicago, stone is measured by the cord of 100 cubic feet. Check 
should be made against local practice.) 

Board Measure 

In board measure, boards are assumed to be one inch in thickness. Therefore, feet 
board measure of a stick of square timber = length in feet X breadth in feet X thickness 
in inches. 
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Shipping Measure 

For register tonnage or measurement of the entire internal capacity of a vessel, it is 
arbitrarily assumed, to facilitate computation, that: 

100 cubic feet = 1 register ton 
For the measurement of cargo: 

40 cubic feet = 1 U. S. shipping ton = 32.143 U. S. bushels 
42 cubic feet = 1 British shipping ton ~ 32.703 Imperial bushels 

Dry Measure 

One U. S. Winchester bushel contains 1.2445 cubic feet or 2150.42 cubic inches. It 
holds 77.601 pounds distilled water at 62° F. 

(Note. —The above is a struck bushel. A heaped bushel in general equals 1 1/4 struck 
bushels, although for apples and pears it contains 1.2731 struck bushels = 2737.72 cubic 
inches.) 

One U. S. gallon (dry measure) = Vs bushel and contains 268.8 cubic inches. 

(Note. —This is not a legal U. S. dry measure and therefore is given for comparison 
only.) 

One British Imperial bushel contains 1.2843 cubic feet or 2219.36 cubic inches. It 
holds 80 pounds distilled water at 62° F. 

One British Imperial gallon = ^/g Imperial bushel and contains 277.42 cubic inches, 
1 Winchester bushel = 0.9694 Imperial bushel 
1 Imperial bushel = 1.032 Winchester bushels 
Same relations as above maintain for gallons (dry measure) 

(Note.—1 U. S. gallon (dry) = 1.164 U. S. gallons (liquid)). 

V. S. Units 

2 pints = 1 quart 
4 quarts = 1 gallon * = 8 pints 
2 gallons= 1 peck =16 pints = 8 quarts 
4 pecks = 1 bushel = 64 pints = 32 quarts = 8 gallons* 

1 cubic foot contains 6.428 gallons (dry measure)* 

Liquid Measure 

One U. S. gallon (liquid measure) contains 231 cubic inches. It holds 8.336 pounds 
distilled water at 62° F. 

One British Imperial gallon contains 277.42 cubic inches. It holds 10 pounds dis¬ 
tilled water at 62° F. 

1 U. S. gallon (liquid) = 0.8327 Imperial gallon 
1 Imperial gallon = 1.201 U. S. gallons (liquid) 

(Note. —1 U. S. gallon (liquid) = 0.8594 U. S. gallon (dry)). 

U. S, Units 

4 gills = 1 pint = 16 fluid ounces 

2 pints = 1 quart = 8 gills = 32 fluid ounces 

4 quarts = 1 gallon = 32 gills = 8 pints =128 fluid ounces 

1 cubic foot contains 7.4805 gallons (liquid measure) 

f 

Apothecaries’ Fluid Measure 

60 minims = 1 fluid drachm. 8 drachms = 1 fluid ounce 

In the U. S. a fluid ounce is the 128th part of a U. S. gallon, or 1.805 cu in. or 
29.58 cu cm. It contains 455.8 grains of water at 62° F. In Great Britain the fluid ounce 
is 1.732 cu in. and contains 1 ounce avoirdupois (or 437.5 grains) of water at 62° F. 


= 67.2 cubic inches 

= 268.8 cubic inches' 
= 537.6 cubic inches 
= 2150.42 cubic inches 


* The gallon is not a U. S. legal dry measure. 
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Degrees 


Minutes 


Quadrants 

1 . 

X 

Radians * 

1 . 

X 

Revolutions * 

2 . 


(CircumferenoeB) 


Seconds 



2jr radians = 1 circumference » 300 degrees by delinition. 


Table 31. Solid Angle [ATo Dimensions] 



* A sphere is the total solid angle about a point. f 4ir steradians = 1 sphere by definition. 


Table 32. Time [T\ 


Multiply 
\ Number 

O^ain^^^ 

Days 

Hours 

Minutes 

Months 

(average)* 

Seconds 

Weeks 

Days 

I 

4.167 
XlO-2 

' 6.944 
XtO-4 

30.42 

1.157 

XlO-8 


Hours 

24 

' 

1.667 

XlO-2 

730.0 

2.778 

XlO-4 


Minutes 

1440 

60 

1 i 

4.380 

X104 

1.667 

xio* 

1.008 

X104 

Months (average) * 

3.288 

XlO-a 

1.370 

xio-» 

2.283 

xio-5 

I 

3.806 

XlO-7 

0.2302 

Seconds 

8.64 

X104 

3600 

60 

2.628 

xio« 

1 

o — 
^X 

Weeks 

0.1429 ! 

5.952 

XtO-a 

9.921 

XlO-8 

4.344 

1.654 

XiO-e 

1 


*One common year « 365 days; one leap year — 366 days; one average month »> Ha of a 


common year. 
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Table 83. linear Velocity [£7~‘] 


Multiply 

V N, Number 

to 

Obtain 

Centimeters 
per second 

Feet per minute 

Feet per second 

Kilometers per hour 

Kilometers 
per minute 

1 

Meters per minute - 

Meters pex second 

Miles per hour 

!' 

Centimeters 
per second 

1 


30.48 







2662 

Feet per minute 

1.969 

1 

60 

54.68 

3281 

101.3 

3.281 

1%.8 

88 

5280 

Feet per second 

3.281 

xio^ 

1.667 

XlO-2 

1 

0.9113 

54.68 

1.689 

5.468 

XlO-2 

3.281 

1.467 

88 

Kilometers per hour 

0.036 

1.829 

XlO-2 

1.097 

' 

60 

1.853 

0.06 

3.6 

1.609 

96.54 

Kilometers 
per minute 

0.0006 

3.048 

XlO-4 

1.829 

XIO-2 

1.667 

XIO-2 

1 

3 088 
XIO-2 

0.001 

0.06 

2.682 

XIO-2 

1.609 

Knots * 

1.943 

XlO-2 

9.868 

X10~3 

0.5921 

0.53% 

32.38 

1 

3 238 
XIO 2 

1.943 

0.8684 

52.10 

Meters per minute 

0.6 

0 3048 

18.29 

16.67 

1000 

30.88 

1 

60 

26.82 

1609 

Meters per second 

0.01 

5.080 

XIO-3 

0.3048 

0.2778 

16.67 

0.5148 

1.667 

XI0*2 

1 

0.4770 

26.82 

Miles per hour 

2.237 

XIO-2 

1.136 

XIO-2 

0.6818 

0.6214 

37.28 

1.152 

3.728 

XIO-2 

2.237 

' 

60 

1 

Miles per minute 

3.728 

xio~^ 

1.892 

1 136 
XlO-2 

1.036 

0.6214 

1.919 

XlO-2 

1 6.214 
1x10-4 

3,728 

XlO-2 

1.667 

XlO-2 

\ 


* Nautical miles per hour. 


The Miner’s Inch 
(Used in Measuring Flow of Water) 

An Act of the California legislature, May 23, 1901, makes the standard miner’s inch 
1.5 cu ft per minute, measured through any aperture or orifice. 

The term Miner’s Inch is more or less indefinite, for the reason that California water 
companies do not all use the same head above the center of the aperture, and the inch 
varies from 1.36 to 1.73 cu ft per minute, but the most common measurement is through 
an aperture 2 in. high and whatever length is required, and through a plank 11/4 iii* thick. 
The lower edge of the aperture should bo 2 in. above the bottom of the measuring-box, 
and the plank 5 in. high above the aperture, thus making a 6-in. head above the center 
of the stream. Each square inch of this opening represents a miner’s inch, winch is 
equal to a flow of 1.5 cu ft per minute. 
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Table 34. Angular Velocity [r->] 


Obtain 

Multiply 

Number 

of-^ 

Degrees 
per second 

Radians 
per second 

Revolutions 
per minute 

Revolutions 
per second 

Degrees per second 


1 

57.30 

6 

360 

Radians per second 

1.745x10-2 

1 

0.1047 

6.283 

Revolutions per minute 

0.1667 

9.549 

1 

60 

Revolutions per second 

Table 36. Lit 

2.778 X 10-3 

Lear Acceler 

0. 1592 

ation ♦ [LT' 

1 .667 X 10-2 

-21 


Multiply 

\ Number 

1 °T 

Centimeters 
per second 
per second 

Feet 

per second 
per second 

Kilometers 
per hour 
per second 

Meters 
per second 
per second 

Miles 
per hour 
per second 

Centimeters per second 
per second 

1 

30.48 

27.78 

100 

44.70 

Feet per second per 
second 

3.281 X 10-2 

1 

0.9113 

3.281 

1.467 

Kilometers per hour 
per second 

0.036 

1.097 

1 

3.6 

1.609 

Meters per second per 
second 

0.01 

0.3048 

0.2778 

I 

0.4470 

Miles per hour per 
second 

2.237 X 10-2 

0.6818 

0.6214 

2.237 

1 


* The (standard) acceleration due to gravity (go) — i>H0.7 cm per see per see, = 32.17 feet 
per sec per sec ** 35.30 km per hour per sec = 9.807 meters per sec per sec = 21.94 miles per hour 
per sec. 


Table 36. Angular Acceleration 


Multiply 

‘‘•N. Number 

OMain 

Radians 
per second 
per second 

Revolutions 
per minute 
per minute 

Revolutions 
per minute 
per second 

Revolutions 
per second 
per second 

Radians per second per second 

1 

1.745x 10-3 

0.1047 

6.283 

Revolutions per minute per minute 

573.0 

I 

60 

3600 

Revolutions per minute per second 

9.549 

1.667x 10-2 

1 

60 

Revolutions per second per second 

0.1592 

2.778X 10-4 

o 

X 

1 
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Table 37. Maas [M\ and Weight * 


Multiply 

Number 

Grains 

J 

Grams 

Kilograms I 

Milligrams 

Ounces f 

Pounds t 

Tons Gong) 

Tons (metric) 

Tons (short) 1 

Grains 

1 

15.43 

1.543 

x\o* 

1.543 
XIO 2 

437.5 





Grams 

6.481 

XlO-2 

1 

1000 


28.35 

453.6 

1.016 

XI06 

106 

9.072 

10® 

Kilograms 

6.481 

XlO-6 

0.001 

I 

10-6 

2 835 
XIO-2 

0.4536 

1016 


907.2 

Milligrams 

64.81 

1000 

106 

1 

2.835 

XKH 

4.536 

XI06 

1.016 

xio» 

10» 

9.072 

X108 

Ounces t 

2.286 

XlO-3 

3 527 
XlO-2 

35.27 

3.527 
XIO 6 

' 

16 

3 584 
XKH 

3.527 

XKH 

3.2 

XKH 

Pounds t 

1.429 

xio-i 

2.205 
XIO 3 

2.205 

2.205 

XlO-6 

6.250 

XIO 2 

• 

2240 

2205 

2000 

Tons (long) 


9.842 
XIO 7 

9.842 
XIO 4 

9.842 

XlO-w 

2 790 
XIO 6 

4 464 

X10 » 

1 

0 9842 

0.8929 

Tons (metric) 


10-6 

0.001 

10-9 

2.835 

xio-‘ 

4 536 
XIO-4 

1.016 

1 

0.9072 

Tons (short) 


1.102 

XlO-6 

1.102 

XIO-3 


3.125 

XlO-6 



1.102 

m 


* These same conversion factors apply to the RTQvUaliona] units of force having the corresponding 
names. The dimensions of these units when used as gravitational units of force are MLT~^\ see 
table for Force. 

t Avoirdupois pounds and ounces. 


Metric Multiples 

10 ® micrograms = 10® milligrams = 10® centigrams = 10 decigrams = 1 gram =» 
10 ~^ dekagram = 10“® hectogram == 10“® kilogram = 10“"* myriagram = 10~® mega¬ 
gram 

Avoirdupois Weight 

(Used Commercially) 

27.343 grains = 1 drachm 

16 drachms = 1 ounce (oz) = 437.5 grains 

16 ounces = 1 pound (lb) = 7000 grains 

28 pounds = 1 quarter (qr) 

4 quarters = 1 hundredweight (cwt) = 112 pounds 

20 hundredweight = 1 gross or long ton * 

2000 pounds = 1 net or short ton 

(* Note. —The long ton is used by the U. S. custom-houses in collecting duties upon 
foreign goods. It is also used in freighting coal and selling it wholesale.) 

14 pounds = 1 stone; 100 pounds = 1 quintal 


Troy Weight 

(Used in weighing gold or silver) 

24 grains = 1 pennyweight (dwt) 

20 pennyweights = 1 ounce (oz) = 480 grains 
12 ounces = 1 pound (lb) = 5760 grains 

The grain is the same in Avoirdupois, Troy and Apothecaries’ weights. A carat, for 
weighing diamonds = 3.086 grains = 0.200 gram. (International Standard, 1913.) 

1 pound troy = .8229 pound avoirdupois 

1 pound avoirdupois = 1.2153 pounds troy 
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Apothecaries’ Weight 

(Used in compounding medicines) 

20 grains = 1 scruple O) 

3 scruples » 1 drachm (5) ~ 00 grains 
8 drachms = 1 ounce (5) ~ grains 
12 ounces = 1 pound (lb) = 6760 grains 
The grain is the same in Avoirdupois, Troy and Apothecaries’ weights. 
1 pound apothecaries = 0.82286 pound avoirdupois 
1 pound avoirdupois ~ 1.2153 pounds apothecaries 


Table 38. Density or Mass per Unit Volume \ML~^\ 


Multiply 

Number 

of-> 

Ol^in 

Grams per 
cubic 

centimeter 

Kilograms 

per 

cubic meter 

Pounds per 
cubic foot 

Pounds per 
cubic inch 

Grams per cubic centimeter 

1 

0.001 

1.602X10-2 

27.68 

Kilograms per cubic meter 

1000 

1 

16.02 

2.768X104 

Pounds per cubic foot 

62.43 

6 . 243 X 10-2 

1 

1728 

Pounds per cubic inch 

3.613x10-2 

■f 

o 

X 

5.787X10-4 

1 

Pounds per mil foot * 

3.405 X10-" 

3.405X lO-i" 

5.456Xl0-» 

9.425X 10-6 


* Unit of volume is a volume one foot long and one circular mil in cross-section area. 


Table 39. Force ♦ [MLT^^ or [F] 


Multiply 
s. Number 

OMain 

Dynes 

Grams 

Joules 
per cm 

Joules 
per meter 

Kilo¬ 

grams 

Pound* 

Poundals 

Dynes 

■I 

980.7 

107 

106 

9.807 

XI06 

4.448 

X106 

1.383 

X104 

Grams 

1.020 

XlO-3 

' 


102.0 


453.6 

14.10 

Joules per cm 

10-7 

9.807 

XlO-6 

1 

.01 

9.807 

XlO-2 

4.448 

XlO-2 

1.383 

XlO-6 

Joules per meter 

10-6 

9.807 

XtO-3 


1 

9.807 

4.448 

0.1383 

Kilograms 

1.020 

XlO-6 

0.001 

! 

10.20 

0.1020 

' 

0.4536 

1.410 

XlO-2 

Pounds 

2.248 

XlO-6 

2.205 

XlO-2 

22.48 

0.2248 

2.205 

1 

3.108 
XlO-2 

Poundals 

7.233 

XI0~6 

7.093 

XlO-2 

723.3 

7.233 

70.93 

32.17 

1 


* Conversion factors between absolute and gravitational units apply only under standard 
aooeleration due to gravity conditions. (See Sec. 3.) 
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Table 40.' Torque or Moment of Force or [FI] * 


Multiply 

Number 

Obtain 

Dyne- 

centimeters 

Qram- 

oentimeters 

Kilogram- 

meters 

Pound-feet 

Dyne-oentimeters 

1 

980.7 

9.807 X 107 

1.356 X 107 

Gram-centimeters 


mull 


1.383 X 1(H 

Kilogram-meters 



HbH 

0.1383 

Pound-feet 

X 

o 

T 

o 

X 

7.233 

1 


* Same dimenaions as energy. 


Table 41. Pressure or Force per Unit Area [AfI“^T“*l or [FI"“*] 


. Multiply 

. Number 

to 

Obtain NN^ 

Ar 

i 

j 

< 

Baryes or dynes per 
square centimeter f 

Centimeters of mer¬ 
cury at 0“ C t 

Inches of mercury 
at 0' C X 

Inches of water 
at 4®C 

K 

*5 V 

Pm 

Kilograms per 
square meter $ 

Pounds per 
squeje foot 

Pounds per 
square inch 

Is 

jl 

Atmospheres * 

■ 

9.869 

XlO-7 

1.316 

XlO-a 

3.342 

XIO -2 

2.458 

XlO-3 

2.950 

xio-^ 

9.678 

xio-3 

4.725 

XlO-4 

6.804 

XlO-i 

0.9450 

Baryes or dynes per 
square centimeter t 

■ 

, 





98.07 

478.8 

6.895 

X104 

9.576 

xio® 

Centimeters of mer¬ 
cury at 0® C t 



1 

2.540 

0.1868 

2.232 

7.356 

XlO -8 

3.591 

XlO -2 

5.171 

71.83 

Inches of mercury at 

o®ct 

29.92 

2.953 

XI0-® 

0.3937 

1 

7.355 

XlO -2 

0.8826 

2.896 

XlO -8 

1.414 

XlO -2 

2.036 

28.28 

Inches of water at 
4“C 

406.8 

4.015 

XlO-4 

5.354 

13.60 

1 

12 

3.937 

XlO -2 

0.1922 

27.68 

384.5 

Feet of water at 4“ C 

33.90 

3.346 

XI0-® 

0.4460 

1.133 

8.333 

XlO -2 

1 

3.281 
XIO 3 

1.602 

XlO -2 

2.307 

32.04 

Kilograms per square 
meter § 



136.0 

345 3 

25.40 

304.8 

1 

4.882 

703.1 

9765 

Pounds per square 
foot 

2117 


27.85 

70 73 

5 204 

62.43 


1 

144 


Pounds per square 
inch 

14.70 

1.450 

X 10~6 

0.1934 

0.4912 

3.613 

XlO -2 

0.4335 

1.422 

XlO-3 

6.944 

XlO-3 

1 

13.89 

Tons (short) per 
square foot 

1.058 







0.0005 

0.072 

1 


* Definition: One atmosphere (standard) = 76 cm of mercury at 0® C. 
t Sometimes called a bar. 

t To convert height h of a column of mercury at t degrees Centigrade to the equivalent height 
ho at 0® C. use = /i 11 — | where m = 0.0001818 and I = 18.4 X 10“® if the scale is 

engraved on brass; I = 8.5 X 10"® if on glass. This assumes the scale is correct at 0® C; for other 
cases (any liquid) see International Critical Tables, vol. 1, p. 68. 

{ 1 gram per sq cm « 10 kilograms per sq m. 
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Table 4S. Energy, Work and Heat ♦ or [FL] 


Multiply 
Ny Number 

British thermal 
units t 

1 

u 

Ergs or centimeter- 
dynes 

Foot-pounds 

Horsepower-hours 

Joules 1 or 
watt-seconds 

Kilogram- 
calories t 

Eilovratt-hours 

Meter-kilograms 

Wattrhours 

British thermal 
units t 

1 

9.297 

XlO-8 

9.480 

X10-11 

1.285 

XlO-3 

2545 

9.480 

XlO-4 

3.969 

3413 

9.297 

XlO-3 

3.413 

Centimeter-grams 

1.076 

XI07 

1 

1.020 

XlO-a 

1.383 

X104 

2.737 

xio>« 

1.020 

XI04 

4.269 

X107 

3.671 

XlOio 

106 

3.671 

X107 

Ergs or centimeter- 
dynes 

1.055 

XIOM' 

980.7 

1 

1.356 

X107 

2.684 

X1013 

107 

4.186 
XlOio 

3.6 

XI013 

9.807 

XI07 

3.6 

XlOio 

Foot-poimds 

778.3 

7 233 
XlO-6 

7.367 
XIO 8 

1 

1.98 

XIO® 

0.7376 

3087 

2.655 

XI06 

7.233 

2655 

Horsepower-hours 

3.929 

XlO-4 

3.654 

xio-iJ 

3 722 

X10-14 

5.050 

XlO-7 

I 

1111 

XlO-7 

1.559 
XIO-3 

I.34I 

3.653 

XlO-6 

1.341 

XlO-3 

Joules t or watt- 
seconds 

1054.8 

9.807 

XlO-6 

10-7 

1.356 

2.684 

X106 

1 

4186 

3 6 
XI06 

9.807 

3600 

Kilogram-calories t 

0.2520 

2.343 

XlO-8 

2.389 

X10-11 

3.239 

XlO-4 

641.3 

2.389 

XlO-4 

1 

860.0 

2.343 

XlO-3 

0.8600 

Kilowatt-hours 

2.930 

XlO-4 

2.724 

X10-11 

2.778 

X10-14 

3 766 
XlO-7 

0.7457 

2.778 

XlO-7 

1.163 

XlO-3 

1 

2.724 

XlO-6 

0.001 

Meter-kilograms 

107.6 

10-6 

1 020 
XIO 8 

0.1383 

i 

2 737 
X106 

0.1020 

426.9 

3.671 

X106 

1 

367.1 

Watt-hours 

0.2930 

2.724 

xto-» 

2.778 
XIO-11 

3.766 

XlO-4 

745.7 

2 778 
XlO-4 

1.163 

1000 

2.724 

X_ip:3_ 

1 


* See note at the bottom of Table 43. 

t Mean calorie and Btii vised throughout. One gram-calorie = 0.001 kilogram-calorie; one 
Ostwald calorie => 0.01 kilogram-calorie. 

The IT cal, 1000 international steam-table calories, has been defined as the 1/860th part of the 
international kilowatthour (see Mechanical Engineerinfi, Nov., 1935, p. 710). Its value is very 
nearly equal to the mean kilogram-calorie, 1 IT cal = 1.00037 kilogram-calories (mean). 1 Btu = 
251.996 IT cal 

t Absolute joule, defined as lO? ergs. The international joule, based on the international ohm 
and ampere, equals 1.0003 absolute joules. 
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Table 48. Power or Rate of Doing Work * [MPT-*] or [PIT""] 



1 Cheval-vapeur == 75 kilogram-nictcrs per second 

1 Poncelet — 100 kifogrum-nieters per second 


* The “horsepower” used in these tables is equal to 550 foot-pounds per second by definition. 
Other definitions are one horsepower equals 740 watts (U. 8. and CJreat Britain) and one horsepower 
equals 730 watts (continental Europe). Neither of these latter definitions is equivalent to the first; 
the “horsepowers" defined in these latter definitions are widely used in the rating of electrical 
machinery. 


Table 44. Quantity of Electricity and Dielectric Flux [Q] 


Multiply 

V. Number 

Obtain 

Abcoulonibs 

Ampere- 

hours 

Coulombs 

Faradays 

Stat- 

coulumbs 

Abcoulonibs 

1 

360 

0. 1 

9649 

3.335 

X 10-11 

Ampere-hours 

2 . 7 ; 3 
xio-'« 

1 

2.778 
xio-4 

26.80 

9.259 

XIO 14 

Coulombs 

10 

3600 

1 

9.649 

XiO* 

3.335 

X 10-10 

Faradays 

1.036 

XlO-4 

3.731 

XlO-2 

1.036 

XlO-6 

1 

3.457 

X 10-16 

Statcoulombs 

2.998 

xioi« 

1.080 

X1013 

2.998 

XI09 

2.893 

XlOU 

1 
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Table 45. Charge per Unit Area and Dielectric Flux Density 


Multiply 

. Number 

Abcoulombs 
per square 
centimeter 

Coulombs 
per square 
centimeter 

Coulombs 
per square 
inch 

Statcoulombs 
per square 
centimeter 

Abcoulombs per square 
oentimeter 

1 

0.1 

1.550 X 10-2 

3.335 X 10-11 

Coulombs per square 
centimeter 

10 

1 

0.1550 

3.335 X 10-10 

Coulombs per square 
inch 

64.52 

6.452 

1 

2.151 X 10-0 

Statcoulombs per square 
centimeter 

2.998 X lOio 

2.998 X I0» 

4.647 X 108 

1 


Table 46. Electric Current [QT“’] 



Table 47. Current Density 


1 Multiply 

1 \ Number 

to 

OHain 

Abamperes 
per square 
centimeter 

Amperes 
per square 
centimeter 

Amperes 
per square 
inch 

Statamperes 
per square 
centimeter 

Abamperes per square 
centimeter 

1 

0. 1 

1.550 X 10 -2 

3.335 X 10-11 

Amperes per square 
centimeter 

10 

1 

0.1550 

3.335 X 10-10 

Amperes per square 
inch 

64.52 

6.452 

1 

2.151 X 10-9 

Statamperes per square 
centimeter 

2.998 X 1010 

2.998 X 103 

4.647 X 108 

1 
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Table 48. Sleciric Potential and BlectromotiTe Force [JIf or 


Multiply 



1 

■■■■ 

IHHH 

Number 

OMain 

Abvolts 

Microvolts 

Millivolts 

Statvolts 

Volts 

Abvolts 

1 

too 

108 

2.998 

Xl0i« 

108 

Microvolts 

0.01 

1 

1000 

2.998 

X108 

106 

Millivolts 

10 5 

0.001 

1 

2.998 

X105 

tooo 

Statvolts 

3.335 

xio-n 

3.335 

xio-» 

3.335 

XlO-6 

1 

3.335 

XlO-8 

Volts 

10-8 

io-« 

0.001 

299.8 

1 


Table 49. Electric Field Intensity and Potential Gradient ®] or 


v Multiply 
\ \Number 

\ \ 

V\ 

Obtain \v 

4^ 

Abvolts 

per 

centi¬ 

meter 

Micro¬ 

volts 

per 

meter 

Milli¬ 

volts 

per 

meter 

Statvolts 

per 

centi¬ 

meter 

Volts 

per 

centi¬ 

meter 

Kilo- 

volts 

per 

centi¬ 

meter 

Volts 

per 

milli¬ 

meter 

Volts 

per 

inch 

Volts 

per 

mil 

Abvolts per 
centimeter 

1 

1 


2.998 

X lOio 

108 

1011 

109 

3.937 

X107 

3.937 

XI010 

Microvolts 
per meter 

1 

1 


2.998 

XlOio 

108 

1011 

10 » 

3.937 
X 107 

3.937 

X 1010 

Millivolts 
per meter 



1 

2.998 

XI07 

106 

108 

106 

3.937 

XI04 

3.937 

XI07 

Statvolts per 
centimeter 

3.335 

xio-i‘ 

3.335 
X 10-11 

3.335 

XlO-8 

1 

3.335 

XlO-8 

3.335 

3.335 

XlO-2 

1.313 

X 10-3 

1.313 

Volts per 
centimeter 

10-8 

10-8 

10-6 

299.8 

I 

1000 

10 

0.3937 

on 

Kilovolts per 
centimeter 

10'11 

10-11 

10-8 

0.2998 

0.001 

I 

0.01 

3.937 

XIO-4 


Volts per 
millimeter 

10-9 

10-9 

10-6 

29.98 

0 . 1 

100 

1 

3.937 

X 10-2 

39.37 1 

Volts per 
inch 

2.540 

XlO-8 

2.540 

XlO-8 

2.540 

XlO-6 

761.6 

2.540 

2540 

25.40 

1 

1000 

Volts per 
. mil 

2 540 

X 10-11 

2.540 
X 10-11 

2.540 

XlO-8 

0.7616 

2.540 

X 'O'l 

2.540 


0.001 

1 
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Table 80. Electric Resistance or [FQ'^LT] 


Multiply 

Number 

OMain 

Abohms 

Megohms 

Microhms 

Ohms 

Statohms 

Abohms 

I 

1014 

1000 


8.988 

X 1020 

Megohms 

10-14 

1 

10-12 


8.988 

X 106 

Microhms 

0.001 

10*2 

1 

108 

8.988 

X1017 

Ohms 

10-fl 

10« 

10-6 

1 

8.988 

xioii 

Statohms 

1.112 

X 10 21 

I.II2 

_ xio» 

1.112 1 
XIO iH 1 

1.112 

X 10-12 

1 


Electrical Conductance [F~'^QL~^T''^] 

1 mho = 1 ohm“^ = 10“® megmho = 10® micromho 


Table 81. Electric Resistivity * or [FQ^^m] 


Multiply 

^ Number 

of-^ 

to 

O^in 

Abohm- 
centi meters 

Microhm- 

ceutiiueters 

Microhm- 

inches 

Ohms 
(mil, foot) 

Ohms 
(meter, 
gram) t 

Aboh m-ce n ti meters 

1 

1000 

2540 

166.2 

104 

5 

Microhm-centimeters 

0.001 

■ 

2.540 

0.1662 

100 

5 

Microhm-inchcs 

3.937X 10-4 

0.3937 

1 

6.545X 10-2 

39.37 

S 

Ohms (mil, foot) 

6.015x10-3 

6.015 

15.28 

1 

601.5 

5 

Ohms (meter, gram) t 

10 6« 

O.OU 

2.540 

X 10-25 

1.662 

X 10-35 

1 


* In this table fi is density in grams per crav» The following names, corresponding respectively 
to those at the tops of columns, are sometimes used:' abohms per cm cube; microhms per cm cube; 
microhms per inch cube; ohms per mil-foot; ohms per meter-gram. The first four columns are 
headed by units of volume resistivity, the last by a unit of mans resistivity. The dimensions of the 
latter are Q 7' ^; not these given in the heading of the table. 
tOne ohm (meter, gram) » 5710 ohms (mile, pound). 
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Table 6S. Electric Conductivity ♦ [M 


Multiply 

•V. Number 

Abmhos 
per cm 

Mhos 
(mil, foot) 

Mhos 

(meter, gram) 

Micromhos 
per cm 

Micromhos 
per inch 

Abmhos per cm 

I 

6.015X103 

10-66 

0.001 

3.937X 10-6 

Mhos (mil, foot) 

166.2 

' 

1.662 

X 10-36 

0.1662 

6.524 

X10-2 

Mhos (meter, gram) 

lOve 

601.5/6 

1 

100/6 

39.37/6 

Micromhos per cm 

1000 

6.015 

0.016 

1 

0.3937 

Micromhos per inch 

2540 

15.28 

2.540 

X 10-26 

2.540 

' 


* See footnote of Table 51, Electric Resistivity. Names sometimes used are abmho per cm 
cube, mho per mil-foot, etc. Dimensions of mass conductivity are Q^L~^T. 

_Table 53. Capacitance or 


Multiply 

Number 

Obtain 

Abfarads 

Farads 

Microfarads 

Statfarads 

Abfarads 

1 

10-0 

10-16 


Farads 

100 

1 

10-6 

1.112 

X 10-12 

Microfarads 

1016 

106 

1 

1.112 

X 10-6 

Statfarads 

8.988 

X 102« 

8.988 

X 1011 

8.988 

X 106 

1 


Table 64. Inductance [MQ-^L^] or [FQ-^LT^ 


Multiply 

Number 

of 

to 

Ol^in 

Abhenries * 

Henries 

Microhenries 

Millihenries 

Stathenries 

Abhenries * 

' 

100 

1000 

106 

8.988 

X1020 

Henries 

10-0 

1 

10-6 

o.oni 

8.988 

X1011 

Microhenries 

0.001 

106 

' 

1000 

8.988 
XI017 

Millihenries 

10-6 

1000 

0.001 

1 

8.988 

X1016 

Stathenries 

1.112 

X 10-21 

1.112 

X 10-12 

1.112 

xio-w 

1.112 

X 10-16 

1 


* An abhenry is Bometimes called a centimeter.” See footnote to Table 56 on “Magnetic 
Flux Density.” 
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T»We (B. MtgnoUc Flu* or [F<?-*IT] 


to 

Obtain 


Multiply 

Number 

of-> 

Kilolines 

Maxwells 
(or lines) 

Webers 

1 KUoUne. 



1 

0.001 

106 

Maxwells (or lines) 


1 

108 

Webers 

10-6 

10-8 

1 


Table 66. Magnetic Flux Density [MQ-^T-^ or [FQ-^L-^T\ 


Multiply 

s. Number 

Ol^n 

Gausses (or 
lines per square 
centimeter) 

Lines per 
square inch 

Webers 
per square 
centimeter 

Webers 

per square inch 

Gausses * (or lines per 
square centimeter) 

' 


108 

1.550 X 107 

Lines per square inch 

6.452 

1 

6.452 X 108 

108 

Webers per square 
centimeter 

10-8 

1.550 X 

1 

0.1550 

Webers per square inch 

6.452 X 10-8 

10-8 

6.452 

1 


* The name “Kauss" is sometimes used for the unit of maKUctic field intensity (1 Kauss »= 1 kU- 
bert per cm). Since flux density = permeability X field intensity {B — nH) these two quantities 
have the same units if m is considered dimensionless, just as 1 abhenry = m X 1 cm; hence the oc¬ 
casional name centimeter for an abhenry. The A.I.E.E. sanctions “gauss” for both B and H; 
physicists usually do not. In 1930 the International Electrotechnical Commission, of which the 
u. S. National Committee is the electrical standards committee of the American Standards Associ¬ 
ation, adopted the following names for units in the cgs electromagnetic system: Magnetomotive 
force, gilbert; magnetizing force, oersted; magnetic flux, maxwell; magnetic flux density, gauss. 
The name oersted has been used for a unit of reluctance in the U. S. 


Table 57. Magnetic Potential and Magnetomotive Force 


Multiply 

Number 

of-4 

Abampere-turns 

Ampere-turns 

Gilberts 

Abampere-turns 

1 

0.1 

7.958 X 10-* 

Ampere-turns 

10 

1 

0.7958 

Gilberts 

12.57 

1.257 

1 
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Table 58. Magnetic Field Intensity, Potential Gradient and Magnetizing Force [ 


Multiply 

Number 

Obt^ 

Abampere- 
turns per 
centimeter 

Ampere- 
turns per 
centimeter 

Ampere- 
turns per 
inch 

Gilberts per 
centimeter * 

Abampere-turns per centimeter 

' 

0.1 

.3.937 

X 10-2 

7.958 

XlO-2 

Ampere-turns per centimeter 

10 

I 

0.3937 

0.7958 

Ampere-turns per inch 

25.40 


umiii 

2.021 

Gilberts per centimeter 

12.57 



mu 


♦Called “oersteds” by the I.E.C. (1930). See footnote of Table 56 on “Magnetic Flux 
Density.” 


Table 59. Specific Heat 

(t = temperature) 


To change specific heat in gram-calories per gram per degree Centigrade to the units given In 
any line of the following table, multiply by the factor in the last column. 


Unit of Heat or Energy 

Unit of Mass 

Temperature Seale* 

Factor 


Gram 

Kilogram 

Pound 

Pound 

Gram 

Pound . 

Kilogram 

Pound 

Centigrade 

Centigrade 

Centigrade 

Fahrenheit 

Centigrade 

Fahrenheit 

Centigrade 

Fahrenheit 

1 

1.800 

1.000 

4.186 

1055. 

1.163 X I0-* 
2.930 X lO--* 



British thermal units... 

Joules... 

•Tonies. 

Kilowatt-hours. 

Kilowatt-hours. 


* Temperature conversion formulas: 

tc = temperature in Centigrade degrees 
tf ~ temperature in Fahrenheit degrees. 
1 deg fahr «= (5i) deg cent, 
to = H (tf - 32) 
tf = tc + 32 


Table 60. Thermal Conductivity [MLT~H~^] 

(i = temperature) 


To convert thermal conductivity, in gram-calories transmitted per second from one face of a 
cube 1 cm on edge to the opposite face per degree Centigrade temperature difTerence between these 
faces, to the units given in any line of the following table, multiply by the factor in the last column. 


Units of 

Temperature 

Scale 

Factor 

Heat 

Area 

Thickness 

Time 

Gram-calories. 

cni2 

cm 

second 

Centigrade 

1 

Kilogram-calories. 

m2 

cm 

hour 

Centigrade 

3.6 X KB 

British thermal units. 

ft2 

inch 

hour 

Fahrenheit 

2903. 

Joules. 

cm2 

cm 

second 

Centigrade 

4. 186 

Joules. 

ft2 

inch 

second 

Fahrenheit 

850.6 

Kilowatt-hours. 

m2 

cm 

hour 

Centigrade 

41.86 

Kilowatt-hours. 

I ft2 

inch 

hour 

1 Fahrenheit 

0.8506 
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GAGES 

By J. G. Brainerd 


Sheet Metal Gages 

The important sheet metal gages in use in the United States are: the United States 
Standard Gage for sheet and plate iron and steel, the American Wire Gage (also called 
the Brown and Sharpe W.G.) for copper, aluminum, and brass and other non-ferrous 
alloys, the Tin Plate Gage, the Galvanised Sheet Gage, the American Zinc Gage, and 
the Birmingham Wire (or Stubs’ Iron Wire) Gage. In Canada and England the Bir¬ 
mingham Gage (different from the Birmingham Wire Gage) and the Imperial Standard 
Wire C^age (S.W.G.) are used. Still other gages are used elsewhere. In Japan stand¬ 
ard thickness of sheet metal is denoted by the thickness in millimeters. A standard 
Decimal Gage, in which the standard thicknesses are denoted by decimal parts of an 
inch and not by gage numbers, has Ixjen used in the United States. Copper sheets may 
be obtained with thicknesses any integral multiple of Vie of an inch up to 2 inches. Heavy 
copper sheets may be obtained in definite weights per square foot. Each ounce of weight 
is equivalent to approximately 0.001362 inch thickness. Lead is usually ordered in this 
manner, each pound being equivalent to approximately 0.017 inch thickness. 

The United States Standard Gage for sheet iron and steel (Act of Congress, March 3, 
1893; formerly the legal standard for duties) is a weight gage based on a density for wrought 
iron of 480 pounds per cubic foot. Since 1893, steel (density of 489.6 lb per cu ft) has 
come into general use. A given gage number of this gage represents a fixed weight per 
unit area, hence a steel sheet will have a smaller thickness than a wrought iron sheet of 
^e same gage number (but monel metal sheets are rolled to the thickness given for wrought 
iron without regard to weight, which is about 552.2 lb per cu ft). Practice among steel 
manufacturers is irregular, some keeping the thickness constant for a given gage number 
irrespective of weight. If this practice is followed, the weight per square foot and per 
square meter given in the second and third columns of Table 61 will vary, whereas thick¬ 
ness will remain that given for wrought iron. 

The American Wire Gage siiecifiea thicknesses without regard to weight. For the 
basis of this gage see the next section (Wire Gages), where are also given the Birmingham 
W.G, and the S.W.G. 

Tables of Thickness and Weight corresponding to United States Standard gage and 
American Wire gage numbers are shown in Tables 61 and 62. These tables are taken from 
Circular No. 391 of the Bureau of Standards, in which are given all the gages mentioned 
above and the tolerances customary in commerce. A committee of the American Stand¬ 
ards Association is now working (1936) on the standardization of sheet metal gages. 
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Table 61. United States Standard Gage* for Sheet and Plate Iron and Steel, and Its 

Extension f 


Gage No. 

Weight 

per square foot 

Wwght 

per 

square 

meter 

Approxima 

Wrought iron 

480 Ib/ft» 

« thickness 

Steel and open- 
hearth iron 

489.6 lb/ft« 

Ounces 

Pounds 

kg 

Inch 

mm 

Inch 

mm 

0000000 . 

320 

20.00 

97.65 

0.500 

12.70 

0.490 

12.45 

000000 . 

300 

18.75 

91.55 

.469 

11.91 

.460 

11.67 

00000 . 

280 

17.50 

85.44 

.438 

11.11 

.429 

10.90 

0000 . 

260 

16.25 

79.34 

.406 

10.32 

.398 

10.12 

000 . 

240 

15.00 

73.24 

.375 

9.52 

.368 

9.34 

00 . 

220 

13.75 

67.13 

.344 

8.73 

.337 

8.56 

0 . 

200 

12.50 

61.03 

.312 

7.94 

.306 

7.78 

1 

180 

11.25 

54.93 

.2812 

7.14 

. 2757 

7.00 

2 . 

170 

10.62 

51.88 

.2656 

6.75 

.2604 

6.62 

3. 

160 

10.00 

48.82 

.2500 

6.35 

.2451 

6.23 

4. 

150 

9.375 

45.77 

.2344 

5.95 

.2298 

5.84 

5. 

140 

8.750 

42.72 

.2188 

5.56 

.2145 

5.45 

6 . 

130 

8 . 125 

39.67 

.2031 

5. 16 

. 1991 

5.06 

7. 

120 

7.500 

36.62 

. 1875 

4.76 

.1838 

4.67 

8 . 

no 

6.875 

33.57 

.1719 

4.37 

.1685 

4.28 

9. 

100 

6.250 

30.52 

. 1562 

3.97 

.1532 

3.89 

10 . 

90 

5.625 

27.46 

. 1406 

3.57 

. 1379 

3.50 

n. 

80 

5.000 

24.41 

.1250 

3. 18 

.1225 

3.11 

12 . 

70 

4.375 

21.36 

. 1094 

2.778 

. 1072 

2.724 

13. 

60 

3.750 

18.31 

.0938 

2.381 

.0919 

2.335 

M. 

50 

3. 125 

15.26 

.0781 

1.984 

.0766 

1.946 

15. 

45 

2.812 

13.73 

.0703 

1.786 

.0689 

1.751 

16. 

40 

2.500 

12.21 

.0625 

1.588 

.0613 

1.557 

17. 

36 

2.250 

10.99 

.0562 

1.429 

.0551 

1.400 

18. 

32 

2.000 

9.765 

.0500 

1.270 

.0490 

1.245 

19. 

28 

1.750 

8.544 

.0438 

1.111 

.0429 

1.090 

20 . 

24 

1.500 

7.324 

.0375 

.952 

.0368 

.934 

21 . 

22 

1.375 

6.713 

.0344 

.873 

.0337 

.856 

22 . 

20 

1.250 

6 . 103 

.0312 

.794 

. 0306 

.778 

23. 

18 

1,125 

5.493 

.0281 

.714 

.0276 

.700 

24. 

16 

1.000 

4.882 

.0250 

1 .635 

.0245 

.623 

25. 

14 

.8750 

JL2J2 

.0219 

.556 

.0214 

.545 

26 _- 


_ JlOO 

C3.662^ 

.0188 

.476 

.0184 

.467 

. 

" 11 * 

. 68/5 • 

1 

.0172 

.437 

.0169 

.428 

28. 

10 

.6250 

3.052 j 

^ .0156 

^39^ 

.0153 

.389 

" 29 ?. 

9 

.5625 

2.746 


' ^^357^ 

.0138 

.350 

30. 

8 

.5000 

2.441 

.0125 

.318 

.0123 

.311 

31. 

7 

.4375 

2.136 

.0109 

.278 

.0107 

.272 

32. 

61/2 1 

.4062 

1.983 

.0102 

1 .258 

.0100 

.253 

33. 

6 

.3750 

1.831 

.0094 

' .238 

.0092 

.233 

34. 

51/2 

.3438 

1.678 

.0086 

.218 

.0084 

.214 

35. 

5 

.3125 

1.526 1 

.0078 

. 198 

.0077 

. 195 

36. 

41/2 

.2812 

1.373 

.0070 

. 179 

.0069 

.175 

37. 

41/4 

.2656 

1.297 

.0066 

. 169 

.0065 

.165 

38. 

4 

.2500 

1.221 

.0062 

. 159 

.0061 

.156 

39. 

33/4 

.2344 

1. 144 

.0059 

. 149 

.0057 

.146 

40. 

31/2 

.2188 

1.068 

.0055 

. 139 

.0054 

. 136 

41. 

33/8 

.2109 

1.030 

.0053 

.134 

.0052 

.131 

42. 

31/4 

.2031 

.9917 

.0051 

. 129 

.0050 

.126 

43. 

31/8 

. 1953 

.9536 

.0049 

.124 

. 0048 

.122 

44. 

3 

. 1875 

.9155 

.0047 

.119 

. 0046 

.117 


♦ For the Galvaniaed Sheet Gage, add 2.5 ounces to the weight per square foot as given in the 
table. Gage numbers below 8 and above 34 are not used in the Galvanised Sheet Gage. 

t Gage numbers greater than 38 were not in the standard as set up by law, but are in general UBO 






















































1-150 MATHEMATICAL AND PHYSICAL TABLES 


Table 62. Amerleaii Wire Gage—Weighta of Copper, Aluminuiii and Brass Sheets and 

Plates 


Gage No. 

Thickness 

Approximate weight * per sq ft in lb 

Inch 

mm 

Copper 

Aluminum 

Commercial 
(high) brass 

oeoo. 

0.4600 

11.68 

21.27 

6.49 

20.27 

000. 

.4096 

10.40 

18.94 

5.78 

18.05 

00. 

.3648 

9.266 

16.87 

5.14 

16.07 

0. 

.3249 

8.252 

15.03 

4.58 

14.32 

1. 

.2893 

7.348 

13.38 

4.08 

12.75 

2. 

.2576 

6.544 

11.91 

3.632 

11.35 

3. 

.2294 

5.827 

10.61 

3.234 

10.11 

4. 

.2043 

5.189 

9.45 

2.880 

9.80 

5. 

. 1819 

4.621 

8.41 

2.565 

8.01 

6. 

.1620 

4.115 

7.49 

2.284 

7.14 

7. 

. 1443 

3.665 

6.67 

2.034 

6.36 

8. 

, 1283 

3.264 

5.94 

1.812 

5.66 

9. 

. 1144 

2.906 

5.29 

1.613 

5.04 

10. 

. 1019 

2.588 

4.713 

1.437 

4.490 

11 . 

.0907 

2.305 

4. 195 

1.279 

3.996 

12. 

.0806 

2.053 

3.737 

1.139 

3.560 

13. 

.0720 

1.828 

3.330 

1.015 

3. 172 

14. 

.0641 

1.628 

2.965 

, 0.904 

, 2.824 

15. 

.0571 

1.450 

2.641 

.805 

2.516 

16. 

.0508 

1.291 

2.349 

.716 

2.238 

17. 

.0453 

1.150 

2.095 

.639 

1.996 

18. 

.0403 

1.024 

1.864 

1 .568 

1 1.776 

19. 

0.0359 

0.9116 

1.660 

.506 

' 1.582 

20 . 

.0320 

.8118 

1 1.480 

1 .451 

1.410 

21 . 

.0285 

.7230 

1 1.318 

' .402 

1.256 

22 . 

.0253 

,6438 

I 1.170 

.3567 

1.115 

23. 

.0226 

.5733 

1.045 

.3186 

0.996 

24 . 

.0201 

.5106 

0.930 

.2834 

.886 

25 . 

.0179 

,4547 

.828 

.2524 

.789 

26. 

.0159 

.4049 

.735 

.2242 

.701 

27. 

.0142 

.3606 

.657 

.2002 

.626 

28. 

.0126 

.3211 

.583 

.1776 

.555 

29. 

.0113 

.2859 

.523 

. 1593 

.498 

30. 

.0100 

.2546 

.4625 

. 1410 

.4406 

31. 

.00893 

.2268 

.4130 

.1259 

.3935 

32. 

.00795 

.2019 

..W7 

.1121 

.3503 

33. 

.00708 

.1798 

. 3274 

.0998 

.3119 

34. 

.Of630 

. 1601 

.2914 

.0888 

.2776 

35 . 

.00561 

. 1426 

.2595 

.0791 

.2472 

36 . 

.00500 

.1270 

.2312 

.0705 

.2203 

37 . 

.00445 

.1131 

.2058 

.0627 

. 1961 

38 . 

.00397 

. 1007 

. 1836 

.0560 

. 1749 

39 .. 

.00353 

.0897 

.1633 

.0498 

.1555 

40 . 

.00314 

.0799 

. 1452 

.0443 

. 1383 


* Assumed specific gravities or densities in grams per cubic centimeter; Copper, 8.89; Alumi* 
num, 2.71; brass, 8.47. 


Wire Gages 

The sizes of wires having a diameter less than 1/2 inch are usually stated in terms of 
certain arbitrary scales called “gages.'’ The size or gage number of a solid wire refers 
to the cross-section of the wire perpendicular to its length; the size or gage number of a 
stranded wire refers to the total cross-section of the constituent wires, irrespective of the 
pitch of the spiraling. Larger wires arc usually described in terms of their area expressed 
in circular mils. A circular mil is the area of a circle 1 mil in diameter, and the area of 
any circle in circular mils is equal to the square of its diameter in mils. 

There are a number of wire gages in use, the principal ones being the following: 

American or Brown and Sharpe Wire Gage.—This gage is the one commonly used in 
the United States for copper, aluminum and resistance wires. The gage is designated by 
either of the abbreviations A.W.G. or B. & S. 
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Basis of tha A.'W'.G. or B. & S. Gage.—The diameters of wires having successive 
numbers on this gage are in the ratio of V92 (« 1.1229 approx.) to 1, and the No. 36 
wire has a diameter of 5 mils. No. 36 A.W.G., therefore, has a diameter of 6 X 1.1229 
ae 5.61 mils and so on until No. 0000 is reached, having a diameter of 460 mils. 

The ratio v92 is approximately equal to y/2, which is 1.1225. This circumstance 
makes it possible to have a group of wires of regular gage sise with an aggregate area 
approximately equal to that of another regular gage size. For example, a reduction of 
three gage numbers (as from gage No. 36 to No. 33) results in a new gage number represent¬ 
ing a diameter approximately V2 times that represented by the original gage number—or 
an area approximately two times as great. 

The following approximate relations are also useful: 

An increase of 1 in the number increases the resistance 25 per cent. 

An increase of 2 in the number increases the resistance 60 per cent. 

An increase of 3 in the mimbcr increases the resistance 100 per cent. 

An increase of 10 in the number increases the resistance 10 times. 

A No. 10 A.W.G. copper wire has the following approximate characteristics: 

Ohms per 1000 feet. 1 

Circular mils area. 10,000 

Weight, pounds per 1000 feet. 32 

A No. 10 A.W.G. aluminum wire has the following approximate characteristics: 

Ohms per 1000 feet. 1.6 

Circular mils area. 10,000 

Weight, pounds per 1000 feet. 9.5 

Remembering these rules it is easy to find the approximate size, resistance, area, or 
weight of any size wire. For example, a No. 12 A.W.G. copper wire has a resistance of 
1 plus 60 per cent — 1.6 ohms per 1000 ft approximately. Its area, being inversely as 
its resistance, is 10,000/1.6 * 6250 circular mils; its diameter is therefore V6250 *» 79 
mils and its weight, 32/1,6 =* 20 pounds per 1000 feet. 

U. S. Steel Wire Gage.—This gage, known also as the “Washburn and Moen,” “Roeb- 
ling,“ “American Steel and Wire Co.’s gage,’’ is the one usually employed in the United 
States for steel and iron wire. It is frequently abbreviated “S.W.G.,’’ but to avoid con¬ 
fusion with the British Standard Wire Gage (sec bdow) it should be abbreviated “Stl. 
W.G.’’ or “A. (steel) W.G.’’ 

Birmingham (or Stubs’ Iron) Wire Gage.—This gage is still used in the United States 
for some purposes, e.g., to designate the size of brass wire, and is also employed to a 
limited extent in Great Britain. It is usually abbreviated “B.W.G.” It is sometimes 
referred to as the “Stubs’ Iron Wire Gage,’’ but it should not be confused with the Stubs’ 
Steel Wire Gage. 

British Standard Wire Gage.rrr-This gage, usually called simply the “Standard Wire 
Gage,’’ and abbreviated “S.W.G.” is also known as the “New British Standard” (ab¬ 
breviated “N.B.S.”), the English Legal Standard, or the Imperial Wire Gage, and is the 
legal standard of Great Britain for all wdres, as fixed by order in Council, August 23, 
1883. It was constructed by modifying the Birmingham Wire Gage, so that the differ¬ 
ences between successive diameters were the same for short ranges, i.e., so that a graph 
representing the diameters consists of a series of a few straight lines. 

Edison Wire Gage.—The size of a wire on this gage is equal to its cross-sectional area 
in circular mils divided by 1000. For example, a solid wire 0.2 inch in diameter has 
the number (200)2/1000 = 40. This gage is now rarely used. 

Metric Wire Gage.—The gage numlxir is ten times the diameter in millimeters. 

Other Gages.—In addition wire sizes are sometimes specified in terms of the “Old 
English Wire Gage,” known also as the “London Gage,” and the “Stubs’ Steel Wire 
Gage.” The Old English Wire Gage is the same as B.W.G. for all gage numbers under 20. 

Comparison of Wire Gages.—A comparison of the different gages, in terms of the 
diameters (in mils or thousandths of an inch) of solid wires corresponding to the various 
numbers, is given in Table 63. The cross-section in circular mils is the square of the 
diameter in mils. 
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Table 63. Comparison of Wire Gage Diameters in Mils 


(Bureau of Standards, Circulars No. 31 and No. 67) 


Gage 

No. 

American 

wire 

1 gage 
(B. & S.) 

Steel 

wire 

gage 

Birming¬ 
ham wire 
gage 
(Stubs') 

Old 

English 
wire gage 
(London) 

Stubs’ 

steel 

wire 

gage 

(British) 

Standard 

wire 

gage 

Metrio 
gage * 

Gage 

No. 

7-0 


490.0 




500 


7-0 

6-0 


461.5 




464 


6-0 

5-0 


430.3 




432 


VO 

4-0 

460 

393.8 

454 

454 


400 


4-0 

3-0 

410 

362.5 

425 

425 


372 


3-0 

2-0 

365 

331.0 

380 

380 


348 


2-0 

0 

325 

306.5 

340 

340 


324 


0 

1 

289 

283.0 

300 

300 

227 

300 

3.94 

1 

2 

258 

262.5 

284 

284 

219 

276 

7.87 

2 

3 

229 

1 243.7 

259 

259 

212 

252 

11.8 

3 

4 

204 

225.3 

238 

238 

207 

232 

15.7 

4 

5 

182 

1 207.0 

220 

220 

204 

212 

19.7 

5 

6 

162 

' 192.0 

203 

203 

201 

192 

23.6 

6 

7 

144 

177.0 

180 

180 

199 

176 

27.6 

7 

8 

128 

162.0 

165 

165 

197 

160 

31.5 

8 

9 

114 

148.3 

148 

148 

194 

144 

35.4 

9 

10 

102 

135.0 

134 

134 

191 

128 

39.4 

10 

11 

91 

120.5 

120 

120 

188 

116 


11 

12 

81 

105.5 

109 

109 

185 

104 

47.2 

12 

13 

72 

91.5 

95 

95 

182 

92 


13 

14 

64 

80.0 

83 

83 

180 

80 

55.1 

14 

15 

57 

72.0 

72 


178 

72 


15 

16 

51 

62.5 

65 

65 

175 

64 

63.0 

16 

17 

45 

54.0 

58 

58 

172 

56 


17 

18 

40 

47.5 

49 

49 

168 

48 

70.9 

18 

19 

36 

41.0 

42 

42 

164 

40 


19 

20 

32 

34.8 

35 

35 

161 

36 

78.7 

20 

21 

28.5 

31.7 

32 

31.5 

157 

32 


21 

22 

25.3 

28.6 

28 

29.5 

155 

28 


22 

23 

22.6 

25.8 

25 

27.0 

153 

24 


23 

24 

20 . 1 

23.0 

22 

25 0 

151 

22 


24 

25 

17.9 

20.4 

20 

23.0 

148 

20 

98.4 

25 

26 

15.9 

18.1 1 

18 1 

20.5 

146 

18 


26 

27 

14.2 

17.3 

16 

18.75 

143 

16.4 


27 

28 

1 12.6 

16.2 

14 

16.30 

139 

14.8 


28 

29 

11.3 

15.0 


15.50 

134 

13.6 


29 

30 

10.0 

14.0 1 

12 

13.75 

127 

12.4 

118 

30 

31 

8.9 

13.2 

10 

12.25 

120 

11.6 


31 

32 

8.0 

12.8 

9 

11.25 

115 

10.8 


32 

33 

7.1 

11.8 

8 

10.25 

112 

10.0 


33 

34 

6.3 

10.4 

7 

9.50 

110 

9.2 


34 

35 i 

5.6 

9.5 

5 

9.00 , 

108 

8.4 

138 

35 

36 

5.0 

9.0 

4 

7.50 : 

106 

7.6 


36 

37 

4.5 

8 . 5 


6.50 

103 

6.8 


37 

38 

4.0 

8.0 


5.75 

lot 

6.0 


38 

39 

3. 5 

7.5 


5.00 1 

99 

5.2 


39 

40 

3. 1 

7.0 


4.50 

97 

4.8 

157 

40 

41 


6.6 



95 

4.4 


41 

42 


6 . 2 



92 

4.0 


42 

43 


6.0 



8 S 

3.6 


43 

44 


5.8 



85 

3.2 


44 

45 


5.5 



81 

2.8 

177 

45 

46 


5.2 



79 

2.4 


46 

47 


5.0 


. 

77 

2.0 

. 

47 

48 


4.8 



75 

1.6 


48 

49 


4.6 



72 

1.2 


49 

50 


4.4 1 



69 

1.0 

197 

50 


* For diameters corresponding to metric gage numbers, 1.2,1.4, 1.6, 1.8, 2.6, 3.5, and 4.5, divide 
those of 12, 14, etc., by ten. 
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STANDARD STRUCTURAL SIZES 

Steel Sections. Tables 64 to 70 give the dimensions, weights, and properties of 
roUed ated structural sections, including wide-flange sections, American standard beams, 
channels, angles, tees, and zees. The values for the various structural forms, taken from 
the January 1934 edition of “Steel Construction,” by the kind permission of the publisher, 
the American Institute of Steel Construction, give the section specifications required in 
designing steel structures. The theory of design is covered in Section 5. 

Most of the sections can be supplied jiromptly by the Bethlehem, Carnegie, and 
Illinois Steel Company mills. Owing to variations in the rolling practice of the different 
mills, their products are not identical, til though their divergence from the values given 
in the tables is practically negligible. For standardization, only the lesser values are 
given, and therefore they are on the side of safety. 

Further information on sections listed in the tables, together with information on other 
products and on the requirements for placing orders, may be gathered from mill catalogs. 

Aluminum Sections. Tables 64 to 70 for structural-steel sections are roughly applicable 
to aluminum sections with the following reservations: 

(a) Aluminum widc-flaiige beams are not readily available in the largo variety of 
sizes given for steel sections. The aluminum beams coming closest to the wide flange 
steel beams are a short series of “H” l^eams in sizes 4 X 4, 6 X 5, 6 X 6, and 8X8. 
For the specifications of this series see the catalog of any aluminum rolling mill. 

(b) In the other shapes of beams, sizes approximating the following steel sizes are 
available in aluminum. 

1. American standard beams; 12 X 5 V 4 , 12 X 5, and 10 X 4 ®/ 4 . 

2. Channels; 12 X 3, 10 X 2 ^/g, 9X2 1 / 2 , and 8X2 1/4- 

3. Angles with equal legs; most sizes up to and including 6 X 6, in thicknesses up 

to 3/4 in. 

4. Angles with unequal legs; most sizes up to and including 6 X 4, in thicknesses 

up to 3 / 4 . in. 

5. Tees; almost all sizes. 

6. Zees; almost all sizes. 

(c) The tabulated values for steel sections, with the exception of weight, may be used 
in approximate calculations for aluminum sections since there is usually less than 2 per 
cent difference between the aluminum and steel values. In most cases the aluminum 
value is slightly higher and therefore on the safe side. On the average, the weights of the 
aluminum sections are 0.356 the weights of the corresponding steel sections. 

For information about other standard aluminum sections and for more accurate values 
than those corresponding to the steel tables see the catalog of any aluminum rolling mill. 



Table 64. 

Properties of Wide Flange Sections 


X” 


-X 


Y 


Nominal 

Wt 

Area 

of 

Depth 

of 

Flanj?c 

Web i 

Ards X-K 

Axis Y- 

Y 



Thick¬ 

ness, 







Size, 

per 

Foot, 

Sec¬ 

tion, 

Sec¬ 

tion, 

Width, 

Thick¬ 

ness, 

/, 

s, 

k, 

I, 

s, 

k. 

in. 

lb 

iu.2 

in. 

in. 

in. 

in. 

in.^ 

in.'’ 

in. 

in.4 

in.'’ 

in. 

36 X 161/2 

300 

88.17 

36.72 

16.655 

1.680 

0.945 

20290.2 

1105. 1 

15. 17 

1225.2 

147.1 

3.73 

280 

82.32 

36.50 

16.595 

1.570 

.885 

18819.3 

1031.2 

15.12 

1127.5 

135.9 

3.70 


260 

76.56 

36.24 

16.555 

1.440 

.845 

17233.8 

951.1 

15.00 

1020.6 

123.3 

3.65 


250 

73.49 

36. 12 

16.525 

1.380 

.815 

16465.9 

911.7 

14.97 

969.6 

117.4 

3.63 


240 

70.60 

36.00 

16.300 

1.320 

.790 

15724.0 

873.6 

14,92 

920.1 

111.5 

3.61 


230 

67.73 

35.88 

16.475 

1.260 

.765 

14988.4 

835.5 

14.88 

870.9 

105.7 

3.59 

36X12 

194 

57.11 

36.48 

12.117 

1.260 

' .770 

12103.4 

663.6 

14.56 

355.4 

58.7 

2.49 


182 

53.54 

36.32 

12.072 

1.180 

.725 

11281.5 

621.2 

14.52 

327.7 

54.3 

2.47 


170 

49.98 

36.16 

12,027 

1.100 

.680 

10470.0 

579.1 

14.47 

300.6 

50.0 

2.45 


160 

47.09 

36.00 

12.000 

1.020 

.653 

9738.8 

541.0 

14.38 

275.4 

45.9 

2.42 


150 

44 16 

35.84 

11.972 

.940 

.625 

9012.1 

502.9 

14.29 

250.4 

41.8 

2.38 
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Table 64. Properties of Wide PUnge Seetioas—Continued 


Nominal 

1 Wt. 

Area 

of 

Depth 

of 

1 Flange j 

1 Web 
Thick¬ 
ness, 

j Axis X-X 

1 Axis r- 

r 









Size, 

per 

Foot, 

Sec¬ 

tion! 

Sec¬ 

tion, 

Width. 

Thick¬ 

ness, 

! Is 


k, 


5, 

k, 

in. 

lb. 

in.2 

in. 

in. 

in. 

in. 

in.4 

in.* 

in. 

in.4 

in.* 

in. 

33 X 153/4 

240 

70.52 

33.50 

15.865 

1.400 

.830 

13585.1 

811.1 

13.88 

874.3 

110.2 

3.52 

220 

64.73 

33.25 

15.810 

1.275 

.775 

12312.1 

740.6 

13.79 

782.4 

99.0 

3.48 


210 

61.78 

33.12 

15.783 

1.210 

.748 

11664.5 

704.4 

13.74 

735.6 

93.2 

3.45 


200 

58.79 

33.00 

15.750 

1.150 

.715 

11048.2 

669.6 

13.71, 

691.7 

87.8 

3.43 

33 X 111/2 

152 

44.71 

33.50 

11.565 

1.055 

.635 

8147.6 

486.4 

13.501 

256.1 

44.3 

2.39 


14! 

41.51 

33.31 

ill.535 

.960 

.605 

7442.2 

446.8 

13.39 

229.7 

39.8 

2.35 


132 

38.84 

33.15 

11.510 

.880 

.580 

6856.8 

413.7 

13.29 

207.8 

36.1 

2.31 


125 

36.78 

33.00 

11.300 

.805 

.570 

! 6354.7 

385.1 

13.14 

188.2 

32.7 

2.26 

30 X 15 

210 

61.78 

30.38 

15.105 

1.315 

.775 

9872.4 

649.9 

12.64 

707.9 

93.7 

3.38 


200 

58.76 

30.25 

15.070 

1.250 

.740 

9340.5 

617.6 

12.61 

665.7 

88.3 

3.37 


190 

55.90 

30.12 

15.040 

1.185 

.710 

8825.9 

586.1 

12.57 

624.6 

83.1 

3.34 


180 

52.89 

30.00 

15.000 

1.125 

.670 

8328.2 

555.2 

12.55 

585.6 

78.1 

3.33 


172 

50.65 

29.88 

14.985 

1.065 

.655 

7891.5 

528.2 

12.48 

550.1 

73.4 

3.30 

30 X 101/2 

132 

38.83 

30.30 

10.551 

1.000 

.615 

5753.1 

379.7 

12.17 

185.0 

35.1 

2.18 


124 

36.45 

30.16 

10.521 

.930 

.585 

5347.1 

354.6 

12. 11 

169.7 

32.3 

2.16 


116 

34.13 

30.00 

10.500 

.850 

.564 

4919.1 

327.9 

12.00 

153.2 

29.2 

2. 12 


108 

31.77 

29.82 

10.484 

.760 

1 .548 

4461.0 

299.2 

11.85j 

135.1 

25.8 

2.06 

77 X 14 

177 

52.10 

27.31 

14.090 

1.190 

.725 

6728.6' 

492.8 

11.36 

518.9 

73.7 

3.16 


163 

47.93 

27.12 

14.035 

1.095 

.670 

6141.5 

452.9 

11.32 

468.7 

66.8 

3.13 


154 

45.30 

27.00 

14.000 

1.035 

.635 

5775.8 

427.8 

11.29 

437.6 

62.5 

3.11 


145 

42.68 

26.88 

13.965 

.975 

.600 

5414.3 

402.9 

11.26 

406.9 

58.3 

3.09 

27 X 10 

114 

33.53 

27.28 

10.070 

.932 

.570 

4080.5 

299.2 

11.03 

149.6 

29.7 

2.11 


106 

31.17 

27.14 

10.035 

.862 

.535 

3761.2 

277.2 

10.98 

136.1 

27.1 

2.09 


98 

28.82 

27.00 

10.000 

.792 

.500 

3446.5 

255.3 

10.94 

122.9 

24.6 

2.07 


91 

26.77 

26,84 

9.983 

.712 

.483 

3129.2 

233.2 

10.81 

109.0 

21.8 

2.02 

24 X 14 

160 

47.04 

24.72 

14.091 

1.135 

.656 

5110.3 

413.5 

10.42* 

492.6 

69.9 

3.23 


150 

44.10 

24.56 

14.063 

1.055 

.628 

4733.5 

385.5 

10.36 

452.5 

64.3 

3.20 


140 

41.16 

24.41 

14.029 

.980 

.594 

4376.1 

358.6 

10.31 

414.5 

59. 1 

3.17 


130 

38.21^ 

24.25 

14.000 

.900 

.565 

4009.5 

330.7 

10.24| 

375.2 

53.6 

3.13 

24 X 12 

120 

35.29 

24.31 

12.088 

.930 

.556 

3635.3 

299.1 

10.15 

254.0 

42.0 

2.68 


110 

32.36 

24.16 

12.042 

.855 

.510 

3315.0 

274.4 

10.12 

229. 1 

38.0 

2.66 


100 

29.43j 

24.00 

12.000 

.775j 

.468 

2987.3| 

248.9 

10.08 

203.5 

33.9 

2.63 

24 X 9 

94 

27.63 

24.29 

9,061 

. 872 ! 

.516 

2683.0 

220.9 

9.85 

102.2* 

22.6 

1.92 


87 

25.58 

24. 16 

9.025 

.807 

.480 

2467.8 

204.3 

9.82 

92.9 

20.6 

1.91 


80 

23.54 

24.00 

9.000 

.727 

.455 

2229.7 

185.8 

9.73 

82.4 

18.3 

1.87 

1 

74 

21.77 

23.87 

8.975 

.662 

.430 

2033.8j 

170.4 

9.67 

73.8 

16.5 

1.84 

21 X 13 

142 

41.76 

21.46 

13.132 

1.095 

.659 

3403.1* 

317.2 

9.03* 

385.9 

58.8 

3.04 


132 

38.81 

21.31 

13.087 

1.020 

.614 

3141.6 

294.8 

9.00 

353.8 

54. 1 

3.02 


122 

35.85 

21.16 

13.040 

.945’ 

.567 

2883.2 

272.5 

8.97 

322.1 

49.4 

3.00 


112 

32.93 

21.00 

13.000 

.865 

.527 

2620.6 

249.6 

8.92 

289.7 

44.6 

2.96 

21 X 9 

103 

30.27 

21.29 

9.071 

1.010 

0.608* 

2268.0 

213.1 

8.66 

119.9 

26.4 

1 1.99 


96 

28.21 

21.14 

9.038 

0.935 

.575 

2088.9 

197.6 

8.60 

109.3 

24.2 

1.97 


89 

26.15 

21.00 

9.000 

.865 

.537 

1919.2 

182.8 

8.57 

99.4 

22. 1 

1.95 


82 

24.10 

20.86 

8.962 

.795 

.499 

1752.4 

168.0 

8.53 

89.6 

20.0 

1.93 

21 X 81/4 

73 

21.46 

21.24 

8.295 

.740 

.455 

1600.3 

150.7 

8.64 

66.2 

16.0 

1.76 


68 

20.02 

21,13 

8.270 

.685 

.430 

1478.3 

139.9 

8.59 

60.4 

14.6 

1.74 


63 

18.52 

21.00 

8.250 

.620 

.410 

1343.6 

128.0 

8.52 

53.8 

13.0 

1.70 


59 

17.36 

20.91 

8.230 

.575 

.390 

1246.8 

119.3 

8.47 

49.2 

12.0 

1.68 

18 X 113/.1 

124 

36.45 

18.64 

11.889 

1,071 

.651 

2227.1 

239.0 

7.82 

281.9 

47.4 

2.78 


114 

33.51 

18.48 

11.833 

.991 

.595 

2033.8 

220.1 

7.79 

255.6 

43.2 

2.76 


105 

30.86 

18.32 

11.792 

.911 

.554 

1852.5 

202.2 

7.75 

231.0 

, 39.2 

2.73 


96 

28.22 

18.16 

11.750 

.831 

.512 

1674.7 

184.4 

7.70 

206.8 

: 35.2 

2.71 

18 X 83/4 

85 

24.97 

18.32 

8.838 

.911 

.526 

1429.9 

156.1 

7.57 

99.4 

22.5 

2.00 


77 

22.63 

18.16 

8.787 

.831 

.475 

1286.8 

141.7 

7.54 

88.6 

20.2 

1.98 


70 

20.56 

18.00 

8.750 

.751 

.438 

1153.9 

128.2 

7.49 

78.5 

17.9 

1.95 


64 

18.80 

17.87 

8.715 

.686 

.403 

1045.8 

117.0 

7.46 

70.3 

16.1 

1.93 

18X71/2 

55 

16.19 

18.12 

7.532 

.630 

.390 

889.9 

98.2 

7.41 

42.0 

11.1 

1.61 


50 

14.71 

18.00 

7.500 

.570 

.358 

800.6 

89.0 

7.38 

37.2 

9.9 

1.59 


47 

13.81 

17.90 

7.492 

.520 

.350 

736.4 

82.3 

7.30 

33.5 

9.0 

1.56 
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Table 64. Properties of Wide Flaage Sectione —CorUinued 


Nominal 

Wt. 

Area 

of 

Depth 

of. 

i| Flange 

Web 

( Axis X-X 

1 Axis r-: 

Y 

per 

Foot, 



Thick¬ 

ness, 







Size. 

Sec¬ 

tion, 

Sec¬ 

tion, 

Width, 

Thick¬ 

ness, 

1, 


k. 

/. 

s. 

k, 

in. 

lb. 

in.s 

in. 

in. 

in. 

in. 

in.* 

in.* 

in. 

in.* 

in.* 

in. 

16 X n 1/2 

IM 

33.51 

16.64 

11.629 

1.035 

.631 

1642.6 

197.4 

7.00 

254.6 

43.8 

2.76 


105 

30.87 

16.48 

11.582 

.955 

.584 

1497.5 

181.7 

6.96 

230.7 

39.8 

2.73 


96 

28.22 

16.32 

11.533 

.875 

.535 

1355.1 

166.1 

6.93 

207.2 

35.9 

2.71 


88 

25.87 

16.16 

11.302 

.795 

.504 

1222.6 

151.3 

6.87 

185.2 

32.2 

2.67 

16 X 81/2 

78 

22.92 

16.32 

8.586 

.875 

.529 

1042.6 

127.8 

6.74 i 

87.5 

20.4 

1.95 

71 

20.86 

16.16 

8.543 

.795 

.486 

936.9 

115.9 

6.70 

77.9 

18.2 

1.93 


64 

18.80 

16.00 

8.500 

.715 

.443 

833.8 

104.2 

6.66 

68.4 

16.1 

1.91 


58 

17.04 

15.86 

8.464 

.645 

.407 

746.4| 

94.1 

6.62 

60.5 

14.3 

1.88 

16 X 7 

50 

14.70 

16.25 

7.073 

.628 

.380 

655.4* 

80.7 

6.68 

34.8 

9.8 

1.54 

45 

13.24 

16.12 

7.039 

.563 

.346 

583.3 

72.4 

6.64 

30.5 

8.7 

1.52 


40 

11.77 

16.00 

7.000 

.503 

.307 

515.5 

64.4 

6.62 j 

26.5 

7.6 

1.50 


36 

10.59 

15.85 

6.992, 

.428 

.299 

445.3 

56.3 

6.49 

22.1 

6.3 

1.45 

MX 16 

426 

125.25 

18.69 

16.695 

3.033 

1.875 

6610.3 

707.4 

7.26 

2359.5 

282.7 

4.34 

412 

121.15 

18.50 

16.645 

2.938 

1.825 

6309.7 

682.1 

7.22 

2264.9 

272.1 

4.32 


398 

116.98 

18.31 

16.590 

2.843 

1.770 

6013.7 

656.9 

7.17 

2169.7 

261.6 

4.31 


384 

112.93 

18.12 

16.540 

2.748 

1.720 

5727.5 

632.2 

7.12 

2078.I 

251.3 

4.29 


370 

108.78 

17.94 

16.475 

2.658 

1.655 

5454.2 

608.1 

7.08 

1986.0 

241.1 

4.27 


356 

104.68 

17.75 

16.420 

2.563 

1.60r 

5179.4 

583.6 

7.03 

1895.7 

230.9 

4.26 


342 

100.59 

17.56 

16.365 

2.468 

1.545 

4911.5 

559.4 

6.99 

1806.9 

220.8 

4.24 


328 

96.43 

17.38 

16.295 

2.378 

1.475 

4656.1 

535.8 

6.95 

1718.5 

210.9 

4.22 


3M 

92.30 

17.19 

16.235 

2.283 

1.415 

4399.4 

511.9 

6.90 

1631.4 

201.0 

4.20 


300 

88.20 

17.00 

16.175 

2.188 

1.355 

4149.5 

488.2 

6.86 

1546.0 

191.2 

4.19 


287 

84.37 

16.81 

16.130 

2.093 

1.310 

3912.I 

465.5 

6.81 

1466.5 

181.8 

4.17 


273 

80.22 

16.62 

16.065 

1.998 

1.245 

3673.2 

442.0 

6.77 

1382.9 

172.2 

4.15 


264 

77.63 

16.50! 

16.025 

1.938 

I 1.205 

3526.0 

427.4 

6.74 

1331.2 

166.1 

4.14 


255 

74.98 

16.37 

15.990 

1.873 

1 1.170 

3372.6 

412.0 

6.71 

1278.1 

159.9 

4.13 


246 

72.33 

16.25 

15.945 

1.813 

! 1.125 

3228.9 

397.4 

6.68 

1226.6 

153.9 

4.12 


237 

69.69 

16.12 

15.910 

1.748 

1.090 

3080.9 

382.2 

6.65 

1174.8 

147.7 

4.11 


228 

67.06 

16.00 

15.865 

1.688 

1.045 

2942.4 

367.8 

6.62 

1124.8 

141.8 

4.10 


219 

64.36 

15.87 

15.825 

1.623 

1.005 

2798.2 

352.6 

6.59 

1073.2 

135.6 

4.08 


211 

62.07 

15.75 

15.800 

1.563 

.960 

2671.4 

339.2 

6.56 

1028.6 

130.2 

4.07 


202 

59.39 

15.63 

15.750 

1.503 

.930 

2538.8 

324.9 

6.54 

979.7 

124.4 

4.06 


193 

56.73 

15.50 

15.710 

1.438 

.890 

2402.4 

310.0 

6.51 

930.1 

118.4 

4.05 


184 

54.07 

15.38 

15.660 

1.378 

.840 

2274.8 

295.8 

6.49 

882.7 

112.7 

4.04 


176 

51.73 

15.25 

15.640 

1.313 

.820 

2149.6 

281.9 

6.45 

837.9 

107.1 

4.02 


167 

49.09 

15.12 

15.600 

1.248 

.780 

2020.8 

267.3 

6.42 

790.2 

I0I.3 

4.01 


158 

46.47 

15.00 

15.550 

1.188 

.730 

1900.6 

253.4 

6.40 

745.0 

95.8 

4.00 


150 

44.08 

14.88 

15.515 

1.128 

.695 

1786.9 

240.2 

6.37 

702.5 

90.6 

3.99 


142 

41.85 

14.75 

15.500 

1.063 

.680 

1672.2 

226.7 

6.32 

660.1 

85.2 

3.97 


* 320 

94.12 

16.81 

16.710 

2.093 

1.890 

4141.7 

492.8 

6.63 

1635.1 

195.7 

4.17 

MX 141/2 

136 

39.98 

14.75 

14.740 

1.063 

.660 

1593.0 

216.0 

6.31 

567.7 

77.0 

3.77 

127 

37.33 

14.62 

14.690 

.998 

.610 

1476,7 

202.0 

6.29 

527.6 

71.8 

3.76 


1 119 

34.99 

14.50 

14.650 

.938 

.570 

1373.1 

189.4 

6.26 

491.8 

67.1 

3.75 

14 X 141/2 

III 

32.65 

14.37 

14.620 

0.873 

0.540 

1266.5 

176.3 

6.23 

454.9 

62.2 

3.73 

103 

30.26 

14.25 

14.575 

.813 

.495 

1165.8 

163.6 

6.21 

419.7 

57.6 

3.72 


95 

27.94 

14. 12 

14.545 

.748 

.465 

1063.5 

150.6 

6.17 

383.7 

52.8 

3.71 


87 

25.56 

14.00 

14.500 

.688 

.420 

966.9 

138. 1 

6.15 

349.7 

48.2 

3.70 

MX 12 

84 

24.71 

14.18 

12.023 

.778 

.451 

928.4 

130.9 

6.13 

225.5 

37.5 

3.02 

78 

22.94 

14.06 

12.000 

.718 

.428 

851.2 

121.1 

6.09 

206.9 

34.5 

3.00 

MX 10 

74 

21.76 

14.19 

10.072 

.783 

.450 

796.8 

112.3 

6.05 

133.5 

26.5 

2.48 

68 

20.00 

14.06 

10.040 

.718 

.416 

724.1 

103.0 

6.02 

121.2 

24.1 

2.46 


61 

17.94 

13.91 

10.000 

.643 

.378 

641.5 

92.2 

5.98 

107.3 

21.5 

2.45 

MX 8 

58 

17.06 

14.06 

8.098 

.718 

.406 

597.9 

85.0 

5.92 

63.7 

15.7 

1.93 

53 

15.59 

13.94 

8.062 

.658 

.370 

542.1 

77.8 

5.90 

57.5 

14.3 

1.92 


48 

14.11 

13.81 

8.031 

.593 

.339 

484.9 

70.2 

5.86 

51.3 

12.8 

1.91 


43 

12.65 

13.68 

8.000 

.528 

.308 

429.0 

62.7 

5.82 

1 45.1 

11.3 

1.89 

MX 68/4 

42 

12.34 

14.24 

6.801 

.573 

.338 

432.2 

60.7 

5.92 

28.1 

8.3 

1.51 

38 

11.17 

14.12 

6.776 

.513 

.313 

385.3 

54.6 

5.87 

24.6 

7.3 

1.49 


34 

10.00 

14.00 

6.750 

.453 

.287 

339.2 

48.5 

5.83 

21.3 

6.3 

1.46 


30 

8.81 

13.86 

6. 733 

.383 

.270 

289.6 

41.8 

5.73 

17.5 

5.2 

1.41 


* Core column section. 
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Table G4« Properties of Wide Flange Sections —Continued 


Nominal 

Wt. 

Area 

of 

Depth 

of 

Flange | 

i Web 
Thick- 
neea, 

Axis X-X 

Aria r-r 

1 








Size, 

per 

Foot, 

Sec¬ 

tion, 

Sec- 
1 tion, 

Width, 

Thick- 

11688 , 

i -f. 

s , 


J, 

S, 

fc. 

in. 

lb. 

in.* 

in. 

in. 

in. 

in. 

1 in.< 

in.* 

in. 

in.'* 

in.® 

in. 

12X 12 

190 

55.86 

14.38 

12.670 

1.736 

1.060 

1892.5 

263.2 

5.82 

589.7 

93. 1 

3.25 


176 

51.79 

14.12 

12.615 

1.606 

1.005 

1712.5 

242.6 

5.75 

538.4 

85.4 

3.22 


161 

47.38 

13.88 

12.515 

1.486 

.905 

1541.8 

222.2 

5.70 

486.2 

77.7 

3.20 


147 

43.24 

13.62 

12.450 

1.356 

.840 

1374.4 

201.8 

5.64 

I 436.8 

70.2 

3.18 


133 

39.11 

13.38 

12.365 

1.236 

.755 

1221.2 

182.5 

5.59 

1 389.9 

63.1 

3.16 


120 

35.31 

13.12 

12.320 

1.106 

.710 

1071.7 

163.4 

5.51 

345.1 

56.0 

3.13 


106 

31.19 

12.88 

12.230 

.986 

.620 

930.7 

144.5 

5.46 

300.9 

49.2 

3.11 


99 

29.09 

12.75 

12.190 

.921 

.580 

858.5 

134.7 

5.43 

278.2 

45.7 

3.09 


92 

27.06 

12.62 

12.155 

.856 

.545 

788.9 

125.0 

5.40 

256.4 

42.2 

3.08 


85 

24.98 

12.50 

12.105 

.796 

.495 

723.3 

115.7 

5.38 

235.5 

38.9 

3.07 


79 

23.22 

12.38 

12.080 

.736 

.470 

663.0 

107.1 

5.34 

216.4 

35.8 

3.05 


72 

21.16 

12.25 

12.040 

.671 

.430 

597.4 

97.5 

5.31 

195.3 

32.4 

3.04 


65 

19.11 

12.12 

12.000 

.606 

.390 

533.4 

88.0 

5.28 

174.6 

29.1 

3.02 

12 X 10 

64 

18.83 

12.31 

10.060 

.701 

.405 

528.3 

85.8 

5.29 

119 . 0 ' 

23.7 

2.51 


58 

17.06 

12.19 

10.014 

.641 

.359 

476.1 

78.1 

5.28 

107.4 

21.4 

2.51 


53 

15.59 

12.06 

10.000 

.576 

.345 

426.2 

70.7 

5.23 

96.1 

19.2 1 

2.48 

12X B 

50 

14.71 

12.19 

8,077 

.641 

.371 

394.5 

64.7 

5.18 

56.4 

14.0 

1.96 


45 

13.24 

12.06 

8,042 

.576 

.336 

350.8 

58.2 

5. 15 

50.0 

12.4 

1.94 


40 

11.77 

11.94 

8.000 

.516 

.294 

310.1 

51.9 

5.13 

44.1 

11.0 

1.94 

12 X 61/2 

36 

10.59 

12.24 

6.565 

.540 

.305 

280.8 

45.9 

5.15 

23.7 

7.2 

1.50 


32 

9.41 

12. 12 

6.533 

.480 

.273 

246.8 

40.7 

5. 12 

20.6 

6.3 

1.48 


28 

8.23 

12.00 

6.500 

.420 

.240 

213.5 

35.6 

5.09 

17.5 

5.4 

1.46 


25 

7.39 

11.87 

6.500 

.355 

.240 

183.4j 

30.9 

4.98 

14.5 

4.5 

1.40 

10 X 10 

136 

40.03 

11.88 

10.575 

1.498 

.915 

917.2 

154.4 

4.79 

295.9 

56.0 

2.72 


124 

36,46 

11.62 

10.505 

1.368 

.845 

813. 1 

139.9 

4.72 

264.8 

50.4 

2.69 


112 

32,92 

11.38 

10.415 

1.248 

.755 

718.7 

126.3 

4.67 

235.4 

45.2 

2.67 


100 

29.43 

11.12 

10.345 

1.118 

.685 

625.0 

112.4 

4.61 

206.6 

39,9 

2.65 


89 

26.19 

10.88 

10.275 

.998 

.615 

542.4 

99.7 

4.55 

160.6 

35.2 

2.63 


77 

22.67 

10.62 

10.195 

.868 

.535 

457.2 

86.1 

4.49 

153.4 

30.1 

2.60 


72 

21.18 

10.50 

10.170 

.808 

.510 

420.7 

80.1 

4.46 

141.8 

27.9 

2.59 


66 

19.41 

10.38 

10.117 

.748 

.457 

382.5 

73.7 

4.44 

129.2 

25.5 

2.58 


60 

17.66 

10.25 

10.075 

.683 

.415 

343.7 

67. 1 

4.41 

116.5 

23,1 

2.57 


54 

13.88 

10. 12 

10.028 

.618 

.368 

305.7 

60.4 

4.39 

103.9 

20.7 

2.56 


49 

14.40 

10.00 

10.000 

.558 

.340 

272.9 

54.6 

4.35 

93.0 

18.6 

2.54 

10 X 8 

45 

13.24 

10.12 

8.022 

.618 

.350 

248.6 

49. 1 

4.33 

53.2 

13.3 

2.00 


41 

12.06 

10.00 

8.000 

.558 

.328 

222.4 

44.5 

4.29 

47.7 

11.9 

1.99 


37 

10.88 

9.88 

7.978 

.498 

.306 

196.9 

39.9 

4.25 

42.2 

10.6 

1.97 


33 

9.71 

9.75 

7.964 

.433 

.292 

170.9 

35.0i 

4.20 

36.5 

9.2 

1.94 

10 X 5 8/4 

29 

8.53 

10.22 

5 799 

.500 

.289 

157.3 

30.8 

4.29 

15.2 

5.2 1 

1.34 

26 

7.65 

10. 12 

5.769 

.450 

.259 

139.7 

27.6 

4.27 

13.4 

4.6 

1.32 


23 

6.77 

10.00 

5.750 

.390 

.240 

120.6 

24. 1 

4.22 

11.3 

3.9 

1.29 


21 

6.19 

9.90 

5.750 

.340| 

.240 

106.3 

21.5 

4.14 

9.7 

3.4 

1.25 

8X 8 

67 

I9.70‘ 

9.00 

8.287 

0.933 

0 . 575 ' 

271.8 

60.4 

3.71 

88.6 

21.4 

2. 12 


38 

17.06 

8.75 

8.222 

.808 

.510 

227.3 

52.0 

3.65 

74.9 

18.2 

2. 10 


48 

14,11 

8.50 

8.117 

.683 

.405 

183.7 

43.2 

3.61 

60.9 

15.0 

2.08 


40 

11.76 

8.25 

8.077 

.558 

.365 

146.3 

35.5 

3.53 

49.0 

12. 1 

2.04 


35 

10.30 

8.12 

8.027 

.493 

.315 

126.5 

31.1 

3.50 

42.5 

10.6 

2.03 


33 

9.70 

8.06 

8.012 

.4^3 

.300 

117.9 

29.3 

3.49 

39.7 

9.9 

2.02 


31 

9.12 

8.00 

8.000 

.433 

.288 

109.7 

27.4 

3.47 

37.0 

9.2 

2.01 

8X 61/2 

27 

7 . 93 ! 

8.03 

6.528 

.448 

.273 

94.1 

23.4 

3.44 

20.8 

6.4 

1.62 


24 

7.06 

7.93 

6.500 

.398 

.245 

82.5 

20.8 

3.42 

18.2 

5.6 

1.61 

8X 5 1/4 

21 

6. 18l 

8. 19 

5.272 

.403 

.252 

73.8 

18,0 

3.45 

9.13 

3.5 

1.22 


19 

5.591 

8.09 

5.264 

.353 

.244 

64.7 

16 0 

3.40 

7.87 

3.0 

1.19 


17 

5.00I 

8.00 

5.250 

.308 

.230 

56 4 

14 1 

3.36 

6 72 

2.6 

1.16 
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Table $5. 

PropertieB of American Standard Beams 



Nominal 

Weight 

Area 

Depth 

Width 

of 

Web 

Axis X-X 

Axis Y- 

Y 

bize, 

'per 

Foot, 










Section, 

Section, 

Flange, 

ness. 

I 

S 

k 

I 

S 

k 

in. 

lb. 

in.2 

in. 

in. 

in. 

in.4 

in.3 

in. 

in.4 

in.* 

in. 

24 X 77/8 

120.0 

35.13 

24.00 

8.048 

0.798 

3010.8 

250.9 

9.26 

84.9 

21.1 

1.56 

115.0 

33.67 

24.00 

7.987 

.737 

2940.5 

245.0 

9.35 

82.8 

20.7 

1.57 


110.0 

32. 18 

24.00 

7.925 

.675 

2869.1 

239.1 

9.44 

80.6 

20.3 

1.58 


105.9 

30.98 

24.00 

7,875 

.625 

2811.5 

234.3 

9.53 

78.9 

20.0 

1.60 

24 X 7 

100.0 

29.25 

24.00 

7.247 

.747 

2371.8 

197.6 

9.05 

48.4 

13.4 

1.29 


95.0 

27.79 

24.00 

7.186 

.686 

2301.5 

191.8 

9.08 

47.0 

13.0 

1.30 


90.0 

26.30 

24.00 

7. 124 

.624 

2230.1 

185.8 

9.21 

45.5 

12.8 

1.32 


85.0 

24.84 

24.00 

7.063 

.563 

2159.8 

180.0 

9.33 

44.2 

12.5 

1.33 


79.9 

23.33 

24.00 

7.000 

.500 

2087.2 

173.9 

9.46 

42.9 

12.2 

1.36 

20 X 7 

100.0 

29.20 

20.00 

7.273 

.873 

1648.3 

164.8 

7.51 

52.4 

14.4 

1.34 


95.0 

27.74 

20.00 

7.200 

.800 

1599.7 

160.0 

7.59 

50.5 

14.0 

1.35 


90.0 

26.26 

20.00 

7. 126 

.726 

1550.3 

155.0 

7.68 

48.7 

13.7 

1.36 


85.0 

24.80 

20,00 

7.053 

.653 

1501.7 

150.2 

7.78 

47.0 

13.3 

1.38 


81.4 

23.74 

20.00 

7.000 

.600 

1466.3 

146.6 

7.86 

45.8 

13.1 

1.39 

20 X 61/4 

75.0 

21.90 

20.00 

6.391 

.641 

1263.5 

126 3 

7.60 

30.1 

9.4 

1.17 

70.0 

20.42 

20.00 

6.317 

.567 

1214.2 

121.4 

7.71 

28.9 

9.2 

1.19 


65.4 

19.08 

20.00 

6.250 

.500 

1169.5 

116.9 

7.83 

27.9 

8.9 

1.21 

18 X 6 

70.0 

20.46 

18.00 

6.251 

.711 

917.5 

101.9 

6.70 

24.5 

7.8 

1 09 

65.0 

18.98 

18.00 

6 . 169 

.629 

877.7 

97.5 

6.80 

23.4 

7.6 

1.11 


60.0 

17.50 

18.00 

6.087 

.547 

837.8 

93.1 

6.92 

22.3 

7.3 

1.13 


54.7 

15.94 

18.00 

6.000 

.460 

795.5 

68,4 

7.07 

21.2 

7.1 

1.15 

15 X 6 

75.0 

21.85 

15.00 

6.278 

.868 

687.2 

91.6 

5.61 

30.6 

9.8 

1.18 

70.0 

20.38 

15.00 

6 . 180 

.770 

659.6 

87.9 

5.69 

28.8 

9.3 

1.19 


65.0 

18.91 

15.00 

6.082 

.672 

632.1 

84.3 

5.78 

27.2 

8.9 

1.20 


60.8 

17.68 

15.00 

6.000 

.590 

609.0 

81.2 

5.87 

26.0 

8.7 

1.21 

15 X 51/2 

55.0 

16.06 

15.00 

5.738 

.648 

508.7 

67.8 

5.63 

17.0 

5.9 

1.03 

50.0 

14.59 

15.00 

5.640 

.550 

481.1 

64.2 

5.74 

16.0 

5.7 

1.05 


45.0 

13. 12 

15.00 

5.542 

.452 

453.6 

60.5 

5.88 

15.0 

5.4 

1.07 


42.9 

12.49 

15.00 

5.500 

.410 

441.8 

58.9 

5.95 

14.6 

5.3 

1.08 

12 X 51/4 

55.0 

16.04 

12.00 

5.600 

.810 

319.3 

53.2 

4.46 

17.3 

6.2 

1.04 

50.0 

14.57 

12.00 

5.477 

.687 

301.6 

50.3 

4.55 

16.0 

5.8 

1.05 


45.0 

13. 10 

12 00 

5.355 

.565 

284. 1 

47.3 

4.66 

14.8 

5.5 

1.06 


40.8 

11.84 

12.00 

5.250 

.460 

268.9 

44.8 

4.77 

13.8 

5.3 

1.08 

12 X 5 

35.0 

10.20 

12.00 

5.078 

.428 

227.0 

37.8 

4.72 

10.0 

3.9 

.99 

31.8 

9.26 

12.00 

5.000 

.350 

215.8 

36.0 

4.83 

9.5 

3.8 

1.01 

10 X 43/4 

40.0 

11.69 

10.00 

5.091 

.741 

158.0 

31.6 

3.68 

9.4 

3.7 

.90 

35.0 

10.22 

10.00 

4.944 

.594 

145.8 

29.2 

3.78 

8.5 

3.4 

.91 


30.0 

8.75 

10.00 

4.797 

.447 

133.5 

26.7 

3.91 

7.6 

3.2 

.93 


25.4 

7.38 

10.00 

4.660 

.310 

122.1 

24.4 

4.07 

6.9 

3.0 

.97 

8X4 

25.5 

7.43 

8.00 

4.262 

.532 

68.1 

17.0 

3.03 

4.7 

2.2 

.80 

23.0 

6.71 

8.00 

4.171 

.441 

64.2 

16.0 

3.09 

4.4 

2 . 1 

.81 


20.5 

5.97 

8.00 

4.079 

.349 

60.2 

15.1 

3. 18 

4.0 

2.0 

.82 


18.4 

5.34 

8.00 

4.000 

.270 

56.9 

14.2 

3.26 

3.8 

1.9 

.84 

7 X 33/4 

20.0 

5.83 

7.00 

3.860 

.450 

41.9 

12.0 

2.68 

3.1 

1.6 

.74 

17.5 

5.09 

7.00 

3.755 

.345 

38.9 

11.1 

2.77 

2.9 

1.6 

.76 


15.3 

4.43 

7.00 

3.660 

.250 

36.2 

10.4 

2.86 

2.7 

1.5 

.78 

6 X 38/8 

17.25 

5.02 

6.00 

1 3.565 

.465 

26.0 

8.7 

2.28 

2.3 

IH 

.68 

14.75 

4.29 

6.00 

3.443 

.343 

23.8 

7.9 

2.36 

2.1 

In 

.69 


12.5 

3.61 

6.00 

3.330 

.230 

21.8 

7.3 

2.46 

1.8 

lU 

.72 

5X3 

14.75 

4.29 

5.00 

3.284 

.494 

15.0 

6.0 

1.87 

1.7 


.63 

12.25 

3.56 

5.00 

3.137 

.347 

13.5 

5.4 

1.95 

1.4 

■fifl 

.63 


10.0 

2.67 

5.00 

3.000 

.210 

12.1 

4.8 

2.05 

1.2 

.82 

.65 

4X 23/4 

10.5 

3.05 

4.00 

2.870 

.400 

7.1 

3.5 

1.52 

1.0 

.70 

.57 

9.5 

2.76 

4.00 

2.796 

.326 

6.7 

3.3 

1.56 

.91 

.65 

.58 


8.5 

2.46 

4.00 

2.723 

.253 

6.3 

3.2 

1.60 

.83 

.61 

.58 


7.7 

2.21 

4.00 

2.660 

.190 

6.0 

3.0 

1.64 

.77 

.58 

.59 

3X28/8 

7.5 

2.17 

3.00 

2.509 

.349 

2.9 

1.9 

1.15 

.59 

.47 


6.5 

1.88 

3.00 

2.411 

.251 

2.7 

1.8 

1.19 

.51 

.43 



5.7 

1.64 

3.00 

2.330 

.170 

2.5 1 

1 1.7 

1.23 

.46 

.40 

WE. 
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Table 66. 

Properties of American Standard Channels 


X- 


Y 

f-x 


Nominal 

Wt. 

Area 

of 

Depth 

of 

Width 

Web 

Axis X-X 

Axis Y- 

Y 


of 

Flange, 








Size* 

per 

Foott 

Sec¬ 

tion, 

Sec¬ 

tion. 

Thick¬ 

ness, 

I. 

s, 

Jfc. 

I, 


k, 

X 

in. 

lb. 

in.2 



in. 

in.4 

in.® 

in. 

in.^ 

in.® 

in. 

in. 

*18 X 4 

58.0 

16.98 

18.00 

4.200 

0.700 

670.7 

74.5 

6.29 

18.5 

5.6 

1.04 

.88 


51.9 

15.18 

18.00 

4. 100 

.600 

622.1 

69.1 

6.40 

17.1 

5.3 

1.06 

.87 


45.8 

13.38 

18.00 

4.000 

.500 

573.5 

63.7 

6.55 

15.8 

5.1 

1.09 

.89 


42.7 

12.48 

18.00 

3.950 

.«0 

549.2 

61.0 

6.64 



1.10 

.90 

15 X 3 1/2 

55.0 

16.11 

15.00 

3.814 

.814 

429.0 

57.2 

5.16 

12.1 


.87 

.82 


50.0 

14.64 

15.00 

3.716 

.716 

401.4 

53.6 

5.24 

11.2 


.87 

.80 


45.0 

13.17 

15.00 

3.618 

.618 

373.9 

49.8 

5.33 

10.3 

3.6 

.88 

.79 


40.0 

11.70 

15.00 

3.520 

.520 

346.3 

46.2 

5.44 

9.3 

3.4 

.89 

.78 


35.0 

10.23 

15.00 

3.422 

.422 

318.7 

42.5 

5.58 

8.4 

3.2 

.91 

.79 


33.9 

9.90 

15.00 

3.400 

.400 

312.6 

41.7 

5.62 

8.2 

3.2 

.91 

.79 

12 X 3 

40.0 

11.73 

12.00 

3.415 

.755 

196.5 

32.8 

4.09 

6.6 

2.5 

.75 

.72 


35.0 

10.26 

12.00 

3.292 

.632 

178.8 

29.8 

4. 18 

5.9 

2.3 

.76 

.69 


30.0 

8.79 

12.00 

3.170 

.510 

161.2 

26.9 

4.28 

5.2 

2. 1 

.77 

.63 


25.0 

7.32 

12.00 

3.047 

.387 

143.5 

23.9 

4.43 

4.5 

1.9 

.79 

.68 


20.7 

6.03 

12.00 

2.940 

.280 

128.1 

21.4 

4.61 

3.9 

1.7 

.81 

ma 

10 X 2 6/8 

35.0 

10.27 

10.00 

3.180 

.820 

115.2 

23.0 

3.34 

4.6 

■Rl 

.67 

.69 


30.0 

8.80 

10.00 

3.033 

.673 

103.0 

20.6 

3.42 

4.0 

1.7 

.67 

.65 


25.0 

7.33 

10.00 

2.886 

.526 

90.7 

18.1 

3.52 

3.4 


.68 

.62 


20.0 

5.86 

10,00 

2.739 

.379 

78.5 

15.7 

3.66 

2.8 

1.3 

.70 

.61 


15.3 

4.47 

10.00 

2.600 

.240 

66.9 

13.4 

3.87 

2.3 

1.2 

.72 

.64 

9X21/2 

25.0 

7.33 

9.00 

2.812 

.612 

70.5 

15,7 

3.10 

3.0 

1.4 

.64 

.61 


20.0 

5.86 

9.00 

2.648 

.448 

60.6 

13.5 

3.22 

2.4 

1.2 

.65 

.59 


15.0 

4.39 

9.00 

2,485 

.285 

50.7 

11.3 

3.40 

1.9 

1.0 

.67 

.59 


13.4 

3.89 

9.00 

2.430 

.230 

47.3 

10.5 

3.49 

1.8 

.97 

.67 

.61 

8X21/4 

21.25 

6.23 j 

8.00 

2.619 

.579 

47.6 

11.9 

2.77 

2.2 

1.1 

.60 

.59 


18.75 

5.49 

8.00 

2.527 

.487 

43.7 

10.9 

2.82 

2.0 

1.0 

.60 

.57 


16.25 

4.76 

8.00 

2.435 

.395 

39.8 

9.9 

2.89 

1.8 

.94 

.61 

.56 


13.75 

4.02 ! 

8.00 

2.343 

.303 

35.8 

9.0 

2.99 

1.5 

.86 

.62 

.56 


11.5 

3.36 

8.00 

2.260 

.220 

32.3 

8.1 

3.10 

1.3 

.79 

.63 

.58 

7X21/8 

19.75 

5.79 

7.00 

2.509 

,629 

33.1 

9.4 

2.39 

1.8 

.96 

.56 

.58 


17.25 

5.05 

7.00 

2.404 

.524 

30.1 

8.6 

2.44 

1.6 

.86 

.56 

.55 


14.75 

4.32 

7.00 

2.299 

.419 

27.1 

7.7 

2.51 

1.4 

.79 

.57 

.53 


12.25 

3.58 

7.00 

2. 194 

.314 

24.1 

6.9 

2.59 

1.2 

.71 

.58 

.53 


9.8 1 

2.85 

7.00 

2.090 

.210 

21.1 

6.0 

2.72 

.98 

.63 

.59 

.55 

6X 2 

15.5 

4.54 

6.00 

2.279 

.559 

19.5 

6.5 

2.07 

1.3 

.73 

.53 

.55 


13.0 

3.81 

6.00 

2. 157 

.437 

17.3 

5.8 

2. 13 

1.1 

.65 

.53 

.52 


10.5 

3.07 1 

6.00 

2.034 

.314 

15.1 

5.0 

2.22 

.87 

.57 

.53 



8.2 

2.39 1 

6.00 

1.920 

.200 

13.0 

4.3 

2.34 

.70 

.50 

.54 

.52 

5X18/4 

11.5 

3.36 

5.00 

2.032 

.472 

10.4 

4.1 

1.76 

.82 

.54 

.49 

.51 


9.0 

2.63 

5.00 

1.885 

.325 

8.8 

3.5 

1.83 

.64 

.45 

.49 

.46 


6.7 

1.95 

5.00 

1.750 

.190 

7.4 

3.0 

1.95 

.48 

.38 

.50 

.49 

4X15/8 

7.25 

2.12 

4.00 

1.720 

.320 

4.5 

2.3 

1.47 

.44 

.35 

.46 

.46 


6.25 

1.82 

4.00 

1.647 

.247 

4.1 

2.1 

1.50 

.38 

.32 

.45 

mm 


5.4 

1.56 

4.00 

1.580 

.180 

3.8 

1.9 

1.56 

.32 

.29 

.45 

.46 

3X11/2 

6.0 

1.75 

3.00 

1.596 

,356 

2.1 

1.4 

1.08 

.31 

.27 

.42 

.46 


5.0 

1.46 

3.00 

1.498 

.258 

1.8 

1.2 

1.12 

.25 

.24 

.41 

.44 


4.1 

1.19 

3.00 

1.410 

1.70 

1.6 

1.1 

1.17 

.20 

.21 

.41 

.44 


* Car end Shipbuilding Channel; not an American Standard. 
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Table 67. Properties of Angles with Equal Legs —Continued 
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Table €8. Properties of Angles with Unequal Legs —Continued 
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Table €9. 


Properties and Dimensions of Tees 





Dimensions 


Axis 

X-X 


Axis r-] 

r 

Nominal 

Size, 

wt. 

per 

Foot, 

Area 

of 

Section, 

Depth 

of 

Width, 

of 

Minimum 

Thickness 


s, 

k, 

1/. 

I, 

s, 

k, 




Section, 

Flange, 

Flange, 

Stem, 








in. 

lb 

in.* 

in. 

in. 

in. 

in. 

in.4 

in.® 

in. 

in. 

in.4 

in.® 

in. 

61/2X61/2 

19.8 

5.80 

61/2 

61/2 

3/8 

Vie 

23.5 

5.0 

fm 

1.76 


3.1 

1.32 

4X4 

13.5 

3.97 

4 

4 

1/2 

1/2 

5.7 

2.0 

1.20 

1.18 

2.8 

1.4 

.84 

4X4 


3.09 

4 

4 

3/8 

3/8 

4.5 

1.6 

1.21 

1.13 

2.1 

1.1 

.83 

31/2X31/2 

11.7 

3.44 

31/2 

31/2 

1/2 

1/2 

3.73 

1.53 

1.04 

1.05 

1.91 

1.09 

.74 

31/2X31/2 

9.2 

2.70 

31/2 

31/2 

3/8 

3/8 


1^1 

1.05 


1.39 

.80 

.72 

3X3 

7.8 

2.29 

3 

3 

3/8 

3/8 

1.84 

.86 

.89 

.88 

.89 

K1 

.63 

3X3 

6.7 

1.97 

3 

3 

Vie 

Vie 

1.61 

.74 

.90 

.85 

.75 

.50 

.62 

21/2X21/2 

6.4 

1.87 

21/2 

21/2 

8/8 

3/8 

1.0 

.59 

.74 

.76 

.52 

.42 

.53 

21/2X21/2 

4.6 

1.33 

21/2 

21/2 

1/4 

1/4. 

.74 

.42 

.75 

.71 

.34 

.27 

.51 

21/4X21/4 

4.9 

1.43 

21/4 

21/4 

Vie 

Vie 

.65 

\41 

.67 

.68 

.33 

.29 

.48 

21/4X21/4 

4.1 

1.19 

21/4 

21/4 

1/4 

1/4 

.52 

.32 

.66 

.63 

.25 

.22 

.46 

2 X 2 

4.3 

1.26 

2 

2 

Vie 

Vie 

.44 

.31 

.59 

.61 

.23 

.23 

.43 

2 X 2 

3.56 

mSm 

2 

2 

1/4 

1/4 

.37 

.26 

.59 

.59 

.18 

.18 

.42 



7=1 

! . 1 

i 

■i 

i 

1. 


Tee sections are seldom used as structural framing members. When so used they are generally 
employed on short spans in flexure. In these tables are listed a few selected sizes, the range of 
whose section moduli will cover all ordinary conditions. For sizes not listed, the catalogs of the 
respective rolling mills should be consulted. 




V_ 

7 ^ 

-._Y 

/ 

A 



Table 70. 

Properties and Dimensions of Zees 






Dimensions 

Axis X-X 

Axis Y- 

r 



Weight 

per 

Area 

of 










Axis 

Z-Z 

Nominal 

Size, 

Depth 

Width 

Thick- 







Foot, 

Section, 

of 

of 

J, 

s, 

k. 

J, 

s. 

k, 

k. 



Section, 

Flange, 

ness, 






in. 

lb 

in.* 

in. 

in. 

in. 

in.4 

in.® 

in. 

in.4 

in.® 

in. 

in. 

6X3 1/2 

34.6 

10. 17 

61/8 

3 6/8 

7/8 

50.2 

16.4 

2.22 

19.2 

6.0 

1.37 

.83 

29.4 

8.63 

6 

31/2 

3/4 

42.1 

14.0 

2.21 

15.4 

4.9 

1.34 

.81 


25.4 

7.46 

61/16 

3 9/16 

6/8 

38.9 

12.8 

2.28 

14.4 

4.4 

1.39 

.82 


21.1 

6.19 

61/8 

3 6/8 

1/2 

34.4 

11.2 

2.36 

12.9 

3.8 

1.44 

.84 


18.4 

5.39 

61/16 

3 9/16 

7/16 

29.8 

9.8 

2.35 

11.0 

3.3 

1.43 

.83 


15.7 

4.59 

6 

31/2 

V8 

25.3 

8.4 

2.35 

9.1 

2.8 

1.41 

.83 

5X31/4 

14.0 

4.10 

51/16 

3 6/16 

3/8 

16.2 

6.4 

1.99 

7.7 

2.5 

1.37 

.76 

11.6 

3.40 

5 

31/4 

6 /ie 

13.4 

5.3 

1.98 

6.2 

2.0 

1.35 

.75 

4X3 1/16 

10.3 


41/16 

31/8 

Vie 

7.9 

3.9 

1.62 

5.5 

1.8 

1.34 

.68 

8.2 

2.41 

4 

31/16 

1/4 

6.3 

3.1 

1.62 

4.2 

1.4 

1.33 

.67 

3 X 2 11/16 

6.7 

1.97 

3 

211/16 

1/4 

2.9 

1.9 

1.21 

2.8 

1.1 

1.19 

.55 


Zee sections are seldom used as structural framing members. When so used they are generally 
employed on short spans in flexure. In these tables are listed a few selected sizes, the range of 
whose section moduli will cover all ordinary conditions. For sizes not listed, the catalogs of the 
respective rolling mills should be consulted. 
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Table 71. Square and Round Bara 


Round 


bize, 

in. 

Weight, 

lb 

Area, i 
sq in. 

Weight, 

lb 

Area, 
sq in. 

4 

54. 

40 

16. 

000 

42, 

73 

12. 

566 

Vl6 

56. 

11 

16. 

504 

44. 

07 

12. 

962 

Vs 

57. 

85 

17. 

016 

45. 

.44 

13. 

364 

3/16 

59. 

62 

17. 

535 

46, 

.83 

13, 

.772 

1/4 

61. 

41 

18. 

063 

48, 

23 

14, 

186 

Vl6 

63. 

23 

18. 

598 

49, 

.66 

14. 

607 

3/8 

65. 

08 

19. 

141 

51, 

.11 

15 

033 

7/16 

66. 

.95 

19. 

691 

52, 

.58 

15, 

.466 

1/2 

68. 

85 

20. 

250 

54, 

07 * 

15 

904 

9/16 

70. 

78 

20. 

816 

55, 

59 

16. 

349 

Vs 

72. 

73 

21. 

391 

57, 

12 

16. 

800 

11/16 j 

74. 

,71 

21. 

973 

58, 

.67 

17. 

.257 

3/4 

76. 

71 

22. 

563 

60, 

,25 

17. 

,721 

13/16 1 

78. 

74 

23. 

160 

61. 

.85 i 

18. 

190 

7/8 

80. 

80 

23. 

766 

63. 

.46 

18. 

665 

1V16 

82. 

,89 

24. 

379 

65. 

. 10 

19. 

,147 

5 

85. 

00 

25. 

000 

66. 

,76 ! 

19, 

635 

Vl6 

87. 

14 

25. 

629 

68. 

.44 

20. 

129 

1/8 

89. 

30 

26. 

266 

70 

14 

20. 

629 

3/16 

91. 

49 

26. 

910 

71. 

.86 

21. 

,135 

1/4 

93. 

71 

27. 

563 

73 

60 

21. 

648 

Vl6 

95. 

96 

28. 

223 

75. 

36 

22. 

166 

3/8 

98. 

23 

28. 

891 

77 

. 15 

22. 

691 

7/16 

too, 

53 

29. 

566 

78. 

.95 

23. 

221 

1/2 

102. 

85 1 

30. 

250 

80 

.78 ’ 

23. 

758 

9/16 

105. 

20 

30. 

941 

82 

.62 

24. 

301 

Vs 

107. 

58 

31. 

641 

84 

,49 

24. 

850 

11/16 

109. 

,98 

32. 

348 

86 

.38 

25. 

406 

V4 

112. 

.41 

33. 

063 

88 

29 

25. 

967 

13/16 i 

114. 

87 

33. 

785 

90. 

22 

26. 

535 

7/8 

117, 

,35 

34. 

,516 

92. 

17 

27. 

109 

1V16 

119. 

.86 

35. 

,254 

94. 

. 14 

27. 

688 

6 

122, 

,40 

36. 

000 

96. 

13 

28, 

274 

l/l6 

124, 

96 

36. 

754 

98. 

15 

28. 

866 

1/8 

127. 

55 

37. 

516 

100, 

. 18 

29. 

465 

3/16 

130, 

,17 

38. 

285 

102. 

.23 

30. 

069 

1/4 

132, 

81 

39. 

063 

104. 

,31 

30. 

680 

Vl6 1 

135. 

48 j 

39. 

848 

106. 

41 

31. 

296 

3/8 

138. 

18 

40. 

641 

108. 

53 

31. 

919 

7/16 

140, 

90 

41. 

441 

no. 

66 

32. 

548 

1/2 

143. 

65 

42. 

250 

112. 

82 

33. 

183 

9/16 

146. 

43 

43. 

066 

115. 

00 

33. 

824 

Vs 

149. 

23 

43. 

891 

117. 

20 

34. 

472 

11/16 

152. 

06 

44. 

723 

119. 

43 

35. 

125 

3/4 

154. 

91 

45. 

563 

121. 

67 

35. 

785 

13/16 

157. 

79 

46. 

410 

123. 

93 

36. 

450 

7/8 

160. 

70 

47. 

266 

126. 

22 

37. 

122 

lVl6 

163. 

64 

48. 

129 

128. 

52 

37. 

800 

7 

166. 

60 

49. 

000 

130. 

85 

38. 

485 

1/16 

169. 

59 

49. 

879 

133. 

19 

39. 

175 

1/8 

172. 

60 

50. 

766 

135. 

56 

39. 

871 

3/16 

175. 

64 

51. 

660 

137. 

95 

40. 

574 

1/4 

178. 

71 

52. 

563 

140. 

36 

41. 

282 

Vl6 

181. 

81 

53. 

473 

142. 

79 

41. 

997 

3/8 

184. 

93 

54. 

391 

145. 

24 

42. 

718 

7/16 

188. 

07 

1 

316 

147. 

71 

43. 

445 

1/2 

191. 

25 

' 56. 

250 

150. 

21 

44. 

179 

9/16 

194. 

45 

57. 

191 

152. 

72 

44. 

918 

Vs 

197. 

68 

58. 

141 

155. 

26 

45. 

664 

11/16 

200. 

93 

59. 

098 

157. 

81 

46. 

415 

8/4 

204. 

21 

60. 

063 

160. 

39 

47. 

173 

13/18 

207. 

52 

61. 

035 

162. 

99 

47. 

937 

7/8 

210. 

85 

62. 

016 

165. 

60 

48. 

707 

1V16 

214. 

21 

63. 

004 

168. 

24 

49. 

483 

8 

217. 

60 

64. 

000 

170. 

90 

50. 

265 
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Table 72. Pipe 

(Steel Construction. 1934, A.I.S.C.) 


Nom. 

Diam 

in. 


Standard 

1/8 0.405 0.269 0,068 0 24 0.25 27 0.562 T/g 0.03 0.001 0.072 0.12 

1/4 0.540 0.364 0 068 0.42 0.43 18 0 685 I 0.04 0.003 0.125 0.16 

8/8 0.675 0.493 0.091 0.57 0 57 18 0.848 1 l/g 0.07 0 007 0.167 0.21 

1/2 0.840 0.622 0.109 0.85 0.85 14 1.024 I S/g 0.12 0.017 0.250 0.26 

3/4 1.050 0.824 0.113 1.13 1,13 14 1.281 16/8 0.21 0.037 0.333 0.33 

1 1.315 1.049 0.133 1.68 1.68 11 1/2 1.576 1 T/g 0.35 0 087 0.494 0.42 

11/4 1.660 1.380 0.140 2.27 2.28 11 I /2 1.950 2 1/8 0.55 0.195 0.669 0.54 

11/2 1.900 1.610 0.145 2.72 2 73 11 I /2 2.218 2 3/8 0.76 0.310 0.799 0.62 

2 2.375 2.067 0.154 3.65 3 68 11 I/2 2.760 2 6/8 1.23 0.666 1.075 0.79 

21/2 2.875 2.469 0.203 5.79 5 82 8 3.276 2 7/8 1.76 1 530 1.704 0.95 

3 3.500 3.068 0.216 7.58 7 62 8 3.948 3 1/8 2.55 3.017 2.228 1.16 

31/2 4.000 3.548 0.226 9.11 9.20 8 4.591 3 5/8 4.33 4.788 2.680 1.34 

4 4.500 4.026 0.237 10.79 10 89 8 5 091 3 6/8 5.41 7.233 3.174 1.51 

5 5.563 5.047 0.258 14.62 14.81 8 6.296 41/8 9.16 15.16 4.300 1.88 

6 6.625 6.065 0.280 18.97 1919 8 7.358 41/8 10.82 28.14 5.581 2.25 

8 8.625 8.071 0 277 24.70 25.00 8 9.420 4 6/g 15.84 63.35 7.265 2.95 

8 8.625 7.981 0.322 28.55 28 81 8 9.420 4 6/8 15.84 72.49 8.399 2.94 

10 10.750 10.192 0279 31.20 32.00 8 11.721 61/8 33.92 125.4 9.178 3.70 

10 10.750 10.136 0.307 34.24 35.00 8 11.721 61/8 33.92 137.4 10.07 3.69 

10 10.750 10.020 0 365 40.48 41.13 8 11.721 6 l/g 33.92 160.7 11.91 3.67 

12 12.750 12.090 0.330 43 77 45.00 8 13.958 61/8 48.27 248 5 12.88 4.39 

12 12.750 12.000 0.375 49.56 50.71 8 13.958 61/8 48.27 279.3 14.38 4.38 


Outside Inside Thick- 
Diam., Diam., ness, 


.Threads Outside 


! Thread 


jcoSpKn* 


DiTm : Weight, 

in in. lb 



D.xtra Strong 


1/8 0.405 0.215 0.095 0.31 0,32 27 0.582 1 Vs 0 05 0.001 0.093 0.12 

1/4 0.540 0.302 0.119 0.54 0 54 18 0.724 13/8 0,07 0.004 0.157 0.16 

3/8 0.675 0.423 0.126 0 74 0.75 18 0.898 1 6/8 0,13 0.009 0.217 0.20 

1/2 0.840 0.546 0.147 1.09 1.10 14 1.085 I T/g 0.22 0.020 0.320 0.25 

3/4 1.050 0.742 0 154 1 47 1 49 14 • 1.316 21/8 0 33 0 045 0.433 0.32 

1 1.315 0.957 0 179 2.17 2 20 11 I/2 1.575 2 3/8 0.47 0.106 0.639 0.41 

11/4 1.660 1.278 0.191 3 00 3 05 11 I/2 2.054 2 7/8 1,04 0.242 0 881 0.52 

11/2 1.900 1.500 0,200 3.63 3 69 11 1/2 2.294 2 7/g ) .17 0.391 1.068 0.61 

2 2.375 1.939 0.218 5.02 5.13 III/2 2.870 3 5/8 2,17 0.868 1.477 0.77 

21/2 2.875 2.323 0,276 7 66 7 83 8 3 389 4 1/8 3 43 1.924 2.254 0.92 

3 3.500 2.900 0.300 10 25 10 46 8 4.014 4 1/8 4.13 3.894 3.016 1.14 

31/2 4.000 3.364 0.318 12.51 12 82 8 4.628 4 5/g 6.29 6.280 3.678 1.31 

4 4.500 3 826 0.337 14.98 15 39 8 5.233 4 6/8 8.16 9 610 4.407 1.48 

5 5.563 4.813 0.375 20.78 21 42 8 6.420 5 1/8 12 87 20.67 6.112 1.84 

6 6.625 5.761 0.432 28 57 29 33 8 7.482 5 1/8 15.18 40.49 8.405 2.20 

8 8 625 7.625 0 500 43 39 44 72 8 9 596 61/8 26.63 105.7 12.76 2.88 

10 10.750 9 750 0 500 54 74 56 94 8 11.958 6 5/8 44.16 211.9 16.10 3.63 

12 12.750 11.750 0.500 65 42 68 02 8 13.958 66/8 51.99 p361.5 19.24 4.34 

Double—Extra Strong 

J/2 0.840 0.252 0.294 TtI T^i H Tosi VT /^ 0*22 0.024 0.504 

3/4 1.050 0.434 0.308 2.44 2 46 14 1.316 2 1/,8 0.33 0.058 0.718 

1 1.315 0 599 0.358 3 66 3 68 11 1/2 1 575 2 3/8 0.47 0.140 1.076 

11/4 1.660 0.896 0.382 5.21 5 27 11 I/2 2 054 2 7/8 1.04 0.341 1.534 

11/2 1.900 1.100 0 400 6.41 6 47 11 I/2 2 294 2 7/8 1.17 0.568 1.885 

2 2.375 1.503 0 436 9 03 9.14 II I/2 2.870 36/8 2,17 1.311 2.656 

21/2 2.875 1.771 0.552 13.70 13 87 8 3.389 4 l/g 3.43 2.871 4.028 

3 3.500 2.300 0.600 18 58 18.79 8 4 014 4 l/g 4.13 5.992 5.466 

31/2 4.000 2.728 0.636 22 85 23.16 8 4.628 4 5/g 6.29 9.848 6.721 

4 4.500 3.152 0.674 27.54 27.95 8 5 233 4 5/8 8,16 15.28 8.101 

5 5.563 4.063 0.750 38.55 39.20 8 6.420 51/8 12.87 33.64 11.34 

6 6.625 4.897 0.864 53.16 53.92 8 7.482 5 l/g 15 18 66.33 15.64 

8 8.625 6.875 0.875 72.42 73.76 8 9.5% 6 1/8 26.63 162.0 21.30 

Large 0. D. Pipe 

Pipe 14'^ and larger is sold by actual O. S. diameter and thickness. 

Sizes 14", 16", and 16" are available regularly in thicknesses varying by l/ic" from I/ 4 " to 1", 
inclusive. 

All pipe is furnished random length unlew otherwise ordered, viz; 12 to 22 ft with privilege of 
furnishing 5 per cent in 0 to 12 ft lengths. Pipe railing is most economically detailed with slip joints 
and random lengths between couplings. 
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Table 73. Standard Scren^, Threads 


Number 

or 

Diam¬ 

eter 

Nominal 

or 

Major 

Diam¬ 

eter 

Coarse Series 

Fine Series 

S A E Extra 
Fine Senes 

Threads 

per 

inch 

Minor 

Diam¬ 

eter 

Area 

at 

Root 

Threads 

per 

inch 

Minor 

Diam¬ 

eter 

Area 

at 

Root 

Threads 

per 

inch 

Minor 

Diam¬ 

eter 

1/4 

0 2500 

20 

0 1850 

0 0269 

28 

0 2036 

0 0326 

36 

0 2139 

Vl6 

0 3125 

18 

0 2403 

0 0454 

24 

0 2584 

0 0524 

32 

0 2719 

* 1/8 

0 3750 

16 

0 2938 

0 0678 

24 

0 3209 

0 0809 

32 

0 3344 

7/16 

0 4375 

14 



20 

0 3725 

0 1090 

28 

0 3911 

V2 

0 5000 

13 



20 

0 4350 

0 1486 

28 

0 4536 

9/16 

0 5625 

12 

0 4542 


18 

0 4903 

0 1888 

24 

0 5084 

5/8 

0 6250 

11 

0 5069 

0 2018 

18 

0 5528 

0 2400 

24 

0 5709 

8/4 

0 7500 

10 

0 6201 

0 3020 

16 

0 6688 

0 3513 

20 

0 6850 

7/8 

0 8750 

9 

0 7307 

0 4193 

14 

0 7822 

0 4805 

20 

0 8100 


1 0000 

8 

0 8376 

0 5510 

14 

0 9072 

0 6464 

20 

0 9350 

n /8 

1 1250 

7 

0 9394 

0 6931 

12 

1 0167 

0 8118 

18 

1 0528 

11/4 

I 2500 

7 

mMSiM 

0 8898 

12 

1 1417 

1 0238 

18 

1 1778 

13/8 

1 3750 

6 

1 1585 


12 

1 2667 

1 2602 



11/2 

1 5000 

6 

1 2835 

1 2938 

12 

1 3917 

1 5212 

18 

1 4278 

13/4 

1 7500 

5 

1 4902 

1 7441 




16 

1 6778 

2 

2 0000 

41/2 

1 7113 

2 3001 




16 

1 9278 

21/4 

2 2500 

41/2 

1 9613 





16 

2 1778 

21/2 

2 5000 

4 

2 1752 

3 7161 




16 

2 4278 

2 8/4 

2 7500 

4 

2 4252 

4 6194 




16 

2 6778 

3 

3 0000 

4 

2 6752 





16 

2 9278 

31/4 

3 2500 

4 

2 9252 

6 7205 






31/2 

3 5000 

4 

3 1752 

7 9183 




16 

3 4278 

3 3/4 

3 7500 

4 

3 4252 

9 2143 






4 

4 0000 

4 

3 6752 

10 6084 




16 

3 9278 


Table 74. A.S.A. Standard Bolts and Nuts 


Nom¬ 

inal 

Size 

Unfinished and Semi-finished Bolt Heads 

Finished Bolt Heads 

Thickness of Nuts 

Across 

Flats 

Across 
Sciuare 
C or- 
ners 

Across 

Ilex 

Cor¬ 

ners 

I hick- 
iiess 
Unfin- 
l•^hed 
Head 

Thick 

ness 

benu- 

hn- 

ished 

Head 

Across 

Flats 

Across 
Hex 
( or- 

ners 

Thick 

ness 

Fin¬ 

ished 

Head 

Un¬ 

fin¬ 

ished 

Semi¬ 

fin¬ 

ished 

Fin¬ 

ished 

V4 

3/8 

0 

498 

0 

414 

11/64 

6/32 

7/16 

0 

488 

3/16 

7/32 

13/64 

7/32 

6/16 

1/2 

0 

665 

0 

552 

13/64 

3/16 

9/16 

0 

629 

1 V64 

17/64 

1/4 

17/84 

3/8 

9/16 

0 

747 

0 

620 

1/4 

16/64 

6/8 

0 

699 

1 /J2 

21/64 

6/16 

21/64 

7/16 

6/8 

0 

828 

0 

687 

19/64 

9/32 

3/4 

0 

840 

21/64 

3/8 

2V64 

2/8 

V2 

3/4 

0 

995 

0 

827 

21/61 

19/64 

11/16 

0 

911 

Vs 

7/16 

27/64 

7/16 

9/16 

7/8 

1 

163 

0 

966 

3/8 

11/32 

7/8 

0 

9B2 

27/64 

V2 

15/32 

1/2 

6/8 

16/16 

1 

244 

1 

033 

27/64 

26/64 

1 

1 

123 

15/32 

36/64 

17/32 

36/64 

8/4 

I 1/8 

1 

494 

1 

240 

1/2 

16/32 

1 1/8 

1 

263 

9/16 

21/32 

41/64 

21/32 

7/8 

16/16 

1 

742 

1 

447 

19/^2 

9/16 

1 6/16 

1 

474 

21/32 

49/64 

3/4 

49/64 

1 

1 1/2 

1 

991 

1 

653 

21/32 

19/32 

1 1/2 

1 

686 

3/4 

7/8 

65/64 

7/8 

1 1/8 

1 11/16 

2 

239 

1 

859 

3/4 

11/16 

1 11/16 

1 

898 

27/64 

1 

31/32 

1 

1 1/4 

I 7/8 

2 

489 

2 

067 

27/32 

2V32 

1 7/8 

2 

109 

15,16 

11/32 

1 1/32 

13/32 

13/8 

2 1/16 

2 

738 

2 

273 

29/32 

27/32 

21/16 

2 

321 

1 1/32 

1 13/64 

19/64 

1 13/64 

11/2 

21/4 

2 

986 

2 

480 

1 

16/16 

21/4 

2 

533 

1 1/8 

16/16 

1 1/4 

16/16 

16/8 

2 7/16 

3 

235 

2 

686 

M/32 

1 1/32 

2 7^16 

2 

744 

1 7/32 

1 27/64 

1 23/64 

127/64 

18/4 

2 6/8 

3 

485 

2 

893 

16/32 

13/32 

2 6/8 

2 

956 

1 6/16 

I 17/82 

1 16/32 

1 17/82 

17/8 

2 13/16 

3 

733 

3 

100 

I 1/4 

1 3/16 

2 13/16 

3 

168 

1 13/32 

1 41/64 

I 37/64 

141/64 

2 

3 

3 

982 

3 

306 

1 11/82 

17/32 

3 

3 

379 

1 1/2 

13/4 

1 11/16 

1 3/4 

21/4 

3 3'8 

4 

480 

3 

720 

11/2 

13/8 

3 3/8 

3 

802 

1 11/16 

1 ^1/32 

1 29/32 

1 31/32 

21/2 

3 3/4 

4 

977 

4 

133 

1 21/32 

1 17/32 

3 3/4 

4 

226 

17/8 

2 3/16 

2 3/32 

2 3/16 

23/4 

41/8 

5 

476 

4 

546 

1 63/64 

1 11/16 

41/8 

4 

649 

21/16 

2 13/32 

2 6/16 

2 13/32 

3 

4 1/2 

5 

973 

4 

959 

2 

17/8 

4 1/2 

5 

072 1 

21/4 

2 6/8 

2 17/32 

2 6/8 
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Table 75. Properties of American Standard Yard lumber and Timber Sizes 


Nominal Size 
in inches 

American Standard 
Dressed Size, 
inches 

Area of 
Section, 

A, sq in. 

Weight per 
lin ft,* 

W. lb 

Moment of 
Inertia, 

/, in.^ 

Section- 

Modulus, 

S, in.« 

2X4 

1 6/8 X 3 6/g 


1.6 

6.45 

3.56 

2X6 

1 6/8 X 5 6/8 


2.5 

24.10 

8.57 

2X8 

1 6/8 X 7 1/2 

HU 

3.4 

57.13 


2 X 10 

1 6/8 X 9 1/2 

15.44 


116.09 

^^3 

2X12 

1 6/8 X 11 1/2 

18.69 


205.94 


2 X 14 

1 6/8 X 131/2 

23.62 


333.15 

HHI 

2X16 

15/8 X 151/2 

25. !8 

7.0 

504.24 

65.07 

2X18 

1 6/8 X 171/2 

28.43 

7.9 

725.71 

82.94 

2 X 20 

1 6/8 X 19 1/2 

31.69 

8.8 

1,004.05 

102.98 

3X4 

2 5/8 X 3 6/8 

9.51 

2 6 

10.42 

5.75 

3X6 

2 6/8 X 5 5/8 

14.76 

4.2 

38.93 

13.84 

3X8 

25/8 X 7 1/2 

19.68 

5.7 

92.28 

24.60 

3X10 

2 5/8 X 9 1/2 

24.93 

7.2 

187.55 

39.48 

3X12 

2 4/8 X IU/2 

30.18 

8.8 

332.69 

57.86 

3 X 14 

2 5/8 X 131/2 

35.43 

10.3 

. _ . 

538.21 

79.73 

3X16 

2 5/8 X 151/2 

40.68 

11.3 

814.60 

105.11 

3X18 

2 5/8 X 17 1/2 

45.94 

12.8 

1,172.36 

133.98 

3 X 20 

2 5/8 X 19 1/2 

51.19 

14.21 

1,622.00 

166.36 

4X4 

3 5/8 X 3 5/8 

13. 14 

3.6 

14.38 

7.94 

4X6 

3 5/8 X 5 5/8 

20.39 

5.7 

53.76 

19.11 

4X8 

35/8 X 71/2 

27.18 

7.5 

127.44 

33.98 

4 X 10 

3 5/8 X 9 1/2 

34.43 

9.6 

258.99 

54.52 

4 X 12 

3 5/8 X 11 1/2 

41.68 

11.6 

459.42 

79.90 

4X14 

3 6/8 X 13 1/2 

48.93 

13.6 

743.23 

110.11 

4 X 16 

3 5/8 X 151/2 

56. 18 

15.6 

1,124.90 

145.15 

4X18 

35/8 X 17 1/2 

63.43 

17.6 

1,618.96 

185.02 

4 X 20 

3 5/8X19 1/2 

70.69 

19.6 

2,239.88 

229.73 

6X6 

5 1/2 X 5 1/2 

30.25 

8.4 

76.25 

27.73 

6X8 

5 1/2 X 7 1/2 

41.25 

11.4 

193.35 

51.56 

6X10 

5 1/2 X 9 1/2 

52.25 

14.5 

329.96 

82.73 

6X12 

5 1/2 X 11 1/2 

63.25 

17.5 

697.06 

121.23 

6 X 14 

5 1/2 X 13 1/2 

74.25 

20.6 

1,127.66 

167.06 

6 X 16 

51/2 X 151/2 

85.25 

23.6 

1,706.76 

220.22 

6X18 

5 1/2 X 17 1/2 

96.25 

26.7 

2,456.36 

280.73 

6 X 20 

51/2 X 19 1/2 

107.25 

29.8 

3,398.46 

348.53 

6 X 22 

51/2 X 21 1/2 

118.25 

32.8 

4,555.05 

423.76 

8X8 

7 1/2 X 7 1/2 

56.25 

15.6 

263.67 

70.31 

8 X 10 

7 1/2 X 9 1/2 

71.25 

19.8 

535.85 

112.81 

8X12 

7 1/2X11 1/2 

86.25 

23.9 

950.55 

165.31 

8X14 

71/2 X 131/2 

101.25 

28.0 

1,537.73 


8 X 16 

71/2 X 15 1/2 

116.25 

32.0 

2,327.42 


8 X 18 

71/2 X 171/2 

131.25 

36.4 

3,349.60 


8 X 20 

7 1/2 X 19 1/2 

146.25 

40.6 

4,634.30 

475.31 

8 X 22 

71/2 X 21 1/2 

161.25 

44.8 

6,211.48 

577.81 

8 X 24 

7 1/2 X 23 1/2 

176.25 

48.9 

8,111.17 

690.31 

10 X 10 

9 1/2 X 9 1/2 

90.25 

25.0 

678.75 

142.89 

10 X 12 

91/2X11 1/2 

109.25 

30 3 

1,204.01 

209.39 

10 X 14 

9 1/2 X 13 1/2 

128.25 

35.6 

1,947.78 

288.56 

10 X 16 

9 1/2X15 1/2 

147.25 

40.9 

2,948.04 

380.39 

10 X 18 

91/2 X 171/2 

166.25 

46. 1 

4,242.80 

484.89 


* Based oo assumed average weight ol 40 lb per cu ft 






































1-168 MATHEMATICAL AND PHYSICAL TABLES 


Table 76. Properties of American Standard Yard Lumber and Timber Sizes —Coniinued 


Nominal Size 

American Standard 

Area of 

Weight per 

Moment of 

Section- 

Dressed Size, 

Section, 

lin ft,* 

Inertia, 

Modulus, 

in inches 

inches 

A, sq in. 

W, lb 

I, in.4 

S, in.3 

10 X 20 

91/2 X 19 1/2 

185.25 

51.4 

5,870.05 

602.06 

10 X 22 

91/2 X 21 1/2 

204.25 

56.7 

7,867.81 

731.89 

10 X 24 

9 1/2 X 23 1/2 

223.25 

62.0 

10,274.06 

874.39 

10 X 26 

9 Vs X 25 Vs 

242.25 

67.3 

13,126.81 

1029.56 

10 X 28 

9 1/2 X 27 1/2 

261.25 

72.5 

16,465.24 

1197.39 

10 X 30 

9 1/2 X 29 1/2 

280.25 

77.8 

20,323.79 

1377.89 

12 X 12 

11 1/2 X 11 1/2 

132.25 

36.7 

1,457.50 

253.47 

12 X 14 

n 1/2 X 131/2 

155.25 

43. 1 

2,357.85 

349.31 

12 X 16 

11 1/2 X 15 1/2 

178.25 

49.5 

3,568.70 

460.48 

12 X 18 

11 1/2 X 171/2 

201.25 

55.9 

5,136.49 

586.98 

12 X 20 

11 1/2 X 191/2 

224.25 

62.3 

7,105.90 

728.81 

12 X 22 

11 1/2 X 21 1/2 

247.25 

68.7 

9,524.24 

885.98 

12 X 24 

11 1/2 X 23 1/2 

270.25 

75.0 

12,437.08 

1058.47 

12 X 26 

11 Vs X 25 1/8 

293.25 

81.4 

15,890.42 

1246.31 

12 X 28 

11 1/2 X 27 1/2 

316.25 

87.8 

19,932.58 

1449.47 

12 X 30 

11 1/2 X 29 1/2 

339.25 

94.2 

24,602.61 

1667.97 

14 X 14 

131/2 X 13 1/2 

182.25 

50.6 

2,767.92 

410.06 

14 X 16 

131/2 X 15 1/2 

209.25 

58. 1 

4,189.36 

540.56 

14 X 18 

131/2 X 17 1/2 

236. 25 

65.6 

6,029.29 

689.06 

14 X 20 

131/2 X 19 1/2 

263.25 

73. 1 

8,341.73 

855.56 

14 X 22 

131/2 X 21 1/2 

290.25 

80.6 

11,180.67 

1040.06 

14 X 24 

13 1/2 X 23 1/2 

317.25 

88 . 1 

14,600. 10 

1242.56 

14 X 26 

13 1/2 X 25 1/2 

344.25 

95.6 

18,654.04 

1463.06 

14 X 28 

131/2 X 27 1/2 

371 25 

103. 1 

23,398.73 

1701.56 

14 X 30 

131/2 X 291/2 

398.25 

110.6 

28,881.42 

1958.06 

16 X 16 

151/2X15 1/2 

240.25 

66.7 

4,809.98 

620.64 

16 X 18 

15 1/2X17 1/2 

271.25 

75.3 

6,922.49 

791.14 

16 X 20 

1 5 1/2 X 19 1/2 

302.25 

83.9 

9,577.50 

982.31 

16 X 22 

15 1.2 X 21 1/2 

333.25 

92.5 

12,837.00 

1194. 14 

16X24 

151/2 X ^3 1/2 

364.25 

101.2 

16,763.00 

1426.64 

16 X 26 

15 1/2 X 25 1/2 

395.25 

109.8 

21,417.50 

1679.81 

16 X 28 

15 1/2 X 27 1/2 

426.25 

118.4 

26,863.78 

1953.64 

16 X 30 

15 I/O X 29 1/2 

457.25 

127.0 

33,159.98 

2248.14 

18 X 18 

171/2 X 17 1/2 

306.25 

85,0 

7,815.73 

893.23 

18 X 20 

171/2 X 19 1/2 

341.25 

94.8 

0,813.33 

1109.06 

18 X 22 

17 1/2 X 2| 1/2 

376.25 

104.5 

14,493.43 

1348.23 

18 X 24 

17 1/2 X 23 1/2 

411.25 

114.2 

18,926.02 

1610.72 

18 X 26 

171/2X251/2 

446 25 

123.9 

24,181. 11 

1896.56 

18 X 28 

17 1/2X27 1/2 

481.25 

133.7 

30,331.62 

2205.72 

18 X 30 

17 1/2X29 1/2 

516.25 

143.4 

37,438.79 

2538.22 

20 X 20 

19 1/2 X 19 1/2 

380.25 

105.6 

12,049.49 

1235.81 

20 X 22 

19 1/2 X 21 1/2 

419.25 

116.4 

16,149.86 

1502.31 

20 X 24 

19 1/2 X 231/2 

458.2^ 

127.3 

21,089.04 

1794.81 

20 X 26 

19 1/2 X 251/2 

497.25 

138. 1 

26,944.73 

2113.31 

20 X 28 

19 /2 X 271/2 

536.25 

148.9 

33,798. 17 

2457.81 

20 X 30 

19 1/2 X 291/2 

575.25 

159.8 

41,717.61 

2828.31 

24 X 24 

23 1/2 X 23 1/2 

552.25 

153.4 

25,414.96 

2162.97 

24 X 26 

23 1/2 X 25 1/2 

599.25 

166.4 

32,471.80 

2546.81 

24 X 28 

23 1/2 X 27 1/2 

646.25 

179.5 

40,731.06 

2916.97 

24 X 30 

23 1/2 X 29 1/2 1 

693.25 

192,5 

50,274.98 

3408.47 


* Based on assumed average weight of 40 lb per ou ft 
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MATHEMATICS 


Notation 

A Symbol is a letter or sign used to represent a mathematical entity such as a numerical 
value or an operation. The notation for symbols used in this section follows in general the 
American Standard for Mathematical Symbols (A.E.S.C. report Z 10 f) and (for elemen¬ 
tary subjects) the recommendations of the Math. Assoc, of America (Report of Nat. 
Com., 1023, Chapter 8). The names of letters taken from the Greek alphabet may be 
found in Table 1, Section 1, and standard mathematical symbols in Table 2, Section 1. 

An Abbreviation, as distinguished from a symbol, is a shortened expression for a name 
or a unit. Abbreviations for engineering terms may be found in Table 3, Section 1. (See 
also A.S.A. report Z 10 i.) 


ARITHMETIC 

By Janvier M. Rice 


1. NUMBER NOTATION 

Notation. Numbers are expressed by words and represented by figure or letter charac¬ 
ters. The figure notation in common use is the Arahic, so called because it was first 
introduced into Europe by the Arabs. The common letter notation is named from the 
ancient Romans who used it. 

Numeration of Arabic Numbers. Any method of naming numbers is called numera¬ 
tion. The method in common use is a decimal system in which the figures or digits are 
separated by commas into groups of three figures each, called periods. For example, 
the number 1,211,024,006,357.089 is read, “ one tritlion, two hundred eleven billion, twenty- 
four million, six thousand, three hundred fifty-seven, and eighty-nine thousandths.'" 

A whole number is called an integer. A number expressed by an integer and fraction 
is a mixed number. 

Roman Notation uses seven letters and a bar; a letter with a bar placed over it repre¬ 
sents a thousand times as much as it does without the bar. The letters and rules for 
combining them to represent numbers are as follows: 

IVXLCDM L 

1 6 10 60 100 500 1000 50,000 

Rule 1 . If no letter precedes a letter of greater value, add the numbers represented by 
the letters. 

Example: XXX represents 30; VI represents 6. 

Rule 2. If a letter precedes a letter of greater value, subtract the smaller from the 
greater; add the remainder or remainderg thus obtained to the numbers represented by 
the other letters. 

Example: IV represents 4; XL represents 40; CXLV represents 145. 

Other Illustrations: 

IX XIII XIV LV XLII XCVI MDCI IVCCXL 

9 13 14 55 42 96 1601 4240 

2. FUNDAMENTAL PROCESSES AND TERMS 

Addition is indicated by the sign -f, which is read plus. The numbers added are 
called addends. The result is called the sum. 

Subtraction is indicated by the sign , which is read minus. The number subtracted 
is called the subtrahend, and the number from which it is subtracted the minuend. The 
result is called the remainder or difference. 

2 - 0 ? 
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Multiplication is indicated by the sign X, which is read tim £9 or multiplied hy. The 
number multiplied is called the multiplicandt and the number by which it is multiplied* 
the multiplier. The result is called the product. 

Division is indicated by the sign -r, which is read divided by. The number divided 
is called the dividend^ and the number by which it is divided the divisor. The result is 
called the quotient. 

The process of division may be indicated also by a fraction^ the numerator of which is 
the dividend and the denominator the divisor. 

If the quotient is an integer the division is exact. If the division is not exact, the part 
of the dividend that is left is called the remainder. 

Reciprocals. The reciprocal of a number is 1 divided by the number and, unless the 
division is exact, may be expressed as a fraction, decimal, or mixed number. Thus the 
reciprocal of 4 is 1/4 or 0.25. If tables are available, use of reciprocals saves the labor of 
division if long divisors are involved, as the same result can he obtained by multiplying 
the dividend by the reciprocal of the divisor. Reciprocals of numbers may be found in 
Table 7, Section 1. 

Percentage. Per cent means “ by the hundred,” To determine the per cent change 
in a quantity, divide the change in number of units by the original number of units and 
multiply by 100. For example, if an article costing 80 cents is sold for one dollar, the 
profit is 20 cents, or 25 per cent of the cost; if it is sold instead for 68 cents, the loss is 
12 cents or 15 per cent of the cost. 

Combination of Processes. If either X or -r occurs in an expression in connection 
with +, —, or both, the indicated multiplicationa or divisions are to be performed first. 
If both X and occur and are succeeding signs in any expression, the indicated multi¬ 
plications and divisions are performed in order from the left. lor example: 

3 + 10-5-2X4-1 = 3 + 5X4-1 = 3-1-20-1 = 22 

To avoid confusion, jHirentheses ( ), brackets [ ], braces j{, and the vinculum , are 
used as signs of aggregation in grouping expressions. Each group being regarded as a 
single number, operations within groups should be performed first. For example: 

2 X ([10 -5- (3 - 1)J + 4 3-1} = 2X 15 + 4-4-2) = 2X7 = 14 

Factors and Divisors. Integers that multiplied together produce a given number are 
called factors of the number. A whole number that has no factors other than 1 and the 
number itself is a prime number. A number that has factors other than 1 and itself is 
called a composite number. 

Integers which are factors of an integer are also called exact divisors. 

The process of separating a number into its factors is called factoring. 

Factorials. The multiple product n{n — 1) (n — 2) ... 3 X 2 X 1 is called factorial n 
and written 71 ! Values of nl up to those of 201 are given in Table 6, Section 1. 

Greatest Common Divisor. If two or more numbers are divisible by the same num¬ 
ber, they are said to have a common divisor. The greatest number that will exactly 
divide all of them is called their greatest common divisor (G.C.D.). 

Least Common Multiple. A number that is divisible by each of two or more numbers 
is a common multiple of those numbers. The least number satisfying this condition of 
divisibility is the least common multiple of the numlxjrs (L.C.M.). 

Fractions having the same denominator are called similar fractions, and those having 
different denominators dissimilar fractions. In adding dissimilar fractions, find the 
L.C.M. of the denominators, called the least common denominator, and change the given 
fractions to similar fractions having this denominator. 

Powers and Roots. A power of a number is a product obtained by using the number 
a certain number of times as a factor. The number of times the number occurs as a 
factor is called the exponent, and is written at the right of the numl)er and a little above. 
For example, the second power or square of 3 is 9 and is written 3^ = 9, Likewise, the 
third power or cube of 3 is 27 and is written 3^ = 27. 

One of the equal factors of a number is called the root of the number. In the example 
above, 3 is the square root of 9 and the cube root of 27. 

The process of finding the root of a number may be indicated by the radical sign or 
by a fractional exponent of the number. 

Example: 9^ = V 9 = 3, 8*^ = ^ * 2. 
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8. SQUARE ROOT AND CUBE ROOT 

To Extract the Square Root. (1) Point off the given number into periods of two 
figures each, starting at the decimal point and going both ways. 

(2) Find the largest square in the left-hand period and use its root as the first digit of 
the result; subtract the square from the left-hand period and to the remainder annex 
the next period for a new dividend. 

(3) Double the root already found and annex one zero for a trial-divisor; determine 
how many times it will go into the dividend, and put the number in the result and also 
in place of the zero in the divisor. Multiply this completed divisor by the number just 
placed in the result, subtract the product from the dividend, and to the remainder bring 
down the next period for a new dividend and proceed as before. 

(4) If at any time the product of a new figure in the root by the “ completed ” divisor 
is greater than the dividend, erase the new figure from both the result and the divisor, 
substituting a figure just small enough to make the product of the now figure of the result 
by the divisor less than or equal to the dividend. If at any time a divisor is not con¬ 
tained in the dividend even once, bring down the next period for a new dividend, annex 
another zero to the trial divisor, put a zero in the quotient and proceed in the regular 
manner. 

Example: 3'02. '98'06'52' | 17.400 + 

1 

27 1202 

1 189 

344 1398 

1376 

34806 220652 

208830 

To Extract the Cube Root. (1) Point off the given number into periods of three 
figures, each starting at the decimal point and going both ways. 

(2) Find the largest cube in the left-hand period and use its root as the first digit of 
the result; subtract the cube from the left-hand period and to the remainder aiiTiex the 
next period for a new dividend; square the root already found and multiply by 300 for 
a trial divisor. Find how many times this trial divisor is contained in the dividend and 
write the number in the root. 

(3) Add together the trial divisor, 30 times the product of the first figure of the root 
by the second, and the square of the second figure in the root; multiply the sum (which 
is the completed divisor) by the last figure in the root, and subtract from the dividend. 

(4) To the remainder annex the next period and proi-eed as before to find the third 
figure of the root—that is, sciuare the two figures of the root already found, multiply by 
300 for a trial divisor, etc. 

(5) If at any time the product of a new figure in the root by the " completed” divisor 
is greater than the dividend, erase the new figure from the result and from wherever it 
appeared in obtaining the divisor, substituting a figure just small enough to make the 
product of the new figure of the result by the divisor less than or ecpial to the dividend. 
If at any time a divisor does not go into the dividend even once, write a zero in the root, 
annex the next period to the dividend, and proceed in the regular manner. 

Example: ^ 158'252'.632'929 154.09 


300 X 52 = 7500 
30 X 5 X 4 = 000 

42 = 16 

33252 

8116 

32464 

300 X 5402 ^ 87480000 
30 X 640 X 9 = 145800 

92 = SI 

788632929 

87625881 

788632920 


Ttbles of Square Roots and Cube Roots, as well as squares and cubes, of integers 
from 1 to 1000 are given in Table 7, Section 1, 

To Extract Any Root other than the square root or cube root (and frequently for the 
latter), logarithms are generally employed. See p. 2-10. 
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4. APPROXIMATE COMPUTATIONS 
Significant Figures 

Numerical engineering data are subject to errors of various kinds and should be 
written so that no ambiguity can exist as to the significance of the figures. In the num¬ 
ber 0.002963 it would naturally be understood that four ngnificant figures, 2, 9, 6, 3, are 
intended. In 2,053,000, however, it should be made clear whether the three seros are in 
doubt or not. Frequently powers of 10 are used as factors to bring significant figures 
into prominence. Thus 2,953,000 might bo written 2963 X 10®; however, this notation 
does not necessarily imply that only the four digits at the left are significant, as this 
method is sometimes used only to conserve space. 

Addition and Subtraction. A doubtful figure in any of the numbers makes the sum 
or difference in the column in which it lies doubtful. Retain significant 2.953xx 

figures in the result for only those columns in which all figures are signifi- 0.8942x 

cant. In the example, doubtful figures are indicated by the symbol x. 0.06483 

3.912XX 

Multiplication. It is convenient to arrange the work so that the figures of the multi¬ 
plier are used from left to right, since doubtful figures are thus displayed 
prominently to the right of the vertical line. It is unnecessary to write 
the doubtful figures. The operation may be abbreviated by dropping 
the right-hand figures of the multiplicand one by one as multiplication 
is completed by successive figures of the multiplier, making proper al¬ 
lowance for so doing in the products. 


Work may be much abbreviated for numbers with 
figures by cutting off one figure of the divisor at each division, in¬ 
stead of adding a doubtful zero from the dividend to the remainder. 

This method gives rise to no loss in accuracy, and leads quickly to 
the desired result. 

417^17 (5 
205 

4n2 (3 

Errors 

A definite number of significant figures is usually implied in a numerical table. The 
last right-hand digit may be in error as much as half a unit. Therefore, in adding num¬ 
bers taken from a table, error.s may accumulate. The last right-hand digit may thus be 
in error several units, and this fa(;t should be noted carefully in any computation. Simi¬ 
lar observations apply to other operations of arithmetic. In general, the result obtained 
by computing with numerical tables of, say, four significant figures cannot bo depended 
upon beyond three significant figures. Hence to reach a desired degree of accuracy it is 
essential to carry along one extra figure up to the last step. 

The Absolute Error in any approximation is the actual difference between the approxi¬ 
mate and the exact value. The limits between which the absolute error lies are usually 
all that is known of its magnitude. Thus if we take V? = 2.646, absolute error lies 
between — 0.0005 and -f 0.0005 (inclusive), i.e., is numerically ^ 0.0005. 

The Relative Error is the ratio of absolute error to exact value. Usually in any given 
case an upper limit only of the relative error is known. Thus, the relative error in 
V? == 2.646 is less than or equal to “ 1 part in 2 X 2646.” 

The Probable Error is that error which is equally likely to be, or not to be, exceeded. 
Thus for the tabular value of Vj = 2.646 with an absolute error lying numerically be¬ 
tween 0 and 0.0005, the probable error is 0.00025. An interpolated value has a greater 
probable error owing to the inaccuracy of the fundamental assumption for interpolation 
(see below). 

Simple Theorems on Errors. 

(1) In a sum or difference, the absolute error of the result is not greater than the sum 
of the absolute errors of the given terms. 

(2) In a product or quotient, the relative error of the result is not greater than the 
sum of the relative errors of the terms (practically). 


limited significant 
4128) 12190 (2 
8256 
413r^34 


2,953 

4,128 


11,812 


295 

3 

59 

06 

23 

624 

12,19x 

XXX 


Division. 
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Interpolation in Tables 

It is often convenient to consult tables for values which are not directly given, but 
which may be found by interpolation by first differences, as illustrated below. The princi¬ 
ple is the same, regardless of the nature of the data involved. 

Exam ple: Table 7, Section 1, gives VieO * 12.6491 and V161 « 12.6886. Suppose 
3 to be desired. The square root has increased 0.0395 for an increase of 1 unit in 
the number. Interpolation is based on the assumption (not strictly correct) that a change 
in the number amounting to a fraction of a unit changes its function (in this case the 
square r oot) by the same fractional amount of its corresponding total change.* On this 
baas, VmS = 12.6491 + (0.0395 X 0.3) = 12.6610. 


ALGEBRA 

By Janvier M. Rice 

6. NUMBERS 

Classification of Numbers. The following are examples of number classifications: 
positive integers, 1, 2, 3; negative integers, —1, —2, — 3 ; integers, all positive and negative 
integers and zero; fractions, l/a, — 6 / 2 ; rational numbers, i.e., those which can be expressed 

as the quotient of two integers, as 3 / 5 , v — 1 / 27 ; irr^ional numbers, i.e., those which cannot 
be expressed as the quotient of two integers, as V 2 , tt; real numbers, i.e., those which are 
not complex or purely imaginary (see below); imaginary numbers, i.e., even roots of 

negative numbers, as v'^--3, V-*l (the symbol i is used for V — 1) f; complex numbers 
i.e., combinations of real and imaginary numbers, as (2 + sV—1) = (2 + 3i). 

The Absolute Value of a Number is its numerical value without regard to sign, as 
absolute value of — 3 is 3 and is written | — 3|. 

6. FUNDAMENTAL OPERATIONS 

Symbols of Operation and Grouping are the same in algebra as in arithmetic except 
that the omission of a symbol in algebra indicates multiplication whereas in arithmetic it 
indicates addition. Thus 2 a/b means 2 X a/b, whereas 2 means 2 -|- 

Grouping. If an expression within parentheses is preceded liy a plus sign, the paren¬ 
theses may be removed. If an expression within parentheses is preceded by a minus sign, 
the parentheses may be removed if the sign of every term within them is changed. Thus, 
2 {a — b) *2 + 0 — and 2 — (a — 6) * 2 — a + If parentheses occur within 
parentheses, these may be removed, in succession, by removing first the innermost paren¬ 
theses; next, the innermost of all that remain, and so on. Thus: 
a — [6 + c — (d + 3)]=o — [6 + c — d — 3] = o — [3 + c — d] = a — 3 — c + d 

Parentheses may be introduced, if desired, by reversing the process. 

Addition and Subtraction. Like terms should be combined; the others are simply 
repeated, preceded by their i)roper signs. Thus: 

— 2(w:+4z — (c — 5 ax+ 3 2 ) e»3ax+2 — c 

Similarly, polynomials are added or subtracted by combining their respective terms. 

Thus, to add m* — 3 m^n — 6 tn^n*, + — 5 in*n, and — + 2 + 7 m^n, 

write; + jw® — 3 mH — 6 nfini 

— 5 m*n + tnhi^ + 

+ 2 tfi® + 7 vi^n — 71® 

+ 3 7/1®— mhi — 5 TTi^Ti* + rri^n^ — 71 ® 

Or for subtraction: 

(a*x* + 2 a*x» — 4 ox^) — (a® + 4 a^x^ — 3 o*x® — 4 ax^) =■ 

o*x2 + 2 a*xS — 4 ax* — o® — 4 o^x^ + 3 a^x® + 4 ax* — a® — 3 a®x2 + 5 a^x® 

* This procedure is known as “ interpolation by first differences.” If a more accurate result 
is necessary, and the accuracy of the tabulated data so warrants, ” interpolation by differences of 
higher order ” may be employed. (Sec Smithsonian Mathematical Tables or an advanced al¬ 
gebra book.) 

t Electrical engineers generally use ; instead of i for \/—H to avoid confusion with use of i 
tor eurrent. 
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Powers and Roots. The notation denotes the nth power of a, even if the exponent 
n is negative or fractional. If no exponent is shown, 1 is understood. Rules for powers 
are: (+ = + o’*; (— a)^ = + if n is an even integer and — if n is odd; *« 

amn. ^-n ^ j. Qtt ^ q. x o” = a”*/o" = a"*-”"; (aft)"* « a^b^: 

faY 




The notation or denotes the nth root of a; n is called the index of the root. 
An even real root of a positive number is positive or negative, and an odd real root is 
positive; an odd real root of a negative number is negative, and all even roots are complex 
or purely imaginary. Also - (y/liY = 

Operations with radicals are performed by changing to exponents. 


Example: V 2 X -^3 - 2^ X 3^ - 2^^ X 3^® - (23)X (S*)^ * s'"® X 9^ » 72^^- 


Division by radicals may be avoided by ratiotiailzing. 

■f* —• 

Example: To compute—^-multiply numerator and denominator by \/5^+ Vs. This 

V 5 - V 3 

rationalizes the denominator, for (\/^ — VS) «■ 5 ■ 


(Vs + V2)(V5 + V3) - 1/2 (3 + Ve + v'lO + v'l5). 


■3*2, hence the value I/2 


The symbol i denotes V — 1, which is the imaginary unit. If a is positive and n 
even, then ( — Powers of i are 1 !* = — 1, *=* — V — l, ss-|- etc. 

A complex quantity is the sum of a real and an imaginary quantity, as o + ib. 

Multiplication. To find the product of monomials, multiply the product of the literal 
factors by the product of the numerical factors. The product is positive if all the factors 
are positive or if an even number of them are negative; it is negative if an odd number of 
them are negative. 


Thus: 4 a X 3 c = 4- 12 ar; 4 a X (— 3 c) = — 12 ar; — 4 a X k— 3 c) =» + 12 ac; o® X o* "» 
a®; 4 d^c X oc® * 4 6 ab’^y^ X 2 X (— 50%) = ~ 60 a^b^y'^. 


To multiply two polynomials, multiply each term of one factor by each term of the 
other factor and add the partial i>roducts. 


Thus, to multiply (— o* + 2 0*6 — 53) by (+ -4 a* •+• 8 o5), the operation may be arranged and 
carried out thus: 


- 03 4 2 0 % - 63 
4 o2 + 8 gb 

— 4 o® 4* 8 a*b — 4 o^b* 

- 8 aHi _ 4- 10 o3bg - 8 ob< 


- 4 06 - 4 o2b3 4 16 o3b2 ~ S ab* 


If ah — 0, cither o or b or both = 0. 

Division. To find the quotient of monomials, multiply the quotient of the literal 
factors by the quotient of the numerical factors. The quotient is positive if dividend 
and divisor have like signs; it is negative if dividend and divisor have unlike signs. 


Thus: 


— 12 PC 

4a 



— 60 a3b%7 
— 5a^y 


= 12 ob^y®. 


To divide a polynomial by a polynomial, arrange both dividend and divisor according 
to ascending or descending powers of some common letter, and keep this order through¬ 
out the operation. Arrange the computation thus: Dividend Divide the first 

term of the dividend by the first term of the divisor and write the result as the first term 

of the quotient. Multiply all terms of the divisor by the first term of the quotient. 

Subtract the product from the dividend. If there is a remainder, consider it as a new 
dividend and proceed as before. 

Thus: (22 o^b^ 4- 15 b® + 3 o^ - 10 o»b - 22 ob») -5- (o* + 3 b* - 2 06) 

3 o* - 10 o»b 4- 22 o«b2 - 22 ab3 + 15 64 I o* - 2 ob 4- 3 b* 

3 0*- 6 o^b 4- 9 | 3 o2 - 4 ob + 5 6* 

- 4 o36 + 13 0*63 _ 22 ob* 

- 4 a»b + 8 0*6* - 12 ob» _ 

5 0*6* - 10 ob* 4* 15 64 
5 0*6* - 10 o63 d- 15 64 

The quotient is (3 o* — 4 06 -j- 5 6*). 

Division by Q is not permissible, and care must be exercised in algebraic computations 
that this error has not been unwittingly committed. 
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Uiefttl Identitietobtained by multiplication or division include: 

(a db 6)® o* i 2 a6 + 6* 

(o + 6)(a — 6) « o* — 6* 

(a + 6) (x + 2 /) =* ax + «!/ + &* + &!/ 

(a + 6 4* c)* = a* + &* 4- c* + 2 o6 + 2 ac -j- 2 be 

(a" - 6") -4- (o - 6) == b + b* + . . . + a b'^"® + b’^"' (if a 5i*i b) 

(o" + b”) *4- (a + b) = — a””* b 4- b* — ... — o b”~* + b”“^ (if n is odd) 

(o" - 6") (a + i) = a"“' -a”-'‘h + a”~^ 6» - ... + a 6"“' - 6""' (if n U even) 

Factoring is the process of finding two or more expressions the product of which is 
equal to a given expression. The general procedure in factoring polynomials is first to 
factor out any monomial common to each term and then to treat the remaining poly¬ 
nomial by such processes as ; 

(1) Comparison with known identities such as those listed above. 

Example: x*i/ — 4 i/* — y (i* — 4 s= j/ (x -j- 2 y){x — 2 y). 

(2) Use of the theorem: -{■ hx c — (x 4~ 7^)(^ 4" <7) if P and q are two numbers 

the sum of which is h and the product c. 

Example: Given x® _ ^ — 6. Since (— 3) 4 (2) = — 1 and (— 3) X (2) » — 6, p «=» — 3 
and q — 2; hence x* — x — 6 — (x — 3)(x 4 2). 

(3) Use of the theorem: If r is a root of /(x) = 0 (see p. 2-14), (x — r) is a factor of 

/(:r). 

Example: Given 2x2 __ 2x — 12. By formula (p. 2-13), the roots of 2 x* — 2 x — 12 0 

are 3 and (— 2); therefore (x — 3) and (x 4 2) are factors and 2x2 _ 2x — 12 = 2 (x — 3)(x 4 2). 


7. RATIONAL FRACTIONS 


Fundamental Laws applying to fractions arc illustrated by the following equalities: 
—a —o _ a 

~T ” “ ^b ’ 


Signs. 


+ i “ -6 


Addition and Subtraction. - ± ^ 

c a cd 


a b a 4r b 
“ or - — — ; 

c c c 


combine several fractions, use their least common denominator. 

a , _b_4- bdp — ce^g 

h'f 


a a _ a(d 4: c) 

c d cd 

Thus: 


To 


def 


Multiplication. 


- X - = - 

b d hd 


e-'g 

ac a 

_ 


Division. - 
0 


c _ a d _ ad 

d b^ c be' b 


df 

ac 

he 

a 


de^Pg 


Powers and Roots. ■ 


a -i- c 
b c * 
-n b-” 


(whether n is an integer or fraction); 



Partial Fractions 

Decomposition of a Proper Fraction t into its simplest partial fractions can be accom¬ 
plished by application of the following rule, where the denominator of the given fraction 
contains factors prime to each other (except that one or more of them may be repeated). 

Rule: Set up partial fractions in accordance with the procedure given under the 
appropriate case (or cases) below. These partial fractions contain unknown constants. 
Since the equality between the given fraction and the partial fractions is an identity, the 
constants can be determined by equating coefficients of like powers of the variable 
appearing in the two members (i.e., using the method of undetermined coefficients). The 
latter step can sometimes be simplified by short-cut substitution methods. 


* An identity is an identical equality of two expressions; that is, an equality which holds true 
for all values of the symbols. 

t A proper fraction is one in which the numerator is of lower degree than the denominator. 
An improper fraction (for which the reverse is true) may readily be reduced, by dividing the nu¬ 
merator by the denominator, to give the sum of an integral part and a proper fraction. 
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Ca9e I: If the denominator can be resolved into real linear factors (P, Q, P . . .) < &11 
of which are different, let f f - 

Example; — H-H- 7 —. Clearing of fractione, 

X® — *xx~lx+l 

6 x2 - X + 1 « ^(x - l)(x + 1) + (X + 1) + Cx (x - 1) 

As this equality is an identity, it is true for all values of x. Letting x 0, A « — 1; letting 
X - 1, - 3; letting x « - 1, C = 4. Hence, - ^ t ^ _ 1 + —L_ + . 

X*-X T X-1 X+1 

Or, using the method of undetermined coefficients, the identity may be written: 

0 x2 - X + 1 - (A -I- i? + C) X* + (JS - O X - A. 

Then, A + 7?4-C«*6;i? — C«— 1; — A»l, and solving simultaneoubly, A — 1, 5 ■■ 3, 
C «- 4, as before. 


Case //: If the denominator can be resolved into real linear factors (P, Q . . .), one or 
more of which are repeated, let —^- "" 7 ^ ^ + ^2 + ^ + • • • 

Example: - 1 -^ -^- Clearing of fractions, 

x(x - 1)3 X x-1 (x - 1)2 ^ (a, _ 1)3 

X + 1 = A (X - 1)3 + Px (x - 1)2 + Cx (x - 1) + Dx 
Determine the constants by methods illustrated in the example under Case I. Constants A and D 
can be obtained quickly by the substitution method, but for It and C the method of undetermined 
coefficients should be used after simplifying the identity by »ubstituting the numerical values of 
A and D, collecting terms, etc. 


Case JII : If the denominator contains cpiadratic factors (P, Q . . .) which cannot be 
separated into real linear factors and all of which are different, lot 


Example: 


3.t2 . 


Nnm 

pq77. 

2 


Ax + B Cx + I) 

I “T . . . . 


P 

Ax f B 


Q 

c 


Clearing of fractions, 


(x2 + X + 1) (x 4- 1) x2 4- X 4- 1 2 ; -I- I 

3 x2 - 2 = (Ax 4- ^)(x 4- 1) 4- c (x2 4 - X 4- D 

»= (A 4- C)x 2 4 . (A + B + C) x+ {B + C) 

Equate coefficients of like powers of x to determine the constants. (Sec example under Case J.) 

Case 1V‘. If the denominator contains <]uadratic factors {P,Q . . .) which cannot be 
separated into real linear factors and one or more of whic^h are repeated, let 
Niim 


. . . 


A .t + B , Cx + D , Ex + V , (lx 4- // , 1x-\-J , 

' rwK T* • • • • 


p 2 


Q 


(p 


Example: 


5 x 2 ~ 4 X 4 - IC) 


Bx 4- C 


Dx 4- K 


Clearing of fractions. 


(X - 3 )(x 2 - X 4 - 1)2 X - 3 x 2 - X 4- 1 (x 2 - X 4- 1)2 

5 x 2 - 4 X 4 - IG = A (x 2 - X 4 - 1)2 + (Dx 4 - C)(X - 3 )(x 2 - a; 4 - l) 4 . (Dx 4 - D) (x - 3 ) 
Proceed from here on by method similar to that discussed in example under Case II, 


8. RATIO AND PROPORTION 


Laws of Ratio and Proportion are Btate<l in the following theorems, in which the 
symbols have finite values and division by xero is excluded: 


(a) If 7 = then; - = - ; ad = he \ 
b d c d 


ma 4“ nh _ me 4“ wd 
■pa A- qh pc A- qd' \b, 


If also 


e 

7 




dh' 



c e 
d~f 


jm A- QC A- re A- ... 
pb A- qd A- rf A- P 


Variation. 

If y = kx, y varies directly as x; i.e., 2 / is directly proportional to x. 

k • • • 

If 2 / s= y varies inversely as x; i.e., y is inversely proportional to x. 

If 2 / = kxz^ y varies jointly as x and z. 

If 1 / = A: 2/ varies directly as x and inversely as z. 

The s 3 mabol k is called the constant factor of proportionality. 
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9. INEQUALITIES 

Laws of Inequalities are stated in the following theorems, in which the symbols 
have /inite poaitive values and division by zero is excluded: 

(a) If a > 6, then: a + c>6-f-c b < a 

a — c>6 — c c — a < c — b 

ac > be — ca < — ch 



Corollary: If o — c > 5, then a> b c. 

(6) If a > b and c > d, thou: a + c > b d; ac > bd; 

but a — c may bo > or = or < b — d; a/c may be > or — or < b/d. 

10. LOGARITHMS 

The Logarithm of a given number is the power to which a fixed number called the 
base must ho raised to produce the given number. In ?/ = b*, b is the base, x the logarithm 
to this base, and y the number which is produced. For common, or Briggs, logarithms 
the base is 10. The only other system in frequent use is the Napierian, natural, or hyper¬ 
bolic system, for which the base e = 2.71828 (to five decimal places). The abbreviation 
log means the logarithm of a number to the base 10. The notation In 6 or log*. 6 means 
the logarithm of 6 to the base c; log 0 means the logarithm of 6 to the base 10. Thus, 
log 100 = 2, because 100 =* 10^; log 10 = 1, because 10 = 10^; log 1 = 0, because 1 = 
10®; log 0.1 = — 1, because 0.1 = 10"“^ Any number > 1 has a positive logarithm, and 
any number < 1 has a negative logarithm (provided the base >1). A number which is 
not a whole power of 10 results from raising 10 to some mixed-numbered, fractional, or 
irrational power. The integral part of the power is called the characteristic and may be 
either positive, zero, or negative; the decimal part, called the mantissa, is always positive 
and may l>e obtained from a table of logarithms. Since 10 is larger than e (2.71828), it 
takes a higher power of e to produce a given number than it does of 10. This moans 
that the logarithm of a number to base e is larger than that to base 10. Relation between 
the two systems of logarithms is: 

logc n — logio n -4- logic e 

or loge n = logic n -¥■ 0.4343 = logic n X 2.303 

Numerical Value of the mantissa for base 10 is taken from Table 10, Section 1, dis¬ 
regarding for the moment the decimal point in the numlier whose logarithm is being 
determined. The characteristic is determined by the following rules. If the given num¬ 
ber is greater than 1, the characteristic of its logarithm is positive and is one less than 
the number of figures preceding *ho decimal point; thus, 

log 6.54 = 0.815578; log 65.4 = 1.815578; log 654 = 2.815578; log 6540 = 3.815578 
If the given number is less than 1, the characteristic of its logarithm is negative arid is 
numerically one greater than the number of zeros immediately following the decimal 
point; thus the four-place logarithm of 6 is 0.7782, and 

log 0.6 = 1.7782; log 0.06 = 2.7782; log 0.006 = 3.7782; log 0.0006 = 4.7782 

The mantissa is always positive, so 2.7782 is the same as — 2 -f 0.7782 and may be 
written 8.7782 — 10. If the given number is an integral power of 10, the mantissa is zero. 

To determine a number whose logarithm is given, the above procedure is reversed. 

The cologarithm of a number is the logarithm of its reciprocal. Hence, colog N = 
log \/N = log 1 — log N = — log N. Cologarithms are useful (if tables of them are 
available) in dealing with fractions, since cologarithms of factors in the denominator may 
be added to logarithms of factors in the numerator. 

Multiplication and Division of numbers may be performed by logarithms and the use 
of the follovring rules: 

To multiply a by b, log o + log 5 = log ab 

To divide a by b, log o — log b = log a/b 

Here log a and log b are obtained from Table 10 and the above rules for the characteristic; 
then the number corresponding to log ab or log a/b is found from Table 10. For example, 
to multiply 68.31 by 0.2754, log 68.31 = 1.834484, log 0.2754 = 9.439964 - 10, the sum 
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of the logs is 1.274448, and its corresponding number is 18.813, the last digit being possibly 
one unit in error. 

Powers and Roots of numbers are most conveniently computed by logarithms and the 
use of the following rules; 

To raise a to the nth power, n Ipg a ~ log 

To extract the nth root of a, -- log o = log 

n 


For example, to raise 0.6831 to the 1.53 power: 1.53 X 1.834484 = 1.53(— 1 + .834484) 
= - 1.53 + 1.276761 = - 1 - 0.53 -f 1.276761 * 1.746761, which is log of 0.55S16. To 
find the fifth root of 0.6831: one-fifth of 1.834484 is Vs (- 5 + 4.834484) « 1.966897, 


which is log of 0.92661. 

Simple exponential equations may he solved by a variation of the 
above principle. Thus, given a* = fc, write 

a; log a = log 6, whence x = and log x = log (log h) — log (log a), 
log a 

Theoiy of the Slide Rule 

A Slide Rule is an instrument for mechanical computation based on 
the use of logarithms. With it the operations of multiplication, division, 
the finding of powers, and the extraction of roots can be performed 
rapidly and with an accuracy sufficient for most engineering work. 
With a good 10-inch Mannheim rule the results obtained are accurate 
to approximately l/io of 1 per cent. 

The Simple Mannheim Rule consists of a fixed and a sliding part 
both of wliich are ruled with logarithmic scales, i.c., with divisions at 
distances equal to the logarithms of the numbers marking the division 
points. Since the logarithm of the product of two numbers is the sum 
of tlio logarithms of the numbers and the logarithm of the quotient 
of two numbers is Ac difference of their logarithms, multiplication or 
division of the numbers can be effected by moving the slide to the 
right or left to ,udd or subtract the logarithms. The scales on the 
fixed part of the rule arc called the A and D scales, and those on the 
slide the B and C scales. The A and B scales are each divided into 
two parts, each part being a half-size reproduction of the C and D scale. 
A “ runner,” which consists of a glass plate with a fine vertical line on 
it, is used to facilitate some of the oix3rations. Since 0 is the logarithm 
of 1 the numbering on each scale begins with the figure 1. In using 
the scale the figures 1, 2, 3, etc., are to be taken either as representing 
these numbers, or as 10, 20, 30, etc., or 100, 200, 300, etc., or 0.1, 0.2, 
0.3, etc.; that is, the nuinbers multiplied or divided by 10, 100, etc., 
as may bo most coiiveiiietit for the solution of a given problem. 

Use of the Simple Mannheim Slide Rule 

The following examples illustrate the use of the slide rule. 

Proportion. Set the first term of a proportion on the C scale op¬ 
posite the second term on the D scale; then opposite the third term on 
the C scale read the fourth term on the D scale. 

Example: Find the fourth term in the proportion 12 : 21 :: 30 : ac. Move 
the slide to the rifzht until 12 on C is opposite 21 on D, then opposite 30 on 
C read x on D, — 52.5. 

Multiplication. Set 1 on the C scale opposite one of the factors on 
D. Under the other factor on the C scale read the product on the D 
scale. 

Example: 25 X 3. Move the slide to the right until the left 1 on C is op¬ 
posite 25 on D. Under 3 on C is found the product on D, = 75. 

Example: 26 X 5. If the slide is moved to the right as above, the 6 on C 
will be beyond the end of D. In this case move the slide to the left until the 
right 1 on C is opposite 25 on D. Under 5 on C is found the product on 
D, » 126. 

Division. Place the divisor on C opposite the dividend on D, and 
the quotient is found on D under 1 on C. 



Fia. 1 


Example: 760 -4- 25. Move the slide until 25 on C is opposite 750 on D. Under 1 on C it 
found the quotient on D, ** 30. 
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Combined Multiplication and Division. Arrange the numbers to be multiplied and 
divided in the form of a fraction with one more factor in the numerator than in the denom¬ 
inator, supplying the factor 1 if necessary. Then perform alternate division and multi¬ 
plication, using the runner to indicate partial results. 


Example: 


4X5X8 

3X6 


8.9 nearly. Set 3 on C over 4 on D, set runner to 5 on C, then set 6 


on C under the runner, and read under 8 on C the result 8.9— on D. 


Powers and Roots. The numl^crs on 8cale.s A and B are the squares of t^e opposite 
numbers on scales C and D, and the numbers on scales C and D the square roots of the 
opposite numbers on scales A and B. In extracting square roots, if the number of digits 
is odd, take the number on the left-hand scale of A; if the number of digits is even, take 
the number on the right-hand scale of A. To cube a number, perform the operations oi 
squaring and multiplication. 

Examples: 4* ~ 16. Set the runner over 4 on D and read 16 on A. \/T6 == 4. Set the 
runner over 16 on A and read 4 on D. 2^ — 8. Set 1 on C over 2 on D, and above 2 on B read 
the result 8 on A. 


Cube Root. Set the runner over the number on A; then move the slide until there is 
found under the runner on B the same numlx?r which is found under 1 on C on D; this 
number is the cube root desired. 

Example: = 2. Set the runner over 8 on A, mo%'e the slide along until the same number 

appears under the.runner on B and under 1 on C on I); this is the number 2. 

Trigonometric Computations. On the under side of the slide (which is reversible) are 
three scales, a scale of natural sines marked S, a scale of natural tangents marked T, and 
between these a sc:dc of equal parts. To use these scales, turn the slide over. Opposite an 
angle on S its sine is found on A, and opposite an angle on T is found its tangent on D. 

To solve a right triangle in which the two arms are given, us(^ the T and D scales. 
Set the end of the T scale opposite the longer arm on D and find the smaller angle on T 
opposite the shorter arm on D. In all other cases use the A and S scales. Set a given 
side on A opposite its opposite angle on S. With this setting the hypotenuse is opposite 
90°, the longer arm opposite the larger acute angle, and the shorter arm opposite the 
smaller acute angle. 

Example: Given, shorter arm — 24, opposite angle == 35.5°. Find the remaining parts of 
the triangle. 

Set 35.5° on S opposite 24 on A. Opposite 54.5° on S read the longer arm 33.6 on A and 
opposite 90*^ on 8 the hypotenuse 41.3 on A. 

Vector Computations. Scales for circular and hyperbolic functions have been designed 
by M. P. Weinbach and A. F. Puchstein to facilitate computations involving these func¬ 
tions and complex numbers. For detailed instructions in their use consult the manual 
of The Log Log Vector Slide Rule published by Keuffcl and Esser Co. 


11. EQUATIONS 

An Equation is a statement of conditional equality between two expressions. Alge¬ 
braic equations contain one or more letter symbols representing unknown quantities. 
The process of determining values of unknowns satisfying the equations is called solving 
the equeUiona. The solutions of an equation in one unknown arc called its roots. 

The following theorem is of fundamental importance: If the same quantity is added 
to, or sulitracted from, both sides (i.e., mejnbers) of an eiiuatiori, or if both memliers are 
multiplied or divided by the same quantity (excluding division by zero), the equality is 
not disturbed. It follows that any term jnay bq transposed from one side of an equation 
to the other provided its sign is changed. 

A Linear Equation is an equation of the first degree; that is, one in which, after clearing 
of fractions, only terms of the first degree in the variable (or variables) appear. A linear 
equation in one unknown has only one root. Example: Given, 3x -f- 2 = 0. Solution: 

* - - 2 / 3 . 

Quadratic Equation 

A Quadratic Equation is an equation of the second degree; that is, one in which, after 
clearing of fractions, one or more terms of the second degree (as x* or xy) in the variable 
(or variables) appear, but none of higher degree. A quadratic equation in one unknown 
has two roots which are either both real or both complex. The roots may be determined 
by any one of the following methods: 

Solution by Factoring. Given the equation ax* ha: -h c *= 0 (abbreviated/(x) = 0). 
If (x — r) is a factor of /(x), then r is a root of /(x) — 0. Factors can sometimes be 
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written by inspection. (See p. 2-14.) Example: Given: x* — a; — 6 » 0 . This may be 
written (x — 3)(x + 2 ) = 0 . Hence, the roots are 3 and — 2 . 

Solution by Completing the Square. The equation ox* + + e ~ 0 may be written 

in the form x* + -x = ~ Add (~) to 1 

a a \2a/ 


\ both members. Then 


x* + -®4- 
a 


\ 2 o/ a \ 2 o/ \ 2a/ 


* ___ 6 ^ — 4 oc 
4o* 


whence 




- 4t 


— 6 rt — 4 ac 
_ 


: the roots 


2a/ 2a 

Example: Given, 2x^ + x — 3 = 0. This may be written x* + 1 / 2 ^ “ Add (I/ 4 )* to 

both members. Then x* + 1/21 + (I/ 4 )* = + (1/4)^ or (x + 1 / 4)2 = 26/ie, whence (x + I/ 4 ) 

«= ± 5/4 and X =» 1 or — 8/3 = the roots. 

Solution by Formula. The symbolic solution of ax2 -f 2>x + c ~ 0 is 

— 6 dr Vb* — 4 oc 


2o * 

as shown above. This solution may be used as a general formula. Thus, in the previous 
example of 2 x* x — 3 = 0, the coefficients are o = 2. b = 1, c = — 3. Substituting 


lor--.aa 


, - 1 ± V'(l)» - 4(2)(-3) -ldb.5 

these values into the formula, x =-----=-:- 

before. 2X2 4 

The Discriminant of the equation ax^ + fcx + c = 0 is the quantity 4 ac. If 
b* — 4 oc > 0, the roots are real and unequal: if b* —• 4 ac = 0, the roots are real and 
equal; if b2 — 4 oc < 0, the roots are complex and unequal. If b* -- 4 oc is a positive 
perfect square, or zero, the roots are rational. If b = 0, the roots are equal in absolute 
value but opposite in sign; if c = 0, one root is zero. 

Cubic Equation 

A Cubic Equation is an equation of the third degree; that is, one in which, after 
clearing of fractions, one or more terras of the third degree in the variable (or variables) 
appear, but none of higher degree. A cubic equation in one unknown has three roots, of 
which either all are real or one real and two complex. 

Algebraic Solution. Write the equation in the form ox® + 3 bx® -b 3 cx + d = 0. Let 
Q = oc — b® and r = 1/2 (3 obc — o®d) — b®. 

«! = (»• + and «2 = (r — V^q® + r®)^. 


Also let 

Then the roots are; 


Xl = [(«! + 82 ) — 6 ] -j- o 


X 2 


r 1 3 

— I “ 2 4- 82 ) H- - — (81 


— 82 ) bj T- o 

Xs = ~ (si + 82) — (Si “ Si) — bJ 4 - o 

If q® + ?■* > 0, there are one real root and a pair of complex roots. If q® r® = 0, 
all three roots are real and at least two are equal. If q® r® < 0, all three roots are 
real but the numerical solution leads to the extraction of the cube roots of complex quan¬ 
tities, and therefore the algebraic forms are irrcducihU. In such a case the trigonometric 
solution should be employed. 


Example: Given the equation x^ + 12 x^ -f 45 x + 54 — 0. 

Here o = 1, b ~ 4, c = 15, d == 64. g = 15 — 16 = — 1; r 

I 4 . r 2 = - 1 + 1 - 0 , «i = S 2 = (- = - 1. 4- .f 2 - - 2 ; «i - 

Hence the roots arc xi = (—2 — 4) = — 6; X 2 = X 3 = t — ^/2 2) 


1/2 (180 - 64) - 64 - - 1; 

= 0 . 

41 = - 3. 

Write the equation in the form ox® -f- 3 bx* -h 3 cx -f- d = 0. 
2 (3abc — a®d) — b® (as in algebraic solution). Then the 


Trigonometric Solution. 

Let q = Gc — b® and r = 
roots are: 

Xi = {yi — h) a 
X 2 = ( 2/2 ■” ft) 4-0 

Xz - (yz — b) -7-0 

where f/i, ^ 2 , and 2/3 have the following values (upper of alternative signs being used when 
r is + and the lower when r is —): 
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Cass 

I: 

If g U - 

• and g® + r* 

^0: 






yi *= d: 2 *> 


COS 1 

[iooe- 




2/2 =±2 > 


COS 1 





2/3 = dz 2 '' 

y - q 

cos I 

[|cos- 

Case 

II: 

If g is 

— and g® + r 

o 

Ail 




Vi 

= =1=2> 

/— g cosh 

cosh" 

-1 

V 

- 


V: 


: + 


47r 


] 


1/2 V— q (508h r \ cosh ^ 4 “ i V— q sinh f cosh“^ 

L«J V— q^J L*^ V — 

2/3 ==F V— q cosh C 08 h~^ —~==J — z y/ — ‘i q sinh cosh"^ j 

Co 8 C 111 : If a is +: 

j/.=±2V^flinh[^Binh-'0-y 



4 - i V 3 q cosh 



j — i y/d q cosh j 

[J “■'$?] 


Example: Given the equation + 6 x® — 9 x — 54 »= 0. 

Here o « 1, 6 «= 2, c » - 3, d » - 54; « « - 3 - 4 « - 7; r - l/g (~ 18 + 54) - 8 « 10; 
^ 4- rS - - 343 -H 100 - - 243. Note that fl is -; </« + r2 < 0; r is +. 

Therefore use Case I with upper signs. 

j/i - 2 V7 cos cos* 1 1 - 2 V7 COB 19.1® - 5 

V343J 

Hence, one root is xi *= 5 — 2 = 3. The other roots can bo similarly determined. 


Biquadratic Equation 

Method of Solution. Given the equation x* -f- ax® -H 6x^ + cx -f d = 0. First find 
any real root yi of the cubic equation: 

8 2 /® — 4 by^ + 2 (oc — 4 tf) y — [c^ + d (a® — 4 5)] — 0 
Then the four roots of the biquadratic equation are given by the roots of the following 
two quadratic equations: 

x* -f 1^^ — -f 2 2/1 — 6 J X + (iS/i 4- V 2/1^ — d) = 0 
*’ + [^ + yjf + 2 ui - b^J: + ivi - Vi/,2 - d) = 0 
iVth Degree Equation 

Fundamental Theorems of importance in the solution of nth degree equations in one 
unknown are given below, /(x) represents an nth degree polynomial written in descend¬ 
ing integral powers of x with all terms considered present even though some may have 
zero coeflBcients. 

Theorem I: If fix) is divided by (x — r), the remainder is the value of fix) resulting if r ia 
substituted for x, which value is designated by fir). This is known as the remainder theorem. 

Theorem II: If, and only if, fix) is exactly divisible by (x — r), will r be a root of fix) * 0. 
An nth degree equation has n such factors and consequently n roots. 

Theorem III: In the equation fix) ■» 0, if the coefficient of the first term is unity, then the 
coefficient of the second term with sign changed equals the sum of all the roots; the coefficient 
of the third term equals the sum of all products formed from two of the roots at a time; the co¬ 
efficient of the fourth term with sign changed equals the sum of all the products formed from three 
of the roots at a time; etc. If the degree is even, the last coefficient equals the product of aJl 
roots; if odd, the last coefficient, with sign changed, equals the product of all roots. 
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Theorem JV: In the equation /(x) » 0, if all coefficients are integral« every integral root is a 
factor of the last term of /(z). 

Theorem V: In the equation/(x) 0, if the coefficient of the first term is unity, and the other 

coefficients are integral, there cannot be a fractional t root. 

Theorem VI: In the equation/(z) =* 0, if x is replaced by y/m, the roots of the resulting equa¬ 
tion it»{y) = 0 arc m times corresponding roots of /(x) =» 0. 

Theorem VII: In the equation /(x) = 0, if x is replaced by (— y), the roots of the resulting 
equation = 0 are equal in absolute value but opposite in sign to corresponding roots of /(x) » 0. 

Theorem VIII: In the equation/(x) =■ 0, if x is replaced by (y + ^)i the roots of the resulting 
equation ^(y) = 0 are less by h than corresponding roots of /(x) == 0. 

Theorem IX: If two consecutive coefficients of fix) have unlike signs, a variation of sign is said 
to occur. In the equation fix) »■ 0, the number of positive roots cannot exceed the number of 
variations of sign of fix), and the number of negative roots cannot exceed the number of variations 
of sign of /(— x). This is known as Decartes* rvle of signs. 

Theorem X: In the equation fix) — 0, if two real numbers a and b, when substituted for x, 
give numerical values for fix) [designated fid) and /(5)) differing in sign, then an odd number of 
roots lie between x -• o and x * 5, This is known as the location theorem.* 

Synthetic Division is a useful aid in the application of certain of the above theorems. 
To divide fix) by (x — r), proceed as illustrated by the following example: 

To divide 3 + 4 — 6 x + 5 by (x — 2): The number 2 (= r) is bracketed to 

the right of the line of coefficients. The first coefficient 3 is written down below the 
original ones. Multiply it by 2 and add the 


product (3X2 = 6) to the second coeffi¬ 
cient 4. Multiply the sum (4 -h 6 = 10) by 
2, and add tlie product (10 X 2 = 20) to the 
third coefficient — 6. Continuing, the last 
sum 33 is tlie remainder, and the preceding 


Solution: 


3 + 
-f 


4- 6+ 5 12 
6 + 20-1-28 


3 + 10 + 14 + 33 = Remainder 


Coefficients of quotient, 3x* + lOx + 14. 


sums, 3, 10, and 14, are successive coefficients of the quotient 3x^ + lOx + 14. 

If powers of x arc missing in the given polynomial, their places are to be supplied by 
zero coeffiiuents. 

Imaginary Roots. If the coefficients in the e(juation fix) = 0 arc real, then any 
imaginary roots occur only in conjugate pairs of the general form (o + In) and (o •— bi), 
where i — V— 1. Existence of imaginary roots may often be established by Theorem IX, 
since if the total possible number of positive and negative roots does not equal the degree 
of the equation, the difference (plus 1 if it is odd) represents the minimum number of 
imaginary roots. 

Integral Roots. The method of determining integral roots is illustrated by example. 
To find the roots of x^ — x^ — Ox^ + llx + 6 = 0. From Theorem IV, possible integral 
roots are rfc 1, +2, +3, rfc 6. From Theorem V, there can be no fractional roots. 
From Theorem IX, there can be not more than two positive roots and not more than two 
negative roots (l)ut there need not be that many of either). Whether or not there are 
irrational or imaginary roots is not yet known. 

Try +1 and — 1 as roots by direct substitution. Neither 1 — 1 —9+11 + 612 
is a root. Applying Theorem II, try +2 as a root, using syn¬ 
thetic division. It is found to be a root. The equation now 
may be written (x — 2)(x^ + x^ — 7x — 3) =0. 

The second factor shows that only + 3 or — 3 need be tried, 
root. Equation now is (x — 2)(x + 3)(x* — 2x — 1) = 0. Solv¬ 
ing for roots of the quadratic factor by formula (p. 2-13), tliey 
are found to be 1 + v"2. Hence the roots of the given equation 
are 2, - 3. 1 + V 2 , 1 - ^2. 

Fractional Roots. The method of determining fractional roots is illustrated by ex¬ 
ample. To find the roots of 36 x'* — 55 x* — 35 x — 6 = 0. From Theorem IV, possible 
integral roots are ±1, rfc 2, rfc 3, dfc 6. Theorem V shows that fractional roots may 
exist. From Theorem IX, there can be not more than one positive and not more than 
tliree negative roots (but there need not be that many of either). Whether or not there 
are irrational or imaginary roots is not yet known. 

Employing the method for determining integral roots, none is found. To check for frac¬ 
tional roots, the given equation should lie replaced by one satisfying the conditions of 
Theorem V (and therefore having no fractional roots) by employing Theorem VI. Divide 
the members of the given equation by 36 (the coefficient of x‘*); then let x = y/m through¬ 
out; and finally multiply both members of this new equation by (which procedure does 
not affect the values of its roots). The last two steps may be performed more quickly 


1-1-9+11 + 6 
+ 2 + 2-14-6 
1 + 1 - 7 - 3 0 

Try — 3. It is a 

1 + 1-7-31-3 
-3 + 6 + 3 - 


1 


2-1 


0 


* Sturm's theorem gives a method for determining the exact number of real roots lying between 
a and b. (See any advtxnrcd algebra book.) 

t In this section fractional means rational fractional. 

T—7 
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by simply replacing xhy y and multiplying the second term by m\ the third term by 
etc. (assuming no terms missing). This gives — 66/35 m®|/* ~ 86/35^1*2/ — i/ew* 0. 
Now let m equal the smallest number which will clear of fractions; this is 6. The result 
is 3/* — 66 2/® ~ 210 y — 216 = 0. This equation is found to have the integral roots —2, 
—3, —4, 9. Hence, by Theorem VIy the roots of the original equation are — V3» 

—2/5 and 3/2. 

Irrational Roots. A method of determining positive irrational roots, known as Homer's 
method,^ is illustrated by example. To find the real roots of — 2 a;® + 4 a:* — 15 a; + 
14 =* 0. First depress the equation by removing any rational roots. By a method pre¬ 
viously discussed, +2 is found to be the only integral root. The depressed equation 
(using synthetic division) becomes a;® 4- 4 a; — 7 == 0. This has no integral roots, and by 
Theorem V it has no fractional roots. From Theorem IXy there can bo not more than 
one positive root and no negative roots. Therefore there must be a pair of imaginary 
roots. By the above process of elimination, the remaining root must be irrational. 

By direct substitution, or by synthetic division (noting Theorem /), or by plotting 
fix) as ar* + 4 « — 7 (see Graphical SoltUiony below), fix) is found to change sign between 
-f 1 and +2. Therefore, by Theorem X, the irrational root lies between these two values. 
Using Theorem VIIJ, let a; == y -f 1 in order to diminish the irrational root of fix) = 0 
by 1, thus making the corresponding root of ^ (y) = 0 lie between 0 and 1. This is very 
easily accomplished by synthetic division by dividing f{x) by (x — 1); then dividing the 
new quotient by (x — 1); etc., the remainders furnishing 1-fO + 4 — 7|1 
coefficients of the transformed equation.! The numerical 
work is illustrated at the right. 

The first transformed equation becomes <hiy) = 2/® + 3 2/® 

+ 7 2/ “■ 2 = 0 and has a root between 0 and 1. By plotting 
0(2/) to largo scale, the root is found to lie between 0.2 and 
0.3. Therefore the corresponding root of the original equation 
lies between 1.2 and 1.3. 1 + 3 

Next diminish the irrational root of <^(2/) =0 by 0.2 to obtain an equation with roots be¬ 
tween 0 and 0.1. The second transformed equation 
becomes ^iz) = 2* + 3.6 a® + 8.32 z — 0.472 = 0 
and has a root between 0 and 0.1. By plotting 
(or more simply, by neglecting higher powers of z 
and putting 8.32 z = 0.472) + it is found to lie be¬ 
tween 0.06 and 0.06. Therefore the corresponding 
root of the original equation lies between 1.25 and 
1.26. Continuing in like manner, the irrational root 1 + 3.6 
may be found to any required number of decimal places. 

Negative Irrational Roots of f{x) = 0 are obtained l)y replacing x by i — y)\ finding 
corresponding positive irrational roots of the transformed equation </>(2/) = 0; and then, 
by Theorem VII, changing the signs of the roots thus determined. 

Graphical Solution is frequently employed when the degree of an equation is higher 
than 2, or only approximate values of the roots are required, or fractional or irrational 
exponents appear, or transcendental functions are involved. Assume the given equation 
to be fix) = 0. Plot the graph of y = fix ); then the abscissas of the intersections of the 
graph with the x axis are roots of fix) = 0. Or break up fix) into the difference of two 
functions of x as fix) and f 2 ix), and plot the graphs of 2/ = fix) and y = fiix)\ then the 
abscissas of the intersections of the two graphs are roots of fix) — 0. 


1 + 3+7 - 2 IM 

+ 0.2 + 0.64 + 1.528 

1 + 3.2 + 7.04 - 0.472 

+ 0.2 + 0.08 

1 + 3.4 + 8.32 

+ 0.2 


+ 1+1+5 
1 + 1 + 5 I - 2 
+ 1 + 2 | 

1 + 21 + 7 
+ 1 


12. DETERMINANTS 


A Determinant of the nth order is a square array of n® elements represented by 


A ~ 


oi 5i Cl . . . /i 
Oi hi Ci ,, , hi 

03 63 cs . . . h 


On Cn . . . In 


and having a value determined by its expansion (or de¬ 
velopment) into n! terms forming the algebraic sum of all 
the different products obtainable by using as factors one 
and only one element from each column and each row of 
the array, with sign affixed to each term (or product) in 
accordance with a general rule given below. The prin¬ 
cipal diagonal consists of the elements ai 62 C3 . . . fn- 


* Other approximation methods known as Newton’s method and Graeffe’s method can be 
found in advanced algebra books. 

t For proof of the theorem upon which this procedure is bas^, see an^ advanced algebra book, 
t Caution must be used with this short-cut method. In this connection, an error may some¬ 
times be caught later by noting that after a single root has been isolated between two limits, the 
first remainder after cacn synthetic division (which represents the last term in the new transformed 
equation) must never change sign. This fact follows from graphical oonsideratiuns. 
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Evaluation of Determinants 

Simple Cases. A second order determinant is expanded thus: 

A — I 1 ~ ~ 02 &i. In the case of a third order determinant, the first and 

second columns are rewritten, for convenience, to the right of the determinant; then the 
diagonals running down from left to right give the positive terms and those running up 
from left to right give the negative terms. {Caution: This method cannot be applied to 
higher order determinants.) Thus: 

A = “^ ^ = ( ^ *5 «« + “5 

03 fcs C3 0, 6, I *’■ ) 

General Case. The first minor of any element, as Ck, is the determinant formed of 
the elements remaining after suppressing the column and row to which Cfe belongs; it may 
be designated C*. Any determinant may be expressed in terms of the elements of a 
column (or row) and their first minors as follows: 

Rule: Form the product of each element in a column (or row) by its corresponding 
minor. Give each product thus formed a positive or a negative sign according as the 
sum of the number of the column and the number of the row containing the element is 
even or odd. Keep repeating the process on the determinants formed by the minors 
until determinants can be expanded easily. The algebraic sum of the final resulting 
terms is the value of the determinant. 

rp, I ?>2 C2 I I Cl I I I 6i Cl I 

Thus, 02 62 C 2 = “ 02 K / + 08 / J 

1 O3 C3 I O3 C3 I 02 C2 

03 O3 C3 111 

== Oi (62 C3 — 63 C2) — O2 (hi C3 — 63 Cl) + 03 (61 C2 —■ 62 Cl). 

Properties of Determinants 

Simplification of the work involved in evaluating a determinant may often be accom¬ 
plished by consideration of certain general properties of determinants. The most impor¬ 
tant of these arc given by the following theorems: 

Theorem I'. A determinant vanishes if: 

(o) It has two identusal rows (or columns). 

(b) Corresponding elements of two rows (or columns) have a constant ratio. 

(c) The ratio of the differences of corresponding elements in one pair of rows (or columns) to 
the differences of corresponding elements in a second pair of rows (or columns) is constant. 

Theorem II: A determinant is not changed in value by: 

(a) Interchanging all corresponding rows and columns. 

(b) Adding to each clement of a row (or column) the corresponding element of another row 
(or column) multiplied by a constant factor. 

Theorem III: A determinant is not changed in absolute value but is changed in sign if two 
rows (or columns) are interchanged. 

Theorem IV: A determinant having the sum of two or more terms appearing in each element 
of a given row (or column) is equal to the sum of two or more determinants having for elements 
of that row (or column), the separate terms of that row (or column) of the given determinant. 

Theorem V: A determinant is multiplied by a given factor if each element of a row (or column) 
is multiplied by the same factor. 

Example: 


2 

9 

9 


4 

2 5 

9 

4 

2 

5 

3 

4 


2 

-3 

12 


8 

2 -7 

12 


2 

-7 

4 

8 


' “ 4 

8 

3 

- 

■5 “ 

4 0 

3 - 

■5 “ 3 

4 

0 

1 - 

-5 


1 

2 

6 


4 

1 0 

6 

4 

1 

0 

2 

4 







(Theorem Ilb) 



(Theorem V) 





2 

4 

8 


2 

3 4 




1 1 

0 

X 

CO 

II 

5) 

4 

1 

-5 H 

h 3X (- 7) 

4 

1 -5 

= 

0 

- 21 

4 1 

-5 



1 

2 

4 


1 

2 4 




1 2 

4 


(Expanding) 


21 I -(-21) \ 


(Theorem Ib) (Theorem II6) 


(Expanding) 


[(4+ 10) - (16+5)] 

(Expanding) 


13. SYSTEMS OF LINEAR EQUATIONS 
General Considerations 

Two linear equations in two unknowns are independent if they express different rela¬ 
tions between the unknowns; otherwise, they are dependent. The equations are compati- 
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ble if there is at least one set of values of the unknowns which satisfies both equations; 
otherwise, the equations are incompatible (or inconsistent). They are called simultane¬ 
ous equations if the letter symbols are considered as representing values which satisfy 
both equations. Solving the equations simultaneously consists of finding these values. 
The two equations considered together form a system of equations. 

Similar definitions apply if the system contains more than two equations and any 
number of unknowns. Not all the unknowns need appear in any one equation. A 
system of linear equations containing the same number of unknowns as independent 
equations gives one and only one set of values which satisfy all the equations simultane¬ 
ously, that is, one solution. A system containing more unknowns than independent 
equations has an infinite number of solutions. A system containing fewer unknowns 
than independent equations has no solution as it is incompatible. 

An equation is homogeneous if all its terms are of the same degree in the variables; 
otherwise, it is non-homogeneous. It follows that a homogeneous equation can contain 
no constant term (other than zero). 


Methods of Solution 


Two or Three Independent Linear Equations in as many unknowns can usually be 
solved simultaneously most quickly by a process of elimination of unknowns. Distinction 
is sometimes made between elimination by addition andfor subtraction, by substitution, 
and by comparison, but basically all three methods are closely related. The following 
example illustrates elimination by addition and subtraction; 


r2a;-f2/ + 3z = 9 (1) 

Solve: \x — 2y-]rz——2 (2) 

i 3 a; + 2 2/ + 2 z = 7 (3) 

(2) + (3) gives: 4 x + 3 z = 5 (4) 

2 X (1) 4- (2) gives; 5 x + 7 z = 16 (.5) 


5 X (4) — 4 X (5) gives: ~ 13 z == — 39 or z = 3 


Putting z = 3 in (4) or (5): x = — 1 
Then from (1), (2), or (3): y — 2 


Any Number of Independent Linear Equations in an equal number of unknowns can 
be solved simultaneously by the above process, but if more than three non-homogemeous 
equations are involved, the cominitations can usually be greatly facilitated by the aid of 
determinants. (To condense the explanation, however, a system of only three equations 
will be used.) 


Consider the equations: 


The determinant of the coefficients, A = 


2x4- 2/4-3 z = 9 

X — 2?/+ z=—2 

3x-f22/4-2z = 7 

1 


1 -2 
3 2 


(Note that all constants are 
placed in the right-hand mem¬ 
bers.) 

is called the determinant of the 
system. 


Rule: Any unknown is equal to a fraction whose denominator is the determinant of 
the system and whose numerator is the same determinant except for replacement of each 
coefficient of the unknown sought by the constant term in the same equation. 

Thus in the above example: 


9 

1 

3 


9 

1 

■3 


9 

1 

3 



-2 

-2 

1 


-2 

-2 

1 


10 

0 

7 



7 

2 

2 


5 

0 

3 


5 

0 

3 

- (48 

- 35) 

2 

1 

3 


2 

1 

3 


2 

1 

3 

- (15 

~ 28) 

1 

-2 

1 


1 

— 2 

1 


5 

0 

7 



3 

2 

2 


4 

0 

3 


4 

0 

3 






If there are n non-homogeneous linear equations in (n — 1) unknowns, and any one 
equation is not independent of the rest, there are in effect (n — 1) independent equations 
in (n — 1) unknowns, and the determinant of the coefficients (with the constant terms 
used for the last column) must equal zero. 

Any number of independent homogeneous linear equations in an equal number of un¬ 
knowns has the single solution consisting of zero values for all unknowns. However, if 
not all the equations are independent, there is an infinite number of solutions and the 
determinant of the system must equal zero. 
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14. SPECIAL SYSTEMS OF iVTH DEGREE EQUATIONS 

Two Quadratic Equations, or one quadratic and one linear equation, in two unknowns, 
can be solved by a process of elimination. Obtain a third equation containing only one 
of the unknowns; solve it; then substitute in the given linear equation, or one of the 
given quadratic equations, to obtain corresponding values of the other unknown. Nu¬ 
merous special methods which facilitate the work of solving in certain cases are discussed 
in standard algebra books. Fundamentally, however, all of them are based on a process 
of elimination of one variable. 

A pair of quadratic equations has four sets of values (including imaginary solutions) 
which satisfy them simultaneously; a quadratic equation and a linear equation have two 
simultaneous solutions. 

A Graphical Method of solution applicable to simultaneous equations of any degree in 
two unknowns is of particular value if the eejuations arc not linear. (See page 2-16). 


16. SPECIAL SERIES 


A Series is an expression indicating the summation of a sequence of terms. If a 
series ends with some particular term, it is a finite series; but if the terms are formed 
according to some fixed law and their number is infinite, the result is an infinite series. 
A convergent series is one in whi<!h, if the numl)er of terms is indefinitely increased, the 
sum approaches some finite value as a limit; a divergent series is one whose sum, thus 
taken, increases indefinitely or oscillates. Many series are convergent for values of the 
variable lying within a certain range (or ranges) and divergent for values in another range 
(or ranges). 

Binomial Theorem 

The Binomial Theorem gives a method of writing a power of a binomial as a series. 
It is: 


(o dr 6)” = o” ± 1 


2! 


(db 1) 




1> + 2) ^n-r+I jr-1 


(r - 1)! 

where the last term shown is the rth term. 

If n is a positive integer, the series is finite; it has (n -f- 1) terms, the last being 6**; 
and the eciuality is true for ail finite values of a and />. However, if n is fractional or 
negative, the scries is infinite; it is convergent only for | /> | < | a | (see p. 2-80); and there¬ 
fore the equality is true only for values of a and b thus related. 

The coefficients n, , are called binomial coefficients. For convenience, the 


'C)‘ 


2! 


symbol ( ) is frequently used to represent the quantity 


n(n — 1) . . . (n — r + 1) 


This 


is the coefficient of the (r + l)th term. Thus 


n(n — l)(n -- 2) 
_ 


If n is a posi¬ 


tive integer, the coefficients of the rth term from the beginning and the rth from the 
end arc equal. 

The binomial (a dz h)" may bo written as a” (1 dz ar)”, where x — h/a. It is often 
more convenient to expand the second form than the first. The following special forms 
can be used if n is any positive integer; and for any negative or fractional value of n, if 
X lies between 0 and 1: 


(1 dz x)'» = 1 zfc nx + 

1 


n(n ■ 


Do, w(n - 


1-2 1 - 2-3 

= (1 dz x)-l = 1 =F a; + =F =F -f . 


D(n —2) , , n(n — l)(n--2)(n — ", ^ , 

• x^ H- , ■ ^ - X* zfc ... 


1-2-3-4 


1 dz X 

Vl zt X = (1 zfc x)^ = 

1 


Vi"dz a 


= (l±x)-^ = + 


l±-x- 

1 


1 

2-4 


1*3 


X* dz 


1-3 

2-4-6^ 


1-3-5 
2 •4-6 


3 _ D3>5 
2-4-6-8 

x» + . . . 


x*dz 


13-57 

2-4-6*8-10^ 


Common Progression Series 

A Progression is a sequence of terms which proceed according to some fixed law. 
A series may be formed by writing an expression indicating the summation of the terms 
appearing in a progression. 
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An Arithmetic Progression is a sequence of terms each of which differs from the pre¬ 
ceding by the same number d, called the common difference. If n = number of terms, 
o » first term, I = last term, e = sum of n terms, then I = a -f- (n -- l)d, and 

8 ^ ~ (a + 1). The arithmetic mean of two numbers is the number which placed 

between them would make with them an arithmetic progression. Thus, the arithmetic 
mean of m, n is (m + n)/ 2 . 

Example: Given the seriea 3 + 5 + 7 + ... to 10 terms. Here n * 10; o = 3; d = 2 ; hence 
2 - 3 + (10 - 1) X 2 - 21, and « = (10/2)(3 + 21) = 120. 

A Geometric Progression is a sequence of terms each of which is obtained from the 
preceding by multiplying it by a fixed number r, called the ratio. If n = number of terms, 
a = first term, I =» last term, « = sum of n terms, then I — ar^“S a — (rl ■— a)/{r — 1 ) 
*= o(l — r”)/(l — r). The geometric mean of two numbers is the number which placed 
between them would make with them a geometric progression. Thus, the geometric 
mean of m, n is V mn. 

Example: Given the series 3 + 6 + 12 + . . . to 6 terms. Here n = 6; a « 3; r ** 2; 
hence 1 - 3 X 2{«-i) * 96. and « = (2 X 96 - 3)/(2 - 1), or = 3 (1 -2® )/(l - 2) = 189. 

If I r I <1 and the number of terms is increased indefinitely, « —> a/(l — r) as n —> oo. 

Example: Given the infinite series 1/2 + 1/4 + Vs + • - • • Here a = 1/2 a»d r = I/ 2 ; hence 
• (I/ 2 )/(1 ■“ ^/s) “= 1 as 7i —♦ 00 . 

An Harmonic Progression is a sequence of terms whose reciprocals form an arithmetic 
progression. The harmonic mean of two numbers is the number which placed between 
them would make with them an harmonic progression. Thus, the harmonic mean of m, 
n is 2 mn/(m -f n). 

The Relation between Arithmetic, Geometric, and Harmonic Means of two numbers 
is expressed by the equality = AH, where G = geometric mean, A == arithmetic 
mean, and H ~ harmonic mean. 


Other Series 

1 . l + 2+ 3+ 4+ ...4-(n-l) + n- n(n-f l)/2. 

2. p + (p + 1) + (P + 2) + ... + (9 - 1) + g - (« + p)(g - p + l)/2. 

3. 2 + 4 + 6 + 8 + . . , -b (2n - 2) + 2n - n (n + 1). 

4. 1 + 3 + 5 + 7 + . . . + (2n - 3) + (2n ~ 1) » n2. 

5. 12 + 22 + 32 + 42 + . . . + (n - D* + n2 - n (n + l)(2n + l)/6. 

6. 1® + 23 + 3* + 43 + , .. + (n - 1)2 + - n2 (n -f- 1)V4. 




n2 

2 

1 + 22 + 32 + 42 + . 

. + n2 1 

7i3 

3 

1 + 2» + 3* 4- 43 + . 

. . + nS 1 

n4 

4 


16. APPROXIMATE FORMULAS 


The Approximate Formulas listed below are sufficiently accurate to be satisfactory in 
the solution of many practical problems. Care must be taken, however, to use them 
only under the conditions specified. 

(a) If |x| and \y\ are small compared with 1: 

1. (1 d= x)2 - 1 =b 2x. 


2 . (1 ±x)^ 


1 ± ; 


3. 


1 T X. 


1 d=x 

4. (l + a:)(l + y) - 1 + x + y. 

6 . (1 + *)(1 - 1 /) - 1 + X - 1 /. 

6. e* - 1 + X + ^ (where e - 2.71828). 

7. loge (l=fcx) - ±x — |-±^. 

(h) If |x| is small compared with a and a > 0: 


(Last term often may be omitted). 
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0^ *“ 1 + * lo8e ® + ^ (loge o)*. (Last term often may be omitted.) 

(e) If a and b are nearly equal and both > 0: 

10 . 

2 

(d) If 6 is small compared with a and both > 0: 

11. Va^b - o =b — . 

2a 

12. Va3 ±“b - a ± — . 

3a2 

13. Vo 2 _j_ ^2 — 0.960 a -f 0.398 6. This is within 4 per cent of the true value if a > 6. A 

closer approximation is Vo2 If b2 „ 0.9038 a + 0.0703 b + 0.3567 — . 

_ a 

14. 4- 62 + c2 = 0.930 a -f 0.380 6 -f 0.297 c. This is within 6 per cent of the true valiM 
if o > 6 > c. For instance, for the numbers 43, 42, and 41, the error < 5.2 per cent. 

(e) If |x) is less than * : 


15. sin X — X-. 

6 


16. cos X 1 — —. 

2 


(Last term often may be omitted.) 


17. tan X => X + —. 
(Note: If X = 8“ - 


> 0.13963, sin X — X — l/g x^ « 0.13918, which is one unit in error in 


the fifth decimal place. If the absolute value of the angle is less than 5°, the values of x and sin v 
do not differ more than one unit in the fourth decimal place.) 

(f) If li/I is less than ™ and small compared with |x|: 

36 

18. sin (z d= y) =« sin x ± 2 / cos x. 

19. cos (x db y) » cos x T y sin x, 

20. tan (x d= y) tan x ± —. 


17. PERMUTATIONS AND COMBINATIONS 

A Permutation of n things is any arrangement of any number of them in a definite 
order. The possible number of different arrangements of n things taken r at a time is 
designated nPr- 

For n things all different: 

nPr = n(n — l)(n — 2) ... (n - r + 1) = - ^ ^ 

(Particular cases: „Pi = n; nPn — «!.) 

Example: How many different arrangements of the letters in the word “black” can be made, 
using three at a time? Solution: ^Pz = 5X4X3 = 60. 

For n things taken all at a time of which ni are alike, n^ others are alike, etc.: 

’ /> - 

n* n — , , , 

nj! na' n3! . . - 

Example: How many different arrangements can be made of the letters in the word “level”? 

Solution: P — --- - = 30. 

2! 2! 

A Combination of n things is any group of any number of them without reference to 
their order within the group. The possible number of different groups of n things taken 
r at a time is designated nCr- 
For n things all different: 

C - — = — l)(n ~ 2) ... (n r -f 1) _ n! 

” r! r! r!(n — r) I 

_ n(n~l)(n-2)...(r+l) ^ nPn-r ^ 

(n — r) I (n — r)! ** 

(Particular cases: nCi = n; „Cn = 1.) 
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Example: In how many ways can 9 books be selected from a set of 117 
Solution: uC# - 11^2 - - 55. 

For n things all different, the total numljer of combinations taken any number at a 
time is: 

n(h + 71 C 2 + . . . + nCn~l 4- = 2” — 1. 

Example: How many different sums can be formed from a penny, a nickel, a dime, a quarter, 
and a half dollar? Solution: 2® — 1 — 31. 

For two groups of m and n things, respectively, all different, the number of combina¬ 
tions of (r + «) things, r from the first group and a from the second group, is: 


nCr * 


_ mini _ 

r!s!(m — r) !(n — a) I 


18. PROBABILITY 

The Probability that an event will happen is the ratio of the number of favorable cases 
to the entire number of possible cases, provided all cases arc equally likely to occur. The 
probability of failure is unity minus the probability of happening. The odda in favor of 
the event are given by the ratio of probability of happening to probability of failure. 

Example: From an urn containing 5 black and 4 white balls, 3 balls are drawn at random. 
What is the probability that 2 will be black and 1 white? Solution: From 9 balls, 3 may be drawn 
in iCi ■■ 9 X 8 X 7 -r 3! =■ 84 ways. The number of favorable cases is = (5 X 4/2) X 4 

— 40. Hence the required probability is 4 0/y^ ss 10 chances in 21. 

Events of a set are independent if the occurrence of any one of them does not .affect 
the occurrence of others; otherwise, they are dependent. Events of a set are mutually 
exclusive if the occurrence of any one of them on a particular occasion excludes the occur¬ 
rence of any other on that occasion. 

The probability of simultaneous occurrence of two independent events whose respective 
probabilities are a and h is ah. The probability of occurrence of one or the other of two 
mutually exclusive events whose respective probabilities are a and h is a -f- b. 

Example: The probability of drawing a jack from a full pack of cards is The prob¬ 

ability of drawing a spade is 1/4. Hence the probability of drawing the jack of spades is 
(^/l2) ^ (^/i) “ ^/52‘ The probability of drawing a jack or an ace is l/'iy + I/13 =* ^/l3* 


MATHEMATICS OF FINANCE 

By J. L. Barnes 


19. INTEREST AND DISCOUNT 


Interest is money paid for the use of capital during a period of time. The capital or 
sum of money borrowed is called the principal. 

The Rate of Interest is the ratio of the interest earned in a unit time to the principal. 
It is usually expressed as the per cent paid for the use of the principal for one year. 
Simple Interest, i, is computed by the relation 

I-^Pit ( 1 ) 


w'here P is the iirincijial, i the rate of interest, and t the time in years. 

The sum, S, due at the end of the interval of time, i, is, 

^ = P + / f (2) 

In Ordinary Simple Interest calculations, a month is regarded as 30 days, and a year 
as 12 months, or 300 days. Thus, if d denotes the time in days 


/ = 



(3) 


Exact Simple Interest. Simple interest computed by taking the exact number of days 
or 365 days for the year is called exact simple interest. Thus 

(4) 

where is the exact simple interest. To facilitate calculation Table I shows the number 
of days between two dates, a year or less apart, and Table II the exact simple interest 
on $1000 for the number of days indicated. 

Example: To obtain the number of days between April 13, and December 4, determine 
the number of days from April to December, 244, subtract 13, and add 4. Thus, 
244 - 13 + 4 = 235 days. 
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Table I. Days between the Same Dates of Different Months 


(Leap year adds one day in February.) 


To -♦ 
From 

I 

Jan. 

Feb. 

March 

April 

May 

June 

July 

Aug. 

Sept. 

Oct. 

Nov. 

Dec. 

Jan. 

365 

31 

59 

90 

120 

151 

181 

212 

243 

273 

304 

334 

Feb. 

334 

365 

28 

59 

89 

120 

150 

181 

212 

242 

273 

303 

March. . 

306 

337 

365 

31 

61 

92 

122 

153 

184 

214 

245 

275 

April.... 

275 

306 

334 

365 

30 

61 

91 

122 

153 

183 

214 

244 

May.... 

245 

276 

304 

335 

365 

31 

61 

92 

123 

153 

184 

214 

June.. . . 

214 

245 

273 

304 

333 

365 

30 

61 

92 

122 

153 

183 

July. ... 

184 

215 

243 

274 

304 

335 

365 

31 

62 

92 

123 

153 

Aug.... 

153 

184 

212 

i 243 

273 

304 

334 

365 

31 

61 

92 

122 

Sept.... 

122 

153 

181 

212 

242 

273 

303 

334 

365 

30 

61 

91 

Oct. 

92 

123 

151 

182 

212 

243 

273 

304 

335 

365 

31 

61 

Nov.... 

61 

92 

120 

151 

181 

212 

242 

273 

304 

334 

365 

30 

Dec. 

31 

62 

90 

121 

151 

182 

212 

243 

274 

304 

335 

365 


Table II. Exact Simple Interest on $1000 

le = 1000 i ~ 

•HIK 


d 

2 1/2% 

3% 

3 1/2% 

4% 

■t 1/2% 

5% 

5 1/2% 

6 % 

7% 

8 % 

1 

0.06849 

0.08219 

0.09589 

0. 10959 

0.12329 

0.13699 

0.15069 

0.16438 

0.19178 

0.21918 

a 

0.13699 

0.16438 

0.19178 

0.21918 

0.24658 

0.27397 

0.30137 

0.32877 

0.38356 

0.43836 

3 

0.20548 

0.24658 

0.28767 

0.32877 

0.36986 

0.41096 

0.45206 

0.49315 

0.57534 

0.65753 

4 

0.27397 

0.32877 

0.38356 

0.43836 

0.49315 

0.54795 

0.60274 

0.65753 

0.76712 

0.87671 

5 

0.34247 

0.41096 

0.47945 

0.54795 

0.61644 

0.68493 

0.75342 

0.82192 

0.95890 

1.09589 

6 

0.41096 

0.49315 

0.57534 

0.65754 

0.73973 

0.82192 

0.90411 

0.98630 

1.15068 

1.31507 

7 

0.47945 

0.57534 

0.67123 

0.76712 

0.86301 

0.95890 

1.05479 

1.15068 

1.34247 

1.53425 

8 

0.54795 

0.65753 

0.76712 

0.87671 

0.98630 

1.09589 

1.20548 

1.31507 

1.53425 

1.75342 

9 

0.61644 

0.73973 

0.86301 

0.98630 

1.10959 

1.23288 

1.35616 

1.47945 

1.72603 

1.97260 

10 

0.68493 

0.82192 

0.95890 

1.09589 

1.23288 

1.36986 

1.50685 

1.64384 

1.91781 

2.19178 

ao 

1.36986 

1.64384 

1.91781 

2.19178 

2.46575 

2.73973 

3.01370 

3.28767 

3.83562 

4.38356 

80 

2.05480 

2.46575 

2.87671 

3.28767 

3.698.63 

4.10959 

4.52055 

4.93151 

5.75342 

6.57534 

40 

2.73973 

3.28767 

3.83561 

4.38357 

4,93151 

5.47945 

6.02740 

6.57534 

7.67123 

8.76712 

50 

3.42466 

4.10958 

4.79452 

5.47946 

6.16438 

6.84932 

7.53425 

8.21918 

9.58904 

10.9589 

00 

4.10959 

4.93151 

5.75342 

6.57535 

7.39726 

8.21918 

9.04110 

9.86301 

11.5068 

13.1507 

70 

4.79452 

5.75342 

6.71233 

7.67124 

8.63017 

9.58904 

10.5479 

11.5068 

13.4247 

15.3425 

80 

5.47945 

6.57534 

7.67123 

8.76713 

9.86301 

10.9589 

12.0548 

13.1507 

15.3425 

17.5342 

90 

6.16438 

7.39726 

8.63014 

9.86302 

11.0959 

12.3288 

13.5616 

14.7945 

17.2603 

19.7260 

100 

6.84932 

8.21918 

9.58904 

10.9589 

12.3288 

13.6986 

15.0685 

16. 4384 

19.1781 

21.9178 

110 

7.53425 

9.04110 

10.5479 

12.0548 

13.5616 

15.0685 

16.5753 

18.0822 

21.0959 

24.1096 

lao 

8.21918 

9.86301 

11.5068 

13.1507 

14.7945 

16.4384 

18.0822 

19.7260 

23.0137 

26.3014 

ISO 

8.90414 

10.6849 

12.4658 

14.2466 

16.0274 

17.8082 

19.5890 

21.3699 

24.9315 

28.4932 

140 

9.58904 

11.5068 

13.4246 

15.3425 

17.2603 

19.1781 

21.0959 

23.0137 

26.8493 

30.6849 

150 

10.2740 

12.3288 

14.3836 

16.4384 

18.4932 

20.5479 

22.6027 

24.6575 

28.7671 

32.8767 

180 

10.9589 

13.1507 

15.3425 

17.5343 

19.7260 

21.9178 

24.1096 

26.3014 

30.6849 

35.0685 

170 

11.6438 

13.9726 

16.3014 

18.6302 

20.9589 

23.2877 

25.6164 

27.9452 

32.6027 

37.2603 

180 

12.3288 

14.7945 

17.2603 

19.7260 

22.1918 

24.6575 

27.1233 

29.5890 

34.5205 

39.4521 

190 

13.0137 

15.6164 

18.2192 

20.8219 

[23.4247 

26.0274 

28.6301 

31.2329 

36.4384 

41.6438 

aoo 

13: 6986 

16.4384 

19, 1781 

21.9178 

24.6575 

27.3973 

30.1370 

32. 8767 

38.3562 

43.8356 

aio 

14.3836 

17.2603 

20.1370 

23.0137 

25.8904 

28.7671 

31.6438 

34.5205 

40.2740 

46.0274 

aao 

15.0685 

18.0822 

21.0959 

24.1096 

27.1233 

30.1370 

33.1507 

36.1644 

42.1918 

48.2192 

aso 

15.7534 

18.9041 

22.0548 

25.2055 

28.3562 

31.5068 

34.6575 

37.8082 

44.1096 

50.4110 

a40 

16.4383 

19.7260 

23.0137 

26.3014 

29.5890 

32.8767 

36.1644 

39.4521 

46.0274 

52.6027 

a5o 

17.1233 

20.5479 

23.9726 

27.3973 

30.8219 

34.2466 

37.6712 

41.0959 

47.9452 

54.7945 

aeo 

17.8082 

21.3699 

24.9215 

28.4932 

32.0548 

35.6164 

39.1781 

42.7397 

49.8630 

56.9863 

a70 

18.4931 

22.1918 

25.8904 

29.5891 

33.2877 

36.9863 

40.6849 

44.3836 

51.7808 

59.1781 

a80 

19.1781 

23.0137 

26.8493 

30.6850 

34.5205 

38.3562 

42.1918 

46.0274 

53.6986 

61.3699 

a90 

19.8630 

23.8356 

27.8082 

31.7809 

35.7534 

39.7260 

43.6986 

47.6712 

55.6164 

63.5616 

300 

20.5479 

24.6575 

28.7671 

32.8767 

36.9863 

41.0959 

45.2055 

49.3151 

57.5342 

65,7534 

310 

21.2329 

25.4795 

29.7260 

33.9726 

38.2192 

42.4658 

46.7123 

50.9589 

59.4521 

67.9452 

330 

21.9178 

26.3014 

30.6849 

35.0685 

39.4521 

43.8356 

48.2192 

52.6027 

61.3699 

70.1370 

830 

22.6027 

27.1233 

31.6438 

36.1644 

40.6849 

45.2055 

49.7260 

54.2466 

63.2877 

72.3288 

340 

23.2876 

27.9452 

32.6027 

37.2603 

41.9178 

46.5753 

51.2329 

55.8904 

65.2055 

74.5205 

350 

23.9726 

28.7671 

33.5616 

38.3562 

43.1507 

47.9452 

52.7397 

57.5342 

67.1233 

76.7i:3 

360 

24.6575 

29.5890 

34.5205 

39.4521 

44.3836 

49.3151 

54.2466 

59.1781 

69.0411 

78.9041 
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MATHEMATICS 


Compoond Interest is the interest on the principal and its unpaid interest combined 
at regular intervals. The sum 5, or amount to which P will accumulate in n equal con¬ 
version periods or time units, is, 

S = P{1 + %Y (5) 

If there are m conversion periods per year, n years, and j is the nominal or quoted 
interest rate per year, 

S = (6) 

Values of the sum, <S, if P = 1 (amount of one) may be obtained from Table III 
for values of n from 1 to 50 at different rates, t. The value of S may also be calculated 
with the aid of logarithms, thus 

log iS = log P -h » log (1 + i) (7) 


Table III. Amount of 1 (Compound Interest) 

fl “ (1 + t)" 


n 

2 Vj% 

3% 

3 1/2% 

4% 

4 1/2% 

5% 

5 1/2% 

6 % 

1 

8 % 

1 1 

1.02500 

1.03000 

1.03500 

1.04000 

1.04500 

1.05000 

1.05500 

1.06000 

1.07000 

1.08000 

2 

1.03062 

1.06090 

1.07122 

1.08160 

1.09203 

1.10250 

1.11303 

1.12360 

1.14490 

1.16640 

8 

1.07689 

1.09273 

1.10872 

1.12486 

1.14117 

1.15763 

1.17424 

1.19102 

1.22504 

1.25971 

4 

1.10381 

1.12551 

1.14752 

1.16986 

1.19252 

1.21551 

1.23882 

1.26248 

1.31080 

1.36049 

6 

1.13141 

1.15927 

1.18769 

l.21665| 

1.24618, 

1.27628 

1.30696 

1.33823 

1.40255 

1.46933 

6 

1.15969 

1.19405 

1.22926 

1.26532' 

1.30226' 

1.34010 

1.37884 

1.41852 

1.50073 

1.58687 

7 

1.18869 

1.22987 

1.27228 

1.31593 

1.36086 

1.40710 

1.45468 

1.50363 

1.60578 

1.71382 

8 

1.21840 

1.26677 

1.31681 

1.36857 

1.42210 

1.47746 

1.53469 

1.59385 

1.71819 

1.85093 

ft 

1.24886 

1.30477 

1.36290 

1.42331 

1.48610 

1.55133 

1.61909 

1.68948 

1.83846 

1.99900 

10 

1.28008 

1.34392 

1.41060 

1.48024 

l.55297| 

1.62889 

1.70814 

1.79085 

1.96715 

2.15892 

11 

1.31209 

1.38423 

1.45997 

1.53945 

1.62285 

1.71034 

1.80209 

1.89830 

2.10485 

2.33164 

18 

1.34489 

1,42576 

1.51107 

1.60103 

1.69588 

1.79586 

1.90121 

2.01220 

2.25219 

2.51817 

18 

1.37851 

1.46853 

1,56396 

1.66507 

1.77220 

1.88565 

2.00577 

2.13293 

2.40985 

2.71962 

14 

1.41297 

1.51259 

1.61869 

1,73168 

1.85194 

1.97993 

2.11609 

2.26090 

2.57853 

2.93719 

10 

1.44830 

1.55797 

1.67535 

1.80094 

1.93528 

2.07893 

2.23248 

2.39656 

2.75903 

3.17217 

1ft 

1.48451 

1.60471 

1.73399 

1.87298 

2.02237 

2.18287 

2.35526 

2.54035 

2.95216 

3.42594 

17 

1.52162 

1.65285 

1.79467 

1.94790 

2.11338 

2.29202 

2.48460 

2.69277 

3.15882 

3.70002 

18 

1.55966 

1.70243 

1.85749 

2.02582 

2.20848 

2.40662 

2.62147 

2.85434 

3.37993 

3.99602 

18 

1.59865 

1.75351 

1.92250 

2.10685 

2.30786 

2.52695 

2.76565 

3.02560 

3.61653 

4.31570 

SO 

1.63662 

1.60611 

1.98979 

2.19112 

2.41171 

2.65330 

2.91776 

3.20714 

3.86966 

4.66096 

SI 

1.67958 

1.86029 

2.05943 

2.27877 

2.52024 

2.78596' 

3.07823 

3.39956 

4.14056 

5.03383 

S2 

1.72157 

1.91610 

2.13151 

2.36992 

2.63365 

2.92526 

3.24754 

3.60354 

4.43040 

5.43654 

28 

1.76461 

1.97359 

2.20611 

2.46472 

2.75217 

3.07152 

3.42615 

3.81975 

4.74053 

5.87146 

24 

1.80873 

2.03279 

2.28333 

2.56330 

2.87601 

3.22510 

3.61459 

4.04893 

5.07237 

6.34118 

25 

1.85394 

2.09378 

2.36324 

2,66584 

3.00543 

3.38635 

3.81339 

4.29187 

5.42743 

6.84848 

8ft 

1.90029 

2.15659 

2.44596 

2.77247 

3.14068 

3.55567 

4.02313 

4.54938 

5.80735 

7.39635 

87 

1.94780 

2.22129 

2.53157 

2.88337 

3.28201 

3.73346 

4.24440 

4.82235 

6.21387 

7.98806 

28 

1.99650 

2.28793 

2.62017 

2.99870 

3.42970 

3.92013 

4.47784 

5.11169 

6.64884 

8.62711 

8ft 

2.04640 

2.35657 

2.71188 

3.11865 

3.58404 

4.11614 

4.72412 

5.41839 

7.11426 

9.3172/ 

80 

2.09757 

1 2.42726 

2.80679 

3.24340 

3,74532 

4.32194 

4.98395 

5.74349 

j 7.61226 

10.0627 

81 

2.15000 

' 2.50008 

2.90503 

3.37313 

3.91386 

4.53804 

5.25807 

6.08810 

8.14511 

10.8677 

88 

2.20376 

2.57508 

3.00671 

3.50806 

4.08998 

4.76491 

5.54726 

6.45339 

8.71527 

11.7371 

83 

2.25885 

2.65234 

3.11194 

3.64838 

4.27403 

5.00319 

5.85236 

6.84059 

9.32534 

12.6701 

84 

2.31532 

2.73191 

3.22086 

3.79432 

4.46636 

5.25335 

6.17424 

7.25103 

9.97811 

13.6901 

85 

2.37321 

j 2.81386 

3.33359 

1 3.94609 

4.66735 

5.51602 

6.51383 

7.68609 

10.6766 

14.7853 

8ft 

2.43254 

2.89828 

3,45027 

4.10393 

4.87738 

5.79182 

6.87209 

8.14725 

11.4239 

15.9682 

87 

2.49335 

2.98523 

3.57103 

4.26809 

5.09686 

6.08141 

7.25005 

8.63609 

12.2236 

17.2456 

88 

2.55568 

3.07478 

3.69601 

4.43881 

5.32622 

6.38548 

7.64880 

9.15425 

13.0793 

18.6253 

3ft 

2.61957 

3.16703 

3.82537 

4.61637 

5.56590 

6.70475 

8.06949 

9.70351 

13.9948 

20.1153 

40 

2.68506 

3.26204 

, 3.95926 

4.80102 

5.81636 

7.03999 

8.51331 

10.2857 

14.9745 

21.7245 

41 

2.75219 

3.35990 

* 4.09783 

4.99306 

6.07810 

7.39199 

8.98154 

10.9029 

16.0227 

23.4625 

42 

2.82100 

3.46070 

4.24126 

5.19278 

6.35161 

7.76159 

9.47553 

11.5570 

17.1443 

25.3395 

48 

2.89152 

3.56452 

4.38970 

5.40050 

6.63744 

8.14967 

9.99668 

12.2505 

18.3444 

27.3666 

44 

2.96381 

3.67145 

4.54334 

1 5.61652 

6.93612 

8.55715 

10,5465 

12.9855 

19.6285 

29.5560 

45 

3.03790 

3.78160 

4.70236 

5.84118 

7.24825 

8.98501 

11.1266 

13.7646 

21.0025 

31.9205 

46 

3.11385 

3.89504 

4.86694 

6.07482 

7.57442 

9.43426 

11.7385 

14.5905 

22.4726 

34.4741 

47 

3.19169 

4.01190 

5.03728 

6.31782 

7.91527 

9.90597 

12.3841 

15.4659 

24.0457 

37.2320 

48 

3.27149 

4. 13225 

5.21359 

6.57053 

8.27145 

10.4013 

13.0653 

16.3939 

25.7289 

40.2106 

4ft 

3.35328 

4.25622 

5.39606 

6.83335 

8.64567 

10.9213 

13.7838 

17.3775 

27.5299 

43.4274 

50 

3.43711 

4.38391 

5.58493 

7.10668 

9.03264 

11.4674 

14.5420 

18.4202 

29.4570 

46.9016 
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Example: To find the amount of $3900 at 3 I /2 per cent compounded annually for 29 years 
proceed in this way. (a) Enter the table at the column headed 3 I /2 per cent and opposite n 29 
read 2.71188 , the amount of 1. (b) Multiply this tabular ralue by 3900 to obtain the result. 

To use the table for a value of time not given use the relation that the amount of 1 for ni + ns years 
is equal to the amount for m years times the amount for ns years. Thus if the table extends to 
only 60 periods of time, the amount of 1 for 67 periods at the rate 0.04 is (1.04)®7 (1.04)W. (1.04)17, 

and the two factors of the second member can be read from the table. 

The Present Value of a sum 5 due in n years is defined as the principal P which draw¬ 
ing a given rate of (compound) interest t will in n years amount to S, or in which 

p " (1 + 

P « 5(1« ^p’^, (8) 


Values of P or for 5 1, may be obtained from Table IV. 

Table IV. Present Value of 1 
r’* - (1 + tr” 


n 

21/2% 

3% 

31 / 2 % 

4% 

41 / 2 % 

5% 

5 1/2% 

6% 

7% 

8% 

1 

0.97561 

0.97087 

0.96618 

0.96154 

0.95694 

0.95238 

0.94787 

0.94340 

0.93458 

0.92593 

2 

0.95I8I 

0.94260 

0.93351 

0.92456 

0.91573 

0.90703 

0.89845 

0.89000 

0.87344 

0.85734 

8 

0.92860 

0.91514 

0.90194 

0.88900 

0.87630 

0.86384 

0.85161 

0.83962 

0.81630 

0.79383 

4 

0.90595 

0.88849 

0.87144 

0.85480 

0.83856 

0.82270 

0.80722 

0.79209 

0.76290 

0.73503 

6 

0.88385 

0.86261 

0.84197 

0.82193 

0.80245 

0.78353 

0.76513 

0.74726 

0.71299 

0.68058 

6 

0.86230 

0.83748 

0.81350 

0.79031 

0.767901 

0.74622 

0.72525 

0.70496 

0.66634 

0.63017 

7 

0.84127 

0.81309 

0.78599 

0.75992 

0.73483 

0.71068 

0.68744 

0.66506 

0.62275 

0.58349 

8 

0.82075 

0.78941 

0.7594li 

0.73069 

0.70319 

0.67684 

0.65160 

0.62741 

0.58201 

0.54027 

9 

0.80073 

0.76642 

0.73373 

0.70259 

0.67290 

0.64461 

0.61763 

0.59190 

0.54393 

0.50025 

10 

0.78120 

0.74409 

0.70892 

0.67556 

0.64393 

0.61391 

0.58543 

0.55839 

0.50835 

0.46319 

11 

0.76214 

0.72242 

0.68495 

0.64958 

0.61620 

0.58468 

0.55491 

0.52679 

0.47509 

0.42888 

12 

0.74356 

0.70138 

0.66178 

0.62460 

0.58966 

0.55684 

0.52598 

0.49697 

0.44401 

0.39711 

18 

0.72542 

0.68095 

0.63940 

0.60057 

0.56427 

0.53032 

0.49856 

0.46884 

0.41496 

0.36770 

14 

0.70773 

0.66112 

0.61778 

0.57748 

0.53997 

0.50507 

0.47257 

0.44230 

0.38782 

0.34046 

10 

0.69047 

0.64186 

0.59689 

0.55526 

0.51672 

0.48102 

0.44793 

0.41727 

0.36245 

0.31524 

16 

0.67363 

0.62317 

0.57671 

0.53391 

0.49447 

0.45811 

0.42458 

0.39365 

0.33873 

0.29189 

17 

0.65720 

0.60502 

0.55720 

0.51337 

0.47318 

0.43630 

0.40245 

0.37136 

0.31657 

0.27027 

18 

0.64117 

0.58739 

0.53836 

0.49363 

0.45280 

0.41552 

0.38147 

0.35034 

0.29586 

0.25025 

19 

0.62553 

0.57029 

0.52016 

0.47464 

0.43330 

0.39573 

0.36158 

0.33051 

0.27651 

0.23171 

20 

0.61027 

0.55368 

0.50257 

0.45639 

0.41464 

0.37689 

0.34273 

0.31180 

0.25842 

0.21455 

21 

0.59539 

0.53755 

0.48557 

0.43883 

0.39679 

0.35894 

0.32486 

0.29416 

0.24151 

0.19866 

22 

0.58086 

0.52189 

0,46915 

0.42196 

0.37970 

0.34185 

0.30793 

0.27751 

0.22571 

0.18394 

28 

0.56670 

0.50669 

0.45329 

0.40573 

0.36335 

0.32557 

0.29187 

0.26180 

0.21095 

0.17032 

24 

0.55288 

0.49193 

0.43796 

0.39012 

0.34770 

0.31007 

0.27666 

0.24698 

0.19715 

0.15770 

26 

0.53939 

0.47761 

0.42315 

0.37512 

j 0.33273 

0.29530 

0.26223 

0.23300 

0.18425 

0.14602 

26 

0.52623 

0.46369 

0.40884 

0.36069 

0.31840 

0.28124 

0.24856 

0.21981 

0.17220 

0.13520 

27 

0.51340 

0.45019 

0.39501 

0.34682 

0.30469 

0.26785 

0.23560 

0.20737 

0.16093 

0.12519 

28 

0.50088 

0.43708 

0.38165 

0.33348 

0.29157 

0.25509 

0.22332 

0.19563 

0.15040 

0.11591 

29 

0.48866 

0.42435 

0.36875 

0.32065 

0.27901 

0.24295 

0.21168 

0.18456 

0.14056 

0.10733 

80 

0.47674 

0.41199 

0.35628 

0.30832 

0.26700 

0.23138 

0.20064 

0.17411 

0.13137 

0.09938 

81 

0.46511 

0.39999 

0.34423 

0.29646 

0.25550 

0.22036 

0.19018 

0.16425 

0.12277 

0.09202 

82 

0.45377 

0.38834 

0.33259 

0.28506 

0.24450 

0.20987 

0.18027 

0.15496 

0.11474 

0.08520 

88 

0.44270 

0.37703 

0.32134 

0.27409 

0.23397 

0.19987 

0.17087 

0.14619 

0.10723 

0.07889 

84 

0.43191 

0.36604 

0.31048 

0.26355 

0.22390 

0.19035 

0.16196 

0.13791 

0.10022 

0.07305 

86 

0.42137 

0.35538 

0.29998 

0.25342 

0.21425 

0.18129 

0.15352 

0.13011 

0.09366 

0.06763 

86 

0.41109 

0.34503 

0.28983 

0.24367 

0.20503 

0.17266 

0.14552 

0.12274 

0.08754 

0.06262 

87 

0.40107 

0.33498 

0.28003 

0.23430 

0.19620 

0.16444 

0.13793 

0.11579 

0.08181 

0.05799 

88 

0.39128 

0.32523 

0.27056 

0.22529 

0.18775 

0.15661 

0.13074 

0.10924 

0.07646 

0.05369 

89 

0.38174 

0.31575 

0.26141 

0.21662 

0.17967 

0.14915 

0.12392 

0.10306 

0.07146 

0.04971 

40 

0.37243 

0.30656 

0.25257 

0.20829 

0.17193 

0.14205 

0.11746 

0.09722 

0.06678 

0.04603 

41 

0.36335 

0.29763 

0.24403 

0.20028 

0.16453 

0.13528 

0.11134 

0.09172 

0.06241 

0.04262 

42 

0.35448 

0.28896 

0.23578 

0.19257 

0.15744 

0.12884 

0.10554 

0.08653 

0.05833 

0.03946 

48 

0.34584 

0.28054 

0.22781 

0.18517 

0.15066 

0.12270 

0.10003 

0.08163 

0.05451 

0.03654 

44 

0.33740 

0.27237 

0.22010 

0.17805 

0.14417 

0.11686 

0.09482 

0.07701 

0.05095 

0.03383 

46 

0.32917 

0.26444 

0.21266 

0.17120 

0.13796 

0.11130 

0.08988 

0.07265 

0.04761 

0.03133 

46 

0.32115 

0.25674 

0.20547 

0.16461 

0.13202 

0.10600 

0.08519 

0.06854 

0.04450 

0.02901 

47 

0.31331 

0.24926 

0.19852 

0.15828 

0.12634 

0.10095 

0.08075 

0.06466 

0.04159 

0.02686 

48 

0.30567 

0.24200 

0.19181 

0.15219 

0.12090 

0.09614 

0.07654 

0.06100 

0.03887 

0.02487 

49 

0.29822 

0.23495 

0.18532 

0.14634 

0.11569 

1 0.09156 

0.07255 

0.05755 

0.03632 

0.02303 

00 

0.29094 

0.22811 

0.17905 

0.14071 

0.11071 

0.08720 

0.06877 

0.05429 

0.03395 

0.02132 


2-26 


MATHEMATICS 


Example: The present value of $3900 due in 17 years with the (compound) interest rate 31/2 
per cent is found in the following way: (o) Enter the table at the column headed 3 1/2 per cent and 
opposite n 17 read 0.55720 . . * the present value of 1. (6) Multiply this tabular value by 3900 

to obtain the result. 

Discount is the money paid at the beginning of an interval of time for the use of 
capital during that interval. Denote the rate of interest by L and the rate of discount 
by d. Then 


d « 


1 4-1 


(9) 


In place of the type of discount just defined, which can be called compound discount, it 
is usual practice for the banker to give for each unit of the bill an amount 1 —d/m, in which 
d is the rate of discount per year and \/m indicates the fractional part of a year. For 
fractional parts of a year, then, the banker uses what is called simple discount. 

The Average Due Time for a number of sums, due at different times, is the time at 
which they may all be paid with due regard to the equities involved. Denote by 
<Si, <§ 2 , .... Sr the sums due at the ends of wi, n 2 , nr years, respcf*tivcly, and the 

average due time by T. On the assumption that money is worth a (compound) rate of 
interest i, 


T 


log 2 Sii — log 2 


Sk 


(H-f)"* 


log (1 -f i) 


( 10 ) 


If the times are small, the following approximate relation may bo employed: 


T 


2 ukSk 

Usk 


( 11 ) 


20. ANNUITIES AND SINKING FUNDS 


An Annuity Certain is a succession of periodic payments for a definite (certain) term 
of years. The first payment of an annuity is supposed to be made at the end of the 
first period. The sura or amount to which the payments accumulate is called the amount 
of the annuity. Ordinarily the nominal rate of interest j and the number m of (jonversion 
intervals per year are known, so the effective rate i can be determined. It is given liy 


<=(-£)■- 


( 12 ) 


Denote the amount of an annuity of 1 per year payable annually for n years by s 7 i\. 
Then 

(1 + 1)” - 1 

sm =-:- 


The yearly iiayment of an annuity is called the annual rent. 
an annuity by li, and the amount for n years by S. Then 

5 = = 


This relation may bo solved for n, 


log {Si + R) — log R 


(13) 

Denote the annual rent of 

(14) 
(16) 


log (1 4- i) 

a relation which is exact if n is an integer and approximate if n is not an integer. 

The Present Value of an Annuity Certain is the sum of the present values of all the 
future payments. Denote the present value of an annuity certain of 1 per year for 
n years by onj and the effective rate of interest by i. Then 

ajn =-- ( 16 ) 


Denote the present value of an annuity certain of R per year by A. 

. „ Ml - n 

A — ItaTn =-:- 


Then 


07 ) 
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As in the preceding paragraph, 

i 



( 18 ) 


Table V. 


Amount of 1 per Annum 

(1 + - 1 




n 

2 i/ 2 % 

3% 

3 Vl% 

4% 

41/2% 

5% 

5 1/2% 

6 % 

7% 

8 % 

1 

1.00000 

1.00000 

1.00000 

1.00000 

1.00000 

1.00000 

1.00000 

1.00000 

1.00000 

1.00000 

2 

2.02500 

2.03000 

2.03500 

2.04000 

2.04500 

2.05000 

2.05500 

2.06000 

2.07000 

2.08000 

< 

3.07562 

3.09090 

3.10623 

3.12160 

3.13702 

3.15250 

3.16803 

3.18360 

3.21490 

3.24640 

4 

4.15252 

4.18363 

4.21494 

4.24646 

4.27819 

4.31013 

4.34227 

4.37462 

4.43994 

4.50611 

6 

5.25633, 

5.30914 

5.36247 

5.41632 

5.47071 

5.52563, 

5.58109 

5.63709 

5.75074 

5.86660 

e 

6.38774 

6.46841 

6.55015' 

6.63298 

6.71689 

6.80191 

6.88805 

6.97532 

7.15329 

7.33593 

7 

7.54743 

7.66246 

7.77941 

7.89829 

8.01915 

8.14201 

8.26689 

8.39384 

8.65402 

8.92280 

8 

8.73612 

8.89234 

9.05169 

9.21423 

9.38001 

9.54911 

9.72157 

9.89747 

10.2598 

10.6366 

• 

9.95452 

10.1591 

10.3685 

10.5828 

10.8021 

11.0266 

11.2563 

11.4913 

11.9780 

12.4876 

10 

11.2034 

11.4639 

11.7314 

12.0061 

12.2882 

12.5779 

12.8754 

13.1808 

13.8165 

14.4866 

11 

12.4835 

12.8078 

13.1420 ' 

13.4864 

13.8412 

14.2068 

14.5835 

14.9716 

15.7836 ’ 

16.6455 

18 

13.7956 

14.1920 

14.6020 

15.0258 

15.4640 

15.9171 

16.3856 

16.8699 

17,8885 

18.9771 

13 

15.1404 

15,6178 

16.1130 

16.6268 1 

17.1599 

17.7130 

18.2868 

18.8821 

20.1406 

21.4953 

14 

16.5190 

17.0863 

17.6770 

18,2919 

18.9321 

19.5986 

20.2926 

21.0151 

22.5505 

24.2149 

10 

17.9319 

18.5989 

19.2957 1 

20.0236 

20.7840 

21.5786 

22.4087 

23.2760 

25.1290 

27.1521 

16 

19.3802 

20.1569 

20.9710 

21.8245 ' 

22.7193 

23.6575 

24.6411 

25.6725 

27.8881 

30.3243 

17 

20.8647 

21.7616 

22.7050 

23.6975 

24.7417 

25.8404 

26.9964 

28.2129 

30.8402 

33.7502 

18 

22.3864 

23.4144 

24.4997 

25.6454 

26.8551 

28.1324 

29.4812 

30.9057 

33.9990 

37.4502 

16 

23.9460 

25.1169 

26.3572 

27.6712 

29.0636 

30.5390 

32.1027 

33.7600 

37.3790 

41.4463 

20 

25.5447 

26.8704 

28.2797 

29.7781 , 

31.3714 

33.0660 

34.8683 

36.7856 

40.9955 

45.7620 

21 

27.1833 

28.6765 

30.2695 

31.9692 

33.7831 

35.7193 

37.7861 

39.9927 

44.8652 

50.4229 

88 

28.8629 

30.5368 

32.3289 

34.2480 

36.3034 

38.5052 

40.8644 

43.3923 

49.0057 

55.4568 

83 

30.5844 

32.4529 

34.4604 

36.6179 

38.9370 

41.4305 

44.1118 

46.9958 

53.4361 

60.8933 

24 

32.3490 

34.4265 

36.6665 

39.0826 

41.6892 

44.5020 

47.5380 

50.8156 

58.1767 

66.7648 

26 

34.1578 

36.4593 

38.9499 

41.6459 

44.5652 

47.7271 

51.1526 

54.8645 

63.2490 

73.1059 

26 

36.0117 

38.5530 

41.3131 

44.3117 

47.5706 

51.1135 

54.9660 

59.1564 

68.6765 

79.9544 

27 

37.9120 

40.7096 

43.7591 

47.0842 

50.7113 

54.6691 

58.9891 

63.7058 

74.4838 

87.3508 

28 

39.8598 

42.9309 

46.2906 

49.9676 

53.9933 

58.4026 

63.2335 

68.5281 

80.6927 

95.3388 

89 

41.8563 

45.2189 

48.9108 

52.9663 

57.4230 

62.3227 

67.7114 

73.6398 

87.3465 

103.966 

SO 

43.9027 

47.5754 

51.6227 

56.0849 

61.0071 

66.4389 

72.4355 

79.0582 

94.4608 

113.283 

81 

46.0003 

50.0027 

54.4295 

59.3283 

64.7524 

70.7608 

77.4194 

84.8017 

102.073 

123.346 

32 

48.1503 

52.5028 

57.3345 

62.7015 

68.6662 

75.2988 

82.6774 

90.8898 

110.218 

134.214 

33 

50.3540 

55.0778 

60.3412 

66.2095 

72.7562 

80.0638 

88.2248 

97.3432 

118.933 

145.951 

34 

52.6129 

57.7302 

63.4532 

69.8579 

77.0303 

85.0670 

94.0771 

104.184 

128.259 

158.627 

36 

54.9282 

60.4621 

66.6740 

73.6522 

81.4966 

90.3203 

100.251 

111.435 

138.237 

172.317 

36 

57.3014 

63.2759 

70.0076 

77.5983 

86.1640 

95.8363 

106.765 

119.121 

148.913 

187.102 

37 

59.7340 

66.1742 

73.4579 

81.7023 

91.0413 

101.628 

113.637 

127.268 

160.337 

203.070 

88 

62.2273 

69.1595 

77.0289 

85,9703 

96.1382 

107.710 

120.887 

135.904 

172.561 

220.316 

89 

64.7830 

72.2342 

80.7249 

90.4092 

101.464 

114.095 

128.536 

145.058 

185.640 

238.941 

40 

67.4026 

75.4013 

84.5503 

95.0255 

107.030 

120.800 

136.606 

154.762 

199.635 

259.057 


70.0876 

78.6633 

88.5095 

99.8265 

112.847 

127.840 

145.119 

165.048 

214.610 

280.781 

42 

72.8398 

82.0232 

92.6074 

104.820 

118.925 

135.232 

154.100 

175.951 

230.632 

304.244 


75.6608 

85.4839 

96.8486 

110.012 

125.276 

142.993 

163.576 

187.508 

247.777 

329.583 


78.5523 

89.0484 

101.238 

115.413 

131.914 

151.143 

173.573 

199.758 

266.121 

356.950 

46 

81.5161 

92.7199 

105.782 

121.029 

138.850 

159.700 

184.119 

212.744 

285.749 

386.506 

46 

84.5540 

96.5015 

110.484 

126.871 

146.098 

168.685 

195.246 

226.508 

306.752 

418.426 

47 

87.6679 

100.397 

115.351 

132.945 

153.673 

178.119 

206.984 

241.099 

329.224 

452.900 

48 

90.8596 

104.408 

120.388 

139.263 

161.588 

188.025 

219.368 

256.565 

353.270 

490.132 

49 

94.1311 

108. 541 

125.6J2 

145.834 

169.859 

198.427 

232.434 

272.958 

378.999 

530.343 

60 

97.4844 

112.797 

130.998 

152.667 

178.503 

209.348 

246.217 

290.336 

406.529 

573.770 


Example: The amount of an annuity certain yielding an annual rent of $400 for 10 years with 
effective interest at 4 per cent may be found in the following way: (a) Enter the table in the column 
headed 4 per cent and opposite n = 10 read 12.0061 . . , the amount of 1. ( 6 ) Multiply this tabular 

value by 400 to obtain the result. 
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Table VI. Present Value of 1 per Annum 

i-(i+ <)-** 

®ni “ -:- 


n 

21/2% 

3% 

3 1/2% 

4% 

41/2% 

5% 

5 1/2% 

6% 

7% 

8% 

1 

0.97561 

0.97087 

0.96618 

0.96154 

0.95694 

0.95238 

0.94787 

0.94340 

0.93458 

0.92593 

2 

1.92742 

1.91347 

1.89969 

1.88609 

1.87267 

1.85941 

1.84632 

1.83339 

1.80802 

1.78326 

8 

2.85602 

2.82861 

2.80164 

2.77509 

2.74896 

2.72325 

2.69793 

2.67301 

2.62432 

2.57710 

4 

3.76197 

3.71710 

3.67308 

3.62990 

3.58753 

3.54595 

3.50515 

3.46511 

3.38721 

3.31213 

0 

4.64583 

4.57971 

4.51505 

4.45182 

4.38998 

4.32948 

4.27028 

4.21236 

4.10020 

3.99271 

0 

5.50812 

5.41719 

5.32855 

5.24214 

5.15787 

5.07569 

4.99553 

4.91732 

4.76654 

4.62288 

7 

6.34939 

6.23028 

6.11454 

6.00205 

5.89270 

5.78637 

5.68297 

5.58238 

5.38929 

5.20637 

0 

7.17014 

7.01969 

6.87396 

6.73275 

6.59589 

6.46321 

6.33457 

6.20979 

5.97130 

5.74664 

0 

7.97087 

7.78611 

7.60769 

7.43533 

7.26879 

7.10782 

6.95220 

6.80169 

6.51523 

6.24689 

10 

8.75206 

8.53020 

8.31661 

8.11090 

7.91272 

7.72173 

7.53763 

7.36009 

7.02358 

6.71008 

11 

9.51421 

9.25262 

9.00155 

8.76048 

8.52892 

8.30641 

8.09254 

7.88687 

7.49867 

7.13896 

IS 

10.2578 

9.95400 

9.66333 

9.38507 

9.11858 

8.86325 

8.61852 

8.38384 

7.94269 

7.53608 

18 

10.9832 

10.6350 

10.3027 

9.98565 

9.68285 

9.39357 

9.11708 

8.85268 

8.35765 

7.90378 

14 

11.6909 

11.2961 

10.9205 

10.5631 

10.2228 

9.89864 

9.58965 

9.29498 

8.74547 

8.24424 

10 

12.3814 

11.9379 

11.5174 

11.1184 

10.7396 

10.3797 

10.0376 

9.71225 

9.10791 

8.55948 

16 

13.0550 

12.5611 

12.0941 

11.6523 

11.2340 

10.8378 

10.4622 

10.1059 

9.44665 

8.85137 

17 

13.7122 

13.1661 

12.6513 

12.1657 

11.7072 

11.2741 

10.8646 

10.4773 

9.76322 

9.12164 

18 

14.3534 

13.7535 

13.1897 

12.6593 

12.1600 

11.6896 

11.2461 

10.8276 

10.0591 

9.37189 

10 

14.9789 

14.3238 

13.7098 

13.1339 

12.5933 

12.0853 

11.6077 

11.1581 

10.3356 

9.60360 

so 

15.5892 

14.8775 

14.2124 

13.5903 

13.0079 

12.4622 

11.9504 

11.4699 

10.5940 

9.81815 

21 

16.1846 

15.4150 

14.6980 

14.0292 

13.4047 

12.8212 

12.2752 

11.7641 

10.8355 

10.0168 

SS 

16.7654 

15.9369 

15.1671 

14.4511 

13.7844 

13.1630 

12.5832 

12.0416 

11.0612 

10.2007 

88 

17.3321 

16.4436 

15.6204 

14.8568 

14.1478 

13.4886 

12.8750 

12.3034 

11.2722 

10.3711 

S4 

17.8850 

16.9355 

16.0584 

15.2470 

14.4955 

13.7986 

13.1517 

12.5504 

11.4693 

10.5288 

80 

18.4244 

17.4132 

16.4815 

15.6221 

14.8282 

14.0939 

13.4139 

12.7834 

11.6536 

10.6748 

80 

18.9506 

17.8768 

16.8904 

15.9828 

15.1466 

14.3752 

13.6625 

13.0032 

11.8258 

10.8100 

87 

19.4640 

18.3270 

17.2854 

16.3296 

15.4513 

14.6430 

13.8981 

13.2105 

11.9867 

10.9352 

80 

19.9649 

18.7641 

17.6670 

16.6631 

15.7429 

14.8981 

14.1214 

13.4062 

12.1371 

11.0511 

80 

20.4536 

19.1885 

18.0358 

16.9837 

16.0219 

15.1411 

14.3331 

13.5907 

12.2777 

11.1584 

SO 

20.9303 

19.6004 

18.3921 

17.2920 

16.2889 

15.3725 

14.5337 

13.7648 

12.4090 

11.2578 

81 

21.3954 

20.0004 

18.7363 

17.5885 

16.5444 

15.5928 

14.7239 

13.9291 

12.5318 

11.3498 

88 

21.8492 

20.3888 

19.0689 

17.8736 

16.7889 

15.8027 

14.9042 

14.0840 

12.6466 

11.4350 

88 

22.2919 

20.7658 

19.3902 

18.1477 

17.0229 

16.0026 

15.0751 

14.2302 

12.7538 

11.5139 

84 

22.7238 

21. 1318 

19.7007 

18.4112 

17,2468 

16.1929 

15.2370 

14.3681 

12.8540 

11.5869 

80 

23.1452 

21.4872 

20.0007 

18.6646 

17.4610 

16.3742 

15.3906 

14.4983 

12.9477 

11.6546 

06 

23.5563 

21.8323 

20.2905 

18.9083 

17.6660 

16.5469 

15.5361 

14.6210 

13.0352 

11.7172 

87 

23.9573 

22.1672 

20.5705 

19.1426 

17.8622 

16.7113 

15.6740 

14.7368 

13.1170 

11.7752 

88 

24.3486 

22.4925 

20.8411 

19.3679 

18.0500 

16.8679 

15.8047 

14.8460 

13.1935 

11.8289 

SO 

24.7303 

22.8082 

21.1025 

19.5845 

18.2297 

17.0170 

15.9287 

14.9491 

13.2649 

11.8786 

40 

25.1028 

23.1148 

21.3551 

19.7928 

18.4016 

17.1591 

16.0461 

15.0463 

13.3317 

11.9246 

41 

25.4661 

23.4124 

21.5991 

19.9931 

18.5661 

17.2944 

16.1575 

15.1380 

13.3941 

11.9672 

48 

25.8206 

23.7014 

21.8348 

20.1856 

18.7236 

17.4232 

16.2630 

15.2245 

13.4525 

12.0067 

48 

26.1665 

23.9819 

22.0627 

20.3708 

18.8742 

17.5459 

16.3630 

15.3062 

13.5070 

12.0432 

44 

26.5039 

24.2543 

22.2828 

20.5488 

19.0184 

17.6628 

16.4579 

15.3832 

13.5579 

12.0771 

45 

26.8330 

24.5187 

22.4955 

20.7200 

19.1564 

17.7741 

16.5477 

15.4558 

13.6055 

12.1084 

46 

27.1542 

24.7755 

22.7009 

20.8847 

19.2884 

17.8801 

16.6329 

15.5244 

13.6500 

12.1374 

47 

27.4675 

25.0247 

22.8994 

21.0429 

19.4147 

17.9810 

16.7137 

15.5890 

13.6916 

12.1643 

48 

27.7732 

25.2667 

23.0913 

21.1951 

19,5356 

18.0772 

16.7902 

15.6500 

13.7305 

12.1891 

49 

28.0714 

25.5017 

23.2766 

21.3415 

19.6513 

18.1687 

16.8628 

15.7076 

13.7668 

12.2122 

00 

28.3623 

25.7298 

23.4556 

21.4822 

19.7620 

18.2559 

16.9315 

15.7619 

13.8008 

12.2335 


Example: The present value of $39 per year for 20 years with an effective interest rate of 5 per 
cent is found in the following way: (a) Enter the table at the column headed 5 per cent and oppo¬ 
site n — 20 rend 12.4622 . . , the present value of 1 per year. (,6) Multiply the tabular value by 
39 to obtain the result. 


The Annuity Which 1 Will Purchase is the annuity whose present value is 1. 
the annual rent of such an annuity by r. Then 


_ J_ 

On) 

If the purchase price is A, the annual rent is 

A At 


Denote 


(19) 


li - rA 


On] 1 — (1 4" i) 


( 20 ) 
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Table VII. Anniiity Which 1 Will Purchase 

1 t 1 , . 

l-d + t)-" a;n 

n 21/2% 3% 31/2% 4% 4 1 / 2 % 5% 5 1 / 2 % 6% 7% 8% 

1 1.025000 1.030000 1.035000 1.040000 1,045000 1.050000 f. 055000 1.060000 1.070000 t. 080000 
1 0.518827 0.522611 0.526401 0.530196 0.533998 0.537805 0.541618 0.545437 0.553092 0.560769 
8 0.350137 0.353530 0.356934 0.360349 0.363773 0.367209 0.370654 0.374110 0.381052 0.388033 
4 0.265818 0.269027 0.272251 0.275490 0.278744 0.282012 0.285295 0.288591 0.295228 0.301921 
8 0.215247 0.218355 0.221481 0.224627 0.227792 0.230975 0.234176 0.237396 0.243891 0.250436 
e 0.181550 0.184598 0. 187668 0. 190762 0. 193878 0.197018 0.200179 0.203363 0.209796 0.216315 

7 0.157495 0.160506 0.163545 0.166610 0.169702 0.172820 0.175964 0.179135 0.185553 0.192072 

8 0. 139467 0. 142456 0.145477 0. 148528 0.151610 0.154722 0.157864 0.161036 0.167468 0.174015 

9 0.125457 0.128434 0.131446 0.134493 0.137575 0.140690 0.143840 0.147022 0.153487 0.160079 

10 0.114259 0.117231 0.120241 0.123291 0.126379 0.129505 0.132668 0.135868 0.142378 0.149029 

11 0.105106 0.108077 0. 111092 0. 114149 0. 117248 0.120389 0. 123571 0.126793 0.133357 0. 140076 
19 0.097487 0.100462 0. 103484 0. 106552 0.109666 0.112825 0.116029 0.119277 0.125902 0.132695 
18 0.091048 0.094030 0.097062 0. 100144 0. 103275 0.106456 0.109684 0.112960 0.119651 0.126522: 

14 0.085537 0.088526 0.091571 0.094669 0.097820 0.101024 0.104279 0.107585 0.114345 0.121297 

15 0.080767 0.083767 0.086825 0.089941 0.093114 0.096342 0.099626 0.102963 0.109795 0.116829^ 

16 0.076599 0.0796110.082685 0.085820 0.0890150.092270 0.095583 0.098952 0.105858 0.112977 

17 0.072928 0.075953 0.079043 0.082199 0.085418 0.088699 0.092042 0.095445 0, 102425 0.109629 

18 0.069670 0.072709 0.075817 0.078993 0.082237 0.085546 0.088920 0.092357 0.099413 0.106702 

19 0.066761 0.069814 0.072940 0.076139 0.079407 0.082745 0.086150 0.089621 0.096753 0.104128 
ao 0.064147 0.067216 0.070361 0.073582 0.076876 0.080243 0.083679 0.087185 0.094393 0.101852 

21 0.061787 0.064872 0.068037 0.071280 0.074601 0.077996 0.081465 0.085005 0.092289 0.099832 

22 0.059647 0.062747 0.065932 0.069199 0.072546 0.075971 0.079471 0.083046 0.090406 0.098032 
28 0.057696 0.060814 0.064019 0.067309 0.070683 0.07413 7 0.077670 0.081279 0.0887140,096422 
24 0.055913 0,059047 0.062273 0.065587 0.068987 0.072471 0.076036 0.079679 0.087189 0.094978 
28 0.054276 0.057428 0.060674 0.064012 0.067439 0.070953 0.074549 0.078227 0.085811 0.093679 

26 0.052769 0.055938 0.059205 0.062567 0.066021 0.069564 0.073193 0.076904 0.084561 0.092507 

27 0.051377 0.054564 0.057852 0.061239 0.064720 0.068292 0.071952 0.075697 0.083426 0.091448 

28 0.050088 0.053293 0.056603 0.060013 0.063521 0.067123 0.070814 0.074593 0.082392 0.090489 

29 0.048891 0.052115 0.055445 0.058880 0.062415 0.066046 0.069769 0.073580 0.081449 0.089618 

80 0.0477780.0510190.054371 0.057830 0.061392 0.065051 0.068805 0.072649 0.080586 0.088827 

81 0.046739 0.049999 0.053372 0.056855 0.060443 0.064132 0.067917 0.071792 0.079797 0.088107 

82 0.045768 0.049047 0.052442 0.055949 0.059563 0.063280 0.067095 0.071002 0.079073 0.087451 
88 0.044859 0.048156 0.051572 0.055104 0.058745 0.062490 0.066335 0.070273 0.078408 0.086852 

84 0.044007 0.047322 0.050760 0.054315 0.057982 0.061755 0.065630 0.069598 0.077797 0.086304 

85 0.043206 0.046539 0.049999 0.053577 0.057270 0.061072 0.064975 0.068974 0.077234 0.085803 

86 0.042452 0.045804 0.049284 0.052887 0.056606 0.060435 0.064366 0.068395 0.076715 0.085345 

87 0.041741 0.045112 0.048613 0.052240 0.055984 0.059840 0.063800 0.067857 0.076237 0.084924 

88 0.041070 0.044459 0.047982 0.051632 0.055402 0.059284 0.063272 0.0673 58 0.075795 0.084539 

89 0.040436 0.043844 0.047388 0.051061 0.054856 0.058763 0.062780 0.066894 0.07 5387 0.084185 

40 0.039836 0.043262 0.046827 0.050524 0.054343 0.058278 0.062320 0.066462 0.075009 0.083860 

41 0.039268 0.042712 0.046298 0.050017 0.053862 0.057822 0.061891 0.066059 0.074660 0.083562 

42 0.038729 0.042192 0.045798 0.049540 0.053409 0.057395 0.061489 0.065683 0.074336 0.083287 
4S 0.038217 0. 041698 0.045325 0.049090 0.052982 0.056993 0.061113 0.065333 0.074036 0.083034 

44 0.037730 0.041230 0.044878 0.048665 0.052581 0.056616 0.060761 0.065006 0.073758 0.082802 

45 0.037268 0.040785 0.044453 0.048263 0.052202 0.056262 0.060431 0.064701 0.073500 0.082587 

46 0.036827 0.040363 0.044051 0.047882 0.051845 0.055928 0.060122 0.064415 0.073260 0.082390 

47 0.036407 0.039961 0.043669 0.047522 0.051507 0.055614 0.059831 0.064148 0.073037 0,082208 

48 0.036006 0.039578 0.043307 0.047181 0.051189 0.055318 0.059559 0.063898 0.072631 0.082040 

49 0.035624 0.039213 0.042962 0.046857 0.050887 0.055040 0.059302 0.063664 0.072639 0.081886 
60 0.035258 0.038866 0.042634 0.046550 0.050602 0.054777 0.059062 0.063444 0.072460 0.081743 

Example: The annual rent for 10 years whfch $3900 will purchase at an effective interest rate 
of 5 per cent is found in the following wayr (a) Enter the table at the column headed 5 per cent 
and opposite n = 10 read 0.129505 . . , the rent purchased by 1. (b) Multiply the tabular value 

by 3900 to obtain the result. 

A Sinking or Amortization Fund is a fund set aside to provide a definite sum (usually 
for canceling a debt) at a certain time; it is usually created by equal and regular contri¬ 
butions and their interest earnings, compounded; that is, by an annuity and its interest 
earnings. Denote the annual instalment or rent required by R, the amount of the sink¬ 
ing fund by S, the number of years for its creation by n, and the effective rate of interest 
by 1 . Then 

- 

tn\ (1 + i)” - 1 


(21) 
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Table VIII. Annuity Whieli Will Amount to 1 (Sinking Fund) 

1 t 1 . 

-a - or-t 

(1 + 1)" - 1 o«i 

n 21/2% 3% 31/2% 4% 41/2% 5% 51/2% 6% 7% 8% 

1 I 000000 1.000000 1.000000 1.000000 1.000000 1.000000 1.000000 1.000000 1.000000 1.000000 

a 0.493827 0.492611 0.491400 0.490196 0.488997 0.487805 0.486618 0.485437 0.483092 0.480769 
a 0.325137 0.323530 0.321934 0.320349 0. 318773 0.317209 0.315654 0.314110 0.311052 0.308033 
4 0.240818 0.239027 0.237251 0.235490 0.233744 0.232012 0.230295 0.228591 0.225228 0.221921 
f 0.190247 0.188355 0. 186481 0.184627 0.182792 0. 180975 0.179176 0.177396 0.173891 0.170456 

< 0.156550 0.154598 0. 152668 0. 150762 0.148878 0. 147017 0. 145179 0. 143363 0. 139796 0. 136315 

7 0. 132495 0. 130506 0. 128544 0. 126610 0. 124701 0. 122820 0. 120964 0. 119135 0. 115553 0. 112072 

8 0.114467 0. 112456 0. 110477 0, 108528 0. 106609 0.104722 0. 102864 0. 101036 0.097468 0.094015 

9 0. 100457 0.098434 0. 096446 0. 094493 0. 092575 0.090690 0.088840 0.087022 0.083486 0.080079 

10 0.089259 0.087231 0.065241 0.083291 0.081379 0.079505 0.077668 0.075868 0.072377 0.069029 

11 0.080106 0.078077 0.076092 0.074149 0.072248 0.070389 0.068571 0.066793 0.063357 0.060076 
la 0 072487 0. 070462 0. 068484 0. 066552 0. 064666 0. 062825 0. 061029 0. 059277 0.055902 0.052695 

15 0.066048 0.064030 0.062062 0.060144 0.058275 0.056456 0.054684 0.052960 0.049651 0 046522 
14 0.060536 0.058526 0.056571 0.054669 0. 052820 0. 051024 0.049279 0.047585 0.044345 0.041297 
18 0.055766 0.053767 0.051825 0.049941 0.048114 0.046342 0.044626 0.042963 0.039795 0.036829 

16 0.051599 0.049611 0. 047685 0.045820 0.044015 0.042270 0.040582 0.038952 0.035858 0.032977 

17 0.047928 0.045953 0.044043 0.042199 0.040418 0.038699 0.037042 0.035445 0.032425 0.029629 

18 0.044670 0.042709 0.040817 0.038993 0.037237 0.035546 0.033920 0.032357 0.029413 0.026702 
16 0.041760 0.039814 0. 037940 0. 036139 0.034407 0.032745 0.031150 0.029621 0.026753 0.024128 
aO 0.039147 0.037216 0.035361 0.033582 0.031876 0.030243 0.028679 0.027185 0.024393 0.021852 

ai 0.036787 0.034872 0.033037 0.031280 0. 029601 0.027996 0.026465 0.025005 0.022289 0.019832 
aa 0.034646 0.032747 0.030932 0.029199 0.027546 0.025971 0.024471 0.023046 0.020406 0 018032 
as 0. 032696 0. 030814 0. 029019 0. 027309 0. 025682 0. 024137 0.022670 0.021278 0.018714 0.016422 
a4 0.030913 0.029047 0.027273 0.025587 0.023987 0.022471 0.021036 0.019679 0.017189 0 014978 
as 0.029276 0.027428 0.025674 0.024012 0.022439 0.020952 0.019549 0.018227 0.015811 0.013679 

ae 0.027768 0.025938 0.024205 0.022567 0.021021 0.019564 0.018193 0.016904 0.014561 0.012507 
a7 0.026377 0.024564 0.022852 0.021239 0.019719 0.018292 0.016952 0.015697 0.013426 0.011448 
as 0.025088 0.023293 0.021603 0.020013 0.018521 0.017123 0.015814 0.014593 0.012392 0 010489 
as 0.023891 0.022115 0.020445 0.018880 0.017415 0.016046 0.014769 0.013580 0.011449 0.009618 

80 0.022777 0.021019 0.019371 0.017830 0.016392 0.015051 0.013805 0.012649 0.010586 0.008827 

81 0.021739 0.019999 0.018372 0.016855 0.015443 0.014132 0.012917 0.011792 0.009797 0.008107 
88 0.020768 0.019047 0.017442 0.015949 0.014563 0.013280 0.012095 0.011002 0.009073 0.007451 

83 0.019859 0.018156 0.016572 0.015104 0.013745 0.012490 0.011335 0.010273 0.008408 0.006852 

84 0.019007 0.017322 0.015760 0.014315 0.012982 0.011755 0.010630 0.009598 0.007797 0.006304 
86 0.018205 0.016539 0. 014998 0.013577 0.012270 0.011072 0. 009975 0. 008974 0.007234 0.005803 

86 0.017451 0.015804 0.014284 0.012887 0.011606 0.010434 0.009366 0.008395 0.006715 0.005345 

87 0.016741 0.015112 0.013613 0.012240 0.010984 0.009840 0.008800 0.007857 0.006237 0.004924 

38 0. 016070 0. 014459 0. 012982 0. 011632 0. 010402 0. 009284 0. 008272 0. 007358 0.005795 0. 004539 

39 0.015436 0.013844 0.012388 0.011061 0.009856 0.008765 0.007780 0.006894 0.005387 0.004185 

40 0.014836 0.013262 0.011827 0.010523 0.009343 0.008278 0.007320 0.006462 0.005009 0.003860 

41 0.014268 0.012712 0.011298 0. 010017 0. 008862 0. 007822 0 006891 0. 006059 0.004660 0.003562 
4a 0.013728 0.012192 0.010798 0.009540 0.008409 0.007395 0.006489 0,005683 0.004336 0.003287 

43 0.013217 0.011698 0.010325 0.009090 0.007982 0.006993 0,006113 0.005333 0.004036 0.003034 

44 0.012730 0.011230 0. 009878 0. 008665 0. 007581 0. 006616 0. 005761 0. 005006 0. 003758 0. 002802 
40 0.012267 0.010785 0.009453 0.008262 0.007202 0.006262 0.005431 0.004701 0.003499 0.002587 

46 0.011826 0.010363 0.009051 0.007882 0.006845 0.005928 0.005122 0.004415 0.003260 0.002390 

47 0.011407 0.009961 0.008669 0.007522 0.006507 0.005614 0.004831 0.004148 0.003037 0.002208 

48 0.0M006 0.009578 0.008306 0.007181 0.006189 0.005318 0.004559 0.003898 0.002831 0.002040 

49 0.010623 0.009213 0.007962 0.006857 0.005887 0.005040 0.004302 0.003664 0.002639 0.001886 
00 0.010258 0.008866 0.007634 0.006550 0.005602 0.004777 0.004062 0.003444 0.002460 0.001743 


Example; The annual instalment required to create a fund of $22,000 in 25 years at 4 per cent 
may be found in the following way; (a) Enter the table at the column headed 4 per cent and 
opposite n = 25 read 0.024012 . . , the annual instalment to accurnulate 1. (6) Multiply this 

tabular value by 22,000 to obt.iin the result. 

A Life Annuity * is one whose pajTnents continue only during the lifetime of the 
recipient. Its cost and present value depend not only upon the rate of interest but also 
upon the probability of tiring and differs in this respeet from an annuity certain. 

* For the theory of life insurance computations see Mathematical Theory of Finance, by Put¬ 
nam, John Wiley & Hons. Inc. 
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Mortality tables (Table IX) are constructed from the experience of agencies such as 
insurance companies to indicate the probable deaths occurring in each succeeding year 
from a chosen initial group. Denote the age of the group by x, the number living by Ut 
the number dying in the year interval from x to x -f 1 by dxf the probability of living 
during the year x by px* and the probability of dying within the year by qxt then: 


dx ~ ^x+i 

(22) 

Ix+l 

(23) 

az = ^ = 1 - Px 

(24) 

The probability of a person age x living n years is: 


n 

(26) 

and of not living n years is: | nQx = 1 — nPz 

(26) 


Table IX. American Experience Table of Mortality 


Age 

X 

Number 

living 

lx 

Number 
of deaths 
dx 

Yearly 
prol> 
ability 
of dying 
Qx 

Y early 
prob¬ 
ability 
of living 
Px 

Age 

X 

Number 

living 

lx 

Number 
of deaths 
dx 

Yearly 
prol:>- 
ability 
of dying 
Qx 

Y early 
prob¬ 
ability 
of living 
Px 

10 

100,000 

749 

0.007 

490 

0.992 

510 

III 

66,797 

1,091 

0.016 333 

0.983 

667 

11 

99,251 

746 

0.007 

516 

0.992 

484 

mm 

65,706 

1,143 

0.017 396 

0.982 

604 

12 

98,505 

743 

0.007 

543 

0.992 

457 


64,563 

1,199 

0.018 571 

0.981 

429 

13 

97,762 

740 

0.007 

569 

0.992 

431 

mm 

63,364 

1,260 

0.019 885 

0.980 

115 

14 

97,022 

737 

0.007 

596 

0.992 

404 

67 

62,104 

1,325 

0.021 335 

0.978 

665 

IS 

96,285 

735 

0.007 

634 

0.992 

366 

68 

60,779 

1,394 

0.022 936 

0.977 

064 

IS 

95,550 

732 

0.007 

661 

0.992 

339 

68 

59,385 

1,468 

0.024 720 

0.975 

280 

17 

94,818 

729 

0.007 

688 

0.992 

312 

60 

57,917 

1,546 

0.026 693 

0.973 

307 

18 

94,089 

in 

0.007 

727 

0.992 

273 

61 

56,371 

1,628 

0.028 880 

0.971 

120 

19 

93,362 

725 

0.007 

765 

0.992 

235 

62 

54,743 

1,713 

0.031 292 

0.968 

708 

20 

92,637 

723 

0.007 

805 

0.992 

195 

63 

53,030 

1,800 

0.033 943 

0.966 

057 

21 

91,914 

722 

0.007 

855 

0.992 

145 

64 

51,230 

1,889 

0.036 873 

0.963 

127 

22 

91,192 

721 

0.007 

906 

0.992 

094 

66 

49,341 

1,980 

0.040 129 

0.959 

871 

23 

90,471 

720 

0.007 

958 

0.992 

042 

66 

47,361 

2,070 

0.043 707 

0.956 

293 

24 

89,751 

719 

0.008 

on 

0.991 

989 

67 

45,291 

2,158 

0.047 647 

0.952 

353 

25 

89,032 

718 

0.008 

065 

0.991 

935 

68 

43,133 

2,243 

0.052 002 

0.947 

998 

26 

88,314 

718 

0.008 

130 

0.991 

870 

69 


2,321 

0.056 762 

0.943 

238 

27 

87,596 

718 

0.008 

197 

0.991 

803 

70 

38,569 

2,391 

0.061 993 

0.938 

007 

28 

86,878 

718 

0.008 

264 

0.991 

736 

71 

36,178 

2,448 

0.067 665 

0.932 

335 

29 

86,160 

719 

0.008 

345 

0.991 

655 

72 


2,487 

0.073 733 

0.926 

267 

30 

85,441 

720 

0.008 

427 

0.991 

573 

73 

31,243 

2,505 

0.080 178 

0.919 

822 

31 

84,721 

721 

0.008 

510 

0.991 

490 

74 

28,738 

2,501 

0.087 028 

0.912 

972 

32 

84,000 

723 

0.008 

607 

0.991 

393 

75 

26,237 

2,476 

0.094 371 

0.905 

629 

33 

83.277 

726 

0.008 

718 

0.991 

282 

76 

23,761 

2,431 

0. 102 311 

0.897 

689 

34 

82,551 

729 

0.008 

831 

0.991 

169 

77 


2,369 

0.111 064 

0.888 

936 

36 

81,822 

732 

0.008 

946 

0.991 

054 

78 

18,961 

2,291 

0.120 827 

0.879 

173 

36 

81,090 

737 

0.009 

089 

0.990 

911 

79 

16,670 

2,196 

0.131 734 

0.868 

266 

37 

80,353 

742 

0.009 

234 

0.990 

766 

80 

14,474 

2,091 

0.144 466 

0.855 

534 

38 

79,611 

749 

0.009 

408 

0.990 

592 

81 

12,383 

1,964 

0.158 605 

0.841 

395 

39 

78,862 

756 

0.009 

586 

0.990 

414 

82 

10,419 

1,816 

0.174 297 

0.825 

703 

40 

78,106 

765 

0.009 

794 

0.990 

206 

83 

8,603 

1,648 

0.191 561 

0.808 

439 

41 

77,341 

774 

0.010 

008 

0.989 

992 

84 

6,955 

1,470 

0.211 359 

0.788 

641 

42 

76,567 

785 

0.010 

252 

0.989 

748 

mm 

5,485 

1,292 

0.235 552 

0.764 

448 

43 

75,782 

797 

0.010 

517 

0.989 

483 


4,193 

1,114 

0.265 681 

0.734 

319 

44 

74,985 

812 

0.010 

829 

0.989 

171 

El 


933 

0.303 020 

0.696 

980 

45 

74,173 

828 

0.011 

163 

0.988 

837 

HI 


744 

0.346 692 

0.653 

308 

46 

73,345 

848 

0.011 

562 

0.988 

438 



555 

0.395 863 

0.604 

137 

47 

72,497 

870 

0.012 

000 

0.988 

000 



385 

0.454 545 

0.545 

455 

48 

71,627 

896 

0.012 

509 

0.987 

491 



246 

0.532 466 

0.467 

534 

49 

70,731 

927 

0.013 

106 

0.986 

894 1 

92 

216 

137 

0.634 259 

0.365 

741 

60 

69,804 

962 

0.013 

781 

0.986 

219 

93 

79 

58 

0.734 177 

0.265 

823 

61 

68,842 

1,011 

0.014 

541 

0.985 

459 

94 


18 

0.857 143 

0.142 

857 

62 

67,841 

1 

1,044 

0.015 

389 

0.984 

611 

JEI 

■a 

3 

1.000 000 

0.000 

000 
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Present Value of a Life Annuity. If p is the probability of receiving a certain sum oi 
money the value of the expectation is pS and the present value of S due in n years is, 

p5(l(27) 

The present value of the expectation of a person, x years of age, who is to receive 
1 if he lives n more years is called the n-year pure endowment of 1 denoted by n-^x- 

nEx ** nPx''0^ (28) 

Similarly, the present value of a life annuity of 1 beginning at age x m to a person 
of age X is, 

95-» 

Ox+m =* nExi (29) 

n»m 

since 95 is the upper bound of age in the American Experience Table of Mortality. 


GEOMETRY 

By Janvier M. Rice 

21. GEOMETRIC CONCEPTS 

Definitions and fundamental properties of important geometric figures and geometric 
relations are given below. In general, very common and well-known terms (as point, line, 
radius, etc.) are not discussed. 

Plane Angles 

A Plane Angle measures the extent or degree to which two straight lines deviate in 
direction. Straight lines that have the same direction do not meet or intersect in finite 
distances and are called parallel lines. Two straight lines that are not parallel but lie in 
the same plane intersect. The point of intersection of non-parallel lines is the vertex of the 
angle between them. The size of the angle is the extent of the opening between the lines 
and is independent of their length. The size of an angle generated by a revolving line 
varies from zero to one complete revolution as the lino is rotated about a vertex to its original 
position. 

A Degree (®) is l/aeo of a revolution (or perigon) and is divided into 60 units called 
minutes (') which in turn are divided into 60 units called seconds (")• 

A Radian is a central angle wnich intercepts a circular arc equal to its radius. One 
radian, therefore, equals 360/2ir degrees or 57.295779613°, and 1° = 0.017453293 radian. 

An Angle of 90° is called a right angle, and the lines that form it are said to be perpen¬ 
dicular, An angle less than a right angle is called acute. An angle greater than a right 
angle but less than 180° is called rbtuse. If the sum of two angles equals 90°, they are 
said to be complementary to each other, and if their sum is 180°, supplementary to each 
other. 


Polygons 

A Polygon, or plane rectilinear figure, is a portion of a plane bounded by straight lines. 

A Triangle is a polygon of three sides. It is isosceles if two sides (and their opposite 
angles) are equal; it is equilateral if all three sides (and all three angles) are equal. 

A Quadrilateral is a polygon of four sides. This classification includes the trapezium 
having no two sides parallel; the trapezoid having two opposite sides parallel {isosceles 
trapezoid if the non-parallel sides are equal); and the paredlelogram having both pairs of 
opposite sides parallel and equal. The parallelogram includes the rhomboid having no 
rifi^t angles and, in general, adjacent sides not equal; the rhombus having no right angles 
but all sides equal; the rectangle having only right angles and, in general, adjacent sides 
not equal; and the square having only right angles, and all sides equal. 

Similar Polygons have their respective angles equal and their corresponding sides pro¬ 
portional. 

A Regular Polygon has all sides equal and all angles equal. An equilateral triangle and 
a square are regular polygons. 

Other Polygons classified according to number of sides are: (5) pentagon-, (6) hexagon-, 
(7) heptagon-, (8) octagon-, (9) enneagon or nonagon; (10) decagon-, (12) dodecagon. Two 
regular polygons of the same number of sides are similar. 
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Properties of Trian^^es. 

General Triangle, The sum of the angles equals 180®. Z XAB (Fig. 1) is an 
exterior angle of A ABC and equals the siun of the opposite interior angles (i.e., Z XAB 
A B + Z C). A median of a triangle is a line joining a vertex to the mid-point of the 
opposite side. The three medians meet at the center of gravity, G, and G trisects each 
median (i.e., AG — 2/3 AD, etc.) Bisectors of angles of a triangle (Fig. 2 ) meet in a point 
M equidistant from all sides. M is the center of the inscribed circle (tangent to all sides), 
or the incenter of the triangle. An angle bisector divides the opposite side into segmenia 


B 



Fig. 1 




Fig. 8 


proportional to the adjacent sides of the angle (i.e., AEfEC = AB/BC, etc.). An altitude 
of a triangle is a perpendicular from a vertex to the opposite side. The three altitudes 
meet in a point called the orthocenter. The perpendicular bisectors of the sides of a triangle 
(lig. 3) meet in a point 0 equidistant from all vertices. 0 is the center of the circum¬ 
scribed circle (passing through all vertices), or the circumcenter of the triangle. The 
longest side of a triangle is opposite the largest angle, and vice versa. The line joining 
the mid-points of two sides of a triangle is parallel to the third side and half its length. If 
two triangles are mutually equiangular, they are similar, and their corresponding sides 
are proportional. 

Orthogonal Projection. In Figs. 4 and 5, AF is the orthogonal projection of AB or 
AC, BE being perpendicular to AC. The square of the side opposite an acute angle equals 
the sum of the squares of the other two sides diminished by twice the product of one of 
those sides by the orthogonal projection of the other side upon it. In Fig. 4, 
a 2 ss g 2 _ 2h'AE. The square of the side opposite an obtuse angle equals the sum 
of the squares of the other two sides increased by twice the product of one of those sides 
by the orthogonal projection of the other side upon it. In Fig. 5, o* »= 6 * + c* + 2b*AE. 


B 



A 6 E C 

Fig. 4 


C 



Fig. 5 Fig. 6 


Right Triangle. In Fig. 6 , let h be the altitude drawn from the vertex of right angle C 
to the hypotenuse c. Then A A A B = 90°; -j- b^; h^ = mn; 6* = cm; o* = cn; 

median from C = c/2. 

Isosceles Triangle. Two sides are equal and their opposite angles are equal. If a 
straight line from the vertex at which the equal sides meet bisects the base, it also bisects 
the vertical angle and is perpendicular to the base. 


Plane Curvilinear Figures 

An arc is a part of a curve. A chord is a straight line joining two points on a curve 
(i.e., joining the extremities of an arc). A segment of a curve is that portion of its plane 
included between a concave arc and its chord. An angle intercepts an arc cut off by its 
sides; the arc subtends the angle. Two curves are tangent to each other at a point if, in 
passing the point, they touch each other. If one of the “curves” is a straight line, the 
line itself is called a tangent to the curve. 

A Circle is a closed plane curve (or the surface bounded by the curve), all the points 
of which are equidistant from a emter point within. A central angle is one whose vertex 
is at the center and whose sides arc two radii. A sector of a circle is the part of its plane 
which is included between an arc and two radii drawn to its extremities. A secant of a 
circle is a straight line intersecting it in two points. Parallel secants (or tangents) inter¬ 
cept equal arcs. A tangent line meets a circle in only one point and is perpendicular to 
the radius to that point. If a radius is perpendicular to a chord, it bisects both the 
chord and the arc intercepted by the chord. If two circles are tangent to each other, the 
line of centers passes through the point of contact; if the circles intersect, the line of 
centers bisects the common chord at right angles. In Fig. 8 , the product of linear seg- 
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merits AC and AE equals the product of linear segments AB and AF. In Fig. 9, the 
product of the whole secant AB and its external segment AE equals the product of the 
whole secant AC and its external segment AF. In Fig. 10, the product of the whole 
secant AD and its external segment AC equals the square of tangent AB (or AE), Also 
/ ABE « / AEB. 

Angle Measurement. Considering the arc of a circle to be expressed in terms of the 
central angle which it subtends, the arc may be said to contain a certain number of degrees 



Fig. 7 Fig. 8 Fig. 9 Fig. 10 


and hence bo used to express the measurement of other angles related to the circle. On 
this basis, an entire circle e(]uals 360°. The inscribed angle formed by two chords inter¬ 
secting on a circle equals half the arc intercepted I>y it. Thus, in Fig. 7, Z BAC = 1/2 
arc BC. An angle inscrilied in a semicircle is a right angle. The angle formed by a 
tangent to a circle and a chord having one extremity at the point of contact equals half 
the arc intercepted by the chord. In Fig. 7, Z BAT = V 2 arc* BCA. The angle formed 
by two chorda intersecting within a circle equals half the sum of the intercepted arcs. 
In Fig. 8, Z BAC (or Z EAF) = 1/2 (arc BC + arc EF), and Z BAE (or Z CAF) = 1/2 
(arc BE arc CF). The angle formed by two secants, or two tangents, or a secant and 
a tangent, intersecting outside a circle, equals half the difference of the intercepted arcs. 
In Fig. 9, Z BAC — 1/2 (arc BC — arc EF). In Fig. 10, Z BAE = 1/2 (arc BDE — 
arc BCE), and Z BAD = 1/2 (arc BD - arc BC). 

Other Plane Curves appearing in the mensuration table on pp. 2-38 to 2-40 are defined 
and discussed in the section on analytic geometry. 

Non-Planar Angles 

A Dihedral Angle is the opening between two intersecting planes. In Fig. 11, 
P-BD-Q is a dihedral angle of which the two planes are the faces and their line of inter¬ 
section DB is the edge. A plane angle which measures a dihedral angle is an angle formed 
by two lino^. one in cacli face, drawn perpendicular to the edge at the same point (as 
Z ABC). A right dihedral angle is one whose plane angle is a right angle. Through a 
given line oblique or parallel to a given plane, one and only one plane can be passed per- 



Fia. 11 Fio. 12 Fig. 13 Fio. 14 


pondicular to the given plane. The line of intersection CD (Fig. 12) is the orthogonal 
projection of line AB upon plane P. The angle between a line and a plane is the angle 
that the line (produced if necessary) makes with its orthogonal projection on the plane. 
This angle is the least angle which the line makes with any line in the plane. 

A Polyhedral Angle is the opening of three or more planes which meet in a common 
point. In Fig. 13, 0~ABCDE is a polyhedral angle of which the intersections of the 
planes, as OA, OB, etc., are the edges’, the portion.s of the planes lying between the edges 
are the faces’, and the common point 0 is the vertex. Angles formed by adjacent edges, 
as angles AOB, BOC, etc., are face angles. A polyhedral angle is called a trihedral angle 
if it has three faces; a tetrahedral angle if it has four faces; and so on. 

A Solid Angle measures the opening between surfaces, either iilanar or nou-planar, 
which meet in a common point. The polyhedral angle is a special case. In Fig. 14 the 
solid angle at any point P, subtended by any surface S, is equal numerically to the portion 
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A of the surface of a sphere of unit radius which is cut out by a conical surface with vertex 
at P and having the perimeter of S for base. The unit solid angle is the ateradian and 
equals the central solid angle which intercepts a spherical area (of any shape) equal to the 
^radius)*. The total solid angle about a point equals 47r steradians. 

A Spherical Angle is the opening between two arcs of great circles drawn from the 
same point (vertex), and is measured by the plane angle formed by tangents to its sides 
ai its vertex. If the planes of the great circles are perpendicular, the angle is a right 
spherical angle. 

Polyhedrons 

A Polyhedron is a solid bounded by plane surfaces. 

A Prism is a polyhedron of which two faces (the hoses) are congruent polygons in 
parallel planes and the other (lateral) faces are parallelograms whose planes intersect in 
the lateral edges. Prisms arc triangular, rectangular, quadrangular, and so on, according 
as their bases are triangles, rectangles, quadrilaterals, and so on. A right prism has its 
lateral edges perpendicular to its bases. A prism whose bases are parallelograms is a 
parallelepiped', if in addition the edges are perpendicular to the bases, it is a right parallele¬ 
piped. A rectangular parallelepiped is a right parallelepiped whose bases are rectangles. 
A cube is a parallelepiped whose six faces are squares. A truncated prism is that part of 
a prism included between a base and a section made by a plane oblique to the base. A 
right section of a prism is a section made by a plane which cuts all the lateral edges and is 
perpendicular to them. 

A Prismatoid is a polyhedron of which two faces (the bases) are polygons in parallel 
planes and the other (lateral) faces are triangles or trapezoids with one side common with 
one base and the opposite vertex or side common with the other base. 

A Pyramid is a polyhedron of w’hich one face (the base) is a polygon and the other 
(lateral) faces are triangles meeting in a common point called the vertex of the pyramid 
and intersecting one another in its lateral edges. Pyramids are triangular, quadrangular, 
and so on, according as their bases are triangles, quadrilatc^rals, and so on. A regular 
pyramid (or right pyramid) has for its base a regular polygon whose (;enter coincides with 
the foot of the jierpendicular dropped from the vertex to the base. A frustum of a pyramid 
is the portion of a pyramid included between its base and a section x>arallel to the base. 
If the section is not jiarallel to the base, a truncated pyramid results. 

A Regular Polyhedron has all faces formed of congruent regular polygons and all 
I)olyhedral angles equal. The only regular jxilyhedrons possible are the five types dis¬ 
cussed in the mensuration table, p. 2-41. 

A Tetrahedron is a polyhedron of four faces. It may be described also as a triangular 
Xiyramid, and any one of its four triangular faces may be considered as the base. The 
four periiendiculars erected at circumcenters of the four faces meet in a point equidistant 
from all vertices, which is the center of the circum.scribed sphere. The four medians, 
joining each vertex with the center of gravity of the opposite face, meet in a point, which 
is the center of gravity of the tetrahedron. This point is three-fourths of the distance 
from each vertex along a median. The four altitudes meet in a point, called the ortho- 
center of the tetrahedron. The six planes bisecting the six dihedral angles meet in a point 
equidistant from all faces, this being the center of the inscribed sphere. 

Solids Having Curved Surfaces 

A Cylinder is a solid bounded by two parallel plane surfaces (the bases) and a cylindrical 
lateral surfai^e. A cylindrical surface is a surface generated by the movement of a straight 
line (the generatrix) which constantly is parallel to a fixed straight lino and touches a 
fixed curve (the directrix) not in the plane of the fixed straight line. The generatrix in 
any position is an element of the cylindrical surface. A circular cylinder is one having 
circular bases. A right cylinder is one whose elements are perpendicular to its bases. 
A truncated cylinder is the part of a cylinder included between a base and a section made 
by a plane oblique to the base. A right section of a cylinder is a section made by a plane 
which cuts all the elements and is perpendicular to them. 

A Cone is a solid bounded by a conic lateral surface and a plane (the base) which cuts 
all the elements of the conic surface. A conic surface is a surface generated by the move¬ 
ment of a straight line (the generatrix) which constantly touches a fixed plane curve (the 
directrix) and passes through a fixed point (the vertex) not in the plane of the fixed curve. 
The generatrix in any i)osition is an element of the conic surface. A circular cone is one 
having a circular base. A right cone is a circular cone whose center of the base coincides 
with the foot of the perpendicular dropped from the vertex to the base. A frustum of 
a cone is the x)ortion of a cone included between its base and a section parallel to the base. 
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A Sphere is a solid bounded by a surface all points of which are equidistant from a 
point within called the center. Every plane section of a sphere is a circle. This circle 
is a great drde if its plane passes through the center of the sphere; otherwise, it is a amall 
circle. Poles of such a circle are the extremities of the diameter of the sphere which is 
perpendicular to the plane of the circle. Through two points on a spherical surface, not 
extremities of a diameter, one great circle can be passed. The shortest line that can be 
drawn on the surface of a sphere between two such points is an arc of a great circle less than 
a semicircumference joining those points. If two spherical surfaces intersect, their lino 
of intersection is a circle whose plane is perpendicular to the line of centers, and whose 
center lies on this line. 

A Spherical Sector is the portion of a sphere generated by the revolution of a circular 
sector about a diameter of the circle of which the sector is a part. A hemisphere is half 
of a sphere. 

A Spherical Segment is the portion of a sphere contained between two parallel plane 
seotions (the bases), one of which may be tangent to the sphere (in which case there is 
only one base). The term “segment ” also is applied in an analogous manner to various 
solids of revolution, the planes in such cases being perpendicular to an axis. A zone is 
the portion of a spherical surface included between two parallel planes. 

A Spherical Polygon is a figure on a spheriijal surface bounded by three or more arcs 
of great circles. The sum of tlie angles of a spherical triangle (polygon of three sides) is 
greater than two right angles and less than six right angles. 

Other Solids appearing in the mensuration table on pp. 2-41 to 2-44, if not sufficiently 
defined by their figures, may be found discussed in the section on analytic geometry. 


22. MENSURATION 

Mensuration treats of the measurement of lines, surfaces, and solids, in terms of 
length, area, and volume, respectively. Table I furnishes important mensuration for¬ 
mulas for the more common plane figures and solids. In addition to these formulas, 
useful data on circumferences and areas of circles, length of their arcs, and various prop¬ 
erties of their segments, as well as data on volumes of spheres, may be found in Tables 7 
of Section 1. The area of the surface of a sphere may be obtained by multiplying the 
area of a great circle (Table 7) by 4. 

Perimeters (or Circumferences) of Similar Figures are to each other as their respec¬ 
tive linear dimensions. Thus, the perimeter of a quadrilateral having a side 2o has 
twice the length of the perimeter of a similar quadrilateral whose corresponding side is a; 
the circumference of a circle of radius 2r is twice that of one of radius r; and so on. 

Areas of Similar Figures are to each other as the squares of their respective linear 
dimensions. Thus, the area of a triangle having a side 2a is four times the area of a 
similar triangle whose corresponding side is a; the area of the surface of a sphere of radius 
2r is four times the area of one of radius r; and so on. 

Volumes of Similar Solids are to each other as the cubes of their respective linear 
dimensions. Thus, the volume of a right regular pyramid of altitude 2h is eight times the 
volume of a similar pyramid of altitude h; the volume of a sphere of radius 2r is eight 
times the volume of one of radius r; and so on. 


Table I. Mensuration Formulas 

Approximate Decimal Equivalents {for reference ): 
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la. Plane ReciiUnear Figures 

Notation. Lines, a, b, e,; angles, a, 0 , y,; altitude (perpendicular height), k; side, s; 
diagonals, d, di,... ; perimeter, p; radius of inscribed circle, r; radius of circumscribed drole, B; 
ares, A. 


1 . Right Triangle 



(One angle 90 ®) 
p « o -1- b + c; c2 a o2 -f 62 ; 

Cib 

A r» a tan /? =» — sin 2 3 « sin 2a. 

For additional formulas, see General Triangle below, and also trigo¬ 
nometry. 


2 . General Triangle (and For General Triangle: 


Equilateral Triangle) 



p = a + 6 + c. Let « “ 3 2 (o + b + c) 
s/ sia — o)(a — 6)(» — c) ^ a 


a abc ^ 

sin a Ara ’ 


. ah ah . 6'- sin -y sin c 

A = — «= — sin 7 = - 

2 2 2 sin 


Len^tH of median to side c ■= 3 ^ V 2 (o- + 62 ) - c 2 . 

T *1 r u- . / 1 V06 [(a -f 6)2 - c2] 

Length of bisector of angle 7 --- . 

0+6 

For Equilateral Triarigle (a — h - c — s and a = j8 = 7 »» 60 ®); 
(Equal sides and equal angles) 


For additional formulas, see trigonometry. 

3 . Rectangle (and Square) For Rectangle: 

p *= 2 (o + 6 ); d = Vo 2 + 6 ^; A = ab. 

^ For Square (0 = 6 = 8): 

Ij p >= a s] d = a V^; s = —™ ; A = s* ^ 

V '2 

4 . General Parallelogram For General Parallelogram (Rhomboid): 


(Rhomboid) (and 
Rhombus) 


(Opposite sides parallel)_ 

p “ 2 (o + 6 ); di = V a2 + 6 ^ — 2 06 cos 7 ; 
d 2 = V^o 2 + 62-1- 2 ab cos 7 ; di“ + d 2 ^ = 2 (o* -f- 6 *j; 

A = a6 = ab sin 7. 

For Rhombus (0 = 6 = 8): 

(Opposite sides parallel and all sides equal) 

p = 4 8; di = 2 8 sin ^ ; d 2 = 2 8 cos ^ ; di* -f d 2 ^ ** 4 s*; 
did‘2 = 2 s2 sin 7 ; = sh — a^ sin 7 “ • 


6. General Tra^zoid mid-line bisecting non-parallel sides = m. Then m = ^ . 


Isosceles Trapezoid) 



For General Trapezoid: 

(Only one pair of opposite sides parallel) 

p = o-|-6+c + d;il = », mh. 

For laoaceles Trapezoid (d = c): 

(Non-parallel sides equal) 

A » (o + - mb = (o + b) c sin 7 

“ 2 “ ” 2 

«■ (o — c cos 7) c sin 7 - (6 -f c cos 7) c sin 7 - 
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la. Plane Rectilinear Figures —Continued 


9. General Quadrilateral 
(Trapezium) 

(No sides parallel) 
psaa + b+ c + d 

\6 

a 

A » H di ds sin a » sum of areas of the two triangles formed 
by either diagonal and the four sides. 

7. Quadrilateral Inscribed 
in Circle 

(Sum of opposite angles ■» 180°) 


ac bd di da. 


Let s-»H(a+&+c+d)—^ and a » angle between sides a and b. 


A “ V(« — a)(a — 6)(« — c)(« — d) = 1/2 (ob -f cd) sin o. 

8. Regular Polygon (and 
General Polygon) 

For Regular Polygon: 

(Equal sides and equal angi^^s) 


Let n a number of sides. 


Central angle = 2 a « — radians; 

n 


(n — 2) 

Vertex angle =* /3 **»-- r radians. 

n 


p «■ ns; « «* 2 r tan a ^ 2 R sin a; 

)k^y 

r «=* - cot a; R *= - esc a; 

2 2 

8 

A «= — “ wr" tan a --sin 2 a • — cot a " sum of areas of 

2 2 4 


the n equal triangles such as OAB. 


For General Polygon: 


A = sum of areas of constituent triangles into which it can lie 
divided. 


Ib. Plane Curvilinear Figures 

Notation. 1 -ines, a, h, . . . ; radius, r; diameter, d; perimeter, circumference, c; central auKle 
in ruditins, 0; arc, «; chord of arc (s), /; chord of half arc (s 2), /'; rise, A; area, A. 


9. Circle (and Circular Arc) 



For Circle: 

d •= 2 r; c = 2rr = wd; A = irr- 
For Circular Arc: 


vdP r2 


Let arc PAQ » s; and chord PA = ^chord of = V. Then, 

^ de sv - I 

s r 0 ^ ^ - . (The latter equation is Iluyghen’s 

approximate formula. For 0 small, error is very small; for 0 = 120°, 
error equals about 1 part in 400; for 0 = 180°, error is less than 
1.25%.) 


. 0 


1 = 2 r sin -; / = 2 2 Ar — A* (approximate formula) 
2 I 


(approximate formula) 


o • ^ 

2 sill - 


4h^ + 
8h 


fi -rT (-if<l< 180°; + if 0 > 180°) -r(l-co8^) 

« r versiii - «■ 2 r sin* - — - tan - — f -j- y — Vr* — x*. 

2 4 2 4 


Side ordinate y li — r + \/r* — x*. 
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Ib. Plane Curvilinear Figures —Continued 
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Ib. PUiM Currilinear Stgures —Continued 













mensuration 
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Ic. Solids Having Plane Surfaces 

Notation. Linra, a, b, e,. .. ; altitude (perpendicular height), h; slant height, «; perimeter of 
base, or p^; perimeter of a right section, p^; area of base, Ab or Ab\ area of a right section, Afj 
total area of lateral surfaces, Ay, total area of all surfaces. Ay, volume, V. 


28. Wedge (and Right For Wedge: 

Triangular Prism) (Narrow-side rectangular); 7 — (2/i + k). 

It 6 

Triangular Priam (or wedge having parallel triangular bases 
perpendicular to sides) •** Zi »• i: 


84. Rectangular Prism (or . 

Rectangular Paral- Rectangular Prism or Rectangular Parallelepiped: 

lelepiped) (and Cube) A/ - 2 c (a -f- 6); Af - 2 (dc -h oc -H 6c); 

^ “ AfC abc. 




25. General Prism 




For Cube (letting 6 ■» c ■■ o): 

A< — 6 a2; =1 o3; Diagonal > 


Az - /ip6 » «pr » s (a 4- 6 + ... 4- n); 
V «» hAb •= sAy. 


26. General Truncated 
Prism (and Truncated 
Triangular Prism) 


For General Truncated Priam: 

V - Ar* (length of line BC fining centers of gravity of bases). 
For Truncated Triangular Priam: 

V -■^' (.a+b + c). 

o 


87. Prismatoid 



28. Right Regular Pyramid 
(and Frustum of Right 
Regular pyramid) 



Let area of mid-section » Am> 


y - ^ (Ajs 4- A6 4- 4 Am). 


For Right Regular Pyramid: 

7 -^'. 


For Fruatum of Right Regular Pyramid: 

. Az «» * (P/i 4- P6); ^ “ 4 4- Afc 4- VAiiAb). 


29. General Pyramid (and 
Frustum of Pyramid) 

4^1 


For QeneraJ. Pyramid: 

V - 

3 

For Fruatum of General Pyramid: 
F - {Ab 4- A& 4- VA/# Afe). 


30. Regular Polyhedrons 


Tetrahedron Cube Octahedron 


Dodecahedron Icosahedron 


Let edge 
3 V 
At' 


n a, and radius of inscribed sphere • 
and: 


Number 


Total 


of Faces 

Form of Faces 

Area At 

Volume V 

4 

Equilateral triangle 

1.7321 a* 

0.1170 a> 

6 

Square 

6.0000 0* 

1.0000 a3 

8 

Equilateral triangle 

3.4641 a* 

0.4714 a» 

12 

Regular pentagon 

20.6467 tt* 

7.6631 a» 

20 

Equilateral triangle 

8.6603 a2 

2.1817 a> 


(Factors shown only to four decimal places.) 
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Id. Solids Having Curved Surfaces 

Notation. Lines, a, 6, c, . . . ; altitude (perpendicular height), A, Ai,... ; slant height, s; 
radius, r; perimeter of base, P6; perimeter of a right section, pr\ angle in radians, 0; arc, «; chord of 
segment, l\ rise, h\ area of base, or Ajy, area of a right section, Ar\ total area of convex surface, 
Ai\ total area of all surfaces, At\ volume, V. 
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Id. Solids Having Curved Surfaces —Continued 


38. Spherical Zone (and Spherical Zone Bounded by Two Planes: 

Sph.rie.1 Segment) _ I (g 

4 

For Spherical Zone Bounded by One Plane (6 ■■ 0): 
, , Ai = 2trr/* = - (4/t2+ o2); 

!*— 1-—*1 4 

' (S r* + a») - I (2 ** + a»). 

^For Spherical Segment with Two Bases: 

' ‘ F - ^ (3o2 +3i^ +4/.5). 

For Spherical Segment with One Base (6 ■» 0): 

V = (3 a2 -1- 4 /*2) « (r - . 


39. Spherical Polygon (and For Spherical Polygon: 

Spherical Triangle) sum of angles in radians «= 6 and number of sides -* n. 

© A - [<? - (n - 2 )irjr 2 

(The quantity [0 — (n ~ 2)jrj is called "spherical excess.") 
For Spherical Triangle (n = 3): 

A » - ^) r 2 

For additional formulas, see trigonometry. 



41. Ellipsoid (and Spher 
oids) 


For Ellipsoid: 



K— a —>K-o—H u-'t 


42. Paraboloid of Revolu> 
tion 


For Prolate Spheroid: 

I . II Voz - 62 

Let e — b and - » e. 

a 

At *■ 27r62 -f- 2jra6 -*** V » ^ valfl. 

c 3 

For Oblate Spheroid: 

^ , , \/a2 - 62 

Let c «* o and —- — e. 

a 

At - 27ro2 + ~ In 0 ^ ; V « ira^b. 

e Vl - «;/ 3 

Ai of .cgmcnt DOC = |-' [ (^ + *=)''■“ - 
For Paraboloidal Segment with Two Bases: 

V of ABCD - ^ (12 + ii 2 ). 

For Paraboloidal Segment with One Base (Ji *» 0 and d " h): 

« irW 2 


43. Hyperboloid of Revo¬ 
lution 















Axis 
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Id. Solids Having Curved Surfaces— Continued 



Let perpendicular distance from axis to center of gravity {Q) of curve 
(or surface) r. Curve (or surface) must not cross axis. Then, 
Area of Surface generated by curve revolving about axis: 

Ai » 2vra. 

Volume of Solid generated by surface revolving about axis: 

V = 2irrA. 


45. Irregular Solid 



One of the following methods can often be employed to determine the 
volume of an irregular solid with a reasonable approach to accuracy: 
(o) Divide the solid into prisms, cylinders, etc., and sum their in¬ 
dividual volumes. 

(fe) Divide one surface into triangles, after replacing curved lines by 
straight ones and curved surfaces by plane ones. Then multiply the 
area of each triangle by the mean depth of the section beneath it 
(which generally approximates the average of the depths at its corners). 
Sum the volumes thus obtained. 

(c) If two surfaces are parallel, replace any curved lateral surfaces 
by plane surfaces best suited to the contour and then employ the 
prismatoidal formula. 


23. CONSTRUCTIONS 

Typical Constructions applicable to the graphical solution of common elementary 
geometrical problems are presented in the following paragraphs. If two or more methods 
of solution are possible but almost equally simple under all circumstances, only one 
method, in general, is given. 

Lines 


1. To draw a line parallel to a given line. 

Case 1. At a given distance from the given lino (Fig. 16a). 

With the given distance as radius and with any centers m and n on the given line AB, 
describe arcs xy and zw, respectively. Draw CD touching these arcs. CD is the required 
parallel line. 


Case 2. Through a given point (Fig. 166). 
Let C be the given point and D be any point 
on the given line AB. Draw CD. WiUi equal 
radii draw arcs hf and ce with D and C, re¬ 
spectively, as centers. With radius equal to 
chord hf and with c as center draw an arc cutting 
arc ce at E. CE is the required parallel line. 




Fig. 15o 


Fig. 16b 


2. To bisect a given line (Fig, 16). Let AB be the given line. With any radius 
greater than 0.6 AB describe two arcs with A and B as centers. The line CD, through 
points of intersection of the arcs, is the perpendicular bisector of the given lino. 

3. To divide a given line into a given number of equal parts (Fig. 17). Let AB be 
the given line and let the number of equal parts be five. Draw line AC at any convenient 
angle with AB, and stop off with dividers five equal lengths from A to h. Connect b 
with B, and draw parallels to Bb through the other points in AC. The intersections of 
these parallels with AB determine the required equal parts on the given line. 

4. To divide a given line into segments proportional to a number of given ttne(|ual 
parts. Follow the same procedure as under 3 above except make the lengths on AC 
equal to (or proportional to) the lengths of the given unequal parts. 

6. To erect a perpendicular to a given line at a given point in the line. 

Case 1. Point C is at or near the middle of the line AB (Fig, 18). With C as center, 
dcscril)e arcs of equal radii intersecting AB at a and h. With a and 6 as centers, and 
any radius greater than Ca, describe arcs intersecting at D. CD is the required perpen¬ 
dicular. 
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Case fi. Point C is at or near the extremity of the line AB (Fig. 19). With any 
point 0, as center, and radius OC, describe an arc intersecting AB at a. Extend oO to 
intersect the arc at D, CD is the required perpendicular. 



Fig. 16 Fio. 17 




Fig. is 


Fig. 19 


6. To erect a perpendicular to a given line through a given point outside the line. 

Case 1. Point C is opposite, or nearly op¬ 
posite, the middle of the line AB h^ig. 20 ). With 
C as center, describe an arc intersecting AB 2 i.t a 
and h. With a and b as centers, describe arcs of 
equal radii intersecting at D. CD is the required 
perpendicular. 

Case 2. Point C is opposite, or nearly opposite, 
the extremity of the line AB (Fig. 21 ). Through 
C, draw any line intersecting AB at a. Divide 




h/ 


•B 


Fig. 20 



line Ca into two equal parts, ab and bC (method given above) 
radius bC, describe an arc intersecting AB at D. CD is the required perpendicular. 


Fig. 21 

With h as center, and 


Angles 

7. To bisect a given angle. 

Case 1. Vertex B is accessible (Fig. 22). Let ABC be the given angle. With B 
as center, and a large radius, describe an arc intersecting AB and BC at a and c respec¬ 
tively. With a and c as centers, describe arcs of equal radii intersecting at 2>. DB is 
the required bisector. 

Case 2. The vertex is inaccessible (Fig. 23). Let the given angle be that between 
Lines AB and BC. Draw lines ab and be parallel to the given lines, and at equal distances 




B tt A E if D 

Fig. 24 


from them, intersecting at b. Construct Dh bisecting angle ahe (method given above). 
Db is the required bisector, 

8 . To construct an angle equal to a given angle if one new side and the new vertex 
are given (Fig. 24). Let ABC be the given angle; DE the new side; and E the new 
vertex. With center B and a convenient radius, dcs(;ribc arc ac. 'With the same radius 
and center JE', draw arc df. With radius equal to (?hord ac and with center d draw an arc 
cutting the arc df at F. Draw EF. Then DEF is the required angle. 

9. To construct angles of 60° and 30° (Fig. 25). About any point A on a line AB, 
describe with a convenient radius the arc be. From b, using an equal radius, describe an 
arc cutting the former one at C. Draw AC, and drop a perpendicular CD from C to 
line AB. Then CAD is a 60° angle and ACD is a 30° angle. 





10. To construct an angle of 45° (Fig. 26). Set off any distance AB; draw BC perpen¬ 
dicular and equal to AB; and join CA, Angles CAB and ACB are each 45°. 
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11. To draw a line making a given angle with a given line (Fig. 27). Let AB be 
the given line. With A as the center and with as large a radius as convenient, describe 
arc be. Determine from Table 9, Section 1, the length of chord to radius one, corre* 
spending to the given angle. Multiply this chord by the length of Ab, and with the 
product as a new radius and & as a center, describe an arc cutting be at C. Draw AC. 
This line makes the required angle with AB. 


Circles 

12. To describe through two given points an arc of a circle having a given radius 
(Fig. 28). Let A and B be the given points. With the given radius, and these points as 
centers, describe arcs cutting each other at C. From C, with the same radius, describe 
arc AB, which is the required arc. 

13. To bisect a given arc of a circle. Draw the perpendicular bisectfir of the chord 
of the arc. The point in which this bisector meets the arc is the required mid-point. 

14. To locate the center of a given circle or circular arc (Fig. 29). Select three points, 
A, B, C, on the circle (or arc), located well apart. Draw chords AB and BC and erect 
their perpendicular bisectors. The point O, where the bisectors intersect, is the required 
center. 

15. To draw a circle through three given points not in the same straight line. 

Case 1. Radius small and center accessible (Fig. 29). Let A, B, C, be the given 
points. Draw lines AB and BC and erect their perpendicular bisectors. From point O, 
where the bisectors intersect, describe a circle of radius OA which is the required circle. 

Case 2. Radius very long or center inaccessible (Fig. 30). Let A, 0, A', be the 
given points (0 not necessarily mid-point of AO A'). Draw arcs Aa' and A'a with centers 



Fia. !^8 Fia. 29 Fig. 30 Fig. 31 


at A' and A respectively; extend AO to determine a and A'O to determine o'; point off 
from a on aA' equal parts ab, be, etc.; lay off a'b', b'c\ etc., equal to ab; join A with any 
point as h and A' with the corresponding point b'; the intersection P of these joining lines 
is a point on the required circle. 

16. To lay out a circular arc without locating the center of the circle, having given the 
chord and the rise (Fig. 30). Let A A' be the chord and QO the rise. (In this case, 0 is 
mid-point of AO A'.) The arc can be constructed through the points A, 0, A', as under 
15, Case 2, above. 

17. To construct, upon a given chord, a circle in which a given angle can be inscribed 

(Fig. 31). Let AB be the given line, and at the given angle. Construct angle ABC 
equal to angle a. Bisect line AB by the perpendicular at D. Draw a perpendiimlar to 
BC from point B. With 0, the point of intersection of the perpendiculars, as center, and 
OB as radius, describe u circle. The angle AEB, with vertex E located anywhere on the 



Fig. 32 



Fig. 33 


arc AEB, equals a, and therefore the circle 
just drawn is the one required. 

18. To draw a tangent to a given circle 
through a given point. 

Case 1. Point A is on the circle (Fig. 32). 
Draw radius OA. Through A, perpendicular 
to OA, draw BAC, the required tangent. 

Case 2. Point A is outside the circle 
(Fig. 33). Two tangents can be drawn. .Join 
0 and A. Bisect OA at D, and with D as 


center and DO as radius, describe an arc intersecting the given circle at B and C. BA 


and CA are the required tangents. 

19. To draw a common tangent to two given circles. Let the circles have centers O 
and 0' and corresponding radii r and r' (r > r')- 
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Case 1. Common internal tangents (when circles do not intersect) (Fig. 34). Con¬ 
struct a circle having the same center 0 as the larger circle and a radius equal to the sum 
of the radii of the given circles (r -f r'). Construct a tangent O'P from center 0* of the 
smaller circle to this circle. Construct 0*N perpendicular to this tangent. Draw OP, 
The line MN joining the extremities of the radii OM and 0*N is a common tangent. The 
figure shows two such common internal tangents. 

Case 2. Common external tangents (Fig. 35). Construct a circle having the same 
center O as the larger circle and radius equal to the difference of the radii (r — r'). Con¬ 
struct a tangent to this circle from the center of the smaller circle. The line joining the 
extremities M, N, of the radii of the given circles perpendicular to this tangent is a 


required common tangent. 

There are two such tangents. 






^ f * ' 1 





Fia. 34 

Fig. 35 

Fig. 36 


20. To draw a circle with a given radius that will be tangent to two given circles 

(Fig. 36). Let R be the given radius and A and B the given circles. About center of 
circle A with radius equal to K plus radius of A, and about center of B with radius equal 
to R plus radius of B, draw two arcs cutting each other in C, which is the center of the 
required circle. 

21. To describe a circular arc touching two given circles, one of them at a given point 

(Fig. 37). Lot AB, FG be the given circles and F the given point. Draw the radius EF, 
and produce it both ways. Set off FH 
equal to the radius AC of the other 
circle; join CH, and bisect it by the 
IMsrpendicular L T, cutting EF at T. 

About center 7’, with radius TF, describe 
arc FA as required. 

22. To draw a circular arc that will 
be tangent to two given lines inclined 
to one another, one tangential point 
being given (Fig. 38). Let AB and CD 
be the given lines and E the given point. 

Draw the line (?//, bisecting the angle 
formed by AB and CD. From E draw 
EF at right angles to AB; then F, its 
intersection with G //, is the center of the required circular arc. 

23. To connect two given parallel lines by a reversed curve composed of two circular 
arcs of equal radius, the curve being tangent to the lines at given points (Fig. 39). Let 
AD and BE be the given lines and A and B the given points. Join A and B, and bisect 
the connecting line at C. Bisect CA and CB by perpendiculars. At A and B erect 




S“ 




perpendiculars to the given lines, and the intersections a and h are the centers of the arcs 
composing the required curve. 

24. To describe a circular arc which will be tangent to a given line at a given point, 
and pass through another given point outside the line (Fig. 40). Let AB bo the given 
line, A the given point on the line, and C the given point outside it. Draw from A a 
line perpendicular to tlie given line. Connect A and C by a straight line, and bisect this 
1—8 
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Jine by the perpendicular ca. The point a where these two perpendiculars intersect is the 
center of the required circular arc. 

Si. To draw a circular arc joining two given relatively inclined lines, tangent to the 
lines, and passing through a given point on the line bisecting their included angle (Fig. 
41). Let AB and DE be the given lines and F the given point on the line FC which 
bisects their included angle. Through F draw DA at right angles to FC] bisect the angles 
A and D by lines intersecting at C, and about C as a center, with radius CF, draw the arc 


HFG required. 

S6. To draw a series of circles between 
the lines, and touching each other (Fig. 42). 



two given relatively inclined lines, touching 
Let AB and CD be the given lines. Bisect 



their included angle by the line NO. From a point P in this line draw the perpendicular 
PB to the line AB, and on P describe the circle BD, touching the given lines and cutting 
the center line at E. From E draw EF perpendicular to the center line, cutting AB at 
F] and about F as a center descril^e an arc EG, cutting AB at G. Draw GH parallel to 
BP, giving //, the center of the next circle, to be described with the radius HE] and so 
on for the next circle IN. 

27 . To circumscribe a circle about a given triangle (Fig. 43). Construct perpenditjular 
bisectors of two sides. Their point of intersection O is the center {circumcenter) of the 
required circle. 

28 . To inscribe a circle in a given triangle (Fig. 44). Draw bisectors of two angles, 
intersecting in 0 {incenter). From O draw OD perpendicular to BC. Then the circle 
with center 0 and radius OD is the required circle. 



29. To circumscribe a circle about a given square (Fig. 45). Let ACBD be the 
given square. Draw diagonals AB and CD of the square, intersecting at E. On center 
E, with radius AE, describe the required circle. The same procedure can be used for 
circumscribing a circle about a given rectangle. 

30 . To inscribe a circle in a given square (Fig. 40). Let ACBD be the given square. 
Draw diagonals AB and CD of the square, intersecting at E. Drop a perpendicular EF 
from E to one side. On center E, with radius EF, descrilje the required circle. 

31 . To circumscribe a circle about a given regular polygon. 

Case 1. The polygon has an even number 

of sides (Hg. 47). Draw a diagonal AB joining 
two opposite vertices. Bisect the diagonal by 
a perpendicular line DE, which is another 
diagomd or a line bisecting two opposite sides, 
depending upon whether the number of sides 
is, or is not, divisible by 4. With the mid¬ 
point C as the center, and radius CA, describe 
the required circle. 

Case 2. The polygon has an odd number 
of sides (Fig. 48). Bisect two of the sides at D 
and E by the perpendicular lines DB and EA which pass through the respective 
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opposite vertices and intersect at a point C, With C as the center, and radius CAt 
describe the required circle. 

38. To inscribe a circle in a given regular polygon (Figs. 47, 48). Locate the center, 
C, as in 31 above. With C as center, and radius CD^ describe the required circle. 

Polygons 

33. To construct a triangle on a given base, the lengths of the sides being given (Fig. 

49). Let AB be the given base and a, b, the given lengths of sides. With A and B as 
centers, and b and a as respective radii, describe arcs intersecting at C. Draw AC and 
BC to complete the required triangle. 

34. To construct a rectangle of given base and given height (Fig. 50). Let AB he 
the base and c the height. Erect the perpendicular AC equal to c. With C and B as 
centers, and AB and c as respective radii, describe arcs intersecting at D. Draw BD 
and CD to complete the required rectangle. 

36. To construct a square with a given diagonal (Fig. 61). Let .4C be the given 
diagonal. Draw a circle on AC as diameter and erect the diameter BD perpendicular 
to AC. Then ABCD is the required square. 
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36. To inscribe a square in a given circle (Fig. 51). Draw perpendicular diameters. 
AC and BD. Their extremities are the vertices of an inscribed square. 

37. To circumscribe a square about a given circle (Fig. 52). Draw perpendicular 
diameters AC and BD. With A, B, C, D, as centers, and the radius of the circle as radius, 
describe the four semicircular arcs shown. Their outer intersections are the vertices of 
the required square. 

38. To inscribe a regular pentagon in a given circle (Fig. 53). Draw perpendicular 
diameters AC and BD intersecting at 0. Bisect AO at E and with E as center, and EB 
as radius, draw^ an arc cutting AC at F. With B as center and BF as radi ijiia.draw an 
arc cutting the circle at G and //; also with the same radius, step around t:h‘; circle to 
J and K. Join the points thus found to form the pentagon. 

39. To inscribe a regular hexagon in a given circle (Fig. 54). Step around the circle 
with compasses set to the radius and join consecutive divisions thus marked off. 



Fig. 53 Fig. 54 Fio. 55 Fio. 56 

40. To circumscribe a regular hexagon about a given circle (Fig. 55). Draw a diam< 
eter ADB and with center A and radius AD, describe an arc cutting the circle at C. Draw 
AC and bisect it with the radius DE. Through E, draw FG parallel to AC, cutting 
diameter AB extended at F. With center D and radius DF, describe the circumscribing 
circle FH; and within this circle inscribe a regular hexagon as under 39 above. This 
hexagon circumscribes the given circle, as required. 

41. To construct a regular hexagon having a side of given length (Fig. 54). Draw a 
circle with radius equal to the given length of side and inscribe a regular hexagon (see 
39 above). 

42. To construct a regular octagon having a side of given length (Fig. 56). Let AB 
be the given side. Produce AB in both directions, and draw perpendiculars AE and BP, 
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Bisect the external angles at A and B by the lines A H and BC, making them equal to AB. 
Draw CD and HG parallel to and equal \jo AB\ from the centers G, D, with the radius 
AB, draw arcs cutting the perpendiculars at E, F, and draw EF to complete the octagon. 

43. To inscribe a regular octagon in a given circle (Fig. 57). Draw perpendicular 
diameters AC and BD. Bisect arcs AB, BC, etc., and join Ae, eB, etc., to form the 
octagon. 

44. To inscribe a regular octagon in a given square (Fig. 58). Draw diagonals of the 
given square, intersecting at 0. With A, B, C, D, as centers, and AO as radius, describe 



arcs cutting the sides of the square at gn, fk, hm, and oL Join the points thus found 
to form the octagon. 

45. To circumscribe a regular octagon about a given circle (Fig. 59). Describe a 
square about the given circle. Draw perpendiculars ij, kl, etc., to the diagonals of the 
squares, touching the circle. Then ij, jk, kl, etc., form the octagon. 

46. To describe a regular polygon of any given number of sides when one side is given 
(Fig. 60), Let AB be the given side and lot the number of sides be five. Produce the 
line AB, and with A a.s center and AB as radius, describe a semicircle. Divide this into 
as many equal parts as there are to be sides of the polygon—in this case, five. Draw 
lines from A through the division points a, b, and c (omitting the last.). With B and c 
as centers, and AB as radius, cut Aa at C and Ab at D, Draw cD, DC, and CB, to com¬ 
plete the polygon. 

47. To inscribe a regular polygon of a given number of sides in a given circle. Deter¬ 
mine the central angle subtended by any side by dividing 300® by the number of sides 
(see Table II). L.ay off this angle successively round the center of the circle by means 
of a protractor. The radii thus drawn intersect the circle at vertices of the required 
polygon. 

Table II. Table of Polygonal Angles 


Number 
of Sides 

Angle at 
Center 
in Degrees 

Number 
of Sides 

Angle at 
Center 
in Degrees 

Number 
of Sides 

Angle at 
Center 
in Degrees 

3 

120 

9 

40 

15 

24 

4 

90 

10 

36 

16 

221/2 

5 

72 

11 

32 8/n 

17 

21 3/17 

6 

60 

12 

30 

18 

20 

7 

51 3/7 

13 

27 9/13 

19 

18 18/19 

8 

45 

14 

25 V7 

20 

18 


49. 


Ellipse 

An Ellipse is a curve for which the sum of the 
distances of any point on it from two fixed points 
(the foci) is constant. 

48. To describe an ellipse for which the axes 
are given (Fig. 61). Let AB be the major and RS 
the minor axis {AB > RS). With O as center, and 
OB and OR as radii, describe circles. From O draw 
any radial line intersecting the circles at M and 
N. Through M draw a line parallel to OR, and 
through N a line parallel to OB. These lines intersect 
at //, a point on the ellipse. Repeat the construc¬ 
tion to obtain other points. 

To locate the foci of an ellipse, having given the axes (Fig. 61). With R as cen¬ 



ter, and radius equal to AO, describe arcs intersecting AB at F and F', the required foci 
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80. To describe an ellipse mechanically, having given an axis and the foci (Fig. 61). 
A cord of length equal to the major axis is pinned or fixed at its ends to the foci F and 
F'. With a pencil inside the loop, keeping the cord taut so as to guide the pencil point, 
trace the outline of the ellipse (Q represents the pencil point and length FQF' the cord). 
If the minor axis RS is given rather than the major axis AB, the length AB (for the cord) 
is readily determined as FR + RF^. 

51. To draw a tangent to a given ellipse through a given point. 

Case 1. Point P is on the curve (Fig. 61). With 0 as center, and OB as radius, 
describe a circle. Through P draw a line parallel to OR, intersecting the circle at K. 
Through K draw a tangent to the circle, intersecting the major axis at T, PT is the 
required tangent. 

Case 2. Point P is not on the curve (Fig. 62). With P as center, and radius PF\ 
describe an arc. With F as center, and radius AB, describe an arc intersecting the first 




arc at M and N. Draw FM and FN, intersecting the ellipse at E and G. PE and PG 
arc the required tangents. 

52. To describe an ellipse approximately by means of circular arcs of three radii 

(Fig. 63). On the major axis AB draw the rectangle BG of altitude equal to half the 
minor axis, OC; to the diagonal AC draw the perpendicular GHD\ set off OK equal to 
OC, and describe a semicircle on AK\ produce OC to L; set off OM equal to CL, and 
from D describe an an; with radius DM ; from A, with radius OL, draw an arc cutting AB 
at N; from H, with radius H N, draw an arc cutting arc ab at o. Thus the five centers 
H, a, D, b, //', arc found, from which the arcs AR, RP, PQ, QS, SB, are described. The 
part of the ellipse below axis AB can be constructed in like manner. rf 


Parabola 


A Parabola is a curve for which the distance of any point on it from a fixed line (the 
directrix) is equal to its distance from a fixed point (the/ocua). For a general discussion 
of its properties, set^ the section on analytic geometry. 

53. To describe a parabola for which the vertex, the axis, and a point of the curve are 
given (Fig. 64). Let A be the given vertex, AB the given axis, and M the given point. 
Construct the rectangle 
A BMC. Divide MC and 
CA into the same number 
of equal parts (say four), 
numbering the divisions 
consecutively in the man¬ 
ner shown. Connect A\, 

A2, and A3. Through 1', 

2', 3', draw parallels to 
the axis AB. The inter¬ 
sections /, II, and III, 
of these lines arc points 
on the required curve. 



A similar construction Fio. 64 

below the axis will give 

the other symmetrical branch of the curve. 

54. To locate the focus and directrix of a parabola, having given the vertex, the axis, 
and a point of the curve (Fig. 64). Let A be the given vertex, AB the given axis, and M 
the given point. Drop the perpendicular MB from M to AB. Bisect it at E and draw 
AE. Draw ED perpendicular to AF at F and intersecting the axis at D. With A as 
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center and hD as radius, describe arcs cutting the axis at F and J. Then F is the focus, 
and the line GH, perpendicular to the axis through I, is the directrix. 

55. To describe a parabola mechanically, having given the focus and directrix (Fig. 
65). Let F be the given focus and EN the given directrix. Place a straight-edge to the 
directrix EN, and apply to it a square, LEG, Fasten to the end G one end of a cord 
equal in length to the edge EG, and attach the other end to the focus F; slide the square 

along the straight-edge, holding the cord 
taut against the edge of the square by a 
pencil D, by which the parabolic curve 
is described. 

56. To draw a tangent to a given 
parabola through a given point. 

Case 1. The point is on the curve 
(Fig. 64). Let II ho the given point. 
Drop a perpendicular from II to the axis, 
cutting it at 6. Make Aa equal to Ah. 
Then a line through a and II is the re¬ 
quired tangent. The line lie perpen¬ 
dicular to the tangent at /J is the normal 
at that point; be is the subnormal. All 
subnormals of a given parabola are equal to the distance from the directrix to the 
focus and hence equal to each other. Thus the subnormal at I is de equal to be, where d 
is the foot of the perpendicular dropped from I. The tangent at / can bo drawn as a 
perpendicular to le through I. 

Case 2. The point is off the curve (on the convex side) (Fig. 66). Let P be the 
given point and F the focus of the parabola. With P as center, and PF as radius, draw 
arcs intersecting the directrix at B and D. Through B and D draw lines parallel to the 
axis, intersecting the parabola at E and H. PE and PH are the required tangents. 

Hyperbola 

An Hyperbola is a curve for whi<‘h the difference of the distances of any point on it 
from two fixed points (the foci) is constant. It has two distinct branches. 

57. To describe an hyperbola for which the foci and the difference of the focal radii 
are given (Fig. 67). Let F and F' bo the given foci and AOB the given difference of the 
focal radii. Lay out AOB (the transverse axis) so that AF — F'B and AO — OB. A 
and B arem>ointa on the required curve. With centers F and F', and any radius greater 
than FB or F'A, describe arcs aa. With 
the same centers, and radius equal to the 
difference between the first radius and tho 
transverse axis AQB, describe arcs hh, 
intersecting arcs aa at P, Q, R, and S, 
points on the required curve. Repeat the 
construction for additional points. 

Make BC = BC' -- OF ^ OF', and 
construct the rectangle DEFG. The diag¬ 
onals DF and EG, produced, are called 
asymptotes. The hyperbola is tangent to 
its asymptotes at infinity. 

68. To locate the foci of an hyperbola, 
having given the axes (Fig. 67). With p 
as center and radius equal to BC, describe arcs intersecting AB extended, at F and F', 
the required foci. 

69. To describe an hyperbola mechanically, having given the foci and the difference 
of the focal radii (Fig. 68). Let F and F' be the given foci and AB the given difference 
of focal radii. Using a ruler longer than the distance F'F, fasten one of its extremities 
at the focus F'. At the other extremity H attach a cord of such a length that the 
length of the ruler shall exceed the length of the cord by the given distance AB. Attach 
the other extremity of the cord at the focus F. Press a pencil P against the ruler, and 
keep the cord constantly taut while the ruler is turned around F' as a center. The point 
of the pencil wnll describe one branch of the curve, and the other can be obtained in like 
manner 

60. To draw a tangent to a given hyperbola through a given point. 

Case 1. Point P is on the curve (Fig. 69). Draw lines connecting P with the foci. 
Bisect the angle F'PF. The bisecting line TP is the required tangent. 
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Case 2. Point P is off the curve on the convex side (Fig. 70). With P as center 
and radius PF\ describe an arc. With F as center, and radius AB, describe an arc inter¬ 
secting the first arc at M and N. Produce lines FM and FN to intersect the curve at 
E and (7. PE and PG are the required tangents. 
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Cycloid 

A Cycloid is a curve generated by a point on a circle rolling on a straight line. 

61. To describe a cycloid for which the generating circle is given (Fig. 71). Let A 
be the generating point. Divide the circumference of the generating circle into an even 
number of equal arcs, as ^1, 1-2, etc., and set off the rectified arcs on the base. Through 
the points 1, 2, 3, etc., on the circle, draw horizontal lines, and on them set off distances 
la = Al, 2b = A2, Sc — .43, etc. The points A, a, 6, c, etc., are points of the cycloid. 

An Epicycloid is a curve generated by a point on one circle rolling on the outside of 
another circle. An Hypocycloid is a curve generated by the point if the generating circle 
rolls on the inside of the second circle. 

Involute of a Circle 

An Involute of a Circle is a curve generated by the free 
end of a taut string as it is unwound from a circle. 

62. To describe an involute of a given circle (Fig. 72). 

Let AJ5 be the given circle. Through B draw Bb perpendicular 
to AB. Make Bb equal in length to half the circumference 
of the circle. Divide Bb and the semi-circumference into the 
same number of equal parts, say six. From each point of 
division 1, 2, 3, etc., of the circumference, draw lines to the 
center C of the circle. Then draw lai perpendicular to Cl; 2o2 
perpendicular to C2; and so on. Make loi equal to hb\\ 2o2 
equal to hhy; Sas equal to and so on. Join the points A, 
fli, a-i, 03 , etc., by a curve; this curve is the required involute. Fio. 72 



TRIGONOMETRY 

By M. J. Fish 

24. CIRCULAR FUNCTIONS OF PLANE ANGLES 
Definitions and Values 

Trigonometric Functions. The angle <x in Fig. 1, is measured in degrees or radians, as 
defined in Art. 21. The ratio of any two of the quantities x, y, or r determines the extent 
of the opening between the lines OP and OX. Since these ratios are functions of the 
angle they may be used to measure or construct it. The definitions and terms used to 
designate the functions are as follows: 

Sine a = - = sin a 
r 

Cosine a = - *= cos a 
r 


Tangent a 


y 

- = tan a 
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Cotangent a 
Secant a 
Cosecant a 
Versine a 
Coversine a 
Haversine a 


- = cot a 

y 

r 

- = sec a 

X 

r 

“ = CSC a 
V 

r — X 

-— o; = 1 — cos a 

r 

r - y , . 

-== covers a = 1 — sin a 

r 

r - X 1 

— 77 — = hav a == - vers a 
2r 2 


Positive and Negative Values. An angle a (Fig. 1 ), if measured in a counter-clockwise 
direction, is said to be positive; if measured clockwise, negative. Following the convention 
that X is positive if measured along OX to the right of the OY axis and negative if mea¬ 
sured to the left, and similarly, y is positive if measured along OY above the OX axis 
and negative if measured below, the signs of the trigonometric functions are different for 
angles in the quadrants I, II, III, and IV. The signs of the six most common functions 
are tabulated in Table I. 


Table I. Signs of Trigonometric Functions 


Quadrant 

sin 

ROB 

tan 

cot 

9CC 

R8C 

I 

+ 

+ 

+ 

+ 

+ 

+ 

11 

4- 

— 

— 

— 

— 

+ 

III 

— 

— 

+ 

-f- 

— 

— 

IV 

- 


- 

- 

■f 

- 


Values of Trigonometric Functions are periodic, the jx'riod of the sin, cos, s(‘cs esc 
being 2ir radians, and that of the tan and cot, tt railians. For example, in Fig. 2 , (a an 
integer) 


sin (a + 27rr<) = sin a 
tan (a + ttw) = tun a 



Functions of angles in any quadrant (Fig...l) in terms of angles in the first quadrant, and 
values of the functions for certain angles are given in Tables II and III, respectively. 
Values of the functions for angles in increments of one minute and five hundredths of a 
degree may be obtained from Section 1 , Table 17. Combined with this table is a table 
of common logarithms of the functions. 


Table II. Functions of Angles in Any Quadrant in Terms of Angles in the First Quadrant 



— a 

90® ± a 

180® dba 

270® db a 

360® db a 

sin 

— sin a 

-f- ROB a 

T sin a 

— cos a 

± sin a 

cos 

+ c<.>8 a 

^ sill a 

— cos a 

=b Bin a 

+ COS a 

tan 

— tan a 

^ cot a 

±: tan a 

^ cot a 

=t tan a 

cot 

— cot a 

^ tan a 

± cot a 

T tan a 

db cot a 

sec 

+ sec a 

^ CSC a 

— sec a 

± CSC a 

+ Bcc a 

CSC 

— CSC a 

4- SRC or 

^ CSC a 

— sec a 

± CSC a 
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Table III. Functions of Certain Angles 



0° 

30° 

45° 

60° 

90° 

180° 

270° 

360° 

Bin 

0 

1/2 

i/iVi 

Vi Vi 

1 

0 

-I 

0 

cos 

1 

Vi Vi 

ViVi 

1/2 

0 

-I 

0 

1 

tan 

0 

1/3 V3 

\ 

Vi 

eo 

0 

00 

0 

cot 

00 

v'l 

1 

1/s V3 

0 

00 

0 

00 

sec 

I 

2/3 V '3 

V'2 

2 

00 

-I 

00 

1 

CSC 

00 

2 

Vl 

Vi^'i 

1 

( 

CO 

1 

-1 

00 


Inverse, or Anti-functions. The symbol sin’*' x means the angle whose sine is and is 
read inverse sine of x, anti-sine of x, or arc sine x. Similarly for cos”^ x, tan~^ x, cot“^ x, 
sec”^ X, csc“^ X, vers"^ x, the last meaning an angle a. such that (1 — cos a) = x. While 
the direct functions (sine, etc.) are single valued, the indirect are many valued; thus 
sin 30° = 0.5, but 8in“i 0.5 = 30°, 150°, . . 


Functional Relationships, Identities 
Table IV. Functions of an Angle in Terms of Each of the Others 



Functions of the Sum and Difference of Two Angles. 

sin (a rt /3) = sin a cos fi dr cos a sin 0 

cos (« dr /3) = cos a cos sin a sin /3 

tan (a dr /3) = (tan a dr tan /3)/(l tan a tan j9) 

cot (a ± /3) = (cot /3 cot a T l)/(cot db cot a). 

If X is small, say 3° or 4°, then the following are close approximations, in which the 
quantity x is to be expressed in radians (1° * 0.01745 radian). 

sin a « O', cos or « 1, tan of a 

sin (a rt x) ~ sin « dr x cos a, cos (« dr x) ~ cos a T x sin a 

Functions of Half Angles. 

sin 1/2 a — Vd/o (l — cos a) = J /2 -f sin a — I /2 V1 —• sin a 

cos V2 « = ^ ^' 2 (1 + cos Of ) = t/2 ^1 + Kin oc d- V2 ^1 “• sin a 

tan 1/2 a = V (1 — cos a)/ (1 -f cos a) = (1 — cos a)/sm a = sin a/(l + cos a) 

cot V 2 « ~ ^(1 + “)/(I — cos «) = (! + COS a)/sin a = sin a/(l — cos a) 

Functions of Multiples of Angles. 

sin 2 a = 2 sin a cos a, 
tan 2 a = 2 tan a/(l — tan^or) 


cos 2 a = 2 cos® a — 1 = 1 — 2 sin® a 
cot 2 a = (cot® a — l)/2 cot a 







2-56 


MATHEMATICS 


sin 3 a » 3 sin a — 4 sin^a cos 3 « ** 4 cos*a 3 cos a 

sin 4 a * 8 cos*a sin a — 4 cos a sin a cos 4 a = 8 cos^ a — S co8*a + 1 

Products and Powers of Functions. 

sin or sin = 1/2 cos (a — /3) — I /2 cos (a + /3) 

cos a cos /3 = 1/2 cos (a — ^) 4- V 2 cos {pt -f jS) 

sin or cos *= 1/2 sin (a — )3) + 1/2 sin (a + /3) 

tan a cot or = sin a esc or = cos a sec a = 1 

sin^or = I /2 (1 ■“ cos 2 a)\ cos*a = V 2 (1 + cos 2a) 

sin*a = 1/4 (3 sin a — sin 3 a); cos *a = V 4 (cos 3 a 4- 3 cos a) 


Sums and Differences of Functions. 

sin a + sin j3 = 2 sin 1/2 (a + /3) cos 1/2 (a — jS) 

sin a — sin jS * 2 cos 1/2 (a + sin 1/2 (a — jS) 

cos a 4* cos 3 *= 2 cos V 2 (« + /8) cos 1/2 (a — j8) 

cos a — cos/3 = — 2 sin 1/2 (or 4- /8) sin I /2 (a — j3) 

^ ^ ^ sin (a -j- /3) . , . 

tan a 4- tan/3 «*-—; cot a + cot 

cos (X cos p 


tan a — tan /3 = 
n* a — sin*/9 


sin (g — 


cos a cos /3 ’ 

sin* a — sin* p «* sin (a 4- /3) sin (a — P) 
cos* a — cos* p = — sin (a 4* sin (a — p) 
cos* a — sin* P = cos (a 4" P) cos (a — P) 


cot a — cot 


0 


sin (ex 4- P) 
sin a sin fi 
__ sin (« — P) 
sin a sin p 


Anti-Trigonometric or Inverse Functional Relations. In tlie following formulas the 
periodic constant is omitted. 

sin“' a; = — 8in”K“” x) = ^ — cos”^ x *= cos'^vT. — ar* = tan~^ — .. _ = cot^^ y^i ~ 

2 Vi~x* x 

1 -1 1 

s*= CSC * - =» sec 7=1:11:=== 

X Vl-x* 


008 "* a; ~ X — cos"* (—a;) * - — sin"* x — 1/2 cos"* (2 **—!)= sin"* V1 — a:* 


. Vl-ar* ar 1 _t 1 

— tan ‘- = cot *— _LZ = sec ‘ = esc * — 

» vT - x’ X vT- X® 


tan”* X = — tan”* (— x) = - — cot”*x = sin 


lin 1 - 


C * V 1 4 - X”' = CSC * - 


Vl 4”: 


: cos 


1 


Vl + X* 


= cot"*" 


cot”* X = tan * —; sec * x = cos * - ; esc * x = sin * - 

XXX 

sin"* X ± sin"* y — 8in"*{x Vl — i 3 / VY— x*} 


cos"* X 4: cos * 3 / = cos *|x 2 / =i= V(i — x*)(l — y “)} 

sin"* X ± cos"* y = sin-ijarj, ± V(i - a4;(l - y^)\ = cos"*{ 2 / Vl - x* =F x VT^M 
tan"* X db tan"* y = tan"* 

1 + X2/ 

tan * X db cot * 1 / = tan * ——— = cot *-- 

3/ ^ X xy ±.1 


26. SOLUTION OF TRIANGLES 

Relations Between Angles and Sides of Plane Triangles. Let a,b,c- sides of triangle; 
o, P, 7 = angles opposite a, 5, c, respectively; A = area of triangle; « = 1/2 (« + b + c). 
— ® ^ _ c 

sin a sin p sin 7 


(Law of Sines) 
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a 2 5= 62 4 “ c* — 2bc cos a (Law of Cosines) 

a — 6 tan 1/2 (a — |8) ^ . 

—— = --(Law of Tangents) 

a + b tan I/2 (a + / 3 ) 

a + /3 + 7 = 180® 

« 5 COS T + c COS ^\h ^ c cos a + a cos 7; c = o cos /3 + h cos a 

A = V'«(ef — a) {a — b)(s — c) 


2 2 2 

sin a = — - 4 ; sin jS = — A; sin 7 = — A 
be ca ab 


•i-4 


cos- = 


tan- = 


/(s — b)(ti — c) 

» be ' 

/s(s - a) jS 


tanf, = V 

' 8(8 — a) 2 ^ 


(s — C )(8 — a ) . 7 

-; sin - = 

ca 2 


j is — a)i8 — h) 
' ab 


s(8 — b) 


b) 7 ^ 

co8- = ^ 

(s — c>(8 — a) 
e{8 — b) 


2 ^ 8(8 — a) ’ 2 ^ 8(8 ■— 6) * 

Solution of Plane Oblique Triangles. 

Givem a, b, e. (If logarithms are to be used, use 1 .) 

^I(s - a)(8 - b)(s - e) /— --- 


; tau2 = V 


(8 ~ a)(a — b) 
s(8 — e) 


8(s — a)^.8 — b)(8 — e) = rs; 


Of r 8 r 

tan ^ =s-; tan - » - 

2 8 — a 2 8 — 

62 -f - a2 

2. cos a =-- ; cos ^ = 


7 * 

■ ; tan ~ — — 
) 2 8 - 

a 2 4 - c 2 - 62 


o2 4 62 - c2 


or 7 * 180 ° - (a + /S). 


Given a, 6, a. 

sin ^ - (if a > 6, /3 < ^ and ha^ only one value; if 6 > o, |3 has two values, 

Of ^ Q, Bin Y 

/3iand/32 * 180 ° - /3i);7 = 180 ° - (a + / 3 );c = —- - ; A « 1/206 sin7. 


Given o, a, / 3 . 
o sin 0 


7 = 180 ° - (a + ^): c = ; 

Sill a 


1/2 06 sin 7. 


Given a, 6, 7. (If logarithms are to be used, use 1 .) 

1 . tan 1/2 (a — 8) - ^ cot 1/27; 1/2 (a + / 3 ) 90 ° — 1/2 71 c *= 

tt 4 6 sin a 

A = 1/2 06 sin 7. 

2. c s* Vo2 4 6" — 2 ab cos 7; sin a =» ^ = 180 ° — (a 4 7). 

c 

a sin 7 ,, , 0^,0 / , . a sin 7 

3. tan a - - - ; *= 180 - (a 4 7); c = —-. 

b — a cos 7 sin a 

Solution of Plane Right Triangles. Let 7 = 90 ® and c be the hypotenuse. Given 
any two sides or one side and an acute angle a. 

a « Vc2 — 62 = V (c 4 6) (c -- 6) = b tan a = c sin a. 


^c2 — a2 = V (c 4 a) (c — a) = -- = c cos a. 

tan a 


- Vo^ + 6* i 


a “ sin"' - = cos"* - = tan * r ; 0 = 90 ° — a. 
e c b 


a6 o2 

** 2 2 tan a 


62 tan a e^ sin 2a 

■■■" .. S .. . 

2 4 
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26. SPHERICAL TRIGONOMETRY 


Spherical Trigonometry. Let 0 be the center of the sphere and a, b, c the sides of a 
triangle on the surface with opposite angles a, ft, y, respectively, the sides being meas¬ 
ured by the angle subtended at the center of the sphere. Let « = V 2 (a + 6 + c), 
<r ** 1/2 (<x -}- /3 + 7), = a -f- /3 + 7 — 180°, the spherical excess. The following 

formulas are valid usually only for triangles of which the sides and angles are all between 
0° and 180°. To each such triangle there is a polar triangle, whose sides arc 180° — a, 
180° — /3, 180° — 7 , and whose angles are 180° — a, 180° — 6 , 180° — c. 

General Formulas. 

sin a _ s in b __ sin c 
sin a sin ^ sin 7 

cos a = cos b cos c + sin Z> sin c cos a (Law of Cosines) 
cos a = — cos /3 cos 7 + sin /3 sin 7 cos a (Law of Cosines) 
cos o sin 6 = sin o cos 6 cos 7 + sin c cos a 

cot o sin 6 = sin 7 cot a -f cos 7 cos h 

cos a sin jS = sin 7 cos a — sin a cos /3 cos c 

cot a sin /3 = sin c cot a — cos c cos )3 


(Law of Sines) 


i-# 

• 1-4 


cos <r cos (<r — a) 
sin /3 sin 7 


ot _ ^ sin (.s 


■ b) sin (s — c) 


sin b sin c 


tan 


tan- 


w 


/cos i<r — /3) cos iff — 7 ) 

cos ^ 

^ /sin .s sin (s — a) 

^ sin /3 sin 7 

^ sin b sin c 

1 — cos a cos (o- — a) 


./sin is — h) sin (s — c) 

^ cos i<r — /3) cos i(T — y) * 

tan ~ — 

^ sin 8 sin is — a) 



_ a 


tan - tan 


is — a) ^ is — b) 


tan - 


tan 


(« — c) 


cot — = ■ 


tan 


tan 


■(H") 


("-F) 

“"H 2 ) 

/a-f|3\ c (ci h\ . 

V“ 2‘ j = 2 ” 


tan 


tan 




,, cot - + cos 7 
sin 7 


tan - 


H‘) 

( . (a + b\ 2 

s.n( .yj 

. (ac /a — 

sin I —— I cos ~ == cos I — I 
\ 2 / 2 \ 2 / 

. /a — j 8 \ . c . [a — b\ 


7 

cos- 


The Right Spherical Triangle Let 7 = 90° and c be the hypotenuse. 

sin a 


COSC s 

tan a 


■ cos a cos b - 
tan a 

=S- 

sin b 


cot O'cot /3; cos a 


cos a . cos /3 
= cos b = -T—; sin a ■ 

sin p sin a 


tan b 

-; cos a ~ -; 

sin c tan c 


27. HYPERBOLIC TRIGONOMETRY 

Hyperbolic Angles are defined in a manner similar to circular angles but with reference 
to an equilateral hyperbola. The comparative relations are shown in Figs. 3 and 4 . 
A circular angle is a central angle measured in radians by the ratio «/r or the ratio 
2Alr^y where A is the area of the sector included by the angle a and the arc« (Fig. 3 ). 
For the hyperbola the radius p is not constant and only the value of the differential hyper-^ 

bolic angle d$ is defined by the ratio ds/p. Thus, ^ = T ds/p = 2 A/a*, where A repre- 
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Bents the shaded area in Fig. 4. If both a and p are measured in the same units the 
angle is expressed in hyperbolic radians. 




Hyperbolic Functions are defined by ratios similar to those defining functions of 
circular angles and also named similarly. Their names and abbreviations are: 


Hyperbolic sine 0 
Hyperbolic cosine 6 = 


= - sinh 0 
a 


cosh 0 


Hyperbolic tan^jpnt 0 ~ ^ ^ 


Hyperbolic cotangent 0 = = coth 0 

V 


Hyperbolic secant 


0 sech I 

X 


Hyperbolic cosecant 0 — - — esch 0 
V 

Values and Exponential Equivalents. The values of hyperbolic functions may bo 
computed from their exponentiiil equivalents. The graphs are shown in Fig. 6. Values 
for increments of 0.01 radian are given in Section 1, Table 18. 


sinh 0 — 


, 


cosh 0 = 


' + e-0 


; tanh 0 = 


qB — £ 9 


tfi -f 

If 0 is extremely small, sinh 0 cosh 0 « 1, and tanh 0 ^ 0 , 
For large values of 0, sinh 0 « cosh and tanh 0 » 
coth 0 w 1. 


Fundamental Identities. 

csch 0 — . ■ ^ ; sech 0 = —r- 

sinh 0 cosh 


coth 0 — 


tanh 0 


1 — tanh* 0] 



cosh* 0 — sinh* 0=1; sech* 0 
csch* 0 = coth* 0—1 
cosh 0 + sinh 0 = e^; cosh 0 — sinh 0 = 
sinh ( — 0) = — sinh 0; cosh (— 0) = cosh 0 
tanh (— 0) = — tanh 0; coth (— 0) = — coth 0 
sinh (0j ± 02 ) = sinh 0i cosh 02 ± cosh 0i sinh 0* 
cosh (01 ± 02 ) = cosh 01 cosh 02 ± sinh 0i sinh 02 

tanh (01 ± 02 ) - r —-——— ; coth (0i ± 0^) =-—-;-: 

1 ±. tanh 01 tanh 02 coth 0i =h coth 02 

sinh 20 = 2 sinh 0 cosh 0 = . ^ 

1 - tanh* 0 

cosh 20 = sinh* 0 4* cosh* 0=1+2 sinh* 0 = 


Fio. 5 


■ 2 cosh* 0—1 


1 + tanh* 0 


1 — tanh* 0 
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tanh 2$ ■ 


2 tanh $ 


coth 2 0 = 


1 + coth* 0 


1 + tanh* 0 ’ 2 coth 0 

Binh 0/2 = V(co8h 0 ~ l)/2; cosh 0/2 = Vccosh 0 + l)/2 


tanh 0/2 = 


/cosh 0—1 


sinh 0 


* cosh 0+1 
sinh 01 ± sinh 02 


cosh 0+1 
2 sinh — ^ cosh 


^ ^ 2 ) 

cosh 01 + cosh 02 = 2 cosh ^—-—- cosh 
( 01 + 0 ‘ 2 ) 

cosh 01 — cosh 02 = 2 sinh---sinh 


cosh 0 — 
sinh 0 
(01 T 02) 
2 

( 0 ) - B 2 ) 
2 

(01 — 02 ) 
2 


tanh 01 d= tanh 02 = 


sinh (0| =t 02 ) 


cosh 01 cosh 02 * 

(cosh 0 ± sinh 0)” = cosh nO =b sinh n0 

Anti-hyperbolic or Inverse Functions. The angle whose hyperbolic sine is u is written: 
8inh“^ u. Values of the angles in hyperbolic radians, corresponding to the several func¬ 
tions, may be computed from their logarithmic equivalents. 

sinh"^ u = loge {u + y/vF-fl); cosh"^ u = logg (u + — i) 


tanh”^ M = 1/2 log« 


1 + u 
1 — u ' 


coth~* u = 1/2 log^; 


u + 1 
w — 1 


28. FUNCTIONS OF IMAGINARY AND COMPLEX ANGLES 

Relation of Hyperbolic to Circular Functions. By comparison of the exponential 
equivalents of hyperbolic and circular functions the following identities are established 


sin a = — i sinh ia 
cos a = cosh ia 
tan a = — i tanh ia 
cot a = i coth ia 
sec a = sech ia 
CSC a = i csch ia 

Relations between Inverse Functions. 

sin”^ A =— i sinh”^ i A 
cos*"^ A = — i cosh"^ A 
tan”i ^ tanh“^ i A 

cot”^ A = i coth~^ i A 
sec""^ A = — i sech”^ A 
csc“^ A = i csch”^ i A 


sinh Q i sin i/3 
cosh ^ = cos i/3 
tanh j(3 = — i tan i/3 
coth /3 — i cot i /8 
sech /8 — sec i/3 
csch /8 = i CSC i /8 

sinh”^ B = — i sin“^ i B 
cosh“^ B = i co8~* B 
tanh~^ B = — i tan"^ i B 
coth"*^ B = i cot~^ i B 
8 ech~^ B = i sec”^ B 
c 8 ch“^ B = i csc“^ i B 


Functions of a Complex Angle. In complex notation c = o + i?> = |c| (cos 0 + i sin 0 ) 
= |c| where [cj = Va* + 6 *, i = V— l, and 0 *= tan • !c! e^, is frequently 

written c Z 0 . 

Logf |c| e*® = log |c! + i (0 + 2 A: 7 r) and is infinitely many valued. By its principal 

part will be understood logc |c| + i0. Some convenient identities are: 

logc 1 = 0; logc (- 1) = iir; loge i = f loge (- i) = * Y 

(cos 0 ± i sin 0 )^ = cos w 0 db t sin ?» 0 ; Vcos 0 d= i sin 0 = cos dr i sin 

n n 

The use of complex angles occurs frequently in electric circuit problems where it is 
often necessary to express the functions of them as a complex number. 

sin (a zt 1 / 8 ) = sin a cosh /3 d= i cos a sinh /3 = V cosh* /8 — cos* a 
where 0 ** tan”*^ cot a tanh /5. 
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cos (a db iff) *= cos a cosh =F t sin a slnh ff Vcosh* jS — sin* a 

where 6 * tan~i tan a tanh ff. _ _ 

sinh (a ± iff) = sinh a cos ffzLi codi a mn /S ■* Vainh* a -}- sin* ff cosh* a — cos* /3 

where B = tan~' coth a tan ff. 

cosh (a± ij8) =coshQ! cos^drisinhasin/3 = Vsinh^of -f- coa^ffe^^ = Vcosh*<af--sin*/8e^^ 
where B — tan~* tanh a tan ff. 

. , , sin 2a =t i sinh 2ff . , , sinh 2a =fc i sin 2ff 

tan (a ± iff) = - - ; tanh (a db i8) -- - 

cos 2a -f cosh 2ff ’ ^ cosh 2a + cos 2)8 

The hyperbolic sine and cosine have the period 27ri; the hyperbolic tangent has the 
period wi. 

sinh (q! + 2 kwi) = sinh a; cosh (a + 2 Ajtti) = cosh a 
tanh (a + kiri) = tanh a; coth (a -f kiri) = coth a 

Inverse Functions of Complex Numbers. 

Bin-i (A dziS) = Bin-' rVBV+Jl _ VB^+ (1 - A)‘l 


± i ooBh-< 4- (1 + + (1 - X)» J 

COB- ^A ±<B) = + (1 + -4>^ - + (1 - ^)» j 

T i cosh- j^ VB» + (1 + A)‘ + VB» 4- (1 - 


tan“^ (A ± iB) 




^ - 1 / I + (1 ± g)* 

±t Alog^^j + (1 =F B)* 

Binh- (A ± iB) = coBh-[ ^-*^ + (1 + + (» Z L^~ 


cosh*"^ (A ± iB) — cosh 


,• ai„-i j^ VA» + (1 + B)" - VA" + (1 - B)^ j 

cosh- j^ VB^ + (1 + A)» + VB» + (1 - A)» j 

i cos-‘ j^ ^B^ + (1 + A)» - VB» + (1 - A)° j 


2A 2J5 

tanh-i ij5) = 1/3 tanh”^ ^ * ^^2 tan"! ^ 3 


PLANE ANALYTIC GEOMETRY 

By M. J. Fish 

29. POINT AND LINE 

Coordinates. The position of a point Pi in a plane is determined if its distance 
and direction from each of two lines or axes OX and O Y. which are perpendicular to each 
other, are known. The distances x and y (Fig. 1) perpendicular to the axes are called the 
cartesian or rectangular coordinates of the point. The directions to the right of OF and 
above OX are called positive, and opposite directions negative. The point O of inter¬ 
section of 0 F and OX is called the origin. 

The position of a point P is also given by its radial distance r from the origin and 
the angle B between the radius r and the horizontal axis OX (Fig. 2). These coordi¬ 
nates r, 6, are called polar coordinates. 
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The functional relation between the coordinates of any point on a line is the equa¬ 
tion of the line and defines its character. 

The distance a between two points Pi (21, yi) and Pi (.xz, yz) on a straight line is 

a - y/{xz — xip + (i /2 — Vi)^ (1) 



The slope m of the line P 1 P 2 is defined as the tangent of the angle 0 , which the line 
makes with OX. 


m — tan = 


Vi — y\ 

xz — Tx 


If expressed in polar coordinates 

a = 4 - r-/ — 2 rir 2 cos (62 — 61 ) 


( 2 ) 

(3) 


where ri, r-i and 0 u Oz are the radius vectors and vectorial angles of the points Pi and Pz. 

The Equation of a Straight Line in cartesian coordinates is of the first degree and is 
expressed as follows: 

Ax + By + C = 0 (4) 

where A, B, and C are constants. 

Other forms of the equation are: y — mx + h ( 5 ) 


where m is the slope and h is the y intercept; 

y — yi = m (x — xi) 

where m is the slope and (xi, 2 / 1 ) is a point on the line; 

y — a-t __ xx — X?. 

y — y\ v\ - U2 

where (xi, yi) and (xa, 2 / 2 ) are two points on the line; 


( 6 ) 

(7) 



where a and h are the x and y intercepts, respectively; 


( 8 ) 



X cos or -f- 2/ sin a — p = 0 (9) 

where a is the angle between OX and the perpendicular 
from the origin to the line and p is the length of the 
perpendicular (Fig. 4). This is called the perpendicular 
form and is obtained by dividing the general form 
Ax + By + C = 0 by ± V + B\ The sign before 
the radical is taken opposite to that of C if C 7 ^ 0 and 
the same as that of P if C = 0 . 

The Perpendicular Distance of a Point Pi (xi, 2 / 1 ) 
(Fig. 4) from the line Ax By C ^ 0 is 


Axx -f Bm 4- C 

zt 


( 10 ) 


where the sign before the radical is opposite to that of C if C 5 *^ 0, and the same as B if 
C * 0. 

Parallel Lines. The two lines Ax By + C — 0, Aix Biy -f Ci - 0 are parallel 
if 

A ^ P 
Ax ” Pi 


(11) 
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A line through the point (xi, y{) and parallel to the line Ax + By C ^ 0 has the 
equation 

A(x - xi) + B{y ~ i/i) = 0 (12) 

If the two equations are written as y = m\X + 6i, y * m%x + bj, the lines are parallel 
if mi = m2. 

Perpendicular Lines. The two lines y =* mix -j- bi and y * m 2 X + ba are perpendicu¬ 
lar if 

m. =-- (13) 

trii 

If the equations are written as Ax -f By 4* C = 0, Aix + Biy + Ci = 0, the lines 
are perpendicular if 

AAi + BBi = 0 (14) 

A line through the point (xi, pi) perpendicular to the line Ax + By + C = 0 has the 
equation 

B(x — xi) — A(y — yi) = 0 (16) 

Intersecting Lines. Let Ax + By -f- C = 0 and Ajx + Biy + Ci * 0 bo the equa¬ 
tions of two intersecting lines and X an arbitrary constant. Then 

(Ax 4- By + C) + X(AiX 4- Biy + Ci) = 0 (16) 

represents the system of lines through the point of intersection. 

The three lines Ax 4- By 4- C = 0, Aix 4- Byy 4- Ci = 0, Aex 4- Bjx -f C 2 = 0 meet 
in a point if 

\A B C 

Ai Bi Cl = 0 (17) 

I A. B2 C2 

The Angle 0 between Two Lines with equations Aix 4- Biy 4- Ci = 0 and A 2 X 4* 
B^y 4- C 2 = 0 can be found from 

Ai B-i — A2 Bi Ai A2 4 " Bi Bi ^ _ ^_A \ Bi —A2 Bi 


sin Q—- 


=, tan B-- 


(18) 


V(A,2+Bi'*)(42HB2*)’ AiAi+B^Bi 

The signs of tan 0 and cos 0 determine whether the acute or obtuse angle is meant. If the 
equations are in the form y — mix 4- bi, y == m 2 X 4- b 2 , then 

mo — mi ^2 x__ A _ '^2 — wii 


cos $ 


V (1 4- mi^)(l 4- rnr) V(1 4- mi2)(l 4- 

30. TRANSFORMATION OF COORDINATES 

Change of Origin O to O', Let x, y denote the coordinates 
of a point P with resiject to the old axes, and x', y' the co¬ 
ordinates with respect to the new axes (Fig. 5). Then, if the 
coordinates of the new origin O' with respect to the old axes 
are x = h, y = k, the relations between the old and the new 
coordinates are 


, tan 9 — 


1 4- mi m 2 


(19) 


H-/i- 


(x,y) 

?{x>,y') 


->X 


X = x' 4“ ^. ] 
y - y' -\-k I 


Fxq. 5 


( 20 ) 



Rotation of Axes about the Origin. Let 9 (Fig. 6) be the angle through which the 
axes arc rotated. Then 

X = x' cos 9 — y' E\n 0 1 

y = x' sin 9 + y' cos 9 J 

If the axes are both translated and rotated, 

X = x'cos 9 — y' sill 4- b 1 

y = x' sin 0 4 - y' cos 9 + k\ 

Coordinate Transformation. The relations between 
the rectangular coordinates x, y and the polar coordinates 
r, 9 are 


( 21 ) 


( 22 ) 


X == r cos 
X iy r x 


9, y = r sin 0, r = Vx^ 4- 0 = tan~^~ 

X 


— iy — r e 


(23) 

(24) 


(i = 1, c = 2.718.S, the base of the natural logarithins) 
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31. CONIC SECTIONS 


A Conic Section is a curve traced by a point P moving in a plane so that the distance 
PF of the point from a fixed point (focua) is in constant ratio to the distance PM of the 

PF 

point from a fixed line {directrix) in the plane of the curve. The ratio, e * , is called 

the eeeerUricUy. If e <1, the curve is an dlipae; e » 1, a parabola; e > 1, an hypeibola; 
and e *» 0, a circle, which is a special case of an ellipse. 

The Circle. The equation is 

{x — xq)^ + (2/ — J/o)® = r* (25) 

where (xo, i/o) is the center and r the radius. If xt *= 0, j/o *= 0, that is, if the center is at 
the origin, 

4- 2,2 = r* (26) 

If the point Pi{xi, j/]) is on the circle a:® + 2/* + 2gx + 2 fy + c = 0, then the equa¬ 
tion of the tangent to the circle at Pi{xu Vi) is 

xxi + yyi + g{x 4- xx) + /(i/ + i/i) 4- c = 0 (27) 

The Ellipse (Fig. 7). The equation is 


{x - a^o)^ {y - yn)^ 
6*-* 


(28) 



where (xo, i/o) is the center, a = semi¬ 
major axis, h = semi-minor axis. In Fig. 7, 
(xo, 2 /o) =** (0, 0). 

Coordinates of foci are Fi — ( — oc, 0), 

{FxP)^ , 52 


F‘i — (ac, 0); e* 


{MPy^ 


1 - < 1 : 


and the direciricea are the lines x --, 

e 
a 

a? = -. 
e 

The chord LU through F is called the laiua 
25* 

rectum and has the length — = 2a (1 — c^). 

€L 

If P is any point on the ellipse, Fi*P = a — ex, F 2 P ^ a + ex, and FiP + F 2 P ^ 2a 
(a constant). 

The area of the ellipse with semi-axes a and b is 

A = IT ab 


The equation of the tangent to the ellipse at the point (xi, yi) is 

yy\ 

52 - 


xxi yvi _ 
a- ^2- 


the equation of the tangent with slope m is 


y — mx zt. Vo^m^ -f 5 ^ 

The equation of the normal to the ellipse at the point (xi, yi) is 

- *.) »l) ^2 = 0 


(29) 

(30) 

(31) 

(32) 


Conjugate Diameters. A line through the center of an ellipse is a diameter; if 

52 

the slopes m and m' of the two diameters y ^ mx and y = m'x are such that mm' “ ~ ^ 

each diameter bisects all chords parallel to the other and the diameters are called conjugate. 

Other Forms of the Equation of the Ellipse. 


' 


= 1 


a2(l — c2) 
ax* -f by* 4- 2gx -h 2fy 4- c = 0 


(33) 

(34) 


If a, b, and ^ have the same sign, (34) is an ellipse whose axes are parallel to 


the coordinate axes. 
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The polar form of the equation with F 2 as pole and Fs A as the polar axis is 

a(l — e^) 


** 1 •— c cos 0 

■ a cos <l), y — b <f> 


The parametric form is 

The Hyperbola (Fig. 8 ). The equation is 

(x - (y — yp)^ 


where (xo, j/o) is the center, = 2a is the 
transverse axis, BB' — 2b is the conjugate 
axis. In Fig. 8, (xo, 2 / 0 ) = (0, 0). 

“ 1 + ~2 > 

nates of the foci, Fi = (— ae, 0), F 2 = 

(ae, 0); and the directrices are the lines 
a a 

X = -, X = - . 

e e 

The chord LV through F is called the 

laius rectum and has the length —. If P is 

a 

any point on the curve, Fi F = ex — a. 

Fa F = cx -f a, and | Fa F — Fi F | = 2a (a 
constant). 

The equation of the tangent to the hyperbola at the point (xi, j/i) is 

££i _ I'Hl == 1 
a* 6* 

The equation of the tangent whose slope is m is 


(36) 

(36) 

(37) 



(38) 


V =• mx dc. Va^w^ — b^ (39) 

The equation of the normal to the hyperbola at the point (xi, y\) is 

a^y\ (x - xi) + b^xi (y - 2 / 1 ) = 0 (40) 

7 /^ 3 /^ SC^ 

Conjugate Hyperbolas and Diameters. The two hyperbolas = 1 and --= = 1 

tr b^ 

are conjugate. The transverse axis of each is the conjugate axis of the other. 

If the slopes of the two lines y — mx and y = m\x through the center 0 are connected by 

the relation mm\ — — , each of these lines bisects all chords of the hyperbola which are 

parallel to the other line. Two such lines are called conjugate diameters. The equation 
of the hyperbola referred to its conjugate diameters as oblique axes is 

x'2 ,/2 

(41) 


_ ^ = 1 

01 =* bi^ 


where 2 ai and 2bi are the conjugate axes. 

The Asymptotes. The lines ?/ = - x and 3 / =-x are the asymptotes of the hyperbola 


— — ~ = 1 . The asymptotes are two tangents whoso points of contact with the curve 
0 “ 

are at an infinite distance from the center. The equation of the hyperbola when 
referred to its asymptotes as oblique axes is 

4x'2/' =* o® -f (42) 

If a — 5, the asymptotes are the perpendicular lines 2 / = x, 2 / = — x; the corresponding 
hyperbola 

x2 - ^2 = flS (43) 

is called the rectangular or equilateral hyperbola. 

The Parabola (Fig. 9). The equation of the parabola is 


2 /* = 4ax 


(44) 


The focus F is on OX, called the axis of the parabola, and has the coordinates (a, 0); the 
FP 

eccentricity e = — 1; and the directrix is x = — a. The chord LV through F is the 

lotus rectum and has the length 4a. 
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The tangent to the parabola 2 /^ ~ 4 ox at the point (xi, j/i) is 

yyi = 2fl(x + xi) (45) 

The equation of the tangent whose slope is m is 

2 / = mx + — (46) 

m 

The normal to the parabola at the point (xi, y{) is 

2a ( 2 / — 2 / 1 ) + 2/1 (a: — Xi) = 0 (47) 

iV A diameter of the curve is a straight line 

^ parallel to the axis. It bisects all chords parallel 

^ to the tangent at the point where the diameter 

L(a,2a) ^ meets the parabola. 

M —-f- yi^Pixy) Pi T is tangent to the curve at (xi, 2 / 1 ), 

i ’ then TQ = 2xi is the subtangent, and QN = 2a 

• \ (a constant) is the subnormal, where PiN is per- 

^ • P\ pcndicular to Pi 7\ 

irXyO) O^TO,o) N The equation of the form 2 /* + 2gx -|- 2 / 2 / + 

X. * c = 0, where g 5 *^ 0, is a parabola whose axis is 

( parallel to OX ; and the equation x* + 2 gx + 

2 yy + c == 0, where / 7 ^ 0, is a jiarabola whose 
axis is parallel to 0 Y. 

The polar equation of the parabola with F as 
pole and FO as polar axis is 

OJ—a 

Fig. 9 r = - - —- (48) 

1 — costf 

where p is one-half the latus rectum (p ~ 2a in Fig. 9). 

The parabola referred to the tangents at the extremities of its latus rectum as axes of 
coordinates is 

xH i; yM = (49) 

where h is the distance from the origin to each point of tangency. 

The General Equation of a Conic Section has the form 

0x2 + 2 /IX2/ 4- 62/2 + 2 gx + 2/2/ + C = 0 (50) 

® ^ ^ I ^1 

Let O = h b / ; d = “ " (51) 

S f c I I 

Then the following is a classification of conic sections. 

1. Two parallel lines, for D — 0, d — 0. 

2. Two intersecting lines, for P = 0, d 7 ^ 0. 

3. A parabola, for /> 7 ^ 0, d = 0. 

4. An ellipse, for P 7 ^ 0, d > 0 (central conic). 

5. An hyperbola, for P 7 ^ 0, d < 0 (central conic). 

Let A + P = a -f- 6, AB — ab — h- = d, and A — B have the same sign as h. 

Let c' ~ P/d; then the equation of the conic referred to its axes is 

x2 1/2 

-7 + ^ = 1 (62) 


To find the center (xo, 2 / 0 ) of the conic solve the equations 
oxo + Ai/o + g = 0 1 
Axo + 62/0 + / = 0 I 

To remove the term in xy from (50), rotate the axes about the origin through an 
2 h 

angle $ such that tan 20 =*-r. 

a — 0 


32. HIGHER PLANE CURVES 


Plane Curves. The point (x, y) describes a plane curve if x and y are continuous 
functions of a variable t (parameter), as x = x{t), y = vit). The elimination of t from 




HIGHER PLANE CURVES 2-67 

the two equations gives F{x, j/) =* 0 or in explicit form y — f{x). The angle r which the 
tangent to the curve makes with OX can be found from 

dy dx du 

sin r = , cos r ~ tan r — — — y (64) 

ds ds dx 

where da is the element of arc length: 

ds = Vdx^ + dy‘ = vT+17® dx>0 (55) 

In polar coordinates, 

ds =Vd?l^lW‘ = + ’■’‘de (66) 

From Fig. 10, it may be seen that 



. . rdS , dr rdS 

Bin \1/ = - cos V' = r *= ‘~r~ 

^ ds ds dr 

The equation of the tangent to the curve F{x, y) = 0 at the point (xi, yi) is 


( 


dx )x 


(x — xi) 4- 


m 


Xs^Xi. I/-1/1 


(y — yi) - 0 


The equation of the normal to the curve F(a:, y) = 0 at the point (x], j/i) is 
(^’) (x-xi) -('^) (2/-2/1) = 0 

\dy / x-^x\,v=‘V\ \ 

The radius of curvature of the curve at the point (x, y) is 


ds 

dr 


dfy 

dx2 


[1 -h 

v” 


(67) 


( 68 ) 


(69) 


(60) 


The reciprocal 1/p is called the curvature of the curve at {x,y). 

The coordinates (xo, yo) of the center of curvature for the point (x, y) on the curve 
(the center of the circle of curvature tangent to the curve at (x, y) and of radius p) can 
be found from the equations 


Xq — X • 


dy Jl + y'^] 

p — ^ X — y* - - — 

ds 2/ 


, dx . [1 + Z/'^l 


(61) 


A curve has a singular paint if simultaneously, 

r.. . r. dF ^ (IF 
F(x, ») = 0. - = 0. - 


= 0 


Let 


^ [dxdi/) 


d‘F fF 
dx^ dy^ 


(62) 

(63) 


Then for D > 0, the curve has a double point with two real different tangents. 

For D — 0, the curve has a cusp with two coincident tangents. 

For D < 0, the curve has an isolated point with no real tangent. 

Cycloid and Trochoid. A cycloid is a curve traced by a point P on the circumfer¬ 
ence of a circle which rolls without slipping on a straight line (Fig. 11). The parametric 
equations are 


X = OD = a (</> — sin <», y = DP = o (1 — cos </>) 


(64) 
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In rectangular coordinates 


Of = a cos ^ ^^ ± V(2a — y)y 



The length of one arch of the cycloid is 

s = 8a (66) 

and its area A = (67) 

A point on the radius at a distance b > a from the center describes a prolate trochoid. 

A point at a distance b < a describes a curtate trochoid. The general 

equations for cycloids and trochoids are 

/ X — a<t> — b sin <f>t y = 6(1 — cos 0) (68) 

I ^_If a = 6, the figure is a cycloid; if 6 > o, prolate trochoid; if 

^ c n q h < a, curtate trochoid. 

/ Epicycloid and Hypocycloid. An epicycloid is a curve traced by 

I / a point on the circumference of a circle of radius r which rolls 

\ without slipping on the outside of a fixed circle of radius R. If the 

' moving circle rolls without slipping on the inside of the fixed circle, 

F 12 curve is an hypocycloid. 

* An epicycloid has the equations 

jR -f- r 1 

X == (iJ + r) cos — r cos- 


72 + r 

2 / = (72 H- r) sin — r sin — - — <t>\ 

For r = JR, the epicycloid becomes a cardioid (Fig. 12) with the equation 

(j,2 ^ y2 ^ 272x) 2 = 4722(x2 + y^) (70) 

or in polar coordinates 

r = 272 (1 + cos 6 ) (71) 

An hypocycloid has the equations 

72 — r 1 

X = (72 ~ r) cos <f> + r cos- <t> 

R-r ■ 

y — (72 — r) sin 0 — r sin —-— <f> 

For r = 1/4 72, the rolling circle makes four revolutions in passing around the fixed circle 
forming the astroid or hypocycloid of four cusps with equation 

xH + y^^ = 72% (73) 

An Epitrochoid is a curve traced by a point on the radius of the outer rolling circle 
at a fixed distance 6 from its center. The*equations of the curve are 

72 4" r 

X = (72 + r) cos <f> — b cos- <f} 

. R + r ■ 

2 / = (72 4- r) sin ^ — 6 sin- <j> 

r 

An Hypotrochoid is a curve traced by a point on the radius of the inner rolling circle 
at a fixed distance 6 from its center. The equations are 

X = (72 — r) cos<^ 4 - b cos- <{> 


2/ * (72 — r) sin <> — 6 sin ■ 


II 72 = 2r, the h 3 rpotrochoid is an ellipse. 
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An Involute of a Circle is a curve traced by the end of a taut string wrapped around 
a fixed circle and unwinding (Fig. 13). If it begins to unwind at A, the arc AP of the 
involute is traced when the string has unwound as far as B, and the part unwound is BP. 
BP is tangent to the circle at B and BP » arc BA r 0 . The parametric equations are 


X = R cos + R ifi sin 0 
1 / = i2 sin 0 — 0 cos 0 


(76) 




A Spiral of Archimedes is the locus of a point P whose distance from the origin O 
is proportional to the angle which the radius vector OP makes with a fixed initial position 
(Fig. 14). Another method of finding the curve is to consider it generated by a point 
P moving at a constant speed in a given straight line OP, which at the same time rotates 
at constant speed about a fixed point 0 on the line. The equation is 

ad ( 77 ) 

where a = ON (a constant), the polar subnormal. 

After one complete turn of OP, the length OP is ro = 27ro, and after 1/n turns, its 
length is r = ro/n. The length of the arc OP is 

s = 1/2 u [0 Vi 4 - 02 sinh"i B\ (77) 

For many turns it is approximately 

1/20^2 

An Hyperbolic Spiral has the equation 

rd ^ a ( 79 ) 

where OT —a (a constant), the polar subtangent (Fig. 15). If 00 , then r —♦ 0, 
Therefore, the origin is an asymptotic point about which the curve winds an infinite num¬ 
ber of times but which it never actually reaches. 




If 0 —► 0, r —> 00 . Therefore, a line parallel to the polar axis at a distance a is an 
asymptote of the curve. 

A Logarithmic or Equiangular Spiral is a curve that makes a constant angle with the 
radius vectors (Fig. 16.). Its polar equation is 

r * (w > 0 ) {S(y} 

For ^ = 0, r = OA « o; m » cot ot, a being the constant angle. 

As 0 —*^ 00 , r—> 0 . Therefore, the origin is an asymptotic point, which, for de¬ 
creasing 6 , the spiral approaches but never actually reaches. 
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A Lemniscate is the locus of a point P, the product of whose distances ri and 
from two fixed points Fi and F2 is a constant (Fig. 17). Let ri* • r 2 * ** c*; then the equation 
of the lemniscate is 

(X* + + 2 c2(2/* - x*) = 0 (81) 

or in polar coordinates 

as 2 c® cos 20 (82) 

The coordinates of Fi are (c, 0), and F 2 are (— c, 0). 



Fio. 17 Fia. 18 


A Catenary is a curve made by a cord of uniform weight suspended freely between 
two points at the same level (Fig. 18). Its equation is 


The length of arc 8 is approximately equal to I 


£ 4. e-V“) 


for I large in comparison to d. 


SOLID ANALYTIC GEOMETRY 

By M. J. Fish 

33. POINT, LINE, AND PLANE 

Coordinates. In a right-hand orthogonal cartesian coordinate system the position 
of a point P (Fig. 1) is fixed by its distance and direction from each of three planes which 
are perpendicular to each other. Thus the coordinates of the point P {x, y, z) are the 
perpendicular distances to the planes zy, xz, and xy, respectively. 



Fig. 1 Fig. 2 


The position of a point in space is also determined by its distance and direction from 
some fixed point. In Fig. 2 the distance from the origin 0 is r, and the direction of r is 
fixed by the angles 0 and </>. The three quantities, r, 6 , 4>, are called the spherical or polar 
coordinates, where r is the radius vector of the point and the angles 0 and are the vectorial 
angles. 

The Distance between Two Points, Pi (xi, yi, zi) and Pz (xz, yz, zz) is 
« = V(x2 — xi)- -b (1/2 — yi)^ *b («2 “ ZiV 


(1> 
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The angles a / 3 , y, which the line Pi Pt makes with the coordinate directions Xt F, Z, 
respectively, are called the direction angles of Pi P2. 

The cosines, 


are called the direction cornea of Pi P2, and 

cos^ a -f cos* -h cos* 7 = 1 ( 3 ) 

The Angle between Two Lines in terms of their direction angles ai, /?i, 71. and 
o!2, 72i is obtained from the relation: 

cos B = cos ai cos a2 -|- cos / 3 i cos ^2 + cos 71 cos 72 ( 4 ) 

If cos 0 = 0 , 0 = 90 ® and the lines are perpendicular to each other. 

A Straight Line in Space is represented by the 6rst degree equations. 


1 ic 4- hi I 

2 a; 4 - 52 ) 


If the line goes through a point Pi(xi, yi, z\) and has the direction angles a, / 3 , 7, then 


and tui —-, WI2 —- 

cos a cos a 

The equations of a line through two points (xi, ^1, Z\) and (x2,2/21 ^2) are 


a :2 — x\ 2/2 — 2/1 22 “ 2i 

The Equation of a Plane may be expressed as follows: 

Ax By -{■ Cz D = 0 (8) 

where A, B, C, and D are constants. 

Ax By D = 0, is a plane parallel to the z axis. 

Ax 4- Cz + I) = 0, is a plane parallel to the y axis. 

By 4" Cz 4 - I? = 0, is a plane parallel to the x axis. 

Ax + By + Cz = 0, is a plane passing through the origin 0. 

A plane through three points Pi (xi, 2/1.21)1 P2 (^212/2. ^2), P3 (3:3, 2 / 8 . 25) has the equation 

X y z 1 iZ 

*1 21 1 ^ 0 (9) 

X2 2/2 22 1 _ 

X3 2/3 23 1 / ___ 

The equation of a plane whose x, y, z / / 

intercepts are respectively a, 5, c (Fig. 3) is / / 

- + l + - = y (10) / -7^y 

a b c / /A / 

The perpendicular form of the equation of / / 

a plane, where OP = p is the perpendicular / / 

distance of the plane from the origin O and —sZ__/ 

has the direction angles a, j3, 7 , is -'*»>. / 

X cos a 4 - 2/ cos /3 4- 2 cos 7 -- p = 0 (11) Fig. 3 

To bring the general form Ax 4- P?/ 4 - P 2 4* -D == 0 into the perpendicular form, 
divide it by =t v A* 4- P* 4- C‘^, where the sign before the radical is opposite to that of D, 
The coefficients A, B, C are proportional to the direction cosines X, y, v ol a. line per¬ 
pendicular to the plane. Therefore, 

A(x — xi) H- B{y — 2 / 1 ) 4 - C{z — zi) = 0 (12) 

is a plane through Pi (xi, 2 / 1 . 21 ) and perpendicular to a line with direction cosines 
X, p, p proportional to A, P, C. 

The Perpendicular Distance of a Point Pi from a Plane Ax 4“ Py + Cz 4“ P 0 is 
given by 

pp, = At, + Bu, + Cz,+D 
± Va* 4- P=* 4 - C* 
where the sign before the radical is opposite to that of D. 
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A Lia# ihroogli a Point Pi Perpoadictilar to a Plano Ax + Pp + C2 + D 
equationa 


g --- xi _ j / — 1/1 _ z — Zl 
A “ J5 “ ‘ C 


0 has the 
(14) 


Parallel Planes. Two planes Aix Biy + Ciz + Di ^ 0 and Atx + B 22 / + C 2 Z + 
Ds » 0 are parallel if Ai : Bi : C\ * A^ : B 2 : C 2 . 


A{x - xi) + B(y - yi) + dz - «i) = 0 (15) 

is a plane through the point Pi (xi, 2 / 1 , zi) and parallel to the plane Ax + By Cz + D 0. 

The Angle 6 between Two Planes Ax + By + Cz D 0 and Aix + Bjp + CiX + 
Hi *» 0 is the angle between two intersecting lines, each perpendicular to one of the 
planes: 


cos 


_ AAi + PPi + CCy _ 

-h d){A{^ + B{^ + 


(16) 


The two planes are perpendicular if AAi + BBi + CC\ = 0. 

Line of Intersection of Two Planes. The direction cosines X, y, v of the line of inter¬ 
section of two planes Ax -f- Py 4- C 2 + H = 0 and Aix + Biy -f C 12 + Hi = 0 are found 
from the ratios 


\ :y w 


B C 

c A \ . A B 

Pi Cl • 

Cl ill 1 * Ai Bi 


(17) 


Four Points, P* (x*, pt, «*) {k 


1, 2, 3, 4), lie in the same plane if 


1 gi vi z\ 
1 g2 Vi 
1 xz yz zz 
1 xa yi 24 


= 0 


(18) 


Four Planes Afc x 4- Pa: 2 / + Ca; 2 4- Hit = 0 (A; = 1, 2, 3, 4) pass through the same 
point if 


Ai Pi Cl Hi 
A 2 P 2 C 2 H 2 
A 3 Bz Cz H 3 
A 4 P 4 C 4 Da 


(19) 


34. TRANSFORMATION OF COORDINATES 


Changing the Origin. I^et the coordinates of a point P with respect to the original 
axes be x, j/, 2 and with respect to the new axes x', y', z'. For a parallel displacement of 
the axes with xo, yo, zo the coordinates of the new origin 

X = xq + x', y = yo + y', z — zo + z' (20) 

Rotation of the Axes about the Origin. Let the cosines of the angles of the new axes x^ 
y\ z\ with the x axis bo Xi, yi, vi, with the y axis be X 2 , y^, Vi, with the 2 axis be X 3 , yz, vz. 
Then x = Xi x' 4- Mi 2 /' 4- vi 2 ' x' = Xi x 4- X 2 2 / 4- X 3 2 'i 

1/ = X 2 x' 4- M 2 2 /' 4- V 2 z' 2 /' = Ml g 4- M 2 2/ + M3 2 [ (21) 

2 = X 3 x' 4 - M» 2/' 4 - z' z^ = v\X -{■ v^y vzz J 


The following are the orthogonality conditions: 

(1) Xi2 4- Ml"* 4- I'l' = 1 (5) 

X 2 * 4- M2^ 4" *'2^ = 1 
Xs^ + MS^ 4- I's- = 1 

(2) Xi* + Xs* 4- X 3 * - 1 (6) 

Mr 4- M2^ 4- M3“ = 1 
v\^ 4- 4- vz^ = 1 

(3) Xi X 2 4- Ml M2 4" >'1 >'2 = 0 (7) 

X 2 X 3 4“ M 2 M3 4- Vi 1^3 = 0 

^3 Xi 4 - M3 Ml + *'3 Vl = 0 

(4) Xi All 4- Xo M2 4- X 3 M3 == 0 (8) 

Ml V\ 4- M2 *'2 4- M3 Vz = 0 

v\ Xi 4" *'2 X 2 4“ X 3 = 0 

For a combination of displacement and rotation, apply the corresponding equations 
simultaneously. 


Xl = M 2 *'3 “ V 2 yz 
Ml = X 3 — X 2 Vz 
V\ — Xzyz ^ M 2 X 3 
Xo = viyz — Ml vz 
M2 = Xl I'a — vi X 3 
Vi == Ml ^3 ” ^1 M3 

X 3 = Ml *'2 — vi yz 
yz = viXi — Xl >'2 
Vz == Xl M2 Ml ^2 
Xl Ml vi I 


X 2 M2 Vi 
Xs M3 Vz 


= 1 



QUADRIC SURFACES 


Spherical or Polar Coordinates. The relations between the rectangular coordinates 
X, y,zoi& point P and its spherical coordinates r, ^ (Fig. 2), are 
X = r sin sin r sin 0 cos 5, « » r cos 0 

7*2 ~ -J* g2^ fl a— ■■■ . . . 


tan ^ 0 

y 


36. QUADRIC SURFACES 

The General Form of the Equation of a Surface of the Second Degree is 

F(x, y, z) s ail + 2ai2 xy + 2 oi 3 xz -f- 022 y!^ + 2 an yz 

H- 033 2^ + 2 ai 4 X 4 - 2024 y + 2034 2 + 044 * 0 


Let D = 


and 

< 2 ik 

= aiii 

i.e., 012 == 

On 

012 

Oi 3 

014 

0-21 

022 

023 

, d = 

O3I 

032 

O33 

034 

O41 

042 

O43 

044 ‘ 


an 012 ois 
021 O 22 O 23 

031 032 O 33 


Let I = On + 022 + 088 and J s 022 oss + 033 on + on 022 “ 028 * *“ ois* — O 12 ®. I and 
J are invariant under coordinate transformation. The following is a classification of the 
quadratic surfaces, so far as they arc real and do not degenerate into curves in one plane: 
Ellipsoid, for Z> < 0, d > 0, / > 0. 

Hyperboloid of two sheets, for D < 0, Id and J not both > 0. 

Hyperboloid of one sheet, for D > 0, Id and J not both > 0. 

Cone, for D = 0, d 9 ^ 0, Id and J not both > 0. 

Elliptic paraboloid, for I) < 0, d = 0, J > 0. 

Hyperbolic paraboloid, for D > 0, d = 0, d < 0. 

Cylinder, for D = 0, d = 0. 

Ellipsoid and Hyperboloids. Consider the center of the quadric as the origin and 
the principal axes of the quadric as the orthogonal coordinate axes. Then 

^ + K + %= lisan ellipsoid (Fig. 4) (24) 

0 ^ 



> 






_J"-6 








^2 jy2 2^2 ^ 

~ 4- -- - = 1 is an hyperboloid of one sheet (Fig. 5) 

X“ ?/^ 

— 4 - 7 ---= — 1 is an hyperboloid of two sheets (Fig. 6 ) 

b^ 

where a, fc, c are the semi-axes. 

The length of the semi-axes is found from 

^2 = _ , 62 = - — , c* =-^ , 

Xid’ Xjd’ Xad’ 

where Xi, X 2 , Xs are the real roots of the following cubic equation: 

an — X a\2 ais 

ai 2 O 22 — X 023 = 0 

Oi3 O 23 088 ~ X 

Cone. The equation 

ox* 4- W 4- cz^ 4 - 2kxy 4- 2gx* -f- 2fyz = 0 


(29) 
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represents a cone with vertex at the origin. If the cross«section of the cone is an ellipse 
with axes 2a and 2b, whose plane is parallel to OZ and at a distance e from the origin, then 
the equation of the cone with vertex at the origin is 


a* ^ 6* 


(30) 


If a the cross-section is circular, and the cone is a cone of revolution. 

Sphere. An equation of the form 

X* -f + 2* + ax -f hp + C2 -1- d = 0 (31) 

represents a sphere with radius _ 

r = 1/2 Va* + + c« - 4<i (32) 

and center 

*0 = — V 2 a, 2/0 = — ^/2 b, za —— 1/2 c (33) 


If (*o, I/O, 2o) are the coordinates of the center and r is the radius, then the equation of the 
sphere is 

(x — xo)'-* + (y — 2 / 0 )* + (r — 2 o)^ = (34) 

If xo = 0, 2/0 = 0, io = 0, then the equation is 


-f y* + 2 - = 

Paraboloids. The equation 



represents an elliptic paraboloid (Fig. 7). 


2cz 




(35) 

(36) 




If a = 6, the equation is of the form 

+ y® = 2cz, a paraboloid of revolution. (37) 

The equation 

x^ 2/2 

^ ^ = 2c 2 represents an hyperbolic paraboloid (Fig. 8). (38) 


Cylinder. The equation of a cylinder perpendicular to a coordinate plane XOY, 
YOZ, or XOZ is the same as the equation of a section of the cylinder in the correspond¬ 
ing coordinate plane. Thus 



(39) 


a* 62 


(40) 


2/2 = 4ax 


(41) 


are elliptic, hyperbolic, and parabolic cylinders respectively with elements or generators 
parallel to OZ. 

Tangent Plane. The equation of the tangent plane to any quadric 

F(x, y, z) s an x* + 2 ai 2 xy + 2ai3 xz + 022 + 2ao3 yz + 033 2“ + 2 ai 4 x 


at the point (xi, yi, zi) is 


+ 2a24 y + 2034 2 H- 044 = 0 



(x~»i) 

»-*i. y-w. *“*i 




(g) (y-yd +1 


"*i. y-yi. 


A 


(7-2]) =0 

’Zi, 2-2i 


Example. Find the tangent plane to the hyperboloid of one sheet at point (xi, yu 21). 


(42) 

(43) 
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Then (~) 

^ *-Xl, 2«2l ^dy^x 


iv — vi) + (") (*—3l) 

2 x1 (x — xi) 2yi(y ~yi) ^ 2gi(2~2i) 
“ a2 62 c2 


^ J/1/1 _ 

o2 62 c2 


4 - ££* I ^ _ -I 

o2 62 c2 ” a2 62 c2^ ^ 


0 is the tangent plane. 


0 . 


The Normal. The line through a point Pi on a surface and perpendicular to the 
tangent plane at Pi is called the normal to the surface at Pi. 

The equations of the normal to the surface P(x, j/, 2 ) = 0 at the point (xi, 2 / 1 , 2 i) are 


y — V\ 


/^\ /^\ 

\dx/2“2l. !/=• Vl, 2“2l \dy Jx-^Xi, 




vdx, 


/x»xi. J/-V1, Z-«l 


(44) 


DIFFERENTIAL CALCULUS 

By M. J. Fish 


36. FUNCTIONS AND DERIVATIVES 


Definition of a Function. A variable y is said to be a function of a variable x if the 
value of y is determined when the value of x is given. In this definition, x is called the 
independent variable and y the dependent variable. The symbols P(x), /(x), 4>{x ), etc., are 
used to represent various functions of x, while the symbol f\a) represents the value of 
/(x) when x = a. 

Limit, Derivative, Differential, Continuity. The constant a is said to be the limit of a 
variable x, if, as the variable changes its value, the numerical difference between the 
variable and constant becomes and remains less than any small positive constant which 
may be assigned. The symbol x a or lim af * o is used for this definition. An example 
of a variable becoming eiiual to its limit is a swinging pendulum finally coming to rest. 
An illustration of a variable never reaching its limit is a polygon of n sides inscribed 
in a circle. No matter how large n is taken, the circumference or area of the polygon 
never equals that of the circle. 

X becomes infinitely large, x —> 00 , means that the value of x becomes larger than any 
assigned positive number, x —QC means that the value of x becomes smaller than any 
assigned negative number. 

Usually a change in x causes a change in y. A change in x is called an increment 
of X and is denoted by Ax. Similarly a change in y is denoted by Ay. If 


lim 

Ax -+0 


/(x -f Ax) — fix) 


Ax 


has a definite value, it is called the derivative of y with respect to x and is denoted by ~ 

dx 

or fix). 

The geometric interpretation of fix) is 


dy 

fix) = ~ = tan ( 


( 1 ) 


or fix) is equal to the slope of the tangent to the curve y = 
P(x, y) (Fig. 1). 

= r — = /(^ -f Ax) — fix) _ ^ 
The differentials of x and y, respectively, are 


fix) at the point of contact 
= fix) = tan e (2) 


dx ^ Ax 
dy « /'(x)dx 

Continuity of a Function in an Interval. A function is called continuous at x » & if 
it has a definite value at h and approaches that value as a limit whenever x approaches h 
as a limit. The notion of continuity at a point ^suggests that the graph of the function 
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is a smooth curve in the neighborhood of the point. The analytic conditions that fix) 
be continuous at h are that fib) have a definite value and that 

\f{x) - m\< e for \x-b\<d i€) ( 3 ) 

where e is any positive number which can be chosen as small as desired, while 6(c) depends 

on e. The bars outside of \fix) — /(6)| show that the 
absolute value or value without the algebraic sign is to 
be taken; thus [2 — 5 | == [5 — 2 | = 3 . A function which 
is continuous at each point of an interval is said to be 
continuous in that interval. An example of a continuous 

function is fix) = x*. The function 0(x) *-is 

X — a 

continuous for all values of x other than x = a, at which 
point it becomes infinite. Every differentiable function 
is continuous, although the reverse is not always true. 

If, in the above definition of continuity, the number 
5 can bo chosen the same for all points in the interval, 
the function is said to be uniformly continuous in that interval. 

Derivatives of Higher Order. The derivative of the first derivative of y with respect to 
X is called the second derivalive of y with respect to x and is denoted by 


d /a 

ly\ d^y 

( 4 ) 

dx\a 


d^ y 
dx* 

or /"'(i) 

( 5 ) 


is the third derivative of y with respect to x. It y = fix), the second differential of fix) is 

d^f=‘nx)dx^ ( 6 ) 



Indeterminate Forms 

If a function fix) for x = a (where a can also be oo) has no determined value but ap¬ 
pears in one of the meaningless forms 

9 O-oo, 00 — 00, 0°, 00°, 0*, 1® 

0 00 

then it may happen that the lim/(x) has a definite value. For the determination of 

X a 

this limiting value, if it exists, the following rules can be used; 

0_(x) 

^(x)’ 

lim fix) — lim - 


I itm 


(L’Hospitars rule) (7) 


0(a) = 0, and 0(o) = 0, then 
<t>'ix) 

If, however, 0'(o) = 0 and 0'(a) = 0, the rule is applied again, with the result 

4> "{ a) 

f — aV'W ^"(a) 

unless 0"(o) — 0 and \f/"ia) — 0 . In this case, the rule is applied again. 

> 0 . 

cos X . 

♦ 0 X x~^0 1 

, 0(a) == 00, and 0(a) — oo, then 




( 8 ) 


lim 


If/(x) 


0(X) 


0(X) 


lim 


0(x) 


lim 


<t>'ix) 


I before. 

O-oo. It fix) 


■■ 0(x)-0(x), 0(a) 

obtain the previous case - . 

«0 - 00. If/(x) 

0(-c) and obtain 

vix) 

fix) - 

which takes the form ^ . 


0(x) x-^a 4 ''ix) 

« 0, and 0(o) = 


( 9 ) 


00, then place — w(x) and 
0(x) 


0(x) — 0(x),0(a) = 00, and 0(a) 

vjx) - u(x) 
w(x)i?(x) 


00, then place 0(x) 


w(x)* 

( 10 ) 
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0 ®, 00 ®, 0 *, 1*®. An expression of the type niay. for * « a, give rise 

to the forms 0°, oo 0*, 

0 00 

Such an expression may be reduced to a type q or ~ by the use of logarithms. Thus, 

loggU «= </»(a;)*loge^(x) j 

If lim <t>{x) -loge ^(x) can be found by the previous methods, the limit approached by 
x-*a 

u can be found. 

Example, tt <= (1 — x)^/*for x - 0 

log«u > 


(U) 


logg (1 — x) 


lim » ~ 

x -*0 X 

Therefore lim logc u - — 1 and lim u = 

X -♦ 0 X 0 


• - 1 


37. DIFFERENTIATION FORMULAS 

Table I. Differentiation Formulas 

Let u, », ?/;, ... be functions of x: a and n be constants; and e be the base of the natural or 
Napierian logarithms. Then e == 2.7183“. 


d 

— uv * 
dx 


(w + + . 


. _ du dr dw 

dx dx dx 


du 

^^dx 

dv , du 

u - \- V — 

dx dx 


d , . /1 du , 1 dv , 1 dw , 

dx dx V dx w dx 

©■ 


) 


{uvw. . .) 


du dv 

<} -M - 

dx dx 


logg u - 


u"-i- 

dx 

_ 1 du 
u dx 
1 du , 


- logic u — logic e ^ 
dx u dx 


(0.4343) - 


r'" 

dx 


I du 
dx 


.du . „ dr . 

dx dx 


A /r ^ =1 ^ 


dVjM) 
dx2 
d . 

— sm u 
dx 

d 


dfiu) u ^/(M)/du\2 
du2 Vdx/ 


du dx^ 
du 

cos u — 
dx 

du 


■ cos w — — sm u - 
dx dx 


d , 

— tan M ■ 
dx 


SCO* u 


du 

dx 


- cot W — CSC* 


du 

'dx 


d du 

— sec u ■■ sec u tan u — 

dx dx 

d . du 

— CSC u CSC u cot tt — 

dx dx 


sin “la — —TTzr:- ^ ^ sin "t u ^ 

J2 2/ 


d 

-COB“ 

dx 


1 du 
v/i““ .^2 dx 
1 du 


(0 ^ cos"' u ^ *■) 


tan u — - - 
dx 1 4 u* dx 


dx 

£. 

dx 

d 


■ cotU i 


1 


_ du 

1 + u* dx 
_du* 
“ii dx 
du * 


1 


U Vu2 . 

1 


— CSC"'u=s- ^ - 

uVu2~l dx 


dx 

A. 

dx 

£. 

dx 


- sinh u » 
cosh u ' 
tanh u 


1 du 
cosh u — 
dx 

du 
dx 
du 
dx 


sinh 
' sech* u 


coth u ‘ 
dx 


csch* u --- 
dx 


— sech u = — sech u tanh u — 

dx dx 

— csch u — CBoh u coth u — 

dx dx 

rf . , , 1 du 

dx V u2 4- 1 dx 


- cosh u = 


du 


dx 


— tanh ”1 u ' 
dx 


— coth u ■ 
dx 


Vu2 


. 1 dx 
du 


dx 


sech ' u 


1 - u2 dx 

_1 ^ 

1 -^2 dx 
1 


u Vl 


each u — — 
dx 


_^ 

^ dx 

_ 1 du 

u Vw* 4- 1 dx 


* For angles in the first and third quadrants. Use the opposite sign in the second and fourtf 
quadrants. 





2-78 


MATHEMATICS 


38. PARTIAL DERIVATIVES 

FttACtioftS of Two Variables and Partial Derivatives. A quantity /(j;, y) is a function 
of two variables, if the value of / is determiued when the values of x and y are given. 
If X is considered as the only variable while y is taken as constant, then the derivative 
of /(x, y) with respect to x is culled the partial derivative of / with respect to x and is 
denoted by 

dx Ax ' 

Likewise, the partial derivative of / with respect to y is obtained by considering x to be 
constant while y varies: 

d/ ^ fix, y + A?/) - fix, y) 

- = fy - hm --- (13) 

oy Ay-*o Aj/ 

rif eif 

If — and are again differentiable, the partial derivatives of the second order may 
dx dy 

be found. 


dx\dx/ dx* ** dy\dy/ dy^ 

dx\dy) “ dxdy ■“ dy\d'x) ~ dydx ^ 

Sf df 

But under the conditions that zr and — are continuous functions, 
ox dy 

d*/ d*/ 

dydx dxdy ^ ^ 

which means that the order of differentiation for the second partial derivatives is inter¬ 
changeable. 

Similarly, the third partial derivatives of fix,y) are four in number: 

d /d* A d* / dVd* A ^V f 


_d/^\ 
dy\dy/ di/* 

l/^/\ ^ = 

dyVdx/ dydx 







^d^f\ 

II 

dx\ 

Cdx^j 

' ax» 

dx \ dyv 

dy\ 

i,dxdy) 


'd^f\ 

1=^/ 


\-~l 

f9^f\ 

l=iif±A 

' ax\dyj 

dy\ 

,ay^) 

dy^ 

dy V dx*y 

' dx* 

idxOyJ 


The formulas above may be generalised to the case where / is a function of more than two 
variables; fix, y, z, . . .) is determined if values for x, y, z, . . . are given. If the incre¬ 
ments Ax, ^y, Az, . . . are assigned to x, y, z, . , . infix, y, z, . . the following is obtained: 
The total increment of / is 

A/ = fix 4- Ax, y -f Ay, z Az, . ..) — fix, y, z,. . .) (17) 

The total differential of / is 

dj = ~fdx + ^dy + -%dz + ... (18) 

dx dy dz 


The second total differential of / is 


<i*/ = g(dx)^ + |/(dl.)' + g/(d.)^+. 


d*/ 

+ 2 dxdy + . 
dxdy 


In general 




gdx+f^dy+gdz + 


where after the development dP is to be replaced by d"/. 

Exact Differential. In order for the expression Pix, y)dx + Qix, y) dy to be the 
exact or complde differential of a function of two variables, it is necessary and sufficient that 
dO dP 

— = — (integrability condition) (21) 

dx dy 

For three variables, P dx Q dy R dz, the corresponding conditions are 
dQ^^ dP^^ 

dz dy ’ dx dz ' dy dx 

Differentiation of Composite Functions. If u = fix, y, z, . . . w), and x, y, z, ,,. w are 
functions of a single variable t, then 

du dw 

dt dx dl dy dt ’ * ’ * dw dt 


(23) 



SERIES EXPANSION OP FUNCTIONS 


2-79 


which is the total derivative of u with respect to t. 


Example. Given: 
Then 


dx 

dt “ 


and 




The equation reduces to 


^ JL 

dl " <2 

du 
dt 

du 2 

~--4C> + 3--, 

which expresses the rate of change of u with respect to < as a fxinction of t. 

Implicit Functions. The equation F(ar, j/) = 0 defines y as an implicit function of x, 
and X as an implicit function of y. If the equation is solved for y in terms of x, y = /(x), 
then y is called an explicU function of x. An example of an elementary case of 
F{x,y) = 0 which can be solved for y = /(x) is 

-f- = 0 which gives y = v r* — x* 


To find either differentiate y = /(x) or use 

dy _ dx 
ic OF 
dy 


d^F i 
d^ y dx^ ^ 


2 d^FdFdF d^F. 

dxdy ~dx dy dy- ' 

©■ 

dx^ 



i 

1 


{%'») 


(24) 


(25) 


(26) 


39. SERIES EXPANSION OF FUNCTIONS 


Mean Value Theorem. If f(x) is single mined, continuous in the interval a ^ x ^ b, 
and has a derivative for all values of x between a and 6, then 

m “ m - (b - a)r co ( 27 ) 

where ^ is a value of x between a and b; if 

^ = x + Oh, O<0<1 (28) 

another form is 

f{x + h) =/(x) +^/'(0 (29) 

Taylor’s Formula. If fix) and all its derivatives are (continuous in the neighborhood 
of the point X — a, then fix) can be developed into a power scries arranged according to 
ascending powers of x — a. The series is: 

fix) = fia) + (x — a) + (x — a)® + . . . -f {x — o)"“» + Rn ( 30 ) 

where n! = n(n — l)(n — 2) ... 2* 1, and is called factorial n, and 

Rn = (x - a)” (31) 

nl 


is the remainder after n terms of the scries and 

^ = a-H»(a:-o), O<0<1 

Another form: 

/(X + ft) = /(X) + ^/'(X) + + . .. + (X) + Rn 

where { = *+0ft, 0<e<l 

n! 

Maclaurin’s Form of Taylor’s Formula (for a = 0). 

/(n-i)/ 






where 

1—9 


- x”, ^ = 0x, 0 < 0 < 1 


(32) 

(33) 

(34) 

(35) 

(36) 
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Care must be exercised in using these formulas that the series converges, that is, lim Bn 

n-*» 

■» 0. If Taylor’s series converges rapidly, the sum of the first few terms gives a good 
approximation to f(x) for values of x near x = a. If Maclaurin’s series converges 
rapidly, the sum of the first few terms gives a good approximation to f{x) for values of 
X near x » 0. That not all functions can be expanded into Maclaurin's series is shown 


by the examples; /(x) 


1 1 /— 1 

Va;, logex; cotx; etc. 


Sxample. Expand into a series of ascending powers of x. 


/(x) - e"*, 

/(O) - 1 

rix) - ne"*, 

rm = n 

/"(x) - 

/"(O) « n2 

/"'(i) - n»e”*. 

0 

II 

/IT (i) - 

/IV (0) - n4 

l + .2* + 

-- x* + -7 x® + 

1! 

2 3 


If X and n are less than unity, this series converge rapidly. 

Taylor*s Formula for Two Variables. 

1 / d d 1 / d 

nx + h.v + k)=nx.v)+Y^(h-^-\-k-) f(x,y)+-^h~ + k-) /{z.y) + ... 

• • • + i + 

1 / d 

where -Rn ^ T’ + ^ T') /(^ + V + Bk), 0 < d < 1 (38) 

nl \ ox oy/ 

Infinite Series. The expression 

ao + ® 4* ^2 x^ + as X* -f .. . + On x'^ 4- . .. (39) 

is a potoer series. If the number of terms is finite, the power series is a polynomial; if 
infinite, the power series is an infinite series. The series above is said to converge for a 
given value x = 6, if the sum of the first n terms approaches a limit L as n is indefinitely 
increased; 8n—^Le,sn—^ co. The limit L is called the value of the series. The geometric 
series is an example of a power series: 


l-\-x + x^^x^ + ...x'^ + ... 
From algebra, the sum of the first n terms of this scries is 

1 - x’* ^ 1_ x" 

1— X l—x 1— X 


(40) 

(41) 


If |x|< 1 , the last fraction above approaches zero as n —► oo, and «n» the sum of the first 
n terms, approaches the limit j 3 — • Hence, the geometric series converges for any value 
of X in the interval — 1 < x < 1 . 

A series which does not converge is called divergent. An example is the harmonic series 




(42) 


Absolute Convergence. If in the series (39) each term is replaced by its absolute 
value and if the new series 

|aol 4 |aix| 4- \a 2 X^\ +Ja8X*| + . . . + [unx'^l 4- ... (43) 

converges for a given value of x, then, series (39) is called absolutely convergent for that 
value of X. If series (43) is convergent, then so is series (39). The determination of 
the convergence of series (43) is then the determination of the convergence of a series 
of positive terms. Series, which though convergent are not so absolutely, are called 
conditiorudly convergent. 

Tests for Convergence 

Comparison Test. If no term of a series of positive numbers is greater than the corre¬ 
sponding term of a known convergent series, then the first series converges. If no term 
of a given series is less than the corresponding term of a known divergent series of posi¬ 
tive numbers, then the first series diverges. 

Ratio Test. If, in a series of positive numbers, the ratio of the (n 4“ l)st term to the 
nth term approaches a limit L as w 00 , and if L < 1 , the series converges; if 2 ) > 1 , 
the series diverges: if Z# = 1 , the test fails. 




SERIES EXPANSION OF FUNCTIONS 


Rftabe’s Test. A series of positive functions of a;, 

uo(x) 4- lii(x) + It 2 (x) 4* ... 4- Un(x) 4* ... (44) 

is convergent, if there is a sufficiently large N such that for all n > iV*, Aj being a constant 
> 1 


Ufl 

Un+l 





( 45 ) 


On the contrary, the series is divergent if 

Un 


^ 1 H— 
Un+i n 


( 46 ) 


In particular, the series is convergent or divergent according to whether the expression 
-^ > 1 or < 1, respectively. 

One of the above tests may indicate the convergence or divergence of the series in oases 
where the other tests give no information. 

Conditional Convergence. If, in a series of alternately positive and negative terms, 
each term is less in absolute value than the preceding term, and the absolute value of the 
nth term approaches zero as a limit as n —► oo, the series converges. 

For example, the series: 


ao — ai -f 02 — Uj 4- ... 4- (“" 4" . • • (47) 

in which the o’s are positive numbers with On+i < o^ and lim On *= 0, converges. 


Region of Convergence of Power Series. Given the power series 
oo 4“ oi x 4- 02 4" ... + On x” 4 • • . 


If the ratio 


-t-l 

Kl 


( 48 ) 


approaches a limit L as n- 


► 00 , then the ratio | |®1 approaches 


a limit L |xl which is less than 1 if \x\ < -7 and greater than 1 if |xl > ~. The region of 

Ls Li 

convergence is then determined as the interval ~ ~ < x < 7 . 

Li Li 

Example. Find the region of convergence of the power series 

2 + 4x 4 6x2 + . . . + 2nx"“' + 2(n 4 l)x”4 . . . 

1^ ixl - |x| - A |xl 

lanl l2n{ n 

As n -* 00 , this latter approaches the limit Lx which, in this case, equals x. The region of con¬ 
vergence is — 1 < X <1. 


Uniform Convergence. The relation of uniform convergence to that of convergence 
is somewhat like that of uniform continuity to that of continuity of a function. Con¬ 
sider a series of functions of a variable x 


/(x) = uo(x) 4 wi(x) 4 W 2 (x) 4 ... 4 Un{x) 4 Rn{x) (49) 

where J2n(x) is the remainder after n terms. Given c, a positive quantity which can be 
made as small as desired. If if2n(x)| < € for all the indices n larger than a given num¬ 
ber N, which is independent of the value of x in the interval a < x < b, then the series 
is uniformly convergent in that interval. Note that once N is determined it is valid 
for all values of x in that interval. If the power series 

no 4 X 4 x- 4 • • • 4 Un x” 4 . . • (60) 

has the interval of convergence —R < x < R, then the series (50) is uniformly convergent 
in any interval within this interval. If series (49) is a uniformly convergent series of 
continuous functions, then/(x), the limit of the sum of the Wn(x), is a continuous function. 
It is this property which allows such a series to be differentiated or integrated term by 
term. 

Weierstrass* Test for the Uniform Convergence of a Series in an Interval. If series 
(49) above is given such that, for all values of x in an interval, the absolute values of the 
terms of the series are respectively less than the corresponding terms in a convergent 
series of positive constant terms T » Mi 4 M 2 4 Afj 4 . . . 4 Mn 4 . . i then the 
series (49) is uniformly convergent in this interval. 

Example. The aeries cos x 4 0032 x 4 ~ cos* x 4 ... is uniformly convergent for all values 
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of X because the absolute values of its terms are not greater than the corresponding terms of the 
convergent series « « 

^ + + 


Operations with Series. A uniformly convergent series of continuous functions may 
be differentiated term by term. Given the series (49) above uniformly convergent in 
a < X <b where the Unix) are continuous. Then 

rix) - uo'ix) + Ul'ix) + . . . 4- Un'ix) + ... (51) 

which converges in the same interval as f{x). If, in turn, /'(«) is uniformly converg¬ 
ent in this same interval 

rix) = uo"ix) 4- Ui"(x) 4- ... 4- Un"ix) 4- ... (52) 

which converges in the same interval. The reasoning above can be repeated. In par¬ 
ticular, a power series may be differentiated term by term. 

A uniformly convergent series of continuous functions may be integrated term by 
term. Given 

fix) = uoix) 4- uiix) 4- U2ix) 4- ... 4" Unix) 4- . * • (53) 


uniformly convergent in a < x < 6 where the Un(x) are continuous. Then 
J fix)dx — ^ uoix)dx 4-J^ uiix)dx + ... +J^Unix)dx 4* ... 


(64) 


In particular, this is true if fix) defines a power series. 

Two power series may be added, multiplied together, or divided one by the other, and 
the result is a power series which converges when both of the first do and represents 
the sum, product, or quotient, respectively, of the two series. 


Trigonometric or Fourier Series 

If the infinite series 

Oq 00 2 

~ 4- S nx 4 - 5n sin nx) = - ao 4 - cos x 4- cos 2 x 

2 n -1 ^ 

4-03 cos 3x 4- ... 4“ 5i sin X 4- 62 sin 2 x 4- 63 sin 3x 4- •. . (55) 

converges over an interval of length 27r in x, say 0^x<27ror — 7 r<x^ 7 r, the scries 
converges for all values of x and defines a periodic function fix 4 - 2t) *= fix) of period 27r. 
To determine the coefficients, use the formulas 

1 1 1 

Oo = - I fix)dx, a* = ~ I fix) cos kx dx, hk — - I fix) sin kxdx (56) 

TT TT TT 


Conversely, if fix) is a function, single-valued and finite in an interval of length 2v, 
and continuous except for a finite number of discontinuities (jumps) in the interval, the 
numbers Oo, hk may be computed as above and the scries constructed. If the series 
converges to the value of fix), there has been found an expansion of fix) over the interval 
from 0 to 27r in a Fourier series. For questions of convergence and term-by-term dif¬ 
ferentiation and integration consult a book on Fourier scries. 


Example. Develop e* in the inter\al 0 to 2ir. 

^2ir . 1 /*2jr 

^dx - -(e2’r ~ 1), ak 

•^0 

Hence 


oo 


1 

TT A 


ir Jq 


e* cos kxdx 


p27r _ 1 
- 1}U 

,r(fcS4- 1) 


k{(2ir _ 1) 
ir(fc2 4- 1) 






- COB 2x4- "— COB 3x ■ 

22+1 32+1 

2 3 "1 

gin X + — Bin 2x H— - — sin 3x + . . . 

32+1 J 


22+1 


(57) 


The expansion is valid only in the interval from 0 to 2x; outside that interval the series repeats 
itself ovring to the periodic property of sin kx and cos kx. It may be remarked that the expansion 
does not give the value of the function for 0 or 2ir but gives the point midway in the jump. If 
series (67) were differentiated the coefficients of the cosine terms (after differentiation) would be 


1 + ~ and would not approach 0 when k became infinite, so that the series would evidently oscillate. 


The Fourier Series with Sines or Cosines Only. If fix) = /(—x), it is called an even 
function; if /(— x) == —- fix), it is called an odd function. If fix) is even, so i 8 /(x) cos kx, 
while fix) sin kx is odd. Then 

1 r 2 r 

- I fix) cos kxdx ^ - j fix) cos kx dx (also holds for ft = 0) (58o) 


bk 



sin fcx dx — 0 


(586) 
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2 -^ 


Hence an even function may be expanded into a aeries of cosines in the interval 
— TT < a; < IT and the coefficients computed as in (68a) and (586). 

If f{x) is an odd function, so is /(x) cos kx, while /(x) sin kx is even. Then 





cos kxdx ^ Q 


(69a) 


I 2 f *■ 

6fc = - I /(x) sin A;x dx = ~ I /(x) sin kx dx (696) 

Hence an odd function may be expanded into a series of sines in the interval — tt < x < ir, 
and the coefficients computed as in (59a) and (596). 

It follows that any function /(x) of the type which may be expanded into a Fourier 
series can be expanded into a series of sines only or a series of cosines only. For a func¬ 
tion (f){x) may be defined equal to /(x) between 0 and ir and 0(— x) =--/(x). Then 
<f>{x) is an odd function and can bo expanded into a sine series. Or, for a cosine series, 
4 >(x) may be defined as equal to/(x) between 0 and ir and 4 >{ — x) — fix). Then 0(x) is an 
even function and can be expanded into a cosine series. 

Example. Expand/(x) » x into a cosine series in the interval (0, ir). 

Here - oo = - f xdx -= - 

2 ^ IT Jq 2 

2 , , 2 r Px sin kx“}^ sin kx , \ 

a*-— dx| 

“ ~ cos fcxi «» —^ (cos kv — 1) 

IT i-A:2 -IQ irk^ 

Therefore I _ 1 feo. * +fO < * < .) 

2 IT L 32 6* -* 

If X 0, the sum of the series is zero, if x » ir, the sum of the series is ir. 


Table 11. Functions Expanded into Series 

(log = loge) 


(.+ *)" - o" + + -^<2-?> + ... (x» <a‘) 


X^ x^ 

+ * + + + + 

(- 00 < X < 00) 

^ , , (x log a)2 , (x log a)3 , 

o®-l + xloga+ +... 

(-00 < X < 00) 

. x4 x6 x8 

(- 00 < X < 00) 

,.la* . 1 + ,+ 2? _ _ 2:1'+ 55^! + ... 

2! 4! 5! 6! 7! 

(- 00 < X < 00) 

/ x2 4x4 31x0 \ 

.coex_,(i__ + -^.,-_ + .,.) 

(- QO < X < 00) 



.,...^+i(^)‘+i(^y+... 

(■> 1 ) 

‘o* - 2 +1 (* ^ (xTl) ■*■ • • •] 

(X >0) 

r2 x4 

log (1 + x) “ ^ ^ ^ * 

(-1 < X < 1) 


(-1 <x < 1) 


(- 1< X < 1) 

X2 X4 X« 

log ..nx-logx--- — 

(—«• < X < *■) 
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Table II. Functione Expanded into Seriea {CovJtinued) 


X* X* afi 17x* 

l0gC08X«i-... 

2 12 46 2620 

1 i. I ** I , 62x* , 

lo,Un»-lo,x + 

. X* , X* x7 

”“*-*-3i+6i-7i+- - 

, X> X* X® , 

t«,x-x + ^+?ii+lZ£l+ «£!+... 

3 15 315 2835 

^ __ x^ _ 

cox-~~~ — — ... 

, , X* . 6x4 6ix« 

.,ex.l + - + -^4- —+... 

1 ^ X , 7x8 ^ 31x8 , 

+ + + 

rin-1X - x + ~ + —- + + ... 

2-3 2-4*6 2*4-6-7 

ooa“i X — - — Bin“i x 
2 

tan ~i X — H—-—H • . • 

2 X 3x3 5x6 ^ 


<X < 

V 2 2/ 

(~ 00 < X < 00) 
(- 00 < X < 00) 

(-i<-<i) 

( — IT < X < t) 

( —IT < X <t) 

(-1< X<1) 


(-1 > X> 1) 


cot X -tan, X 

2 

, IT 1 1 3 3-6 

sec X *-- 

2 X 6x8 2-4-6 x8 2-4*6-7x7 


(-1 > X > 1) 


cao”l X • - — eec-i x 
2 

. . , X8 X® X^ , 


(-00 < X < 00) 


eo.hx-l + |j + ^+|^+^+... 

Unhx-»-^ + H?!-lTf!+... 

3 16 315 

1 , * , 2x5 x7 

ooth X --1“--1" • • • 

X 3 45 945 4725 

, , X* . 5x4 oixfi , 13X5x8 

seen x»l-H-+-. 

21 4! 0! 8! 

. 1 X , 7x 3 31x5 

X 0 300 15120 

... x3 , 3x5 3.5J.7 

2-3 2-4-5 2'4-6-7 


ainh x — log 2x + 


-I_+ . 

2-2x2 2-4-4 x 4 2-4-6-6xe^ 

1 1-3 1-3-5 

* 2-2x2 2-4-4 x 4 2-4-6-Gx« 


(-00 < X < «) 


( — X < X < x) 


( —TT < X < ir) 


(-1 <X < 1) 


tanh "ix^x-f--f- — -f*-}■••• 

3 6 7 


, JL + J_ -I- _L + ... 

3x3 ^ 5.r6 ^ 7 j:7 ^ 


sech'lx ■■ ± (log - 


1 „ 1-3 . 1-3-5 . 

- X--x4-X® — , 

2-2 2-4-4 2-4-6-6 


.-V- + ^_^ + ... 

2-3x3 2-4-5 x5 2-4*6-7x7 


(-1 <x < 1) 


(-1 > X > 1) 


(0 < X < 1) 


(->1 > X > 1) 





MAXIMA AND MINIMA 


40. MAXIMA AND MINIMA 

Function of a Single Variable. If a continuous function of * ceases to increase 
and begins to decrease (Fig. 2), it is said to have a maximum\ value; if the function 
ceases to decrease and begins to increase (Fig. 3), it is said to have a minimum value. 
A maximum point of a curve is one whose ordinate is algebraically greater than the ordi¬ 
nate of any other point in the immediate neighborhood. A minimum point of a cui^ve 
is one whose ordinate is algebraically less than the ordinate of any other point in the 
immediate neighborhood. To find the values of x which give maximum or 



values of /(x), note that the tangent to the curve at the extreme value is parallel to the 
OX axis. Then simply solve the equation /'(x) = 0. 

If X = a is a solution of this equation, it must be tested to see if it gives a maximum 
or minimum. To do this, compute the higher derivatives of f(x) until one is found which 
does not vanish at x = o. (a) ^ 0. If its order, n, is an even number, then there is a 
minimum if (a) > 0, and a maximum if it is < 0. If n vs odd, then there is neither a 
maximum nor minimum, but an inflection point (Figs. 4 and 6). Often, the physical in¬ 
terpretation of the problem will tell whether there is a maximum or minimum when 
/'(a) ~ 0, and further tests are unnecessary. 

Example. A piece of wire of length 30 in. is bent into a rectangle. Find the maximum area. 

Let X « the length of the base, then 1/2(30 — 2 t) « the length of the altitude. 

The area, A ** x(15 — x) = 15x — x*. 

For a maxima or minima, ^ ■= 15 — 2x 0, x =» 7.5 
dx 

Then A » 7.6(16 - 7.5) » 66.26 eq in. 

To find whether the area is maxima or minima, = — 2 which is less than 0, and therefore 


the area 66.26 sq in. is a maximum. 


Functions of Two or More Independent Variables. The function /(x, y) has a maxi¬ 
mum value at (a, h) if /(a + h,b k)< f{a, b) for all values of |/t| and \k \ sufficiently small. 
Likewise, if /(a -j- A, h + A:) > /(a, h), then fix, y) has a minimum at (a, h). If the func¬ 
tion is represented graphically by the surface z —fix, y), then z has a maximum or mini¬ 
mum value when the tangent plane of the surface is parallel to the XOY plane. Hence, 
it is necessary that 


dx dy 


(60) 


If, in addition, 

fix, y) has a maximum value if 
and a minimum value if 


ax’- dv> XaxduJ 


a^f a'/ 
a? < " 


£!/ 

dx‘^ 


or 


dy^ 


> 0 


( 61 ) 

(62) 

(63) 


If 


d^feVf fd^fy 
dx^ dy^ t - - i 


< 0 , 


(64) 


\dxdy/ 

then fix, y) has neither maxima nor minima, and if the expression equals 0, it is doubtful. 
For a function of several variables fix, y, z, . . .), necessary conditions for a maxima or 
minima are < 5 / df df 

dx dy dz 


= 0 


( 66 ) 


2-86 


MATHEMATICS 


INTEGRAL CALCULUS 

By M. J. Fish 


41. ELEMENTARY PRINCIPLES 


/ 


Integration is the inverse operation of differentiation, 
followed by the differential function to be integrated. 

d(x^) = 3x^ dz 


and 

or in general 


3 J *dx — e 
J/'(x) dx = fix) -f c 


It is indicated by the ssnnbol 
For example, 

( 1 ) 

( 2 ) 

(3) 


where fix) + c is indefinite owing to the necessity of adding the arbitrary constant c 
whenever the operation of integration is performed. 


Cnx) dx ^ m- fia) ( 4 ) 


is called the definite integral, where f'ix) is continuous in the interval a to 6 or has at most 
a finite number of finite discontinuities in the interval. 

Fundamental Forms. Since integration is an anti-differentiation operation, facility in 
integrating depends upon the ability to recognize the forms of the derivatives of elemen¬ 
tary functions and also the knowledge of how to transform a given function into an ele¬ 
mentary form. Table I is a list of fundamental forms to which many integrals may be 
reduced by simple transformation. The constant of integration has been omitted in the 
tabulation. The integrals of other frequently occurring forms are given in Table 19, 
Section 1. 

Integration by Parts is a method frequently employed if it is advantageous to 
consider the integral of a function as the integral of the product of a function by the 
differential of another function; then 



since diuv) == ndv -f vdu (6) 

where u and v are both functions of a variable x. 


Integration of Rational Fractions. If the degree of the numerator is not less than 
that of the denominator in the equation 


Rix) 


fix) 


where 4 >ix) and fix) are rational polynomials, Rix) can be put in the form of a polyno¬ 
mial and a remainder by performing the division indicated. The remainder may then 
be represented by partial fractions, see Art. 7, page 2-08, and both the polynomial and 
remainder integrated directly by application of formulas 1, 2, 15, and 16 in Table I. 

Integration of Irrational Functions may frequently be accomplished by reducing them 
to rational integrals by changing the variable. The method is called integration by 
rationalization or integration by substitution. 

For example, integrals containing the following forms may be rationalized by the 
substitutions indicated: 

Form * Suhetitution 


fliax + h)^/^]dx 
/[(ox + b)^/*^iax -f b)^/*]dx 
/[x, Vx* + ox -f b] dx 
/lx. X* + OX + b] dx 

/ [sin X, cos x] dx 

/[x, Vo* — x^ldx 
/ [x, V ** — 0*1 dx 
/ [x, V-f 0*1 dx 


let ox + b y® 

let ox + b = y", where n is the L.C.M. of q, a 

let Vx” + ox + b = y ~ X 

let V — X* + ox -f- b = V{a - x)0 + X) 

= (a — x)y or = (jS + x)y 

let tan ^ F 
let X ~ o sin y 

let X = a sec y or X = o cosh y 
let X = o tan y or x = o sinh y 
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2. * log u. 

3. . 

J log a 

4. j'du = 

6. ^ cos udu = sin u. 

6. wdw = — cos u. 

7. J'secS wdu ™ tan u. 

8. ^ csc2 udu ~ — cot M. 

9. ^ sec u tan udu =* sec u. 

10. j CSC u cot udu — — CSC n 

“ J tan udu = log sec u. 

= — log cos u 


TaUe I. Fundamental Integrals 

16 . r_*i__±iog?l.r_?. 

./ u2 — a* 2a u + a 


1 , a — M 

log—— 

2a a + M 

- itanh-i- 
a a 

1 _ « 


(ii < a) 
(« > a). 


7. 

Va2 - u2 


18. 

U- ±: O' 


=* log (m + V u* i: O*) 

i =t o* 

I —p~=: - sinh"! “ 

V u2 + o2 o 

r f/u , , u 

V m2 - o2 « 


M V 1/2 ~ o2 ® 


•-CBC'l — . 


= log sin M. 

20. 

r du 

— jn vers ” ‘ 

= — log CSC M. 


• V 2au — 

m2 « 

*= log (sec u + tan m) 

21. 

j sinh udu 

=» cosh M. 


22. 

^ cosh udu 

“ sinh M. 

= log (esc u — cot u) 

23. 

1 tanh udu 

= log cosh M. 

«= log tun ^ . 

24. 

j coth udu 

» log sinh M. 

1 . _i w 

= tan 1 - , 
a a 

25. 

j sech udu 

“ 2 tan“* 

1 . u 

-- cot * -- . 

a a 

26. 

^ csch udu 

=* log tanh ^ . 


In general, with the exception of the square root of polynomials of the second degree, 
integrals containing fractional powers of polynomials above the first degree cannot be 
rationalized or integrated in terras of the elementary integral forms. 

Elliptic Integrals.* An elliptic integral has the form 

j R[x, V/(x)] dx 

where R represents a rational function and /(x) = a hx cx^ + dx’ + ex^, an alge« 
braic function of the third or fourth degree. 

Elliptic Integral of the First Kind. 

h) = I -y.-.y—... == < 1, X = sin 0) (8) 

'^0 V(1 — x’)(l — x’) Jq Vi — k- sin’ <j> 

Elliptic Integral of the Second Kind. 

J -xy /1 _ _ 

■■ — dx = I VI ~ k’^ sin’ ^ d </> (fc’ < 1, x == sin 0) (9) 

0 V 1 — x’ 

Elliptic Integral of the Third Kind. 

R(0. k) = r- . = r"- ... . (10, 

•'^0 — a) V(1 — x’)(l — fc’ x’) •'^0 (sin’ — a) V 1 — fc’ sin’ 

(fc’ < 1, X = sin <^) 


* Reference: Smithsonian Mathematical Formulae and Tables of Elliptic Functions by £. F. 
Adams and R. L. Hippisley. 1922, Washington, D. C. 
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The ** complete ** integrals are 


K = k), E = £(|. *) 

K' = Vl - *2^, B' - . Vl - *8^ 


^hcreA-f(^ 


dx __ ^ir/^ d < t > 

V(1 - *“)(! - k^x‘) X V l - *2 siii*^. 

XE + EE' - KK' = ^ 


^=i[i+6)‘ *'*+• • •] 

®=^[‘ - (y - fey - (ro-«) *=•-••] 

The inverse function of u = F(0, A:) is <^ = am tt, (am = amplitude) 

a; s ein 0 s an u = w — (1 H- /r®) ^ -h (1 + IW + ^ • (1^) 

cos = cn u = 1 - ^ + (1 + m ^ - (1 + 44fc2 + 16fc^) ^ • (15) 

VT^^HF? s A<^ s dnu = 1 - + A:M4 + A;^) (16 + 44A;* + A;<)^ + ... 

(16) 

42. DEFINITE INTEGRALS 

Definite Integral. The definite integral is denoted by 

Uix) dx (17) 

•'a 

and represents the 

n 

lim S AW (18) 

n-« „=.! 

that is, the limit of the sum of 

/(^i)Aa:i 4- fib )^2 4- . .. + /($„)Aa:„ as n —> 00 and AXy 0. (19) 

The interval of integration a ^ x ^ b is partitioned 
Y ^ arbitrary parts Axi, Ax 2 , .... Ai„, so that 

^ Axi 4* Ax 2 4- ... 4 - Axn = b — a. represents an 

arbitrary value of x in the interval Ax^; the limit is 
/ to be taken as n —> cc and Ax^ —> 0. 

I The geometric interpretation of the definite integral 

■^1 is the area under the curve y - /(x), if /(x) ^ 0, be- 

I tween the x axis and the ordinates at x = a and x = b. 

0 -^ /(*) represents the area of a parallelogram of height 

‘^Ax *dsc width dx (Fig. 1). If /(x) is a continuous 

j function or has only a finite number of finite dis¬ 

continuities (jumps), the integral above exists and 

fix) dx'= y I" fiu) du = fix) (20) 

•^a * a 

For the purposes of evaluating a definite integral, 

if Fix) = j* fix) dx, then j fix) dx = Fib) — F(o) (21) 

For example, ^ x'^ dx — p™ j ^ ^ ^ ^ * 

Some Fundamental Theorems. 

( I/i(*) 4- fii^) 4- ... 4- /n(a^)] dx = r /i(x) dx 4- f f^ix) dx 4- ... 4- (22) 

*^o -a a 

/V»(*) dx 
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r mdx^^r f(x)dx 

J‘ /(I) d® = / /(*)<&+ /‘/(I) d* 


(23) 


(agog 6) (24) 

« - C 

J f{x) dx — Q) — a)f{^) where ^ is some value between a and b (mean value 
theorem) (25) 

Simpson’s Rule for Approximate Integration. This 
is a method for obtaining the approximate value of the 
definite integral of a continuous function when the in¬ 
tegral can not be evaluated in elementary functions. 

Given the integral I /(j) dx which is to be evaluated. 

'•'a 

Plot the curve /(x), and divide the interval into n equal 
parts (n = even), erecting the ordinates |/o, yu • • •» Wn 
as shown (Fig. 2). Then Simpson's rule states that 

h - a 

Ju ~ + 4^/3 4* 22/4 + ... -f 42/n-i + I/n) 

Multiple Integrals. Given a region R in the A^OF plane and let it be divided into 
rectangles by the lines 

® H (i = 0. 1. 2, ..., n) ' 

V = y,, (i: = 0, 1, 2.m) I ' '' 

Consider any rectangle, with dimensions X|+i — x,- and which lies either wholly 

or partly in R, and let ($t, rj^^) bo any point in this rectangle or in R if the rectangle 
extends outside of R. Let /(x, y) be any function which is continuous in R. Then the 
limit of the double sum 



(26) 


as n and tn both - 
by the formula 


^ S /(^i. “ Vk^ 

(-0 t-O 

- 00 and each of the differences Xi^\ — x< and Vjg^i “ ' 

fix, y) dx dy 


which may be written as 


// 

R 

^ { fir, y) 


dA, 


(28) 

* 0 is expressed 

(29) 

(30) 


where dA is the element of area. 

In case polar coordinates (r, 0) are used instead of (x, y), then/(x, y) is replaced by 
Fir, d) and dA — dx dy by rdd dr. 

The analogous triple integral in space is 


J j ffir, y, z) dx dy dz 

Y 

which may be written as J f 


(31) 


(32) 


where dV is the element of volume. 

If spherical coordinates (r, 0, <^) are used instead of (x, y, z), then/(x, y, z) is replaced by 
Fir, 0, tf)) and dV = dxdy dz by sin <t> dO d<}> dr. If cylindrical coordinates (r, 6, z) are 
used instead of (x, y, z), then fix, y, z) is replaced by Gir, 0, z) and dx dy dz by rd0 dr dz. 

Improper Integrals. It may happen that the interval of integration becomes infinite, 
that the integral itself becomes infinite at certain points, or that both occur. In such 
cases the integral may have a definition. 

Case in Which One of the Limits is Infinite. By definition, 

r fix)dx — lim C fix)dx 
^ a &—*00 

If the expression on the right has a definite value, then so does the expression on the 
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left which is then said to converge. A rule to determine when this is so is as follows: 
if the integral f{x)dx is written in the form 

f^^dx, (33) 

then if |g(as)| < M, a constant, for arbitrarily large values of * and A > 1, the integral 
converges; however, if |/j(a:)| > m, an arbitrary positive constant, for suflficiently large 
values of x and k ^ 1, the integral diverges. 


Example. Test 


*^0 (ox 4- x2)“ 

J ''* xdx 

0 (ox + x*)^^ 


: for convergence or divergence. 


Jq Vox + x^J 


where g(x) ■■ (—~—-^^^which approaches the limit 1 as x —► oo, and A; ■■ 2 > 1. (See Indeter- 
Vox + z*r 

xninate Forms.) Therefore the integral converges. 

Case in Which the Integrand Is Infinite. Consider the case in which the integrand 
becomes infinite at the upper limit. For, if the integrand becomes infinite at the lower 
limit, the limits may be reversed by a change of sign; and if the integrand becomes infinite 
at an intermediate point, the formula (24) 

r f(x)dx = Cf{x)dx 4 r f{x)dx {a < c < b) (34) 


r nx)dx - r f{x)dx 4 r max 
*^0 


may be used. Then, if f{h) oo, by definition, 

/•6 /»h- 


C f{x)dx *= lim r fix)dx 
•'a t -»0 


where < is a small positive quantity. If the limit exists, the integral is said to converge. 
A rule to determine when this is so, is as follows: if the integral ) f{x)dx is written 
in the form 


Jaib-x)k^ 

then for values of x sufficiently near 6, if U(a;)|< M, a constant, and k < 1, the integral 
converges; however, for values of x sufficiently near 6, if lg(a:)l > m, a constant, and 
^ 1, the integral diverges. 


Example. Test 


.f\ogeX 


dx for convergence or divergence. 


J '*! * X 

logfl xdx- i - - — dx, where g(x) « x^Ioggx 

0 *^0 x^ 

which tends to sero as x -♦ 0. Since fc - 1/2 < 1, the integral converges. 

Integrals Containing a Parameter. Consider 

0(a) - f V(x,a)dx, (37) 

a definite integral in which the integrand contains 
the parameter a. As an example, 

W2 pj 1 

. I cos aX dx = \ - sinax I = - (38) 

A •/q La Jo a 

The indefinite integral is a function of x and a, 
while the definite integral is a function of a alone. 
The function /(x, a) may be plotted as the surface 
z =* /(x, a) over the rectangle of values (x, a) 
where xo ^ x ^ xi and ao ^ cr ^ ai- The value 
0(a£<) of the function when a = ai is then the area 
of the section shown made by the plane a — ai 
^ (Fig. 3). The function d>(a) is continuous if /(x, a) 

is continuous in the two variables x and a. In case the limits of the integral are func¬ 
tions of a, as 
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f{x, a)dxt 


ao gi a ^ai (39) 


the function ^(a) is continuous if /(*, a) is continuous over the region bounded by the 
lines a * ao, a - ai and the curves xo « go (a), xi « ^i(a), and if the functions go (a) 
and gi (a) are continuous. 

Uniform Convergence of Integrals. An integral is uniformly convergent if, for a posi¬ 
tive number 6, which can be made arbitrarily small, there corresponds another number L, 
such that 

jjr"/(*.a)da|< , (40) 

provided that I ^ L where the number L is the same for every value of a in the interval 

OLo ot ^ a\. 

Differentiation under the Integral Sign. If fix) is a continuous function of x for 
X = a or X = h, then 

ib j/^*)**®= 

dfix tt) 

fix, a)dx, then = I ——- dx, where fix, a) is a continuous function 
da da 

iif 

of X and a between the limits a ^ x ^ h, ao ^ a ^ ai, and in addition exists and is 

da 

continuous. In case the limits of the integral are functions of a, as 

fix, a)dx (42) 


^ I —^- dx - /(got a) T- + /(fit a) " 7 “ 

da *^gQ(a) oa da da 


d f 

where exists and is continuous and where goia), gi (a) are differentiable. The formula for 
da 

differentiation under the integral sign can be applied where the integral obtained is uni¬ 
formly convergent in the interval of definition; that is, if 


and in addition 


^J^fix,a) dx, 
d0 ^ /^ dfix,a) ^ 

da •-'a da 


ao ^ a ^ ai (44) 


is uniformly convergent. The process of differentiating under the integral sign is some¬ 
times of use in evaluating the function 0(a). 

x“ — 1 

I - dx. 

0 Ifge X 

^ „ r f x“ dx » f-—“ *“^*1 « and 0(o) - loge (a -f 1) + C. 

da •'0 loge x •'0 *-0 1 -*0 a + 1 

But 0(0) “ 0 dx » 0, and 0(0) - loge 1 + C. Therefore C » 0. 

•'O 

/^l - 1 

Hence 0(a) “ / -dx *» log« (a -f* 1). 

•'0 loge X 

Integration under the Integral Sign. Let fix, a) be a function of two variables, con¬ 
tinuous in the region defined by a ^ x ^ fe, ao ^ a ^ ai, where a, b, ao, ai are constants. 
The inversion of the order of integration 

f dx f ^ fix, a)da — f ^ da f fix, a) dx (46) 

•fa •f ao *'ao *fa 

is the formula for integration under the integral sign and is valid under the conditions 
stated above. 

The case of integration under the integral sign with infinite limits is valid if the integral 

*i” . 

f fix, a)dx is uniformly convergent in ao ^ a ^ ai, and the formula is 
a 

X + oe /•ai g»a\ /• + «> 

dx I fix, a)da ^ f da f fix, a)dx 
*fao •'ao •'<* 


(47) 
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The method of integration under the integral sign is sometimes useful for evaluating 
definite integrals. 

j fi 1 

' x“ dac - —;— (« + 1 > 0). 

0 a + 1 

Multiply by da and integrate between the limits c and d. 


1 

' x“ dx - -;- (« + 1 > 0). 

0 a + 1 

Multiply by da and integrate between the limits c and d. 

•'0 c a + 1 c -f 1 

but f^dx /’“**“ da - dx; therefore - f - — 

u/Q •'C *^0 log/, x *'0 logc X 


Example. Consider fix, y) 


logc X 

(X2 + 2/2)2- 


- X« , d + 1 

--dx -= logc —— 

logc ^ c + 1 


j rl Z*! ;r2 - 1/2 Z*! t 2 _ j/2 

dx / —--— dy I dy I —::-— dx. 

0 Jo (x2 + 2/2)2 -/o -'O (x2 + 1/2)2 


A first integration for the expression on the left, 


j r^ xi — 2/2 

' -r- “ 

0 (x2 + 2/2)2 

•/O 1 4- x2 L Jo 4 


In integrating the expression on the right / - 

•zo I 

— / —The results are not equal since 

•zo 1 + y2 4 


(x2 + 2/2)2 


since the function 


Lx 2 + j/2Jo 1 + i2 

T_1-; 

L x2 + 2/2Jo 1 + y* 


is discontinuous 


at X ■> 0, 1 / 0. 
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Line Integrals. Consider a plane curve C, defined by the two parametric equations 
« ** /(0» y — <t>it). By varying t from a to h, a certain arc AB of this curve is obtained. 
Suppose that a < b, and take between a and b a sequence of increasing numbers 
(a to < t\ < t 2 <... tn~i < tn ^ h), and in each partial interval U) take any 

value Oi such that ti-i ^ Bi ^ U. Let (x*. Vi) !>« the coordinates of the point of C which 
corresponds to the value ti of the parameter; let (^i, i?,) be the coordinates of the point 
which corresponds to the value Bi. Ix5t P(x, y) be a function of the two variables x and 
y which is continuous along the arc AB. 

Consider the sum 
n 

~-P(^ii’7i)(2;i--a?o)+P(|2»’72)(^r2—iri)+ ... + I^(ln.’7w) (48) 

t-l 

extended to all the partial intervals. If the number n of the subdivisions increases 
Y indefinitely in such a manner that the largest of the difTer- 

onces ti — ti-i tends toward zero, the preceding sum tends 
toward a limit, which is called the line integral of the func- 
^ tion P(x, y) along the arc AB and is represented by the 

symbol 

I f Pix, v) dx (49) 

q'-^-*- X Suppose that the curve is one as ACDB in Fig. 4 on which 

^ are found two^oints C and D where the abscissa is a maxi¬ 

mum or minimum. Then each of the arcs AC, CD, DB 
satisfies the preceding conditions, and 

f Pix, y)dx = f Pix, y)dx + f P(x, y)dx -f f P{x, y)dx (50) 
JiACDB) JiAC) J{CD) J{DB) 

A discussion similar to that above can be made for the line integral / Q(x, y)dy, 

JiAB) 

but it is more common to find line integrals occurring in the form 

f ^ [P{x, v)dx + Q{x, y)dy\ (51) 

Ja, b 
{C) 

vhere y fix). This is the line integral along the curve C or y ^ fix) from the point 
(a, b) to the point (x, y). 
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As an example of the application of the line integral, consider the work done by a 
force on a particle. By definition, the work done by a constant force F acting on a parti¬ 
cle which moves a distance a along a straight line inclined at an angle 6 to the force is 
TF — cos 6 . If the path is curvilinear and the force variable, the differential of work 
is dW *= F cos 6 dSy where da is the infinitesimal arc. Hence 

W ^fdW f^'Jpcosdda (62) 

where the path must be knoum to evaluate the integral (Fig. 5). 



Example. Find the value of 


/•I, 3 

7 [l/2 

*/o.o 


dx + {xy — x^)dv\ along the paths (o) y — 3x, (6) p® ■■ 9*. 


(o) Substitute y -* 3a;, dy = 3dx and obtain^ [Ox® + (3x2 - x2)3] dx ISx® «■ 6. 

(6) Substitute p2 = 9x, 2y dy = 9dx and obtain f - l^i/ “ f h ~ 

^0 L-u \y 81-'-J *-12 40o-*0 

* 6 3/20. 

Connectivity of Regions. A region is called simply connected if every closed curve 
or surface in the region can bo shrunk to a point without passing outside of the region. 
In the section of a plane between two concentric circles n curve surrounding the inner 
curve cannot be shrunk to a point. Such a region is called multiply connected. 

A multiply connected region can be made simply connected by the following pro¬ 
cedure. Suppose that, in the region in Fig. 7, a line is drawn (;onnecting the two bounding 
circles and it is agreed that no curve shall cross this line. 

Then the entire region would be surrounded by a single boun¬ 
dary, part of which would be counted twice. In like manner, 
the region in Fig. 8 can be made simply connected by two such 





Simply Connected Region 
Fia. 6 


Doubly Connected Region 
Fig. 7 


Triply Connected Region 
Fig. 8 


lines or cuts as they are called. The numlx^r of cuts which is necessary to reduce the 
region to two simply connected regions is called the connectivity. Thus, in lig. 7, two 
cuts would make two simply connected regions out of the original region. 

In using line integrals about closed curves, in order to distinguish between the two 
directions in which a curve may lx; traversed, it is customary to say that the positive 
direction is that in which a person walking about the curve would have the region on 
his left. In Figs. 6, 7, 8, the arrows show the positive direction. 

Area Expressed as a Line Integral. Given a region of area A bounded by a closed 
curve e, such that a line parallel to OX or OF meets the region in two points or not at all 
(points of tangency to be counted twice). Then 

A = ixdy — y dx) (63) 

where the line integral is to be taken around the boundary of the area. The form\ila is 
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also true for areas which can be cut up into areas of the simple type shown in Fig. 9. 
Thus the area of a region as shown in Fig. 10 or that of a multiply connected region can 
be reduced to the above type. 




Example. The area of the ellipse represented by the formulas 
X a cos t, y ^ b sin t 

^2ir 

has the expression -A — 1/2 / afeCcos* t + sin* t)dt * rab. 


Area of Curved Surface. Given a curved surface defined by the equations 

X — v), y — v), z = f(u, v) (54) 

The area of any portion of the surface is defined as the integral 

S f ^EG - du dv (55) 

the integration to be extended over values of u and v corresponding to the portion of the 

surface considered. In the above formula 

\du/ \(iu/ \0u/ du dv du dv du dv \dv/ \dv/ \dv/ 

(56) 

Example. A sphere of radius r is defined by the equations 

X — r cos $ sin y r Bin d sin <l>, z =« r cos <l> 
in spherical coordinates. Then 

J /* 2 ir /* 2 ir 

' / r* sin <f>d4>dB » Airr* 

0 •/o 

A surface z = f{x, y) is the special case of (54) in which x ^ u, y = v, z — f(u, ») =* 
f{x,y). Let a, 7 be the angles made by the normal to the surface at the point (x, y, z) 
with OX, OY, OZ, respectively. Then 


Similarly, the surfaces y = ^(z, x) and x * 0(y, z) give 
S -/sec /3 di dx + (") 

and <S = J*Bcc a dydz = J' J*"^1 + 

Example. Find the area of the surface cut from the cy 

x2+ y2 „ a*. 


dx dy 

(57) 

dz dx 

(58) 

dy dz 

(59) 

2 * *» 0 * by the cylinder 


z ■» Va* — y*, — — p — 0, — — g ' 
dx dy 

The element of surface dS = \/l + p^ + dy « 

r»Va2-- yi 


Va* • 


— y* 
= dx dy 


/*a /••vaz—yZ a /»a 

® ” ®/o Jo “ U 

where the limits are taken over one-eighth of the surface cut out. 

Surface Integrals. A surface integral may be defined in a similar manner to the line 
integral; if a surface z = /(x, y) is divided into elements of area ASi and the value of the 
function F(x, y, z) is taken at any point (|i, rn, fj) of the element, and the sum 
rii, ^i)ASi is extended over all the elements, the limit of the sum of elements, as 
the number n of elements increases indefinitely and the elements become small in every 
direction, is defined as the surface integral of the function F over the surface. 



LINE, SURFACE, AND VOLUME INTEGRALS 
This may be written 


2-95 


(606) 


„!i“ ’K-= /pd5 =//f(x, V. r) Vl + (|)‘ + (^)’ (60) 

Since dS = sec ady dz * sec ^ dz dx ^ sec y dx dy, (60) can be written 

z) sec a dy dz.J* J*F{x, y, z) sec ^ dz dx, or ^ J'F{x, y, z) sec y dx dy (60ia) 

If we set F{x, y, z) sec a = P{x, y, z), F(x, y, z) sec * Q{x, y, z), F(x, y, z) sec 7 «■ 

2 /f «), we have 

f f f z)dz dx, otJ* J*Rix, y, z) dx dy 

In applications, it is common to find 
surface integrals occurring in the form 

dy dz-\- Q dx dz + Rdx dy) which is 

equal toj' J{P cos a+ Q cos ^-\-R cos y)dS, 

Green’s Theorem. This is a method 
whereby a line integral around a closed 
curve may be stepped up into a surface 
integral which spans the curve, or a surface 
integral may be stepped up into a volume 
integral. Consider a simply connected region 
R bounded by a closed curve C of the type 
allowed for line integrals and let P{x, y) and 
Q{x,y) be continuous functions of x, y with 



(61) 


continuous partial derivatives and -~ 

Oy dx 

over this region. Then 

/ 4 )(£" - f^c) 

This result can be extended to regions of more complicated form. Green’s theorem is 
sometimes found written in other forms. Referring to Fig. 9, let a be the angle made 
with OX by the positive direction of C, anej j 8 be the angle made with OX by the normal 

dF 

drawn outward. Then if F is a function of (x, y) and is its derivative in the direction 

an 

of the outward normal, 

dF dFdy dFdx dF ^ , dF . ^ 

where « is the arc length of the curve. 


dF dF 

Let P = —, Q =- 1 then (61) may be written as 

dy dx 


ff r (6S) 

J J{R)\dx^ dy^ / •'(C)\dz dy / J(c)dn 


In space, the analogous formulas are 

fff^ + 9Q(=c. V,Jl ^ dx dy dz 

- f f (P cos a + Q cos /3 + F cos y)dS- f f {P dy dz-\^Q dz dx + R dx dy) (64) 
J J{s) •' ‘'(-S') 

where the triple integral is to be taken over the volume V of the region, the first double 
integral over the bounding surface S of the region, and the second double integral is 
taken over the projections of the bounding surface on the planes YOZ, XOZ, XOY, 
respectively. The signs of the cosines are to be determined as is customary, with the 
outward normal as the positive direction. 

Example. Apply Green’s theorem to J* J* {x dy dz y dz dx + z dx dy) over the cylinder 

z2 + 1/2 *s o2, Z ■■ ± b. 


Since 

and 


Q 

CL 


y, *> 

Va 2 r 52 


dP 


L 


dx 
+ 6 


1 , 


dQ 


by 

3 dx dy dz - 


a« 

6iro2 6. 
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Stokes* Theorem. This theorem is a method of expressing the integral around a closed 
curve in space as an integral over a surface having that curve as a boundaiy; namely, 


f [p(«. y,s)dx-\- Q(x, y, z) dy -f R{x, y, z) dz] 
•'(C) 


\{9Q 

dR\ 

1 _L 

dP\ 

1 o , 

aQ\ 1 

it 

dy) 

•'““■'■(to 

dz ) 


--jeosYj. 


where C is the space curve and S is the surface which it 
y bounds. The signs are such that an observer standing with 

1-^® surface and head in the direction of the nor- 
* \ will see the integration around C taken in the positive 

/ X/ 1 direction. 

I / I Independence of Path and Exact Differential. Given a 

1 ^ j simply connected region iJ, bounded by a closed curve of 

V y the typo allowed for line integrals, and let P(a:, y) and 

y) be continuous functions of (a:, y) over this region 

QP QQ 

Fia 12 with the partial differentials -r— and -r-, single valued and 

ay ox 

continuous. Then if the line integrals from (a, 6) to (x, y) along the two paths 

r'” (Pdx + Qdy) = r’” (Pdx + Qdy) (66) 

•'a, 6 •'a, b 

(Cl) (C2) 

are equal, the line integral around the combined path c 

(.Pdx + Qdy) + r'” (Pdx + Qdy) 

•'a, b *^x, y 

(ci) (ca) /• 

= J {P dx -i- Q dy) = 0 vanishes (Fig. 12), (67) 

(0 

By making use of Green’s theorem, it may be stated that, in a simply connected region 
in which P, Q, and their first partial derivatives are continuous, a necessary and suffi¬ 
cient condition that the integral J*(P dx + Q dy) around any closed path should be 
eero and that the integral along a path connecting the two points Ix) independent of 

the path is ^ ~ . In three dimensions, similar conditions for 

dy dx 

r ^'\pdx-\-Q dy -h R dz) (68) 

da, b, c 

, dP dQ dQ dR dR dP 

are that ™ “ = —, = r'*- 

dy Ox dz dy Ox dz 

dP dO 

The condition ■:— = is a necessary and sufficient condition that P dx + Q dy bo the 
dy dx 

rz, V 

exact differential of some function <f)(x, y) as well as that the line integral / d0 be 

a, b 

independent of the path. 


Example. Consider -^ dz + dy"]. 

J Lx2 4- z2 + 1/2 J 


Here — *■ -- “ --, and the condition is met, but P and Q and their derivatives 

dy dx (z2 + j|/2)2 

are discontinuous at the origin and hence the theorem may be applied only to simply connected 
regions which do not contain the origin. That i.s, the integrals along any two paths which do not 
enclose the origin are the same, but the integrals along two paths which do enclose the origin are 
not necessarily the same. 


44. SOME APPLICATIONS OF INTEGRATION 

Length of Arc of a Curve. The length s of the arc of a plane curve y * /(x) from the 
point (a, h) to the point (c, d) is 


( 70 ) 
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If the equation of the curve is in polar coordinates, r » /(0), then the length of the am 
from the point (ri, $i) to the point (rs, $%) is 




(71) 


If the curve is in three dimensions, represented by the equations y » /i(x), z « /s(£), the 
length of arc from » a to xz — & is 




(72) 


Plane Area. The area bounded by the curve y * /(x), the axis OX, and the ordinates 
at X «« a, X » 6 is 

f fix) dx. (78) 

•'a 


where y has the same sign for all values of x between a and h. 

In polar coordinates, the area bounded by the curve r = fid), and the two radii 0 ** a, 
0 = j8 is 

A - 1/2 r« dd (74) 

•/a 




In rectangular coordinates, if the area is bounded by the two curves y^ = fix), y\ ■■ 4>ix), 
and the lines X 2 = 6, xi * a, then 

r dxf dy (76) 


Ja 

If the area is bounded by the two curves X 2 = ^(y). xy = $(i/), and the lines 1/2 ■■ d, 
yi = c, then 

f^dyf^'^'dx (76) 


(77) 


If expressed in polar coordinates, the area by double integration is 

/'^2 /'T2’^f2(.6) /'T’J /*®2“’^2(r) 

A = I do I rdr or / rdr / 

Area of a Surface of Revolution. The area of the surface of a solid of revolution gen¬ 
erated by revolving the curve y = fix) between x — a and x ~ h\ 


About the x axis is 


(78) 

About the y axis is 

+(!)'* 

(79) 

where c = /(a) and d = /(b). 


Volume. By triple integration; 


Rectangular coordinates 

V J J dxdydz 

(80) 

Spherical coordinates 

y — f J' J'r^ Bijnp dO d<i> dr 

(81) 

Cylindrical coordinates 

y ^ J* J' j*rdrdOdz 

(82) 


(the limits of integration to be sunplied) 
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Volume of a Solid of Rovolotion. The volume of a solid of revolution generated 
revolving that portion of the curve y « f{x) between x « a and a; 6: 

r 1 /* dx (83a) 

a 

about the y axis is ir J x* dy (836) 

where e « /(a) and d « /(6). ® 

Surfaces. If the equation of a surface is written in the parametric form x « /i(u, v), 
y ** / 2 (m. w), » “ /i(u, b) where at ** u(0, b “* b( 0, the length of arc of a curve on the 
surface is _ 

The area <S of a portion of the surface is 

® ’^ffVMG - du dn (85) 

p _ dx Bx dy dy dz dz 

du dv du dv du dv 

( dx\ ^ ^ ^dz\ ^ 

— j ^"v^/ (the limitsofintegration to be supplied) 

If the equation of the surface is written as x = w, jy = b, 2 = /(u, b) = f{x, y), 

r\f7t i /dx\^ _ dx dy ^ ~ /on\ 


,a.olen«th . =/V(l + .,(f) V (1 + 

5 area ^ ^ SS ^2/ where ^ . 9 ~ ^ 


the area ^ ^ SS ^2/ where ^ ~ ^ 

Center of Gravity. The coordinates of the center of gravity of a mass w are 

y'X dm ^y dm j*z dm 

-, .V = --, ? = - 

/ dm / dm / dm 

(the limits of integration to be supplied) 

Moment. The moment of a mass m 

about the plane YOZ, Myz - J'x dm; 

about the plane XOZ, Mxz = j*y dm; 

about the plane XO Y, Mxy — J* z dm 

(the limits of integration to he supplied) 

Moment of Inertia. The moments of inertia, I, are 

for a plane curve about the X axis, Ix — j'y^ ds 

for a plane curve about the Y axis, ly — fx^ da 


for a plane curve about the Y axis, ly — J'x^ da 

for a plane curve about the origin, ^ J' 2/^) ds 

for a plane area about the x axis, Jx = ^dA 

for a plane area about the y axis, ly — J'x'^dA 

for a plane area about the origin, lo = j*V^) dA 

for a solid of mass m about the YOZ plane, lyz = J*x^ dm 

for a solid of mass m about the XOZ plane, Ixz * dm 1 

for a solid of mass m about the XO Y plane, Ixy = /*’ dm 

for a solid of mass m about the x axis, lx = /», + Ixy, etc. . 

(the limits of integration to be supplied) 
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Pressure* The pressure p against an area vertical to the surface of the llQuid and 
between the depths a and h is 


/•yo 

P ^ I pydA 


where p is the weight of the liquid per unit volume, y is the depth beneath the surface of 
the liquid of a horizontal element of area, and dA is the area of a horizontal element of area 
expressed in terms of y. 

Center of Pressure. The depth y of the center of pressure against an area vertical to 
the surface of the liquid and between the depths a and h is 

X v^b 

pydA 

y “ — (M) 

/ pdA 

Work. The work W done in moving a particle from « « a to s & against a force 
whose component expressed as a function of 8 in the direction of motion is F(t) is 


TT = / F(«) d8 


DIFFERENTIAL EQUATIONS 

By M. J. Fish 

46. FUNDAMENTAL TYPES 

Definition. Any equation containing a function of a set of variables and its deriva¬ 
tives is a differential equation. If the equation has derivatives with respect to one vari¬ 
able only, it is called an ordinary differential eqtuition, otherwise it is a partial differential 
equation. 


Examples. 


(1) 



(2) 


z , z dz 

(3) 


„_,^ + 3^ = 0 
dx dy 

(4) 


Equations (1), (2), (4) are ordinary differential equations, and (3) is a partial differential 
equation. 

The Order of the differential equation is the order of the highest derivative involved. 
Thus in (1), (2), (3), the order is two; in (4), the order is one. 

The Degree of a differential equation is the exponent of the highest order appearing 
in the equation after it is completely rationalized and cleared of fractions. The degree of 
(1), (3), (4) is one; that of (2) is two. 

A Solution or Integral of a differential equation is a relation between the variables 
which satisfies the equation identically. 

A General Solution of an ordinary differential equation of the nth order is one that 
contains n arbitrary constants. Thus, = sin x + c, where c is an arbitrary constant, 

dy 

is a general solution of the equation “ =* cos x. 

Particular Solution. A solution which is derivalile from a general solution by assign¬ 
ing fixed values to the arbitrary constants is called a particular solution. Thus, yi * sin x, 
2/2 ** sin X “H 4 are two particular solutions of the above equation. 

46. ORDINARY DIFFERENTIAL EQUATIONS OF THE FIRST ORDER 
Separation of Variables. A differential equation of the first order 
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ean be brought into the form 

P{x, 2 /) dr -f- Q{x, y) dy = 0 (6) 

For the special case where P is a function of x only and Q a function of y only, 

P(x) dx 4- Q{y) dy^O (7) 

and the variables are separated. The solution of this is 

( 8 ) 


y P{x) dx + J*Q(y) dy = c 


where c is an arbitrary constant. 
Example. Solve, 

dx y 


This can be written as xdx -f ydy — 0 and has the solution ^ xdx -f J*ydy “ ^ ^ 


and if c 


, + 1/2 fc, which represents a set of concentric circles. There are an infinite num¬ 


ber of solutions depending on the value for k. A definite circle of the set goes through each point 
(a, h) such that a* 4 6* = k. 

Homogeneous Equations. A function f{x^ y) is said to be homogeneous of the nth 
degree in x and y, if, when x and y are replaced hy kx and k y, respectively, the function 
is multiplied by /e", regardless of the value of k, that hi,f{kx,ky) = A" /(x, y). An equation 

P(x, y) dx Q (x, y) dy = 0 (9) 

is said to be homogeneous if the functions P(x, y) and Q(x, y) are homogeneous in x and y. 
By substituting y ^ vx, a. homogeneous equation can be reduced to the form in which 
the variables are separable. 

Example. Solve (x* •+• yi)dx — 2xydy = 0. 

This is of the form P(x, v)dx 4 Q(x, y)dy = 0, where P and Q are homogeneous functions of the 
second degree. Making the substitution y — vx, the equation becomes (1 4 v^)dx — 2v(xdv 4 vdx) 
- 0 . 

dx 2v 


Separating variables 


1 - v2 


- dv ‘ 


Integrating, log<.x(l — » 2 ) =. log^c, replacing t> = -, log x -• loge c, and taking expo- 

X ^ x2/ 

nentials, x2 — 2/2 *. cx, where c is an arbitrary constant. 

The Linear Differential Equation. The differential equation 


+ P(x)v = Q(x) 


( 10 ) 


I dy 


in which y and ~ appear only in the first degree, and P and Q are functions of x, is called a 
dx 

linear equation of the first order. Tliis has the general solution 


y — e y dx + cj 

constant. For the homogeneous form 
+ P(x) 2 / = 0 ^homogeneous with respect to y and 


where c is an arbitrary constant. For the homogeneous form 

d// 

dx 

the general solution is y ~ c\e 

where ci is an arbitrary constant. 


. di 


Example. An important equation in the theory of electricity is L-h 

dt 


( 11 ) 

( 12 ) 

(13) 

I E, where i is the 

current, L the coefficient of self-induction (a constant), R the resistance (a constant), and E the 
electromotive ffirce where E may be a constant (including zero) or a function of the time. In the 
latter case where E » £(0 

i - e- (72/L)f|^y’| dt 4 c] 

If E » Eo sin tat, then i «« c~ 4 c J 

If E is constant and if i »• 0 at i "0, then t — ^ (1 — c ~ iR/E)t^ Note that, in this case, 

K 

the method of separating variables can also be used. 

The Bernoulli Equation. The eciuatioii 


dy 
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in which n is a constant other than 1. By making the substitution f *** y*'“**'t a Hwofty 
equation is obtained and the general solution is 

a® 

Example. Solve the equation — xy ^ xy*. 

dx 

Substitute « = and obtain -—\- xz — x. The general integral is 
dx 




1 or j/ 


I* 

Exact Differential Equation. The equation 

P(a;, y)dx + Q(x, y)dy = 0 

is called an exad differential equation if its left side is a complete differential 

du = Pdx + Qdy 

^ dP dQ 

that IS, if — ~ . 

dy dx 


/p<fa+/[< 


d f Pdx^ 


dy 


J dy = 


Then, 

is an integral or solution. 

Example. Solve (x* — 4 xy — v^)dx + — 2 xy — 2 x^) dy — 0. 


= c 


(16) 

(17) 

(18) 


This is an exact equation because — < 
dy 


4x - 2|/ . 


dx 


f (x2 - 4 xy - y2)dx « - 2 x^y -• xy^ 

3 

f [(»« - 2 *» - 2x2) _ (_2 i2 _ 2 xv)\dv - ~ 


The general solution is 


^ - 2 x^y - XI/* + ~ 


Integrating Factor. If the dilTerential equation P(x, y)dx + Q(x, y)dy « 0 is not a 
complete differential, look for a factor v(x, y) such that du = v{Pdx -f Qdy) is a complete 
differential. Such an integratmg factor satisfies the equation 


Example. The equation (xy* — y^)dx + (1 — xy^)dy « 0 when multiplied by r > 


be¬ 


comes (x — y)dx + 


(^0 


dy “ 0, of which the left side dw «■ (x — y)dx + 


(^1 - *) <*>' 

~ “ I- I'he integra¬ 


ls a complete differential since — =* or — (x — y) 

2 1 

tion gives u --xy-. The general integral is u ~ c or x^y — 2xy* — 2cy — 2 » 0. 

2 y 


Riccati’s Equation. 


dy 

dx 


+ P(x)y* + Qix)y + R{x) = 0 


( 20 ) 


is called Riccati's equation. If a particular integral yi is known, place y = 2/1 + - and 
obtain a linear equation for z. ^ 


47. SECOND ORDER EQUATIONS 


( dy d* y\ 
a:, y, ^ 


( 21 ) 


is of the second order. If some of these variables are missing it is possible to obtain a 
solution easily. 

dy d* y 

Case 1. With y and -r missing. — = f{x) (22) 

(lx dx* 
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This has the solution 

y ^ f{^)dx + cx + Cl, or y ^ xj*f{x)dx -- J*xf(x)dx + cz + ci 


where c and ci are arbitrary constants. 

dy 

Case S. With z and — missing. 

dx 

Multiply both sides by 2 ^ and obtain 
dx 


'Sjc i- 2 J f{y)dy 

as a solution, where c and ci are arbitrary constants. 


Case 3. With x and p missing. 


(26) 

S-S- 


(27) 

Tb.. '■/«+“ 


(28) 

where p is obtained by elimination. 



Example. Consider the differential equation of the catenary a — '' 

dx^ 




Let p — —, then a ~ — V^l + P^- By separating variables —- — = — which has the 

dx dx ^/i _j_ p2 o 


solution sinh~i p =» ^ or p — «>» ainh Integrating this latter, y <= a cosh + ci. 

a dx a a 

Case Jt. With y missing. (29) 

dy dp 

Place -— = p and obtain the differential equation of the first order — ■= f{p, x) which 
dx dx 

may possibly be solved for p. If so, then 

y - f p(^) dx + c (30) 

Case 6. With x missing. (31) 


Case 6. With x missing. 


■{£■•) 


-'(S') 


Place — — p and obtain the first order equation p ^ = /(p, y) which may possibly be 
dx dy 

solved for p. If so, then 


- fjy. . 

J v(y) * 


48. LINEAR DIFFERENTIAL EQUATIONS 

(1) General Theorem. The differential equation 

d^y d”"*' y dy 

+ . . . + Pn-l fe) + PnWw = F(X) (33) 

is called the general nth order linear differential equation. If F{x) = 0, the equation is 
called homogeneous; otherwise it is called complete. If 0(x) is a solution of the complete 
equation and y\, y-i, . . . , yn are linearly independent solutions of the accompanying homo¬ 
geneous equation (that is, there is no relation of the form oi ?/i + 02 2/2 + On Pn = 0 

with oi, 02 , . . ., a„ not all zero), then the general solution of (33) is 

P * Cl Pi 4- C 2 p2 + . . . + Cn Pn 4- ^(x) (34) 

The part 0(x) is called the particular integral, and the part ci pi 4- • • • 4- Cn Pn ia called 
the complementary function. 
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(2) Homogeneous Differential Equation with Constant Coefficients. 

y dy 

+ . • . + an~i + ®nJ/ = 0 (35) 

is a linear homogeneous equation of the nth order with constant coefficients. 

Vk = (36) 

is a solution of this equation, if rjt is a root of the following algebraic equation of the nth 
degree: 

r" + ai + . .. + an_i r -f = 0 (37) 

If all the n roots ri, . .. ,rn of (37) are different from each other, then 

y - Cl -b C 2 + . . . + Cn (38) 

is a general integral of (35). If some of the roots are equal, for instance ri 5» r 2 ■»..,* rt 
while r)k 4 -i, . . . , rn are different from each other and from ri, then 

2 / = (ci + C 2 r + . . . + CA + CA+i + . . . + Cn (39) 

is the g enera l integral. If ri = p + ig, == p — iq arc conjugate imaginary roots of (37), 

[i = V— 1], then 

Cl e’’!^ 4- C 2 = Cl cos qx 4- sin qx (40) 

Example. + 13 ~ + AQy =» 0 has the solution y » cie~^^ 4 
dx^ dx 

4- 6 4- 34 j/ = 0 has the solution y = (ci cos 5 j; 4- ("2 aiu 

dx^ dx 

(3) The Complete Differential Equation with Constant Coefficients. 


The complementary function is found as above in paragraph (l:). To find the particular 
integral, proceed as follows. Denote 

^ by D, ^ by D* ... ^ by (Called the method of operators). (42) 

Write (41) as 

(D” 4- oi 4- . .. on-i 2> + ajy = F(x) (43) 

Denote (43) by P{D)y — F(x) where P(D) is a polynomial in D. Then there are the fol¬ 
lowing rules, in which Ai, A, B are undetermined coefficients, to be determined by sub¬ 
stituting yp in (41) and equating coefficients of like terms: 

(a) If F{x) — ar” + ai 4- ... 4- On-i a: 4- On, assume the particular integral 
Vp = x'^ + Ax 4- ... 4 An~\ x 4 A„. 

If D'^ is a factor of P(D), assume y^ — {x'^ + A\ x^ * 4 ... 4 .4n_i a: 4 An)x^. 

(b) If Fix) =5 sin ax or h cos ax, assume 2/p == A sin oa; 4 P cos ax. 

If (D2 -I- a 2 )»n jg ^ factor of P(D), assume 2 /p = (A sin ax + B cos ax) x^. 

(c) If Fix^) = ce®*, assume yp == Ae®^. If (D — a)^ is a factor of P(D), assume 

2/p = x^ Ae“*. 

(d) If Fix) == gix)e°'^, place 2/p * e®*tc in (41), divide out c®^, and solve the equation 
for w as a function of x. 

(e) If Fix:) is the sum of a number of functions, take Vp as the sum of the particular 
integrals corresponding to each of the functions. 

Example. 4 - 4 i/ =» x® _}_ cog x can be written as (Z>2 + 4)y =• 4* cos z. 

dz 2 _ 

Consider (P 2 4 - 4 )j/ = 0 or {D -}- 72)(P — i2)y * Ofi' - V-l], and by the method of para¬ 
graph ( 2 ), the complementary function is p = fi cos 2 z 4 C 2 sin 2 x. 

For a particular integral take yp “ oz^ bx c + f e\n x g cos z[by (a), ( 6 ), («)]. 

Then —— 2o — / sin z — A cos x, and substituting in the original equation 
dx^ 

—— 4 4yp = 2a - / sin z - g cos z 4* 4oz2 4 - 4bi + 4c 4- 4/ sin z + 4g cos z » z* 4 - cos z. 
dx^ 

Equating coefficients, a = V 41 b =■ 0 , c *= — l/Si / ■* 0, g ■* I /3 and the general solution is 

1 / « Cl cos 2 z 4 - C 2 sin 2 z 4- — — ^/s 4 Vs co* x. 

4 

(4) Euler’s Homogeneous Equation. 

dP’y « , d””* y dy 

x’‘j^ + ax- + • • • + On-J ® ^ + a„W - 0 


( 44 ) 
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is called Euler*a homogeneous equation. Place x = and since 

^ — i :s 

dx X dx dt dx x dt' dt^ a:*\ dt^ dt / 

(44) is then replaced by a linear homogeneous differential equation with constant coeffi¬ 
cients. 

Depression of Order. If a particular integral of a linear differential equation is known, 
the order of the equation can be lowered. Consider the homogeneous equation 

^ + Px(x) + . . . + Pn-t(x) ^ + Pn{x) = 0 

If yi is a particular integral of (46), substitute y — yiz. The coefficient of z will be found 

to vanish, and then by placing ^ = u, the equation is reduced to the (n — l)st order. 


( 45 ) 


(46) 


‘ dx 

Example. Given + p(z) ^ + Qix)y 
dx* dx 


0 and 2/1, a particular integral of this equation. 


Let y Viz, then 


dy 


' dx ^ dx^ ^ dx' dx 2 
Substituting in the original equation 

i -rir + ^ 7“ T ‘ ' ^ “77," 
ax- dx dx dx“ 

and since the coefficient of z is zero, this reduces to 

dP-z ^ dm , \dz 


dx2 dx dx dx2 


»1 — + 2 TT- + » 7 ".‘ + v\yi ^ + *^7]+*' 


0. Writing = w, — + ( 2 ™ pj/i 1 

dx u ^ dx ' Vi 


c 

/l- 

Another integration gives z and then y; the equation admits the solution 


nY-i 

' I/l 


By integrating, log^ u f pdx + logg yi^ = log^ c or m =» -- e 

J y\i- 


q f f^^^dx -f Cl. 
J yY 


(47) 


Simultaneous Linear Differential Equations with Constant Coefficients. If there are 
two (or in general n) linear equations with constant coefficients in two (or in general n) 
dependent variables and one independent variable t, the symbolic or algebraic method 
of solution may be used. Let the equations be 

(D” + ai + . . . + an)x + bi + . . . + hndv = -R(0] 

(DP + Cl DP-1 + . . . + c^)x + {D^ + <ii D'?-! + . . . -f d^)y = S(t)\ 
d 

where D denotes ~ . The equations may l^e written as 

Pi(D)x -f Qi{D)y = R, P 2 (D)x + Q 2 (D)y = 5 (48) 

Considering those as algebraic equations, eliminate either x or 2 / by the method of de¬ 
terminants and solve the equation obtained by known methods. 

Example. Solve the simultaneous equations. 

(1) +^f+2x+y = 0. (2) -y- + 5x + 3» - 0 

dt dt dt 

By using the symbol D these equations can be written 

(D + 2)x + (D + l)y = 0, bx + (Z> + 8)2/ = 0 

Eliminating x, (D2 + l)y = 0, and from paragraph (2) this has the solution y ^ ci cos t + C 2 8in t. 


Subtituting this in ( 2 ), x 


3ri 4- C2 , , <*1 
—_—£ cos-i 4 -i—— 
o 5 


3C2 _ 


49. PARTIAL DIFFERENTIAL EQUATIONS 


First Order 

Definition. If xi, X 2 , . . . , Xn are n independent variables, z - 
dependent variable, and if 

dz dz 

- Pl, . . . , ^ - Pn 

f(.x\, . . . t, Pi. Pi,...,Pn) =0 

is a partial differential equation of the first order. An equation 
/(Xi, X2, ..., Xn, X,.Ci, ..., Cn) ~ 0 


2 (xi, X2, . . . , Xn) the 

(49) 

(50) 


( 51 ) 
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fdth n arbitrary constants is called a complete solution of (50) if the elimination of the 
constants by partial differentiation gives the differential equation (61). Thus, given the 
partial differential equation 




Let / = (x - h)^ + ( 2 / - k)^ + s* - c* = 0 (63) 

be a solution, since by differentiating it with respect to x and y 

(x — A) 4- 2= 0 (64) 

ox 

(2/ -*) + *- = 0 (65) 

dy 

Substituting the values of x — h, y — k from the last two equations into f, expression F 
is obtained. 

A singular solution is given through the eliminalion of ci,Cn from the equations 
df df 

~ dci ~ • • • ’ ^ ~ differs from the particular integral in that it is not 

contained in the complete integral, that is, is not obtained from the complete integral by 
giving particular values to the constants. 

Supjiose that the equation y, z, —, the complete solution 

/(x, y, 2 , a,b) = 0 where one of the constants b = </>(a); then / [x, y, z, a, <i>(a)] = 0. The 

general integral is found by elimination of a between / [x, y, 2 , a, 4>(a)] = 0 and ^ 0. 

da 

In every equation, the general integral and the singular integral, as well as the complete 
integral are to be found. The complete integral is to be found first, and from it the 
other two are to be derived. 

Linear Differential Equations. 

P(x, y, 2 )p + Q(x, y, z)q — R{x, y, z) (66) 

is a partial linear differential equation. From the simultaneous ordinary equations 

^ ^ the two independent functional solutions m(x, y, 2 ) = ci, d(x, y, z) = c* are 

R Q H 

obtained. Then ^ (u, v) = 0, where ^ is an arbitrary function, is the general solution of 

Pp + Qq^ R. 

Examples. Given xp + pg =* q. Consider — =« — ™ , which has the solution loge ci* ■■ 


*‘>gc C 2 V “ loge C32 or i 


eg. Then (m, v) 


Vx x/ 


Given (np — mz)p + (Iz — nx)q = mx — ly. 

Form - - - <= —~— «= -——. By using the multipliers I, m, n, the equal fraction 

ny — mz Iz — nx mx — ly 

/<jx 4 mdy -t- ndz obtained. Therefore Idx 4 mdy 4 ^dz — 0, which has the solution lx 4 my 
0 

4 «2 "= In a similar manner xdx 4 vdy 4 zdz *= 0, or x2 2/^ 4 2 * C2- Hence the solution 

g,(a;2 _|- z"^, lx 4 my 4 nz) — 0. 

General Method of Solution. Given F(.r, ?/, 2 , p, 7 ) ~ 0, the partial differential equa¬ 
tion to be solved. Since z depends on x and y, it follows that dz ~ pdx 4 qdy. Now if 

another relation can be found iKjtween x, y, 2 , p, q such as /(x, y, 2 , p, q) = 0 , then p 

and q can be eliminated. The integral of the ordinary differential equation thus formed 
involving x, y, z will satisfy the given equation, F(x, y, 2 , p, 7 ) =0. The unknown func¬ 
tion / must satisfy the following linear partial differential equation: 

dp dx dq dy \ dp ^ dq) dz \dx ^ dz) dp \dy ^ dz) dq 

which is satisfied by any of the solutions of the system 

dx _ dy dz _ -- dp __ — dq 

dF ^ pdF qdF dF pdF dF qdF 

dp dq dp dq dz dz dy dz 

Examples. Solve pCg* 4 1) 4 (b — z)q 0. Here the equations above reduce to 
dp dq _ d£ _ dx _dy_ 

pq g* 3pg2 4 p 4 (t — «)« g* 4 1 — 2 4 b 4 2 pg ‘ 


( 58 ) 
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The third fraction, by virtue of the given equation, reduces to — -. From the first two fractionsr 

2pqi 

by integration, q ■■ ap, where a is an a rbitrary const ant. This and the original equation determine 

the values of p and c, namely, p ■» ^ , q »» Va(« — 6) — 1. Substitution of these 

a 

values in dt *• pdx + qdy gives dz » + dv^y/a{z — 6) — 1. In this equation the variables are 

separable; this on integration gives 2 Va(z — b) — 1 ■= x -f oy + &• There is no singular solution. 
In order to find the general integral, substitute for b some function of a and eliminate a from 

the complete solution. In the above work, had another pair of ratios been chosen, say ^ * ——— * 

q2 + 1 

another complete integral would have been obtained, namely, 

(* - W {^ - 1 + » + B - 0. 

Second Order 

Definitions. A linear partial differential equation of the second order with two 
independent variables is of the form 

At ^2B8 + Ct + Dv + Eq-\-Fz-- f{x, y) (69) 

d* 2 d* 2 , d* 2 d 2 dz 


where 


da:* ’ 


d* 2 . d* 2 _ d2 _ 

dxdy ’ dy* ’ ^ da: * ^ dy 


The coefi&cients A, .... F are real continuous functions of the real variables x and y. 
Let i = ^(a;, j/), 77 = 17 (x, y) be two solutions of the following homogeneous partial differ¬ 
ential equation of the first order: 

Ap* -f 2Bpq + Cq* = 0 (60) 

If B* — AC = 0, the homogeneous form of (59), L = 0, is called the parabolic type, and 
has the normal form 

d* 2 , dz , . dz , 

where a, h, e are functions of ^ and 77 . A familiar example is the equation of heat flow, 
du d* u 

-r- =* where u = i/(x, 0 is the temperature, t is the time, o* is constant. If 

dt dr 

B* ~ AC > 0 in (60), the homogeneous form of (59) is the hyperbolic type which has the 
normal form 

d *2 d 2 d 2 , ^ 

^2 igr ^2 ^ 

A familiar example is that of the vibrating string r = a" -r-i . where z is the trans- 

dr dx* 

verse displacement of a point on the string, with abscissa x at time t and a* is constant. If 
B* — AC < 0 , the equation is of the elliptic type which has the normal form 


d* 2 d* 2 d 2 d 2 


(63) 


d* 2 d* 2 

A familiar example is Laplace’s equation + ■— = 0, usually written v* 2 = 0. 

d^^ drj^ 

The two solutions of (60) are real in the hyperbolic case and conjugate imaginary in the 
elliptic case. That is, in the latter case, \ = 1/2 (a + i/3), 77 = 1/2 (« where a 

d^ z 1 /d* 2 . d* 2 ^ 


0 


and P »«, real, and 

As in ordinary linear equations, the complete solution consists of the complementary 
function and the particular integral. Also if 2 = 21 , 2 = 22 , . . . , 2 = 2n are solutions of 
the homogeneous equation (59), L = 0, then 2 = ci 21 + C 2 22 -f . .. + c„ 2 „ is again a 
solution. 

Equations Linear in the Second Derivatives. The general typo of second order 
equation linear in the second derivatives may be written in the form 

Ar + Bfl + Cf = 7 (64) 

where A, B, C, V are functions of x, y, 2 , p, q. From the equations 

A dy^ ’-Bdxdy + Cdx^^O (65) 

A dp dy Cdqdx — Fdx dy = 0 (66) 

pdx + qdy dz (67) 
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it may be posmble to derive either one or two relations between x, p, z, p, q called inter* 
mediary integrals and from these to deduce the general solution of (64). To obtain an 
intermediary integral, resolve (65), supposing the left member not a perfect square, 
into the two equations dy — m dx ^ 0, dy — m dx « 0. From the first of these and 
from ( 66 ), combined, if necessary, with (67), obtain the two integrals Ui(x, y, z, p, (?) 
= o, ri(x, y, p, q) = 6 ; then ui = /i(i>i), where fi is an arbitrary function, is now an 
intermediary integral. In the same way, from dy ^ m dx = 0, obtain another pair of 
integrals uz = a^vz = fei; then uz = fzM is an intermediary integral. For the final 
integral, if ni =* nz, the intermediary integral may l>e integrated. If ni 5 ^ nz, solve the 
two intermediary integrals for p and g, substitute in pdx + qdy ^ dz, and integrate 
for the complete solution. 

Example. Solve r* — - 0 (64o) 

The auxiliary equations arc 


dy — adz *» 0, dy + adz -• 0, and dp dy — dz dq 0 (66a} 

Hence y ax •= ci, y — az cz. Combining y + ox — a with (660), dp -f- adq - 0 is obtained, 
whereupon p + og — C| — /i(y -f- ax). Combining y — ax — ci with (66a), dp — adq — 0 is ob¬ 
tained, whereupon p — aa » C4 - /^(y — ox). 

Solving for p and 3, p — V2 Ifiiv + ox) + fziy — ox)], q — [/i(y 4- ax) — fziy — ox)]. Sub- 

2a 

Btituting these in pdx + fldy ■■ dx, dz •*> — [fi(y 4- o)(dy 4- adz) — fz(y — ox)(di, - odx)], which 

2a 

is an exact differential. Integration gives z - it>iy 4- ox) 4- ^(y — ox). The equation r* — a*f — 0 
is called the equation of the vibrating string and may be solved by the method of homogeneous 
equation with constant coefficients. 

The Homogeneous Equation with Constant Coefi^cients. An equation such as 




.'’‘i + A.— 
dxdy Oy^ 


0 


( 68 ) 


where A\ and Az are constants, is an equation of this type. Tliio equation is equivalent to 
/d d\/d d\ 

where mi and mz are roots of the auxiliary equation Ai X Az = 0. The general 
solution of (69) is 

2 ^ fiiy + m x) 4- h{y + mz x) (70) 

0 . 


Hence mi — 8/2, 

= /i(2/ + mix) 4- 


Ezample. Solve: 8 — 4- 2 --15 « 

dx2 dxdy dy2 

The auxiliary equation is 8 4" 2 A'' — 15 => (2 A' 4- 3) (4 A’’ — 5) — 0. 

mz “ 5/4. The general solution is z — /i(2y — 3x) 4- /zi^u 4- 5x). 

If the auxiliary equation has multiple factors, the general solution is z 
xfziy 4- mix). 

Example. Solve: — 4- 6 4- 9 = 0. 

dx* dxdy dy* 

The auxiliary equation is A’'* 4- 6 X 4- 9 ■» (X 4- 3) (A'’ 4- 3) «= 0. The general solution is 
* - fi{y - 3x) 4 - xfziy - 3x). 

If the coefficients in equation (08) arc real, the imaginary roots of the auxiliary equation 
occur in conjugate pairs. Then the general solution will have the form 

z - fiy + ax i/3x) + g{y + ax — i^x)[i * — 1 ]. 


Example. 


^ , 3*2 d22 d22 

Solve: - - — 2 --h 2 - - « 

dx2 dxdy dy* 


0 . 


The auxiliary equation is A'* — 2X 4- 2 =» 0 and m « 1 ± r. The general solution is 
a “ /(y + X ix) -i- g{y X — ix), which can be written as z — /i(y + x 4- ix) 4- /i(y 4- a: — ix) 
4- i[fii(y 4- X 4- la;) - gi(y 4- x — tx)], where A and gi are any real functions. If, in particular,' 
/l »= cos u and gi = it can be shown that z — 2 cos (x 4" y) cosh x — sin x. 

Method of Particular Solutions. The solution of a partial differential equation which 
arises from a physical problem cannot contain any constants or functions which may be 
given arbitrary values. Sometimes, it is jiossible to find particular solutions of the partial 
differential equation which satisfy the boundary conditions, and by combining those par¬ 
ticular solutions to give the solution of the physical problem. In this connection, it is 
sometimes possible to separate the variables. To illustrate this method, consider La¬ 
place’s equation: ^2 ^ ^ 

+ ^ = 0 (71) 


Let 


dx2 
u = X(x)- 


dy^ 


(72) 
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where X is a function of x only, and Y a function of y only, 
by -X* F, (71) becomes 

I X ^ Id^Y 
X dx^ Y dy^ 


By substitution and dividing 
(73) 


Notice that the left side does not contain y, the right side docs not contain x. Since the 
two sides are equal, they must equal a constant, denoted by — Thus 


X dx^ * Y dy'^ 


(730) 


the solutions of which are respectively 

X — Cl cos A; X + C 2 sin kx, Y — Cz + C 4 (74) 

(see Ordinary Homogeneous Differential Equation with Constant Coefficients, second 
order). Hence, from (72), 

u = (ci cos kx + C 2 sin kx)(cz + ca e~^^) 

— e^^{A cos kx -f B sin kx) + e~^^(D cos A:x + ^ sin kx) (75) 

where A, B, D, E are arbitrary constants. Since (71) is linear, the sum of any number 
of solutions is again a solution. An infinite number of solutions may bo taken provided 
the series converges in such a way that it may be differentiated term by term. Then, if 
this condition is fulfilled, 

00 

w = 2 COS kx + Bn sin kx) + e~^^{Dn cos kx + En sin A;x)] (76) 

n-O 

is a solution of (71). By development in a Fourier series, the constants can be deter¬ 
mined SO as to satisfy the given boundary conditions. 

The equation of Lajilace plays an important role in physics. Functions which satisfy 
it are called harmonic. (71) in polar coordinates becomes. 


d- w \ u 1 du _ 

In three variables, Laplace’s equation in cartesian coordinates is 

d^u d'^u d^u_^ 

dx^ dy 2 dz^ 

In cylindrical coordinates, 

c )2 a 1 _ da 1 ^2 u , ^* ** _ « 

dr* r dr r* dd* dz^ 

In spherical coordinates, 

_ d* M , „ d-u d*« . j , d* M _ 

+ 2 '- = 0 


(77) 

(78) 

(79) 

(80) 


SOLUTION OF LINEAR CONSTANT-COEFFICIENT 
INTEGRO-DIFFERENTIAL EQUATIONS BY THE 
LAPLACIAN TRANSFORMATION 
(HEAVISIDE OPERATIONAL CALCULUS) 

By J. L. Barnes 


60. METHOD OF TRANSFORMATION 

The method for solving equations mentioned in the heading of this section is essen¬ 
tially the same as the Heaviside operational calculus, and is based on the Laplacian (and 
in special cases, Fourier) transformation. 

The chief advantage of this method over others is that it provides a simpler way for 
solving linear constant-coefficient differential equations as well as integral and integro- 
differential equations of a particular (convolution) type. One of the reasons for this 
simplicity is that the method is straightforward. 

The following treatment will be restricted to a statement of the more important 
properties and steps of procedure with an illustration of their use. For the purpose of 
simplifying this presentation the conditions under which the steps may be validly applied 
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will be omitted. Hence the correctness of a final result obtained by the procedure should 
be checked in each case by showing that it satisfies the given equation and conditions. 

1 . Pirect Laplacian transformation. Let t denote a real variable, a a complex vari¬ 
able (see p. 2 - 112 ), a real function of t which equals sero for < < 0 , Fia) a function of 
M, and e the base of the natural logarithms. If 

[“e-'/dydt ■= FM ( 1 ) 

•'0 

then F (s) is called the direct Laplacian tranaform of f{t), and in simpler notation 

£U(t)] = F(>) (2) 

2. Inverse Laplacian transformation. Under certain conditions the direct transfor¬ 
mation can be inverted, giving 

1 /•«+<« , 

e‘‘FMd,=f{t) (3) 

JVl •Fc — iao 

in which c is a real constant chosen so that the path of integration lies to the right of all 
the singularities of F(s). If this relation holds thtm /(/) is called the inverae Laplacian 
tranaform of F(«). In simpler notation the transformation is written 

iFwi = m (4) 

3. Transformation of nth derivative. If </?[/(f)] = F{a), then 

F(s) - "iV’ ( 0 ) -s’-*-* ( 6 ) 

where ( 0 ) means evaluated att = 0 , and/*“' ( 0 ) means/( 0 ), and n o 1 , 2 , 3 ,.... 

a 

4. Transformation of nth integral. If £{f{0] = F{8), theu 

f ■ f m *] =+ 2 ( 0 ) •«-"->-* ( 6 ) 

where ( 0 ) means J* ffQ) dt evaluated at f = 0 , and n = 1, 2, 3,... • 

6 . Inverse transformation of product. If 

o(?"'[Fi( 8 )] = /i(0. £r' [F,(8)] * f2(t) (7) 

then [fiCs) • f’ 2 («)] = - X) '/zW <iX ( 8 ) 

6 . Linear transformations £ and £ Let ki, kt denote real constants. Then 

£[kih(t) + hM)] = ki£\jm] + ki£[fM] (9) 

and £ -> life, FM + fe F,(s)] = k,£-' [P, (»)] + fc, dC [f sCs)] (10) 

61. PROCEDURE 

To illustrate the application of the rules of procedure the following simple initial-value 
problem will be solved. 

fc, + A -2 !/«) + h f y(l) dl = u (0 
V (0) 0, V <-» (0) 5^ 0 

where u(Jt) = 0 for f < 0, and 1 for 0 < t, and ki, k-i, kz are real constants. Assume that 
y{t) has a Laplacian transform T(«), that is, £[y{i)] — Y{8). 

Step A. Find the Laplacian transform of the equation to be solved and express it in 
terms of the transform of the unknown function. 

Thus, 

- [*■ ^ ^ *] = oC 

h £ ['^] + eC [!/(«)] + k,£\f y{t)dt] = £ [«(<)] 


By 6 this becomes 
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Thus, 


Y{8) = ■ 


By 3 and 4 and the given initial conditions of the problem the equation becomes 
fci[« F(«) - v(0)i + yw + *,[«-' VM + j/‘-‘’(0) -.-‘i = j£iu(i)]. 

Step B. Solve the resulting equation for the transform of the unknown function. 

og|«(0] + k, i/(0) - -g-* 

ki 8 Ks 8 ^ 

Step C. Evaluate the direct transform of the given function (right member) in the 
original equation. 

Note. One way to carry out step C is to find the transform from a table of transforms. 
An extensive table of direct and inverse Fourier transforms which in most cases can be 
interpreted directly as Laplacian transforms has been compiled by G. A. Campbell and 
R. M. Foster (Bell Telephone System Monograph B-584). In the present example 

oC[m( 0 I - , so 

® kxy(0)‘S - + 1 

ki 8^ k2 8 ks 

Step D. Obtain the solution of the problem by evaluating the inverse Laplacian 
transform of the function obtained by the preceding steps. 

Note. One way to carry out step D is to find the inverse transform from a table such 
as that mentioned above. To employ the table, the denominator of the fraction should 

be factored. (-D/m , 

1 fci i/(0)-s - ^^(0) -f 1 


in which 


y(.t) = c*e-‘[y(»)] = J£-‘ 

Ki 


ki 8^ -i- ki 8 kz 
ki ?y(0)-s — ?/~^(0) -f 1 
L Ai (s + A'i)(fi + A' 2 ) J 




2ki 2k\ 

To find the result it is necessary to distinguish between two cases. 

Caaei: If Ai A 2 , 

y(D = l[/ci y(0) A’l + »'-”(0) - 1] e-Ki‘ - 

-[*:iJ/(0) Ki + - 1] (Ki - Ki)\ 

for 0 < b and = 0 for i < 0 . 


Case S: If Ai = A 2 = A, then A = 7 ^ . and 

2 A,'i 


y (0 = dC ‘ 1 ^' 


k, v(0)-s - )/<-'' ( 0 ) + 


-] 


ki {s R) '^ 

From the table, 

y{l) = \kty(P) - 1 + *12/(0) 

for 0 < f, and = 0 for ( < 0 . 

To save space it will not be shown here that tho solutions obtained satisfy the original 
equation and initial conditions. 

The use of rule C can bo avoided by using rules E, F, and G in place of rules C and D 
in the following way. 

Step E. Factor the transform of tiie unknown function obtained by rule B, and 
evaluate the inverse Laplacian transform of each factor. 

Note. The inverse transform of a rational fraction can be found only if the degree of 
the numerator is one or more less than the degree of the denominator. 

8£[u(t)] 


Thus, 

Let Vi (t) 


y.. ^ fci y( 0)-8 — ?/~^^( 0 ) __ 

ki 8^ -h ki 8 + kz k\ 8^ k'i 8 + kz' 




kiy(0)-8 — ?/”^^( 0 ) 


(s + Ki){s + A 2 )J 
~[Ai y( 0 ) A 2 + 2 /^-^>( 0 )]c-A 2 < 
0 < f, and ” 0 for < < 0 . Also 
8 


= \lki 2/(0) Ki + ( 0 )] - 

/[ki (Ki - A 2 )]. for 


_ 

lki(8 + . 


] = (A, - K, e-«j')/[*,(lf, - JC.)) 


■ K,)(i + 

for 0 < f, and = 0 for < < 0. Finally, £~^{£[u{i)W = uii). 
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Step 7. Uee 6 to find the inverse transform of the product. 

Thus, by 6 and step F, 

y(0 - I/i«) + [*i(X, - - Ki a(X) jx. 

Step G. Evaluate the (convolution) integral arising from step F. Thus, 
yif) = y\{t) “l- — ^ 2 ) 1 “^ for 0 < t, and = 0 for i < 0 . 

It may be easily seen that for the particular problem treated above it is much simpler 
to use steps C and D than steps E, F, and G. However, for a more complicated right 
member of the original equation it could happen that step G would be easier to carry 
out than step C, in wliich case the second method (A, B, E, F, G) should be used rather 
than the first (A, B, C, D). 

One physical representation of the initial-value problem which we have used for illus¬ 
tration is the problem of finding the current response of a series electrical circuit contain¬ 
ing constant lumped inductance, resistance, and capacitance to an applied electromotive 
force u(t), with an initial current in the inductance and an initial charge on the condenser. 

The particular advantages of this transform method are not brought out well by the 
simple problem used for illustration of the procedure, but appear more clearly when sys¬ 
tems of higher order ordinary integro-differential equations or partial differential equations 
are treated. The complete method (of which only a part has been given above) is not 
restricted in its field of application to linear equations with constant coefficients, but the 
solution of this typo of equation is most simplified. 

Books and papers on the subject should be consulted for alternative methods of evalu¬ 
ating the direct and inverse transforms and for further properties and applications of the 
Laplacian transformation. 


FUNCTIONS OF COMPLEX VARIABLES 

By M. J. rish 

62. COMPLEX NUMBERS 

Complex Numbers. A complex number or vector is the combination of two ordinary 
real numbers a, h in the ordered pair (a, b) ^ a ih. where i* = — 1 . Heal and imaginary 
numbers are special cases of complex numbeirs obtained by placing 
(o, 0 ) = a, ( 0 , b) «= ib. 

1 . If a -f ib — 0, then a = 0, 6 = 0. 

2 . If a + ib c + id, then o *= c, b = d. 

, 3 . a + ib and a — ib are conjugate complex numbers. 

4. (a -f ib)ia — ib) = a* + b^. 

a + ib (a -f ib)(c — id) 


6 . 


c + id (c -f i</)(c — id) 


6 . o 4 - ib = r(cos 0 + i sin 0 ) = c 
o — ib = r(cos B — i sin B) — , 

h „ o. 


ac -{■ hd ^ .he — ad 
' c* + d* ^ c^ + dr ' 
J9. 


i 

.Y 

h 


0 

a 


Fig. 1 


where r = -f VoM^, sin B — cob B — r is called the absolute value (the modulus)^ 
and B, the argument. ^ ^ 

7. (cos ^ ± i sin f?)” = e = cos n 0 ± i sin nB (n arbitrary). 

8 . v-oT* = 1^1 (cos + i sin ^ ) = 1^4 

where k is an integer; for fc = 0 , 1 , 2 .... n — 1 , all the different values of the root are 
obtained. 

Addition of Two Complex Numbers. 

(a + ib) 4- (c + i^) = ^ (1) 

(See addition of vectors.) 

Multiplication of Two Complex Numbers. To multiply zi and 22 , multiply their 
moduli and add their arguments. This can best be accomplished by use of the exponential 
form: .... 


=r n 22 = rz z\ 22 = ri r 2 


To divide ~, divide the moduli and subtract their arguments; 

= li eiWl-»2> 

22 Tz 

I—IO 


(3) 
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68. COMPLEX VARIABLES 

Analytic Functions of Complex Variables. A function w « 
has at each point of a region in the z plane a derivative 


lira 

h-»0 


fiz 4- h) - m 


= nz) 


* /(«), r « a: 4“ iy^ which 


(4) 


where /'(r) has the same value independent of the manner of approach of « + A to r, is 
called analytic in this region and may be developed in a convergent power series. By 
separation of w = u{x,y) -f- i v{x,y) into its real and imaginary parts and allowing 
X + A to approach z first along the real axis, then along the imaginary axis, 


... . du ^ .(h 


. ^ do 
^ dy dy 


( 6 ) 


( 6 ) 


Thus the Cauchy-Riemann differential equations are obtained: 

du _ dv du _ do 
dx dy ’ dy dx 

If these four partial derivatives exist and are continuous at all points of the region, the 
Cauchy-Riemann equations are necessary and sufficient conditions for a function to 
be analytic in the region. The Cauchy-Riemann equations satisfy Laplace’s equation: 


d* <6 d* </> _ , 

+ “T-T = 0, for 0 = a and o 
dx^ dy^ 


(7) 


Examples of analytic functions are: 2^, c*, sin 2 .... The function w — x — iy has a 

different limit for the differential quotient by an approach along the real axis from that 
along the imaginary axis and is therefore not analytic. This can be found from the non¬ 
existence of the Cauchy-Riemann equations. 

Conformal Mapping. Consider the equation w ^ f{z). To every point in the 
z plane corresponds a point in the w plane, and there is a mapping of the corresponding 

points. If — f{z) is an analytic function, then at the 
points where/'(2) 5*^ 0, two curves in the w plane cut each 
other at the same angle as two corresponding curves in 
the 2 plane. In addition, each line element in the 2 plane 
has the same ratio of length to each corresponding line 
element in the w plane. This ratio of length iaf^iz) = 

Such a mapping is called conformal. Examples. 

(1) w - z + c, where c is complex, represents a dis¬ 
placement of the 2 plane parallel to and with the mag¬ 
nitude of the vector c. 

(2) w = az h {a 7 ^ 0 ; a 7^ \), a and b complex, 
represents a parallel displacement of amount b, a rota¬ 
tion equal to the argument of a, and a stretching or con¬ 
traction in the ratio 1/a. The point z =-remains 

1 — a 

fixed. 

( 3 ) w — 1 /z is the inversion transformation. The point 2 = 0 transforms into 
ic = 00. The inside of the unit circle, \z\ = 1 (Fig. 2) becomes, in the w jjlaiie, the out¬ 
side of the unit circle ;ty| = 1, with the circle taken in the opposite direction. Circles 
and straight lines in tlie 2 plane which go through the point 2 = 0 become straight 
lines in the v) plane. In particular, circles in the 2 plane which are tangent at 2 = 0 
become parallel lines in the w plane. 



VECTOR ANALYSIS 

By M. J. Fish 

64. SUM AND PRODUCT OF VECTORS 

A Vector is a directed segment of a straight line. Quantities in physics which have 
magnitude and direction, such as force, velocity, acceleration, can be represented by 
means of vectors. A scalar is a quantity which has magnitude but no direction. For 
example, mass, density, temperature are scalar quantities 
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Two vectors A and B are equal if they have the same length and direction. A vector 
may be displaced parallel to itself in space, provided it retains the same length and direc¬ 
tion. A vector having the same length but direction opposite to that of A is the negative 
of the latter and is written '-A. If is a vector of length a, then |i41 = a. The vector parallel 
to A but with length equal to the reciprocal of the length of A is written = I/A, The 

unit vector (il 0) is a vector having the direction of A and length 1. 

The Sum of two vectors A and 5isi4-b5 = B-fil (Fig. 1 ). Similarly, the sum of 
three or more vectors can lie found by using -f JJ as one side and continuing as above. 

The sum of A and — B is A — B (Fig. 1 ), the difference of two vectors. If p is a 
scalar and A a vector, then pA = Ap represents a vector p times as long as A with the 
same direction as A if p is positive and opposite if p is negative. If p, q are scalars, then 


(p + q) A pA H- qA; p(i4 + B) pA + pB ( 1 ) 

In operations with vectors, the following algebraic laws are valid: 

A -i- B = B + A, commutative. (2) 

A (B C) = (i4 + B) 4- C, associative. (3) 

p(A + B) — pA + pB, distributive. (4) 

\A-\- B\^ \A\ -f |B| 

where the equality sign holds only for A parallel to B. 


Rectangular Coordinates. Fig. 2 shows a right-handed system of coordinates; that is, 
a right-handed rotation of 90° about OZ carries OX into OF. Let i, k be unit vectors 



with the directions OX, OY, OZ, respectively. The point P{x, y, z) is the terminus of a 
vector OP = R such that 

R = ix jy kz (6) 

where the three vectors on the right are called the components of R. Given two vec¬ 
tors A = ia jb 4" kc and Ai = Wi 4- jbi 4* kci, then 

A A\ — Ha 4- aO + j\b 4- in) 4- He 4- ci) (6) 

Scalar Product. The scalar product of two vectors is sometimes called the inner 
product or the dot product. It is 

A-B=\A\ 1b 1 cos ^ (Fig. 3) (7) 

The following algebraic rules are valid: 

A B = BA 

A {B 4- C) = A B + A C 

If il B = 0, then either i4 = 0, B = 0, or -A is perpendicular to B. 

A-A = il- == \A\^ 

I I = j‘j - k‘k - 1 
i 'j ss j k = ft i = 0 

•If A = iai 4- ja 2 4- kaz and B = ihi 4- Jbz 4- khz, then i4 • B = m bi + a-i 62 + at h|. 
Vector Product. The vector product of two vectors is sometimes called the outer 
product or the cross-product. It is .1 X B = C, where C is perpendiculw to the plane of 
A and B with the magnitude |C| = li4| [Bl sin 8 (the area of the parallelogram made by 
A and B. Fig. 4) and so directed that a right-hand rotation of less than 180° carnes 
A into B. The following algebraic rules are valid: 

AXB--BXA 
AX(B-1-C) = AXB + AXC 
(B + C)XA-BXA-I-CXa 
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If ^ X B » 0, then either X » 0, B « 0, or ^ is parallel to B. 

I XI «/ X y » /t X - 0 

IX y« A * ~ y XI 

JXk-i^^-kxj 
kXi ^ J - iX k 

\i J k 

If il « lai + jaz + kat and B * ibi + jb 2 + kbi, then il X B « | ai 02 at 

I bi bz bt 


If = ioi + yo2 + kat 
B = tbl + jb2 + kht 
C = ici + jci + kcz 
then the triple scalar product 

A-{B X C) « U X B)‘C « B (C XA):::^iABC) 


Ol 02 O3 
61 bi bt 
Cl C 2 Ct 


and is equal to the volume of a parallelepiped whose three determining edges are A, B, C, 
The product 


(il X B) X C » (A-OB - (B‘QA = - C X (il X B) 
(il X B)-(C X B) =» (i4-C)(B-B) - (il*2))(B-C) 


66. DIFFERENTIATION AND INTEGRATION OF VECTORS 


Differentiation. A vector whose magnitude and direction depend on one or more 
scalar variables is called a variable vector. Continuity and differentiability are defined 
exactly as for scalar variables. The derivative is 


dl 


F\t) 


lim 


Fit -f A<.) - F{t) 
o Ai 


lim — (Fig. 5) 

Ar-40 Ai 


( 8 ) 



Fig. 5 


If the length of F remains unaltered, then F-dF = 0. If the direc¬ 
tion of F remains unaltered, then F X dF = 0. 

The following rules are valid: 
d(i4 + B) = dA + dB 
d(A-B) * A dB + B dA 

d(A X B) = dA X B + A X dB = A X dB - B X dA 
d(A-B-C) = A-B-dC + BC’dA + C-A-dB 


The Differential Operators. 

Let 

If 7 is a scalar function, 
then V7 


V = “ deZ ” = I ^ y ~ -I- ft ~ 
dx ay dz 

SradV^,- + ,- + k- 


then 


V • A = die A = 


5Ai dAy 


dx 


ay 


dAz 

dz 


(9) 

( 10 ) 

( 11 ) 


V X A = curl A = rot A 


I y k 

± ^ ± 

dx dy dz 


, r , . 52 .52 . 52 

^ = -+_ + - 


( 12 ) 

(13) 


Formulas for Differentiation. Let U and 7 be scalar functions and A and B be 
vector functions of x, y, z. Then: 

V(Cf + 7) = VC/ + V7; V-(A + B) = V-A + V-B; VX(A + B) = VXA + VXB 
V(C77) = 7VC7+ UVV; V (C7A) = L'V A + A vC7; VX (C/A) = VC/ X A -f C/V X A 
V (A XB) = B V X A - A V X B 

V(A-B) = A-VB -f B-VA + A X (V X B) + B X (V X A) 

VX(AXB) = B-VA - A-VB + A(V-B) - B(V*A) 
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VX(VXA) ~V(V-A) - V*il 
v(v X A) =0 
V X (vU) = 0 

li R ^ ix + I'y + kz (Fig. 2), then 

V.«-3;VX* = 0;AV« = >i;V.i=-i|-,V.il = 0. 

Integration. The line integral of a vector F along a curve AB denotes the integral 
of the tangential component of the vector along the curve; thus 

F dR= (Fig. 6) 

where dR = idx + jdy + kdz. 

If F = Vtf is the gradient of a single-valued continuous function V{x,y^ z) 
the line integral of F depends only on the end points. Conversely, if 

F{x, y, z) is continuous and / F dR — d ior any closed path C in a three- 
Jc 

dimensional region, there is a function U{x, y, z) such that F VU. 


(14) 
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66. THEOREMS AND FORMULAS 


Let n be the vector of unit length perpendicular to a surface at a point P and extend¬ 
ing on the positive side (the outwar(i normal); dS, the element of surface, and dr, the 
element of volume.. 

The Divergence (Gauss) Theorem. Consider any closed surface 5, lying in a vector 
field F, then 

ff^F n dS^ffI VPdv (IS) 


where V‘F is continuous and by a vector field is meant that to every point of the region 
there is a corresponding value of the vector. 

Stokes* Theorem. 


f fsV X F-ndS = 

\ F‘dR 

(16) 

where C is the curve bounding S, 



Green’s Theorem. 



f f^n-UvVdS= f f y d'’+ f f {VU-vr)dv 

(17) 

ffs n-mv - VVV) dS =ffl 

(C7V» r - FV» U) dv 

(18) 


Cylindrical Coordinates. 

X ~ T cos 6, y — r sin d, z = z 

The element of volume dv = rdrdOdz. The unit vectors Mr. ue, Ug are perpendicular to 
each other. 

dV 1 dV dV 

Grad r = V7 = — Mr -f Mtf + — u* (19) 

dr r dO dz 


Div F = V F = (.rFr) + ~ (F») + ^ (F,) 


r dr 


Curl F = VX F = 


— Uff 


A 

dS 

rFe 


r dO 

r 

dz 

Fz 


dz 


IdV d^V ^ 

V® F = “ T-h -r-y + ■ 

r dr dr^ 


I d^V ^ 
r* dO^ dz* 

Spherical Coordinates. 

a: == r cos d sin <^), y = r sin d sin 4>, z = r cos <f> 
The unit vectors Mr, m^, ub are perpendicular to each other. 


dV 

Grad F = W = T- “r 4- 
dr 


1 dV , IdF 
r sin dd r d<^ 


( 20 ) 


( 21 ) 

( 22 ) 


(2r 



2-116 


MATHEMATICS 


mvF 


CurlF 


V*F 


r* dr ^ ^ r sin 0 6$ 


sin 4t d^ ^ ^ 


Wr 


Jl^ 


Bin 0 r Bin ^ 


r 


V X /* = 


dr 


_d ^ 

^ do 


I Fr rF^f, r sin <t> Fe | 

Llf 2iZ\ 1 dH" 1 d /. dr\ 

r* dr \ dr / r* sin^ 4> 06^ sin dtp \ d<^/ 


(24) 

(25) 

(26) 
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Solid Angle. The lines joining the point P to points 
of a surface S generate a solid angle. If a is the area 
intercepted by these lines on a sphere of center P with 
radius r, then 


(27) 


is the measure of the solid angle. If iS is a surface such that it does not pass through P, 
cos 0 is nowhere zero, and n is everywhere continuous on the surface, then 


0 ) 



R n da 


(28) 


where R — PQ. If S forms the complete boundary of a three-dimensional region, the 
total solid angle subtended by 5 at P is zero if P lies outside the region, and 4ir if P lies 
inside the region. 


ALIGNMENT CHARTS—NOMOGRAMS 

By J. G. Brainerd 


67. DEFINITION 


An Alignment Chart is a group of curves so placed, and with scales so arranged, that 
there exists a simple method of determining points on the curves which correspond to a 
set of simultaneous values of the variables in a given equation for which the chart has 
been constructed. The term nomogram is frequently used in place of alignment chart. 

Use. The most extensive use of alignment charts is for the purpose of eliminating 
computations which (1) involve equations containing three or four variables, and (2) must 
be made frequently enough to warrant construction of a chart. 

Example. For a very simple example invohing only two variables, consider 
T = 5(f — 32)/9 which changes fahrenheit degrees (0 to centigrade degrees (T). It is 
possible to plot T as ordinate against t as abscissa on rectangular coordinate paper, thereby 
obtaining a straight line from which the value of T for any given value of t within the 
range of the graph can be obtained. An alignment chart of the type shown in Fig. 1 



T-|(f-32) or t-|T+32 
Fio. 1 


can be used to give the same information. Corresponding values of t and T are marked 
along a single line. This alignment chart has the advantages that it is easier to use, 
that it is more compact, and that interpolation is usually more accurate on it than on the 
graph in rectangular coordinates. 

An alignment chart giving the logarithms to five places of all five-figure numbers 
may be printed in eight pages whereas the corresponding tables require much more space. 
It is, however, more difficult to construct. Charts of this type represent equations of 
the form 

y = fix) (1) 

where fix) is a function of the independent variable x, and y is the dependent variabla 




FUNCTIONS OF THREE VARIABLES 


2--117 


58. FUNCTIONS OF THREE VARIABLES 


If a problem is governed by an equation of the form F(x, y, «) * 0 where F(x, y, t) 
is any function of the three variables x, y, and 2 (at least one of which is a dependent 
variable) then it may be possible to construct an alignment chart of the equation. Whether 
or not the chart can be constructed depends on the form of the equation. Below are 
listed some important forms for which it is possible to construct a chart. 

Type I. /i(x) = / 2 (y) + fiiz) (2) 

where /i, / 2 , and /a are any functions of x, y, and 2 , respectively; for example, 2 x + 3 =* 
62 /* + 9 log z is an equation of Type J. The alignment chart consists of three parallel 
straight lines constructed as follows: 

Let fi (y') and /a (y") be the largest and smallest values respectively of /a (y) which 
it is desired to have on the chart. Choose a scale factor my so that my [/a (y') — f% (y'Ol 
is equal to or less than the length which the scale can have on the paper. Plot along a 
straight line Y = myh (y) from fi (y") to fi (y'), placing the corresponding values of y 
beside several points in order to have a scale. 

At an arbitrary distance d from the Y scale, erect a parallel (Z) scale and repeat the 
above process, using an appropriate scale factor m, for the Z scale. It is not necessary 
to have any point on the Z scale opposite any particular point on the Y scale. 

At a distance m^fil^my + mf) from the Y scale draw a lino parallel to Y and Z and 
use this for the X scale. Let yo and zo be any two values of y and z, respectively; join 
the point on the Y scale corresponding to yo with that on the Z scale corresponding to zo 
by a straight lino and mark the point xo where this straight line crosses the X scale. Com¬ 
pute from the original equation /i (x) = fi (y) + h ( 2 ) the value of x (= xo) when y ^ yo 
and z = Zo. Then using a scale factor = mymgfimy + m^), plot X = mx/i (x) in 
such a way that, when x = Xo, the point obtained from X — 7Hxfi (x) will coincide with 
the point obtained previously for Xo. The alignment chart is now cf)nstructed. Any 
straight line will cut the scales F, X, and Z at points corresponding to values of y, x, and z 
which will satisfy the basic equation fi (x) = fi (y) -f /a (z). 

Example. To plot an alignment chart on 8 l/a by 11 in. paper for Ohm’s law which 
for a simple electric circuit is e == ri. r is to vary between 10 and 100 ohms and i 
between 1 and 3 amp. Taking the logarithm of each side of the equation, there is obtained 

log e — log r 4 - log i 


which is an equation of Typo I, with e, r, and i taking the places of x, y, and z respec¬ 
tively. Log e corresponds to fi (x), log r to fi (y), and log i to A (z). When r *= 100, 
log r = 2 , which corresponds to fi (y'); when r = 

10, log r = 1 which corresponds to f>{y"). Taking e^ri 


10 in. as the length of the scale, mr (2 — 1 ) = 10 , 
or Wr = 10 , where mr is the scale factor denoted by 
my in the general discussion. Plotting mr log r or 10 
log r from r = 10 to r = 100, the R scale of Fig. 2 is 
obtained. 

Likewise mi, corresponding to m* in the general 
discussion, is found from mj (log 3 -- log 1) = 10, or 
mi — 20.96. Construct the I scale 6 in. from the R 
scale, that is, plot 20.96 log i from i = 1 to t = 3 
along a lino parallel to the R scale at a perpendicular 
distance d = 6 in. away from the latter. 

Now erect a third scale (E), between and parallel 
to R and 7, at a distance mrd/ (mr+mi) = 60/30.96 == 
1.94 in. from R. Take any values of r and i, say r = 
60 ohms and i = 2.5 amp, and join by a straight line 
the point corresponding to r = 60 on the R scale 
with the point corresponding to i = 2.5 on the I 
scale. The point where this line crosses the E scralo 
corresponds to e = 50 X 2.5 = 125 volts. Mark it. 
From this point on the E scale, plot upwards m* 
log e from e = 125 to e ~ higher values, and from 
the same point plot downwards me log e from e = 
125 to e = lower values. The value of wig is mg = 



Fio. 2 



mrmiKmr 4- mi) = 209.6/30.96 = 6.77. 

The alignment chart is now completed. By joining by a straight line (preferably 
scratched on the bottom of a piece of celluloid or other transparent material to facilitate 
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interpolation) any point on one scale with any point on either other scale, the line passes 
through a point on the third scale such that the three points correspond to values of e, 
r, and i satisfying e ~ n. 

The equation pv ^ RT, where 22 is a constant and p, r, and T are variables, is frequently 
met in thermodsuiamics. Let T, p, and v correspond to », y, and s, respectively, and take 
the logarithm of both sides. Then log 22 + log T = log p + log r, whence, with log 22 -f 
log T corresponding to f\ (x), log p to /2 (v) and log v to /s (z), the procedure in the above 
example may be followed almost identically to obtain the alignment chart. 

Type n. /, (x) = (3) 

h w 

where/i(x) is any function of x, U(y) any function of p, and /sCz) any function of z. The 
alignment chart is called a Z chart, on account of its shape. Draw two parallel lines 
Y and Z at a convenient distance from each other and choose scale factors nty and ntz as 
before, except that the minimum values of hiy) and fz{z) should be taken zero. Plot 
fnyfiiy) along Y. Plot in the opposite direction along Z. That is, if lUyf^iy) is 

plotted from bottom to top of Y (zero value at bottom), then inzf^{z) should be plotted 
from top to bottom (zero value at top). Join the point corresponding to /aCp) = 0 with 
the point corresponding to fz{z) = 0 by a straight line X. This line will be of length k. 
Plot k myf\{x)/[mz -f- Wy/i(x)] along X, taking as origin the point corresponding to/ 2 (p) i 
~ 0, which is one end of the X scale. The alignment chart is now drawn; any straight 
line passing through the scales cuts them at points whose corresponding values of x, p, 
and z satisfy the original equation. 

It should be noted that (1) Type II includes equations of the form/i(x) =* f^iy) Fziz)^ 
where Fi{z) is a function of z only, since these can lie thrown into the form previously 
given by replacing Fi{z) by l//t((z); (2) any equation of Type II can be made an equation 
of Type I by taking the logarithm of both sides, for then log /i(x) = log / 2 (p) — log fz{z) 




which is of Type I; (3) on Z charts the X scale will always contain all values of /i(x) 
from 0 to 00 , which may be an advantage. 

Example. In a right tritingle tan B — yfz where 0 is an angle (not 90°), y is the 
length of the opposite side of the triangle, and z that of the side adjacent to 6 . Here 0 
corresponds to x, tan 6 to fi (p) is p, and fz (z) is z. Scales Y and Z will be uniform. 

The chart is shown in Fig. 3, 

Type III. /i (x) A (z) 4- ACp) h (z) + fz (z) = 0 (4) 

The alignment chart usually consists of two straight lines and a curved scale. (Types I 
and II are special cases of Type III, in which the curved scale becomes straight.) 

Draw two parallel lines X and Y, as far apart as is convenient. Plot m*/i (x) along 
X and myfi (p) along F, choosing suitable scale factors nix nnd my as before, and placing 
the respective origins opposite each other. (See Fig. 4.) Now draw two straight lines, 
one perpendicular to X and Y and passing through both origins, the other parallel to 
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X and Y and halfway between them. These are temporary construction axes which may 
be called U and V, respectively. Plot in the uau^ manner, with reference to these 
rectangular axes, the curve whose coordinates are 

7 my fi (g) — nixfh (g) /c X • , —rnxinyfuiz) 

“ myfi {z) + mxh (*) ® ~ myU {z) + mxU (*) ^ 

where k is the distance from either X or F to V. Mark points with the corresponding 
values of z. The curve thus obtained and the X and Y scales form the desired alignment 
chart. A straight line passing through points on any two of the scales will intersect the 
third scale at such a point that the corresponding values of x, and z satisfy the given 
equation. The equations for u and v show that the ratio mximy is important in deter¬ 
mining the shape of the curved Z scale. It is frequently desirable to try different con¬ 
venient values of mxfmy, sketching the curve roughly each time, to obtain a Z scale of 
good shape so far as accuracy and ease of reading are concerned. 

Example. To draw an alignment chart on 8 I /2 by 11 in. paper for the equation 
c -f 62 + = 0 which will give the real roots of this quadratic equation for h lietween 

— 5 and + 5, c between the same limits. Comparing this with the typical equation of 
Type III, c, h, z correspond to x, y, z, respectively, c to fi (x), b to A (v), r® to /3 (r)» 
1 to A ( 2 ), z to /b («). Taking 10 in. as a desirable length for the B and C scales, mt — 
10/[5 — 5)] = 1 and me = 1 likewise. Then, taking fc = 3 in., 


=— 3 p ^ 1 (6a) and » = 

Ll + 2J 1+2 

Plotting the curve given by these coordinates on the construction axes U, V, Fig. 4 
is obtained. Only positive values of z are shown on the Z scale; for iiegativo roots of 
c + 62 -f- 2® * 0, reverse the sign of the positive roots of c — 62 + 2* = 0. 

Type III (a). 0 (7) 

which is the same as the original Type III equation except that Fi (x) has been written 
for l//i (x) and Fz (y) for I//2 (y). The alignment chart may bo composed of two inter¬ 
secting straight lines and a curved scale. 

Draw an X scale horizontal and a Y scale vertical, and take the intersection as origin. 
Choose scale factors nix and my, and call 1/mx one unit along X and 1/my one unit along 
Y. Plot the curve whose coordinates are 

X =~/4(2)//3(2) (8a) and y- h {z)fh {z) (86) 

marking ix)ints with corresponding 

values of 2. This curve is the Z lO-iY 

scale. Now plot mx F\ (x) along X 
and my Fz (y) along F, obtaining 
the X and Y scales. The alignment 

chart is complete; a straight line ^ x'*’!/’’” 

crossing the scales will cut them at ^ 

points corresponding to values of x, 

y, and z satisfying the basic equa- " ^ 

tions. 

Example. Take the previous —-t- --r-^ ^-- ' ' ' "i " X 

example c -f- 62 + ” 0 and assume 

that an alignment chart is desired 

for large values of c and 6. Write Z*'^’**’*^ 

the equation in the form 

- + - + *’ = 0 
X y 

where x ^ lie, y ^ 1 / 6 , 

X — F\ {x), y = Fz iy). 1 = 

A ( 2 ). 2 == A ( 2 ). = A (2) Fiq. 5 

The chart is shown in Fig. 6. 

It is seen from this example that a chart of this type has a complementary relation 
to that of Fig. 4. Large values of 6 and c will not fall conveniently on the latter but will 
on the former (since small x and y correspond to large c and 6). The choice of form for 
a chart will thus depend on ranges of the variables and accuracy desired. 

Type III (b). 


Type III (a). 


S^iy) ■\-hix) Fiiz) = F 2 ( 2 ) 


(9) 
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which can be obtained from the original Type III equation by dividing by /# {z) and 
writing Fi {z) lot fi {z)/fi («) and Fi {z) for — /a («)//6 («). In this form the equation is 
conveniently arranged for the construction of an alignment chart consisting of a straight 
scale, a scale on the arc of a circle, and a curved scale. 

Plot in rectangular axes the curve the abscissa of any point of which is F i (z) and the 
ordinate F 2 (*). The unit for abscissas need not be the same as the unit for ordinates 
(i.e., scale factors should be chosen so that the curve fits on the paper for the range of z 
to be considered) but the same units must be used throughout the construction of the 

chart. The curve thus found is the Z 



used on Y scale and auxiliary scale.) 
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scale, and values of z should be marked 
beside the points to which they corres¬ 
pond to give the scale. 

Take the vertical axis as the V scale 
and plot my /2 (y) along it, niy being the 
scale factor for ordinates. Now with the 
origin as center draw an arc of a circle, 
cutting the horizontal axis at some point 
from which a scale is to be laid off along 
this arc in the counter-clockwise direc¬ 
tion, such that the slope of the line from 
any point on the scale to the origin is 
fi lx). The scale thus formed is the X 
scale. This alignment chart differs from 
those previously considered in that two 
straight lines are needed to determine a 
set of points such that the corresponding 
values of x, y, and z satisfy the original 
equation. Draw one line from a point 
on the X scale to the origin. Then any 
parallel line will cut the Y and Z scales 
in points which, taken with the original 
X iK)int, satisfy the basic equation. 

Example. 2 / -f- x (10 — z) — z^. 


Here y = /i (y), x ~ /i (x), 10 — z = 
Fi («), z® = F 2 (z). The chart is shown in Fig. 6. 

Type IV, Xi Y2 Zz -b X2 Yz Zi + Xz Fi Z2 - Xi Yz Zi - X2 Fi Zz - X3 F2 Zi = 0 
where Xu X2, and Xz are functions of x only, Fi, Yi, Yz of y only, etc. The equation 
may be written in determinant (q.v.) form; 


Xi X2 X3 

Fi F 2 Yz = 0 (10) 

Z 1 Z2 Zz 


This is the most general equation in three variables which can he represented hy an alignment 
chart, which latter will consist of the most general case of three curved scales. All the 
preceding types are special cases of Type IV. UfUess an equation can be reduced to the form 
of Type IV, no alignment chart can be made. General rules for determining whether this 
is possible or not cannot be given; a trial-aiid-error method must bo used. Rules for 
constructing alignment charts for equations of Type IV which do not reduce to one of the 
special cases (Types I, II, and III) previously given will be found in texts on nomograms. 


59. FUNCTIONS OF FOUR VARIABLES 

Functions of four (sometimes more) variables can be handled in several ways. One 
method is to construct charts which may be moved with respect to one another. A 
slide rule (not usually considered an alignment chart) is a special and simple illustration 
of sliding charts, each comprising one scale. 

Method I. One method is based on writing a given equation F(x, y, s, f) = 0 in 
the form of two equations by introducing a new variable u \ Fi (x, y, u) =* 0 and F 2 (z, t, u) 
SB 0. The latter two equations are simply simultaneous equations from which u may be 
eliminated to get F (x, y, z, t) = 0, the original equation, but they must be so chosen that 
the U scale can be made common to their charts. 

Example. /i (x) « fz (y) -f- A ( 2 ) + fi (0 

whore fi (x) is any function of x, etc. Construct a chart for the equation fz (z) + A (0 
w by the rules for equations in three variables of Tyr)e I. Now construct a chart for 
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"I ■*■ XT*”" *•>« ^ “»'» common to the two three- 

variable charts. No graduations are necessary on the U scale in this case. 

To use the chart, draw a straight line through points corresponding to z on the Z scale 
and t on the T scale and note where this line crosses the U scale. Through the latter 
point and a point corresponding to y on the Y scale, pass a line which will cut the X scale 
at a point corresponding to the value of x which satishes the basic equation. 


Example. 


a -l-J 
a + t 




where o is a fixed constant. Each side of the equation may be set equal to u. Then a 
Z chart can be constructed for x/y = u and another for (a + «)/(o + /) « u, with the 
U scale cornmon. (See Type II of functions of three variables.! A straight line passing 
through points on the X scale corresponding to x and on the F to 1 / determines a point 
on U. Through the latter 
and a point on the Z scale 
corresponding to z a straight 
line may be passed which 
will cut the T scale at a 
point corresponding to a 
value of t which satisfies 
the equation. 

Method II. Another 
method of constructing a 
chart for a function of four 
variables is to write the 
equation (if possible) in the 
form given for Type IV of 
functions of three variables 
with Zi, Z 2 , and Za replaced 
by H\, Hi, and Hz where 
each H is some function of 
z and t (but not of x and y). 

If this can be done, then for 
a given value of ^ a Z scale 
can be constructed, for 
another value of <, a dif¬ 
ferent Z scale, etc. Likewise for fixed values of z, various T scales can be drawn. 
Thus a family of Z and T scales is obtained so that, given a value of t, the proper Z scale 
can be chosen, and used with the X and Y scales in the same manner as in the case of 
a three-variable chart. 

Example. _ ~ 4 - = 0 

X y 



When t = 1 this becomes the equation charted in Fig. 5 as an example of Typo III (a) of 
a function of three variables. When i = 2 , 3, 4, . . . , the same X and Y scales may be 
used, but a different Z scale is obtained for each value of t. Points on the Z scales repre¬ 
senting the same value of z may be connected by curves, giving a family of curves. 
The chart is shown in Fig. 7. 

Method III (Proportional Charts). If an equation is of the form 


/i (x) ^ f?. (z) 

h (y) U (0 


( 11 ) 


then it is in the form of a simple proportion ( 0/6 = c/d). 

Construct two sets of perpendicular axes, X and Y and Z and T fthe two sets may 
coincide) such that Z is parallel to X and Y to T. Plot /i (x) along X, using any con¬ 
venient unit, and h {z) along Z, using the same unit. Plot h {y) along Y (a different 
unit may be used) and fi (0 along T using the same unit as used along Y. Connect any 
point on X with any point on Y. Any parallel line will cut Z and T at points correspond¬ 
ing to values of z and t which with the values of x and y given by the first line will satisfy 
the basic equation. 

X 3 “b 2”^ 


Here x « /i (x), p = /a (y)f 3 + ~ h («) cos B correspond to f, A (0. respectively. 

The chart is shown in Fig. 8. 
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Another form of proportional chart can be used when the basic equation can be thrown 
into the form 

fi (x) - fi (yj * /, iz) - /4 (0 (12) 

Construct two pairs of axes, X and Y, Z and T, all parallel. Make the distance between 
X and Y the same as that between Z and T (which may bo zero). Plot, using the same 
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unit throughout, f\ (x) along X, /a (?/) along F, etc. Join any point on X with any point 
on Z. Any parallel line will cut Y and T at points such that the corresponding values of 
z and t will satisfy the basic equation. Note that any equation of the form first consid- 
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ered under Method III may be thrown into the form here considered by taking the loga¬ 
rithm of both sides. 

Example. * — 3 / = « — cos B 

The chart is shown in Fig. 9. 
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PRECISION OF MEASUREMENTS 

By J. L. Btraes and Churchill ^isenhart 

To increase the reliability of the result of a direct physical measurement the measur- 
ing operation is applied to the same quantity more than once. It is important to know 
how to combine the results of such repeated observations to find the best estimate of the 
true value of the quantity measured. Likewise the risk incurred in accepting the esti¬ 
mate should be determined since the amount allowable will vary with the purpose for 
which the estimate is to be used. 

60. OBSERVATIONS AND ERRORS 

The Error of an Observation is the observed value of the quantity minus the true 
value, e.g., Cj s mj — m, t = 1, 2, ... n, where the mi’s are the observed values, the Ci’s 
the errors, and m the true value which is unknown. 

Errors are classified as accidental and systematic. Accidental errors are those which 
in a large number of measurements are as often negative as positive. They affect the 
arithmetic mean but little. All other errors are classed as systematic. Systematic errors 
due to the same cause affect the mean in the same sense, and do not tend to balance 
each other, but rather give a definite bias to the mean. 

It is necessary to eliminate all systematic errors if accurate results are to be secured. 
In a search for systematic errors each possible source should bo varied separately. When 
systematic errors have been removed there always remains a residual or accidental varia¬ 
bility which may be reduced by refinement of apparatus and increased skill in manipula¬ 
tion but which cannot be completely eliminated. 

Best Estimate and Measured Value. All systematic errors having been eliminated, it 
is possible to consider the individual repeated measurements of a quantity with a view 
to securing the “best estimate of the true value” of the quantity and assessing the degree 
of reproducibility which has been obtained. The final result will then be expressed in 
the form j& dc L, where E is the best estimate of the true value and L represents the 
characteristic limit of variation associated with a certain risk. In this connection, it 
seems appropriate to remark that the entire result, E dz L, is the measured value of the 
quantity, and not merely E. 

The Arithmetic Mean. If a large number of measurements have been made to deter¬ 
mine directly the unknown magnitude, m, of a certain quantity, all measurements having 
been made vrith equal skill and care, the best estimate of m is the arithmetic mean, m, of all 
the measurements. 

- 1 ” 

m = - 2 (1) 

Standard Deviation, in the theory of least squares, is defined as the rooUmean^^quare 
of the deviations cj of a set of observations from the true value. In the equation 



a- may be considered, in the language of mechanics, as the radius of gyration of a set of 
n equal particles, with respect to a given centroid axis. 

Since neither the true value, m, nor the_errors of observation, €{ — mi — m, are known, 
the deviations from the mean, xi = mi — m, i — 1, 2, . . . , n, shall henceforth be referred 
to as errors. Likewise, for the value of or, the following will be used: 

r « IH 1 / ” 

a = (n ~ 2 ~ 1) ( 2 (3) 

in which n is replaced by n — 1 since one degree of freedom is lost by using m instead of 
m, m being related to the mj’s. 

61. THE PROBABLE ERROR 

Relative Frequency of Errors. The most prominent frequency function of practical 
statistics is the Gauss-Laplace law of frequency of errors, 

1 .-*V2a2 

—■= e • 

<rV,?ir 


y 


(4) 
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The curve with this equation (Fig. 1) is known in statistics as the normal probability curve. 
It is also frequently written: 

, »- 4 =* «-***“ ( 6 ) 

Vr 

where 2h*<r* » 1, or A *» l/(V2<r), and y represents the proportionate number of errors 

of value X. Thus the area under the curve is unity. 
The dotted curve (Fig. 1) is also an error distribution 
curve with a greater value of h. It will be observed 
that the greater the value of h the more closely are 
the errors clustered about the maximum ordinate, 
which is at a; =« 0. Hence h may be considered as a 
precision index and is a measure of the concentration 
of observations about their mean. Also, h is in 
inverse relation to c. 

Probability. The proportionate number of errors 
whose values lie between x *» — o and x « a (Fig. 1) is 
2 z**® 



e —dx = 


= — f 




d{hx) 


( 6 ) 


where P is the probability of an observational error, x, having a value between — a and a. 
In a similar manner the shaded area in Fig. 1 represents the relative frequency or prob¬ 
ability of errors between h and c. 

Values of P corresponding to values of hi given in Table I are published by James 
Burgess in the Tranaacliona of the Royal Society, Edinburgh, 39 , 257, 1900, and in the 
Smithsonian Tables. 

2 /•ha 

Table I. Values of P » I d(hx) 

Vtt ^0 


ha * 

0 

1 

2 

8 

4 

0 

6 

7 

8 

0 

0.0 


.01128 

.02206 

.03384 

.04011 

.00637 

.06762 

.07886 

.09008 

.10128 

.1 

.11246 

. 12362 

.13476 

.14587 

.15695 

. 16800 

. 17901 

. 18999 

.20094 

.21184 

.2 

.22270 

.23352 

.24430 

.25502 

.26570 

.27633 

.28690 

.29742 

.30788 

.31828 

.3 

.32863 

.33891 

.34913 

.35928 

.36936 

.37938 

.38933 

.39921 

.40901 

.41874 

.4 

.42839 

.43797 

.44747 

.45689 

.46623 

.47548 

.48466 

.49375 

.50275 

.51167 

.5 

.52050 

.52924 

.53790 

.54646 

.55494 

.56332 

.57162 

.57982 

.58792 

.59594 

.6 

.60386 

.61168 

.61941 

.62705 

.63459 

.64203 

.64938 

.65663 

.66378 

.67084 

.7 

.67780 

.68467 

.69143 

.69810 

.70468 

.71116 

.71754 

.72382 

.73001 

.73610 

.8 

.74210 

.74800 

.75381 

.75952 

.76514 

.77067 

.77610 

.78144 

.78669 

.79184 

.9 

.79691 

.80188 

.80677 

.81156 

.81627 

.82089 

.82542 

.82987 

.83423 

.83851 

1.0 

.84270 

.84681 

.80084 

.80478 

.80860 

.86244 

.86614 

.86977 

.87833 

.87680 

1.1 

.88021 

.88353 

.88679 

.88997 

. 89308 

.89612 

.89910 

.90200 

.90484 

.90761 

1.2 

.91031 

.91296 

.91553 

.91805 

.92051 

,92290 

.92524 

.92751 

.92973 

.93190 

1.3 

.93401 

.93606 

.93807 

.94002 

.94191 

.94376 

.94556 

.94731 

.94902 

.95067 

1.4 

.95229 

.95385 

.95538 

.95686 

.95830 

.95970 

.96105 

.96237 

.96365 

.96490 

1.5 

.96611 

.96728 

.96841 

.96952 

.97059 

.97162 

.97263 

.97360 

.97455 

.97546 

1.6 

.97635 

.97721 

.97804 

.97884 

.98962 

.98038 

.98110 

.98181 

.98249 

.98315 

1.7 

.98379 

.98441 

.98500 

.98558 

.98613 

.98667 

.98719 

,98769 

.98817 

.98864 

1.8 

.98909 

.98952 

.98994 

.99035 

.99074 

.99111 

.99147 

.99182 

.99216 

.99248 

1.9 

.99279 

.99309 

.99338 

. 99366" 

.99392 

.99418 

.99443 

.99466 

.99489 

.99511 

3.0 

.99032 

.99602 

.99072 

.99091 

.99602 

.99626 

.99642 

.99608 

.99678 

.89688 

2.1 

.99702 

.99715 

.99728 

.99741 

.99753 

.99764 

.99775 

.99785 

.99795 

. 99805 

2.2 

.99814 

.99822 

.99831 

.99839 

.99846 

.99854 

.99861 

.99867 

.99874 

.99880 

2.3 

.99886 

.99891 

.99897 

.99902 

.99906 

.99911 

.99915 

.99920 

.99924 

.99928 

2.4 

.99931 

.99935 

.99938 

.99941 

.99944 

.99947 

.99950 

.99952 

.99955 

. 99957 

2.5 

.99959 

.99961 

.99963 

.99965 

.99967 

.99969 

.99971 

.99972 

.99974 

.99975 

2.6 

.99976 

.99978 

.99979 

.99980 

.99981 

.99982 

.99983 

.99984 

.99985 

.99986 

2.7 

.99987 

.99987 

.99988 

.99989 

.99989 

.99990 

.99991 

.99991 

.99992 

.99992 

2.8 

.99992 

.99993 

.99993 

.99994 

.99994 

.99994 

.99995 

.99995 

.99995 

.99996 

2.9 

8.0 

.99996 

.99098 

.99996 

99999 

.99996 

. 99999 

.99997 

1 00000 

.99997 

.99997 

.99997 

.99997 

.99997 

.99998 


* /.o « 0.47694 - - - 

»• y/2c 
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Probable Error, r. In the publication of results of measurements it has been ^custom¬ 
ary in the United States to express these results in the form E =b r, where r is the probable 
error of a single observation and is defined as the number which the actual error may with 
equal probability be gx&iler or less than. Thus from (6), 

J_ d{kx) = 0.60 (7) 

V7r‘'0 

Table II. Values of Functions of n and (n — 1) 

Factors for Computing Actual and Approximate Values of r and rm 


n 

0.6745 

0.6745 

0.8453 

0 8453 

n 

0.6745 

0.6745 

0 8453 

0.8453 

V ' n — 1 

VnCn — n 

Vn ( n - 1 ) 

nVn - 1 

Vn-T 

Vnln-T) 

Vnin- 1 ) 

1 

1 





51 

0.0954 

0.0134 

0.0167 

0.0023 

2 

0.6745 

0.4769 

0.5978 

0.4227 

52 

.0944 

.0131 

.0164 

.0023 

3 

.4769 

.2754 

.3451 

.1993 

53 

.0935 

.0128 

.0161 

.0022 

4 

.3894 

. 1947 

.2440 

.1220 

54 

.0926 

.0126 

.0158 

.0022 

5 

.3372 

.1508 

.1890 

.0845 

55 

.0918 

.0124 

.0155 

.0021 

6 

.3016 

. 1231 

.1543 

.0630 

56 

.0909 

.0122 

.0152 

.0020 

7 

.2754 

.1041 

.1304 

.0493 

57 

.0901 

.0119 

.0150 

.0020 

8 

.2549 

.0901 

.1130 

.0399 

58 

.0893 

.0117 

.0147 

.0019 

9 

.2385 

.0795 

.0996 

.0332 

59 

.0886 

.0115 

.0145 

.0019 

10 

0.2248 

0.0711 

0.0891 

0.0282 

60 

0.0878 

0.0118 

0.0142 

0.0018 

11 

.2133 

.0643 

.0806 

.0243 

61 

.0871 

.0111 

.0140 

.0018 

12 

.2034 

.0587 

.0736 

.0212 

62 

.0864 

.0110 

.0137 

.0017 

13 

. 1947 

.0540 

.0677 

.0188 

63 

.0857 

.0108 

.0135 

.0017 

14 

. 1871 

.0500 

.0627 

.0167 

64 

.0850 

0106 

.0133 

.0017 

15 

. 1803 

.0465 

.0583 

.0151 

65 

.0843 

.0105 

.0131 

.0016 

16 

.1742 

.0435 

.0546 

.0136 

66 

.0837 

.0103 

.0129 

.0016 

17 

. 1686 

.0409 

.0513 

.0124 

67 

.0830 

.0101 

.0127 

.0016 

18 

. 1636 

.0386 

.0483 

.0114 

68 

.0824 

.0100 

.0125 

.0015 

19 

.1590 

.0365 

.0457 

.0105 

69 

.0818 

.0098 

.0123 

.0015 

20 

0.1547 

0.0346 

0.0434 

0.0097 

70 

0.0812 

0.0097 

0.0122 

0.0015 

21 

.1508 

.0329 

.0412 

.0090 

71 

.0806 

.0096 

.0120 

.0014 

22 

.1472 

.0314 

.0393 

.0084 

72 

.0800 

.0094 

.0118 

.0014 

23 

. 1438 

.0300 

.0376 

.0078 

73 

.0795 

.0093 

.0117 

.0014 

24 

.1406 

.0287 

.0360 

.0073 

74 

.0789 

.0092 

.0115 

.0013 

25 

. 1377 

.0275 

.0345 

.0069 

75 

.0784 

.0091 

.0113 

.0013 

26 

.1349 

, .0265 

.0332 

.0065 

76 

.0779 

.0089 

.0112 

.0013 

27 

. 1323 

' .0255 

.0319 

.0061 

77 

.0774 

. 0088 

.0111 

.0013 

28 

.1298 

.0245 

.0307 

.0058 

78 

.0769 

.0087 

.0109 

.0012 

29 

, .1275 

.0237 

.0297 

.0055 

79 

.0764 

.0086 

.0108 

.0012 

80 

0.1252 

0.0229 

0.0287 

0.0052 

80 

0.0759 

0.0085 

0.0106 

0.0012 

31 

' .1231 

.0221 

.0277 

! .0050 

81 

.0754 

.0084 

.0105 

.0012 

32 

.1211 

.0214 

.0268 

.0047 

82 

.0749 

.0083 

.0104 

.0011 

33 

.1192 

.0208 

.0260 

.0045 

83 

.0745 

.0082 

.0102 

.0011 

34 

.1174 

.0201 

* .0252 

.0043 

84 

.0740 

.0081 

.0101 

.0011 

35 

.1157 

.0196 

.0245 

.0041 

85 

.0736 

.0080 

.0100 

.0011 

36 

.1140 

, .0190 

1 .0238 

.0040 

86 

1 .0732 

.0079 

. 0099 

.0011 

37 

.1124 

' .0185 

* .0232 

.0038 

87 

' .0727 

1 .0078 

^ . 0098 

.0010 

38 

.1109 

.0180 

.0225 

.0037 

88 

.0723 

.0077 

.0097 

.0010 

39 

.1094 

.0175 

. .0220 

.0035 

89 

.0719 

.0076 

.0096 

.0010 

40 

0.1080 

0.0171 

0.0214 

0.0034 

90 

0.0715 

0.0075 

0.0094 

0.0010 

41 

. 1066 

.0167 

.0209 

.0033 

91 

.0711 

.0075 

.0093 

.0010 

42 

. 1053 

.0163 

.0204 

.0031 

92 

.0707 

.0074 

.0092 

.0010 

43 

.1041 

.0159 

.0199 

.0030 

93 

.0703 

.0073 

.0091 

.0009 

44 

.1029 

.0155 

.0194 

.0029 

94 

.0699 

.0072 

.0090 

.0009 

45 

. 1017 

.0152 

.0190 

.0028 

95 

.0696 

.0071 

.0089 

.0009 

46 

.1005 

.0148 

.0186 

.0027 

96 

.0692 

.0071 

.0089 

.0009 

47 

.0994 

.0145 

.0182 

.0027 

97 

.0688 

.0070 

.0088 1 

.0009 

48 

.0984 

.0142 

.0178 

.0026 

98 

.0685 

.0069 

.0087 

.0009 

49 

.0974 

.0139 

j .0174 

.0025 

99 

.0681 

.0068 

.0086 

.0009 

00 

0.0954 

0.0136 

0.0171 

0 0024 

100 

0.0678 

0.0068 

0.0085 

0.0009 
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and fer = 0.47694 (8) 

or r = 0.4769 X (r = 0.6746 <r (9) 

In a similar maimer it may be observed that 6 per cent of the errors, x, are greater than 

2<r, and less than 1 per cent are greater than 3tr. Thus it is possible to evaluate the risk 
involved in accepting the mean of a number of observations. 

From the preceding discussion it follows that 

T - 0.6745<r - 0.6745 (n - 1)"^^ 2 d®) 

This is the standard formula for r and should be used for results which are to be published. 
For rapid comparisons, however, the following approximate formula due to Peters is useful: 

n 

r « 0.8453 [n(n - l®*l (H) 

1 

The Standard Deviation of the Arithmetic Mean, as calculated from data, is related 
to the standard deviation, a, by the formula 

ain = n“^<r = [n(n - 1)]“^^ 2 (^2) 

From this formula and Tables I and II the limits corresponding to given risks can be 
determined as indicated above. It is evident that the stability of the mean increases 
with n, i.e., the effect of the erratic behavior of single cases decreases with increase of n. 

The Probable Error of the Arithmetic Mean as calculated from data, rm, is then 
given by 

(13) 

i-1 ' 

and Peters’ formula for the approximate value is: 

n 

0.8453 [n‘(n - 

<-l 

62. APPLICATIONS 

Example. The following are ten measurements, mi, of the length of a base line. 
Below are given the values of the residuals, Xi, and their squares, mil 455.35, 455.35, 
456.20, 456.06, 466.75, 465.40, 455.10, 455.30, 456,60, 456.30 
Arithmetic mean, m = 455.330. 

Xii 0.02, 0.02, - 0.13, - 0.28, 0.42, 0.07, - 0.23, - 0.03, - 0.17, - 0.03. 

Xi^: 0.0004, 0.0004, 0.0169, 0.0784, 0.0049, 0.0529, 0.0009, 0.0289, 0.0009. 

10 10 

Hence: 2 “ 0.3610, and 2 M = 1-40. 

t-l <-l 

So by the standard formulas, r = 0.6745 (9)~^ (0.3610)^ = 0.13, rm = (10) r = 0.042. 
By the approximate formulas, r « 0.8453 (90)”^ (1.40) = 0.12, rm « 0.039. 

For the best estimate of the base line, the result is 455.330 with probable error ± 0.042 
(using result given by standard formula), usually written 455.330 dz 0.042. Note that 
five of the residuals are numerically less than the probable error of a single observation. 
In fact, in any considerable number of observations it should be the case that half of the 
residuals are less than the probable error. . 

It can be shown that the standard deviation, <r, of a rounded number (p. 2-05) due to 
rounding is <r = 0.2887 w, where mj is a unit in the last place retained. Consequently, 
the probable error of a rounded number due to rounding is: 

r « 0.6746 X 0.2887 w = 0.1947 w. 

Weighted Observations. Sometimes, notwithstanding the care with which observa¬ 
tions are taken, there are reasons for believing that certain observations are l;)etter than 
others. In such cases the observations are given different weights, that is, are counted 
different numbers of times, the weights or numbers expressing their relative practical 
worth. If there arc n weighted observations, m,-, with weights, pi, these being made 
directly on the same quantity^hen the best estimate of the true value of the quantity is 
the weighted arithmetic mean, m. 

n n 

Weighted mean, m s 2 P» Wt/ 2 Pi 

f-i <-i 



APPLICATIONS 


2-127 


For the set of weighted observations we have 
r =. 0.6746 (» - l)~^l 

as the probable error of an observation of unit weight, and 

rm “ 0.( 

as the probable error of the arithmetic mean of weighted items, in which 


t weight, and 

o.6745j^ (»-1) i: p. j K 


Xi = mi - 2 Pi Vi- 

i-i 


Example. Let six observations on the same quantity be made, with weights, Pt, the sum of 

6 

these weights being 21 (see tabulation below). The sum of the weighted observations, 2 

<- 1 

is 3741.36. The best estimate of the value of the observed quantity is m “ 3741.36/21 ■« 178.16. 
Subtracting this from each mi gives the residuals xi. The sum of the weighted squares of the 
6 

residuals, 2 Pi^®* i® 62.96. Then the preceding formulas give the probable error of an obser- 
1 _ 
vation of weight unity as r = 2.39 and the probable error of the weighted mean as rm— 0.52. 
The final result then is 178.16 =k 0.52. 


Vi'> 

5 

4 

1 

4 

3 

4 

mi’. 

178.26 

176.30 

181 06 

177.95 

176.20 

180.86 

Pi mil 

891.30 

705.20 

181.06 

711.80 

528.60 

723.40 

Xi'. 

.10 

1.86 

2.90 

.21 

1.96 

2.69 

Xih 

.010 

3.460 

8.410 

.441 

3.842 

7.236 

PiXi^: 

.05 

13.84 

8.41 

.18 

11.53 

28.94 


Probable Error in a Result Calculated from the Means of Several Observed Quan¬ 
tities. I.ct Z be a sum or difference of m (means of) observed independent quantities. 
Then if rj, j » 1, 2, .... m, bo the probable errors in these means, the probable error in 


Z is equal to 


/ \ ^ 
(?;■’) 


Let Z Az, where z is (the mean of) an observed quantity, and A, a known number. 

Let r be the probable error in z. Then the probable error in Z is Ar. 

Let Z be any differentiable function of the (means of) independently observed quanti¬ 
ties, Zj, whose probable errors are rj. Then the probable error in Z is equal to 



c.g., if Z be the product of (the means of) two independently observed quantities, zu « 2 , 
whose probable errors are ri, r 2 , respectively, then the probable error in Z is equal to 

r2* + ri^)^ 


A Note on the Interpretation of Standard Deviation, Probable Error, etc. The theory 
underlying the foregoing development depends upon the following assumptions: (1) A 
large number of observations have been made. (2) The observations have been made 
with equal care and skill so that: (2.1) there are approximately an equal number of read¬ 
ings above and btdow the mean (except in the case of weighted items), and (2.2) the 
individual deviations from the mean are small in most cases, and (2.3) the number of 
deviations diminishes rapidly as their size increases. 

The extent to which the observed data satisfy the above assumptions is a measure 
of the extent to which w’e are justified in using the Gauss error curve, which is consistent 
with the statement that m is the best estimate of the true value m, and which leads to 
the factor 0.6745 used in computing probable error. Recent work has shown that, even 
if we were not justified in assuming the Gaussian distribution of errors, the arithmetic 
mean still remains the best estimate we have for m. Therefore, there is little difficulty 
in this regard, especially since “errors” appear to follow the Gaussian distribution as 
closely as any other we know. Our difficulties enter in connection with the factor 0.6746 
and the accuracy of the a, as estimated from the data. 
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If the number of observations is small the estimate of the standard deviation of 
the possible infinity of observations (of which those at hand are a sample) is itself subject 
to considerable error. For example, for n 3 the standard error of the standard devia¬ 
tion is as large as the standard deviation itself, and hence the probable error calculated 
from r » 0.6745<r would not lie very reliable. The following table ♦ will illustrate this. 
The second and third columns give the probability that the probable error of a single 
observation should be out 20 and 50 per cent, respectively. 


n 

20 per cent 

50 per cent 

1 ^ 

20 per cent 

50 per cent 

5 

0.64 

0.24 

30 

0.12 

0.00014 

10 

.40 

.034 

40 

.076 

8 X 10-* 

15 

.29 

.008 

50 

.047 

6 X 10-' 

20 

.21 

.0002 

100 

.0050 



From this table it is clear that with 10 observations the odds are only 3 to 2 that the 
calculated probable error is within 20 per cent of the correct value, and about 30 to 1 
that it is within 50 per cent of the correct value. Of course, the probable error of the 
mean will l>c correspondingly out. 

The probable error of a single observation is sometimes defined very simply by 

/ n 

r s 0.6745 (n — 1) ^ x^j 

and the probable error of the mean is then 

/ ” 

Tm = 0.6745 [n(n - 1)]-H I V ^.ii\ 

which does not impose any condition with regard to the distribution. In this sense it is a 
measure of the way the values cluster about the mean value, and is in no way superior 
to the h defined earlier, and is inferior to just giving a itself, since the even wager which 
brings in 0.6745 is no longer important. This use of the probable error as a precision index 
seems to be customary in the United States, and, indeed, it is as useful as any other index 
(except cr, from which it differs by merely a numerical multiplier) in connection with 
results from only a few observations, from results calculated from weighted items, etc. 
But it must lie remembered that in this connection it cannot be used to draw inferences 
about what might happen if the measurements were repeated a large number of times. 

For those who are interested in drawing such inferences, it seems fitting to remark 
that the use of Table I is quite legitimate for 100 < n, and that for 30 < n < 100 the 
tables may be used provided a is multiplied by (n — 3)“)^. For n < 30, a rough esti¬ 
mate can be obtained from the fact that the percentage of cases lying outside the range, 
mean ± Xc, is < 100 X"^ for 1 < X. A striking property of this inequality duo to 
Tchebycheff is that it is independent of the nature of the distribution assumed. 

♦“The Combination of Observations,” David Brunt, Cambridge University Press (1917) 
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SECTION 3 


PHYSICAL UNITS AND STANDARDS 
DIMENSION SYSTEMS 

L PHYSICAL QUANTITIES AND THEIR RELATIONS 

Mathematics is concerned with relations between numerical quantities, either constant 
or varying in a specified manner over a specified range of values. The numerical values 
are unique, absolute, and the same all over the world, being the expression of a fundamental 
perception of the mind. Any mathematical equation defines the values of one numerical 
quantity, known as the dependent, in terms of constants and one or more other numerical 
quantities, known as the independent variables, as for example 

2 = 1 /" + 3x + 4, y = C‘ f — dx (1) 

Jo cos X 

Physics, comprising the knowledge of inanimate nature and her laws, is concerned 
fundamentally with the measuring of the various quantities founded or created by defini¬ 
tion, as for example, length, mass, electric charge. In order to specify a physical quantity 
it is not sufficient to state merely a number. The value of a physical quantity can be 
determined only by comparison of the sample with a known amount of the same (juantity, 
which process is measuring. The reference amount is called a unit, and the result of any 
measurement must be a statement of “ how many times the sample was found to con¬ 
tain the reference amount.” Thus a physical quantity Q naturally appears to be the 
product of a numerical value N and a unit U, 

Q-=NU ( 2 ) 

as for example: The length of a particular rod is 3.5 ft, or the rod is 3 I /2 times the length 
of 1 ft. Obviously, the reproduction of a unit must be possible at any time in order to 
facilitate correct measurements. This is being done by means of the ” standards,” which 
are simply a set of fundamental unit quantities kept under normalized conditions in order to 
preserve their values as accurately as facilities permit. 

Any physical relation must the result of a more or less obvious measurement, so 
that equations in physics are not merely numerical relations, but express dependences 
between physical quantities. Mathematics does not know “standards”; physics cannot 
be without “standards.” The fact that physics often uses the methods of mathematics 
must not lead to the identification of the two sciences; it is merely an overlapping in the 
border regions. 

Relations between Units. A unit is a particular amount of the physical quantity to 
be measured, defined in terms of a standard.* The choice of a unit depends on con¬ 
venience, facility of reproduction, and easy subdivision so as to obtain smaller units if 
desired. The value of a physical quantity Q must be independent of the units used, so 
that for two different units of the same type 

Q = NrUi = N2-U2 (3) 

The size of the unit and the numerical value of the quantity are inversely related: the 
larger the unit the smaller the number of units. 

A unit relation is an equation between two different units of the same type 

Ui = Ni2' U 2 (4) 

and serves to convert from one unit to a different one U 2 . The conversion is achieved 
by replacing Ui, taken as a factor, by its equivalent according to equation 4 so that 

Q = Nl Ux = - iNi^N,2)-U2 (5) 

As example, express the length 3.5 ft in centimeters. The unit relation is 1 ft = 30.3 cm, 


* 8. W. Stratton, Electric Units and Standards, Circular of the Bureau of Standards, No. 60,1920. 

3>U2 
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ai^d therefore I «* 3.5 ft » 3.5 X (30.3 cm) » 106.25 cm. No error is possible if this rule 
is followed properly. ^ 

Physical Equations. Relations l)etween physical quantities are usually given in the 
form of equations. It is always possible, by the proper use of unit relations (see previous 
paragraph), to express each side in the same units. Since units are to be considered as 
factors, they may be canceled and a numerical identity must result. This fact always 
can be used to check the proper numerical relations and the consistency of the units us^. 

There are two fundamental types of physical equations: 

The Mathematical Definition of a physical quantity determines a new quantity 
uniquely in terms of known quantities. An example is Newton’s definition of mass by 
/ s* m-a, where / is the force and a the acceleration of a moving body. If / and a are 

measured, m can be computed as a physical quantity with numerical value and unit 


^ Uim). A definition should be in agreement with all the other known relations 
U {a) ^ 

in a particular field of science; it can only be of restricted value if it contradicts other 
relations (see later the absolute” electric systems). 

The Statement of Proportionality defines one physical quantity as linearly depending 
on a combination of other, known quantities. It is always the result of an experimental 


investigation. An example is Newton’s law of the gravitational force f ^ k —-g— -, 

where mi and m 2 are the two masses, r their center distance, and k the proportionality 
factor. In the case of a proportionality it is permissible to choose arbitrary units for all 
measurable physical quantities involved and to use the equation as a definition of the 
proportionality constant which, in general, will be a physical constant with numerie|il 
value and unit. In the example the value of k would be 


N (mi) • N (m 2 ) U (mi) • U (m 2 ) 


N{k)‘U{k), 


Most of the fundamental laws of physics are statements of proportionalities, leading to 
universal physical constants, as for instance the gravitational constant A;, the Planok 
constant h, the gas constant R, the absolute permeability of free space IIo, and the abso¬ 
lute dielectric constant of free space Ad. It may be observed that each branch of physics 
is represented by at least one fundamental proportionality constant.* 

Derived Physical Quantities are, in general, the result of mathematical definitions. 
The units of derived entities are expressed from the combinations of the units used in 
the definition. All proportionality constants logically have to be considered as derived 
physical quantities. 

Fundamental Physical Quantities. The physical quantities, arbitrarily chosen to 
define new quantities or derived quantities, are called fundamental physical quantities. 
Their number may vary according to needs and convenience. There is no possibility to 
designate any physical quantity as absolutely fundamental, or a priori fundamental. 
(Quantities which appear to be fundamental in some one special field may be derived 
quantities in some other field. 


2. DIMENSIONS AND DIMENSION SYSTEMS 

Definition of Dimension. To choose a unit for a physical quantity one has an infinity 
of possibilities. The numerous units of length which were in use about 100 years ago 
present a good practical illustration. Yet all these units have in common the quality of 
being a distinct length and not, for example, a volume. It is convenient to state this 
fact by representing with the notation [L] any unit of length whatsoever. The measure¬ 
ment of a physical quantity Q, therefore, leads to the statement 

Q « N.[(2] (6) 

where iV is a numeric denoting the number of general units [Q] which constitute the total 
quantity Q. According to Fourier, t who first introduced this concept into the literature, 
[Q] is called the “dimension” of the quantity Q. Be it clearly understood that dimension 
is simply the expression of a general unit and therefore a characteristic peculiarity of 
physical quantities, not occurring in mathematics. Each new physical quantity gives 

* In the second report of the British Association for the Advancement of Science, Committee 
on Standards (1873), J. Clerk Maxwell makes a statement in connection with the form of Coulomb’s 
law for magnetic poles, p. 63, about the “absurdity” of a proportionality factor, which arouses very 
pointed remarks by O. Heaviside, in his Electromagnetic Theory, Vol. 1, p. 118, 1893. 

t J. B, J. Fourier, Thdorie analytique de la chaleur, Paris, 1822. 
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rise to a new “dimension** as for instance time [I*], force [F], mass [Ml, and so on. There 
are as Ihany dimensions, or general units, as there are kinds of physical quantities. 

Deriyed Dimensions. Many physical quantities have been introduced by mathemati- 

ds 

cal definition. Velocity, for example, is defined as r « —, where « is the length of the 

di 

path measured from a definite origin and t is the time. A possible expression for the 
dimension of velocity would be [V]. It is customary and convenient, however, to make 
use of the mathematical definition which is but the rule for the measurement of velocity, 
and to express the dimension in terms of the more familiar dimensions of length and time 
as a derived dimension [V] ** [L]/[T] = [L] [7*]”^ (Read: velocity is of (+ 1) dimension 
in length and (—1) dimension in time.) The use of mathematical definitions, leading to 
derived dimensions of a composite nature, reduces the number of symbols. Thus the 
measurement of volume, if scientifically conducted, gives [Fol] [L]®, or in words, “vol¬ 
ume is of (-f 3) dimensions in length [L].” 

Proportionality Constants of physics have, in general, derived dimensions, as they are 
defined by the corresponding physical equations. To assign a special dimension to a 
proportionality constant would mean to give it preference over a physical quantity and 
evidently would be illogical. This seemingly obvious fact has recently been recognized 
internationally,when the International Electrotechnical Commission (I.E.C.), after decades 
of discussion, at its meeting in 1930 at Oslo adopted the viewpoint that absolute magnetic 
permeability is a physical quantity with dimension and not a pure numeric.* For the 
absolute dielectric constant this view had been expressed much earlier, and for other 
proportionality constants this problem never had arisen. 

Fundamental Dimensions. The more familiar dimensions used to express derived 
dimensions are referred to as fundamental dimensions. It is advantageous to use as few 
of these fundamental dimensions as possible, not because the physical relations become 
simpler or clearer, but merely as a matter of economy in symbols. In fact, any dimen¬ 
sion can be chosen to be a fundamental dimension in a particular field and a derived 
dimension in some other field of physics. No fundamental dimension can be made a 
starting point of natural philosophy. 

Dimensional Equations. Since a physical equation constitutes in fact two equa¬ 
tions, one for the units and one for the numerics, one can disregard the numerical 
factors entirely and write the general units or dimensions only, arriving thus at a dimen¬ 
sional equation. For instance, the law of gravitation would read [F] = [^1[M]*[L]“*, 
using [F], [k], [M], [L\ as dimensions for force, gravitation constant, mass, and length, 
respectively. From this dimensional equation a derived dimension can be obtained 
for any quantity involved. Conversely, dimensional equations are used to check the 
correctness of physical relations, if all dimensions can be made to cancel. Finally, the 
validity of dimensional equations leads to the method of dimensional analysis. (See 
Arts. 15 to 18.) 

A Set of Fundamental Dimensions is any group of fundamental dimensions, conve¬ 
nient and useful to express all the physical quantities of a particular field in terms of. 
derived dimensions. The number of fundamental dimensions to make a set may vary 
according to the field of application. Whether or not a set of fundamental dimensions 
can be used beyond the field for which it was originally intended will depend upon its 
suitability as a dimension system. (See next paragraph.) In no case should it be used 
where it can lead to confusion. 

A set of fundamental dimensions is incomplete when the number of fundamental 
dimensions composing it is loss than the number required for a dimension system. Incom¬ 
plete sets of fundamental dimensions should not bo used outside the very restricted field 
for which they are useful; they necessarily would lead to confusing relations. 

A Dimension System is composed of the smallest number of fundamental dimensions 
which will form a consistent and complete set for a field of science. Since each relation 
between physical quantities can be split up into one relation of numerics and another one of 
dimensions (as general units), it is possible to eombine all known relations of dimensions. 
In setting up these relations, all proportionality factors must be taken as physical quan¬ 
tities. If there are m independent relations known, (m-j- p) dimensions may be involved, 
of which m dimensions can be expressed by any p “ fundamental *’ dimensions chosen 
arbitrarily. 

This set of p “fundamental’’ dimensions is then called a dimension system. From 
the theory of numbers, therefore, it is known that one generally has a choice of \ ^ ) 

/ fi \ \ p / 

I>o88ible dimension systems. Thus, if p «= 3, m * 3, then one has J =* 20 different 


* A. E. Kennelly, Tran*. A.I.F.F.. Vol. 50, p. 737, 1931. 
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possibilities. A necessaxy condition, however, is that each independent relation involve 
at least (p + 1) dimensions. If this is not the case, then the number of possible dimension 

systems is less, so that indicates the upper limit. 


Any dimension system chosen in the described manner is consistent, as well as correct, 
and never leads to ambiguity with respect to the expression of physical quantities. Com¬ 
plete dimension systems in mechanics must have three, in thermodynamics four,* and in 
electromagnetism four t fundamental dimensions. It seems, according to present knowl¬ 
edge, that five fundamental dimensions suffice for the entire range of physics, namely, 
the three fundamental dimensions of mechanics, an additional one for thermod 3 niamics, 
and another additional one for electromagnetism. 

All the known dimension systems use length [L] and time [T] as primary fundamental 
dimensions, adding various fundamental dimensions from the available physical quanti¬ 
ties of the fields of physics. The choice of [L] and [T] reduces at once the maximum 

number of possible dimension systems to ^ ^2 ’ 


Why Dimension Systems? Since the proper choice of units is the ultimate goal of 
any critical analysis of physical quantities the question may be asked: Why is it neces¬ 
sary to discuss dimension systems? The answer is that each physical quantity maj’^ be 
measured by an infinite variety of units but has only one dimension, within a given 
dimension system. The process of deciding upon the fundamental dimensions before 
fixing the units within the scope of the fundamental dimensions is, therefore, essentially 
a matter of economy and logic. 


3, THE DIMENSION SYSTEMS OF MECHANICS 

Three Fundamental Dimensions are necessary to form a complete mechanical dimen¬ 
sion system. With length and time, \L] and [T], as a basis, only a single additional inde¬ 
pendent dimension is required. One can choose from mass [3f], force [F], power [P], 
energy [E], gravitation constant [A], and oth€?rs. Only four alternatives have come into 
use. Table I shows the dimensional forms for the more important mechanical quantities 
in all four dimension systems. 


Table I. Dimensions of Mechanical Quantities 


Symbol 
(according 
to A.S.A.) 

Quantity 

Dynamical 
or Physical 
System 

Gravitational 
or Technical 
System 

Energetical 

System 

Astrophysical 

System 

1 

I.ength 

w 

\L] 

[L] 



t 

Time 

\T] 

[T] 

[T] 

[ri 


V 

Speed, velocity 

[L] [r]-i 

[L] [T\-i 

[L] [T]-i 

[L] IT\- 

-1 

m 

Mass 

{M\ 

[F] [L]-i [r]2 

[£) [rjs 

[L]3 [r]-2 1 


f 

Force 

[M] [L] [rl-* 

IF] 

W [t]-‘ 

[L]4 [r]-4 


V 

Pressure 

U/] [/,)-■ (r]-* 

IF] W-2 

i£i m-’ 

(ElMrl-'> 

k\'i 

M 

Momentum 

[M] [L] [rj-> 

IF] [T] 

W [i] [r] 

[Ej* m-3 

[k]-l 

E 

Energy 

\M] W [rl-» 

fF] [L] 

[E] 

W [rl-< 

[k]-l 

P 

Power 

\M] w [7l-» 

IF] [L] [r]-i 

[El [r]-> 

[z,]5 [Tl-s 

k]-l 

T 

Torque 

[Ml w [J'l-* 

[F] [L\ 

[El 

(L16 [r]-< 


k 

Gravitation constant 

(M]-i [ipCrl-^ 

[P]-i W [T]~< 

[El-i [ElMrl-^ 

W 



The Dynamical or Physical Dimension System has as fundamental dimensions length, 
[L], time [7'], and mass [M]. It is the most widely used system in physics and is often 
found even in engineering. The advantage is that any standard of mass can be pre¬ 
served and copied with relative ease. Comparison of masses at various locations can be 
made with the ordinary balance; the local constant of gravity has no influence upon the 
result. This dimension system has often been referred to as the “absolute*' system, but 
on account of inconsistent usage in the literature, it will generally be referred to herein 
as the physical dimension system. 

The Gravitational or Technical Dimension System has as fundamental dimensions 
length fL], time [T], and force [F]. It is of wide use in all engineering branches, although 

* For first reference to this fact, see Fourier’s Tli6orie analytique de la chaleur, Paris, 1822. 

t For first reference to this fact, see A. W. KUcker, 2*roc. Phys. 6'oc. London, 1888, Vol. 10, p. 37: 
Phil. Mag., February, 1889, Vol. 27, p. 104. 
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often mixed with the physical dimension system. The advantage for the held of engi¬ 
neering is obvious, taking into account the prevalence of force, stress, and pressure com¬ 
putations.All quantities related to force have particularly simple dimensional forms. 
The disadvantage is the dependence of the usual force measurements upon the local value 
of the constant of gravity, t Standards of force are expressed in terms of the weight of 
a standard mass and, therefore, are indirectly based upon the physical dimension system. 

The Energetical Dimension System t has as fundamental dimensions length [L], time 
[T], and energy [E], The dimensional forms of most of the important quantities are 
simpler, and this system should appeal to the scientist because of its close relation to the 
universal quantity energy. The system is not in use in mechanics; it has, however, 
gained prominence in heat. (See Art. 4 below.) Its disadvantage is the fact that no 
substantial standard of energy can be preserved with which results of measurements 
can readily bo compared, as is the case with mass or force. 

The Astrophysical Dimension System has as fundamental dimensions length [L], time 
[T], and the gravitational constant [k]. Here is a system which admits a proportionality 
constant to the role of a fundamental quantity with a fundamental dimension which is 
not advisable. The temptation exists to assign arbitrarily not a fundamental but a 
definite dimension and, in fact, astrophysics uses A; = 1, which moans that the numerical 
value of k is chosen as unity and its dimensions as zero. The dimensions of the other 
quantities in this special case arc obtained from the last column in Table I if the factor 
with [k] is left off on account of [A:] = [L]° [T]® « 1. This reduces the dimension system 
to an incomplete set of dimensions with very restricted use. To see this, choose in the 
physical system m = 1, as m is the proportionality constant in Newton’s law / ®= m-a, 
where a is the acceleration. Again, the dimensions for this special case would follow from 
the physical system by putting [M] = 1. For the gravitation constant this would yield 
[A;] = [LY [T]“*, the same dimension as results for mass in the incomplete astrophysical 
set of 2 fundamental dimensions; obviously this would invite confusion. One should 
avoid, therefore, the making of arbitrary assignments for dimensions considered to be 
fundamental because it will lead to contradictions. 

4. THE DIMENSION SYSTEMS OF HEAT 

Four Fundamental Dimensions are necessary to form a complete heat dimension sys¬ 
tem. $ Obviously the simplest extension to four dimensions is to add a thermal funda¬ 
mental dimension to the three fundamental dimensions of mechanics. As the additional 
thermal dimension that of temperature, [<?], has been chosen universally. Thus, three heat 
dimension systems are obtained according to the three first-named mechanical dimension 
systems from Table I. No extension of the astrophysical dimension system is known. In 
Table II are listed the dimensional forms for the more important thermal quantities in 
all three dimension systems. 


Table II. Dimensions of Thermal Quantities 


Symbol 
(according 
to A.S.A.) 

Quantity 

Thermophysical 

System 

Thermotechnical 

System 

Energetical 

System 


3 fundamental mechan¬ 
ical dimensions 

[Lj, in. i-w] 

[L], [T], IF] 

[L], [T], [B]^ 

9 

Temperature 

[ol 

[9] 

[»i 

H 

Quantity of heat 

[M] 

[FI [L] 

[B] 

c 

Thermal capacity 

(/,)»(r)-*[»]-» 

[LlMn-M#!-* 

[Ljs [rj-» (»I-I 

k 

Thermal conductivity 

[M] [LI [rl-» [dl-i 

[F] [r]-* [«]-i 

[F][L]-*[rj-i[,]-, 

h 

Emissivity 

[M\ [rj-» l«l-i 

[F][L]-> (r]-‘ [el-> 

[£) [TJ-I [»i-i 

« 1 

Entropy 

[M\ [LP [r]-s [(»]-> 

[F1[L1 

[B1 


The Thermophysical Dimension System is the extension of the dynamical or physical 
mechanical dimension system by adding temperature [9] as the fourth fundamental di¬ 
mension.It is the most widely used system and has all the advantages of the physical 
dimension system of mechanics. This system is sometimes reduced to an incomplete set 
of “absolute dimensions” by arbitrarily assuming temperature as a pure numeric. The 


* See the new advocation by F. A. Brooks, J. Ermg. Educ., Vol. 26, p. 240, 1934. 
t Wm. L. DeBaufre, Proc. §oc. Promotion Engg. Educ., Vol. 28, p. 055, 1928. 
i W. Ostwald, Berichte der GeselUchaft der WiaaenachaJten, Leipzig, 1891, Vol. 43, p. 277. 
I J. B. J. Fourier, Th6orie analytique de la chaleur, Paris, 1822. 
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dimensions in this case can be taken from Table II if [fl ■■ 1 is introduced in the thermo¬ 
physical eastern. The objections to such a procedure are obviously the same as in reduc¬ 
ing the astrophysical system to leas than the required number of fundamental dimensions, 
and the same argumentation can be used. 

The Thermotechnical Dimension System is the extension of the gravitational or tech¬ 
nical mechanical dimension system by adding temperature as the fourth fundamental 
dimension. Its use is rather restricted although it is the natural f^straoi to be used in 
engineering. 

The Energetical Dimension System is the extension of the corresponding mechanical 
dimension system and has been proposed by W. Ostwald. It has not been used to any 
extent. 


6. THE DIMENSION SYSTEMS OF ELECTROMAGNETISM 


Four Fundamental Dimensions are necessary to form a complete dimension system for 
the field of electromagnetism exclusive of thermal phenomena.* Obviously the simplest 
extension to four dimensions is to add an electromagnetic fundamental dimension to the 
three fundamental dimensions of mechanics. In general, one can choose from among all 
electromagnetic quantities; in particular, one would probably prefer to choose the dimen¬ 
sion of a quantity which comes nearest to the fundamental concept of electricity. Length 
and time, forming the fundamental background of sensual perception, and mass or force 
as the fundamental representative of mechanical inertia, demand a companion of equal 
basic character. 

There are three fundamental electromagnetic experiments which involve all the basic 
quantities of electromagnetism. The two independent experimental laws forming the 
base of electrostatics on one side and electrodynamics on the other side are Coulomb’s law 


k 


( 1 ) 


and Ampere’s law 


km 


hh 


( 2 ) 


expressing the force actions between two electric charges Qj and Qi at rest, and between 
two electric currents 1\ and / 2 , respectively, ke and km are the two proportionality fac¬ 
tors, r is the center distance, and I the homogeneous length of the two conductors carrying 

dO 

current. As current is merely displacement of charge, the additional relation I — -y 
must hold, which is the expression of a basic concept. ® 

The third experimental law which connects the purely electric with the magnetic 
phenomena is Faraday’s law of induction 

V - - ^ (3) 

where V is the induced voltage (emf), </> the magnetic flux linked with the conductor in 
which V is produced, and ki another proportionality factor. 

The variety of electromagnetic quantities leads one to expect a corresponding variety 
of dimension systems. In Table III are shown the dimensions of the more important 
electromagnetic quantities in eight different dimension systems of varying prominence 
and varying logical foundation. 


The Natural Electrical Dimension Systems 

The Electrophysical Dimension System t is the extension of the dynamical or physical 
mechanical dimension system by adding electric charge [Q] as the fourth fundamental 
dimension. (See column 1 of Table III.) 

The Electrotechnical Dimension System f is the extension of the gravitational or 
technical mechanical dimension system by adding electric charge [Q] as the fourth funda¬ 
mental dimension. (See column 2 of Table III.) 

Both systems are the natural extensions of existing mechanical systems and use the 
basic concept of quantity of electricity as the additional fundamental dimension. Although 
the electron is recognized occasionally as a truly elemental quantity, t the tendency has 
prevailed to choose resistance as a fundamental dimension since it is thought to be more 
readily reproduced. Newer investigations show the resistance of a metal to be a very 

* A. W. KUcker, Phil. Mag.^ February, 1889, Vol. 27, p. 104. See also So-called Absolute 
Electrical Dimension Systems. 

t E. Weber, Trans. A.I.E.E.^ Vol. 61, p. 728, 1932; see also E. Brylinski, Res. gin. de Vilec., 
Vol. 30, p. 781, 1931, and D. German!, Rev. gin. de Vilee., Vol. 32, p. 39, 1932. 

X Tolman, Phys. Rev., Vol. 9, p. 237, 1917. 
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Table III. Dimensions of Electromagnetic Quantities 


Symbol 
(accord¬ 
ing to 
A.S.A.)* 

Quantity 

Electrophysical 

System 

© 

Electrotechnical 

System 

© 

Definitive 

System 

© 

1 

Length 

[L] 


Ll 


1 

w 

t 

Time 

in 


n 


1 

n 

m 

Mass 

liW] 

[F][L 

-i[rp 


[P] [L] 

-2 [y]-a 

f 

Force 

lAf] in in-* 


Fl 


in iL] 

-1 [T] 

E 

Energy 

im [Lp in-* 

[FI [Ll 


[PI [Tl 

P 

Power 

MiLiMn-* 

w in in-i 


in 

Q 

Electric charge 

[Q] 

[Ql 


[Q] 


Electrostatic flux 

[Q] 

[Ql 


[Ql 

D 

Displacement 

[Q] [LV^ 

[Ql [LI-2 


[Ql in-* 

E 

El. field intensity 

[Ml [Q]-1 

[LI [Tl-2 

[f 1 [Ql-i 


[P][Q1- 

^ [Ll-i [Tl 

C 

Capacitance 

[Ml-1 m W-2 [T12 

[Fi-i [Qp in-i 


[Pl-i [Qp [rl-i 

/ 

Current 

[Q] [Tl-I 

loi in-‘ 


[Ql [Tl-i 

V 

Voltage 


[Lpin-» 

[F] [«!-' in 


in iQi-‘in 

R 

Resistance 

[M\ [«l-s 

in* in-' 

[Fl [Ql 

[Ll [Tl 


in [Q1-* [rp 


Magnetic flux 

[A/JIOl-l 

|/.p [Tl-i 

[Fl [Ql- 

-1 in in 


in [Ql-* [Tp 

B 

Induction 

[Ml [Ql- 

-1 [ri-i 

[Fl [Ql-i 

i [Ll -i [Tl 


[Pi [Q1-’ 

i [L “2 [Tp 

H 

Magnetizing force 

[Q] [L]- 

I [r)-i 

[Q] [Ll 

1 [ri-i 


[Ql [L] 

|-i rj-i 

L 

Inductance 

[Ml [Ql- 

-j[ip 

[Fl [Ql- 

■2 in [Tp 


in iQi-* [Tp 

F 

Magnetomotive force 

[Ql [rl“i 

[Ql [rl-i 


[Ql (Tl“* 

(R 

Reluctance 

[M]-i ICJs [!]-» 

[F]-i lep in-i in- 

2 

[/*]-! [Qp (ri-2 

A 

Absolute diel. const. 

[Mj-i [Qp iL]-» in* 

[Fl-i [QP [Ll-2 


!n->[Qp[n-‘ [Ti-i 

n 

Absolute permeability 

[MltQl Mil 

1 [Fl [Q] 

-2 [r]2 


1 [PHQ1-' 

^ [Ll-1 [Tp 
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Symbol 

(accord- 


"Practical” 

Energetical 


Electrostatic 


Quantity 

System 

System 


System 

a”I.a°) 


© 

© 


© 

1 

Length 



1 


[Ll 

t 

Time 

in 

IT 

1 


[Tl 

m 

Mass 

[/p [/el in-2 [rp 

in in 

2 T-p 


[Ml 

f 

Force 

[/p [/el in-i in 

Fl [Ll-i 1 


[Ml in [Ti -2 

E 

Energy 

[/12 [H] [T] 

[E] 



[Ml [tp in-2 

P 

Power 

[I\^ [ft] 

[E] [Tl-l 


[M] [tp [Tl-2 

Q 

Electric charge 

[/] [T] 

[Fl [VI-1 

[mm inf; in-’ M-yi 


Electrostatic flux 

[/I in 

in in-* 

[mih in^ in-* [*ei-H 

D 

Displacement 

[I] w 

-2 [T] 

[Fl [VI ■ 


ijfiK[n-H(n-ifei-K 

E 

El. field intensity 


[VI [Ll 


ma lii-^ in-i m ^ 

C 

Capacitance 


[T] 

[F1[V1-2 


[Ll [M-i 

I 

Current 

[I] 

[Fl [VI- 

1 [r]-i 

[Af]Hin^fn-*R>i-H 

V 

Voltage 

m in 

[VI 

[M\yi il]h in-i [teiH 

R 

Resistance 

in . 

[Bl-i [yp [r] 


[Ll-i [Tl [ke] 


Magnetic flux 

m [Ri in 

m in 


[ke]H 

B 

Induction 

m [R] [L]-2 [T] 

[VI (Ll 

[Tl 


{M\A \L\ 

[ke]A 

H 

Magnetizing force 

[I] [L] 

lE] [Vl-i [Ll-i [T]-i 

[MIH [LVA 

lTi-2[y->4 

L 

Inductance 

[«ll 

[T] 

[El-i [Vp [Tp 


.[L1:H 

[Tp[M 

F 

Magnetomotive force 

[/; 

1 

(FHvl- 

iin-i 

\{M]A[L]^[T]-^ [ke]-A 

<R 

Reluctance 

[«1“M 

[ri-i 

[Fl [VI- 

2[T]-2 


[Ll [Tl- 

(y 

A 

Absolute diel. const. 

[Kl-» [Ll-» m 

in [VI- 

2 [Ll-1 


[fcel-l 

n 

Absolute permeability 

[R] [L] 

[ri I 

[L1-1 [V12 [Ll-i [Tp I 


in-2 [TP [y 



1 The "Practical” Systems 


The "Fractional” 



i 





Svstems 


* The symbols A and n are used in order to retain the classical definitions of m and c. 
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Table HI. Dimenaioiia of Electromagnetic Qoantitiea {ContinMed) 


Symbol 
(according to 
A.S A.) 


Quantity 


Electromagnetic 

System 

© 


OauBBtan 

System 

© 


I 

t 

m 

f 

E 

P 

Q 

D 

E 

C 

I 

V 

R 

B 

H 

L 

F 

m 

A 

n 


Length 

Time 

Mass 

Force 

Energy 

Power 

Electric charge 
Electrostatic flux 
Displacement 
El. field intensity 
Capacitance 

Current 

Voltage 

Resistance 

Magnetic flux 
Induction 
Magnetizing force 
Inductance 
Magnetomotive force 
Reluctance 

Absolute diel. const. 
Absolute permeability 


[L] 

[T] 

[A/] [lY [r)-« 

[jif] [Lp [ri-s 

mm 

m-i [Tp [*„)-! 

[m\H \m (rl-i 

[Min [T]-! 

[Lpi [r)-i M 

lM]'A [Lpi m-' [im]H 
[.WIM [l]-'a [ri -1 it„jH 
[m\A ili-h [r]-i n„] H 

[AfjH [r]-i 

[L] 1 

[L]-2 [r]2 M-i 



[M]M 
* H 
H 


, l]-h in-i [tj-H 

[A/J« li.]H [r]-s [jg-H 
[AfJH lilH [r]-i [AilH 
W"* [rl W 

[£]-H 


. Ht\ 

,, [LWkm] . 

l^ml 


The “Fractionar* Systems 


complicated function of the surrounding conditions and a function of the density of 
free electrons, which points in the direction of the above natural dimension systems as 
more satisfactory than systems using electrical resistance as a fundamental quantity. 

The Definitive Dimension System * is the extension of an energetical mechanical di¬ 
mension system (using length, time, and power) by adding electric charge [Q] as the 
fourth fundamental dimension. (See column 3 of Table III.) As there are no stand¬ 
ards available for power, this system is indirectly based upon the physical system. The 
choice of power as a fundamental quantity was obviously made in view of the extensive 
use of the watt as a unit in all fields of physics. 

The Fractional Electrical Dimension Systems 

The Electrostatic Dimension System (ES-System) is the extension of the dynamical 
or physical mechanical dimension system, by adding the proportionality constant [fcj as 
the fourth fundamental dimension. Notwithstanding the fact that a proportionality 
constant has been advanced to a fundamental dimension, all the magnetic quantities are 

dependent on some power of ke =* -—r »which seems quite illogical. The most extensive use 

47rA 

of this dimension system as a preferred one has been made by E. Bennett.f (See column 6 
of Table III.) 

The Electromagnetic Dimension System (EM-System) is the extension of the dy¬ 
namical or physical mechanical dimension system, by adding the proportionality constant 
[/c»,] as the fourth fundamental dimension. Again a proportionality constant has been 
advanced to the rank of a fundamental dimension and all the electric quantities are 

dependent upon some power of fcm *= jr" * H, which seems quite illogical. (See column 7 

of Table III.) 

Both systems arc complete dimension systems as they are based upon four fundamental 
dimensions. The emphasis placed upon the proportionality factor seems out of place, 
and the fact alone, that all the electromagnetic quantities appear as derived fractional 

* G. A. Campbell, A definitive system of units. Bull, National Research Council, Nr. 93, p. 48, 
1933. 

t E. Bennett, A digest of the relations between the electrical units, BuU» Unit. Wisconsin, No. 
880, 1917 
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dimensions, should indicate that better systems could be found. It is further to be 
noted that both systems belong in the same class of dynamical or physical dimension 
systems and, therefore, do not constitute a true alternative. Any preference as to the 
first or second system introduces a dissymmetry into the dimensional expressions and 
stresses a particular field of electromagnetism which cannot be the intention of any 
comprehensive dimension system. 

The Symmetrical Dimension System. Taking cognizance of the fact that the two 
proportionality constants ke and km differ in their dimensions by the factor [L]* [T]”*, 
which happens to be the square of the dimension of a velocity, the relation 


can be used to express either in the electrostatic system all the magnetic quantities in 
dimensions of [km] rather than [Aie], or in the electromagnetic system all the electric quan¬ 
tities in dimensions of [ke] rather than [A:,n]. The last column in Table III shows the 
resulting hybrid system which exhibits a remarkable symmetry in the principal electric 
and magnetic quantities as far as the three mechanical dimensions are concerned; it 
might be referred to as the generalized Gaussian dimension system. Obviously, in all 
equations combining electric and magnetic quantities, an arbitrary factor must be intro¬ 
duced in order to balance the dimensions on both sides and this factor must have the 
characteristics of a velocity or some power of it. In fact, this velocity was found to be 
of the same value as the velocity of light in free space and this was taken as an indication 
of a very fundamental principle. (It is not conceivable, however, what r61e the velocity 
of light for free space should play in ordinary physical phenomena.) In this dimension 
system, then, the factor c, denoting the velocity of light in free space, appears repeatedly, 


as for example in the induction law V — 


1 d<j> 
e dt ' 


where the induced voltage (emf) is 


measured electrostatically and the magnetic flux is measured electromagnetically. (See 
column 8 of Table III.) 


The So-called Absolute Electrical Dimension Systems 

The original use of the word “absolute" in connection with electrical measurements 
goes back to the report of the Committee on Electrical Standards, British Association 
for the Advancement of Science, 1863, which states: 

"The word "absolute" in the present sense is used as opposed to the word "relative" and by 
no means implies that the measurement is accurately made or that the unit implied is of perfect 
construction; in other words, it does not mean that the measurement or units are absolutely correct 
but only that the measurement instead of beiitR a simple comparison with an arbitrary standard 
of the same kind as that measured is made by reference to certain fundamental units of another 
kind treated as postulates." 

As the fundamental units, length, mass, and time, were commonly used, any measure¬ 
ment made in terms of these specific quantities is now customarily called an "absolute" 
measurement. To indicate the injudicious use of the word absolute it is prefixed with 
"so-called" in this section. 

In connection with the use of dimensions it also became customary to call the dynamical 
or physical dimension system the "absolute" dimension systems. Assigning, then, 
arbitrarily, zero dimension to the proportionality factors occurring in the basic experi¬ 
mental laws of electromagnetism, the fractional electrical dimension systems (see Table III) 
reduce to the so-called "absolute" dimension systems. The additional arbitrary disposal 
of the dimension of the proportionality constant or constants thus leads within electro¬ 
magnetism to an incomplete sot of fundamental dimensions. According to the three 
fractional dimension systems three different sets of dimensions for the electromagnetic 
quantities suggest themselves and have Ixien used. 

The So-cidled Absolute Electrostatic Dimension System is the electrically incomplete 
set of the three fundamental dimensions of the physical mechanical dimension system 
derived from the fractional electrostatic dimension system by arbitrarily assuming ke as 
purely numeric. The dimensions for this incomplete set are obtained from Table III, 
column 6, by introducing [Ar^] = 1. 

The So-called Absolute Electromagnetic Dimension System is the electrically incom¬ 
plete sot of the three fundamental dimensions of the physical mechanical dimension sys¬ 
tem derived from the fractional electromagnetic dimension system by arbitrarily assum¬ 
ing km as purely numeric. The dimensions for this incomplete set are obtained from 
Table III, column 7, by introducing [km] — 1* 

The Gaussian or So-called Absolute Symmetrical Dimension System is the electrically 
incomplete set of the three fundamental dimensions of the physical mechanical dimen- 
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Bion Bsrstem obtained from a peculiar combination of the fractional electrostatic and 
electromaipietic dimension systems as shown in Table III, column 8, by specifying 
[Icm] ” Ii defining both proportionality constants as pure numbers. The remarkable 
result is that all the electric quantities, including the current, are in the electrostatic 
dimension system, and the magnetic quantities are in the electromagnetic system. This 
Gaussian set of dimensions has been almost exclusively used in theoretical physics ♦ on 
the basis that the symmetry in the dimensional expressions of electric and magnetic 
quantities facilitates the teaching of electromagnetism. There is, however, no definite 
agreement on the dimension of electric current, although most authors prefer the expres¬ 
sion following from the electrostatic dimension system. 

On the Use of the So-called Absolute Electrical Dimension Systems. Probably no 
other single question has raised so many discussions as the question of the “proper” 
dimensions of the electromagnetic quantities. As has been stated (See Art. 2) the chief 
advantages of using the concept of physical dimensions are; 

1. The number of fundamental dimensions is the same as the number of fundamental 
units. 

2. Physical equations can be checked by dimensional homogeneity. 

3. New physical relations can be obtained by the use of dimensional analysis 
(See Art. 17). 

It is obviously desirable to define fundamental and derived dimensions in such a way 
that the least amount of confusion arises and that easy communication of research is 
possible. The definition of complete dimension systems in electromagnetism requires 
from this point of view four fundamental dimensions as has been pointed out repeatedly 
in the past.f The arbitrary suppression of the dimension of a proportionality constant, 
as done in the case of the so-called “absolute” systems, leads to confusion in dimensional 
analysis,! and makes difficult the checking of the dimensional homogeneity of equations. 

Recent discussions show a definite tendency tow.ards accepting this fact and par¬ 
ticularly to choose electric charge as the fourth fundamental dimension, leading to the 
electrophysical dimension system (see Table III, column (1)), in which all dimensional 
expressions become rather simple. § 

The S.U.N. (Symbols, Units and Nomenclature) Commission of the International 
Union of Pure and Applied Physics in a letter by R. T. Glasebrook (Nov. 30, 1936) If con¬ 
cedes, that “On a modern ‘Maxwell’ theory of electricity the permeability of space, . . . 
is assumed to be a quantity having dimensions.*” 

Since physicists have generally reduced the problem of choosing three or four funda¬ 
mental dimensions in electromagnetism to the question whether magnetising force H and 
magnetic flux density B have equal or different dimensions, || the concession that per¬ 
meability is a physical quantity with dimension is equivalent to a rejection of the so-called 
“absolute” dimension systems in electromagnetism. The same report, however, stresses 
the fact that “. . . the S.U.N. Commission desires to take this opportunity of placing on 
record their recognition of the fact there are important electrical theories supported by a 
number of physicists in accordance with wffiich ...” the product of absolute permeability 
and absolute dielectric constant is a pure number. This is equivalent to accepting the use 
of the Gaussian system which is still preferred by many of the theoretical physicists.** 

It may be emphasized, that the question of the proper number of fundamental dimen¬ 
sions or units is entirely divorced from the other question of the definition of electro¬ 
magnetic units. It is well possible to retain the so-called “absolute” electrostatic units 
as values with dimensions following from any one of the complete dimension systems 
based upon so-called absolute measurements. 


* For example, H. Hertz, Electric Waves, London, 1893; A. G. Webster, Theory of Electricity 
and Magnetism, London, 1897; H. A. Lorentz, The Theory of Electrons, New York, 1909; J. H. 
Jeans, Electricity and Magnetism, Cambridge, 1911; O, W. Richardson, The Electron Theory of 
Matter, Cambridge, 1914. 

t A. W. Rlicker, Phil. Mag., February, 1889, Vol. 27, p. 104; S. W, Stratton, Electric Units 
and Standards, Circ, of the Bureau of Standards, No. 60, 1920, p. 10; J, Wallot, E.T.Z., 1022, 
pp. 1329, 1372; L. Genillon, Rev. Gin. de I’elec., Vol. 13, p. 173, 1923; and others. 

t See for example P. W. Bridgman, Dimensional Analysis, Yale Univ. Press, 1922, p. 12. 

S E. Brylinski, Rev. Gin. de Vilec., Vol. 38, p. 589, 1936, Vol. 39, p. 747, 1935, and Vol. 40, p. 99, 
1936; A. Sommerfeld, Zeits. /. lechn. Physik, Vol. 16, p. 420, 1935, and Phys. Zeita., Vol. 36, p. 814, 
1935; C. A. Budeanu, Comiti Slectrotechn. roumanic. Bull. No. 21, 28; J. Fischer, Zeita.f. Phyaik, 
Vol. 100, p. 360, 1936; L. Genillon, Rev. Gin, de Vilec., Vol. 41, p. 99, 1937. Also G. A. Campbell, 
E. Bennett, as in footnote on p. 3-09. 

f See appendix to A. E. Kennelly, the M.K.S. System of Giorgi as adopted by the lEC in 
June, 1936, J. Engg. Edue., Vol. 27, p. 303, 1936. 

II See A. E. Kennelly, J. Engg. Edue., Vol. 27, p. 291, 1936, and especially the bibliography 
appended thereto. 

** li. Page, Phyaica, Vol. 2, p. 289. 1932; and in Bull. No. 93, of the Nat. Reaearch Council, p. 39, 
1933; M. Abraham, Bull. No. 93, ot the Nat. Reaearch Council, p. 8, 1933; L. Roy, Rev. Gen. de 
Vilec., Vol. 39, p. 747, 1936. 
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Various “Practical” Dimension Systems 

The fractional dimension systems were the first ones used and may duly be called the 
** classical ’* dimension systems as they had been proposed by the classical authors in the 
art. Their value in promoting first quantitative measurements of electromagnetic quan¬ 
tities cannot be doubted. Yet, the inconvenience in using fractional dimensions and the 
fact that proportionality factors were given such unwarranted prominence led to various 
proposals of so-called practical dimension systems. The aim of these systems is sim¬ 
plicity, stress upon fundamental concepts, and practicability. 

The So-called Practical Dimension System has as fundamental dimensions length 
[L], time [T], current [/], and resistance [/2], based upon the fact that convenient stand¬ 
ards are available for the two electrical quantities. The system is used rather extensively 
in the engineering literature,* although not always explicitly stated. The fact that two 
fundamental electrical dimensions are chosen renders it difficult to combine it with the 
known mechanical dimension systems, and this is an objectionable feature. (See column 
4 of Table III.) 

The Energetical Dimension System is the extension of the mechanical dimension 
system with the same name by adding voltage [V] as a fourth fundamental dimension. 
It had been proposed by W. Ostwald f but never has been used in the literature. (See 
column 5 of Table III.) 

The disadvantage of all the practical” systems is their departure from existing 
mechanical dimension systems from which, however, they cannot be entirely dissociated, 
since the fundamental standards of energy or power must be based upon the standard of 
mass in order to be internationally available. 


UNIT SYSTEMS 

6. UNITS AND UNIT SYSTEMS 

Definition of Units. A physical quantity can bo measured only by comparison with a 
like quantity. Defining a distinct amount of a physical quantity as "unit,” i.e., as refer¬ 
ence value, any physical quantity of the same kind can be compared with it, and its 
value is then stated in terms of a ratio number and the unit used. Obviously there is 
an infinity of possibilities for choosing a unit of a single physical quantity. All the possible 
units of the same physical quantity must he related by purely numerical factors which are 
used as the expressions for direct comparison. (See also Art. 1.) 

Units and Dimensions. The general unit of a physical quantity is defined as its 
dimension. (See Art. 2.) There can be only one dimension for each physical quantity 
if the units are to be related by numerical factors only; but there are as many dimensions 
as there are physical quantities. Obviously, the concept of dimension systems, as out¬ 
lined (see Art. 2), facilitates eas> orientation and permits the use of a few fundamental 
dimensions to express all physical quantities in general units. Likewise, the concept of the 
fundamental unit permits the expression of all other units in terms of the fundamental 
units. However, whereas dimensional relations are essentially exponential equations, unit 
relations necessarily include numerical values in their equations. 

Unit Systems. On the basis of a proper dimension system a unit system can be 
developed by choosing, for each fundamental dimension of the system, a specific unit, 
desirably related to a fundamental standard or standards. These units are called/undo- 
mental units; the respective physical quatititios, fundamental quantities. Their number 
must be the same as the number of fundamental dimensions in the respective dimension 
system in order to constitute a complete unit system. All other physical quantities are 
then expressible in terms of the fundamental quantities and their units. Obviously there 
can be an infinity of unit systems for each complete dimension system; but for interna¬ 
tional understanding it is desirable to limit the usage to a few unit systems. 

Systematic Units are all systematically derived units within a unit system, obtained 
by replacing the general units, as indicated in the derived dimension of the quantity, by 
the fundamental units of the system. Thus, in a m-kg-sec physical mechanical unit 
system, the systematic unit of power with the dimension [M] [L]* will be 1 kg m* 
8ec~*, which is known as 1 watt. The unit relations between systematic units are, there- 

• Mie, G., liChrbuch der Elektrizitat und des Macnetismus, Stuttgart, 1910; Karapetoff, V., 
The Electric Circuit, The Magnetic Circuit, New York, 1910. 

t W. Oatwald, see footnote, p. 3-06. 
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lorCf unitery, do not involve numerical factors. Unit systems with only systematic 
cally derived units are the ultimate goal in any branch of physics; they are difBioult to 
obtain because the umts should all be of convenient practical size. 

Derived Units. All units which are not fundamental may be called derived units. 
Systematic units form the most profninent group of derived units, although all mixed 
units would come into this same category. Derived units can be the same for several 
unit systems if the defining fundamental units are the same. In many cases, where 
systematically derived units are inconvenient, mixed units will be used. In the m-kg-sec 
system “charge density” would have the systematic unit “coulomb per square meter,” 
whereas more convenient is the unit “microcoulomb per square centimeter,” a multiple 
of a mixed unit. 

Units and Physical Equations. The form of physical equations depends upon the 
units employed for the various physical quantities. In general, the simplest forms will 
result when units of the same system are used exclusively. Two different types are, 
therefore, distinguished. 

Systematic Physical Equations use only systematic units for all physical quantities 
involved. These equations are independent of the specific unit system applied, their 
form is the simplest obtainable without numerical factors, and their use should be pre¬ 
ferred in all general texts. If a definite dimension system is chosen, it will, in conjunction 
with the proper number of fundamental units, form a sufficient basis for the correct 
interpretation of the general equations, written in systematic form. 

Non-systematic or Hybrid Physical Equations use units from different unit systems 
or various multiples of units of the same system. These equations involve additional 
numerical factors (and numerical factors only, if all incomplete dimension sets are ex¬ 
cluded). In all non-systematic equations it is imperative to state the uniis to be used 
for the various quantities in order to avoid confusion and misunderstandings. Many 
examples of non-systematic equations can be found in electrom?i.gnetism, where hybrid 
relations are very common. (See Art. 9.) 

Comprehensive Unit Systems are composed of five fundamental units to cover the 
whole field of physics. The difficulties in designing a comprehensive unit system come 
from the restriction that all the systematic units should be convenient and practical or at 
least be made so by simple powers of 10. Many attempts have been made to reach 
international agreement on a single comprehensive system, but thus far none has succeeded. 
The advantage of such a system is obvious, since all physical equations could be used in 
their systematic form, introducing all the physical quantities in convenient practical values. 

So-called Absolute Unit Systems. During the middle of the nineteenth century it 
became customary to refer to measurements in terms of the centimeter-gram-second 
mechanical unit system as “absolute” measurements, and the cgs system, as adopted 
and recommended by the British Association for the Advancement of Science in 1873| 
was called the “absolute” unit system. This designation is entirely unwarranted, as no 
fiystem can claim “absoluteness,” The attempts to reduce the fractional electrical di¬ 
mension systems to the three so-called absolute mechanical dimensions, and then to use 
the absolute mechanical units in electrical measurements, have resulted in confusion and 
inconsistencies. It is inadvisable to use less th.an four fundamental units in electromag¬ 
netism, and for this reason, the so-calicd absolute unit systems will not bo considered 
here at all. The complete unit systems resulting from the fractional dimension systems, 
which sometimes are called “complete absolute” systems because of their complete set 
of fundamental dimensions, will be called here ** thiorelicaV' unit synlems* 

The Metric Unit Systems are based upon the international metric standards, namely: 
the meter and the kilogram, or any decimal multiples thereof. Only the metric systems 
enter in general into the discussion of comprehensive unit systems. 

Metric Multiples and Metric Style. Prefixes used to indicate multiplea and auhmulii- 
plea of various metric units are shown in the following table: 


micro = 10~® 

deka 

* 10' 

milli = 10~* 

hecto 

= 10* 

centi 10~2 

kilo 

« 10* 

deci = 10“' 

myria 

= 10* 


mega 

« 10® 


Example. One centimeter *= lO"”* meter; one kilolitcr = 10* liters; one milligram « 
10~* gram. Metric numbers are written with the decimal point (.) at the right of the 
figures denoting the unit; thus the expression, 15 meters 3 centimeters, is written 16.03 
meters. 


* G. Mie, “ Elektrodynamik,” Handbuch der experimentai Physik, Vol. 11, 1932. 
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When metric numbers are expressed by figures, the part of the expression at the left 
of the decimal point is read as the number of the unit, and the part at the right, if any, 
as a number of the lowest denomination indicated, or as a decimal part of the unit; thus, 
46.525 meters is read 46 meters and 525 millimeters, or 46 and 525 thousandths meters. 

The English Unit Systems are based upon the English standards, namely: the yard 
and the pound, or any multiples thereof. See Units and Standards, p. 3--21. 

7. THE METRIC UNIT SYSTEMS OF MECHANICS AND HEAT 
The Distinctly Mechanical Unit Systems 

There are several mechanical unit systems in use, which are shown in Table I, with 
their systematic units (the fundamental units are printed bold face) for the most impor¬ 
tant quantities. It is significant that only one technical and three physical systems have 
been developed. The variety of the unit systems is not due to variety in dimension .^s- 
tems, but rather to the choice of various multiples of the same unit quantity. 


Table I. The Metric Unit Systems of Mechanics 


Unit System 

Author 

Year 

Basic 

Dimension 

System 

CGS 

France 

1799 

Physical 

(Dynamical) 

Technical 

Technical 

(Gravitational) 

MKS 

G. Giorgi 
1902 

Physical 

(Dynamical) 

MTS 

France 

1913 

Physical 

(Dynamical) 

Quantity 

CD 

0 

CD 


Length. 

cm 

m 

m 

m 

Time. 

sec 

sec 

sec 

sec 

Msjis. 

g 

1 , 

—— KK mass 

kg 

ton 



9.81 ^ 



Force. 

dyne 

kg force 

joules/m 

sthdne ■» 10* dya.es 

Power......... T. 

erg/sec 

■! v^att 

watt 

kilowatt 


9.81 


Energy. 

erg 

kg force-m 

joule 

kilojoule 


The CGS (Centimeter-gram-second) System of Units is a dynamical system of 
units and is based upon the centimeter, gram-mass, and second as fundamental units 
(column 1 of Table I). It was first proposed in 1795, and adopted in I’rance by the 
French statute of Dec. 10, 1799. The standard to which the length unit refers is the 
prototype meter (see standards); the standard to which the gram has reference is the 
prototype mass of the kilogram (see standards). This system was endorsed and recom¬ 
mended for use by the British Association for the Advancement of Science in 1S63 and 
since then has been most widely used internationally, in all sciences. Frequent objec¬ 
tions to the cgs system are the fact that the actual standards are for multiples of these 
fundamental units and not for the units themselves; that the derived units for force and 
energy are inconveniently small for practical purposes; and that it does not fit with the 
practical electrical units to form a comprehensive unit system. 

The MKS (Meter-kilogram-second) System of Units is a dynamical system of units 
and is based upon the meter, kilogram-mass, and second (column 3 of Table I). It was 
proposed by G. Giorgi ♦ (1902) and adopted by the International Electrotechnical Com¬ 
mission at Paris, 1935. Its convenience lies in the fact that it is based upon the actual 
standards, as preserved in Paris, the meter and the kilogram-mass prototype. The dis¬ 
advantage of largo magnitudes for densities and gradients may be not serious, depending 
on general usage. The density of water is 10* kg per cu meter, and this is rather incon¬ 
venient in many practical computations. 

The MTS (Meter-ton-second) System of Units is a dynamical system of units and 
is based upon the meter, metric ton (mass), and second (column 4 of Table I). It was 
proposed in 1913 t and legalized in France in 1919. The units arc in some respects better 
adapted to practical use than those in the cgs system; but it is not suitable for extension 
into a comprehensive system or as a unit system for physics. Its main advantage is the 
fact that the density of water under normalized conditions becomes 1 ton per cu meter 
and thus has the same numerical value as in the cgs system (where it was 1 g per cu cm). 


♦ G. Giorgi, Elec. World, Vol. 40, pp. 365, 368, 1902. 

♦ Sto a. K. KenndUy, Pr'oc. Soc. Prom. Engg. Educ,, Vol. 19, p. 229, 1928. 
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The ** Technic^ ** System of Units is a gravitational system of units and is based 
upon the meter, kilogram (force), and second as fundamental units (column 2 of Table 
I). Since the standard of force is defined as the weight of the protots^pe standard mass 
of the kilogram, the fundamental unit of force is variable. International agreement 
determined a standard value of the constant of gravity (see Units and Standards) which for 
all practical measurements is little different from the local value at the point of measure¬ 
ment. As the system is decidedly a technical system of units, widely used by engineers 
and the industry, this disadvantage is not serious at all. The advantages in practical 
design work and in numerical computations more than justify the use of this unit sys¬ 
tem, sdelding veiy simple dimensional formulas and self-explanatory derived unit names. 

The Thennal Unit Systems 

Any mechanical unit system supplemented by temijerature as a fourth fundamental 
unit constitutes a proper thermal unit system. Table II gives a summary of the units 
most frequently used and their coordination in the various thermal unit systems. 


Table II. The Thermal Units Most Commonly Used 


Quantity 

Caloric 

Unit System 

CGS Thermal 
Unit System 
@ 

MKS Thermal 
Unit System 

Fundamental 




Length. 

cm 

cm 

m 

Time. 

sec 

sec 

sec 

Mass. 

(4.184 gram-seven)* 

g 

kg 

Temperature. 


®C 

®C 

Energy. 

cal 

(erg) 

(joule) 

Derived 




Thermal conductivity. 

cal/sec ® C cm 

erg/sec ® C cm 

watt/® C m 

Thermal capacity of body. 

cal/® C 

erg/® C 

joule/® C 

Thermal capacity of substance. .. 

cal/sec ® C g 

crg/sec ® C g 

watt/® C kg 

Emissivity. 

cal/sec ® C cm* 

erg/scc ® C cm* 

watt/® C m* 

Entropy. 

cal/® C i 

erg/® C 

joule/® C 


The Caloric Unit System is based on the centimeter, second, calorie, and degree centi¬ 
grade (column 1 of Table II). The peculiar definition of the unit of energy produces 
inconvenient systematic units of mass and force. For this reason a practical modification 
is widely used, by employing* the non-systematic units of gram and dyne in computations. 
It is with this system that Fourier founded the theory of dimensions.t The most com¬ 
monly used quantities and their units are shown in Table II. 

The CGS Thermal Unit System is the extension of the cgs mechanical unit system 
(column 2, Table II) by the addition of the metric unit of temperature (degree centigrade). 
Although a dynamical or physical system, it is widely used in heat engineering on account 
of the erg as the unit of energy which provides a cjlose link to the watt and the practical 
electrical unit systems. The most commonly used quantities and their units are shown 
in Table II. 

The MKS Thermal Unit System is the extension of the mks mechanical unit system 
(column 3, Table II) by the addition of the metric unit of temperature (degree centigrade). 
It is widely used in general engineering on account of the convenient magnitudes of its 
fundamental units. The most commonly used quantities and their units are shown in 
Table II. 


8. THE METRIC COMPREHENSIVE UNIT SYSTEMS 

The comprehensive unit systems are composed of five fundamental units in order to 
cover the whole field of physics. There are eleven comprehensive unit systems in use, 
each one with a different name; in addition, there is the QES system, which was used by 
J. C. Maxwell to explain the “ practical ” units in terms of the theoretical definitions. In 
Table III are shown all twelve unit systems with their authors, the year of proposal or first 
use, and the dimension system upon which the unit system was based (the fundamental 
units are bold-face type). 

It can be seen that nine of the systems are physical unit systems; only one a technical 
system and two systems belong in the so-called “practical” class. Most of the variety 
can, therefore, Ix) accounted for by slight changes in the choice of the multiple of the 

♦ Gram-seven is the abbrevation for 10^ gram as proposed by E. Bennet. See footnote, p . 3-09- 
t J. B. J. Fourier, Th6orie analytique de la chaleur. p. 162, Paris, 1822. 

1 — 1.1 
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Table ni. The Fundamental Units in the Comprehensive Unit Systems 


CGS 

Symmetric 


Author J 1833 
Year ] W. Weber 
( 1851 

Baric Dimension Symmetric 
System 

Quantity (i) 

Length. cm 

Time. sec 

Mass. g 

Force. dyne 

Power. . erg/seo 

Energy. erg 

Temperature. ® C 


Electric charge.... statcoulomb 

Current. statamperc 

Resistance. statohm 

Dielectric constant statfarad/cni 
PermealMlity. abhenry/cm 


Unit 

System 

Author 

Year 

Baric Dimension 
System 

Quantity 

Length. 

Time. 

Mass. 

Force. 

Power. 

Energy. 

Temperature.. 

Electric charge. 


CGS 

ElcctroBtatic 

J. C. Maxwell 
1863 

Electrostatic 

CGS 

Electro¬ 

magnetic 

J. C. Maxwell 
1863 

Electro¬ 

magnetic 

QES 

J. C. Maxwell 

1881 

Electrostatic 

(D 

® 

® 

cm 

cm 

Quadrant = 10® cm 

sec 

sec 

sec 

K 

K 

eleventh-gram “ lO'li g 

dyne 

dyne 

centi-dyne 

erg/sec 

crg/sec 

watt 

erg 

erg 

joule 

°C 

®C 

®C 

statcoulomb 

abcoulomb 

coulomb 

statampere 

abampere 

ampere 

statohm 

abohm 

ohm 

statfarad/cm 

abfarad/cm 

statfarad/cm 

atathenry/cm 

abhenry/cna 

stathenry/cm 


Rationalized 
Electro¬ 
magnetic 
0. Heaviside 
1892 


G. Giorgi 
1902 


- abcoulomi) 

\/4ir 


\/i^ 

4ir abohm 

“ abfarad/cm 
4ir 

4ir abhenry/cm 


Resistance. 

Dielectric constant 
Permeability. 


Rationalized 

Symmetric 

H. A. Lorentz 
1009 

Symmetric 

Practical 
( V. KarapetoPf 

1G. Mie, 1910 

Practical 

CGSS 

E. Bennett 
1017 

Electrostatic 

Electro¬ 

technical 

E. Weber 
1932 
Electro¬ 
technical 

Elcctro- 

physical 

E. Wolier 
1032 
Electro¬ 
physical 

® 

® 

® 

@ 

® 

cm 

cm 

cm 

m 

cm 

sec 

sec 

sec 

sec 

sec 

K 

gram-8<;vcn=107g 

gram-seven= 10^ g 

kg 

g 

dyne 

joule/cm 

joule/cm 

joule/m 

dyne 

erg/sec 

watt 

watt 

watt 

erg/scc 

erg 

joule 

joule 

joule 

erg 

®C 

°C 



®C 

—“ statcoulomb 

coulomb 

coulomb 

coulomb 

abcoulomb 

Vin 





—7-- statampere 

ampere 

ampere 

ampere 

abampere 

V4ir 





4ir statohm 

ohm 

ohm 

ohm 

abohm 

” statfarad/cm 
4ir 

farad/cm 

farad/cm 

farad/m 

abfarad/cm 

4ir abhenry/cm 

henry/cm 

henry/cm 

henry/m 

abhenry/cm 


Definitive 
G. A. 
Campbell 
1033 

Definitive 


mass unit or by the choice of the suppleraentarj^ electrical unit. Unfortunately, many 
of the physical texts still use Maxwell’s unit systems or the rationalized systems, so that 
the whole variety (except the QES system) actually can be found in the present-day 
literature. 

Another grouping, according to the type of the dimension system (see Art. 5), shows six 
“ fractional,” three so-called practical, and three ‘‘ natural ” systems. Since all the quan¬ 
tities are given with their systematical units, it is easily seen that the natural systems (with 
charge as fundamental quantity) represent the most convenient arrays of units for prac¬ 
tical use. 

The “ Theoretical ” Comprehensive Unit Systems 

All tlie “theoretical” dimension systems are characterized by the fact that they use 
as fundamental electrical dimension either A* or the proportionality constants in the 
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two fundamental experimental laws. In the theoretical** unit systems these same fac¬ 
tors are then assumed to have the magnitude unity, so that in combination with the 
three fundamental mechanical units all the electromagnetic units can be derived. 

The CGS Electrostatic Unit System is the extension of the cgs mechanical system of 
units into a comprehensive system by adding the metric unit of temperature, degree 
centigrade, and defining the absolute dielectric constant (permittivity) as 1 statfarad per 
centimeter (see Units and Standards); see column 2, Table III. It is a dynamical unit 
system and was introduced by J. C. Maxwell.* It is frequently used in the field of elec¬ 
trostatics, especially in the form of an incomplete set of dimensions as a so-called absolute 
system which is obtained if the dimension of the dielectric constant is arbitrarily taken 
as zero, so that capacity will appear with the dimension “centimeter.*' In all texts 
employing the so-called absolute units and giving capacity in “centimeters,” replace this 
unit by statfarad. The most commonly used quantities and their units in the complete 
cgs electrostatic system are listed in Table IV, first column. The unit system has many 
non-systematic units, and so the electromagnetic equations contain numerical factors 
(Art. 9). 

The CGS Electromagnetic Unit System is the extension of the cgs mechanical system 
of units into a comprehensive system by adding the metric unit of temperature (degree 
centigrade) and defining the absolute magnetic permeability as 1 abhenry per centimeter 
(see Units and Standards); see column 3, Table III. It is a dynamical unit system and 
was introduced by J. C. Maxwell,* as an alternative to the cgs electrostatic unit system. 
It is frequently used in the treatment of magnetic fields, especially in the form of an 
incomplete set of dimensions as a so-called absolute system, which is obtained if the 
dimension of the permeability is arbitrarily taken as zero, so that inductance will appear 
with the dimension “centimeter.” In all texts employing so-called absolute units and 
giving inductance in “centimeters,” replace this unit by abhenry. The most commonly 
used quantities and their units in the complete cgs electromagnetic system are listed in 
Table IV, second column. The system has many non-systematic units, and so the elec¬ 
tromagnetic equations contain numerical factors (Art. 9). 

The CGS Symmetric Unit System is a combination of the cgs electrostatic and the 
cgs electromagnetic unit systems in such manner that all the electrostatic and electric 
current quantities appear in electrostatic imits and all the magnetic quantities in electro¬ 
magnetic units. In order to achieve this result a new factor was introduced into the 
fundamental electrical equations (see Art. 9), so that both the dielectric constant and the 
permeability could be defined arbitrarily as one statfarad per centimeter and one abhenry 
per centimeter, respectively. In this way symmetry in the expression was obtained. The 
new factor introduced was found to have the same numerical value as the velocity of 
light t; however, its identification with the velocity of light is not possible (see “Abso¬ 
lute ” Dimension Systems, Art. 5). This symmetric system is frequently used in European 
publications, mostly in the form of an incomplete set of fundamental dimensions as the 
so-called absolute Gaussian system, which is obtained if the dimensions of both the abso¬ 
lute dielectric constant and the absolute permeability are taken as zero. Capacitance 
ns well as inductance will then apiiear with the dimension “centimeter,” which should be 
replaced properly by statfarad and abhenry, respectively. The “absolute” modification 
was the one used by C. F. Gauss and W. Weber in the classical investigations on measure¬ 
ments of electromagnetic quantities. The system has many non-systematic units, and so 
the electromagnetic equations contain numerical factors. (See Art. 9.) 

The Rationalized CGS Electromagnetic Unit System was introduced and \dgorously 
defended by O. Heaviside, t whereas the rationalized cgs symmetric (Gaussian) unit system 
was used by H. A. Lorentz. § Both systems are identical with the unrationalized systems 
of the same name but use a factor 47r in Coulomb’s and Ampere’s laws instead of in the 
less logical positions where the classical theory had used them. As a result the electro¬ 
magnetic field equations take on very simple forms. (See Art. 9.) All the units of the 
rationalized systems bear ratios of V4ir or multiples thereof to the cgs units of the same 
systems as shown in Table IV. This fact has prohibited their use in practical compu¬ 
tations, although they are often found in modern treatises on electromagnetism, particu¬ 
larly in the English language. Where the rationalized systems have degenerated into 
so-called absolute systems the same considerations apply as in the unrationalized cgs 
systems. 


* Reports of the Committee on Standard Resistance of the British Assoc, for the Advancement 
of Science, by F. Jenkin, London, 1873, especially appendix C, second report, 
t W. Weber and R. Kohlrausch, Pogg. Annalen, Vol. 99, 1866. 
t O. Heaviside, Electromagnetic Theory, London, 1893. 

I H. A. Lorentz, The Theory of Electrons, New York, 1909. 
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Table IV. The Electrical Units Most Commonly Used 


Quantity 


Electric charge. 

Surface charge density 
Electrostatic flux. 


Displacement. 

Electric field strength. 
Capacity. 


Dielectric constant 
(permittivity)... . 


Current. 


Voltage.... 

Potential... 
Resistance.. 
Resistivity. 


Conductance. 


Conductivity. 


Magnetic flux. 

Magnetic flux density 
Magnetizing force. . 


Magnetomotive force, 


Reluctance. 


Inductance.. 
Permeability. 


CGS. 

Electrostatic 
Unit System 
(theoretical 
units) 


statcoul 

Btatcoul/cm2 

statcoul 

statcoul/cm^ 

statvolt/cm 

statfarad 

statfarad/cm 

statamp 

statvolt 

statvolt 
statohm 
statohm cm 

statmho 

statmho/cm 

statweber 

statweber/cm^ 


Btathenry 

stathenry/cm 


CGS. 

Electromag> 

netic 

Unit System 
(theoretical 
units) 


abcoul 

abcoul/cm* 

abcoul 

abcoul/cm^ 

abvolt/cm 

abfarad 

abf arad/cm 

abamp 

abvolt 

abvolt 
abobm 
abohm cm 

abmbo 

ubmho/cm 

maxwell 

gauss 

oersted 

gilbert 


abhenry 

abhenry/cm 


Practical 
Unit System 


coul 

coul/cm2 coul/ni“ 
coul 

coul/cm* coul/m* 

volt/cm volt/m 

farad 

farad/cm farnd/m 
amp 

volt 

volt 

ohm 

ohm cm ohm m 

mho, siemens 

mho/cm mho/m 
weber 

weber/cm* weber/ni* 
amp/cm amp/m 

amp-turn 


henry 

henry/cm henry/'m 


Rational 

Unit 

System 


X theor. 

V4ir 

V4ir 

Vi 


TT X 

ix 

1 X 


• / X 

V4ir 

Vi^X 

Vlw X 
4ir X 
4a- X 

ix 

Vi^ X 
Vii X 

•X 

V4ir 

vTi^ 

ix 

4w X 
1 X 


Symbol 


rj, <r 


V 

R 

p 


B 


(R 

L 

n 


Notbs; 1. For relations between the various units see conversion tables. 

2. The unit names are used according to the latest decisions of the 1. E. C. (Internationa) 
Electrotechnical Commission), at Paris, 1932. 


The QES System of Units. J. C. Maxwell ♦ has shown tliat, on tho basis of the cen¬ 
timeter, gram, and second, a unit system can be devised in which again the absolute 
dielectric constant has the value 1 statfarad per centimeter but in which all the other 
electromagnetic quantities appear in the units of the so-called practical system. Since 
the cgs units and the jiractical units are in general related by high powers of 10 (see con¬ 
version tables), the fundamental unit of length should be 10® cm (or a quadrant), and that 
of mass should be 10“^^ gram (eleventh-gram), whereas the second must be preserved as 
the unit of time. This system never has been used; it is not logical to let a proportion¬ 
ality factor retain unity as its magnitude and accept impractical fundamental units. 


* J. C. Maxwell, Electricity and Magnetism, London, 1881. 
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The Various Practical Comprehensive Unit Sjrstems 

All the practical unit systems use the international units (for details see chapter on 
Units and Standards) for the electromagnetic quantities. Differences are only with 
respect to the designation of fundamental units which in turn bears upon the standards to 
be used. Table IV gives the most commonly used quantities with their practical units; 
distinction is made between the meter and the centimeter as fundamental units of length. 

The So-called Practical Unit System is based upon the centimeter and second as 
fundamental mechanical units, adding the metric unit of temperature (degree centigrade) 
and two electrical units, the ampere and ohm. It was independently introduced into 
the literature by V. Karapetoff * and G. Mie.f The fact that two electrical units are 
considered fundamental would require primary standards for these and remove the pro¬ 
totype kilogram mass as a primary standard. The removal of the kilogram mass is perhaps 
the outstanding objection to the system. Another disadvantage is that the systematic 
unit of mass is rather large. 

The MKS System of Units is a dynamical or physical system and is based upon the 
meter, kilogram (mass), second, degree centigrade, and ohm as fundamental units. (See 
column 6, Table III.) This system was accepted internationally in June, 1935, by the 
I.E.C. without, however, the originally proposed fundamental electrical quantity ohm; 
it is called the Giorgi-MKS system after its proponent, t Instead of the ohm the sugges¬ 
tion was made to use the value of the absolute permeability as 10"“^ henry per meter which 
would render this system a strictly comprehensive unit system. A disadvantage of this 
system is the large value for the density of water, namely 10* kg per cu m; the advantage 
is the close relationship to the original standards of mechanical units. 

The CGSS System of Units is a dynamical or physical system based upon the me¬ 
chanical units centimeter, gram-seven (10^ gram), and second, the metric unit of tempera¬ 
ture (degree centigrade), and the definition of the absolute dielectric constant as a funda¬ 
mental constant (column 9, Table III). The system had been proposed by E. Bennett § 
in 1917 and is essentially derived from the electrostatic unit system, rcv>lacing the unit 
statfarad per centimeter by farad per centimeter for the dielectric constant. It, there¬ 
fore, has the same disadvantage of unsymmetry as Maxwell’s unit system and in addition 
calks for a rather large unit for mass in order to bring in the electrical practical units. 
This system is not widely used. 

The Natural Comprehensive Unit Systems 

The unit systems based upon the electric charge as fundamental electrical dimension 
are here called “natural” comprehensive unit systems (see also Natural Dimension Sys¬ 
tems) in order to emphasize the contmdistinction from the “theoretical” unit systems 
based uiion quantities of secondary importance. 

The Electrophysical Unit System is the extension of the mechanical cgs system into a 
comprehensive unit system by adding the metric unit of temperature (degree centigrade) 
and the electromagnetic unit of charge as fundamental units (column 11, Table III). It 
is practically identical with the electromagnetic system of Maxwell except that it is based 
upon the definition of the electric charge and leaves the values of the dielectric constant 
and permeability adjustable with the progress of measurements pertaining to the velocity 
of light. Although seemingly a minor point, this is of practical importance with respect 
to standards. This system has been proposed recently If as an alternative to the electro¬ 
technical system in order to preserve the internationally adopted electromagnetic units 
which have been used very frequently. 

The Electrotechnical Unit System is the extension of the mechanical “technical ” sys¬ 
tem into a comprehensiive unit system || by adding the metric unit of temperature (degree 
centigrade) and the coulomb as fundamental units (column 10, Table III). The change 
from kilogram force as unit of force to joule per meter makes this system identical with the 
kms system in regard to units, but leaves it as a gravitational system which is of distinct 
advantage in engineering. This system has Ijeen proposed recently ^ as an alternative 
to the electrophysical unit system. 

The “ Definitive ’’ System of Units is an energetical system based upon the meter, 
second, watt, degree centigrade, and coulomb as fundamental units (column 12, Table III). 
It combines the advantage of the mks system, the convenient relation between mechanic^ 

* V. Karapetoff, The Electric Circuit, New York, 1910; The Magnetic Circuit, New York, 1911. 

t G. Mie, Elektrizitat und Magiietismus, Stuttgart, 1910. 

i G. Giorgi, Elec. World, Vok 40, pp. 355, 368, 1902. 

fiE. Bennett, Bull. Unit. Wiaconein, No. 880, 1917. 

f E. Weber. Trana. A.I.E.E., Vok 61, p. 728, 1932. 

II As extension of the technical system, the meter must be taken as unit of length, not the centi¬ 
meter as in the original proposal. 
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and electrical practical unite, with the selection of charge as a fundamental unit. It 
has the disadvantage of discarding mass as a primary unit and replacing it by the watt 
for which no convenient standard is known. This system has been proposed only recently 
by G. A. Campbell * and aims at a unique, internationally acceptable, practical unit system. 

9. THE WRITING OF THE ELECTROMAGNETIC RELATIONS 

On account of the many different unit systems in use, the electromagnetic relations 
appear in different forms. The situation is still further complicated by the fact that 
the practical and so-called absolute or cgs units are mixed, and, instead of systematic 
physical equations,^.so-called hybrid or non-systematic equations are obtained. In the 
various branches of engineering and physics various customary writing styles are observed 
which are listed in Table V. Since only complete dimension systems are considered, 
the factor F is a pure numeric, the value of which is identical with the value of the velocity 
of light in free space, expressed in centimeters per second. 

Four of the systems in Table V write the electromagnetic equations in non-systematio 
form as indicated by the factors 4t or V in the direct relations between physic^ quanti¬ 
ties. No unitary relations between the units can exist. Only two systems are truly 
“rationalised”; unitary relations hold between the units, and with systematic units no 
numerical factors appear in the fundamental equations. 

Mixed Equations. If in one equation units from different unit systems are employed, 
this must be stated expressedly in order to avoid serious mistakes. A prominent example 

is the law of induction, often found in the form F = — in this form V is ex- 

at 

pressed in volts (practical system) and 0 in maxwells (cgs electromagnetic system). A 

proper way of writing this equation with mixed units is F ^ - lO"* (F in volts, 0in 
maxwells). ^ 

In general, it is preferable to avoid the use of mixed equations, as it is necessary to 
remember with the symbols also the numerical factors. 


UNITS AND STANDARDS 


Dimensions of Units, see Dimension Systems, page 3-02. 

Fundamental and Derived Units, see Unit Systems, page 3-12. 

Conversion of Units, see Tables 27 to 60, Section 1. 

10. LENGTH, MASS, AND TIME 
The English Units and Standards 

Units of Length. The foot (ft) is the fundamental unit of length in the foot-pound- 
second (fps) system. It equals, by definition, one-third of a yard (yd), which is the 
English legalized standard unit of length. The United States yard was defined by Act of 
Congress, July 28, 1866, as 3600/3937 the length of the meter. (See Metric System for 
definitions of metric length.) 

In Great Britain, the Imperial yard is measured by a bronze bar preserved in the 
Standards Office, Westminster. Its length, in terms of the international prototype meters 
is 3600/3937.0113 meter. For engineering purposes, the United States and British yards 
may be considered identical. 

As subunits, the inch (in.) is defined as I /12 of one standard foot, and the mil as the 
one-thousandth part of one inch. The nautical mile (mi) is defined as one minute of arc 
on the earth’s surface at the equator, whereas the United States mile (U. S. mi. statute) 
is exactly 5280 ft and practically identical with the British mile. 

Unit of Capacity (Dry). The bushel (bu) is the standard unit of dry capacity. The 
Winchester bushel (U. S. standard) has a volume of 2150.42 cu in. 

In Great Britain, the Imperial bushel (bu) is defined as the volume of 80 lb of pure 
water at 62 deg fahr, weighed against brass weights in air at the same temperature as the 
water and with the barometer at 30 in. Its volume is approximately 2219.36 cu in. 

Unit of Capacity (Liquid). The gallon (gal) is the standard unit of liquid capacity. 
The United States gallon has a volume of 231 cu in. 


* G. A. Campbell, Bull. National Research Council^ No. 93, 1933. 
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In Great Britain, the Imperial gallon is defined as the volume of 10 lb of pure water 
at 62 deg fi^r, weighed against brass weights in air at the same temperature as the water 
and with the barometer at 30 in. Its volume is approximately 277.420 cu in. The 
imperial gallon (liquid measure) equals exactly one-eighth of the Imperial bushel (dry 
measure). As subunits, there are used the quart (qt), which is I /4 of the standard gallon, 
and the pint (pt), which is 1/2 qt. 

Units of Mass. The pound (avoirdupois) (lb avdp) is the fundamental unit of mass 
in the fps system.* It is also the English legalized standard unit of mass. The United 
States pound {avoirdupois) was defined by Act of Congress, 1866, as 1/2.2046 kg, but 
since 1895 there has been used, for greater accuracy, a value which agrees with that given 
by law as far as the latter is given; namely, 453.6924277 grams. This value is now used 
by the Bureau of Standards as an exact definition and is the basis of the customary United 
States weights (Circular 47, Bureau of Standards). 

In Great Britain, the Imperial pound (avoirdupois) is the mass of a platinum cylinder 
preserved in the Standards Office, Westminster. Its legal equivalent is 453.69243 grams. 
Tor engineering purposes, the United States and British pounds (avoirdupois) may be 
considered as identical. 

Subunits of mass are the grain (gr), defined as I /7000 of the standard pound (avoirdu¬ 
pois) and the ounce (avoirdupois) (oz-avdp) which is 1/15 of the standard pound (avoirdu¬ 
pois). The grain was used as fundamental unit in the so-called foot-gram-second (fgs) 
system of units prior to 1873. 

Weight vs. Mass. Unfortunately, the word “ weight ” is used in two different senses 
viz.; (1) by the layman (as well as loosely by the scientist) to designate a given mass or 
quantity of matter; and (2) by the scientist to designate the pull in standard gravitational 
force units which is exerted by the earth upon a piece of matter. The result of the com¬ 
mercial act of “weighing” a specific quantity is independent of the local gravitational 
pull of the earth, since both spring scales and balances are calibrated locally by compari¬ 
son with standard masses. 

For a method of determining whether or not a balance has equal arms and also for 
methods of correction of data obtained on an incorrect balance, see discussion on these 
subjects under the heading Accurate Weighing Procedure in this section. 

Auxiliary Fundamental Units and Their Principal Derived Units are defined and dis¬ 
cussed under the sections of this handbook pertaining to the topics to which they apply. 
In general, however, conversion factors are included in the tables of Section I. 

For an interesting and rather complete history see British Weights and Measures, 
London, 1910, by Sir C. M. Watson. 

The Metric (or French) Units and Standards 

Units of Length. The centimeter (cm) is the fundamental unit of length in the cgs 
system. It equals, by definition, t/ioo of a meter (m) which is the standard unit of length. 
The basic meter for international comparisons is the international prototype meter which 
is the distance, at zero degrees centigrade, lietween two lines on a platinum-iridium bar 
located at the International Bureau of Weights and Measures, at Sevres, France. This 
meter is the nearest to a duplicate, ever constructed, of the origmal meter which was 
constructed and deposited in the Archives of the French Republic in 1799. The meter 
is very nearly equal to one ten-millionth of the distance, measured at sea level, from the 
equator to either pole. 

An interesting history of the development of the international prototype meter (as well 
as the international prototyjye kilogram —see Unit of Mass, below) is given by Win. Parry, 
National Bureau of Standards, in Merriman’s Civil Engineers’ Handbook as follows: 

“The use of the meter as the basis of geodetic surveys had become so general through¬ 
out Europe that a conference was called in Paris, France, in 1870, for the purpose of 
establishing a central bureau where the standards of the different countries could be 
compared. As a result oi this conference an International Bureau of Weights and Meas¬ 
ures was established near Paris in 1875, by the concurrent action of the principal nations 
of the world. One of the first tasks undertaken by the Bureau was the construction 
of exact copies of the meter and kilogram deposited in the Archives. Thirty-one standard 
meters of iridio-platinum and forty kilograms of the same alloy were constructed and 
carefully compared with the standards of the Archives and with one another. This 
great work was completed in 1889, and the meter and kilogram which agreed most nearly 
with the original standards were called international prototype**, and were deposited at 

* The slug of mass, which is extensively used by engineers and physicists, is (in the English 
system) the mass to which an acceleration of one foot per second per second would be given by 
the Mphoation of a one-pound force. Unlike the pound of mass, it is not an absolute unit. Under 
standard gravity conditions, one slug of mass -» 32.1739 lb of mass. 
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the International Bureau, where they are maintained today subject to the authority of 
the International Committee on Weights and Measures. The remaining meters and kilo¬ 
grams were distributed by lot to the different nations which contributed to the support 
of the Bureau. The United States secured two copies of the meter and two copies of the 
kilogram, which are in the custody of the Bureau 6T Standards at Washington. One of 
the meters, known as No. 27, and one kilogram, No. 20, were selected as the United 
States standards, while the other meter and kilogram are used as secondary standards. 
It was the declared intention of the International Committee that the various national 
prototypes should be returned to the International Bureau at regular intervals for the 
purpose of recomparing them with the international standards and with one another. 
In this way all measurements based upon metric standards throughout the world are 
ultimately referred to the international meter and kilogram." 

Unit of Capacity. The liter (1) is the standard unit of capacity. It is defined as the 
volume of one kilogram of pure water at the temperature of maximum density (4 deg 
cent) under a pressure of 76 cm of mercury. For all practical purposes, the liter may bo 
regarded as the equivalent of the cubic decimeter, although the former is actually slightly 
greater, in the amount of less than three parts in one hundred thousand. 

Unit of Mass. The gram (g) is the fundamental unit of mass in the cgs system.* It 
equals, by definition, t/iooo of a kilogram (kg), which is the standard unit of mass. The 
basic kilogram for international comparisons is the international prototype kilogram which 
is a cylinder of platinum-iridium located at the International Bureau of Weights and 
Measures, at Sfcvrcs, France. This mass is the nearest to a duplicate, ever constructed, 
of the original kilogram which was constructed and deposited in the Archives of the 
French Republic in 1799. The latter was made as nearly as possible equal to the mass 
of a cube of pure water at 4 deg cent, the sides of the culie being ono-tenth the length of 
the original meter. 

An interesting history of the deA’'clopment of the international prototype kilogram is 
given above under the discussion headed Units of Length. 

Weight vs. Mass. See discussion under this same subheading of The English Units 
and Standards. 

Auxiliary Fundamental Units and Their Principal Derived Units are defined and dis¬ 
cussed under the sections of this handbook pertaining to the topics to which they apply. 
In general, however, conversion factors are included in the tables of Section I. 


The Standard of Time 

Unit of Time. Tlio second (sec) is the fundamental unit of time. It equals, by defini¬ 
tion, the 1/86,400 part of a mean solar day. The solar day is the interval of time be¬ 
tween two successive transits of the sun across a meridian of the earth at the point of 
observation; this interval varies in length at different times during the year, but the 
average length of the interval for one year is constant. 

Measures of Time. A solar day is measured by the rotation of the earth about its 
axis, with respect to the sun. In astronomical compulations and in nautical time the day 
commences at noon, and in the former it is counted throughout the 24 hours. In civil 
computations the day commences at midnight, and is divided into two parts of 12 hours 
each. 

A solar year is the time in which the earth makes one revolution around the sun. Its 
average time, called the mean solar year, is 365 days, 5 hours, 48 minutes, and 48 seconds, 
or nearly 365 1/4 days. 

History of the Calendar. The Julian Calendar was established by Julius Caesar, 44 B.C., and 
by it one day was inserted in every fourth year. This was the same thing as assuming that the 
length of the solar year was 305 days and 6 hours, instead of the value given above, thus introducing 
a cumulative error of 11 minutes and 12 seconds every year. This calendar was adopted by the 
church in 325 a.i>., at the Council of Nice. In the year 1.582 the annual error of 11 minutes and 
12 seconds had amounted to 10 days, which, by order of Pope Gregory XIII, was suppressed in 
the calendar, and the fifth of October reckoned as the fifteenth. To prevent the repetition of this 
error, it was decided to leave out three of the inserted days every 400 years, and to make this omis¬ 
sion in the years w'hich are not exactly divisible by 400. Thus, of the years 1700, 1800, 1900, and 
2000, all of which are leap-years according to the Julian Calendar, only the last is a leap-year ac¬ 
cording to the Reformed or Gregorian Calendar. This Reformed Calendar was not adopted by 
England until 17.52, when 11 days were omitted from the calendar. The two calendars are now 
often called the Old Style and the New Style. 


* The slug of mass, which is extensively used by engineers and physicists, is (in the metric sys¬ 
tem) the mass to which an acceleration of one meter per second per second would be given oy 
\he application of a one-kilogram force. Unlike the kilogram of mass, it is not an absolute unit. 
Under standard gravity conditions, one slug of mass « 9.80665 kg of mass. 
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Accurate Weighing Procedure 

To Detormine Whether a Balance Has Equal Anns. After weighing an article and 
obtaining equilibrium, interchange the article and the weights. If equilibrium still ob¬ 
tains, the balance is true (assuming friction negligible); if equilibrium does not obtain, 
the pan which descends is suspended from the longer arm. 

To Weigh Correctly on an Incorrect Balance. “ Weigh ” the article first on one pan 
and then on the other. The correct weight is the square root of the product of the appar¬ 
ent weights thus obtained. 

IL FORCE, ENERGY, AND POWER 

Dynamical and Gravitational Units. According to the use of two different dimension 
and unit systems, the d 3 mamical (or physical, or “absolute”) system and the gravitational 
(or technical) system, two different sets of units of force, energy, power, and derived quan¬ 
tities are defined in both the English and the metric systems. One dynamical unit of force 
produces an acceleration of unity on unit standard mass. The gravitational unit of force 
is defined as that force required to give a unit standard mass an acceleration equal to that 
produced by the gravitational pull of the earth. As the acceleration due to gravity, g, 
varies with location and altitude,* the gravitational unit of force is not constant, and, 
therefore, its relation to the dynamical unit of force will vary. By international agree¬ 
ment, the value go = 980.665 cm per sec iier sec = 32.1739 ft per sec per sec (British) 
has been chosen as the standard acceleration of gravity. 

Force vs. Weight. The gravitational, or technical, system of units is extensively used 
in engineering, where it is the practice to measure forces by scales and balances calibrated 
by comparing them with the pull of the earth upon standard masses. These weighing 
devices, giving commercial weights, also measure force in gravitational units. Since the 
gravitational unit of force varies with g, measurements should be compared with the 
gravitational unit under standard conditions, g « go- Thus the local value of a force in 
number of standard gravitational units is g/go times the force measured by scales cali¬ 
brated locally, or / ~ wg/go == mg. Owing to the manner in which weighing devices are 
calibrated, m =* w/go where / is in standard gravitational units, t 

For engineering work the variation of g with latitude and elevation is usually negligi¬ 
ble, so that the weight might be taken as the approximate value of the local pull of the 
earth. In scientific computations this slight difference has to be taken into consideration. 
For corrections required in accurate weighing see International Critical Tables, Vol. 1, 
p. 73. 

These same corrections apply to all quantities, such as energy, pressure, power, and 
torque, involving the gravitational definition of force. 

The English Units 

Units of Force. The dynamical or physical unit of force is the poundal, defined as the 
force required to give a mass of one pound an acceleration of one foot per second per second. 

The pound-force (or weight of ihe pound mass) is the gravitational or technical unit 
of force. It is, by definition, the force required to give a mass of one pound an accelera¬ 
tion equal to the value of standard acceleration due to gravity (see Force vs. Weight). 
If a force is measured by “weighing,” the result in pounds weight must be multiplied 
by g/go^ the ratio of local to standard acceleration of gravity, in order to obtain the abso¬ 
lute value in pound-force units. For engineering purposes this correction can usually 
be neglected. 

The Unit of Pressure is defined as the unit of force acting upon a unit area. The 
most commonly employed unit is the p&Wnd (weight) per square inch. With respect to 
correction for local gravity, see Force vs. Weight, above. 

Pressure is measured also by the height in inches of the column of vrater at 4 deg cent 
(39.1 deg fahr) or of the column of mercury at 32 deg fahr which it supports. (See Con¬ 
version Tables.) 

Units of Work or Energy. The foot-poundal is the physical unit of work or energy 
and is defined as the work done by a force of one poundal in moving a body through the 
distance of one foot in the direction of the force. 

The foot-pound (force) is the technical unit of work or energy and is defined as the work 
required to raise a mass (or weight) of one pound through a vertical distance of one foot 
at standard acceleration of gravity ijo. If measurements are made in places where the 


* The variation of g with latitude ^ and altitude H is given approximately by (0 in degrees, 
H in meters): g •> 978.039 (1 + 0.005295 Bin 2 0 ) — 0.000307 H. See International Critical Tables, 
Vol. 1, p. 396. 

t Wm. L. De Baufre, Mass, weight, and force, Proc. Soc. Promotion Engg. Edxic., 1928, p. 655. 
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local value of the acceleration of gravity g is different from go» a correction factor g/go 
must be applied, if the exact value of work or energy is desired. (See Force vs. Weight.) 

The Briiiah themud unit (Btu) is the quantity of heat required to raise the temperature 
of a one-pound mass of water either at 39 deg fahr (at its maximum density) or at 60 deg 
fahr, and standard pressure, through 1 deg fahr. The mean British thermal unit is de¬ 
fined as the 1/ ISO part of the heat required to raise the temperature of one pound mass of 
water from 32 to 212 deg fahr at standard pressure. It is obvious that the reference 
temperature must be indicated with the unit used. 

Units of Power. Power is the time rate at which work is done. Its physical unit is 
the foot-poundal per second, its technical units are the foot-pound {force) per second, or the 
British thermal unit per second. The horsepower (hp or Hp) is defined as 33,000 ft-lb 
(force) per min or 550 ft-lb (force) per sec. 

Units of Torque. Torque is the effectiveness of a force to produce rotation. It is 
defined as the product of the force and the perpendicular distance from its line of action 
to the instantaneous center of rotation. Its physical unit is the poundal-foot, and its 
technical unit the pound (force)-foot. (Note the reversal of force and length units in the 
designation of the units of torque as compared with the units of energy or work.) 

The Metric Units 

Units of Force. The dynamical, or physical, unit of force is the dyne, defined as the 
force required to give a mass of one gram an acceleration of one centimeter per second 
per second. 

The kilogram force (or weight of the kilogram mass) is the gravitational or technical 
unit of force. It is, by definition, the force required to give a mass of one kilogram an 
acceleration equal to the value of standard acceleration due to gravity. (See Force vs. 
Weight.) If a force is measured by “weighing,” the result in kilograms weight must be 
multiplied by g/go, the ratio of local to standard acceleration of gravity, in order to obtain 
the absolute value in kilogram-force units. For engineering purposes this correction can 
usually be neglected. 

In the electrotechnical system of units the systematic unit of force is defined as the 
joule per meter, based upon the fundamental definition of the joule. (See Metric Units 
of Energy.) 

The Unit of Pressure is defined as the unit of force acting upon a unit of area. The 
physical unit is the harye or the pressure of one dyne upon one square centimeter. A 
larger unit is the bar or 10® baryes, which has been adopted internationally. (The use of bar 
for one dyne per square centimeter is discouraged.) 

The kilogram force per square meter is the technical unit of pressure. With respect to 
correction for local gravity, see Force vs. Weight, above. 

Pressure is measured also by the height in centimeters of the column of water at 
4 deg cent, or of the column of mercury at 0 deg cent, which it supports. (See Conver¬ 
sion Tables.) 

The normal atmosphere {at), or the standard atmospheric pressure, is defined as the 
pressure exerted by a column of 76 cm of mercury at sea level and 0 deg cent at standard 
acceleration of gravity go- It is equal to 1.01321 bars or 1.0332 kg force per sq cm and is 
used extensively in the engineering literature. Some confusion exists since the unit of 
1 kg force per sq cm is occasionally called 1 practical atmosphere. 

Units of Work or Energy. The erg is the physical or so-called absolute unit of work 
or energy. It is defined as the work done by a force of one dsoie acting through the 
distance of one centimeter. A larger unit is the theoretical (or absolute) joule defined as 
10 ^ ergs; it is a systematic unit in the practical electrical unit systems which is based upon 
the theoretical unit systems. (See Electrical Units.) 

The international joule is defined as the energy expended during one second by an 
electric current of one international ampere flowing through a resistance of one interna¬ 
tional ohm. (See Electrical Units.) The latest value of the international joule is equal 
to 1.00032 theoretical joules. 

The kilowatt-hour is the practical unit of energy in electrical metering. It is defined 
as a theoretical or an international unit (see definition of joule above) and is equal to 3600 
X 10® joules. 

The meter-kilogram force (commonly referred to as the kilogram-meter) is the technical 
unit of work or energy. It is defined as the work required to raise the mass (or weight) 
of one kilogram through a vertical distance of one meter at standard atceleration of grav¬ 
ity go. If measurements are made in places where the local value of the acceleration of 
gravity g is different from go, a correction factor g/go has to be applied, if the exact value 
of work or energy is desired. (See Force vs. Weight.) 
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The granp-ccdorie or small calorie is the physical unit of heat energy. It is defined as 
the quantity of heat required to raise the temperature of one gram mass of water either 
from 14.6 to 16.6 deg cent or from 19.5 to 20.6 deg cent, at standard pressure. The two 
values are designated as 15 deg cent cal and 20 deg cent cal, respectively. The mean 
gram-calorie is defined as l/ioo part of the quantity of heat required to raise the tem¬ 
perature of one gram mass of water from 0 to 100 deg cent at standard pressure. The 
same definitions apply to kilogram-calorie, or large calorie, if the kilogram mass is used 
as reference standard mass. 

The OatwcUd calorie is the quantity of heat required to raise the temperature of one 
gram mass from 0 to 100 deg cent. This unit is frequently used by electrochemists and 
is equal to 100 mean gram-calories. 

The international kilo-calorie or international steam-table calorie (I T cal) is defined as 
the l/860th part of the international kilowatthour. This new unit avoids any reference 
to the thermal properties of water and was recommended for international adoption at the 
first International Steam TaVjle Conference (1929).* Its value is very nearly equal to the 
mean kilo-calorie, 1 I T cal = 1.00037 kilogram-calories (mean). 

Units of Power. Power is the time rate at which work is done. Its physical unit is 
the erg per second. 

A larger unit is the theoretical (or absolute) wait, defined as 10^ ergs per second; it is a 
systematic unit in the practical electrical unit system which is based upon the theoretical 
unit systems (see electrical units). 

The irUematiorud watt is defined as the power expended by an electric current of one 
international ampere flowing through a resistance of one international ohm. (Sec Elec¬ 
trical Units.) The latest value of the international watt is equal to 1.00032 theoretical 
watts. 

The electrical horsepower is defined as 746 absolute watts and is commonly used in the 
United States and in England in rating electrical machinery. 

The meter-kilogram force per second (commonly referred to as the kilogram-meter per 
second) is the technical unit of power. The metric horsepower is defined as 76 kg-meters 
per sec and is the most common mechanical unit of power. 

Units of Torque. Torque is the effectiveness of a force to produce rotation. It is 
defined as the product of the force and the perpendicular distance from its line of action 
to the instantaneous center of rotation. Its physical unit is the dyne-centimeter, and its 
technical unit the kilogram force meter. (Note the reversal of force and length units in 
the designation of the units of torque as compared with the units of energy and work.) 

12, THERMAL UNITS AND STANDARDS 
Temperature 

Definition of Temperature. The temperature of a body may be defined as its thermal 
state considered from the standpoint of its ability to communicate heat to other bodies. 
When two bodies are placed in thermal communication, the one wliich loses heat to the 
other is said to be at the higher temperature. 

Standard Temperatures. Certain thermal states or “ temperatures ” may be repro¬ 
duced and recognized by the fact that definite physical phenomena occur at these tem¬ 
peratures. Such thermal states are called “fixed points,” and they may, quite apart 
from any temperature scale, be specified by the physical phenomena characteristic of 
those temperatures. The two fundamental fixed points are the ice point and the steam 
point. 

The ice point is defined as the temperature of melting ice, which is realized experimen¬ 
tally as the temperature at which pure finely divided ice is in equilibrium with pure, air- 
saturated water, under standard atmospheric pressure. The effect of increased pressure is 
to lower the freezing point to the extent of 0.007 deg cent per atmosphere. 

The steam point is defined as the temperature of condensing water vapor at standard 
atmospheric pressure, and it is realized experimentally by the use of a hypsometer so 
constructed as to avoid superheat of the vapor around the thermometer, or contamination 
with air or other impurities. If the desired conditions have been attained, the observed 
temperature should be independent of the rate of heat supply to the boiler, except as this 
may affect the pressure within the hpysometer, and of the length of time the hypsometer 
has been in operation. 

Definition of Temperature Scale. The purpose of establishing a temperature scale is 
to assign a number to every thermal state or temx)erature, and to provide a means for 
determining the temperature of any particular body. 


♦ Mechanical Engineering, Feb., 1930, pp. 122, 139; Nov., 1936, p. 710. 
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A temperature scale may be defined by (1) selecting definite numbers for certain fibmd 
points, (2) selecting some physical property of a definite substance which varies with 
temperature, and (3) selecting a mathematic^ law expressing temperatures on the scale 
in question in terms of the selected property of the thermometric substance. For ex¬ 
ample, on the centigrade mercury-in-glass scale, the ice and steam points are numbered 
0 and 100 respectively, the relative or “apparent” expansion of a volume of mercury 
enclosed in glass of a definite kind is the property used, and the mathematical relation 
used to express temperature on this scale is that equal increments of apparent volume of 
the mercury in this glass correspond to equal increments of temperature. If some other 
substance is substituted for mercury, or if glass of a different kind is used, another scale 
is obtained which agrees with it at 0 and 100 but not at other temperatures. 

Although, in general, a temperature scale depends on the thormomotric substance as 
well as on the expression for the temperature in terms of some property of this substance, 
Lord Kelvin has shown that, if the property selected is the availability of energy, the 
scale so defined is wholly independent of the substance and depends only on the mathe¬ 
matical relation chosen. Any scale so defined is known as a thermodynamic scale. 

The Kelvin Temperature Scale. The temperature scale finally chosen by Lord Kelvin 
is the one on which the temperature interval from the ice point to the steam point is 
100 deg and the ratio of the values of any two temperatures is equal to the ratio of the 
heat taken in to the heat rejected by a reversible thermodynamic engine working with a 
source and refrigerator at the higher and lower temperatures respectively. On this scale, 
which is also known as the absolute thermodynamic scale, the lowest attainable tempera¬ 
ture is 0 and the ice point is found experimentally to be 273.16 deg. The steam point 
therefore is 373.16 cleg or 100 deg higher. 

The degree Kelvin (deg K) or degree of absolute temperature is the absolute unit of 
temperature and is, for practical purposes, identical with the degree centigrade (deg cent) 
of the international temperature scale. 

The Thermodynamic Centigrade Scale is derived by subtracting from the Kelvin scale 
a constant number of the proper magnitude to make the ice point 0 deg. On this scale, 
therefore, the ice and steam points are 0 and 100 deg, respectively, and the so-called 
absolute zero is — 273.16 deg. 

The International Centigrade Scale is a practical representation of the thermodynamic 
centigrade scale to such a degree of accuracy as is possible with present-day apparatus 
and methods. It was adopted at the General Conference on Weights and Measures at 
Sevres, France, in 1927 and is subject to revision and amendment as improved and more 
accurate methods of measurement arc evolved. 

The unit of temperature on the international scale is the degree centigrade (deg cent, 
or deg cent int) and is very nearly equal to l/ioo the difference between the temperature 
of melting ice and the temperature of condensing water vapor under standard atmos¬ 
pheric pressure. (See Metric Units for Pressure.) 

The standard of the international temperature scale between — 190 and -f 660 deg 
cent is deduced from the electrical resistance of a standard platinum resistance thermom¬ 
eter by means of a formula connecting the resistance Rt at any temperature t deg cent 
within the above range with the resistance Ro at 0 deg cent. The purity of the platinum 
of which the thermometer is made should be such that the ratio RtIRo for certain fixed 
temperatures is within specified limits.* 

The degree centigrade is most w’idely used in scientific publications and increasingly 
also in the engineering literature. In many countries in Europe it is the common every* 
day temperature unit. The subdivision into a hundred degrees of the temperature inter¬ 
val between the ice point and the steam point was first used by Celsius, a German, in 1742; 
therefore, in the European literature “®C” is read “degree Celsius.” 

The Fahrenheit Temperature Scale sul5di\ddcs the temperature interval between the 
ice point and the steam point into 180 parts, one part of w'^hich is chosen as the unit of 
temperature and named degree Fahrenheit (deg fahr). The ice point is assigned the value 
32 deg fahr, so that the steam T)oint has a temperature of 212 deg fahr. 

The Fahrenheit unit of temperature is in common everyday use in the English-speaking 
countries. It w-as first introduced in England about 1665 by the physicist Fahrenheit; 
the choice of 32 deg fahr for the ice point has its explanation in the fact that Fahrenheit 
chose as zero the lowest temperature attainable by means of a salt-ice mixture. 

The Reaumur Temperature Scale 8ubdi\dde3 the temperature interval between the 
ice point and the steam point into 80 parts, one part of which is chosen as the unit of 
temperature and named degree RSaumur (deg R). The ice point is assigned the value 
0 deg R, as in the centigrade scale, so the steam point has a temperature of 80 deg R. 


* See also U. S. Bureau of Standards. Journal of Research^ Vol. 1, p. 636. 
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The Kdaumur unit of temperature is in common everyday use in a number of Euro- 
I>ean countries, especially in France and Russia. It was first introduced by Reaumur, 
a Frenchman, in 1731. 

Relations between the Temperature Scales. In Table VI are shown the interrelations 
between the various temperature scales in form of equations. X indicates the unknown 
number of chosen temperature units and t the known number of given temperature units. 


Table VI. Relations between the Temperature Scales 


- 

X^K - 


32) + 273.16 

9/6 («“ K - 273.16) + 32 

9/6 C) + 32 
{1° C) + 273.16 

9/4 11) +32 

5/4 (f° R) + 273.16 

x®c - 

6/g (^o F - 

32) 

K) - 273.16 


5/4 (/“ R) 

X^ll - 

4/9 F - 

32) 

4/6 («° K - 273.16) 

4/6 C) 



Quantity of Heat and Some Derived Quantities 

Units of Quantity of Heat. Quantity of heat is defined as the energy transferred 
from one body to another by a thermal process, i.e., by radiation or conduction. The 
units for the quantity of heat arc the British thermal unit and the caloric, as specific 
thermal units; and the erg onCL joule, as general physical units (see units of energy, metric 
and English systems of units). 

Thermal Capacity or Specific Heat of a Substance is the quantity of heat required to 
produce a unit change in temperature in a unit of mass of the substance. The common 
English unit is the British thermal unit per degree Fahrenheit per pound mass (Btu per deg 
fahr per lb); the usual metric unit is the gram-calorie per degree centigrade per gram 
mass (cal per deg cent per g); and the general physical unit used in the scientific literature 
is the erg per degree centigrade per gram mass (erg per deg cent per g). In the technical 
literature thermal capacity of a substance is often expressed in watt-seconds (or joules) 
per degree centigrade per kilogram mass (watt-sec per deg cent per kg) on account of the 
easy comparison with other technical units. 

The Calorimetric or Water Equivalent is the quantity of heat required to produce 
a unit change in temperature of a body or system. It is numerically equivalent to the 
mass of water (in units as involved in the definition of the unit of quantity of heat used) 
which could be raised a unit temperature by the same total quantity of heat. The thermal 
capacity is expressed in British thermal units per degree Fahrenheit (Btu per deg fahr), 
calories per degree centigrade (cal per deg cent), or watt-seconds per degree centigrade 
(watt-sec per deg cent). 

Thermal Conductivity is the time rate of heat transfer through unit area across unit 
thickness per unit difierenco in temperature between the end surfaces. It is measured in 
British thermal units per second per degree Fahrenlieit per inch thickness per square inch 
cross-section (Btu per sec per deg fahr per in. per sq in.), in calorics per second per degree 
centigrade per centimeter thickness per square centimeter cross-section (cal per see i^er deg 
cent per sq cm per cm), or in watts per degree centigrade per meter thickness per square 
meter cross-section (watts per deg cent per sq m per m). 

Emissivity or emissive power is the time rate of heat emitted by unit area for unit 
difference in temperature ^tween the surface in question and the surroundings. It is 
measured in British thermal units per second per degree Fahrenheit per square inch (Btu 
per sec per deg fahr per sq in.), in calories per second i>cr degree centigrade per square 
centimeter (cal per sec per deg cent per sq cm, or in watts per degree centigrade per square 
meter (watts per deg cent per sq m). 


The Joule Equivalent 

The Joule Equivalent is defined as the number of foot-pounds of energy per Btu. In 
Table VII are given the numerical values for the various energy units used in the English 
and metric systems.* 


Table VII.—Relations between Energy Units t 



Joules 

(theoretical) 

Foot- 
pounda 
(force) j 

Foot- 

r>ouudals 

Meter- 

kilogram 

(force) 

Kilowatt- 

hour 

(international) 

1 British thermal unit 
(Btu) (mean). . » 

1055.18 

778.26 

25,040 

107.599 

2.93019 X 10-4 

1 gram-oalorie (cal) 
(mean).— 

4.1873 

3.0884 

99.366 

0.42699 

1.16279 X I0-® 

1 International kilo¬ 
calorie (I T-cal) - 

4187.3 

3088.4 

99,366 

426.99 

1.16279 X 10-» 

t Ostwald calorie... *• 

418.73 

308.84 

9936.6 

42.699 

1.16279 X 10-4 


* For & rather complete historical account see R. Glazebrook, Dictionary of Applied Physics, 
Vol. I, p. 477. 

t According to the latest computations, see Mechanical Engineering, Vol. 57, p. 713 (1935). 
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13. THE THEORETICAL OR “ABSOLUTE *’ ELECTRICiH. UNITS , 

The Definitions of the Theoretical Units are based upon the fundamental units of the 
physical (dynamical) unit system of mechanics, which is very frequently referred to as 
the “ absolute ” unit system, and has led to the electrical units being called ** abso^ 
lute ” units. This designation is not warranted, as ** absolute implies the meaning ot 
“ ultimate.” (See discussion on ” absolute ” electrical unit systems, p. 3-13.) According 
to a previous proposal,* “ absolute ” shall be replaced here by “ theoretical,” a designation 
which calls the attention to the fact that mere arbitrary definitions, not standards, aro 
the basis of the units. The realization of the ” absolute ” units has been attempted 
many times in the past by so-called ” absolute ” measurements. An interesting account 
of the history and a description of the various classical methods can be found in Glaze* 
brook’s Handbook for Applied Physics, Vol. II, ” Electricity,” pp. 211 and on, 1922. 

The Theoretical Electrostatic Units 

The Theoretical Electrostatic Units are based upon the cgs i^stem of mechanical 
units and are therefore frequently referred to as the cgs eleciroaiaitc units. No specific 
unit names arc available. In order to avoid the cumbersome writing, for example, one 
” theoretical electrostatic unit of charge,” it had been proposed to use the theoretical 
“practical” unit names and prefix them wi^h cither stat f or E.S.,t as for example, stat- 
coulomb, or E.S. coulomb. The first alternative will be used here. 

The Absolute Dielectric Constant (Permittivity) of free space is the fundamental 
quantity in the theoretical electrostatic system of units. Its numerical value is assumed 
as unity, and it is identical with one centimeter jper statfarad if use is made of prefixing 
the corresponding unit of the “practical” series. As the dielectric constant is a derived 
quantity in the “practical” unit systems it takes a derived unit name in the electrostatic 
system although, in fact, it is entitled to a fundamental unit name. 

The Theoretical Electrostatic Unit of Charge or the statcoulomb is defined as the 
quantity of electricity which, when concentrated at a point and placed at bne centimeter 
distance from an equal quantity of electricity similarly concentrated, will experience a 
mechanical force of one dyne in free space. An alternative definition, based upon the 
concept of field lines, gives the theoretical electrostatic unit of charge as a positive charge 
from which in free space exactly 4ir electrical field lines emerge. Both these definitions 
use the numerical value unity for the proportionality constant Keo in Coulomb’s law. 
(See Table V.) The quantity of electricity appears in this system as a derived quantity. 

The Theoretical Electrostatic Unit of Displacement Flux (Dielectric Flux) is the “ line 

of displacement flux” or of the theoretical electrostatic unit of charge. This defi- 
4x 

nition provides the basis for graphical field mapping in so far as it gives a definite rule 
for the selection of displacement lines to represent the character of the field. 

The Theoretical Electrostatic Unit of Displacement, or Dielectric Flux Density, is 
chosen as one displacement line per square centimeter area perpendicular to the direction 

of the displacement lines. It can be given also as — statcoulomb per square centimeter 

(according to Gauss’s law). In isotropic media the displacement has the same direction 
as the potential gradient, and the surfaces jEerpendicular to the field lines become the 
equipotential surfaces; the theoretical electrostatic unit of displacement can then be de¬ 
fined as one displacement line per square centimeter of equipotential surface. 

The Theoretical Electrostatic Unit of Electrostatic Potential or the Statvolt is defined 
as existing at a point in an electrostatic field, if the work done to bring the theoretical 
electrostatic unit of charge, or the statcoulomb, from infinity to this i>oint equals one erg. 
This customary definition implies, however, that the iiotential vanishes at infinite dis¬ 
tances and has, therefore, only restricted validity. As it is fundamentally impossible to 
give absolute values of potential the use of potential difference and its unit (see below) 
should be preferred. 

The Theoretical Electrostatic Unit of Electrical Potential Difference or Voltage, or 
the Statvolt, is defined as existing between two points in space if the work done to bring 
the theoretical electrostatic unit of charge, or the statcoulomb, from the one of these points 
to the other equals one erg. Potential difference is counted positive in the direction in 
which a negative quantity of electricity would be moved by the electrostatic field. 

* G. Mie in Handbuch der Experimental Physik, Vol. 11, “Elektrodynamik,”p. 430, Berlin, 1932. 

t Proposed by A. E. Kennelly at the International Electrical Congress in St. Louis, 1904, Trans., 
Vol. b P- 180, and used by C. Hering, Conversion Tables, J. Wiley and Sons, 1904. 

1 Proposed by A. E. Caswell, Science, Vol. 42, p. 695, 1915, and used by E. Bennett. A digest 
of the relations between the electrical units, BuU. unit. Wwonsin, No. 880, 1917. 
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The Theoretical Electrostatic Unit of Capteitance of the Statfarad is defined as the 
capacitance which maintains an electrical potential difference' Of one statvolt between two 
conductors charged with equal and opposite electrical quantities of one statcoulomb. In 
some texts the statfarad is called one ‘‘centimeter,*’ which is confusing. (See CGS 
Electrostatic Unit System.) 

The Theoretical Electrostatic Unit of Electric Potential Gradient, or Field Strength 
(field intensity), is defined to exist at a point in an electric field, if the mechanical force 
exerted upon the theoretical electrostatic unit of charge concentrated at this point is equal 
to one dyne. It is expressed as one statvolt per centimeter. 

The Theoretical Electrostatic Unit of Current or the Statampere is defined as the time 
rate of transfer of the theoretical electrostatic unit of charge and is identical with the 
statcoulomb per second. 

The Theoretical Electrostatic Unit of Electrical Resistance or the Statohm is defined 
as the resistance of a conductor in which a current of one statampere is produced if a 
potential difference of one statvolt is apfilied at its ends. 

The Theoretical Electrostatic Unit of Electromotive Force (emf) is defined as equiva¬ 
lent to the theoretical electrostatic unit of potential difference if it produces a current of 
one statampere in a conductor of one statohm resistance. It is identical with the statvolt 
but, according to its concept, requires an independent definition. 

The Theoretical Electrostatic Unit of Magnetizing Force is defined as the magnetizing 
force at the center of a circle of 4z- cm diameter in which a current of one statampere is 
flowing. This unit is equal to 47r statamperes iier centimeter but has no name as the 
factor 4x excludes the possibility of using the prefixed “ practical ” unit name. 

The Theoretical Electrostatic Unit of Magnetic Flux or the Statweber is defined as 
the magnetic flux whose time rate of change through a linear conductor loop (linear con¬ 
ductor is used to designate a conductor of infinitely small cross-section) produces in this 
loop an electromotive force (emf) of one statvolt. 

The Theoretical Electrostatic Unit of Magnetic Flux Density, or Induction, is defined 
as the electrostatic unit of magnetic flux per square centimeter area, or the statweber per 
square centimeter. 

The absolute magnetic permeability of free space is defined as the ratio of magnetic 
induction to the magnetizing force. Its unit is the stathonry per centimeter, as a derived 
unit; its value is given in Table V. 

The Theoretical Electrostatic Unit of Inductance or the Stathenry is defined as con¬ 
nected with a conductor loop carrying a steady current of one statampere which produces 
a magnetic flux of one statweber. A more general definition, applicable to varying fields 
with non-linear relation lietween magnetic flux and current, gives the stathenry as con¬ 
nected with a conductor loop in which a time rate of change in the current of one statcou¬ 
lomb produces a time rate of change in the magnetic flux of one statweber per second. 

The Theoretical Electromagnetic Units 

The Theoretical Electromagnetic Units are based upon the cgs system of mechanical 
units and are, therefore, frequently referred to as the cgs electromagnetic units. Only a 
few specific unit names are available. In order to avoid cumbersome writing, for example, 
one “theoretical electromagnetic unit of charge,” it had been proposed to use the theo¬ 
retical “practical” unit names and prefix them with either ab- * or E.M.,t as for example 
abcoulomb, or E.M. coulomb. The first alternative will be used here. 

The theoretical electromagnetic units are based essentially upon the assumption of a 
fictitious magnetic quantity similar to the ^ectric quantitv or charge. It must be borne 
in mind that the phenomenon of magnetism is fundamentally a bipole phenomenon; a 
separation of positive or negative magnetic quantity has not been i^ossiblc. Several of 
the following definitions, therefore, have to be taken cautiousl 3 ^ They are given because 
of their widespread use in theoietical physics and their continued appearance even in 
elementary textliooks. 

The Absolute Magnetic Permeability of free space is the fundamental quantity in the 
theoretical electromagnetic system of units. Its numerical value is assumed as unity, 
and it is identical with one abhenry per centimeter if use is made of prefixing the corre¬ 
sponding unit of the “practical” series. As the permeability is a derived quantity in the 
practical unit systems it takes a derived unit name in the electromagnetic system, al¬ 
though, in fact, it is entitled to a fundamental unit name. 

Tlie Theoretical Electromagnetic Unit of Magnetic Quantity is defined as the mag- 

Proposed by A. E. Kennelly at the International Electrical Congress in 8t. I.ouis, 1904, Trans. 
Vol. 1, p. 180, and used by C. Hering, Conversion Tables, J. Wiley and Sons, 1904. 

t Proposed by A. £. Caswell, Scienet\ Vol. 42, p. 695, 1915, and used by E. Bennett. A digest of 
the relations between the electrical units, Bull, tfniv. IKtsconsin, No. 880, 1917. 
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netio quantity which, when concentrated at a point and placed at one centimeter distance 
from an equal magnetic quantity similarly concentrated, will experience a mechanical 
force of one dyne in free space. An alternative definition, based upon the concept of field 
lines, gives the theoretical electromagnetic unit of magnetic quantity as a positive mag¬ 
netic quantity from which, in free space, exactly 4t magnetic field lines emerge. Both 
these definitions use the numerical value, unity, for the proportionality constant in Cou¬ 
lomb’s law for magnetic poles. The unit of magnetic quantity thus defined is identical 
with 4ir maxwells. 

The Theoretical Electromagnetic Unit of Magnetic Moment is defined as the magnetic 
moment possessed by a magnet formed by two theoretical electromagnetic units of mag¬ 
netic quantity of opposite sign, concentrated at two points one centimeter apart. The 
unit is expressed as 47r maxwell-centimeters. 

1 

The Theoretical Electromagnetic Unit of Magnetic Flux is the “field line,” or — 

4ir 

times the theoretical electromagnetic unit of magnetic quantity, and is called one maxwell. 
This definition provides the basis for graphical field mapping since it gives a definite rule 
for the selection of field linos to represent the character of the magnetic field. 

The Theoretical Electromagnetic Unit of Magnetic Flux Density, or Induction, is 
chosen as one magnetic field lino per square centimeter area perpendicular to the direction 
of the field lines. It can also be given as one maxwell per square centimeter and is called 
one gauss. 

The Theoretical Electromagnetic Unit of Magnetizing Force (Magnetic Intensity) is 

defined as the magnetizing force which exerts a mechanical force of one dyne upon the 
theoretical electromagnetic unit of magnetic quantity concentrated at the point. The 
name of this unit is oersted. 

The Theoretical Electromagnetic Unit of Current, or the Abampere, is defined as the 
current which flows in a circle of one centimeter diameter and produces at the center of 
this circle a magnetizing force of one oersted. 

The Theoretical Electromagnetic Unit of Inductance, or the Abhenry, is defined as 
connected with a conductor loop in which a time rate of change of one maxwell per second 
in the magnetic flux produces a time rate of change in the current of one abcoulomb per 
second. In some texts the abhenry is called “centimeter,” which is confusing. (See 
CGS Electromagnetic Unit System.) 

The Theoretical Electromagnetic Unit of Magnetomotive Force (mmf) is defined as 
the magnetic driving force produced by a conductor loop carrying a steady current of 

abamperes; it has the name one gilbert. The concept of magnetomotive force as 
47r 

the driving force in a “magnetic circuit” permits an alternative definition of the gilbert 
as the magnetomotive force which produces a uniform magnetizing force of one oersted 
over a length of one centimeter in the magnetic circuit. Obviously, one gilbert equals 
one oersted-centimeter. 

The Theoretical Electromagnetic Unit of Magnetostatic Potential is defined as that 
existing at a point in a magnetic field, if the work done to bring the theoretical electro¬ 
magnetic unit of magnetic quantity from infinity to this point equals one erg. (This 
customary definition implies, however, that the potential vanishes at infinite distances, 
and the definition has, therefore, only restricted validity.) The unit, thus defined, is 
identical with one gilbert. The difference in magnetostatic potential between any two 
points is usually called magnetomotive force (mmf). 

The Theoretical Electromagnetic Unit of Reluctance is defined as the reluctance of a 
magnetic circuit in which a magnetomotive force of one gilbert produces a magnetic flux 
of one maxwell. 

The Theoretical Electromagnetic Unit of Electric Charge, or the Abcoulomb, is defined 
as the quantity of electricity which passes through any section of an electric circuit in 
one second if the current is one abamixjre. 

The Theoretical Electromagnetic Unit of Displacement Flux (Dielectric Flux) is the 
“line of displacement flux” or — of the theoretical electromagnetic unit of electric charge. 

47r 

This definition provides the basis for graphical field mapping in so far as it gives a definite 
rule for the selection of displacement lines to represent the character of the field. 

The Theoretical Electromagnetic Unit of Displacement, or Dielectric Flux Density, is 
chosen as one displacement line pi^r square centimeter area perpendicular to the direction 

of the displacement lines. It can also be given as — abcoiilombs per square centimeter 

4b7r 

(according to Gauss’s law). In isotropic media the theoretical electromagnetic unit of 



3-32 


PHYSICAL UNITS AND STANDARDS 


displacement can be defined as one displacement line per square centimeter of equipoten- 
tial surface. (See Theoretical Electrostatic Unit of Displacement.) 

The Theoretical Electromagnetic Unit of Electrical Potential Difference or Voltage, 
or the abvolt, is defined as the potential existing between two points in space if the work 
done in bringing the theoretical electromagnetic unit of charge, or the abcoulomb, from 
one of these points to the other equals one erg. Potential difference is counted positive in 
the direction in which a negative quantity of electricity would be moved by the electron- 
static field. 

The Theoretical Electromagnetic Unit of Capacitance, or the Abfarad, is defined as 
the capacitance which maintains an electrical potential difference of one abvolt between 
two conductors charged with equal and opposite electrical quantities of one abcoulomb. 

The Theoretical Electromagnetic Unit of Potential Gradient, or Field Strength (field 
intensity), is defined to exist at a point in an electric field if the mechanical force exerted 
upon the theoretical electromagnetic unit of charge concentrated at this point is equal 
to one dyne. It is expressed as one abvolt per centimeter. 

The Theoretical Electromagnetic Unit of Resistance, or the Abohm, is defined as the 
resistance of a conductor in which a current of one abampere is produced if a potential 
difference of one abvolt is applied at its ends. 

The Theoretical Electromagnetic Unit of Electromotive Force (emf) is defined as the 
electromotive force acting in an electric circuit in which a current of one abampere is 
flowing and electrical energy is converted into other kinds of energy at the rate of one erg 
I)er second. This unit is identical with the abvolt. 

The Absolute Dielectric Constant of Free Space is defined as the ratio of displacement 
to the electric field intensity. Its unit is the abfarad per centimeter, a derived unit; 
its value is given in Table V. 

The Theoretical Electrodynamic Units 

The Theoretical Electrodynamic Units are based upon the cgs system of mechanical 
units and are therefore frequently referred to as the cgs elecirodynamic units. In contra* 
distinction to the theoretical electromagnetic units, these units are derived from a signifi¬ 
cant experimental law, Ampere’s experiment on the mechanical force between two parallel 
currents. (See Table V.) The units as proposed by Ampere and used by W. Weber 
differ from the electromagnetic units by factors of 2 and multiples thereof. They can be 
made to coincide with the theoretical electromagnetic units by proper definition of the 
fundamental unit of current. Some of the important definitions will be given for this 
latter case only. 

For the absolute magnetic permeability of free space see Theoretical Electromagnetic 
Units. 

The Theoretical Electrodynamic Unit of Current, or the Abampere, is defined as the 
current flowing in a circuit consisting of two infinitely long parallel wires one centimeter 
apart when the electrodynamic fono of repulsion between the two wires is two dynes per 
centimeter length in free space. If the more natural choice of one dyne per centimeter 
length is made, the original proposal of Ampere is obtained and the unit of current be¬ 
comes 1/2 abampere. 

The Theoretical Electrodynamic Unit of Magnetic Induction is defined as the mag'- 
netic induction inducing an electromotive force of one abvolt in a conductor of one-centi¬ 
meter length and moving with a velocity of one centimeter per second, if the conductor, 
its velocity, and the magnetic induction are mutually perpendicular. The unit thus de¬ 
fined is called one gauss. 

The Theoretical Electrodynamic Unit of Magnetic Flux, or the Maxwell, is defined as 
the magnetic flux represented by a uniform magnetic induction of one gauss over an area 
of one square centimeter perpendicular to the direction of the magnetic induction. 

The Theoretical Electrodynamic Unit of Magnetizing Force, or the Oersted, is defined 
as the magnetizing force at the center of a circle of 4ir-centimeter diameter in which a 
current of one abampere is flowing. 

All the Other Unit Definitions, which do not pertain to magnetic quantities, are identi¬ 
cal with the definitions for the theoretical electromagnetic units. 

The Rational Units 

The factor 4 t occurs frequently in the definition of important units. According to 
Heaviside, this can be avoided by writing the fundamental electromagnetic equations in 
a form different from and simpler than that used by the classical authors. The form of the 
equations is given in Table V, and the unit definitions, which are based upon the defini- 
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tions of the theoretical electromagnetic units, lead to the “ rationalized ” units as shown 
in Table IV. On account of the convenience many authors use the rationalized forms 
of the equations but very seldom use the rationalized units. Usually conversion into the 
“ practical ” units is preferred for any numerical computations. 

The So-called Absolute ” Practical Units 

The units of the theoretical electrostatic and electromagnetic series are not particu¬ 
larly convenient for most purposes. The “practical” series of units uses multiples and 
submultiples of the theoretical electromagnetic units in such manner that no new numerical 
factors enter the fundamental equations and that the systematic unit of energy is the 
joule instead of the erg. Since these “practical” units are based upon the theoretical 
classical units they are, in fact, also theoretical. In order to distinguish these units from 
the international series (see below), the former are frequently referred to as “absolute” 
practical units. 

The Fundamental Unit Names and their relations to the theoretical units follow, with 
indication of the year of their international adoption. 

The ampere is 10“^ of the theoretical electromagnetic unit of current (1881). 

The coulomb is 10“^ of the theoretical electromagnetic unit of charge (1881). 

The volt is lO'*'* of the theoretical electromagnetic unit of potential difference (1881). 

The ohm is 10"^® of the theoretical electromagnetic unit of resistance (1881). 

The henry is lO”^® of the theoretical electromagnetic unit of inductance (1893), 

The farad is 10“® of the theoretical electromagnetic unit of capacitance (1881). 

The weber is 10 of the theoretical electromagnetic unit of magnetic flux (1933). 

The joule is 10"^^ ergs (1889). 

The watt is 10 ergs per second (1889). 

The definitions of these theoretical “practical” units are similar to the definitions of 
the theoretical electromagnetic units and are obtained from them if the prefix ab- is 
omitted and erg or dyne is replaced by joule or joule per centimeter, respectively. 

In addition, the definitions of dielectric and magnetic quantities, which formerly 
involved the factor 47r, are to \ye replaced as follows: 

The Theoretical ** Practical ” Unit of Magnetomotive Force (mmf) is defined as the 
magnetic driving force produced by a conductor loop carrying a steady current of one 
ampere; it has the name ampere-turn. The concept of magnetomotive force as the 
driving force in the “magnetic circuit” permits the alternative definition of the ampere- 
turn as the magnetomotive force which produces a uniform magnetizing force of one 
ampere per centimeter over a length of one centimeter in the magnetic circuit. 

The Theoretical “ Practical ” Unit of Magnetizing Force (Magnetic Intensity) is de¬ 
fined as the magnetizing force at the center of a circle of one-centimeter diameter in 
which a current of one ampere is flowing. It is expressed as one ampere-turn per cen¬ 
timeter. 

The Theoretical “ Practical ” Unit of Reluctance is defined as the reluctance of a 
magnetic circuit in which a magnetomotive force of one ampere-turn produces a magnetic 
flux of one weber. 

The Theoretical “ Practical ” Unit of Displacement Flux (Dielectric Flux) is defined 
as the total displacement flux emanating from a positive theoretical “ practical” unit of 
charge, or coulomb. It is expressed as one (roulomb. 

The Theoretical ** Practical ” Unit of Displacement (Dielectric Flux Density) is de¬ 
fined as one coulomb of displacement flux uniformly distributed over the area of one 
square centimeter perpendicular to the direction of the displacement. It is expressed as 
one coulomb per square centimeter. 

The Unit System, Which Uses the “ Practical ” Units, as defined in the rationalized 
equations, employs the absolute dielectric constant and the absolute permeability of free 
space as physical quantities with numerical values which are given in Table V. 

The Derived Theoretical ** Practical ” Units can be formed either in the cgs system 
or in the mks system. In general, the centimeter is preferred as it gives the more conve¬ 
nient values for densities, whereas the meter would be preferable from the point of view 
of the comprehensive Giorgi-MKS system. Both alternatives are given in Table V for 
the more important electrical quantities. 

The Bureau Internationale des Poids et Mesures decided in 1933 to replace the “inter¬ 
national ” practical units by the “absolute” practical units. At the meeting on October 8, 
1935, it decided to set as the final date for this transition the year 1940. 
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14. THE INTERNATIONAL ELECTRICAL UNITS AND STANDARDS 

Definitions of the Internationally Adopted Units * 

The International System of electrical and magnetic units is a system for electrical 
and magnetic quantities which takes as the four fundamental quantities resistance, cur¬ 
rent, length, and time. 

The units of resistance and current are arbitrary values that approximately corre¬ 
spond to the theoretical or “absolute” ohm and the theoretical or “absolute” ampere, 
and the units of length and time are the centimeter and second. 

The international units were defined by the International Electrical Congress at Chi¬ 
cago in 1893 and slightly modified by the London Electrical Conference in 1908. (The 
International Committee of Weights and Measures has decided to discard these units in 
the near future.) 

The International Ampere is defined as the current which will deposit silver at the 
rate of 0.00111800 gram per second. 

Experimental results show that the international ampere is nearly the same as the 
theoretical ampere, t 

An International Coulomb is the quantity of electricity which passes any section of 
an electrical circuit in one second, when the current in the circuit is one international 
ampere. 

One international coulomb is nearly the same as the theoretical coulomb. 

The International Ohm is defined as the resistance at 0 deg cent of a column of mercury 
of uniform cross-section, having a length of 106.300 cm and a mass of 14.4521 grams. 

Experimental results show that one international ohm equals 1.0005 theoretical ohms.t 

The International Volt is the voltage that will produce a current of one international 
ampere through a resistance of one international ohm. 

One international volt equals 1.0005 theoretical volts. 

The International Henry is the inductance which produces an electromotive force of 
one international volt when the current is changing at the rate of one international am¬ 
pere per second. 

One international henry equals 1.0005 theoretical henrys. 

The International Farad is the capacitance of a capacitor if a charge of one interna¬ 
tional coulomb produces a potential difference between the terminals of one international 
volt. 

One international farad equals 0.9995 theoretical farad. 

The International Joule § is the energy required to transfer one international coulomb 
between two points having a potential difference of one international volt. 

One international joule equals 1.0005 theoretical joules. 

The International Watt § is the power expended when one international ampere flows 
between two points having a potential difference of one international volt. 

One international watt equals L0005 theoretical watts. 

Definitions of Auxiliary Units 

In addition to the internationally adopted units, a number of auxiliary units are in use, 
based upon the former and derived from them. 

The International Ampere-turn is the magnetomotive force of a conductor loop in 
which a current of one international ampere is flowing. 

The International Mho is the unit of conductance and is defined as the reciprocal value 
of one international ohm. It is represented by the same column of mercury which serves 
as standard for the international ohm. 

The Faraday is the electrical charge carried by one gram-equivalent of dissociated sub¬ 
stance. It is identical with 96,507 international coulombs. 

The International Kilowatt-hour is the practical unit of energy in electrical metering. 
It is defined as 3600 X 10^ international joules. 

The International Unit of Magnetic Flux is the international volt-second and is defined 

* Proposed American Standard definitions of electrical terms, A.I.E.E. No. 2, August, 1932, p. 33. 

t The latest determination of the ratio, international ampere to theoretical ampere, gives the 
value 0.999928 db 0.000020; H. L. Curtis and R. W. Curtis, Bur. Standards J. Research, 1934, 
Vol. 12. p. 665. 

t The latest determination of the ratio, international ohm to theoretical ohm by the N.P.L. 
(National Physical Lab., England) gives the value 1.00052, F. E. Smith, Phil. Trans. Roy. Soc. 
London, Vol. 214, n. 27, 1914; by the P.T.R. (Physikalisch-Technische Reichsanstalt gives the 
value 1.00051, E. Grtlneisen and E. Giebe, Ann. Physik, Vol. 63, p. 179, 1920. 

I The latest computation, 1935, of the ratio of the international to the theoretical joule and watt 
gives the value, 1.00032. 
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as the magnetic flux through a conductor loop with a resistance of one international ohm» 
when the reversal of direction of the magnetic flux causes the transfer of one international 
coulomb in the conductor loop. The international volt-second equals 1.0005 theoretical 
volt-seconds or webers. 

Definitions of Derived Units 

From the eight internationally adopted and the five auxiliary international units» 
other units can be derived as densities and gradients. These derivatives can be formed 
with cither the cgs system of mechanical units or the mks system and correspondingly 
lead to different numerical relations. 

Derived Units in the CGS System. In the engineering as well as in the scientific 
literature the centimeter is much the preferred length unit because it gives convenient 
values for the derived quantities. To form a comprehensive unitary system, however, 
the systematic unit of mass should then be one gram-seven (10^ gram mass), which has 
been advocated and partially used. (See CGS System of Units, p. 3-14.) The units of 
the more important electrical derived quantities, using the centimeter as unit length, are 
shown in Table VII under practical unit system, with the values in the left sub-column. 

Derived Units in the MKS System. Although advocated since 1901 and based upon 
the true standards of mechanical units (see MKS System of Units, p. 3~14), the mks 
system has not been used in connection with electrical units. It seems to bo the only 
reasonable comprehensive unitary system of units, yet its values for densities and gra¬ 
dients are inconveniently large. The units of the more important electrical derived 
quantities, using the meter as unit length, are shown in Table IV under practical unit 
system, with the values in the right sub-cohimn. 

Derived Units in the English System. In the engineering literature of the English- 
speaking countries the foot-pound-second system is usually employed in order to form 
the derived units. As unit length either the inch or the mil (one-thousandth of the inch) 
is chosen; as unit area the square inch or the circular mil (for circular cross-sections). In 
most scientific publications, however, the metric system is used or the equivalent values 
in the metric system arc given. 

The Writing of the Electromagnetic Equations is not influenced by the choice of the 
supplementary mechanical system used for the derived units, if the same units are used 
on both sides of the equations, and no new numerical factors will enter. If units from 
different systems are used, this fact must be expressedly stated, and the equations will 
need numerical factors in order to balance the two sides. 

Historical 

Many controversies and discussions have been instigated by the almost continuous 
change in electrical standards. It is difficult to compare results of more recent precision 
measurements with earlier ones because the conditions of the standards used then might 
not be known accurately enough or it might not even be known which definitions of the 
standards were employed. A very interesting account of the history of the international 
electrical units is given by A. E. Kennclly in Proc. Soc. Promotion Engg. EdtLC., Vol. 19, 
p. 229, 1928.* A short review of the historical development follows here. 

First Empirical Standards. The “ absolute ” measurements of magnetic quantities by 
C. F. Gauss (1833), and electrical quantities by W. Weber (1840, 1851), showed the possi¬ 
bility of comparing electromagnetic quantities with mechanical quantities. Comparative 
measurements demonstrated the need for “standards” as they existed in the meter and 
kilogram prototypes. The earliest attempt was by Charles Wheatstone (1843), who 
used 1-ft lengths of copper wire, weighing 100 grains (6.48 grams). The Jacobi etalons 
(1850) and the Siemens unit (1860) followed. The latter is a mercury column of 1 sq mm 
cross-section and 1 meter length under specified conditions and has a resistance of nearly 
1 ohm (1 international ohm « 1.06300 Siemens units). 

First Systematic Standards. The confusion in standards brought about the appoint¬ 
ment of a “Committee on electrical resistance” by the British Association for the Ad¬ 
vancement of Science which worked from 1861 to 1873 and enlisted the collaboration of 
Lord Kelvin, J. P. Joule, J. C. Maxwell, and others. This committee t recommended 
the cgs system for general use in science, defined the theoretical “practical” units of 
volt, ohm, and farad, and issued a standard resistance, the B. A. unit (B.A.U.), which equals 
0.988 theoretical ohm, although it was intended to be exactly one theoretical ohm. The 
lack of more accurate methods of measurement was a severe handicap. In 1872 L. Clark 

* See also W. Jaeger, Die Entatehung der internationalen Masse der Elektrotechnik, J. Springer. 
Berlin, 193^ S. W. Stratton, Electric Units and Standards, Circular No. 60 of the Bureau of 
Standards, Washington, 1020. 

t Reports published by F. Jenkins, London, 1873. 
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produced a standard cell which gave a fairly constant voltage of 1.43 volts, but no stand¬ 
ardization was recommended. 

The Congresses at Paris. In 1881 an international electrical congress met at Paris 
and adopted for international use the theoretical units ohm, volt, ampere, coulomb, and 
farad. It decided upon resistance as the primary standard, of the same typo as the 
Siemens unit, but left the detail specifications to future investigations. The desired ac¬ 
curacy was specified in 1882 as one per mil (whereas mechanical measurements could 
be made with considerably higher accuracy). Up to 1884 fourteen independent measure¬ 
ments of the Siemens unit in terms of the theoretical ohm were made in all major coun¬ 
tries but the accuracy of one per mil could not be attained, so a “ legal ” ohm was defined 
as 1.06 Siemens units. The legal ohm was clearly recognized as a provisional standard 
until more accurate methods should be available, but it was in wide use for a consider¬ 
able time. 

In 1887 the Physikalisch-Technische Reichsanstalt (P.T.R.) was founded in Berlin, 
and immediately proceeded to refine the so-called “absolute” measurements under the 
guidance of H. v. Helmholtz. Up to the international congress in 1889 at Paris, not 
enough material could be presented, and so a change of the legal ohm was not feasible. 
The congress adopted, however, the theoretical joule, watt, and kilowatt (instead of the 
horsepower), and the quadrant (as unit of inductance), for international use. 

Introduction of Three International Standards. The fourth international electrical 
congress at Chicago, 1893, adopted finally the specific definitions of the standards for the 
“international” ohm and ampere, which had been prepared at a preliminary meeting at 
Edinburgh (1892). Unfortunately, a third independent standard was adopted, when the 
Clark cell of standard make was defined as producing a voltage of 1.434 “international” 
volts at 15 deg cent. Shortly afterwards it was discovered that the international volt as 
defined from one international ampere X one international ohm differed slightly from 
the standard defined by the Clark cell. Disagreeable confusion resulted as all measure¬ 
ments had to indicate which standards were used, and troublesome corrections had to be 
made before measurements using different standards could be compared. Of great help 
was the formation of the National Physical Laboratories (N.P.L.) in London, 1902, and 
the Bureau of Standards (B. St.) in Washington, D. C., 1904, followed by other govern¬ 
ment institutions. At the international meeting at St. Louis, no action could yet be 
taken, but an international commission was appointed to study a feasible final settlement. 

The Final Standards. At a preliminary international conference at Berlin-Charlotten- 
burg, in 1905, definite proposals were prepared, but additional experimental material was 
requested. The meeting of the international commission in London, 1908, finally adopted 
the definitions of the “international” units as used today, with the ohm as the first and 
the ampere as the second primary standard, whereas the volt was defined as a derived 
unit. The values remained the same as defined at the Chicago congress, but the two 
zeros wore added to make the decision a final one without further corrections. All fur¬ 
ther measurements could have only the purpose of defining the ratio of the “international” 
units to the theoretical units, and these efforts have continued. In June, 1929, the 
International Bureau of Weights and Measures decided to act as a central institute for 
the intercomparison of the national standards, basing its measurements upon the theo¬ 
retical units which, according to newest methods, are subject to a very much higher 
degree of precision than the standards that are kept at the various governmental insti¬ 
tutions.* 


DIMENSIONAL ANALYSIS 

16. DIMENSIONAL HOMOGENEITY OF PHYSICAL EQUATIONS 

A Physical Quantity is defined by unit and numerical value. (See Art. 1). The desig¬ 
nation by a mathematical symbol is, therefore, not a unique determination, and proper 
care has to bo taken in all cases where physical quantities are used in mathematical equa¬ 
tions. The ratio of any two like physical quantities, however, represents a unique and 
absolute value, provided both quantities are given in the same unit. This is the basis of 
physical measurements and also of fixed unit relations, as, for example, 1 meter =« 100 cm. 

Physical Equations are relations between physical quantities which, in general, state 
the balance of certain conceptual quantities as forces, energies, voltage drops, currents, 
momenta, and so on. Obviously all the terms in a physical equation must have the same 
resultant dimension if the equation is to have sense. This property of physical equations 

* H. L. Curtis, The establishment and maintenance of the electrical units. Bull. National Research 
Council, No. 93, 1933. 
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is called dimensional fwmogeneUy and can be checked by employing the method of dimen<- 
sions as used first by Fourier.* (See Arts. 1 and 2.) In physical differential equations 
the differentials are to be treated as having the same dimension as the finite quantities. 
To use dimensional relations properly« one must adhere to a complete dimension system 
and must not use incomplete dimension sets; this is of particular importance in dimen¬ 
sional aiialysis as shown later.t Proportionality constants, for example, will in general 
be physical quantities with numerical values and dimensions. 

A Complete Dimension System suitable for a i>articular physical equation can be ob¬ 
tained from the equation itself in the following manner. Suppose z quantities are in¬ 
volved in the equation which is composed of q terms of equal resultant dimensions on 
account of dimensional homogeneity. Between the z dimensions there are, of course, 
(g — 1) independent relations at the most, so that (g -- 1) dimensions can be expressed 
in general in terms of the remaining (r — ^ -j- 1) dimensions, (r — H- 1) constitutes 
thus the least number of independent or free dimensions in this particular case. 

Style. It is of value and utmost convenience to use a definite ntyle of writing physical 
equations. The simplest and most logical expression appears to be the unitary homogeneous 
form, which, of course, involves dimensional homogeneity and is based upon the assump¬ 
tion that one system of units and one only shall be used for all physical quantities involved. 
Unitary homogeneous equations are independent of the specific unit system employed 
and can always be reduced to purely numerical relations since all the units cancel on 
account of the dimensional homogeneity; consequently they avoid the necessity of fur¬ 
nishing a legend with each equation in order to explain the various units to be used. 
Very illustrative examples of equations not having unitary homogeneity are given by 
Table VII in Art. 12. 

Functional forms (like trigonometric or exponential functions) can have only numeri¬ 
cal arguments; sin E, where E means energy, or voltage, has no sense because it violates 
dimensional homogeneity. This can be seen by expanding the function into the equiva¬ 
lent power series 


sin E 


E ^ 

1! “ 3! 5! 


where each term has different dimensions. 


Physical Similarity 

Physical Similarity can be defined as existing for two systems which are described by 
exactly the same differential equations with exactly the same numerical constants. This 
at once discards the meaning of similarity as an absolute property and brings it into the 
same order of approximation as the differential equation describing the phenomena. 
In general, difficulties do not arise from the assumption of similarity as an absolute prop¬ 
erty, but rather from the application of this concept to approximately similar systems. 

Practical Similarity, as wanted for extrapolation (or model) experiments, is a vague 
expression and of doubtful value unless the degree of approximation is stated, or the 
variables enumerated with respect to which similarity is desired. Practical similarity, 
therefore is not a matter of mathematics; it belongs to the jihysical concept of a phenom¬ 
enon, and it is the “classifying process” of the experimenter.J If it is found that two 
systems can be described aiiproximately by the same differential equation, the same 
variables and constants, then these two systems are called approximately similar, never 
exactly similar. 

It is possible to formulate similarity conditions for two systems suspected to be physi¬ 
cally similar. The same information can be gained from a correctly written differential 
equation as can be gained from projier dimensional analysis. Never, however, can in¬ 
formation be gained about physical constants and universal constants without resorting 
to tricky semi-mathematics. Physical constants are defined by fundamental relations 
and are not amenable to any analysis. 


16. CLASS PARAMETERS AND SIMILARITY CONDITIONS 


A differential equation constituting a relation between an unknown physical quantity 
y, an independent physical variable x, and certain physical parameters Qi of the symbolic 
form 


I>(Q», 


y. 


^ y 
dx* dx^ 


. . .) * 0 


(1) 


* J. B. J. Fourier, Th6orie analytique de la chaleur, p. 391, Paris, 1822. 
t P. W. Bridgman, Dimensional Analysis. Yale Univ. Press, 1922. 
i N. R. Campbell, Phil. Mag. (6), Vol. 47, p. 482, 1924. 
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can be treated as a mathematical differential equation. No definite style of writing the 
differential equation is required for the mathematical solution. If, however, unitary 
homogeneity of the differential equation is established, a number of deductions are possi* 
ble which have profound physical significance. 

To have concrete expressions, assume the differential equation to be in the form 

V , dy 




.ai~ + atV ' 


F 


( 2 ) 


where the coefidcients ak may depend on the parameters Qu the main variable y or its 
derivatives, and the independent variable x, in any manner whatsoever, so that non¬ 
linear types of equations are equally well included. If the equation is logically written, 
unitary homogeneity must prevail. Assuming this, the following deductions can be made: 

1. Numerical Parameters. The quotients of any two additive terms in the equation 
are pure and unique numbers, independent of the special units employed. Since the 

differential quotients all have dimensions y/J^, we obtain 

ak v!^ , ak v/J" , ... 

number, —-— = number (3) 


a„ 


F 


The values of all the numbers will, in general, depend upon the specific characteristic 
physical constants of the substance studied, the variable x, and the applied disturbance F. 
Some of these numbers will not contain the variable x explicitly; they are fundamental 
parameters and could bo given proper names (like Reynold’s number), if so desired. 
They can have “critical” values, which in turn will decide the type of solution or the 
validity of the special assumptions implied in the differential equation. 

2. Dimensionless Products. Since the combinations of physical quantities in equa¬ 
tion 3 are dimensionless numbers, their mutual products and quotients, and, in fact, any 
combination of them, will still be dimensionless. They constitute the “numerical” 
parameters (if they do not contain x explicitly) and the “numerical” variables (if they 
contain x explicitly) of the problem and must reappear in the mathematical solution. If 
desired, they might be called “dimensionless products” Ily, and the solution written in 
symbolical form 

^^(ni, 112, II 3 , 114 , . . .Ilisr) « 0 (4) 


The number N of independent products is equal to z — k, where 2 is the total number 
of physical quantities involved (counting also the dimensional physical constants) and k 
the necessary number of fundamental units for the special physical field (fc = 3 in mechan¬ 
ics, A: » 4 in thermodynamics and in electromagnetism, and k = 5 for the general com¬ 
bination of all fields). In order for equation 4 to present a complete solution, the 
III . . .Hat must be truly independent; they must not be mutually deducible by multi¬ 
plication or division. Of course, it is possible to have ratios of like quantities and other 
numbers involved in the complete solution, which never can be obtained by discussion. 

3. The Class Parameters. Considering any differential equation as characteristic for 
a “type” of problems, the numerical parameters and variables are then identical with the 
“typical” or class parameters and variables, which should be chosen for graphical repre¬ 
sentations of typical solutions. The N independent class variables or parameters can be 
selected arbitrarily, according to convenience, from among the much larger number of 
possible combinations. It seems advantageous, if possible, to let only one dimensionless 
product, for example Hi, contain the variable y and to write explicitly 


Hi = </»(Il2, IIj, 114 , . . .Un) (4o) 

where, of course, is in general given by the mathematical solution of the differential 
equation. This form is particularly valuable if a direct solution of the differential equa¬ 
tion 2 is impossible. Then, of course, will not be a known function but equation 4a 
will serve to bring out the class variables for experimental study. 

4. The Similarity Conditions. If all the physical parameters and variables be referred 
to another system and medium according to 

F - <t>F', Qi = qi Q'i, X « ^x', y « tjj/' (5) 

then all the coefficients in equation 2 will become 


Ok == ctK a*K 


(5a) 


where is some combination of the qi, and rj quantities. Introducing these into the 
differential equation 2, 


y V in « y 




,d!/ 


V 
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Obviously the same differential equation will hold, or the two systems will react 
larly,” if 




“siini- 

(7) 


which are the comjjlete similarity conditions for two systems with respect to the phenome¬ 
non described by differential equation 2. They cannot, in any case, be the absolute 
similarity condition as no absolute similarity is possible. 

5. Critical Values of the Class Parameters. The general form (4a) of the solution in 
terms of class parameters is subject to the assumptions implied in the differential equa¬ 
tion. experiments can tell whether or not a differential equation is a satisfactory 

approximation to the proper description of a phenomenon. In general, any solution will 
be satisfactory for a certain range of the parameters involved. The limiting values of the 
class parameters, beyond which the specific approximation becomes poor, are often referred 
to as critical values, because they give a criterion for certain phenomena to occur in a 
certain manner described by the differential equation. It is, of course, necessary to take 
into account the simultaneous values of all class parameters characteristic for a phenom¬ 
enon. This leads, in graphical representation, with the class parameters as coordinates, 
to regions of types of solutions according to the number of variables. All the phenomena 
that come into these ranges of ijarameters form a “group” which always can be repre¬ 
sented by a single type of solution no matter in which field of physics the phenomena 
might occur. This fact forms the basis of analogies from other fields, as, for example, 
electromagnetic phenomena arc often likened to flow phenomena of incompressible liquids, 
if certain conditions of stationarity are satisfied. 


Example 

Stationary Flow of a Viscous Fluid through a Pipe 

To illustrate the above point in the analysis of a differential equation, assume as an 
example the equation for the stationary flow of a viscous fluid through a pipe 


(See A. G. Webster, Differential Equations of Mathematical Physics, Chap. 1.) To 
equation 8 the equations of continuity and compressibility have to be added in order to 
furnish the relations between velocity, pressure, and density of the fluid; since the addi¬ 
tional relations add nothing from the point of view of dimensions they will not be consid¬ 
ered here. The symbols in (8) denote, respectively, with their dimensions in the techni¬ 
cal dimension system: 

Gz body force acting per unit mass, or acceleration [Filf “’] *= [Z/T”®]. 
p hydrodynamic pressure \FL~^]. 
p density [ML~^] = [FL~* T^. 

V the axial velocity 
p viscosity coefficient lFL~’^ T]. 
r radial distance involved in the differentiations [L], 
t time [T]. 

The differential equation 8 shows dimensional homogeneity as can be checked by the 
ordinary method of mechanical dimensions and is also unitary homogeneous as it is inde¬ 
pendent of the units used. It is, therefore, proix*r to apply the analysis indicated above. 

1. The Numerical Parameters. The four terras of equation 8 have the following 
resultant dimensions which must be identical; 

Forming the mutual quotients by dividing the first term successively by all the following 
ones, then the second term by the following ones, and so on, leads to the series of distinct 
dimensionless terms: 

V pLv pL^ LpG GpL^ pL 
TG' pT ' pT' p ’ pv * pv 

Here the last three terms appear as numerical parameters not containing time ex¬ 
plicitly. They probably could be used as characteristic numbers; this, however, has not 
become customary. 

Since ^ is also dimensionless, it can be multiplied into the other dimensionless quan¬ 
tities. Multiplication with the first three numbers in (10) results in 
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eZ! JL 
L ^TG “ LG 

vT pLv 
L pT p 
vT pL^ pLv 
L pT p 


which is Froude’s number 


which is the reciprocal of Newton’s number 
which is Reynolds’ number 


an 


These are the three most widely known numerical parameters of general hydrodynamics 
and have been named after their first users. In the literature they are usually derived 
by philosophical arguments or long-winded dimensional deductions; here they follow 
naturally from the condition of unitary homogeneity of the fundamental differential 
equation. 

2 . The Dimensionless Products. Only four independent dimensionless products are 
posnble, since the number of fundamental units A * 3 (only mechanical quantities are 
involved), the number of physical quantities, however, N ^ 7. Choose as these four 

vT 

products the three characteristic numbers and in addition —; then there results as general 

L 

type of solution in terms of dimensionless products 


,VvT p vpL~\ 

LG’ T"]’ 


( 12 ) 


That the four combinations are independent is easily seen from the fact that each con¬ 
tains one variable not present in any other product. Other choices could l)e made with 
the same degree of generality; however, any such set of dimensionless numbers must be 
derivable from the one chosen here by multiplication or division with dimensionless 
numbers only. 

3. The Class Parameters. Since the phenomenon is properly described by the maxi- 
miun number of independent dimensionless products, these can be chosen as class param¬ 
eters for a whole series of problems represented by the same differential equation. The 
three numbers from (11) constitute the most widely used class parameters of hydrodynam¬ 
ics, and any solution can bo expressed in terms of them. In conducting experiments 
they should be chosen as variables. If it is desired to express the solution in explicit 
form of a principal variable, the dimensional products have to be chosen so that only 
one contains this variable. Suppose it is desired to solve for p; then the third dimension¬ 
less product will be selected as principal class variable 


P __ r vT i>pL ~\ 

“ "^[l’ LG’ p J 


(12a) 


where, of course, is not known but can be obtained by experiments. It follows 


P ” 



vT ^ 
L' LG' 


'opL ~\ 

M J 


(13) 


4 . The Similarity Conditions. If equation 8 is transformed into a system with primed 
quantities and the proportionality factors arc designated by s with a respective subscript 


there follows 



G -8 c?G' 

p » Sp-p' 


p *= 

V ^ 8v’V' 


r = 8r’r' 
t =s art' 


ao)-G' 


( Bp y ^ f p'( 

VpSr/p'’ dz' 


i.AV 

/ dr'J 


and the three similarity conditions are 


(14| 



(14o) 


which must bo satisfied to insure similar flow characteristics of two viscous fluids. If 
these conditions are satisfied, experimental results on one liquid can be utilized for another 
liquid without repetition of analysis or experiments. 

For the Critical Values of the Class Parameters occurring in this example, see 
Art. 17, Section G. 
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17. DIMENSIONAL ANALYSIS 


In the literature on this subject much controversy is found relating to a proper and 
convincing basis of dimensional analysis. Mathematical proofs have been offered from 
principles of logic; however, there is no “principle” of similarity, or similitude, which 
would present a reasonable mathematical basis for the general dimensional analysis. 
Fundamentally, dimensional analysis is identical with the analysis of physical equations, 
and, in particular, with the analysis of physical differential equations. The information 
from dimensional analysis, therefore, is identical with that obtained from differential 
equations subject to imitary homogeneity. (See Art. 16.) The advantage of dimensional 
analysis is the more systematic approach in obtaining the class parameters and the simi¬ 
larity conditions, although it seems advisable to take a complete differential equation as 
the starting point in any case. 

The n Theorem 


If z physical quantities are known to be involved in a certain physical phenomenon, 
the mutual dependence, in unitary homogeneous form, must be expressible as a power 
product as has been shown on various occasions.* For example, the quantity Qi takes 
the form 

Ql = Q2“2 Q3“3. . . (16) 

where the a 2 » as... are definite and unique values which can be determined by di¬ 
mensional analysis. This fact is based upon the fundamental and reasonable hypothe¬ 
sis of uniqueness of the results of physical measurements, no matter what units are used 
in measuring. Thus, for example, if Qi =* F represents force as expressed by mass, 
length, and time, it would be found F = MLT~'^ as a unitary homogeneous relation (see 
Art. 15) independent of the special units employed on the right-hand side. The unit of 
F, of course, is fixed by the condition of unitary homogeneity; any arbitrary choice of the 
unit of F would result in an additional numerical conversion factor. 

On account of unitary homogeneity, the combination 




= n 


(15a) 


is a numerical quantity and can lye designated as a “dimensionless product.” The num¬ 
ber of possible independent dimensionless products is obviously {z — k),i( k is the number 
of independent fundamental units in the particular field. This result is the same as in 
the analysis of differential equations. 

The most general form of a logical mathematical description of the phenomena studied 
must be some functional relation between the (z ~ k) independent dimensionless product 


^(Ili.lL, ...n,_fc) -0 (16) 

This, of course, is but the typical solution of a differential equation in terms of class vari¬ 
ables and class parameters, but now the functional form ^ is not known and can be found 
only by experiment. The forms (15) and (16) are frequently referred to as the “ II theo¬ 
rem,” and it is the object of dimensional analysis to find practical ways of obtaining the 
form (16) with greatest economy and least chance of erroneous reasoning. 

The Method of Lord Rayleigh. Usually it is desired to learn the dependence of one 
physical quantity ujjon a number of other physical quantities which are supposed to enter 
into the problem or experiment. If the total number of quantities is z (including the 
physical const/ants), and the principal quantity chosen \ye Qi, then (15) expresses the 
general physical relation for Qi according to the II theorem. In general, the dimensions 
of the z quantities are not independent, but can be represented in terms of k fundamental 
dimensions, if the respective complete dimension system is composed of k fundamental 
dimensions. These can be chosen either from among the Qi . . .Qz themselves, or from 
any one of the more common dimension systems suitable for the particular field of physics. 
(See Arts. 3, 4, 5.) It is essential to use a complete dimension system in order to avoid 
ambiguity with respect to the dimensions of the physical constants. If the dimensional 
expressions are introduced into (15), and if then the exponents on both sides are equated 
there result exactly k conditions for the (z — 1) exponents a? . . . a*, permitting the 
expression of any k exponents in terms of the remaining (z — 1 — k) indeterminate or 
“ free ” exponents.f The final expression gives then the desired physical quantity in 
terms of indeterminate powers of dimensionless products, but in an explicit form, which 
is the principal advantage of this method. 

* J. L. Riabouschinsky, L’Aerophile, 1911; E. Buckingham, Phys. Rev., Vol. 4, p. 345, 1914; 
F. London, Phys. Zeits., Vol. 23, p. 262, 1922. 

t Lord Rayleigh. Nature, Vol. 95, p. 66, 1915. 
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Bzftmple. To illustrate the method of Lord Rayleigh, assume the same example as 
treated in Art. 16. The differential equation gives all the parameters and variables that 
enter into the problem so that the list of physical quantities involved is (see the example 
in Art. 16): 

V, t, Gf p, p, Pf I 

Suppose it is desired to find the dependence of v on the other quantities; then the form 
corresiionding to (15) is 

® (17) 

In the technical dimension system of mechanics there are three fundamental dimensions 
L, T, F. (See Art. 3.) It is convenient, in general, to write the dimensions of the various 
physical quantities in the form of a table. 


Physical 

Quantities 

t 

G 

p 

V 


1 

V 

L 

Exponents 
of Funda¬ 
mental Di¬ 
mensions 

0 

+ 1 

- 4 

- 2 

- 2 

+ 1 

+ 1 

T 

+ 1 

- 2 

+ 2 

0 

+ 1 

0 

- 1 

F 

0 

0 

+ 1 

+ 1 

■f 1 

0 

0 


Introducing the dimensions from this table into equation 17 and equating the di¬ 
mensional exponents for L, T, and F gives the three linear simultaneous equations 
-f a2 — 4a3 “ 2 o£ 4 — 2a6 + oce == + 1 ] 

-f- Qji -- 2a2 + 2^3 + ots — 1 i (18) 

-h <*3 + a4 -f = 0 J 

Since there are six unknowns, three of the exponents will remain indeterminate. Suppose 
ai, as, and as are chosen for some reason to be left indeterminate; then from (18) 


CK2 = -f 1 -f 2a8 — 06 ] 

a4 — 1 — 3a3 -f- 2a6 -f ai | (18o) 

06 = + 1 + 2a3 — 2ao — oi 1 


SO that the velocity can be written, properly collecting terms with the same exponents. 


pG r Tpi®! r G^ p/u^~jo3 r 

L M J L J 


(19) 


The advantage of having v explicitly given is obvious. Each one of the three independent 
dimensionless products is a combination of some of the dimensionless products in (10), 
as can be shown easily. Instead of using the indeterminate exponents ai, as, ae, any 
arbitrary function of the dimensionless products would be a more general expression. 


V 



Tp G’^^pp^ Lpn 

p' p* ’ 


( 20 ) 


In the same way the dependence of p on the other quantities involved could be com¬ 
puted, and the result would be similar to (13); the special form would depend upon the 
particular choice of the (« — 1 — /c) free exponents, but could always l:)e transformed 
into the form (13) by multiplying the dimensionless products by dimensionless numbers 
from (10). 

The Method of E. Buckingham.* Suppose that the total number of physical quanti¬ 
ties involved in a problem is z (including the physical constants), and the numlier of 
independent fundamental dimensions, necessary for the particular field of physics to 
which the problem Ixjlongs, is A:; then k of the z quantities, which are dimensionally in¬ 
dependent, are arbitrarily chosen as principal quantities. If Q\ to Qk are these principal 
quantities and Qk+i to Qz the secondary quantities, (z — k) independent dimensionless 
products can be formed by multiplying indeterminate powers of the principal quantities 
successively with one of the secondary quantities and equating the total dimensions to 
lero, as, for example, 

[Hil = ... Qk^f^-Qk+i] = 1 (21) 

If now the dimensions of Qk+i in terms of the dimensions of the principal quantities are 
introduced, k linear relations for the exponents ai . . . a^; result so that all the exponents 
can be determined. In this way (^ — k) independent dimensionless products are ob¬ 
tained directly; their special form depends entirely upon the choice of the principal quan- 


♦E. Bucyngham, Phya. Rev., Vol. 4, p. 345, 1914; Phil. Mag. ( 6 ), Vol. 42, p. 696, 1921. 
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tities. The advantage of this method lies in the simple form of the equations which deter¬ 
mine the exponents of the principal quantities; it is also possible to solve explicitly for 
any single quantity, if it is not a principal quantity. 

Example. To illustrate the method by E. Buckingham, and to be able to compare 
it with the other methods, assume the same example as before, with the physical quantities 

t>, f, G, p, p, p, I 

In choosing the three principal quantities it must bo kept in mind that they will appear 
in all dimensionless products as factors. Suppose I, p. and v be chosen here; using the 
technical mechanical dimension system, the dimensions of all the quantities are again 
given in the table on page 3-42. Grouping the dimensional expressions for the dimen¬ 
sionless product [/“i 1 in a table 




p«2 

l‘«3 

t 

[L] 

4- ai 

— 4at2 

+ <*3 

0 

[T] 

0 

4- 2a2 

— 1*3 

+ 1 

[F] 

0 

4- «2 

0 

0 


gives immediately the resulting equations 


-|“ — 4:0.2 4“ of3 *i~ 0 = 0 1 

4* 2a2 - as + 1 * 0 [ 
4-02 4-0*0.) 


from which 


02 
vT 

so that the product becomes -y. Similar tables with t replaced successively by G, p, and 

IG 

p, give the other three dimensionless products as — (the reciprocal of Froude’s number), 


= 0, as = 4- 1, 


1 


(Newton’s number), and (the reciprocal of Reynolds’ number), 
pv^ Ipv 

tion, therefore, is a functional relation of the four dimensionless products 




The general solu- 


( 22 ) 


which is identical with the solution obtained in (12) from the analysis of the differential 
equation. 


Note on the Application of Dimensional Analysis 

It has been customary to surround dimensional analysis with an air of intuitive inven¬ 
tion. The comparison of differential equation analysis and dimensional analysis has 
shown that both are based uixjn the condition of unitary homogeneity of physical equa¬ 
tions. It is obvious, therefore, that dimensional analysis must lead to the same result 
as the analysis of differential equations, if it is properly used. The chief advantage of 
dimensional analysis is the Jact that it deals with the class variables and parameters and 
thus reduces the number of variable quantities from z to (z — k), z is the number of 
physical quantities and k the numlx!r of fundamental dimensions. It can serve as a 
guide for experiments and gives the conditions of similarity without necessitating a com¬ 
plete solution of the problem. As a basis for model experiments it is extremely valuable. 
(See Art. 18.) 

In appljdng dimensional analysis, care has to be taken to include all physical quanti¬ 
ties which might be involved in the problem. It seems best to start from an approximate 
differential equation as the expression of “balance” of forces, or energies, or what not, 
and to include all dimensional physical constants. If any system of z — k independent 
dimensional products has been found, other systems can be obtained by combination of 
two or more numerical parameters into new dimensionless products. It is not possible 
to replace differential equation analysis by dimensional analysis, since the latter never will 
give the complete form of the solution of a problem. 

Dimensional analysis, as well as differential equations, have certain ranges of valid¬ 
ity; if experiments do not check the results of an analysis, it might serve as an indication 
that the problem is incompletely stated and more physical quantities should be included. 
Neither differential equations nor dimensional analysis can ever lead to new physical 
constants; these are defined by the fundamental hypotheses. 
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18. THEORY OF MODELS 

The possibility of similarity between various systems of even wholly unrelated fields 
suggests the exploration of phenomena by means of “models” of either enlarged or reduced 
scale, or by means of analogies from a different field. Just as similarity cannot be an 
absolute quality, but is defined as the approximate state of two systems (see Art. 16), so can 
a model be only an approximate reproduction of the original scale phenomenon; the 
approximation can, of course, be quite close over certain ranges of the main variables. 
It is essential, in the use of models, to state definitely the properties to be modeled and to 
restrict conclusions to the quantities included in the similarity considerations. 

The Scale Factors. If the same differential equation is assumed to hold for two dif¬ 
ferent problems of the same field, then similarity exists between the phenomena described 
by the differential equation. Any one term in the differential equation for case 1 may 
be of the form 

where the factor in parentheses is the coefficient of the vth differential. For case ^ this 
term will become _ 

and the new physical quantities (physical constants or variables) may be related to the 
former ones by the expressions 

Qa ®a Qa* Qb ““ ®6 Qbt Qc “ ®c Qb • • • 

y * X * 8x X. 

Suppose now that case 2 shall be used as a model for case 1. Each physical quantity 
in the model must then take a definite ratio to the same quantity in the original, and the 
proportionality factors (23) can be considered as scale factors, specifying the relations 
between the model and the original. Obviously, there are as many scale factors as there 
are physical quantities. It is not possible to choose all the scale factors arbitrarily. 

Model Rules. In order to be pennittod to use case 2 as a model of case 1, the condi¬ 
tions of similarity must be satisfied. As shown in Art. 16, the similarity conditions re¬ 
quire, using (23) above, 

= (24) 

k is the same constant for all the terms, so that the numerical values in the differential 
equations for both cases are identical. 

If there are q terms in the differential equation, there will be q conditions of the type 
(24) or (g — 1) mutual relations between the scale factors. These are called the model 
rules, as they specify size, shape, and physical properties of the model (as applied forces, 
densities, viscosities, and so on). The model rules depend entirely on the differential 
equation chosen to represent the phenomenon. 

Fundamental and Dependent Scale Factors. The scale factors which can be chosen 
arbitrarily are called fundamental scale factors. The number of fundamental scale factors 
is identical with the number of fundamental dimensions necessary for a complete dimen¬ 
sion system in the particular field of physics to which the problem belongs. This can be 
seen from the general differential equation; if z physical quantities are involved, and q 
terms make up the differential equation, then (z — g + 1) fundamental dimensions are 
required. (See Art. 15.) But there are also z scale factors, which have to satisfy, ac¬ 
cording to (24), (g — 1) relations, so that (^ — g + 1) fundamental scale factors remain 
which can be chosen arbitrarily. All the other scale factors foUow by means of the model 
rules, they are dependent, and cannot bo chosen freely. 

Model Rules from Dimensional Analysis. Dimensional analysis leads to a descrip¬ 
tion of a physical phenomenon in terms of dimensionless products which are identical 
with, or can be easily transformed into, the clas^ parameters of the analysis of differential 
equations. (See Art. 17.) Similarity in terms of dimensional analysis exists only if the 
dimensionless products have the same^numerical values for both the model and the origi¬ 
nal. If any one of the dimensionless^products 11,, for case 1 is given by 

n, » <?*“*)•Qib+. 

n, - 



and for case B by 
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and it mere are the scale relations 

__ Qi ** «i Qif Qje. .. Qk+if ■* «*+» Qk+0 

thenn„ s* n„ only if (ai“i aa®*... Sifc®*) •«ifc 4 y * 1 (25) 

Since there are (« — k) independent dimensionlesa products, the a scale factors will be 
related hy z — k relations of the type (25), so that the number of free or fundamental 
scale factors is k, the same as the number of fundamental dimensions. The relations (25) 
are called the model rules and are identical with the relations (24). They can be conve¬ 
niently obtained by replacing in the dimensionless products all the physical quantities by 
their respective scale factors and equating to unity the expressions thus obtained. 

Example. In order to illustrate the application of the theory of models, it will be 
chosen to represent the flow of water through a large pipe by the flow of mercury through 
a model pipe of one-tenth the diameter of the original. Using dimensional analysis, the 
problem is the same as treated above in Art. 17. As a problem of hydrodynamics, A; ■» 3 
fundamental dimensions, and, therefore, k — Z fundamental scale factors are necessary. 
The ratio of the linear dimensions is given by s/ = 0.1; the ratio of the densities is 
Sp == 13.6, and the ratio of the viscosities can be assumed approximately as Sp ** 1.5. 
The four dimensionless products are given by equation 22, so that the scale factors have 
to satisfy the conditions 

Sy H ^ ^ 8} 80 ^ J Sp ^ ^ Sfi ^ J 

8/ Si 8p 8y 

from which the four dependent scale factors follow as 

8y = 1.103, 8G = 12.16, 8p = 16.54, 8t = 0.0008 
which means that the velocity of the mercury flow must be 1.103 of that of water, and 
the time scale approximately 0.0908 of that of water, and the force, per unit of mass, acting 
upon the mercury must be made 12,16 times that for water. 
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THEORETICAL MECHANICS 


1. DEFINITIONS 

Mechanics is that branch of science which treats of forces and motion. 

Statics is that branch of mechanics which deals with the equilibrium of forces on bodies 
at rest (or moving at a uniform velocity in a straight line). 

Kinematics is that branch of mecfuinics which deals with the motion of bodies without 
consideration of the character of the bodies or of the influence of forces upon their motion. 
It considers only concepts of geometry and time. 

Kinetics (or Dynamics) is that branch of mechanics which deals with the effect of 
unbalanced external forces in modifying the motion of bodies. 

Mass and Weight, in the gravitational system of units employed by English engineers, 
are related by the formula W = Mg, where W = weight, M = mass, and g = acceleration 
due to gravity. For a thorough discussion of these terms, see Section 3, Physical Units 
and Standards. 

Force is that which changes or tends to change the state of rest or motion of a body. 

Inertia is that property of a body by virtue of which it tends to continue in the state of 
rest or motion in which it may l:)e placed, until acted on by some force. 

Reaction is that eqiuU and opposite force exerted by a body in opposing another force 
acting upon it. 

Newton’s Laws of Motion. First Law. If a body is at rest, it will remain at rest, 
or if in motion, it will move uniformly in a straight lino, until acted on by some force. 

Second Law. If a body is acted on by several forces, it will ol)ey each as though the 
others did not exist, and this whether the body is at rest or in motion. (Change of the 
motion of a body is proportional to the force and to the time during which the force acts, 
and is in the same direction as the force. 

Third Law. If a force acts to change the state of a body with respect to rest or motion, 
the body will offer a resistance equal and directly opposed to the force. Or, to every 
action there is opposed an equal and opposite reaction. 

Special Terms such as hydrostatics, aerodynamics, etc., are used to denote the theory 
of statics as applied to liquid bodies, the theory of dynamics as applied to gaseous bodies, 
etc. Mechanics of materials considers, in addition to external forces, the internal forceps 
or stresses lie tween molecules of a body. Subjects of these types are covered in other 
sections of this handbook. The present section on mechanics is confined, in general, to 
the discussion of motion of, and external forces applied to, rigid bodies. 

STATICS 

2. GRAPHICAL REPRESENTATION AND CLASSIFICATION 
OF FORCES 

Graphical Representation of Force 

A Force is completely specified by its magnitude, direction, and point of application. 

The word sense as applied to a force refers to one of the 
two directions along the line of action of the force. The 
effect of any force applied t,o a rigid body at rest is the same, 
no matter where in its own lino of action the force is applied. 
This is known as the principle of the transmissibUity of 
force. A force may Ix) represented graphically in mag¬ 
nitude and direction by a straight line drawn parallel to its 
line of action, the length being proportional to the magnitude 
of the force; its sense is indicated by an arrowhead placed 
on the line. The English engineers’ unit of force is the 
pound, or the earth’s pull on a mass of 1 lb. A drawing 
which indicates the lines of action of the various forces acting on a machine or structure 
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is called a space diagram; one in which vectors are drawn to represent the magnitudes 
and directions of the forces is a vector diagram. A force is indicated on a space din gritm 
by two lower-case letters placed on opposite sides of the line of action of the force; the 
vector, representing its magnitude and direction, by the same capital letters placed at 
the ends. Thus, in Fig. 1, A B represents the magnitude and direction of the force W, 
and ab its action line. The vector being read as AB indicates a downward sense; read as 
BAt an upward sense. 


Classification of Systems of Forces 

A System of Forces consists of any number of forces taken collectively. 

Classification of Systems of Forces is made according to the arrangement of their 
action lines. If the action lines lie in the same plane the system is coplanar, otherwise 
noncoplanar. If they pass through the same point the system is concurrent, otherwise 
nonconcurrent. If two or more forces have the same action line they are coUinear. A 
system of two equal forces, parallel, opposite in sense, and having different action lines is 
a couple. Two or more forces equivalent to a single force are components of the single 
force. Resolution is the operation of replacing a single force by a system of components. 
The single force is the resultant of its components. In general, the resultant of a system 
of forces is the simplest equivalent system. This may be a single force, a single ooupUt 
or a noncoplanar force and couple (or two skewed forces) . When the resultant is a single 
force the equilibrant is a force equal in magnitude, having the same line of action but 
opposite sense. Composition is the operation of replacing a system of forces by its resultant. 


3. COMPOSITION AND RESOLUTION OF CONCURRENT 

FORCES 

Composition of Two Concurrent Forces 

Parallelogram Law. If magnitudes, lines of action, and senses of two concurrent 
forces acting on a rigid body are represented by OA and OB (Fig. 2), the magnitude, line 
of action, and sense of their resultant are repre¬ 
sented by the diagonal OC of the parallelogram 
OABC. The points of application of the forces 
may be anywhere on the body in the lines OA, 

OB, and OC, or their extensions. The arrow¬ 
heads on the lines OA, OB, and OC all point 
toward or all away from the point of concur¬ 
rence 0. 

Triangle Law. This law follows directly from the parallelogram law. If in the triangle 
ABC (Fig. 3a) AB and BC represent two concurrent forces in magnitude, direction, and 
sense, AC will represent their resultant in magnitude, direction, and sense; its action line 
will be ac through the point of (;oncurrency, parallel to AC. It should be noted that the 
arrowheads on the sides AB and BC are confluent (point the same way around) but the 
arrowhead on AC is not confluent with the others. Also, the point of concurrency need 
not necessarily be located in or on the lx>dy but may be outside it. 



Fiq 2 




The resultant may he found algebraically thus: In Fig. 35, let a be the angle between 
the action lines of forces P and Q, and 9 the angle between R and JP. Then, E* — P* 4“ Q* 

+ 2PQ C 08 a, and tan 9 = „ j ■ If a = 90°. B* = and tan 9 = Q/P. 

^ P + Q cos a 


• It is evident that a pair of concurrent forces and their resultant aro necessarily coplanar. 
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Resolution into Two Concurrent Forces * 

A Force May Be Resolved into an infinite number of pairs of components by con- 
structins different triangles as in Fig. 4a. The action lines of the components must be 
concurrent at a point on the action line of the force. A common problem is to resolve a 
force into rectangular components (often called resolved parts). In Fig. 4?>, AB and BC 
are a set of rectangular components of the force P. Expressed algehraically^ AB = P 
COB a and BC = P sin a. For rectangular components, the resolved part of a force ^ong 

B' 


Fia. 4a Fxg. 4& 

any line equals the magnitude of the force times the cosine of the angle between the lines 
of action of the force and its component. Action lines of the components are concurrent 
on the space diagram at some point on ac, as at D or D\ 

Composition of More than Two Coplanar Concurrent Forces f 

Graphic Method. In Fig. 5, consider body G acted on by the four forces shown. 
Construct a force polygon as follows: Plot AB parallel to ab, and scale it to represent 60 





lb.; from B plot BC parallel to 6c, and scale it to represent 80 lb.; in like manner plot 
CD DEt so that the arrows lead conjluently from A to E. I’he resultant of the system 
is A £ in magnitude and sense and equals 114 lb. Its action line is ae. The resultant 
will be the same regardless of the order in which the forces are plotted. Note particularly 
that the resultant is not confluent with the component forces. 

Algebraic Method. Choose rectangular axes OX and OY. Referring to Fig. 5, 
resolve each force into its x and y components, considering components acting upward or 
to the right as positive, and those acting downward or to the left as negative. Arrange 
the results in tabular form, placing the forces in the first column, the x components in the 
second, and the y components in the third, SFx “ algebraic sum of x components, and 
XFy =* algebraic sum of y components. 


F, lb 

Fx, lb 

Fy, lb 

a6«= CO 
6c “ 80 
cd»120 
40 

-60 X 0.707= -42.4 
+80x2/V6=-f71.4 
+ 120X0.866 = +104 
-40X0.5 =-20 

+ 60X0.707 = +42.4 
+ 80X1/V'5= +.35.7 
-120X0.5 =-60 

-40X0.866= -34.6 


2:Fy= -16.5 


* It it evident that a pair of concurrent forces and their resultant are necessarily coplanar, 
t The composition of two concurrent forcM is simply a special case of this more general treat" 
ment. 
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A jgFa,«^X13(b 

--- -- { 

' I _ R-n4ib?~~**»-! ^. 

Era. 6 

Resolution into More than Two Coplanar Concurrent Forces 

This typo of problem has relatively little practical value. The resolution can be 
accomplished, however, by employing the force polygon to reverse the process of composi¬ 
tion in a manner similar to that employed in the important special case discussed above 
of resolution into two concurrent forces. An infinite number of force systems is possible 
for any given number of the component concurrent forces. 


Then R * VsF** + XFy * Via,041 
114 lb. Sense is downward and to the 


right (Fig. 6 ). 
- 8 ® 20 '. 


Tan fl = ||» = - 0.X46: 


Composition of Three Rectangular Noncoplanar Concurrent Forces 

Parallelepipedon Law.* Consider the three rec¬ 
tangular forces, P, Q, and S (Fig. 7). On these 
forces construct to scale a parallelepiped. The result¬ 
ant of the system is represented in magnitude 
an d direction by the diagonal; its value is 

_|- Q 2 ^<^ 2 . Ita direction cosines with re¬ 
spect to the axes are: cos a =* P/R^ cosjS = Q/R* 
and cos y = S/R, 

Resolution into Three Rectangular Non¬ 
coplanar Concurrent Forces 

A force F can be resolved into a set of three rec¬ 
tangular noncoplanar concurrent forces by reversing the process of composition described 
in the preceding paragraph. Thus, referring to Fig. 7: 

P — R cos a; Q = R cos| 8 ; S = R cos y 

Composition of Any Number of Concurrent Forces f 

This is the moat general case of composition of concurrent forces and therefore is 
applicable also, of course, to the simpler cases previously discussed. 

Let the forces be specified with respect to three rectangular axes passing through the 
point of concurrency: (a) Resolve each force into components along the X, Y, and £ 
axes; (6) find the algebraic sums of the x, y, and z components, and indicate them by 
SFx. 2 Fy, and £Fz', (c) find the resultant of these three partial resultants by the parallele¬ 



pipedon law; its value is R 
cos ^- 77 "; /3 = cos y = cos 


r= V zfJ -f 4 - SF/; its direction angles are 


R 


R 


R 


Nature of Resultant of Concurrent Forces 

The Resultant of any system of concurrent forces which are not in equilibrium is a 
single force. 


4. MOMENTS AND COUPLES 

Moment (or Torque) of a Force about a Point 

Moment or Torque of a force alx)ut a point is the product of the force magnitude and 
the distance from the point to its action line. This perpendicular distance is called the 
arm of the force, and the point is the origin or center of momenb^. The product is the 
measure of the rotational tendency of the force. The name of the unit of moment is a 
combination of the names of force and distance units, as foot-pound, inch-ton, etc. (Some 
writers use Ib-ft as a unit of moment of a force to distinguish from ft-lb as the unit of 
work or energy, similar distinction being made for the other units.) 

• The parallelepipedon law applies also if the three forces are not rectangular. In such eases, 
however, it is not piacticable to obtain dirertly the value of the resultant either graphically or 
algebraically. A better method of solution for problems of this nature is given in the second suc¬ 
ceeding paragraph. 

t As a matter of academic interest, although of little practical value, the resultant of any num¬ 
ber of noncoplanar concurrent forces may be represented graphically by extending the prinoiples of 
the plane force polygon to apply to a space or skew force polygon. 
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To facilitate computations, the moment of a force with respect to a point is frequently 
computed by taking the algebraic sum of the moments of two rectangular components 
of the force with respect to that point; and it will often be convenient to resolve the force 
so that one of the components act through the origin of moments, thus making that 
component have no moment. 

Moment (or Torque) of a Force about a Line (or Axis) 

At any point on its action line, resolve the force into two rectangular components, one 
being parallel to the axis. The product of the perpendicular component and the perpen¬ 
dicular distance to its line of action from the axis is 
the moment of the given force about the axis. Thus 
(Fig. 8), P sin a is the component parallel to the 
axis, and it has no turning effect. All the moment 
or turning effect is caused by the perpendicular com¬ 
ponent, and its value is P cos a X OE, OE being 
the perpendicular distance between the axis and the 
parallel plane A BCD. 

To facilitate computations, the moment of a 
force with respect to an axis is frequently computed 
by resolving the force into three rectangular com¬ 
ponents, one being parallel to the axis, the other two 
perpendicular to it; then the moment of the given 
force equals the algebraic sum of the moments of 
the two perpendicular components. If the resolu¬ 
tion is made so that one of the perpendicular com¬ 
ponents cuts the axis, the moment of the given force 
equals the moment of the other perpendicular component. 

Principle of Moments 

For a Point. The moment of the resultant of any coplanar forces (not necessarily 
concurrent) about a point in their plane equals the algebraic sum of the moments of those 
forces about the point. Thus (Fig. 9), A is the resultant of P and Q, and R X r P X 
p X Moments tending to produce counterclockwise rotation of a body are 
usually considered positive, and clockwise negative. 

Thus, in Fig. 9, the moment of force Q about 

It is evident that the moment of a force passing 
through the origin of moments is zero. 


Fio. 0 Fza. 10 

For an Axis. The moment of the resultant of any forces (not necessarily either coplanar 
or concurrent) about a line equals the algebraic sum of the moments of those forces about 
the line. Thus (Fig. 10), R is the resultant of the three rectangular forces P, Q, and S. 
Moment of R aliout axis X — SXy-^QXz. P contributes nothing to the moment 
sum. as it is parallel to the axis of moments. Usually in such a case, counterclockwise 
moment is called positive and clockwise negative, the observer looking toward the origin 
O, from the positive ends of the axes. Thus, Q has positive moment about axis Z, but 
negative moment about axis X. 

It is evident that the moment of a force parallel to or intersecting the axis of moments 
is zero. 

Couples 

Nature of Couples. Two equal and parallel forces of opposite sense ure called a couple. 
The tendency of a couple is to produce rotation only. Since a couple has no single resul- 





Fig. 8 
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tant, no ^gle force can balance it. To prevent the rotation of a body acted upon by a 
couple, the application of two other forces is required, forming a second couple. 

The arm of a couple is the perpendicular distance between the lines of action of the 
forces. The moment of a couple is constant and independent of the origin of moments; 
it is equal to one of the forces times the arm of the couple. Its sense is jmsitive or negative 
according as rotational tendency is counterclockwise or clockwise. Couples of equal 
moments, in the same or parallel planes, are equivalent and may be replaced one by the 
other. Further, the center of rotation for a couple may be anywhere in its plane. Hence, 
a couple may be turned about in its own plane or moved to a parallel plane or replaced by 
another couple (having an arm of any given length but the same moment) without altering 
its effect on a rigid body. 

Resultant of Couples. The resultant of any number of coplanar couples or of couples 
in parallel planes is a couple. Its moment and sense ociual the algebraic sum of the 
moments of the component couples. 

A couple may be represented by a vector. The length of the vector to scale represents 
the magnitude of the moment; it is drawn perpendicular to the plane of the couple from 
any origin, and an arrow is placed on it to represent the way in which the couple would 
cause a right-hand screw to advance. The resultant of any number of couples (in oblique 
or parallel planes) is a couple. The composition is effected by simply adding the vectors 
representing the couples in a manner analogous to the method of “ Composition of Any 
Number of Concurrent Forces ” as previously described in this section. The resultant 
vector defines the resultant couple. 

Composition of Single Force and Couple. A single ferree and couple in the same plane 
(or parallel planes) may be composed into another single fmee equal and parallel to the 




original force, at a distance from it equal to the moment of the couple divided by the 
magnitude of the force and so situated that the moment of the resultant about the point 
of application of the original force is of the same sign as the moment of the couple. The 
couple may be brought into the position shown in Fig. 11. The resultant of jP, —Q, and 
Q is R{ — P) acting in a line through point C so that (P — Q) XAC = QX BC. From 

this it follows that ^ ^ Q{AC + BC) __ moment of couple 

- - - 

Resolution into Single Force through Chosen Point and Couple. A single force may 
be resolved into another single force acting through a chosen point and a couple (the new 
force being equal and parallel to the original force). In Fig. 12, Pi is the given force and 
O the chosen point. Through O apply a pair of forces, opposite in sense, equal and 
parallel to Pi. As Po and Pz balance, no change is produced in the motion of the body 
due to the addition. Pi and Ps constitute a couple of moment == P X u, which is the 

same as moment of Pi about 0; and P 2 is a force just like Pi, but acting through ths 

chosen point 0. 

6. COMPOSITION OF NONCONCURRENT FORCES 
Composition of Coplanar Nonparallel Nonconcurrent Forces 

Graphic Method (1): String (or Funicular) Polygon. This method involves the resolu* 
tion of each force into two components in a certain way and the subsequent composition 
of the components to determine the resultant. Thus, to find the resultant of the three 
forces ab, be, and cd acting on the body in Fig. 13, draw a force polygon, as A BCD, for 
the given forces; resolve AB into AO and OB; BC into BO and OC, etc., 0 having been 
taken anywhere; all components except the first and last occur in pairs and the forces of 
each pair are equal and opposite, thus OB and BO, OC and CO, etc.; choose the action 
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iines of these components so that those of any one pair shall be collinear; thus, insert the 
components of AB at pleasure as at oa and o&, the components of BC so that the com¬ 
ponent BO shall act in oh, and hence the component OC in oc, etc.; thus the pairs of com¬ 
ponents consisting of equal, collinear, and opposite forces each balance, leaving only the 
first and last components AO and OD acting in ao and od\ and their resultant (which is 
also the resultant of the given forces) ib AD (magnitude and direction) ad (action line). 
The point 0 (Fig. 13) is called the pole, lines OA, OB, OC, etc., are rays; oa, oh, oc, etc., 
are strings, and all the strings constitute the string (or funicular) polygon for the forces. 
This polygon is also called “ link,” and “ equilibrium polygon,” the last being especially 
appropriate when the given forces are in eciuilibrium. The object in its construction is 
to locate one point on the action line of the resultant (or the length of arm to be used with 
the first and last rays of the force polygon if the resultant is a couple; see example in a 
later paragraph). The part of the drawing which represents the body and the lines of 
action of the forces is the space diagram', that representing force magnitudes, the force 
polygon. If the force polygon closes, the resultant is in general a couple, the forces of 

the couple acting in the first and last 
strings of the string polygon, the mag¬ 
nitude of the forces being represented 
by the corresponding ray. If in ad¬ 
dition to the force polygon closing, 
the first and last strings coincide, the 
string polygon is closed and the re¬ 
sultant vanishes. If the force polygon 
does not close, the first and last strings 
of the string polygon may still happen 
to have the same lino of action but 
the forces along them will not be 
equal. The resultant is then the force (in magnitude and direction) required to close the 
force polygon, and its lino of action is that of the coinciding first and last strings. 

Graphic Method (2): Triangle Law. If the forces are not parallel and not nearly 
parallel, find the resultant of any two forces by the Triangle Law, then the resultant 
R% of R\ and a third force, etc., until all the forces have been compounded. If the forces 
are parallel or nearly so, the method just explained fails because the lines of action of 
the several resultants cannot be determined readily on account of inaccessible intersec¬ 
tions. In such cases, Graphic Method (1) is the only graphic method which can be used. 

Algebraic Method. Compute the algebraic sums of the x and y components of the 
forces (2F* and 2Fy) and the algebraic sum of the moments of the forces (or of their com¬ 
ponents if more convenient, the result being the same), with r espect to any origin 0 in 
their plane (SM). Then the resultant R — V(2Fx)* (SFj,)-, its angle with the x axis 

= tan~^ (XFy)/(2iFx), and its arm with respect to O is o = The general direc¬ 
tion of i? is apparent from the directions of its components XFx and a must be 

measured in such a direction from 0 that the sign of the moment of R will be the same as 
that of XM. If XFx — XFy — 0, the resultant is in general a couple whose moment = XM, 
If XM ~ 0 also, the resultant vanishes. 
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Composition of Coplanar Parallel Forces * 

Graphic Method. If the forces are parallel or nearly so. Graphic Method (1) as described 
under the preceding heading for use with oonparallel forces may be used. Graphic Method 
(2) is not practical. 

Using Graphic Method (1), if the force polygon does not close, the resultant is a single 
force. If it closes, the resultant is in general a couple. As an illiiatralion of the latter, 
consider the four parallel forces in Fig. 14. The force polygon begins at A and ends at 
E, the same point; hence the resultant is not a single force (this is called a closed force 
polygon). Constnict the funicular polygon as before. The first and last strings, ao and 
oe, being parallel, do not intersect, f The forces acting in those lines, ^40 and OE, Ijeing 
equal and opposite in sense, form a couple. Hence the resultant of the system is a couple 
whose moment is AO{ = OE) X MN. The sense, by inspection of the space diagram, is 
clockwise. 


* Parallel forces are by nature non concurrent. 

t It must be clearly understood that the fact that the forces are parallel and the fact that the 
first and last strings are parallel in the particular system illustrated in Fig. 14 have no bearing on 
each other. The first and last strings may or may not be parallel (or coincident) when the forces 
either are or are not parallel depending simply upon whether or not the resultant force vanishes (ox 
happens to coincide m line of action with both oi the strings). 




COMPOSITION OF NONCONCUBEENT FORCES 

If in petition to the force polygon closing* the first and last strings coincide, the string 
polygon is closed and the resultant vanishes. 

Algebraic Method. This is a special case of that described under a preceding heading 
for use with nonparallel forces. The resultant R = XF. Its arm a =* (^M)/R and must 
be measured in such a direction from the origin of moments that the sign of moment of 
B will he the same as that of Zjlf. 

If 2F == 0, the resultant is in general a couple. If SAf » o also, the resultant vanishes. 



Simple Cases. When only two parallel forces are involved, their resultant (if a force) 
may he located more quickly by application of the following simple theorem based on 
Fig. 15. If P and Q act in the same direction, R cuts any line AB internally, and if P 
and Q are opposite, then extcnially on the side of the larger force; and in each case the 
segments of AB are inversely proportional to P and Q; that is, ACjBC = Q/P. 

Composition of Noncoplanar Parallel Forces * 

Graphic Methods are not advantageous in general for use in determining resultents of 
noncoplanar nonconcurrent force systems. Therefore only the algebraic method will be 
discussed. 

Algebraic Method. Give te the forces F acting in the same direction one sign and to 
the others the opposite sign; then the resultant R = ZF, the sense of R being indicated 
by the sign of ZF. Next compute the sums of the moments of the forces with respect to 
two rectangular axes {x and y, say) perpendicular to the forces; call these sums ZMx and 
ZMy, and the arms of R with respect to those axes respectively Ox and o^; then a® = 
(ZMx)/R and ay = (ZMy)/R. The signs in these ratios may bo disregarded; ax and Oy 
have such positions that the moments of R with respec.t to the x and y axes have the same 
signs as those of ZMx and ZMy, respectively. If ZF = 0, the resultant in general is a 
couple which can be determined by finding the resultant of all the forces but one; this 
resultant and the omitted force constitute the resultant couple. If ZMx = ZMy =* 0 
also, the resultant vanishes. 

Composition of Noncoplanar Nonparallel Nonconcturent Forces 

Graphic Methods are not advantageous in general for u.se in determining resultante of 
noncoplanar nonconcurrent force systems. Therefore only the algebraic method will be 
discussed. 

Algebraic Method. In general, the resultant is not a single force, but in such cases 
the system can be reduced to a force R acting through any point of the liody selected and 
a couple C, noncoplanar with it; and if desired, R and C can in general be compounded 
into two noncoplanar forces. To determine .R and C; select a set of coordinate axes 
(x, ?/, and z) in the body, the origin O being at the selected point referred to; determine 
the algcfiraic sums of the x, y, and z components of the given forces (ZF x, ZFy, and ZFg) 
and the algebraic sums of the moments of the forces with respect to the x, y, and z axes 
{ZMz, ^My, and ZMz)\ ZFx, ^Fy, and ZFz are the x, y, and z components of R, and 
ZMx, ZAfy, and ZMs are the moments of the components of C perpendicular to the x, y, 
and z axes, respectively. They may l>e represented liy vectors parallel to the axes. 

/e2 = (ZFxV + aFy)^ + (ZFz)^ and = (ZAfx)^ + (SMy)^ + (SM,)*; if ai, aa. 
and as denote the angles between R and the x, y, and z axes, and di, 02, and Bz the anglea 
between the vector representing C and the x, y, and z axes respectively, then 

cosai = (.ZFx)/R coaaz — {ZFy)/R cos as *= iZFz)/R 

cos 01 = {ZMx)/C cos 02 = (SJIfy)/C cos 0s == ^M^jC 

The resultant force R and the resultant couple C can Ije compounded into two forcea 
as follows: take the plane of the couple so that one of the forces of the couple intersecta 


* Parallel forces are by nature nonconcurrvnX. 
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R\ find the lesultant of this force and R\ this resultant and the other force of C are the 
two forces sought. In general the final two forces are skewed. 

If the plane of C is parallel to iJ, C and R may be compounded into a single force by 
the method described in a previous paragraph headed “ Composition of Single Force and 
Couple.” If C 0, the resultant is in. general a single force; if = 0, the resultant is in 
general a couple; if C *= 12 = 0, the resultant vanishes. 

Nature of Resultant of Nonconcurrent Forces 

The Resultant of any system of nonconcurrent forces which are not in equilibrium is a 
singZe force or a single couple if the forces are coplanar parallel, coplanar nonparallel, or 
noncoplanar parallel’, it is a single force or a single couple or a rwncoplanar single force and 
single couple (which may be replaced by two skewed forces) if the forces are noncoplanar 
nonparallel.* 

6. PRINCIPLES OF EQUILIBRIUM 

Forces in Equilibrium. A system of forces is in cquilil>rium if their combined action 
produces no change in motion of the body to which they are applied. There is no change 
in motion if the body remains at rest*or moves in a straight line at constant speed. When 
a force system is in equilibrium, its resultant must bo zero. This statement may be called 
the general condition of equilihriurn. It implies both zero force and zero couple. 


Table I. Conditions of Equilibrium 

Necessary and sufficient independent conditions of equilibrium for the various force systems 



System 

Algebraical | 

Graphical 

No. 

Conditions 

No. 

Conditions 


Collinear 

1 


1 

Force polygon closes. 

Coplanar 

Concurrent at 
point 0 

2 

SPx=0, ZFy^O', or, 

2Ma = 0, if X direction is not 
perpendicular to aO; or, 
SA/a^O. if aOb is 

not a straight line. 

1 

Force polygon closes. 

Parallel 

2 

2F=»0. or, 2;Afa = 0. 

XMh-0, if lino ah is not 
parallel to forces. 

2 

Force and funicular polygons 
close. (Latter item means 
that first and last strings 
coincide.) 

Nonparallel non- 
concurrent 

3 

SFx=0, 2M-0; or, 

SFx=0, 2Ma=0, XAffr^O, if 
X direction is not perpendicu¬ 
lar to ab; or, XMa~0, XMb 
•=»(), ZMcr^O, if abc is not a 
straight line. 

2 

! 

Force and funicular polygons 
close. (Latter item means 

1 that first and last strings 
coincide.) 

I Noncoplanar 

Concurrent at 
point 0 

3 

2Fx“0.SFv=0,SFx- 0. Com¬ 
binations of moment and res¬ 
olution equations can be ar¬ 
ranged, but are not common. 

2 

Force polygon closes. It is 
warped; hence plan and ele¬ 
vation must show closed. Not 
commonly used. 

Parallel 

1 

3 

2F*=0, 2Afx=0, 2A/y=0. 

forces parallel t<r 2 axis. Other 
combinations possible but not 
common. 


Not used. 

Nonparallel non- 
ooncurrent | 

6 

ISFx^O, SFy=0, 2 :Fx«0, SA/x 
* 0, 2;Afy=0, SAfx=0. SA/ 
about every axis =* 0, and it is 
often convenient to employ 
more than three moment 
equations, instead of using so 
many resolution equations. 


The projection of the system on 
any plane is in equilibrium, 
and algebraical or graphical 
conditions can be used to solve 
such projected systems. 


An oblique system of x, y, z axes may be used for reference provided no two axes are at an angle 
of 180® with each other. Rectangular axes are preferable generally. 


* It is evident that any force system whatever, whether concurrent or nonconcurrent, even though it. 
includes ''sub'Bystems” coming under all of the various classifications discussed, can be composed 
into a resultant which is a single force or a single couple or a noncoplanar single force and single couple 
(or two skewed forces). 
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Body in Equilibrium. A Tigid body is in equilibrium if it remains at rest or moves in 
a straight line at constant speed; i.e., if its state of motion does not change. This condi* 
tion obtains if all the external forces acting upon it (including those due to pull of gravity, 
friction, etc.) form a system in equilibrium. 

Conditions of Equilibrium 

In a problem in statics a body is known to be in equilibrium; hence the system com¬ 
posed of all the external forces acting upon it must be in equilibrium. In such a case, 
tests are not needed to ascertain if equilibrium exists, but they are used to set up relations 
involving unknown forces, distances, or angles, and the unknown elements are then com¬ 
puted provided their number does not exceed the number of independent equations which 
may be set up by means of the equilibrium conditions. When the number of unknown 
elements exceeds the number of independent equations, the problem is said to be statically 
indeterminate. 

Special Conditions. If three forces are in equilibrium they must be coplanar. and 
concurrent or parallel; if concurrent, each force is proportional to the sine of the angle 
between the other two; if parallel, each force is proportional to the distance between the 
other two. If a force system is in equilibrium, the resultant of any part must balance the 
resultant of the other part. It follows that if four coplanar nonconcurrent iionparallel 
forces are in equilibrium, the resultant of any two is concurrent with the other two. 

Stability of Equilibrium. When a body (or collection of bodies) is in equilibrium and 
the state is such that if when displaced slightly in any w.ay the body returns of itself to 
its original position, the equilibrium is stable; if when displaced slightly the body moves 
further from its original position, the equilibrium is unstable; and if when displaced slightly 
it remains in that displaced position, the equilibrium is neutral or indifferent. The body 
or collection is also said to be stable, unstable, or neutral (or iiidifferent) under these 
respective conditions. When the body is stable or unstable, the system of forces is 
changed by the slight displacement and is no longer in equilibrium; hence the further dis¬ 
placement. Only when the stability is neutral is the equilibrium of the force system 
undisturbed by a slight displacement of the body. 

7. EQUILIBRIUM PROBLEMS 
General Principles 

(a) It frequently happens that the external force system acting on a body as a whole 
cannot bo solved directly owing to the presence of more unknown elements (forces, dis¬ 
tances, and angles) than there are conditions of equilibrium. In such cases, endeavor 
to separate the original body into simpler parts which will permit solutions, making use 
of the unknowns thus determined in solving the force systems acting on other sections 
until the complete solution, if obtainable, has been found. 

(b) To facilitate computations, it is desirable if resolution equations are used, to resolve 
perpendicular to one of the unknown forces; if a moment origin is used, to select it on the 
action line of an unknown force; if moment axes are used, to select them so as to intersect 
some of the unknown forces. 

(c) Assume senses for unknown forces. A plus answer then indicates the sense to have 
been correctly assumed; a minus answer, incorrect assumption. 

(d) When force polygons are used, letter action lines of wholly known forces first and 
those of the remainder last. Draw the force polygon to the end of the last known vector. 
Vectors required to close it (remembering that the senscis must road confluently from the 
starting point back to the same point) determine unknown magnitudes and senses and/or 
lines of action. 

Typical Problems 

I. System of Coplanar Concurrent Forces in Equilibrium unth all forces known except 
two whose action lines only are known. The magnitudes and senses of these two forces are 
to be determined.* 

Example. Two smooth cylinders rest upon a .30® plane and against a vertical wall as shown in 
Fig. 16. Determine all forces acting on each cylinder, (a) The forces involved are 100 lb, 200 lb, 
P, Q, R, and S, the last four being normal to the surfaces of contact (smooth surfaces). (&)*Con8ider 
the two cylinders as a single free body. The external force system is 100 lb, 200 lb, P, R, and S 
(Qi and Qi are internal). The system is nonconcurrent, so does not come under typical problem I. 
Consider the large cylinder as a fr ee body. The external force system is 100 lb, Q, R, and S. While 

♦ This is a common problem in the determination of the stresses of a roof or bridge truss. 
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this system is concurrent, it cannot be solved because there are more than two unknown quantities. 
Next consider the small cylinder as a free body. The force system is 200 lb, P, and Q, and this is 
typical problem I. 

Algebraic Soluj^n. Choose X and Y directions parallel and perpendicular to the plane. 
60 

ZFz « 0 - Qi ~ 200 sin 30®. Hence = 103.3 lb. ZFy = 0 » P - 200 cos 30* 

— 103.3 X 2/8. Hence P *= 199 lb. Consider the large cylinder as a free body. Qi = Qa — 103.3 

V 60 

lb. Use the same X and Y directions. ZP* = 0 = S cos 30* - 103.3 X — - -100 sin 30°. 

Hence, S = 173.2 lb. XFy = 0 = P ~ 100 

cos 30° - 173.2 sin 30° + 103.3 X 2/8. Hence 
R ^ 147.4 lb. 

Graphic Solution. Discussions (o) and (6) 
are same as above. The free body is the small 
cylinder. The force system is ab, be, and ca, 
and the polygon is the triangle ABC (Fig. 16). 
BC — 199 lb, CA = 103.3 lb. Next, consider 
the large cylinder as a free body. The force 
system is oc, cd, de, and ea. Plot the known 
^ I forces AC and CD. From D draw DE parallel 

\ I \ to de, and from A, AE parallel to oc; these 

\ lines intersect at E. DE = 147.4 lb, and 

p EA = 173.2 lb are the magnitudes and senses 

\ of the two unknowns. 

FORCE POLYGON \ If f,}je system is concurrent and all the 

B forces are known except one, the two unknoi/tm 
Fig, 16 elements will be one angle and one magnitude 

and sense. Both may bo'determined by writing 
the equilibrium equations, or by drawing the force polygon. 

II. System of Coplanar Parallel Forces in Equilibrium with all forces known except two 
whose action lines only are known. The magnitudes and senses of these two forces are to 
be determined. 

Example. A beam is loaded as shown in Fig. 17 and supported at the points P and Q. Deter¬ 
mine the reactions of the supports. Consider the beam as a free body. The external force system 
consists of the forces 1000 lb, flOOO lb, 2400 lb, P, and Q. This is a coplanar parallel system and is 
typical problem II. 

Algebraic Solution. Assume senses for the reactions. 

UMp = 0 « - 4 X 1000 - 10 X 5000 ~ 14 X 2400 + 16Q 


FORCE POLYGON 


Hence Q =* 6475 lb; correct sense was assumed. 


= 0 = 2 X 2400 + 6 X 5000 + 12 X 1000 - 16P 

Hence P * 2925 lb; correct sense assumed. As a check, apply a third equilibrium condition, 
ZF » 0 

SF » 0 - ~ 2925 + 1000 + 5000 + 2400 ~ 5475 

Graphic Solution of the same problem involves the construction of a closed force polygon and 
a closed funicular polygon. On a lino of indefinite length parallel to the forces, often called the 
load line, construct the force poly¬ 
gon by drawing vectors AB, BC, A 

CD to represent 1000 lb, 5000 lb, ^ 

2400 lb. I.et DE represent Q ® 

and EA represent P. The prob- ^ ^_gr_^ ^ ^ 

lorn is to locate point E. This is 1 ^ (j c c d \ E —_ 

done with the aid of the funicular !_} [ _} [ _ ) [ - 

polygon. Draw the rays OA, ^ ^_ 

OB, OC, and OD. Construct the ^ --^ 

funicular polygon by drawing ^ a''' "*'*'’***—C’■'**’*' 
first the string between the last- ^ ***'*-— ^ 

lettOTed unknown force ,''''foroe POLYGON 

EA) and the first known force ^ D** 

AB, and continuing it to the SPACE DIAGRAM 

intersection of the last known 
String with the first-lettered un- 
known force. The closing line is 

00 . Draw the ray OE parallel to oe. The unknowm reactions are DE and EA. 

For problems of this type, the algebraic solution is preferable to the graphic. 

(Note; This principle cannot be applied to beams having more than two points of supports 
Such problems require special treatment.) 

III. System of Coplanar Nonparallel Nonconcurrent Forces in Equilibrium wiih all 
forces knoum except two, of which the axtion line of one and a point in the action line of the 




SPACE DIAGRAM 
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o&iXT are knoxm. The magnitude and sense of the one and the magnitude, sense, and angu¬ 
lar direction of the other are to be determined.* 

Example. A roof truss is loaded as in Fig. 18. The left end of the truss rests on a smooth 
horisontal support. The right end is secured to a wall by means of a pin. Determine the reactions. 
The external forces acting on the truss are the given loads, the left reaction P (vertical, on account 
of the smooth support), and the right reaction Q (inclined, through point M). The unknown quanti¬ 
ties are the reactions P and Q, This is typical problem III. 

Algebraic Solution. Assume P upward. 

SMjtf » 0 = 20,000 X 18 + 2.'>,000 X 24 cos 30® - 36P; hence, P = 24,430 lb; correct sense 
assumed. 

Assume Q upward to the left at angle 6 with horizontal. 

SFx “ 0 « 2.5,000 sin 30“ - Q cos 9; SFy = 0 = - 25,000 cos 30“ - 20,000 + 24,430 + Q sin B, 

Solving simultaneously, Q = 21,300 lb, and B = 54“. vSense and direction were correctly 
assumed, hence Q acts upward to the left at 54® to the horizontal. As a check, apply condition 
SMp = 0. 2 jifp = 0 = - 25,000 X 12 cos 30“ - 20,000 X 18 + 21,300 X 36 sin 54“. 

Graphic Solution, ah and be are the action lines of the given loads, ed of the reaction P and 
da of the reaction Q. Draw the vectors AB and BC, and a line through C, parallel to cd. Choose 
a pole and draw the rays. Construct 
the funicular polygon, drawing oa 
through M, and draw closing string 
od from K to M. Draw OD through 0 
parallel to od to intersect CD at D. 

Draw DA. Vectors CD and DA repre¬ 
sent the two unknown forces, P = 

24,430 lb and Q = 21,300 lb. The ac¬ 
tion line of Q is da, making angle with 
horizontal = 54®. 

Special Case. A case coming under 
the above classification which requires 
a variation in treatment when employ¬ 
ing the graphic method is one in which 
the action lines of all three forces are 
known but their magnitudes and senses 
are unknown. The procedure is in 
general similar to methods employed 
before except that, in the graphic solu¬ 
tion, two of the unknown forces which 
are concurrent must be replaced by 
their unknown resultant acting through 
their point of concurrency along an 
unknown action line. After the mag¬ 
nitude and sense of this resultant have 
been determined (by the method em¬ 
ployed in the above example), it is 
resolved into its two components along 
the action lines of the tw'o unknown 
forces which it had replaced. These 
components represent the magnitudes 
and senses of this pair of forces. 

IV. System of Noncoplanar Nonparallel Nonconcurrent Forces in Equilibrium with one 
force completely known and action lines (or a point in the action line) of the others known. 
All unknown force magnitudes, action lines and senses are to be determined. 

Example. The crane (Fig. 10) is supported by a socket at the foot of the post at D; is kept from 
overturning by the backstays AB and AC\ and carries a load of 600 lb {E, A, F, G, D, are in the 
vertical XY plane). Determine the axial components of the reaetion on the post at D and the 
tensions in the backstays. The external forces acting on the post are the load, the reaction at D, 
and the tensions in the backstays at A. This is typical problem IV. Moment equations are the 
most convenient to apply for this solution. 

= 0 =» 600 X 40 - 20 Dy\ Dy = 1200 lb 

'LMza = 0 = 600 X 20 ~ 16 Dx\ Dx == 750 lb 

ZMxa = 0 = 600 X 4 - 16 D*; Dz = 150 lb 

XMxc « 0 * AB X X 25 - 1200 X 10 -f- 600 X 6; AB « 622 lb 

V881 

XMxb * 0 = AC X X 25 -b 600 X 19 - 1200 X 15; AC = 462 lb 
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* This is a common problem in the determination of the reactions on a roof truss sustaining 
wind pressures, the truss being fixed at one end and resting on rollers at the other. 
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The eenaee of ell forces are as shown in Fig. 19. 

The magnitude, action line, and sense of the resultant force on the post at D can be readily 
determined (if desired) by the Parallelepipedon Law. 


Truss Analysis 


A Truss is a framework * for carrying loads, each member of which is subjected only 
to tension or compression loads. The members are usually pin-join tod with loads applied 
only at the joints. 

The Stress in a Member at any section is the force which either of its two parts exerts 
internally on the other part as a result of the external forces acting on the member. Longi¬ 



tudinal stresses, like external lon¬ 
gitudinal forces, may be cither tensile 
or compressive. 

The Analysis of a Truss under a 
given loading condition refers to the 
determination of the stresses in its 
members due to the loads. 

Analysis by Method of Sections. 
First, determine the reactions on the 
truss duo to the loads; second, imagine 
the truss separated into two distinct 
parts (that is, pass a section through 
the truss) so that the member under 
consideration is one of the members 
cut and so that the system of forces, 
including stresses, acting on either 
part of the truss is solvable for the 
desired stress; third, solve the system. 

To Pass the Section, suppose the 
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stress in HI (Fig. 20a) is required. 


the truss being supported at its ends 
and bearing five loads L and one P, and suppose the reactions determined. Trying 
section 1~1, the force system on the left part of the truss (Fig. 206) is a nonconcurrent 
one of seven forces, and includes four unknown stresses, Si, Sz, Sz, and 6%; it is not 
solvable for the desired stress 5t. Trying section 2-2, the force system on the lower 
part (Fig. 20c) is a concurrent one, and includes four unknown stresses. Si, S 2 , Sf,, and 
Si] it is not solvable. Trying section 3-3, the force system on the left part (Fig. 20(i) 
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is nonconcurrent with three unknown stresses, <Si, S^, and iSs; it is solvable. In some 
instances different sections may be used, each leading to a solution. 

Si having been determined, the force system of Fig. 206 becomes solvable, and then, 
with S 2 also determined, the force system of Fig. 20c may be solved. 

Algebraic Solution. Following the general method of procedure outlined above, 
determine the various stresses by employing algebraic conditions of equilibrium in manners 
similar to those illustrated heretofore under “ Equilibrium Problems.” 

Graphic Solution. Following the general method of procedure outlined above, deter¬ 
mine the various stresses by employing graphic conditions of equilibrium. 

In Making the Imaginary Separations of the Truss, care should be taken to cut not 
more than three members in which the stresses are unknown. It is advantageous to make 

• frames (i.e., ones havina more members than necessary to preserve their shapes 

under the loading conditions) are not considered in this section, since the stresses in them cannot be 
determined by elementary static methods. 
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the separation so that not more than two such members are cut. If this is done, a single 
force polygon will determine the two unknowns, whereas if three are cut, a force polygon 
and an equilibrium polygon, or the equivalent, are necessaiy for determining the three 
unknowns. 

Analysis by Method of Joint Resolution.’^' Consider the pin at each joint as a body 
acted upon by forces in equilibrium. 

Algebra‘U SolyHon. Determine the various stresses by employing algebraic conditions 
of equilibrium in manners similar to those illustrated heretofore under “ Equilibrium 
Problems.” 

Graphic Solution. For each joint, draw the force polygon. In doing so, it will be 
advantageous to represent the forces in the order in which they occur about the joint. 
A force polygon so drawn will be called a polygon for the joint; and for brevity, if the 
order taken is clockvidse, the polygon will be called a clockwise polygon, and if counter¬ 
clockwise, it will be called a counterclockwise polygon. If the polygons for all the joints 
of a truss are drawn separately, the stress in each member will have been represented twice. 
It is possible to combine the polygons so that it will not be necessary to represent the 
stress in any member more than once, thus reducing the number of lines to be drawn. 
Such a combination of force polygons is called a atreas diagram. Each triangular space 
in the truss diagram is marked by a small letter; also the space between consecutive 
action lines of the loads and reactions. Then the two letters on opposite sides of any 
line serve to designate that line, and the same largo letters are used to designate the 
magnitude of the corresponding force. 

To construct a stress diagram for a truss under given loads: 


(1) Determine the reactions. (2) Letter the truss diagram as directed. (3) Con¬ 
struct a force polygon for all the external forces applied to the truss (loads and reactions), 
representing them in the order in which their application points occur about the truss, 
clockwise or counterclockwise. (4) On the sides of that polygon r^onstruct the polygons 


for all the joints. They must be clockwise or counter¬ 
clockwise according as the polygon for the loads and 
reactions was drawn clockwise or counterclockwise. 
(The first polygon drawn must be for a joint at which 
only two members arc fastened; the joints at the sup¬ 
ports are usually such. Next, that joint is considered, 
and its polygon is drawn, at which not more than two 
stresses are unknown.) 

Example. Fig. 21 represents a roof truss sustaining 
loads of 600, 1000, 1200, and 1800 lb; the right reaction is 
21001b, and the left 2500 lb. ABCDEFA is a polygon for 
the loads and reactions, these being represented in the order 
in which their points of application occur about the truss. 
The polygon for joint 1 is FABQF; the force BO acts toward 
the joint, hence bg is under compression, and OF acts away 
from the joint, hence gf is in tension. The polygon for 
joint 2 is CDEHC; the force EH acts away from the joint, 
hence eh is in tension; and HC acts toward the joint, hence 
5c is in compression. The polygon for joint 3 is HEFOH; 


1800 Lb 

1 



the force OH acts away from the joint and hence gh is in 
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tension. If the work has been done correctly, OH is parallel 


to gh. (In Fig. 21a all the polygons are clockwise, and in Fig. 215, counterclockwise.) 


8. CENTER OF GRAVITY 


Definitions 


The Centroid of a system of parallel forces having fixed application points is the point 
through which their resultant will always pass regardless of how the forces may be turned, 
provided they remain parallel. 

The Center of Gravity of a Body f or system of bodies is the centroid of the forces of 
gravitation $ acting upon all the particles thereof. Referring the application points of 
such a force system to a set of coordinate axes, the coordinates of the centroid, or center 


of gravity (c.g.), are: 

X = (2Fj*^t)/SFj = 



y = (SFri/i) /SFi 



2 = (SFt-2i) /SF< = 



* This method is not usually so convenient for determining algebraically the stress in a single 
specified member. 

t Sometimes called center of mass or center of xnerUa. 

i For practical purposes, the forces of gravitation may be considered as parallel. 
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in which Fi represents the force on (or weight of) one particle and Xi, yi^ n are the coordi* 
nates of its application point. If a group of bodies is involved, tiie coordinates of the 
center of gravity of the group are: 

X = C!:Wi^Xi)/XWi] y = a:Wi-yi)/XWi-, z = Q:Wi-Zi)/XWi 

in which Wi represents the weight of one body and xi, Vu are the coordinates of its center 
of gravity.* A body (or system of bodies), if supported at its center of gravity, will remain 
at rest in any position. 

The Center of Gravity of Part of a Body may Imj located by the rule that its moment, 
with respect to any plane, equals the moment of the whole minus, algebraically, the moment 
of the remainder. 

The Center of Gravity of a Line, Surface, or Volume is that point which would be the 
center of gravity if the line were replaced by a homogeneous rod of infinitesimal diameter, 
the surface by a homogeneous plate of infinitesimal thickness, or the volume by a homo¬ 
geneous body. 

Symmetry. Two points are symmetrical with respect to a third point if the line 
joining the two is bisected by the third. Two points arc symmetrical with respect to 
a line or a plane if the line joining them is perpendicular to the given line or plane and is 
bisected by it. A body, line, surface, or volume is symmetrical with respect to a point, 
a line, or a plane if all the points of the body, line, surface, or volume can be paired so 
that each pair is symmetrical with respect to the point, line, or plane. If a homogeneous 
body, or a line, surface, or volume is symmetrical with respect to a point, line, or plane, 
its center of gravity is at the point, in the lino or in the plane. 

The Static Moment of a body (having weight), a line (having length), a surface 
(having area), or a solid t (having volume) with respect to any plane is the product of the 
weight, length, area, or volume and the distance of the center of gravity of the body, line, 
surface, or solid from the plane. The static moment of a plane line or plane surface 
with respect to a straight line in the plane is the product of the length or area and the 
distance of the center of gravity of the line or surface from the reference line. A static 
moment is regarded as positive or negative according as the corresponding center of gravity 
LB on the positive or negative side of the reference plane or line. 

Determination of Center of Gravity Location 

When practicable, determination of center of gravity location by algebraic or integra¬ 
tion methods, based on dividing the sum of the moments by the sum of the forces, is 
generally the simplest process. For some bodies of 
non-homogeneous nature or of very irregular shape, one 
of the following methods of procedure may be necessary 
or at least preferable: 

Graphic Method. For application to plane figures.t Re« 
ferriug to Fig. 22, take a point O and a line bb on opposite 
sides of the figure at any convenient distance m apart; pro¬ 
ject any width of the figure parallel to bb as aa on bb, connect 
the projections bb with 0 and note the intersections cc; deter¬ 
mine other points cc and draw a smooth curve through them 
as shown; measure the area A' within the curve cc; then A'm 
is the static moment of the given figure with respect to 0-Y; 
if A is the area of the given figure and y the distance of its 
center of gravity from OX, y = A*m/A. In a similar way the 
distance oHhe center of gravity from a line perpendicular to OX 
can be determined and its exact, position thus definitely located. 

Suspension Method. For application to plane figures.§ Suspend the body (or a model repre* 
senting it) from a point near its edge and mark on it the direction of a plumb-line hung from that 
point. Repeat this operation, using a second suspension point. The center of gravity is at (or 
behind) the intersection of the two markings. 

Weighing Method. Generally applied where location of c.g. in one plane only is required. Deter¬ 
mine weight W of the body and then support it on a knife-edge (Fig. 23) and on a point support 


h b 



* As F (in the gravitational system of units) equals TF, these symbols may be used interchange¬ 
ably in the two sets of formulas. Also, any one of the expressions may be read as "the sum of the 
moments divided by the sum of the forces (or weights).” 

t The word "solid" where used herein denotes "that which has volume." Care should be 
taken to distinguish this from a " body," which has "mass" (as well as "volume"). Some writers 
use the word "solid " to denote at various times either volume or mass, which is sometimes confusing. 
In this section, the word "volume" is frequently used even in preference to "solid" to avoid the 
possibility of confusion with " mass." 

t Including areas or fiat homogeneous bodies of uniform thickness, 
fi Including areas or fiat bodies of uniform homogeneous thickness. 
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resting upon a platform scale. Weigh reaction R of the point support and measure horisoatai 
distance a between the point and the knife-edge. Then 
the hortsontal distance from the knife-edge to the center 
of gravity is 5 »= Ra/ W. 

Balancing Method. For general application. Bal¬ 
ance the body (or a model representing it) on a 
straight-edge, marking on the body the vertic^ plane 
containing the edge. Repeat for two more balancing 
positions of the body. The center of gravity is at the 
point common to the three planes thus determined. 



Fiq. 23 


9. MOMENT OF INERTIA 


Plane Surfaces—^Definitions 


The Moment of Inertia of a Plane Surface (or figure) with respect to (or about) a line 
(or axis) is the sum of the products obtaiiie<i by multiplying the area of each element of 
the surface by the square of its distance from the line.* Letting Ix denote moment of 
inertia about an X axis: y- 

Ix = J V^dA 


in which A is the total area and y is the perpendicular distance of any element of area dA 
from the axis. The moment of inertia of a surface is ob\dously the sum of the moments 
of inertia of its parts. The moment of inertia of a plane surface is rectangular if the axis 
used is in the plane of the area; it is polar if the axis is perpendicular to the plane of the 
area. 

The Radius of Gyration of a Plane Surface with respect to a line is the length whose 
square multiplied by the area of the surface equals the moment of inertia of the surface 
with respect to the line. Letting k denote radius o^ gyration: 


/ = iU or 4 = Vl/A 
in which I is the moment of inertia and A the area. 

The Product of Inertia of a Plane Surface with respect to a pair of coordinate axes in 
the plane is the algebraic sum of the products obtained by multiplying the area of each 
element of the surface by its coordinates.* Letting Uxy denote product of inertia with 
respect to X and Y axes: 

Uxy = I xydA 


in which A is the total area and x and y are the coordinates of any element of area dA, 
The Principal Axes of Inertia of a Plane Surface at a Particular Point in the plane are 
the two axes about which the moments of inertia are greater and less than for any other 
axis, through the point in the plane.t The (jorresponding moments of inertia are called 
the principal moments of inertia of the surface at the point. The principal axes are always 
at right angles to each other. The product of inertia with respect to them is zero. 

The Customary Engineer's Unit for both moment and 
product of inertia of a surface is biquadratic inches (in.*). 

Determination of Moment of Inertia of Plane 
Surfaces 

When practicable, determination of moment of inertia 
with respect to an axis by algebraic or integration methods 
is generally the simplest process. For some surfaces of very 
irregular shape, the following graphic method of procedure 
may be necessary or at least preferable: 

Graphic Method. Let aaaa (Fig. 24) be the outline and XX^ 
the axis with respect to which the moment of inertia is desired; at 
any convenient distance m from XX' draw two parallels (but if XX' 
does not cut the figure, only one parallel, the one on the opposite side 
of the figure from XX '); draw any line as aa parallel to XX' and pro¬ 
ject the points aa on the nearer parallel; join the projections 66 to 
any point 0 in XX', and note the intersections cc on oa; project ee 
on the same parallel; join the projections dd with 0, and note the 

* Moment of inertia is always positive and never zero. Product of inertia may be positive, 
zero, or negative, depending upon the distribution of the area with respect to the axes. If a surface 
has an axis of symmetry, its product of inertia with respect to that axis and one perpendicular 
thereto is zero. 

, . t In.certain special eases, as for axes through the point in the center of a circular area, the moment 
of inertia is the same for any axis and therefore there is no principal axis through that point. 




THEOEETICAL MECHANICS 


interaeotioiu ee on aa. In a similar manner determine points like ee for other widths like aa, and 
connect all points e as shown. Then measure the area of the loops OPO and OQO; denoting this 
combined area by A'\ I » (There will be only one loop if only one parallel 66 is used.) 

Transformation Formulas—Plane Surfaces 

Parallel Axes Theorems. Let I » moment of inertia (either rectangular or polar) of 
a plane figure with respect to any line or axis, I ~ that with respect to a parallel axis 
passing through the center of gravity of the figure, d = distance between the axes, k and 
k = the radii of gyration with respect to the same axes respectively, and A = area of the 


figure; then 




*2 = + d* 


These show that with respect to all parallel axes the moment of inertia and the radius of 
gyration are least for the one passing through the center of gravity of the figure. 

Similarly, let U ** product of inertia of a plane figure with respect to a pair of coordinate 
axes in the plane, and U = that with respect to a parallel pair whose origin is at the center 
of gravity; 5, y the coordinates o^the center of gravity referred to the first pair, and A 
the area of the figure; then C7 = (7 -f- Al^. 

Relation of Rectangular and Polar Moments of Inertia. Let Ix, ly, and Jz — the 
moments of inertia of a piano figure with resp>ect to x, y, and z axes respectively, the axes 
being at right angles to each other and the x and y axes in the 
xV ^ plane; and let A*, Ajy, and kz = the corresponding radii of 

\ -'"II gyration; then — kz^ = Ax* + kyK 

Rotated Axes Theorem. Let XOY and UOV (Fig. 25) be 
f \ rectangular coordinate axes with a common origin 

\ NUl—_i_ j and in a given plane figure Jr, Jy, Jit, Iv = moments of inertia 

Vo ^ of the figure with respect to a:, y, u, and v axes respectively; 

V —^ Uxy and Uuv ~ its products of inertia with respect to the sets 

Fio. 25 respectively; a — angle through which x axis must be 

rotated to bring it into u axis, regarded as positive or negative 
according as the turning is counterclockwise or clockwise. Then /% -f Jy = Jx + Jy, and 

Jw =* Jx cos* a -f- Jy sin* a — Uxy sin 2a 
Uuv — V 2 (Jx Jy) sin 2a “h Uxy cos 2a 

If 017 and OV are principal axes (see definition above), Uuv = 0 and therefore 
tan 2a = 2Uxyf(.Iy ~ Ix)-^ Hence, the principal axes of a figure at a point can be readily 
found if the moments of inertia and the product of inertia of the figure with respect to 
two rectangular axes through the point and in the plane are known.* The principal 
moments of inertia are then from the formula above and 7y from the same formula after 

replacing a by ^a + 0 . As a chock, /„ + Jy = Jx + Jy. 

Graphic Transformations—Plane Surfaces 

The Inertia Circle is a device for determining graphically the moment of inertia of a 
plane figure Mrlth respect to any line of the plane through a given point; and the principal 
axes and principal moments of inertia 
for the same point. To construct the 
circle, it is necessary to know the mo¬ 
ments of inertia and the product of 
inertia with respect to two rectangular 
axes through the point, in the plane 
figure. Suppose Ix, ly, and Uxy given 
for the shaded area in Fig. 26. To 
convenient scale, plot OX' and OF' to 
represent Ix and Jy, and Y'A to rep 

wsent Uxy (downward if negative and 26 

upward if positive). Center C is mid¬ 
way between X' and F'. With CA as radius, describe the inertia circle. To find Jy. 
draw chord AB parallel to axis 0(7; draw perpendicular BU'. OU' (to scale) = /«, 
and BU' (to scale) = f/u*. OAf, parallel to A2, is axis of least I ; and a parallel to 
A I, through O, is axis of greatest J. 02 (to scale) is the value of least I I z; and 01, 

value of greatest / =* 7i. Least radius of gyration for an axis through point 0 — '^h/area. 


* If Uxy and (Jy ^ Ix) are both sero, there ia no principal axia through the point. 
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Bodies—^Definitions 

The Moment of Inertia of a Body with respect to (or about) a line (or axis) is the sum 
of the products obtained by multiplying the mass of each elementary part by the square 
of its distance from the line.f Letting Ix denote moment of inertia about an X axis: 

lx 

in which m is the total mass and y is the perpendicular distance of any element of mass 
dm from the axis.* The moment of inertia of a body is obviously the sum of the moments 
of inertia of its parts. 

The Center of Gyration of a Body with respect to a line is a point at such a distance 
from the line that, if the entire mass of the body were concentrated there, its moment of 
inertia would be the same as that of the body. 

The Radius of Gyration of a Body with respect to a line is the distance from the center 
of gyration to the line. Letting k denote radius of gyration: 

1 — m or k = ‘^Ifm 
in which 7 is the moment of inertia and m the mass. 

The Product of Inertia of a Body with respect to a pair of 
coordinate planes is the algebraic sum of the products obtained 
by multiplying the mass of each element of the body by its 
coordinates with reference to those planes, t Thus with respect 
to YOZ and ZOX (Fig. 27), ZOX and XOY, and XOF and YOZ 
planes, the products of inertia arc respectively: 



xy — j'xydm; Uyt = ^ yzdm\ Uzx = 


The Principal Axes of Inertia of a Body at a Particular Point. The values of moments 
of inertia of a l>ody for all axes through a given point are in gfinoral unequal; for one axis 
the moment of inertia is greater and for another it is less than for any other axis through 
the point. These two axes are at right angles, and they together with one at right angles 
to their plane and passing through the point are principal axes of inertia of the body at the 
point; the corresponding moments of inertia art^ the principal moments of inertia of the body 
at the point. If the point is the center of gravity of the body, the axes and moments are 
(;allod central principal axes and central principal rmments of inertia. For a set of principal 
axes, the three products of inertia, with respect to the principal planes determined by 
them, are zero. 

The Customary Engineer’s Unit for both moment and product of inertia is slug-ft.* 


Transformation Formulas—Bodies 

Parallel Axes Theorems. Let I = moment of inertia of a body with respect to any 
line or axis, 7 = that with respect to a parallel axis passing through the center of gravity 
of the body, d = distance between the axes, k and k — the radii of gyration with respect 
to the same axes respectively, an^ m = mass of the body; then 
7 = 7 + meP and A:* = ^^ + 

Rotated Axes Theorems. Let 7*, ly, and Tz denote the moments of inertia of a body 
with respect to rectangular axes x, y, and z respectively; Uxy, Vyz, and 11 tx its products of 
inertia with respect to yz and zx planes, zx and xy planes, and xy and yz planes respectively; 
7 the moment of inertia of the body with respect to a line through the origin of coordinates 
having direction-angles a, /3, and 7 ; then 

7 = 7x cos* a + 7y cos* ^ + 7, cos* 7 — 2Vyz cos /? cos 7 — 2JJzx cos 7 cos ct 
— 2lJxy eos a cos/3 

If XJxy — Uyz — 0, the y axis is a principal axis at the origin. 

J( Uyz = tl* the 2 axis is a principal axis at the origin. 

K Uzx — Uxy — 0, the x axis is a principal axis at the origin. 

If a homogeneous body has a plane of symmetry, any perpendicular to the plane is a 
principal axis of the body at the point where the line pierces the plane. If it has two 
planes of ^mmetry at right angles to each other, their intersection is a principal axis at any 
point of the intersection, the other two being in the planes of symmetry. If it has three 
planes of symmetry, their lines of intersection are the central principal axe s of the body. 

* Strictly speaking, this is the moment of inertia of the mass of a body. If m be replaced by 
w « weight, the result is the moment of inertia of the weight of a body. 

t Moment of inertia is always positive and never aero. Product of inertia may be positive, 
zero, or negative, depending upon the distribution of the mass with respect to the coordinate planes. 
If a body has a plane of symmetry, its product of inertia with respect to that plane and one perpen¬ 
dicular thereto is zero. 
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Properties of Various Lines, Surfaces, Volumes, and Bodies 

SymlKilt: 1% Rectangular Moment of Inertia; ki » Gorreeponding Radius of Gyration; 
Jo Polar Moment of Inertia about axis through O perpendicular to plane; ko ~ Corresponding 
Radius of Gyration; m « mass = W/g where W =» weight and g ~ acceleration due to gravity. 
Moments of Inertia of bodies are given in terms td mass. For their values in terms of weighty 
replace m by IT in the formulas. 

Decimal Equivalents {for reference): 



1. Any Plane Curve 


-yT 


S. Circular Arc 



Centroid Location 


C.G. is at point having coordinates x, y, where 


: _ 

Length 
j‘y ds 


\ X da 

X = -*/-- where da ■ 

Length 


y = - where da 

Length 


hity^ 




C.G. is on axis of symmetry at 


If a is small, distance from C.G. to chord — 


approx. . (Elrror is small even for a — 45°) 


For aemi-circlc. x : 


For quadrant'. x 

end of arc = . 


, and distance from radius drawn to either 


Plane Surfaces 


Figure Centroid Location; Moments of Inertia; Radii of Gyration 

8. Any Plane Surface C.G. is at point having coordinates z, y, where 

dxdu ^ ^^ 

til Area Area * 


../.f y dxdy ( f e dpde 

^ Area Area 

Ix » f fy* dxdy, Jy = J* )* X* dxdv. ^ |’,8 jpj* = 

^Area \ Area, \Area \ Area 
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Table II {Continued) 
Plane Surfaces {Continued) 



5. Solid Rectangle (or 
Square) 

}4—6—*1/0 


-io—t 

i _L.!L 


C.G. is at 0 = intersection of diagonals. 
For Rectangle: 


12’ 

kg = —; ka = ~~/=> kc == 

2V3 V3 

For Square (letting 6=^=8): 

r ^ 7 - 7 - 

■*8 Trt* -p tc — 


b»A3 

6(62 /,2)' 

hh 

^6(62 + 62)’ 


6A(62 4- A*) 
12 


6. Hollow Rectangle (or 
Square) 


C.G. is at 0 = intersection of diagonals. 

For Hollow Rectangle: 

y. 6 i6i* — 62A2^ y 6 lAi*’ bihi(Zh\^ + 62*) 

Jg --; 7a = -5^^- 



* \ 12(6iAi ■ 


6262^ ^ J. _ 6|Ai(6i2 -f 6i2) — 62^2(^^ ^2*) 

■ 62A2)*. ^ 12 



For Hollow Square (letting 5i = Ai = 81 and 62 = A 2 = 82 ) *• 

^ _ 81-* - 82^ r _ *1^ «2*(38 i 2 -f 82*) 

^ 12 3 12 

, + 82*. r _ ~ «2^ 

-iT" 

(Note: For a diagonal c—e, Ic = Jg and kc — kg) 


C.G. is at 0, located as shown. 

hHB^ + ABb + 62) A 3(5 4 . 3 b) 

* 36(i? + 6 ) ’ “ * 12 

, hV2iB^ + ABb + 62) A + 36 

« G(7f + 6 ) “ V 6 A ^ + 6 
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11. Circular Sector 



11. Semi-circle 



IS. Circular Segment 


li: Annului 




15. EUipie 


Table II (Continued) 

Plane Surface! (Continued) 


Centroid Location; Momenta of Inertia; Radii of Gyration 


C.G. is at 0 geometrical center. 

. VT* rd* _ rr* xd^ 

la = — = -; Jo = — =* - 

* 4 64 ’ ® 2 32 

, r d r d 

^ ° V2 ^/S _ 

C.G. is on axis of symmetry at 0. Distance from o-o *= — ■ 

2 rc 3a 


3s 

A — area = r^a 






C.G. is on axis of symmetry at 0. Distance from o-o = — = 0.424r 

3ir 


d4(9^2 - 64) r4(0ff* - 64) 


= 0.1098r4; la^ h - 


J^z= r^(l - = 0.5025r‘ 

\i 9ir/ 


dV 9ir2 - 64 


rVl )»2 — (i 4 r >/.>4 I 1 d r 

Gjt *“^42 


, 1 1<> 
“ ’■\2 ■ 


C.G. is on axis of symmetry at 0. Distanee from o*a ^ ^ ^ ” ‘ 

c3 r2(2a — sin 2a) 3A 

* -—-7 where A =» area = --. 

12.4 2 

7 = dl? A — 2 sin^ a cos a V 7 - dl! ^ 1 -f ^ a cos a \ 

^ 4 \ 3(a —sin tt cos a)/’ “ 4 \ (a —sin a cos a)/ 

/fc ji — 2 .sin-^tt cos g ^ I ^ 2 sin'^ a cos a 

^ 2 y 3(o — sin a cos a)' ° 2 \ (a~sin a cos a) 


C.G. is at 0 «* geometrical center. 

j- __ x(di* — d2‘*) _ ir(ri^ >- 

--^- s -^-. 


/^2 __ V ri^ r 2 * 

^ _ . 


2 \ _ (a — sin a cos a) 

ir(di< — da^) _ rrCn'* — r2^) 
32 2 

/di* -f- d22 /ri*~TT^ 


S 'T 
f 
i. 


C.G. is ar, O ^ geometrical center. For semi-eltipae ABB', C.G. is on 
OA at distance to right of c-c = For guar/er-ellipse ABO, C.G. is 

4a 47i 

at distance to right of c~c ~ — and at distance above g—g =» —. 

A = area = xah 3r 3 ^ 


xa^h _ Aa* 
~4 T’ 


la 2 , A(o* + 62) 

_ VaS + 62 


15. Parabolic Segment 


17. Structural Shapea 


C.G. is on axis of symmetry at 0. Distance from c-c = —. 
-. 4 a 6 * 4 a *6 6 

kg = —— 0.4476; kc = ci\l~ = 0.654o 
V 5 \ 7 


See Section 1 , Tables 64 to 70. 
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Table II {Continued) 

Homogeneous Bodies 
(Including Nonplanar Surfaces) 

(**Body” is to be understood luiless ‘‘Surface" is indicated.) 
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Table n (ConUnued) 
Homogeneons Bodies (Coniinued) 
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28. Cone (or Frustum of 
Cone) 


40 


Table n (Continued) 
Homogeneous Bodies (Continued) 


Centroid Location; Momenta of Inertia; Radii of Gyration 


For Surface of Any Cone: 

C.G. of surface (base excluded) is on line joining apex with centroid of 
perimeter of base, at a distance two-thirds its length from the apex. 
For Body of Any Cone: 

C.G. of body is on line joining apex with centroid of base, at a distance 
three-fourths its length from the apex. 

For Surface of Frustum of a Circular Cone: 

Letting R and r be the radii of the larger and smaller bases, respectively, 
and A the altitude: 

C.G. of surface (bases excluded) is at distance from larger base ■■ 
HR + 2r) 

HR + r) ■ 

For Body of Frustum of a Circular Cone: 

Letting R and r be the radii of the larger and smaller bases, respectively, 
and A the altitude: , m -l 

C.G. of body is at distance from larger base =» --— .. .i 

4(/f2 4- ftr -f- r2) 


89. Thin Circular Lamina C.G. is at 0 = geometrical center. 



a _A_ oZLJL p 


(where c-c axis is perpendicular to the plane). 


30. Sphere 



31. Hollow Sphere 



C.G. is at 0 = geometrical center. 

j 2mr2 


C.G. is at 0 — geometrical center. 


_ \2 / - r '^\ 

5 \R3 - rV’ * “ \5\)h - r3/ 


For Thin Shell (radius R): 
^ 2rnK2 


32. Spherical Sector 

Id iji\ 




C.G. is on axis of symmetry at 0, Distance from center of sphere 
3(2r - A) 

8 

J, = ” (3rJi - hi) 



For Surface: 

C.G. is on axis of symmetry at distance from center of sphere > 
For Body: 

C.G. is on axis of symmetry at distance from center of sphere ' 

_ 2Tnr2 , 2r 


C.G. is on axis of symmetry at distance from center of sphere < 
3(2r - A)2 

4(3r - A) ■ 


r / * 3rA , 3A*\ 2A 

* \ V 4 20 /3r - A 
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Table IX {Continued) 

Homogeneoui Bodiee (CotUmtiad) 
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KINEMATICS 

10. MOTIONS OF A PARTICLE 

Motion of a Particle with respect to other particles or objects is its state of contmual 
changing of position with respect to them. 

Rectilinear Motion is motion along a straight path. 

Curvilinear Motion is motion along a curved path which may be either planar or 
skewed. 

Displacement of a Particle is its change of position and is a vector quantity. If .d is 
the position of a particle at a time t\, and B its position at a later time it, its displacement 
in the time interval <2 — = Ai is the vector AB, no matter whether the path is straight 

or curved. 

Velocity of a Particle is its time rate of displacement (i.e., rate of change of position) 
and is a vector quantity. Speed is the magnitude of velocity without reference to direc¬ 
tion or sense. 

Acceleration of a Particle is its time rate of change of velocity and is a vector quantity. 


11. RECTILINEAR MOTION 


Velocity. Let s = distance measured along the path of a particle, si = distance from 
origin at time ti, st = distance at a later time it. As = «2 — si — displacement * in time 
interval At = h — h. Then average velocity = As/At. If the position changes at a 
uniform rate (which implies no change in sense), actual velocity at any time = As/At. 

For every case, instantaneous velocity ~ ® ~ ^ ~ (af) * Velocity is 

any distance unit divided by any time unit. Units commonly used are feet per second and 
miles per hour. 

Acceleration. Let vi = velocity of particle at time <i, vt = velocity at a later time it, 
Av = vt vi — change in velocity in time interval At = it — <i. Then average accelera¬ 
tion = Av/At. If the velocity changes at a uniform rate, the actual acceleration at any 
time = Av/Ai. For every case, instarUaneous acceleration equals 


dv __ dh 


limit 



Unit of acceleration is any velocity unit divided by any time unit. A unit commonly 
used is feet per second per second (i.e., ft per sec*). 

Formulas for Determination of a, v, s, t, If 9 is given algebraically in terms of t, then 
V and a may be determined in tenns of t by differentiation as indicated above. If a is 
given algebraically in terms of ^ then v and s may be determined in terms of i by integra¬ 
tion. Other relations not involving t may be determined by similar methods. The common 
formulas are: 

__ds _ a ^ dv 

* dt* ^ dt dt^* V ds 






For Uniform Acceleration, a — constant; v = atVo; « « i/2 0f* “f V + 

2o(« So) + Vo being initial velocity and So initial distance. 

If algebraic relations between a, v, s, and i are not given but a number of pairs of corre¬ 
sponding values of two of the variables are known, curves may be plotted for the approxi¬ 
mate determination of other corresponding pairs of values and of other unknowns, within 
the range of the data. Such curves are discussed later under “ Motbn Graphs.” 


Examples of Rectilinear Motion 

Falling Body.f If a body falls from res t in a vacuum, Vq = 0, s© =* 0, and a = o ^ 32.2 
ft per sec* (approx.). Hence v — gt ^ ^2gs; s = If a body is projected upward 

* The difference in distances along the path equals the displacement only when the path is a 
straight line. (See definition of displacement.) 

t Rotation disregarded and body considered as a particle. 
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at an initial velocity »o, o « — ^ and the formulas become » = — ^ Cp * V--2gs + 
e « — 1/2 gt^ + Vot. Total ascent (to highest position) = and time required = 

2g g 

Crtnk and Connecting-rod Mechanism. The problem is to find expressions for the 
velocity and acceleration of any point in the crosshead, as A in Fig. 1. Such a point 
describes rectilinear motion. Letc = r/i, n = revolutions per second (assumed constant), 
(a) sa radians of angle described by crank per second, and 8 = distance of A from its extreme 
left position, all distances expressed in feet. Then, 

s = (Z + r) — 1(1 — c* sin* 0)H — r cos 0 


/ . ^ , c sin 20 \ , / ^ , c cos 20 4* c® sin^ 0\ 

1 ; sa ro) I sm 0 + -- o I I o ” | cos 0 i- 7; - , . . ' oT - ) 

\ 2(1 — c* sm* 0)3^2/ \ (1 — c* sin^ 0)^^ / 

The above formulas are exact; close approximations are: 

8 = r(l — cos 0) -f V 4 cr(l — cos 20); v = ra)(8in 0 + I/ 2 C sin 20) 

a = rci)*(co8 0 + 0 cos 20) 

Motion Graphs 

Space-time, velocity-time, acceleration-time, velocity-space, acceleration-space curves 
for a particle are graphs showing the relations between magnitudes of 6 and t, v and t, a and 


^)i o = r«»(c 


c cos 20 + c® sin^ 0\ 


(1 — c* sin* 0)^^ 


8-t 



Fzo. 1 Fia. 2 


£, t> and a, a and s, respectively. Figs. 2-6 illustrate such graphs but do not correspond to 
the same motion. 

Space-time Diagram. In Fig. 2, the slope of the curve at any point represents the 
magnitude of the velocity. If AB and BC are measured by the « and t scales of the draw¬ 
ing respectively, the slope equals the velocity magnitude; thus if AB = 0.2 in. and BC 

0.4 in., V =s 0.4/4 = O.l ft per sec. 

Velocity-time Diagram. In Fig. .3, the slope of the curve at any point represents the 
magnitude of the acceleration.* If AB and BC are measured by the v and t scales respec- 



Fio. 3 Fio. 4 Pro. 5 Fio, 6 


tively, the slope equals the acceleration magnitude; * thus if AB = 0.3 in. and BC = 0.5 
in., a = 1.2/5 « 0.24 ft per sec per sec. The area included between any two ordinates 
(as AE and DF), the curve, and the t axis, represents the displacement t of the moving 
point in the time EF. If area is below the time axis, it is considered minus. If the area 
is computed by multiplying its average ordinate measured by the velocity scale (this being 
the average velocity) by EF measured by the time scale, the product equals the displace¬ 
ment; thus if the average ordinate is 0.35 in., and EF is 0.4 in., the displacement = 1.4 
X 4 * 5.6 ft. 

Acceleration-time Diagram. In Fig. 4, the slope represents the rate at which the 
acceleration is changing. | The area (plus above and minus below time axis) included 
between any two ordinates (as and DF), the curve, and the t axis, represents the velocity 
change in the time EF.t Thus if the average ordinate is 0.3 in. and EF is 0.2 in., the 
velocity change « 6 X 2 = 12 ft per sec. 


* For curvilinear motion, this is tangential acceleration only, 
t For curvilinear motion, this is distance along the path (not displacement). 
t For rectilinear motion only. 
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VelocityHipace Diagram. In Fig. 5, the subnormal represents the acceleration.**^ If 
the length of the subnormal is multiplied by the square of the velocity scale number and 
the product is divided by the space scale number, the result will equal the acceleration; * 
thus suppose that the subnormal BC = 1/3 in., then a * (1/3 X 26)/10 = 0.83 ft per sec 
per see. 

Acceleration-space Diagram. In Fig. 6 , the area (plus above and minus below space 
axis) included between two ordinates (as AC and BD), the curve, and the s axis, repmsents 
the change in the velocity square. If the area b computed by multiplying the mean 
ordinate measured by the acceleration scale by CD measured by the space scale, the product 
times two equals the change in the velocity square; thus if the average ordinate = 0.3 in., 
and CD * 0.4 in., the change ~ 2.4 X 4 X 2 = 19.2. 

Simple Harmonic Motion 

Simple Harmonic Motion and Its Motion Graphs have wide application in physics and 
engineering. If a point P moves in a circular path of radius r at uniform speed, its projec¬ 
tion on any dbmeter has simple harmonic motion. 

The radius r b called the amplitude. The period b the 
time required for the projection to go from one end of 
the dbmeter to the other and back. The frequemy is 
the number of periods per unit time, which makes it 
the reciprocal of the period. Angle XOP (Fig- 7) (con¬ 
sidered as less than 2 ir radians) is the phase angle. 

The displacement at any time b the distance of the point 
having simple harmonic motion from the center of its 
path or range. 

When < = 0, let P be at P^. 6 is called the lead 

angle (lag, if negative). For simple harmonic motion 
(SHM) of V in the vertical diameter, = r sin ( 6 > + t) = 

r sin (o)t -f «), in which <0 « - r * radians per unit time 
at 

(i.e., 27r times the frequency). 

Vy = rw cos (co^ + «) = war Fig. 7 

ay = ^ rw* sin (w< + c) =* — w*j/ 

For SHM of H in horizontal diameter; 

X = r cos (d d- €) = r cos (w< + e)r* =* — rw sin (w< -|- e) « — w|/ 

Ox = — rw* cos ((A>t H- €) = — w*x 

If the time is reckoned from the instant when V is in its mid-position, and moving 
upward, € — 0. The three curves (Fig. 10) OA, O'B, and OC are the space-time, velocity- 




Fio. 8 Fig. 9 Fig. 10 


time, and acceleration-time curves, respectively, for one complete period of a simple 
harmonic motion; e = 0 ; Ot represents the period; the values of y, v, and a marked are 
for position Q, shown. In Fig. 8 the curve is the velocity-space curve, and the inclined 
line the acceleration-space curve. They show how v and o vary with the displacement of 
the moving point; thus for the position Q, v and o have values as marked. 

From the above equations and curves, it will be noted that simple harmonic motion 
may be defined also as any rectilinear motion in which the acceleration is always directed 
toward a fixed point in the path and is proportional to the distance between that point 
and the moving point, t 

* For curvilinear motion, this is tangential acceleration only. 

t A common example of simple harmonic motion b the motion of a weight suspended from an 
('lastio spring. 
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12. CURVILINEAR MOTION 


Velocity. It s is distance measured along the curved path of a particle, then the mag* 

• ds 

nitude of velocity (speed) at any instant =* —; the linear direction of the velocity is 

dt 

tangent to the path at the instantaneous position of the particle; and the sense of the 
velocity corresponds to the direction of motion of the particle at the instant. 

The velocity vector changes in magnitude and direction. In Fig. 11, let A, B, C 
represent positions of particle P in its curved path; «, distance along the path; and ui, » 2 . 

Vi, velocity vectors at A, B, C. 
Plot velocity vectors O'A', O'B', 
O'C', etc., from any origin O' to 
represent the velocities at A, B, C, 
etc. The curve A'B'C', drawn 
through the ends of the vectors, is 
called a hodograph for the motion. 
For every position of P in its path, 
there is a corresponding position P' 
in the hodograph; and P' describes 
distance a' on the hodograph while 
P describes distance a on the 
path. Vector O'P' represents the 
velocity of P. In time At, P moves 
from A to C, its velocity changes 
from O'A' to O'C', and the velocity change is A'C'. 

Acceleration. Referring to the hodograph (Fig. 11), average acceleration for interval 
At, during which particle P moves from A to P, is vector A'CjAt, and it has the direction 
of the chord A'C. The instantaneous acceleration of P at A == o = limit of the average 
acceleration as At approaches zero. 



/vector A'C'\ 

*= limit 

/arc A'B'C\ 

V At y 


\ At / 


dt 


speed of P' 


on hodograph. The direction of a is along the tangent A'm', and as P' is moving clock¬ 
wise, the sense is as indicated by arrow at m'. Hence acceleration at A is Am, parallel to 

A'M' and = -r-. Its tangential component is and its normal component is ~, p being 
dt dt p 

the radius of curvature at A. Unit of acceleration is any velocity unit divided by any 
time unit. 

Components of Velocity and Acceleration 

Components of Velocity and Acceleration of a Particle for Any Curved Path {not neces¬ 
sarily planar). The position of the particle P being defined by its coordinates, x, y, z, the 

axial components of velocity are Vx ’ 




-7, Vg - Resultant velocity v 
at dt 


+ Vz^, and its direction cosines are cos 0x — <5us 0y =» —, cos 0* — 


cos <(fx ’ 


^ . 

dt 


d^y 


dvs 

~dt 




Axial components of acceleration are: 

_ dvx _ 

dt^' di ~ dt^' 

Resultant acceleration a = Vo,’ + o/ + o.*: and its direction cosines are: 

Of Om az 

■ —; cos 4>v — —; cos fpz — “ 
a 0 , a^ 

, , dv dh 

The tangential and normal components of acceleration are ot *= — 

p being the radius of curvature. Resultant acceleration is 

a « Vox® + -f- u** 

If the path is a plane curve, u* ** 0 and o* *» 0. 

The above discussion shows that velocities and accelerations (like forces) may be 
composed or resolved according to the parallelogram and parallelepipedon laws. 


A 

and 
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Motion of a Projectile 

Projectile* Describing Plane CurTilinear Motion. In the following formulas air 
resifitanoe is neglected; Vo velocity of projec¬ 
tion; 9 » angle of projection (Fig. 12); x and 
y xs coordinates of the projectile at any time t 
after projection; ® — velocity; »x and Vy ^ x and 
y components respectively of v; r « range on 
the horizontal plane through 0; Oi ~ value of 9 
for maximum r\ h — greatest height attained; 
and T — time of flight. The path of the pro¬ 
jectile, or the trajectory, is a parabola as repre¬ 
sented, and a set of parametric equations for it 
are: 

X ^ Vo cos 9^t, y ^ Vo sin 9-t — 
from which y ^ x tan 9 — gx'^l2v^ cos 

Also: _ 

Vz = Vo cos 9] Vy — Vo sin 9 — gt; v = ^Vo^ — 2gy\ h * sin* ; 

• ^ 2»o sin ^ 

r = sin 20-Vo^/g\ Bi = 45°; T = — - 

S 

If the direction of projection is horizontal, 9 — 0; the equation of the path is 2/ ** — gar*/2rv»*; 
and X = Vot, and y = — 1/2 gt^^ 

The fact that the horizontal component of velocity is constant indicates that the 
hodograph of the motion of a projectile is a straight vertical line. 

Motion Graphs 

Motion Graphs similar to those previously discussed for rectilinear motion may be 
constructed for curvilinear motion of a particle. Great care must be exercised, however, 
in interpreting the significance of slopes, areas, and subnormals when acceleration or 
distance is involved. In this connection, reference should be made to the footnotes 
referred to in the previous discussion. 

In general, accelerations obtained are tangential components only, while “ displace¬ 
ments ” must be replaced by “ distances along the curve.” Thus, in the velocity-time 
graph (Art. 11, Fig. 3), the slope of the curve represents the magnitude of the tangential 
component of the acceleration,! while the area under the curve represents the distance 
along the curve. 

13. MOTIONS OF A BODY 

Translation of a Rigid Body is a motion such that each straight line in it remains fixed 
in direction. The paths of all particles of the body are exactly alike, straight or curved 
(not necessarily plane curves); the displacements of all particles during a given time are 
the same; the velocities of all particles at any instant arc the same; and their acederationa 
at any instant are the same. For these reasons, it is customary to use the expressions 
** velocity of the body ” and ‘‘ acceleration of the body.” The motion is described by 
the same formulas as those previously derived for rectilinear and curvilinear motions of a 
particle. 

Rotation of a Rigid Body is a motion such that one line of the body, or of its extension, 
remains fixed. The fixed line is the axis. The plane through the mass center perpendicu¬ 
lar to the axis is the plane of rotation. 

Plane Motion of a Rigid Body is a motion such that each particle of the body moves in 
a plane at a constant distance from a fixed plane through the mass center (called the 
plane of motion), while each line of the body parallel to the plane of motion turns through 
the same angle in the same time interval. 

Three-dimensional Motion of a Rigid Body is a term covering all types of motion in 
three-dimensional space, including pure translation along a skewed curve as a special 
•case. Even in the most general case, any three-dimensional motion of a rigid body may 
be regarded as consisting of two components: one, a translation equal to that of the mass 
center, and the other a rotation about some axis through the mass center. 

* Rotation disregarded and body considered as a particle. 

+ However, if a velocity-time graph were made for motion along the hodograph of the original 
motion, the slope of the curve would represent the xnagnitude of the total acceleration of the original 
particle along the original path. 
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Angular Diaplacement of a Rigid Body is the change of angular position of any line in 
the plane of motion. 

Angular Velocity of a Rigid Body is its time rate of angular displacement (i.e., rate of 
change of angular position). 

Angular Acceleration of a Rigid Body is its time rate of change of angular velocity. 


14. ROTATION 

Angular Velocity. The paths of all particles are circles with centers on the axis. 
Since all lines of the body parallel to the plane of rotation sweep out equal angles in equal 
times, it is customary to describe rotation by the behavior 
of one radial line. In Fig. 13, let 0 be the angle from the x 
axis to the radial line OP. A0 = ^2 is the angular 
displacement of the body in the time At = t 2 — ti, and is 
expressed in any angular unit. Average angular velocity « 

— - Y *= If the angle changes at a uniform rate, actual 

<2 At 

velocity at any time = A0/At. For every case, the instanta¬ 



neous angular velocity ■■ 


. /Ad\ dd 


The sign 


Angular Acceleration. 


limit I 
0 

depends on the numerator of the fraction, or the way in 
which 6 is changing. The unit of angular velocity is any 
angular displacement unit divided by any time unit, such as 
radians per sec, rev per min, etc. 

0>2 “■ Wl A/.> 

Average angular acceleration — -= . If the angular 

t2 — ti At 

velocity changes at a uniform rate, actual angular acceleration at any time = Ato/Af. 

/Ac(>\ dw d^O 

For every case, the instantaneous angular acceleration = a « limit 1 7 —) =« -77 = t?* 

The sign of ot depends on the numerator of the fraction, or on the way in which a> is chang¬ 
ing. The unit of angular acceleration is any angular velocity unit divided by any time 
unit, as radians per sec per sec (i.e., radians per sec*), etc. 

Formulas for Determination of a, w, 0, The formulas are exactly analogous to 
those previously derived for rectilinear motion, o, », and s being replaced by a, w and 0 , 
respectively. The formulas arc: 

dB do) drd a dw 

^ - • Q, -- -- S5_-. _ __ - 

dt* dt dt"^* u) dO 

02 - 01 *= f^^odt; <02 - wi * f^adt; <2 - ~ ( 02 * - wi* = 2 C\dd 

Relations between Rectilinear and Angular Velocities and Accelerations. Let co and 

a, respectively, be instantaneous angular velocity and acceleration of a rotating body, 
and V and o the corresponding instantaneous rectilinear velocity and acceleration of a 
point P of the body located at distance r from the axis of rotation. Then: 

V ** rw; at = ra\ On ~ rw*; o = r Va- -f- w* 

Sense of v must agree with sense of cu, and sense of at with sense of a. Sense of an is always 
toward axis. 

Motion* Graphs 

Motion Graphs analogous to those previously discussed for rectilinear motion may be 
constructed to show the relations between angular displacement, velocity and accelera¬ 
tion, and time. 0 , co, and a correspond to s, v, and a, respectively. 


16. PLANE MOTION 

Any displacement resulting from plane motion may tie accomplished by a translation 
of the body which will bring any one line of it, which is perpendicular to the plane of motion, 
into final position, followed by a rotation of the body about that line into final position. 
The necessary amount of translation depends on the line of the body selected as axis of the 
rotation; the amount of the rotation does not. The state of motion of a Ixidy at any 
instant may be regarded as consisting of two components, a translational motion and a 
rotational motion. Thus a plane motion may be traced by giving the history of the move¬ 
ment of one point of the body (called a base Doint) in its own curved path, and a descrip* 



PliANE MOTION 


tion of the lotation of the body about the selected base point.* The point selected aa 
base should be one for which the motion is readily specified. For a wheel rolling; along a 
straight path, the center would be selected as a base point. 

Velocity of Any Point P of the body, at any instant, with respect to a fixed point 0, is 
the vector sum of the velocity of base point A, with respect to 0, and of the velocity of P 
with respect to A due to rotation about A. Thus (Mg. 14) 0 is the fixed point, A the 
moving base point, and P any other point of the body at distance r from A\ is velocity 
of A with respect to 0, and = rw is velocity of P with respect to A, Resultant velocity 
of P with respect to 0 = »; or rp to o = to 4 to o* 



Fia. 14 


.0 


Flo. 15 



Acceleration of Any Point P, with respect to a fixed point O, at any instant, has two 
components; one is that of the base point A with respect to 0, and the other that of P 
with respect to base A. Acceleration of P with respect to A is rotational, and is con¬ 
veniently replaced by its tangential and normal components, at « ra and Un ■* rw*. 
Then resultant acceleration of P, with respect to 0, is the vectoi sum of m, rw*, and accel¬ 
eration of A with respect to 0. Thus (Fig. 15) oi is acceleration of A to 0; and accelera¬ 
tion P to A is resultant of at and Un. Acceleration of P to 0 is a «= vector sum of oi, au 
and On. 


Instantaneous Axis. For a body having plane motion, there is always one point in 
it (or in its extension), at each instant, for which the velocity with respect to A (Fig. 14) 
is equal and opposite to velocity of A with respect to 0 ; that is, its velocity is zero at the 
instant. This point Q is called the instantaneous {or instant) center of rotation, and a line 
through Q, perpendicular to the plane of motion, is called the instantaneous axis. Since 
Q is at rest for the instant, the resultant velocities of all points at the instant are purely 
rotational about the instant axis. The instant center is the intersection of two lines drawn 
from any two points, C and D, in the plane of the motion, perpendicular to their velocities. 
If the velocity of the point C is known, u for the body is determined by dividing vc by the 
distance of C from Q, or by rc- The velocity of any other point Eisu) X te, perpendicular 
to the radius 

The position of Q in the body (or in its extension) is continually changing; its locus is 
a line (usually curved) fixed in 
the body and moving with it, 
called the body cenirode. The 
locus of the positions of Q in the 
fixed plane of motion is a line 
(usually curved) called the space 
centrode. The plane motion may 
bo considered as produced by 
the rolling, without slipping, of 
the body centrode upon the 
space centrode. 

Example: Rolling Wheel De¬ 
scribing Plane Motion. A wheel of 
6-ft radius rolls along a straight 
horizontal path, and at a certain 
instant the point P, 2 ft from 
center of wheel, is in the position 
shown in Fig. Kia. At this instant u 



Fig. 16 


16,75 radians per sec and a = 5.6 radians per sec*. Deter- 


* To simplify matters, “points” are referred to throughout this and the following disouasiou 
but “lines” through the points perpendicular to the plane of motion should be understood. Thus# 
in Figs. 14-15, the parallel lines through P, A, and 0, perpendicular to the plane of motion, move 
relative to each other. 

1—13 
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mine the velocity and acceleration of point P with respect to fixed point 0 at the epeoified instant. 
jSolutton; Select center A as base point. From relations between v and a of any point of a rotating 
body, and a and a of the body: 

9a to 0 rw «* 6 X 16.75 = 100.5 ft per sec, horizontally toward left. 

to A “>’<*>*' 2 X 16.75 *= 33.5 ft per sec, vertically upward. 

Therefore, »p to o = 105.9 ft per sec, upward to left, at 18® 10' to horizontal (Fig. 166). 

oa to 0 “ ror = 6 X 5.6 = 33.6 ft per sec*, horizontally toward left. 

atp to A =* ra = 2 X 5.6 = 11.2 ft per sec*, vertically upward. 

flnp to A * — 2 X (16.75)2 = 561 ft per sec*, horizontally toward left. 

Therefore, aptoO = 505 it per sec*, upward to left, at 1® 5' to horizontal (Fig. 16c). 


KINETICS 


16. BASIC QUANTITIES 
System of Units * 

The Unit of Force is the pound of force and equals the pull of the earth on 1 lb of mass. 
Since the mass of a body is absolutely constant but the pull of the earth on it varies with geo¬ 
graphical location and altitude (i.e., varies as the acceleration of gravity varies), the pound of force 
is not an absolute unit, but its variation is too slight to be of importance in most practical problems. 
The Unit of Acceleration is the foot per second per second (abbrc\uated ft per soc^). 

The Unit of Mass is the slug and equals the mass to which an acceleration of 1 ft pei 
sec* would lie given by the application of a 1-lb force. Unlike the pound of mass, it is not 
an absolute unit. Under standard conditions, 1 slug of mass = 32.1739 lb of mass (approx.). 
The Relation between Force, Mass, and Acceleration of a particle, using the above 

/ W \ 

system of units, is expressed by the formula F — ma I or jP = — o i, where F — force in 

pounds, m «= mass in slugs (* weight W in pounds divided by acceleration of gravity in 
feet per second per second), and a = acceleration in the direction of the force in feet per 
second per second.t 


17. DERIVED QUANTITIES AND RELATIONS 


Work, Power, and Energy 

Work of a Force, if constant, is the product of the force and the effective displacement 
of its application point. Effective displacement of application point is the component of 

the displacement parallel to the force. The body 
exerting the force is also said to do work. In 
Fig. 1, the work of force F as application point 
describes path AB = F X AC. Since F {AB cos a) 
= (F cos a) 'AB^ the work is also equal to displace¬ 
ment of application point times component of force 
parallel to the displacement. W(yrk of a variable 
force in moving a body through distance AS = 

r-*S2 



(«2 — «l) is IF : 




F cos a ds 


f^Fids, i 


in which 


F is the variable forc^e, ds is the elementary length 
of path, a is angle between force and element ds, and Ft is tangential component of 
force. The sign of work is positive if force and effective 
displacement have the same sense; it is negative if they 
differ in sense. Work done by a body against a force is 
equal and opposite to work done by the force on the 
body. 

The Unit of Work is any force unit times any dis¬ 
tance \mit (as foot-pound) or any power unit times any 
time unit (as watt-hour). 

Work Diagram (Fig. 2). Plot values of Ft as ordinates; 
corresponding values of • as abscissas: draw curve Ali through 
ends of ordinates. Area ABDC times »nn equ.als work, in foot-pounds, done by Ft over distance 
«2 - 



* The units herein defined are those of the English gravitational system. For a complete dis¬ 
cussion of English and metric gravitational and al»olute units, see Sec. III. 

t With any system of units, F » Kmu, where A is a constant. In this system A » 1. 
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Work of Qravity on a body in any motion equals product of weight and change in height of the 
maas center. Work of a central force F (one always directed toward a fixed point), in any displaoe* 

J ^r2 

Fdr, in which r^ and ri are the distances of the application point 

ri 

from the center at the beginning and end of the displacement. 

Work of a Torque T on a rotating body for an angular displacement of 0 = {02 — Bi) 


radians is = ) Tdd. If T is constant, W 


m - Bx). 


Mechanical Efficiency of a machine is the ratio of useful output to total input of work. 
Let Wu ~ useful work performed, ir/ = useless work required to overcome friction or 
air or any other type of resistance, Wa = work applied to the machine. Then Wa =“ Wu 

-f- Wf, and Mechanical Efficiency = 

it a 

Power of a Force is its time rate of doing work. The body exerting the force is also said 

dW da 

to have power. Let P = power and W — work. Then instantaneous P => Ft -r. 

Ftv, where « is instantaneous velocity of application point of force F. ^ ^ 

The Unit of Power is any work unit divided by any time unit (as foot-pound per 
second). One horsepower = 550 ft-lh per sec = 33,000 ft-lb per min « 0.7457 kilowatt. 

Power of a Torque at any insbuit is P — = T -, = 7 'o> where to is instantaneous 

angular velocity of the body. 

Energy * of a body (or system of bodies) is the amount of work it can do, by virtue of 
its motion or position, against forces applied to it, while changing to a ‘Standard state. 

Potential energy {PE) of a body is that possessed by virtue of its configuration. Thus, 
a body of weight W, located at a height alxive the earth’s surface such that its mass 
center can descend h feet, has a potential encrg>' PE = If A,. 

Kinetic energy {KE) of a body is that possessed by virtue of its velocity, and the 
standard state is zero velocity. KE of a body in translation = 1/2 KE of a rotating 
body = 1 / 2 = ^l 2 Tnk^o)“, i, k, and w being momont of inertia, radius of gyration, and 
angular velocity, respectively, about axis of rotation. KE of a body having plane motion 
« 1 / 2 = ili'fnk’^oj^ = 1 / 2 in which I and k are referred to instantaneous 
axis, V = velocity of muss center, and / = moment of inertia about axis through mass center 
perpendicular to plane of motion. Unit of energy is same as unit of W'ork. For KE in 
foot-pounds, use m in slugs, v in feet per second, 00 in radians per second, and k in feet. 

Principle of Conservation of Energy. If a body or system of bodies is isolated so that 
it neither receives nor gives out energy, its total store of energy, all forms included, remains 
constant; there may be a transfer of energy from one part of the system to another, but 
the total gain or loss in one part is exactly equivalent to the loss or gain in the remainder. 
This is the 'principle of conservation of energy. 

Principle of Work and Kinetic Energy. Total work of the applied forces acting on 
any body, or on any system of connected bodies, equals the change in the kinetic energy 
of the body, or bodies. (This assumes no w'ork converted into non-mechanical typos of 
energy.) Work done = AKE. AKE in translation == ll 2 tri{v ^2 — vi and V 2 being 
initial and final velocities. AKE in rotation = 1 / 2 = 1/2 — toi*),wi 

and <*>2 being initial and final angular velocities. In piano motion, change in KE is 

AKE = 1 / 2 7W - 0 ) 1 ^) = ^himkW - wi^) = ll27n(v2^ - r,*) + 1 / 2 /(w 2 * - wi*) 

- l/2w(y2^ — »i®) -(- il2ink^{o3^^ — wi®) 

in which I and k are referred to instantaneous axis, I and fc to a parallel axis through mass 
center, and v is velocity of mass center. 

Example. Water falling from a height of 120 ft at the rate of 1000 cu ft per min drives a turbine 
directly connected to an electric generator at 120 rpin. If the total resisting torque due to friction 
is 260 Ib-ft, and the water leaves the turbine blades with a velocity of 15 ft per sec, find the power 
developed by the generator. 

This is a problem in the conversion of potential energy to work which in turn is converted to 
useful kinetic energy, wasted kinetic energy, and wasted thermal energy, the total energy of the 
system of course remaining constant. Assume that 1 cu ft of water weighs 62.5 lb and g = 32 ft 
per sec.2 In 1 min: 

ape = Wh = 1000 X 62.5 X 120_= 7,500,000 ft-lb 

Wasted aKE = I /2 mu* *= — » 219,700 ft-lb 

2 X 32 


219,700 ft-lb 


* Mechanical energy (which includes potential and kinetic energy) is referred to in this defini* 
tion. There are other forms of energy such as thermal, chemical, and electrical. 
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Wasted Friction (Thermal) ATE - Tff - 250 X 2ir X 120 - 188,500 ft-lb 
Therefore Useful AKB » APE — Wasted aKE — Wasted aTB 

= 7,500,000 ~ 219,700 - 188,600 » 7,091,800 ft-lb 
P « 7,091,800/33,000 » 215 hp or 215 X 0.7457 « 160 kw 

Impulse, Momentum, and Impact 

Linear Impulse of a constant force F for time f = F X f. If the force varies in magni¬ 
tude and direction, the impulse is computed from axial components of impulse; and the 
axial components of impulse are found by taking the time integrals of axial components 

r 2 rh rh 

Fx dt, I Fy dl, I Fzdi\ the 

resultant of these is the impulse of the force F. Impulse is a vector quantity; hence the 
impulse of the force equals the square root of the sum of the squares of the components. 
The direction cosines of the resultant vector are determined in the usual manner. Unit of 
impulse is any unit force times any unit time, as pound (force) seconds. 

Angular Impulse of a force about a line for a time interval dt is the product of the 
moment of the force about the line and the time dt. If T represents the moment or torque 

■^2 

of the force, the angular impulse for the time interval (tz — ^i) is I Tdt. Unit of angular 

impulse is unit torque times unit time, as pound (force) feet seconds. 

Sign of Impulse. Impulse of a force tending U) increase velocity of the body to which 
the force is applied is positive; that which tends to decrease velocity is negative. 

Linear Momentum of a particle is the product of its mass and velocity. It is a vector 
quantity and has the sense and direction of the velocity. UnU of momentum is the same 
as unit of impulse. Linear momentum of a body is the resultant, or vector sum, of the 
momentums of its particles. In any motion the linear momentum of a body is mr, m being 
mass of the body and v the velocity of its mass center. 

Angular Momentum of a particle about an axis is the moment of its momentum about 
that axis. In Fig. 3, let mv = momentum of particle P. Resolve the momentum into 

components parallel and perpendicular to the axis. 
DE is perpendicular distance from axis to line AP. 
The angular momentum of P = mr cos a X DE. The 
angular momentum of a body about an axis is the al¬ 
gebraic sum of the angular momentums of its par¬ 
ticles. The angular momentum of a rotating body 
about the axis of rotation is /co = I and k 

being moment of inertia and radius of gyration res¬ 
pectively about the axis of rotation, and u the 
angular velocity. Unit of angular momentum is same 
as unit of angular impulse. 

Principle of Conservation of Linear and Angular 
Momentum. When no external forces are acting 
upon a body or system of bodies, the component 
linear momentum along any line and the angular 
momentum about any line remain constant; this is the principle of conservation of 
linear and angular momentum. (This assumes no conversion of work into non-mechan¬ 
ical energy.) 

Principle of Impulse and Momentum, For linear momentum, the impulse of the resul¬ 
tant force acting for an infinitesimal time upon a body is equal to the change in linear 
momentum of its mass cent-er during that time parallel to the direction of the force. 
Referred to coordinate axes, the change in the component of linear momentum parallel to 
any axis x for any length of time tz — h equals the algebraic sum of the components of the 
impulses of the applied forces parallel to the axis in the same time, or, more briefly, 

A{mvx) “Si Pxdl’ Similarly, the change in the angular momentum about any axis 

y in the time tz -- ti equals the algebraic sum of the angular impulses of the applied forces 

Tydt. 

- ‘1 

Bxtmple. A jet of water strikes a concave vessel with a velocity of 80 ft per sec and leaves it 
with a vdooity which has the same magnitude but makes an angle of 120° with the original direc¬ 
tion. If the diameter of the jet is 1 in., find the force necessary to hold the vessel in position. 
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The sustaining force F must bisect the acute angle between the lines representing the original 
and final velocities. Let the line of action of F (Fig. 4) be taken aa the X axis. There is no change 
in the Y component of momentum. The impulse of the force in the X direction in t seconds » 
F X t pound-seconds. The weight of water deflected in I seconds is fT » 80r X 62.5(/576 pounds. 
The component of original momentum in the X direction » — SOfT cos 30**/^ poundnseconds. 
The component of final momentum in the X direction » cos 30°/s pound-seconds. The 
change in momentum in the X direction » IfiOTF cos 30°/g » 

5W cos 30° pound-seconds. The fundamental relation gives 
F X < ■= 5 X SOir X 62.5 X cos 30° X t/576, whence F * 

118 lb. Observe that the sustaining force F does no mechan¬ 
ical work and that the water suffers no loss of kinetic energy. 

Impact occurs when two bodies collide. It is direct 
when the motion is perpendicular to the striking sur¬ 
faces; otherwise it is oblique. It is centred if the forces 
which the bodies exert on each other are directed along 
the line joining the mass centers; otherwise it is eccen¬ 
tric. In any collision, the forces which the tw*o bodies 
exert on each other are equal and opposite at each in¬ 
stant; hence the total impulses of these forces during 
the collision are equal and opposite, and according to 
the principle of impulse and momentum the changes 
in the momentums of the bodies produced by the colli¬ 
sion must be equal and opposite; or, otherwise stated, the total momentum of the two 
bodies is unchanged by the collision. Or, for direct central impact : 

miVi m-iVi “ m\V\ •+• m^V 2 . 

wherein m\ and m 2 = the masses of the bodies, vi and V 2 their velocities before, and V i and 
V 2 their velocities after, the collision; but in numerical substituiion, velocities in one direc¬ 
tion are given the same sign and those in the other direction the opposite sign. 

Experiments on direct central impact of spherical bodies have shown that the relative 
velocities of spheres after impact are always less than before the impact and that these 
relative velocities are opposite in direction. The ratio of the relative velocities after 
impact to that before impact is called coefficient of restitution; it seesns to depend only on 
the material of the impinging spheres. For glass the coefficient is 16/ic, for steel and cork 
6 / 9 , ivory 8/9, wood about I/2, clay and putty 0. If e =« the coefficient, then 
(Fi - Vf) = - €{vi - vf) 

This equation and the preceding one solved simultaneously show that 



(1 + e)m2 


(1 + e)mi 


(»2 ■“ ri) 


During impact there is, in general, loss of kinetic energy; * the loss is 


- »2)-(l ~ e*)mim2/(mi -f m 2 ). 



which c = 0 are said to he inelastic; and those for which e is nearly 1 are said 
to be nearly perfectly elastic. When a sphere is dropped on a horizontal 
surface of a largo body from a height h, li H = the height of rebound, 
then H — c^h. This equation furnishes a means of computing e. 

Example. Ballistic Pendulum. This is a device for determining the velocity 
of a bullet. The bullet is imbedded in soft material, such as clay, for which e « 0. 
Referring to Fig. 5, let m\ = mass of bullet, m 2 ~ masH of pendulum, k « radius 
of gyration about axis of suspeneion O, »i = velocity of bullet (to be determined), 
»2 = rw = velocity of bullet after impact, w = angular velocity of pendulum 
after impact, and assume pendulum stationary before impact. Then angular 
momentum of system before impact = Tni»ir, and angular momentum of system 
just after impact = mir^u -b m^k^ot. Since total momentum of system remains 

] constant, m^vir = mir^w 4- m2A;2o>. If mass center of pendulum rises to height 
h, ~ 2gh. Combining last two equations to eliminate u and solving for »i, 
»i “ (mir2 -f m 2 k^) \^2fih/mirk. The quantities on the right-hand side of this 
equation are easily determined experimentally. 


18. KINEMATIC AND KINETIC FORMULAS 


Symbols. .■» «= distance along path of motion; x, y, e « coordinates of any point; F, y, * — 
coordinates of mass center; t = time; a — resultant linear acceleration of any point; a * resultant 

♦ As energy can be neither created nor destroyed, the total energy remains constant. The 
lost kinetic energy is simply converted into other forms, as into work done in distorting the bodiest 
thermal (heat) energy, etc. 
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linear acceleration of maas center; ax,v,z » components of resultant acceleration along y, z axes; 
at « resultant tangential acceleration of any point; an » resultant normal acceleration of any 
point; 9, 9t ^ linear velocities having corresponding significances; 9 angular displacement; 
a - angular acceleration; w = angular velocity; n « revolutions per unit time; r = radius (of 
curvature); g *«■ acceleration of gravity = 32.2 ft per sec2 (approx.); m — weight/g = mass; 
F « resultant force; Fz,y,K ~ components of resultant force along ar, y, z axes; Ft - resultant 
tangential force; Fn “ resultant normal force; W = work; Eff = efficiency; P = power; KE = 
kinetic energy; Imp — linear impulse; Mom = linear momentum; T = resultant torque about 
axis of rotation; Tx,y,z — torques about x, y, z axes; Ang Imp — angular impulse; Any Mom — 
angular momentum; I »* moment of inertia (for mass) about axis of rotation; Ix,y,z ~ moments 
of inertia about x, y, z axes; I ^ moment of inertia about axis through mass center; k,kx,y,zt 
k * corresponding radii of gyration; d — distance between axes; U — product of inertia; Uxy = 
product of inertia with respect to YOZ and ZOX planes; (Uyz, Uzx have corresponding significances); 
A indicates “ change in.” 


Gravitation and Inertia Functions. Mass center has coordinates: 

fj/dm 


I xdrn 

5 n -• 


.f"' 


I: 


zdm 



fr2d/n; 'k I/m\ 

J 

^ xydm; U. 


Translation- 

dz 


* dC 

0 — 

As r vdl\ 

Av « 

F *» md\ 

AW = 

IP 

P^-^-Fv, 

AImp = 


Translation- 

dz 

dx L 

'‘^^ <11- : 

Directional cosines 

of V are: cos Ox 

dvx d’^x 

dvy dhf 

~ dl ~ dt^’ 

Directional cosines of a are: cos <f> % 

dv dh 
dP' 

v^ 

an-; 

/“2 

Az * 1 vdt; 

'’h 

Av = 

•Vi 

F ma ; 

Fx = mdx’, F 

Ft = mat\ 

Fn = fn^n. 


j* zxdm. 


dv dh 
~dt “ 


a dv 
V ds' 


dy dz 

~dV * dV 

= —; cos 

V 


dvz dH 


^Imp = AMom. 


V \ Vx- -i Dy- + Vz^\ 


a = + ay^ + 


a ’ 


a = \'ai^ -i- an'; 

r'"^dv 


az 

a 

at dv 

— =s -J 

V ds 


F = VFr -f 



KE = 1/2 

^2 


AW « AKE; 


P = 


AlmPi 


-.r 


Fydt; 


AImPi 


■C 


dW 

dt 


Fz4t; 


Imp ~ ^impx 4- impy^ + Impz'i 


F tv\ 


* For a rigid body in translation, accelerations and velocities of all particles are equal. However, 
S and V are indicated in certain of the kinetic translation formulae to make them applicable also to 
non«rigid bodies. 
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Momx mvx; Momy « invy\ Morriz 

Mom = ^Monix + Moniy -f Montz > 

dJmpx ® MIomx\ AImpy = AMorriy; Almpi * AAIorng; AImp * AMom; 

Directional Cosines of Almp == AMom are: cos cos ^ cos 

For kinetic formulas applying to a translated body for rotation about an axis not fixed 
in the body or its extension, use formulas applying to “ Rotation of a Particle about 
its axis, considering entire mass of body as concentrated at the mass center. 




Rotation t 



de^ 

d(j3 (PB 


(t) s: 

dt* 

“ “ " dP* 




rh rh dB 


A9 = 

j CL'dt ; 

Ao) = 1 adt; At = i — = 




\ JQi ^ - 

Ot 

For a 

“Particle” (/ infinitesimal compared with I) : 



s = rB; 

» = rw; at = ra; an 

= roj^; 


T = Fir = 
rh 

AW = I Tdd; KE = ^}2fnr'^ur- 

ddi 
1^2 


a dof^ 
u) dd ’ 


a » r y/a^ w*; 
Ft — mra; Fn ~ niru)^’, F = mr Va* -|- u*; 

dW 
dt 


AW « AKE\ 


Toj; 


AAng Imp - ( Tdt’, Ang Mom = mr^co; AAng Imp =» AAng Mom. 

For a Body: 

T = la = mk^a; AW = f Tdd; AW » AKE; P > 

•hi 

KE = 1/2= i/^wkV; 


di 


Toj; 


AAng Imp 


-r 


Tdt; Ang Mom = /w = mk%; AAng Imp - AAng Mom. 

Constrained Rotation * 


Plane of rotation fixed above and parallel to horizontal XZ plane; vertical Y axis 
of rotation not passing through mass center (except as special case). 

All i)revious rotation formulas apply if T is replaced by Ty. Additional formulas are: 

For a Particle (/ infinitesimal compared with I) : _ 

Fx = mza - mxw2; Fy = 0; Fz = - mxa - mzJ^; ^F = \/Fx^ + Fy^ -f F 
Tx -- Fgy mxya - Ty = Fgi = mz-a - = mr^a 

s= — Fzi — nix^a -f mzxu^ = mr®a; 

T = — Ff^ = — myza -H (0, w, « positive for counterclockwise rotation facing 

* origin from plus point on axis). 


For a Body: 

a - Vyz 0 )*: Ty = ly a-, Tz = - Uyz oc + Uzy (Sign convention as above). 
Center of Percussion and Center of Oscillation of a pendulum arc located at distance 
from center of suspension = V/i, where i is distance from center of suspension to mass 
center. 


Plane and Three-Dimensional Motions 


For Translation of Mass Center: 

Consider entire mass as concentrated at mass center. Refer motion to of fixed 
axes located outside the body. To determine acceleration of mass center, apply formulas 
for translation. __ 

♦ In obtaining total forces and torquesi effect of weight of body (this effect depending on posi* 
tion of plane of rotation) must not be neglected. 

t Formulas are for rigid bodies. 
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For Rotation about Mass Canter: 

Consider mass center as fixed and resultant of forces as a couple. Refer motion to 
set of central principal axes. To determine components of angular acceleration about 
these axes, use formulas: 

T* ■■ Iz^x "i" (-f* -f j/)wyCOjj; ^ “1" ^z)^z^x\ = Izotz "f* (/y ~ ^x)^z^y 

For Complete Resultant Motion: 

Combine motion of translation of mass center with motion of rotation about mass 
center. 

Work and kinetic energy changes also are equal to the respective sums of the corre¬ 
sponding changes under the above component motions. 


19. TRANSLATION 


Kinetic Formulas for motion of translation follow directly from the kinematic formulas 
applying to such motion and the previous discussion on kinetic quantities and their rela¬ 
tions. The formulas are summarized in Art. 18 (p. 4-38) under the heading “Transla¬ 
tion.” For the solution of a specific problem, careful choice of formulas will often facilitate 
the computations. As there is no rotation, the resultant force acts through the mass 
center and there is no couple. 


Example. Motion of Parallel Rod of a Locomotive. The problem is to find the forces acting 
upon the parallel rod when it is in any position with respect to the wheels. Assume velocity of 
locomotive constant at 60 miles per hour on a level track; driver diameter .5.5 ft; crank length 1 ft; 
and weight of rod 275 lb. The forces acting on the rod are its weight and the pressures of the crank 
pins at its ends; the latter are represented (Fig. 6 ) by their horizontal and vertical components. 

Since the resultant of all these forces acts 
through the mass center, Fi =* Vn also 
2Fi - 275 = iW/g)ay « 8.55oj, and Hi - 
H 2 = (lF/g)ox “ 8.55ox. To determine o* 
and Oyi The velocity of the center of either 
crank pin relative to the locomotive is (88 X 
l)/2.75 « 32 ft per sec (60 mi per hr * 88 ft 
per sec), and the relative motion of the pin 
being circular at constant velocity, the relative 
acceleration is toward the center of the crank- 
pin circle at all times and equals 32V1 = 
1024 ft per sec per sec. This is also the absolute acceleration of the crank pin, since the locomotive 
is assumed to have no acceleration. But the rod has the same acceleration as the crank pin; 
hence Ox *= 1024 sin 0, and Oy = 1024 cos 0. Thus V = 1/2 (8755 cos 0 275), and Hi — II 2 

8755 sin 0. In the low’wt position of the rod, 0=0, Ox * 0, Oy — 1024, Hi — H 2 , F = I /2 
(8765 + 275) « 4515. In a raid-position when 0 = 90°, Ox = 1024, Oy = 0, I/i - H 2 = 8755, and 
F « 1/2 (27.5) =» 137.5. In the highest position, 0 = 180°, Ox = 0 , Oy = - 1024, Hi = H2 ' and 
F = 1/2 (275 — 8755) = — 4240, the negative sign meaning that F acts downward on the rod. 
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20. ROTATION 

Kinetic Formulas for motion of rotation follow directly from the kinematic formulas 
applying to such motion and the previous discussion on kinetic quantities and their rela¬ 
tions. The formulas are summarized in Art. 18 (p. 4-39) under the heading “ Rotation.” 
For the solution of a specific problem, careful choice of formulas will often facihtate the 
computations. As there is no translation, the resultant force is zero but there is a couple. 

Example. A Punch is required to exert a force of 100,000 lb through a di.stance of I /4 in., and 
the work is to be supplied by a flywheel of radius of gyration = 1..5 ft making 120 rpm. Find the 
weight of the wheel, if the speed is not to be reduced below 100 rpm. 

» 120 rpm = 4ir rad per sec, aj 2 = 100 rpm - (10/3)ir rad per sec. Work done by punch 
■» 100,000/48 ft-lb = reduction in KE of flywheel. 

Change in KE = 1/2 = W X 2.26 (wi® - w2^)/64 = IF X 2.25 (wi - W 2 )(wi + a>2)/64. 

Hence — — (2»r/3)(22ir/3) = —whence W = 1230 lb = minimum weight of flywheel. 

Constrained Rotation 

Constrained Rotation refers to rotation of a body about a fixed axis which does not 
pass through its mass center. Such an axis, since it constrains the motion,* must be 
held by forces (exerted by bearings) to keep it from shifting position. These bearing 
reactions depend upon the weight of the body, the manner in which the mass of body is 

* In certain eases, the “ phsyioal path ” itself constrains the rotation, as the action of the track 
te a tram rounding a curve. 
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distributed about the axis, the applied forces, the angular velocity o>, and the angular 
acceleration a. Generally, the resultant of the applied forces for such a body is not a 
single force, but a single force at a selected origin and a couple. Selecting the origin on 
the axis of rotation, the axial components of the single force and axial components of the 
couple are given by the following six equations.* 

ZFx - rnza — mxo)* ST* = — otj'xydm — ur^yzdm « — UxyOL — 

^Fy « 0 ZTy^ lyOt 

"SFz ^ — rrua — www® 'LTz = — ajyzdm + fxydm = — Uygoi + C/*yci>* 

In these equations, the axis of rotation is fundamentally the y axis; i, y, and z are the 
instantaneous coordinates of the mass center; SF*, ^Fg are the sums of components 
of all applied forces in the axial directions; XTx, are the sums of moments of 

all applied forces about the axes; and the convention of signs for moments of forces, and 
senses of 6, w, and a are that counterclockwise rotation, facing the origin from any plus 
point on an axis, is positive. 

The equations are simultaneous at each instant. They are used more often to deter¬ 
mine the forces exerted by the bearings on the axle, than to 
determine the resultant. ‘ l 

' < a? —y 

Special Cases (Fig, 7). Choose the x axis through an instanta> ! 

neouB location of the maas center and let be a plane of sym- "qI X 

uietry of a homogeneous body. The resultant is a single force ^ Qi- r < ' —V" " 

in the plane of symmetry having the Z component — mxa and ^ 

the X component — acting at point C. OC - ky^/x, ky 

being radius of gyration about j/ axis. If x =* 0, the resultant Pig j 

becomes a couple in the XZ plane, of moment *= "ZTy Jya. If 

a = 0 and X ^ 0, the resultant = — mx«2, in the sense CO. If a * 0 and x *= 0, the resultant 
vanishes. 

Centrifugal Force. Let any particle of mass m move in a circular path of radius r 
about a fixed y axis. The resultant of all forces acting on the particle has a normal com¬ 
ponent = mrw^, and a tangential component « mra. The component mra increases or 
decreases the speed of the particle; the component mreo^ continually changes the direction 
of the linear velocity. The resultant of such forces for all the particles of the body is 
equivalent to the resultant specified by the general equations above. If w is constant and 
a == 0, the resultant force acting on the particle to make it rotate in its circular path is 
toward the axis, and is called cerUripeUd force. Centrifugal force for the particle is 
equal and opposite to centripetal force, and is exerted by the particle 
|Z upon its neighboring particles, or upon the axis of rotation. CerUrifugal 

D k resultant for a body is the resultant of the centrifugal forces of all its 

V'1 particles. Generally, this resultant is not a single force; it may be 

yd— computed from the general equations by making a = 0 and reversing 

—r—senses of resultant force and couple. 

1 Center of Percussion. A prismatic bar (Fig. 8) is suspended on a 

:; ! horizontal y axis at 0. G is the mass center. If a force P, parallel to 

I ^ X axis, is applied to the body, the axle reaction OD will generally be 

_IQ inclined to the z axis at some angle =i:3, the angle depending on the 

T distance h of P from the axis of rotation. If = ky^z, in which ky 

m n M> -iQ. --x- is radius of gyration about y axis, P will cause no x component of axle 

! reaction; that is, 0 will be zero, and the point C, where the action line 

' of P intersects OG, is the center of percussion. In impact-testing 

machines, heavy pendulums are used to deliver blows, and proper 
design requires the striking point to coincide with the center of percus- 
Fio. 8 sion in order to avoid shock to the axle and detrimental vibration of 
the pendulum itself. 


Fiq. 7 

0 and X « U, the resultant 
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Examples of Constrained Rotation 

A Simple Pendulum consists of a small heavy bob on a light string (Fig. 9).t The forces acting 
on it are the weight, W, and tension, T. The resultant force along the tangent = — IT sin d; the 
resultant force along the normal = T — IF cos The force equations are Wat/g * — IF sin 6, 

Won/g - T — IF eoB Since an - tension TF^cos B -f 

* In obtaining total forces and torques, effect of weight of body must not be neglected, 
t Radius of gyration of bob about axis through its mass center parallel to axis ef rotation is con¬ 
sidered negligible compared with radius of its path. 
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To determine the motion: at/g » la/g « — ein 0 . 

The Bolution of this equation leads to elliptic functions. An approximate solution for small 
oscillations can be obtained by putting sin 9^9. (Difference between 9 and sin 9 is less than 1 
per cent if 9 is less than 14°.) The differential equation becomes wd<j»/d9 *= — g9/L If the pendu¬ 
lum is at the end of its swing when t = 0, then w - 0. Integrating, — 9^) /I; 

« ~ dr — fl*). Integrating, 9 = /S cos Period of oscillation = 2ir 

A Conical Pendulum * consists of a small heavy bob suspended from a fixed point by a light 
string so that it can be made to rotate about the vertical axis through the fixed point (Fig. 10). 
If the bob rotates with constant angular velocity, w, the quantities 0, r, h are constants. Since 
there is no vertical acceleration, T cos = W. The force acting inward on the bob is T sin 0. 
Hence the force equation gives T sin 0 = Won/g = Wv^/gr, and tan 0 = v^/gr = ru^/g. Also 

h “ T * Wlul^/g; period of one revolution = ~ =• 2x 

U) 

A Compound (or Physical) Pendulum is any rigid body suspended from a horizontal axis about 
which it may rotate under the action of its own weight. 'I'he forces acting on the body are its 
weight, acting downward at Q (Fig. 11), and the reaction of the axis at 0. Let r = distance 00; 





k “ radius of gyration about 0. The torque equation gives Wk^a/g = — ITr sin 6, whence a — rg 
sin 9/ki. This is the equation of a simple pendulum (see above) of length I = k^fr called the length 
of the equivalent simple pendulum. The motion of a compound pendulum is the same as the 
motion of the equivalent simple pendulum. The point on the compound pendulum located at the 
distance k'^/r from the axis of rotation is culled the center of oscillation. It coincides with the center 
of percussion (see above). 

Super-Elevation of Outer Rail of a Railroad Track is determined as follows (Fig. 12): Let 
r “ radius of curvature in feet and v = speed in feet per second of car. Then horizontal centrifugal 
force is WvVgr and vertical force is W, acting through mass center.f f'or 
the resultant U. be perpendicular to the truck and thus impose no side load 
on the rails, tan 0 = v^/gr. For small angles, the sine instead of the 
tangent may be used and, if h — super-elevation of the outer rail in 
inches, h = SO.ftv^/gr. 

Skidding and Tipping. Suppose a cur (Fig. 13) is taking a curve of 
radius r feet at n speed of » feet per second, G is mass center, N'l is the 
vertical and Fi the horizontal pressure on the outer wheel, and / = coeffi¬ 
cient of friction.f The problem becomes one of statics by introducing 
Wv^/gr — Fi -I- F-j = F ~ fW. If / < V“/gr, the car w'ill skid. Suppose 
f>v^/gr; then = Wi ^/2 vVi/dgr)t A 2 = W(i /2 — v^h/dgr). The critical speed is =» 



y/dgr/2h, when the total weight is borne on the outer wheel. If this critical speed is exceeded, 
the car will tip over. 

Note on Use of Rotation Formulas. In practice, nearly all problems of the nature illustrated 
by the car problems above are solved by the use of formulas applying to rotation of a particle about 
an axis. It should be realized, however, that the assumption thus made that the nmss is concen¬ 
trated at the mass center is not strictly correct except in the event that the body has a true motion 
of translation (as exemplified by the motion of the parallel rod of a locomotive). Seldom is this the 
case in practice as usually every line of the body lying in the plane of motion makes one complete 
revolution for each revolution of the body about the center of rotation of its path. Therefore the 
formulas applying to rotation of a body are the only ones giving absolutely correct results. 

For example, in the problem above on the motion of a simple pendulum, considering the path as 
that of the mass center, the actual tor<iue T ~ Wk^a'gy where k is radius of gyration of bob about 
horizontal axis of rotation through O. Let k — radius of gyration of bob about horizontal axis 
through mass center parallel to axis through 0. Then 1:2 = 12 -f ^ 12 , and actual torque T - 
W(l^ 4* k^)a/g. But the approximate assumption made in the problem that F/, = Wla/g gives 
T » WVtct/g, which is too small by the amount Wk^a/g. Ilow'ever, when k is very small compared 
with I, the results obtained are sufficiently near accurate. 


• The principle of the conical pendulum is employed in the Watt governor for steam engines, 
t Radius of gyration of the car about axis through its mass center parallel to axis of rotation is 
considered negligible compared with radius of its path. 
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21. PLANE MOTION 

Kinetic Formulas for plane motion are a combination of those for motions of transla¬ 
tion and rotation. The procedure for solution of a problem is summarised in Art. 18 
(p. 4-39) under the heading " Plane and Tliree-Dimensional Motions.” The general 
formula given there for determination of angular accelerations reduces to Tx ** *** 

mkx^ot, the x axis being perpendicular to the plane of motion and passing through the mass 
center. The theory forming the basis for the assumptions regarding mass concentration 
and arrangement of forces is explained below under the general case of “Three-Dimensional 
Motion.” 

Example: Wheel on Inclined Plane. In Fig. 14, tan d = 3/4, the wheel weighs 100 lb, diameter 

= 4 ft, radius of gyration - l.G ft. (o) Find the acceleration of the center, if the wheel rolls with¬ 

out slipping, (b) Find the least coeflicient of friction to prevent slip¬ 
ping. (c) If the coefficient of friction — 0.1, find the acceleration of 
the center and the number of turns made while the center moves 
20 ft. 

(o) The forces acting to move the wheel are W sin = (50 lb and 
friction, F. The equation of motion of the center is 100o/32 = 60 — F. 

The force acting to turn the wheel is F. The torque equatiofi is 100 X 
l.G X 1.6a/32 = 2F. Since the wheel does not slip, a = 2a. Elimina¬ 
tion of F and a gives a ~ 11.7 ft per sec*. 

(b) Friction = min. coefT. of friction X normal pressure, or F = fW 

cos /3 = minimum / X !^0. From the equation above, F = 23.4 lb, 

whence minimum / = 0.29. 

(c) The relation betw'cen a and a is not known when the wheel slips. F — 80 X 0.1 * 8 lb. 
The equation of motion of the center i.s l()0a/32 = 60 — 8 == 52, whtMice a « 16.6 ft per sec*. 
Distance moved by center, x = 8.3(2. Time to move 20 ft is given by /2 = 20/8.3. Torque equa¬ 
tion is 100 X 1.6 X 1.6a/32 =2X8, whence a = 2 rad per sec*. The angle turned through, 
0 zs 20/8.3 = 2.41 rad = 0.38 revolution. 



22. THREE-DIMENSIONAL MOTION 

Kinetic Formulas for three-dimensional motion are a eom1>ination of those for motions 
of translation and rotation. The procedure foT solution of a problem is summarized in 
Art. 18 (j). 4-39) under the heading “ Plane and Three-DimtuiRional Motions.” 

Any motion of a body may be regarded as consisting of tw'o components: one, a transla¬ 
tion equal to that of the mass center, and the other a rotation about some axis through the 
ma.ss center. These motions may be said to be produced independently by the forces 
acting on the body; thus (a) the acceleration of the mass center is the same as if the whole 
mass were concentrated there and acted upon by forces equal in magnitude to, and the 
same in direction as, the actual external forces; and (6) the angular acceleration is the 
same as if the mass center were fixed and the actual external forces applied. The reason¬ 
ableness of this will be seen from the following: imagine each force acting on the body 
replaced by a force acting at the mass center Cr and a couple (see p. 4-07); the resultant of 
all the forces acting at G is a single force R, and the resultant of all the couples is a single 
couple C; R cannot turn the body but gives it a motion of translation only, and C cannot 
move G but merely turns the body about some line through G. In general, C does not 
cause turning about a lino perpendicular to the plane of C, only so if the plane of C is 
perpendicular to one of the jirincipal central axes of the liody. To determine the accelera¬ 
tion of the mass center, take fixed x, y, and z axes outside the body and resolve all external 
forces Fi, F 2 , etc., into x, y, and z components; then 

2Fx = Triax 2Fy = nidy EFg = mdg 

m denoting the mass of the body. To determine the angular acceleration of the body, 
take moments of all the forces Fi, F 2 , etc., about the three central iirincipal axes; calling 
the sums of the moments about these axes '^Ti, and XTz, the components of the 
angular acceleration ai, az, and as, and the comiionents of the angular velocity wi, wj, 
and 0 ) 3 . then 

STi «» Jiai -f- (Is — ST 2 = 1^2 -j" (7i — STs = /aas + (/a — Ii)mo>2 

wherein Ii, 1 2 , and 13 denote the three central principal moments of inertia of the body. 
In any motion of a body, the kinetic energy may be computed in two parts: (1) the kinetic 
energy of the whole body moving with a velocity equal to that of the mass center, and 
(2) the sum of the kinetic energies of the constituent particles of the body due to their 
velocities relative to an axis through the mass center. 
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23. FRICTION 
Static and Elinetic Friction 

A Smooth Surface is one which offers no resistance to the sliding of a body upon it. A 
rough surface does offer resistance to such motion. The total reaction {R) (Fig. 15) of the 
surface of one body upon another body is its resultant force. Friction {F) is that com¬ 
ponent of the total reaction which is tangent to the surface. 
Normal reaction (N) is that component which is normal to 
the surface. 

Static Friction (F) is that friction which opposes motion 
when there is no slipping. Its value varies as the need for 
it to prevent motion is developed. Limiting friction {F') is 
the value of static friction when slipping impends. Coeffi¬ 
cient of sialic friction (/) is the ratio F'/N, Angle of staiic 
friction (<^») is defined by tan <l> = F'/N = /. Angle of re¬ 
pose is that angle which the surface of one body makes with 
the horizontal when slipping of another body upon it impends. 
It applies to the particular nibbing surfaces in contact. It 
equals the angle of static friction. 

Slinetic Friction (F*) is that friction which opposes motion when one body is slipping 
on the surface of the other. Its value is usually less than that of the limiting friction. 
Coefficient of kinetic friction ( ft) is the ratio Fk/N. Angle of kinetic friction (,(pt) is defined 
by tan » Fk/N * ft. 

Laws of Friction for Dry Surfaces: 

1. Friction between two given bodies is directly proportional to the pressure; the coefficient of 
friction is constant for all pressures. 

2. The coefficient and amount of friction for given pressures are independent of the area of 
contact. 

3. The coefficient of friction is independent of the relative velocity, although static friction is 
greater than kinetic friction. 

The preceding laws are only approximately true. The coefficient of friction is slightly greater 
for small pressures upon large areas than for great pressures upon small areas. The coefficient of 
friction decreases as the speed increast^.’" 

Laws of Friction for Lubricated Surfaces: 

The friction does not follow the laws for dry surfaces, but depends on the viscosity and thickness 
of the lubricant and the form of the surfaces in contact. The laws given by Goodman arc: 

1 . The coefficient of friction of well-lubricated surfaces is from Vl6 to VlO that of dry or poorly 
lubricated surfaces. 

2. The coefficient of friction for moderate pressures and speeds varies approximately inversely 
as the normal pressure; frictional resistance varira as the area of contact, normal pressure remain¬ 
ing the same. 

3. For low speeds the coefficient of friction is abnormally high, but as the speed of the rubbing 
surfaces increases from about 10 to 100 ft per min, the coefficient of friction diminishes and again 
rises when that speed is exceeded, varying approximately as the square root of the speed. 

4. The coefficient of friction varies approximately inversely as the temperature. 

Coefficients of Static and Kinetic Friction are affected by the above laws of friction 
and also by the characters of the surfaces, the kinds of material, and the nature of any 
lubricant used. Kough averages for a number of materials and conditions are given in 
Table I, p. 4--45.t 

Rolling Friction 

Rolling Friction is that friction developed when one body rolls over the surface of 
another, and depends on the hardness of the surfaces in contact 
and the radius of the rolling surface. The theory is based on 
the idea that surfaces are slightly deformed at the place of 
contact and that the effect of rolling friction is the same as 
if the surfaces were not deformed and the rolling body passed 
constantly over a small obstruction. I^et P (Fig. 16) be the 
horizontal force required to overcome the small obstruction B. 

Then hP aW, and, since h is nearly equal to r, P = aW/r 
(approximately). Coefficient of rolling friction is o, and, as an 
analogy with definitions of static and kinetic friction coeffi¬ 
cients, might be defined as the ratio Tr/N, where 7V = torque 
resisting rolling motion and N is the normal force (in this case, 

* Recent experiments have proved also that time of contact of the surfaces affects the coefficient 
of static friction. 

t Hudson’s Manual, p. 102. 
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the weight of the body). The ooeffident ia a linear dietanoe and is usually given in 
inches. 

CoeflBcients of Rolling Friction. The following are some reported values of ooeffioients of rolling 


friction; 

Lignum vitae roller on oak track... 0.019 in. 

Elm roller on oak track. 0.032 in. 

Cast-iron wheel (20-in. diam.) on cast-iron rail. 0.018-0.019 in. 

Railroad wheels (39.4-in. diam.). 0.020-0.022 in. 

Iron or steel wheels on wood track. 0.06-0.10 in. 


Table I. Coefficients of Static and Kinetic Friction 


Materials 


Cast iron on cast iron or bronze. 

Cast iron on cast iron or bronze. 

Cast iron on oak (fibers parallel). 

Cast iron on oak (fibers parallel). 

Cast iron on oak (fibers parallel). 

Earth on earth. 

Earth on earth (clay).j 

Earth on earth (clay). 

Hemp-rope on rough vrood. 

Hemp-rope on polished wood. 

Leather on oak. 

Leather on cast iron. 

Oak on oak (fibers parallel). 

Oak on oak (fibers crossed). 

Oak on oak (fibers crossed). 

Oak on oak (fibers perpendicular).... 
Steel on ice. 

Steel on steel. 

Stone Masonry on concrete. 

Stone masonry on undisturbed ground 
Stone masonry on undisturbed ground 

Wrought iron on wrought iron. 

Wrought iron on wrought iron. 

Wrought iron on cast iron or bronze. . 
Wrought iron on cast iron or bronze. . 


Con¬ 

dition 


Sliding Friction 

4> 

/ 

171/4“ 

1 41 / 2 “- S8/4‘> 
I63/4‘‘-261/2“ 

121 / 2 “ 

1 10 3/4» 

0.31 

0.08-0.10 

0.30-0.50 

0.22 

0.19 





261/2“ 

0.50 

I63/4“-261/2“ 

291 / 4 “ 

253/4‘> 

18 8/4- 

14“ 

103 / 4 - 

0.30-0.50 

0.56 

0.48 

0.34 

0.25 

0. 19 
0.01 

0.09 

0.03 

f Vel. 10 ft 

1 per sec 

Vel. 100 ft 
' per sec 





233 / 4 - 

1 41/2“-5'3/4» 

101 / 4 “ 

1 . 

0.44 

0.08-0.10 
0. 18 


Wet 


Dry 

Wet 


Damp 

Wet 

Dry 

Dry 

Dry 

Dry 

Dry 

T^ry 

Wet 

Dry 

Dry 

Dry 

Dry 

Dry 

Wet 

Dry 

jrreasec 

Dry 


Static Friction 



/ 



9« 

0.16 

33“ 

0.65 

l4"-45“ 

0.25-1.0 

45“ 

1.0 

171 / 4 " 

0.31 

26l/2“~38S/4- 

0.50-0.80 

181/4° 

0.33 

261/2 “-31“ 

0.50-0.60 

I68/4“-261/2® 

0.30-0.50 

313/4“ 

0.62 

281/4“ 

0.54 

351 / 4 “ 

0.71 

231 / 4 " 

0.43 

IW 

0.027 

1 81/2" 

0.15 

371 / 4 " 

0.76 

33" 

0.65 

163/4" 

0.30 

61/2" 

0.11 

103/4" 

0.19 

4“-41/2" 

0.07-0.08 


Axle Friction 

Axle Friction is that friction which opposes the turning of an axle in its bearing. Its 
value depends on (a) the method of lubrication, (h) the lubricant, (c) its temperature, 
(d) the velocity of rubbing, and (e) the intensity of pres- 
<nire on the bearing. 

If a cylindrical axle fits loosely in a cylindrical bear¬ 
ing, the bearing surface will be a narrow strip or element. 

If the axle turns in the direction of the arrow (Fig. 17), 
it will rise in the bearing to some positio n as show n. 

F is friction, N normal pressure, and 72 = V— 
resultant pressure of bearing on axle. Coefficient of 
frictim (/) is the ratio F/N. Angle of friction (</>) is 
defined by tan (f> = F/N = /. Since N and R are prac¬ 
tically equal, we may put N — R, giving F— fR. Then 
the torque exerted by the bearing during each revolu¬ 
tion of the shaft = rfR pound-inches where r = radius 
of shaft in inches. The power necessary to overcome 
friction when the axle makes n revolutions per second is 
P = TnrfR/Q foot-pounds per second. 

Pivot Friction 

Pivot Friction is that friction which opposes the turning of the end of a vertical, or 
inclined, shaft in its bearing. Some examples of pivot friction, with friction torque and 
power formulas applying, are shown in the following table: 
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Table II. Pivot Friction * 


/ s coefficient of friction. W » load in pounds. 

T » torque of friction about the axis of the shaft, 
r «= radius in inches, n =» revolutions per second. 


Type of Pivot 

Torque 2’ in Pound-inches 

Power P Lost by Friction in 
Foot-pounds per Second 


T => SWt 

! 

p = 2irn 

12 


Flat Pivot 


3 X 12 

Collar-bearing 

X 

.nil 

- mwm. 

wmmm. 


p _ 47rn _ r* 

3 X 12 ft* - r* 

Conical Pivot 

r 

T =2/3/fr -~ 
sin a 

p _ AirnfWr 

3 X 12 sin a 


Truncated-cone Pivot 

r-2/,,Hr _ 

^ _ 4irn /ir(ft3 - r3) 

(ft* - r*) Bin a 

1 

3 X I2(ft2 - r*) sin a 


* Hudson’s Manual, p. 105. 
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Belt or Coil Friction 

Belt or Coil Friction is that friction which opposes the slipping of a belt, rope, brake 
band, or similar article coiled about a pulley, sheave, post, capstan, or similar device. 
When power is being transmitted, say by a belt driving a 
pulley, the tension Ti on the driving side of the belt is greater 
than the tension T^, on the driven side. Neglecting the effect 
of centrifugal force, which is small at low speeds, the tensions 
are related by the formula T\/T^ « where c — 2.718 -1- 
(i.e., base of natural logarithms), / = coefficient of friction 
between belt and pulley, and a = angle of contact between 
belt and pulley (Fig. 18). Values of Tx/T^ for various values 
of / and a are shown in the table below. 



Table III. Maximum Ratio T 1 /T 2 (Slipping Impending) 


a Radians 






Values of 

/ ((Coefficient of 

Friction) 



Ik 

0 . 

10 

0 . 

15 

0 . 

20 

0.25 

0.30 

0.35 

0.40 

0.45 

0.50 

0 . 1 

1 

.06 

I 

, 1 

1 

, 13 

1.17 

1.21 

1.25 

1.29 

1 33 

1.37 

0.2 

1 

.13 

I 

21 

1 

29 

1.37 

1.46 

1.55 

1.65 

1.76 

1.87 

0.3 

1 

,21 

1 

,32 

1 

45 

1.60 

1.76 

1.93 

2. 13 

2.34 

2.57 

0.4 

1 

29 

1 

46 

I 

65 

1.87 

2.12 

2.41 

2.73 

3. 10 

3.51 

0.425 

1 

,31 

1 

,49 

1 

70 

1.95 

2.23 

2.55 

2.91 

3.33 

3.80 

0.45 

1 

33 

1 

53 

1 

76 

2.03 

2.34 

2.69 

3.10 

3.57 

4.11 

0.475 

1 

35 

1 

56 

1 

82 

2.11 

2.45 

2.84 

3.30 

3.83 

4.45 

0.5 

1 

37 

I 

60 

1 

87 

2.19 

2.57 

3.00 

3.51 

4.11 

4.81 

0.525 

1 

39 

1 

64 

1 

93 

2.28 

2.69 

3. 17 

3.74 

4.41 

5.20 

0.55 

1 

41 

1 

68 

2 

00 

2.37 

2.82 

3.35 

3.98 

4.74 

5.63 

0.6 

1 

46 

1 

76 

2 

13 

2.57 

3.10 

3.74 

4.52 

5.45 

6.59 

0.7 

1 

52 

I 

93 

2 

41 

3.00 

3.74 

4.66 

5.81 

7.24 

9.07 

0.8 

1 

65 

2 

13 

2 

73 1 

3.51 

4.52 

5.81 

7.47 

9.60 

12.35 

0.9 

1 

76 

2 

34 

3 

10 1 

4.11 

5.45 

7.24 

9.60 

12,74 

16.90 

l.O 

I 

87 

2 

57 

3 

,51 j 

4.81 

6.59 

9.02 

j 12.35 

16.90 

23.14 

1.5 

2 

57 

4 

11 

6 

59 

10.55 

l$.90 

27.08 

' 43.38 

69.49 

m.32 

2.0 

3 

51 

6 

59 

12 

35 

23. 14 

43.38 

81.31 

152.40 

285.66 

535.49 

2.5 

4 

81 

10 

55 

23 

14 

50.75 

111.32 

244.15 

535.49 

1,174.5 

2,575.9 

3.0 

6 

59 

16 

90 

43 

38 

111.32 

285.68 

733.14 

1,881.5 

4,828.5 

12,391. 

3.5 1 

9 

02 

27 

08 

81 

31 

244.15 

733.14 

2199.9 

6,610.7 

19,851. 

59,608. 

4.0 

12 

35 

43 

38 

152 

40 

535.49 

1881.5 

6610.7 

23,227. 

81,610. 

286,744. 


Power transmitted is given ])y P = (7’i — 7 * 2 ) where P is power in foot-pounds per 
second and v is velocity in feel per second. 

Coefficients of Belt or Coil Friction. U'he following moan values of friction coefficients 
are given in Hudson’s Manual, p. lOG; 


Table IV 

Leather on wood (somewhat oily). 0.47 

Leather on c.ast iron (somewhat oily). 0.28 

Leather on cast iron (moist). 0.38 

Hemp-rope on iron drum. 0.25 

Hemp-rope on wooden drum. 0.40 

Hemp-rope on polished wood. 0.33 

Hemp-rope on rough wood. 0.50 
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MECHANICS OF MATERIALS 


SIMPLE STRESSES 

By Jasper O. Draffin 

1. TENSION, COMPRESSION, SHEAR 

Stress or Total Stress is the resultant internal foroe that resists change in the size or 
shape of a body acted on by external forces. A change in size or shape begins when the 
load is applied and stops when the internal resisting stress holds the external forces in 
equilibrium. If the external forces acting on the body increase to the extent that the 
maximum stress that can lie developed is unable to balance the external forces, the change 
in form will increase rapidly and the lx)dy will break or rupture. Stresses are measured 
in the same units as the forces which prodin^e them, i.e., pounds, tons, etc;. 

Unit Stress or intensity of stress is defined as the stress per unit of area. Its value 
at any point of a section is the stress on an elementary part of the area, incluiling the 
point, divided by the elementary area, and generally varies from point to point of the 
section. When the stress (P) is uniformly distributed over an area (A), the unit stress (s) 
at any point of the area is the stress on the area divided by the whole area; i.e., 8 = P/A. 
.Unit stresses are expressed in pounds per square inch, tons per square foot, kilograms 
per square centimeter, and the like. 

Both total stress and unit stress are often referred to simply as “stress." Confusion 
will be avoided if the units used are stated. 

Tensile Stress or Tension is the internal force that resists the action of external forcou 
tending to increase the length of a body. Tension is developed in a bar when the exter¬ 
nal forces act on it in the directions away from its ends. See Fig. 1. The tendency is 

to separate the bar into two parts, A and 
B. To rnfiintain equilibrium each part is 
acted on at section ?/m by tensile stresses, $, 
whose resultant is equal and opposite in 
direction to the resultant of the external 
for<;es acting at the end of the part con¬ 
sidered. If the forces acting on one end of 
the bar total 1000 lb then the stress on the 
section mn equals 1000 lb. 

Compressive Stress or Compression is 
the internal force that resists the action of 
external forces tending to decrease the 
length of a body. Compression is devel¬ 
oped in a bar when external forces act on 
it in the directions toward its ends. In 
Fig. 2, the tendency of the external forces 
is to shorten the bar by pushing any two 
parts, as A and P, closer together. As long as equilibrium is maintained, the resultant 
of the compressive stresses acting on either part at section mn is equal and opposite in 
direction to the resultant of the external forces acting at the end of the part considered. 

Shearing Stress or Shear is the internal force acting along a plane between adjacent 
parts of a body when two equal forces parallel to the plane considered act on each part 
in opposite directions. The shear resists the tendency of one part to slide over the other 
part. In Fig. 3, the projecting part of the cantilever beam. A, is acted on by external 
vertical forces due to the weight of A and any loads that it carries. The resultant of 
these forces, P, is equal, parallel to, and opposite in general direction to the upward pres¬ 
sure or reaction, li, which acts on the part of the beam embedded in the wall. There 
exists, therefore, a tendency of the parts to asjsume the relative positions shown in Fig. 3. 
An internal force acting along the cross-section mn resists the tendency of A to slide ver¬ 
tically downward. This internal force is the shear acting on the cross-section. As long 
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as equilibrium is maintained, if P equals 1000 lb, R also equals 1000 lb, and the shear 
acting on the section equals 1000 lb. 

Simple Stress. Tension, compression, and shear are considered singly and in com- 
bination in engineering practice. When it is necessary to consider only one of these 
singly, the case is known as one of simple stress. ^ 

Normal Stress. A normal stress on a section is one that acts in a direction perpen¬ 
dicular to the section considered. 

Axial Stress. Axial tension or compression exists in a straight homogeneous bar when 
the resultant of the applied loads coincides with the axis of the bar. The stress then is 
distributed uniformly over any section normal to the axis of the bar. 

Axial tension is encountered in a vertical bar supported only at its upper end; the 
ter).sion caused by the weight of the bar and any load carried at its lower end is uniformly 
distributed over the cross-section of the bar. If the resultant of the applied load does 
not coincide with the axis of the bar, the stress is not uniform over the cross-section of 
the bar. For a bar held in an inclined position, even though subjected to axial force 
applied at its ends, the weight of the bar itself is an external force acting on it at an angle 
to its axis. Therefore, this is not simxde axial tension, and 

the stress is not uniform over a cros.s-section of the bar. ip A p 

Axial compression exists in a pier or prism of length not T I 

exceeding 0 to 8 times the least side or diameter, when the 
resultant of the load supported acts through the centers of 
gravity of the end sections. When the length is greater 
than 6 or 8 times the least side or diameter, the pier is 
regarded as a column in which some bending has taken 
place. Then the resultant of the load, though acting through 
tlio centers of gravity of the end sections, docs not coincide 
with the axis of the column; the stresses therefore are not 
uniformly distributed over a cross-section and the case is 
not one of simple axial compression. 

Effect of Notches and Holes in Members under Simple 
Stress. In the formula 8 — P/A, it is assumed that the 
stress is uniformly distributed over the cross-section of the 
member. But this is not true if there is any discontinuity 
in the cross-section, as an incjroase or decrease in area. 

In Fig. 4(a), a plate of width ?>, ^having a small hole of 
radius r, is subjected to an axial pull, P. The unit stress 

S], at any distance x from the center line, is given by the formula (Timoshenko and 
Lessclls, Applied Elasticity, p. 9), 

( 1 ) 
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W’here » is the unit stress, based on the load P and the area, using the full width b. Where 
the radius r does not exceed 6/12, the stress si = 3*. 

For an elliptical hole of major axis 2o and minor axis 26, Fig. 4(6), the maximum unit 
stress is ai = «(1 -f 2a/6). Notches of small radius on oiipoaite sides of a tension speci¬ 
men produce stresses approximately twice as great as the average stress; an example of 
this is the common briquette used in testing cement, in which the maximum tensile unit 
stress at the sides is 1.75 times the average stress (Coker, Proc. Inter. Soc. Test. Mat., 
1913). 


2. DEFORMATION UNDER STRESS 

Deformation is the amount of the change in the shape of a body caused by the appli¬ 
cation of external forces. When the external forces cause ten.sion the deformation is the 
amount that the body is increased in length; wlien they cause compression, it is the 
amount that the body is decreased in length; when they cause shear, it is the amount 
that one part of the body slips over the adjacent part. The deformations accompanying 
tension, compression, and shear are known, respectively, as elongation, shortening, and 
detnision. Deformations are measured by the same units of length used in measuring 
the linear dimensions of the Ixidy. 

Unit Deformation, or deformation per unit of length, is determined by dividing the 
total amount of deformation by the original length of the body before the load causing 
the deformation was applied. If a steel bar 8 in. long is stretched until it becomes 8.16 in. 
long the total deformation, in this case elongation, is 0.16 in.; the unit deformation, e, 
is 0.16 8 « 0.02 in. per in. of original length. 
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The ultimate unit defonnation is the unit deformation measured after the body has 
ruptured; it is usually expressed as a percentage of original length. Thus, if two marks 
on a bar of hard steel are 2 in. apart before a test and 2.30 in. apart after rupture, the 
ultimate unit deformation, c, is the difference between these distances divided by the 
original distance between the two marks: or e — 0.30 -5- 2.0 0.16 in. per in. *« 15 

per cent. 

Hooke’s Law. It has been found by experiment that a body acted on by external 
forces will deform in proportion to the stress developed as long as the unit stress does not 
exceed a certain value, which varies for the different materials. This value is the pro- 
portional limit. 

Stress and Strain. The word strain has been frequently used for the internal force 
in a body, or stress. It is present practice, however, to use the word strain as a synonym 
for deformation only. Thus the expression “stress and strain” is equivalent to the 
expression “stress and deformation.” Owing to the conflicting meanings of the word 
strain it has been suggested that it bo avoided, the w'ord deformation being used in its 
place. Physicists usually define strain as the deformation per unit length. 

The Proportional Limit is that unit stress at which the unit deformation begins to 
increase at a faster rate than does the unit stress, or it is the highest unit stress at which 
the stress is proportional to the deformation. It is determined by noting, on a stress- 
deformation diagram, the unit stress at 'which the curve departs from a straight line. 

The Elastic Limit is the maximum unit stress to which a material may be subjected 
and still be able to return to its original form upon the removal of the stress. When 
stressed beyond the elastic limit a body will return to its original form only partially 
and thereby acquires a permanent deformation or “set.” The determination of the 
elastic limit logically involves the application and release of a series of increasing loads 
on the specimen until a set is observed after the release of a load. This procedure is 
very slow; and, since for many metals experience does not indicate any significant differ¬ 
ence between the elastic limit so determined and the proportional limit, the proportional 
limit is often accepted as equivalent to the elastic limit, and is frequently called the 
proportiondl-daatic limit. It should be remembered, however, that there is no funda¬ 
mental relationship between the elastic limit and the proportional limit. In many of the 
older tests, particularly with timber, the proportional limit was incorrectly reported as 
the elastic limit. 

Johnson’s Apparent Elastic Limit. For some materials it is difficult to determine 
precisely the proportional limit since the point of departure of the stress-deformation 
curve from a straight line is not well defined. In view of this, J. B. Johnson proposed 

what he called the “apparent elastic limit” as the 
point on the stress-deformation diagram at which 
the rate of deformation is 50 per cent greater than 
at the origin. It is found by drawing a line, OA, 
Fig. 5, having a slope with respect to the vertical 
axis 50 per cent greater than the straight-line part 
of the curve; the unit stress at which this line is 
tangent to the curve, point B on the line O'A', Fig. 5, 
is the apparent elastic limit. 

The Yield Point of a material is the unit stress at 
which the deformation first increases markedly with¬ 
out any increase in the applied load. The yield point 
is always above the proportional limit and true elastic 
0 Unit Detormaiion limit. -Ductile metals have a well-defined yield point 

Fig. 5 which is practically the same value as the propor¬ 

tional limit. For this reason, and because of the 
method of commercial testing, the yield point of ductile metals is sometimes reported 
as the elastic limit, or as the commercial elastic limit. The A.S.T.M. Standards, 1933, 
E8-33, specify that the term, yield point, shall not be used in connection with material 
whose stress-deformation curve in the region of yield is a smooth curve of gradual 
curvature. 

Yield Strength is defined as the unit stress at which a material exhibits a specified 
limiting permanent set. It is a measure of the useful limit of materials, particularly of 
those whose stress-deformation curve in the region of yield is a smooth curve of gradual 
curvature. For methods of determining yield strength, see p. 5-87. 

The Ultimate Strength, tensile or compressive strength, of a material is the highest 
unit stress it can sustain before rupturing. 

The Point of Rupture, or breaking strength, is the unit stress at which the material 
tested breaks or ruptures. It is observed in tests on steel to bo slightly less than the 
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ultimate strength or maximum stress sustained before rupture because of the large reduc¬ 
tion in area before rupture. 

Stress-deformation Diagram. The relation between the unit stress and unit defor¬ 
mation for any material tested is shown conveniently by a stress-deformation diagram, 
in which ordinates to a curve represent unit stresses and abscissas the resulting unit 
deformations for all values of unit stress to the point of rupture. In a typical tension 
test on a bar of medium steel, the curve, Fig. 6, is a straight line up to a unit stress of 
about 35,000 lb per sq in., showing a constant ratio of unit stress to unit deformation. 
The proportional limit, point a, is the unit stress at which the curve deviates from the 
initial straight line. 

At a unit stress slightly higher than the proportional limit, point b, the curve becomes 
approximately horizontal, showing a rapid increase in deformation without any further 
increase in the stress; this unit stress is the yield point. For unit stresses beyond the yield 
point, the curve shows that the rate of deformation increases rapidly. The end of the 
curve, beyond point c, marks the point of rupture which is shown to be a little lower 
than the maximum unit stress (ultimate strength) sustained during the test. 



The form of the curve obtained from a teat will vary according to the material tested, 
and will be different for compression than for tension. For some materials, like cast iron, 
concrete, and frequently, timber, no part of the curve is a straight line. 

Modulus of Elasticity in tension or compression is the constant which expresses the 
ratio of unit stress to unit deformation for all values of unit stress not exceeding the 
proportional limit of a material. The terms coefficient of elaaticUy and Young's modulus 
are sometimes used to express this ratio. 

The deformation caused by any unit stress not exceeding the proportional limit may 
be computed if the modulus of elasticity is known. Consider a bar of length I and cross- 
sectional area A acted on by an axial load P which produces a total deformation e. The 
unit stress is P/A, and the unit deformation is e/l. Let E represent the modulus of 
elasticity, a the unit stress, and e the unit deformation, then 

„ Unit stress s P/A PI 

E = .-v-r-T-,-^ = , = — = _ (2) 


Unit deformation 
PI I 


(3) 


Since I and e are linear dimensions, e is an abstract number, and E is expressed in the 
same units as a, such as pounds per square inch, tons per square foot, or kilograms per 
square centimeter. 

This formula can be used only for unit stresses not greater than the proportional 
limit because for higher unit stresses the ratio a/c is not constant. The modulus of 
elasticity, E, is a measure of the stiffness of a body or its ability to resist deformation 
within the proportional limit of the material. The greater the modulus of elasticity the 
less will be the deformation for any unit stress not exceeding the proportional limit. 




6-06 


MECHANICS OF MATERIALS 


For tjiy g^iven material, the modulus of elasticity is often the same in tension or com¬ 
pression. Average values for steel, and wrought iron are respectively 30,000,000 lb per 
aq in. and 25,000,000 lb per sq in. Values for other materials are given in Table 23 Sec¬ 
tion 1, and Sections 11 and 12. Axial stresses are always implied when the unqualified 
term “modulus of elasticity” is used. 

Modulus of Elasticity in Shear. The expression for the modulus of elasticity in shear 
is similar to that for tension or compression; but in shear the deformation is in a direction 
lying in the plane of shear of the body. The modulus of elasticity in shear is sometimes 
called the modulus of rvjidity. 

Let Es be the .shearing modulus of elasticity, Sg the unit shearing stress, the total 
lateral deformation or dotrusion due to the shear, and eg the unit dotrusion, then 


or 


p _ Unit shearing strea.s _ ^ __ PI 

Unit detrusion tg eg/1 cgA 

Pl_ _ Sgl' 

AEg Eg 


(4) 

(5) 
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For metals, the shearing modulus of 
elasticity is approximately 0.4 times the 
tensile modulus of elasticity. 

Poisson’s Ratio. The elongation or short¬ 
ening of a bar under axial stress is accom¬ 
panied by a reduction of the cross-sectional 
area in tension and an increase in the cross- 
sectional area in compression. The two 
cases arc illustrated in Fig. 7. It has been 
e.stablished by experiment that the lateral 
unit deformation or change per unit diameter 
or other lateral dimension is proportional 
to the linear unit elongation or shortening. 


The ratio of latc'rul unit deformation to linear unit deformation within the elastic limit 
is known as Poisnoris ratio or the “ factor of lateral contraction.” Average values for 
the cominou materials of construction are as follows: 


Material. Steel Wrought Iron Cast Iron Brass Concrete 

Poisson’s ratio. 0.333 0.333 0.25 0.333 0.10 


Denoting Poisson’s ratio by X, and the lengtli and diameter of the bar, after stress 
has been acting, by h and d\, respectively, then 

For tension. /i = (1 -f t)l; di = (1 — Xe)d (6) 

For compression. h — — t)l; di — {I \t)d (7) 

in w'hich I and d are the original length and dianictcr and e the longitudinal unit elongation 
or shortening as the case? may be. 


3. PHYSICAL PROPERTIES OF MATERIALS OBSERVED IN TESTS 

Elasticity. A material is elastic when it i.s able to deform and return to its original 
shape upon the removal of the load. Regardless of the amount of deformation, the 
ability to recover its original form is the criterion of elasticity. Steel is elastic, within 
its clastic limit; but for Jiighcr unit stresses, causing greater deformations, much of its 
elasticity is lost, as the material only partially returns to its original form when the stress 
is removed. 

Ductility and Malleability are often used synonymously to indicate the ability of a 
material to undergo large permanent defoYraations without rupture. Ductility is com¬ 
monly thought of as the property which enables a material to be drawn into a wire, 
whereas malleability is the property which permits it to be beaten or rolled into thin 
sheets. Ductility is frequently more specifically defined as the ability to undergo large 
permanent deformations in tension, and malleability, the ability to undergo large perms'* 
nent deformations in compression. 

Plasticity. A material is plastic if the smallest load produces a permanent deforma¬ 
tion. A perfectly plastic material is non-elastic and has no ultimate strength in the ordi 
nary meaning of the terra. Lead is an example of a plastic material, for a prism tested 
in compression will deform permanently under a small load and will continue to deform 
as the load is increased until it flattens out into a thin sheet. Wrought iron and soft 
steel become plastic when stressed beyond the elastic limit in compression, their behavior 
resembling that of lead; when stressed beyond the elastic limit in tension they are partly 
elastic and partly plastic, the degree of plasticity increasing as the ultimate strength is 
approached. 
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Brittleness. A material which can be only slightly deformed without rupture is 
termed brittle. Brittleness is relative, no material being perfectly brittle, that is, capable 
of no deformation before rupture. Many materials are brittle to a greater or less degree, 
glass being one of the most brittle of materials. Brittle materials have relatively sliort 
stress-deformation curves, since they are capable of only small deformations before rup¬ 
ture. Of the common structural materials, cast iron, brick, and stone are to be consid¬ 
ered brittle in comparison with steel. 

Brittleness and Plasticity are opposite terms. Materials which have a high degree of plas¬ 
ticity have no brittleness, and they rupture with considerable reduction of area. Phe reduction 
of area at rupture may be considered the measure of the plasticity or brittleness of a material, a 
large reduction of area indicating a high degree of plasticity and little or no reduction of area 
indicating a high degree of brittleness. 

Toughness is the ability to withstand high unit stress together with great unit defor¬ 
mation, without complete fracture. The area under the curve of the stress-deformation 
diagram, area OAGH, or OJK^ Vig. 8, is a measure of the toughness of the material. The 
distinction between ductility and toughness is that ductility deals only with the ability to 
deform, whereas toughness considers both the ability to deform and the stress developed 
during deformation. 

Stiffness is the ability to resist deformation under stress. The modulus of elasticity 
is the criterion of the stiffness of a material. 

Hardness is the ability to resist very small indentations, abrasion, and plastic defor¬ 
mation. There is no single measure of hardness, as 'v*s not a single property but is a 
combination of several properties. 

Creep or Flow of Metals. This is a phase of plastic or inelastic action. Some solids, 
as asphalt or paraffin, flow appreciably at room temperatures under extremely small 




Fia. 9 Fig. 10 


stresses; while zinc, lead, and tin show signs of creep at room temperature under moderate 
stresses. At sufficiently high temperatures, practically all known metals creep under 
stresses which vary with the temperature, the higher the temperature the lower the stress 
at which creep takes place. This deformation due to creep continues to increase indefi¬ 
nitely and becomes of extreme importance in members subjected to high temperatures, 
a.s parts in turbines, boilers, superheaters, etc. Considerable work has been done on this 
phase of the strength of materials since about 1919. and many data have been accumulated, 
but the field has only begun to be explored. 

Creep Limit is the maximum unit stress under which the unit distortion will not 
exceed a specified value during a given period of time at a specified temperature. A 
value which has been much used in tests and which has been suggested as a standard for 
comparing materials is the maximum unit stress at which the creep does not exceed 
1 per cent in 100,000 hours. 

Types of Fracture. The materials of engineciring have varying degrees of elasticity, 
ductility, plasticity, and brittleness, which properties are partly indicated by the method 
in which a test specimen breaks. A bar of brittle material, as cast iron, will rupture in 
a tension test, as shown in Fig. 9o, in a clean, sharp fracture with very little reduction of 
cross-sectional area and very little elongation; in a ductile material such as structural 
steel, the reduction of area and elongation are greater, as shown in Fig. 96. In compres¬ 
sion, a prism of brittle material will break by shearing along oblique planes and the 
greater the brittleness of the material the more nearly these planes will parallel the direc¬ 
tion of the applied force. Figs. 10a, 106, and 10c, arranged in order of brittleness, illus¬ 
trate the type of fracture in prisms of brick, concrete, and timber. Fig. lOd reoresents 
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the deformation of a prism of plastic material, as lead, which flattens out under load 
without failure. 


1 WORK AND RESILIENCE 

External Work. If an axial load on a bar is increased gradually from zero to its 
final value, P pounds, causing an internal stress not greater than the proportional limit, 
the mean force acting is 1 / 2 P and the distance through which it acts is the deformation, 
e, inches. Let W be the external work performed on the bar, inch-pounds; then W » 
IJzPe. If « « the unit stress, pounds per square inch, caused by P, A ^ the sectional 
area in square inches, I « the length in inches, and E = the modulus of elasticity in 
pounds per square inch, then P = As, and for all values of s within the proportional limit, 
6 ** al/E. Substituting these values in the above expression, the work required to pro¬ 
duce deformation in terms of s, A, and I within the proportional limit may be expressed 
as follows: 

= (8) 

The factor 1 / 28 V-E is the work required per unit volume, the volume being Al; it is repre¬ 
sented on the stress-deformation diagram by the area of the triangle formed by the stress- 
deformation curve, the ordinate representing the unit stress considered, and the axis of 
deformations, area ODE or OBC, Tig. 8, p. 5 -07. 

Resilience is a term denoting stress energy which may be recovered from a deformed 
body when the load causing the stress is removed. Within the proportional limit, the 
resilience is equal to the external work performed in deforming the bar; therefore the 
resilience is equal to l/2(«^/ii’) X AL When s is equal to the proportional limit the fac-v 
tor is known as the modulus of resilience, it being the measure of the capacity of a 

unit volume of the material to store stress energy up to the proportional limit. Average 
values of the modulus of resilience under tensile stress, in inch-pounds per cubic inch, 
for various materials are given in Table I. 

The total resilience of a bar is the product of its volume and the modulus of resilience. 
The above formulas for work performed on a bar and its resilience do not apply if the 
unit stress is greater than the proportional limit. 


Table 1. Average Values of Tensile Modulus of Resilience and Toughness 

(Inch-pounds per cubic inch) 


Material 

Modulus of 
resilience 

Relative toughness (area 
under curve of stress-de¬ 
formation diagram) 


1.2 

70 


17.4 

3800 


11.6 

11000 

Low-carboii steel. 

15.0 

15700 

Medium-carbon steel. 

34.0 

16300 

High-oarbon steel. 

94.0 

5000 

Ni-Cr steel, hot-rolled. 

94.0 

44000 

Vanadium steel, 0.98% C, 0.2% V, heat-treated. 

Duralumin, 17 8T. 

260.0 

43.0 

22000 

10000 

Rolled bronze. 

57.0 

15500 

R.ollnd brass. 

40.0 

10000 

Oak. 

2.3* 

13* 


* Bending. 


Work Required for Rupture. Since beyond the proportional limit the deformations 
are not proportional to the stresses, 1 / 2 P does not express the mean value of the force 
acting. The formula W = Il 2 { 8 ^/E)AI therefore does not express the work required for 
deformations after the proportional limit of the material has been passed, and cannot 
express the work required for rupture. The work per unit volume required to produce 
deformations beyond the proportional limit or for rupture may, however, be determined 
from the stress-deformation diagram, as it is measured by the area included between the 
axis of abscissas, and the stress-deformation curve up to the deformation in question, as 
OAOH or OJK, Fig. 8, p. 5-07. This area, however, does not represent the resilience, 
since part of the work done on the bar is present in the form of heat and cannot be recov¬ 
ered. The total work required for rupture, area OAGH, is taken as a measure of the tough¬ 
ness of the material. See p. 5-07. 
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Shear Due to an A^al Stress. When an axial load acts on a bar it causes normal 
stress on the cross-sections and both normal and shearing stress on sections inclined to 
the axis. Thus in Fig. 11 the axial load P may be resolved into components Pi and P* 
acting parallel and normal to any inclined plane as mn. Pi causes shear and Pa causes 
normal stress on the oblique section. When the section mn makes an angle pf 0° or 90° 
with the axis, the shearing stress will bo zero. When the section mn makes an angle of 
45° with the axis of tlie bar, the unit shearing stress due to axial load (tensile or com¬ 
pressive) is at a maximum and is 

1 P 

where A is the cross-sectional area of the bar. 


Shear Due to Normal Stresses at Right Angles. When two forces act on a body in 
directions at right angles to each other, causing unit stresses si and 82 (tensile stress con¬ 
sidered positive and compressive stress negative) on planes normal to the direction of 


the applied forces, the maximum unit shearing 
stress is “ * 2 ) acts along each 

of the two planes that make an angle of 45° with 
the planes normal to the direction of the applied 
forces. 




Fig. 11 


Fig. 12 


Tensile or Compressive Stress Due to Shear. In a body subjected to shear (e.g., a 
bar in torsion), a particle of unit dimensions shown enlarged in Fig. 12 has acting upon it 
the couple and balancing it, the couple sg'd. For equilibrium the two couples must 
be equal, hence = s*'. These stresses will result in a maximum tensile force normal 
to the plane through AC and perpendicular to the paper, Pt = and a maximum 


unit tensile stress normal to this plane, at = 


Vi 


= 8 a. Similarly, normal to the plane 


through BD and perpendicular to the paper, there is a maximum unit compressive stress 
fi,. = Sg. These stresses are particularly important in brittle materials which, when sub¬ 
jected to torsion, usually fail in tension with a helical fracture. 

Combined Axial Stresses. Assuming tensile stresses to be positive and compressive 
stresses negative, the normal stress on a section due to several aijplied axial loads is 
equal to the algebraic sum of the normal stresses caused by each load. Thus if a bar is 
subjected to applied axial loads Pi, P2, P3, and P4 causing unit stresses on the cross- 
section of the bar cciiial to -20,000, +12,500, -6000, and +8000 lb per sq in., respec¬ 
tively, the normal axial unit stress is —5500 lb per sq in., 
the negative sign indicating that the combined stress is com¬ 
pressive. 

Deformation Due to Normal Stresses at Right Angles. 

Let «i and s?. be the unit tensile stresses in each of the two 
directions on the element of plate in Fig. 13, the direction of 
each stress being normal to the plane on which it acts. The 
stress Si will produce a unit elongation ei = s\/E in the direc¬ 
tion of si, and at the same time, a unit lateral contraction 
of Xci in the direction of 82 where X represents Poisson’s ratio. Fia. 13 

Similarly the unit stress S 2 will produce a unit elongation of 

€2 ** 82 /E in the direction of S 2 and a lateral contraction of X €2 in the direction of si. 
The resultant unit elongation in the direction of si will then be ci — X€ 2 , and in the 



direction of 82 it will be 62 *- Xei. If the stress S 2 were compression and the stress «i 
tension, the resultant elongation in the direction of 81 would be ei + X€ 2 i and the result¬ 
ant contraction in the direction of 82 would be €2 + Xei. 
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The effect then of two normal stresses acting at right angles to each other on a plate 
is to reduce the resultant deformation if both stresses are alike, and to increase the re¬ 
sultant deformation if the stresses are unlike. By experiment, a « eE, and for a uniaxial 
stress this accords with the definition that a =s P/A; but if the resultant unit deformation 
due to biaxial loading is multiplied by E, the modulus of elasticity, the resulting unit 
stress in the direction of either applied load will not be the same as that obtained by 
a as P/A, Thus the question is involved whether the liability of the member to fail is 
measured by the stress based on the external loads or by the deformation of the material. 
There is a lack of complete agreement as to which criterion should be used, but if both 
stresses are tension or compression, it is on the side of safety to neglect the effect of the 
lateral stresses and to use the stress based on the external loads, or a = P/A. If the 
lateral stresses are of opposite sign from the longitudinal stresses, and increase the longi¬ 
tudinal deformation, the effect of the increased deformation may need to bo considered. 
See Seely, Resistance of Materials, 2nd I'ld. (John Wiley & Sons, New York), pp. 234-239. 

Combined Tension or Compression and Shear. If a particle is subjected to tensile 
or compressive as well as shearing stresses there will be a plane in the particle normal to 
which the unit tensile or c.ompressive stress will be a maximum, and two planes, each at 
an angle of 45® to the one on which the maximum unit tensile or compressive stresses 
occur, on which the unit shearing stress will bo a maximum. In Fig. 14, the particle is 
subjected to a unit shearing stress of and a unit tensile stress of at. Then (Seely’s 
Resistance of Materials or Boyd’s Strength of Materials), 

*^max ~ (^</2) “h “H (9n) 

and the plane m-n to which it is normal is at an angle 6 t with the direction of St such that 
tan 20t = — 2i^a/s^ With the same combination of stresses the maximum unit com¬ 
pressive or minimum unit tensile stress, at 90° to the maximum unit tensile stress, is 

“ ^'inax ~ d’ (*^^) 

The maximum unit shearing stress under this combination of stresses is 

*’«max ~ “t" (•’{/-)■* (9c) 

and the angle 6 ^ of tlie planes p-q, 90° apart, on whiidi the stress aids, is given by tan 

20 , = ai/{2iia). 




Where the stresses are shear and compression, Fig. 15, the maximum unit compressive 
stress is 

«.inax = + (»,/-’)- (lOo) 

and the angle 0,. of the plane to which it i.s normal is given by tan 20c = 2s8/{ic. The 

maximum unit shearing stress is _ 

S^in.ax + M2)'\ (ICh) 

and the angle 0, of the plane on which it acts is given by tan 20« = — «c/(2s«). The 
maximum unit tensile stress for this combination of stresses is, 

»(n.« = = (»./2) - Vs.= + (s,/2)=. (10c) 

6. ALLOWABLE STRESS AIO) FACTOR OF SAFETY 

The Allowable Unit Stress or the allowable working unit stress, commonly called 
allowable stress or working stress, is the maximum unit stress to which it is considered 
a member may safely be subjected when in service. The term allowable stress is prefer¬ 
able to working stress since the latter is sometimes used to indicate the actual stress in 
a material when in service. The allowable unit stresses for different materials *or various 
conditions of scr^riee are specified by different authorities on the basis of test or experi¬ 
ence. In general, for ductile materials, the allowable stress is considerably leas than 
the yield point. 
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The Factor of Safety is the ratio of the ultimate strength of the material to the allow¬ 
able stress. The term was originated for determining the allowable stress. The ulti¬ 
mate strength of a given material divided by an arbitrary factor of safety, dependent 
upon material and the use to which it is to be put, gives the allowable stress. In present 
design practice, it is customary to use allowable stress as specified by recognized authori¬ 
ties or building codes rather than this arbitrary factor of safety. One reason for this 
decreasing importance of the factor of safety is that it is misleading in that it implies a 
greater degree of safety than actually exists in a materia]. For example, a factor of safety 
of 4 does not mean that a member can carry a load four times as great as that for which 
it was designed. It should also be clearly understood that, even though each part of a 
machine is designed with the same factor of safety, the machine as a whole does not have 
that factor of safety. When one part is stressed beyond the proportional limit, or par¬ 
ticularly the yield point, the load or stress distribution may l>e completely changed through¬ 
out the entire machine or structure, and its ability to function may thus bo changed 
though no part has ruptured. 

Though no definite rules can be given, if a factor of safety is to be used the following 
circumstances should be taken into a(;count in its selection: 

1. W hen the ultimate strength of the material is known within narrow limits as for structural 
steel for which teats of samples have been made, when the load is entirely a steady one of a known 
ariioiint and there is no reason to fear the deterioration of the metal by corrosion, the h^west factor 
that should be adopted is 3. 

2. W'hen the circumstances of 1 are modified by a portion of the load being variable, as in 
floors of warehouses, the factor should be not Icjis than 4. 

3. When the whole load, or nearly the whole, is apt to be alternately put on and taken off, 
as in suspension rods of floors of bridges, the factor should be 5 or 6. 

4. When the stresses arc reversed in direction from tension to compression, as in some bridge 
diagonals and parts of machines, the factor should be not less than 6. 

5. W’^hen tlie piece is subjected to repeated shucks, the factor should be not less than 10. 

6. When the piece is subjected to deterioration from corrosion the see lion should be sufficiently 
increased to allow for a definite amount of corrosion before the piece will be so far weakened by it 
as to require removal. 

7. When the strength of the material or the amount of the load or both arc uncertain, the 
factor should be increased by an allowance sufficient to cover the amount of the uncertainty. 

8. When the strains are of a complex character and of uncertain amount, such as those in the 
crankshaft of a reversing engine, a very high factor Is necessary, possibly even ae liigh as 40. 

9. If the property loss caused by failure of the part may be large or if loss of life may result, 
as in a derrick hoisting materials over a crowded street, the factor should be large. 

In Table II are the average values of the factors of safety for different conditions as 
given by Merriman (Mechanics of Materials). 

The factors given by different authorities for some materials show a remarkable 
difference; for example, Rankine specified a factor of safety of 4 for masonry under dead 
load whereas Unwin specified a factor of 20. This may possibly be explained as follows: 
If the actual crushing strength of a pier of masonry is known from direct experiment, then 
a factor of safety of 4 is sufficient for a pier of the same size and quality under a steady 
load; but if the crushing strength is merely assumed from figures given by authorities 
vvhicdi may bo an average of a wide range, then a factor of safety of 20 may be none too 
great. Here the factor of safety is really a “factor of ignorance.'’ 


Table II. Average Values of Factor of Safety 


M ateriul 

Steady 

stress 

Variable 

stress 

Shocks 

M aterial 

Steady 

stress 

Variable 

stress 

Shocks 

Cast irciii . 

6 

10 

20 

Hard steel. 

5 

8 

15 

W rought iron. 

4 

6 

10 

Timber. 

8 

10 

15 

f^tructural steel.... 

4 

6 

10 

Brick and stone.. . 

15 

25 

40 


7. REPEATED STRESS 

Parts Subjected to Repeated Stress. W'here parts of a structure or machine are 
subjected to varying or repeated loads, the ordinary methods of computing stresses and 
of determining the strength of materials under static load conditions are not satisfactory. 
In general, in excess of one-half to ten million repetitions of loading are necessary before 
the parts come under this classification. Such parts are crankshafts, shafts carrying 
rotating parts, as in motors and generators, turbine blades, valve parts, piston rods in 
steam engines, floor beams in elevated railroads, etc. 
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Character of Failure. Under repeated loadings, failures take place suddenly and 
without warning. Formerly, it was supposed that vibration caused a change in the 
structure of the metals, making the fibrous material crystalline and brittle. Thus the 
term fatigue of metaU came to be applied to this phenomenon. It is now well known that 
all metals are crystalline, and the mechanism of fatigue” failure under repeated stress 
appears to be that very tiny particles of metal are stressed beyond the elastic limit. As 
the stress is repeated, a tiny crack, sometimes called a fatigue crack, is formed and pro¬ 
gresses until failure occurs. This action is referred to as a progressive failure. Therefore, 
where the load is repeated, anything which causes a concentration of stress is a source ci 
weakness. 

Determination of Endurance Limit. The highest unit stress, s, at which a material 
can be subjected to a very large number of repetitions of loading, N,\ and still show no 
evidence of failure is called the endurance limit. This is usually found for any given metal 
by constructing an s-N diagram for that particular metal from data obtained by tests, 

stress. This load is then repeated 
until failure occurs. Other speci¬ 
mens are then tested at different 
values of the unit stress, until finally 
enough points have been obtained 
to plot a curve. This curve will 
incline steeply at the higher stresses 
and gradually flatten out at the 
lower stresses until it approaches 
a horizontal line. “ The unit stress 
at which the curve becomes hori¬ 
zontal is called the endurance limit. 
Such a curve plotted to logarithmic 
scales is shown in Fig. 16. The 
ordinate of the horizontal portion 
is the endurance limit. The most 
common test is that of reversed bending by the rotating beam method, since this spe¬ 
cimen is the most easily made and the testing machines are the cheapest. But tests are 
also made in direct tension, direct shear, direct compression, reversed torsion, and on 
various combinations of these. 

Values of Endurance Limit. Moore and Kommers, and Moore and Jasper {Bull. 
*Eng. Exp. Sla., Univ. of Ill., Nos. 124 and 130, 1921, 1923) reach a number of conclusions 
concerning wrought ferrous metals. A summary of the more important of these follows: 

1. It is considered as well established that for wrought ferrous inetals there is an endurance 
limit stress below which they will withstand an indefinite number of repetitions of stress. 

2. In reversed bending, there is a fairly definite relation between the cndunince limit and the 
ultimate tensile strength and the iJrincll hardness number. The endurance limit is about 50per 
cent of the ultimate tensile strength, with values ranging between 40 per cent and 60 per cent. 
The endurance limit is between 200 and 2.50 times the Briuell hardness number. 

3. There is no relation between the endurance limit and impact test results nor repeated-impact 
test results. 

4. The endurance limit in reversed torsion (shear) varies from 48 to 60 per cent of the endurance 
limit in reversed bending. 

6. The endurance limit in reversed axial stress (tension to compression) varies from 56 to 70 
per cent of the erulurance limit under reversed bending with nearly all the values 60 per cent or 
above. The reason for this low value is that practically all axial loads arc slightly eccentric and 
cause bending. Irwin {Proc. A.S.T.M., vo4. xxv, Pt. II, p. 53, 1925), with a specially designed 
machine, found the reversed axial stress to be practically the same as that in reversed bending. 

A report of Research Committee on Fatigue of Metals {Proc. A.S.T.M., vol. xxx, 
Pt. I, p. 259, 1930) gives a concise statement of the state of knowledge at that date, which 
corroborates the above conclusions with the following changes or additions: 

1. There is no general relationship between the yield point or the proportional limit and the 
endurance limit. 

2. For cast ferrous metals the endurance limit is about 40 per cent of the tensile strength. 

3. For non-ferrous metals there is no definite relationship between the endurance limit and 
the tensile strength, the values varying between 18 and 50 per cent. 

4. For cast ferrous metals the endurance limit is about 26 per cent of the modulus of rupture. 

5. For wrought ferrous metals the endurance limit is about 250 times the Brinell number for 
numbers under 400. For Brinell numbers exceeding 400, the relationship does not hold. For cast 
ferrous metals and for non-ferrous metals sufificient data are not available to permit judging the 
degree of correlation. 

Table III gives the endurance limit and other properties of a number of ferrous metals. 
Table IV gives similar information for non-ferrous metals. The values of the endurance 


A piece of metal is so loaded as to produce a given 
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limit lor heat-treated steels vary according to the treatment, ranging from 29,300 to 
68,000 lb per sq in. for a 0.49 per cent carbon steel, from 50,000 to 108,000 lb per sq in. 
for a 1.20 per cent carbon steel, and from 64,000 to 120,000 lb per sq in. for a 3.50 per cent 
nickel steel. Table V summarises the endurance ratios (ratio of ultimate tensile strength 
to endurance limit) for different types of stress. Moore and Kommers in Fatigue of 
Metals (McGraw-Hill, New York, 1927), p. 147, state that the ratio of the endurance 
limit in reversed torsion to the endurance limit in reversed bending averages as follows: 
Plain carbon steels, 0.55; alloy steels, 0.58; non-ferrous metals, 0.52. 

Table HI. Properties of Ferrous Metals Tested under Repeated Stress 
{Bull. Eng. Exp. Sta., Univ. of Ill., Nos. 124, 136, 142, 152, 156, 164, 165) 




Endur- 


Endur- 

Yield 

point. 

Com¬ 


Yield 

Ultimate 

anoe 

Yield 

ance 


point, 

strength, 

limit 

point, 

limit 

Brinell 

Tension, 

Tension, 

Reverseti 

iShear, 

Reversed 

hardness 

lb per 

lb per 

bending, 

lb per 

torsion. 

pression, 
lb per 
sq in. 

number 

sq in. 

sq in. 

lb per 
sq in. 

sq in. 

lb per 
sq in. 



Steel 


0 18% C hot-rolled. 

40,300 

61,500 

28,000 





0.37% C normalized. 

34,900 

71,900 

33,000 

22,500 

16,000 

38,i00 

132 

0.37% C sorbitic. 

87,300 

102,600 

57,000 

60,200 

32,500 

84,500 

209 

0.52% C normalized. 

47,600 

98,000 

42,000 

34,600 

22,000 

51,000 

193 

0.52% C sorbitic. 

84,300 

111,400 

55,000 

52,200 

>1,500 

87,400 

227 

0.93% C pearlitic. 

33,400 

84,100 

30,500 

22,500 

16,300 

29,700 

162 

0.93% C sorbitic. 

67,600 

115,000 

56,000 

42,000 

29,000 

72,700 

227 

1.20% C normalized. 

60,700 

116,900 

50,000 

39,700 

24,500 

57.900 

224 

1.20% C sorbitic. 

130,100 

179,900 

92,000 

80,600 

48,000 

111,500 

369 

CyrltipH TTietuI. 

62,000 

115,900 

55,000 


37,000 


239 

steel. 

36,300 

112,200 

48,000 


26,000 


208 

Cold-drawn screw stock. 

55,200 

86,800 

41,000 




Aln-steel, 0.94% Mn, 0.34% C. 





0.037% Ni. 

42,100 

83,400 

37,000 




154 

Mn-steel, 0.94% Mn, 0.34% C, 





0.037% Ni, sorbitic. 

63,750 

97,500 

48,000 




196 

0.35% C, 1.17% Mn, cast_ 

39,000 

80,800 

32,000 



. 

179 

0.25% C, 0.68% Mn, cast. . . . 

26,700 

67,200 

27,000 




119 


Cast and Wrought Ikon 


0.02% C, Armco. 

W rought iron, longitudinal sec- 
1,i<in . 

19,000 

24,000 

42,400 

46,900 

26,000 

23,000 

13,600 

12,700 

20,600 

69 

105 

Cast-iron pipe, 1 1*2 in. tliick. . . 

26,200 

12,000 



96,000 

162 

Cast iron, 1 in. thick. 


31,600 

10,500 



111,000 

148 

Cast iron, 3V2 in- thick. 


25,300 

9,000 



85,000 

132 


Effects of Scratches and Defects on Endurance Limit of Rolled or Forged Ferrous 
Metals. The beginning of rupture under repeated stress is supposed to be at a jjoint of 
discontinuity in the material. The same principle applies to a discontinuity on the outer 
surface where, in bending or torsion, the stress is greatest. The presence of scratches, 
sharp corners, or grooves reduces the endurance limit an appreciable amount. Moore 
and Kommers {Bull. Eng. Exp. Sta., Univ. of III., No. 124) obtained the following reduc¬ 
tions in the endurance limit, using steel of 0.02 per cent C and 0.49 per cent C, with results 
the same for each steel. The experiments were performed on bars of 0.40-in. diameter 
and turned down to 0.275-in. diameter at the bottom of the notch. 


Type of defect 

Percentage reduction 
in endurance limit 
based on a standard 
specimen 

1 

Type of defect 

1 

Percentage reduction 
in endurance limit 
based on a standard 
specimen 

Groove, 9.85-in. radius.. 

0 

Notch, 1 / 2 -in. wide, 


Groove, 1-in. radius. 

0 

square shoulders. 

51 

Groove, 1/4-in. radius. . . 

8 

Notch, 90“ V. 

60 
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Table IV. Properties of Non-ferrous Metals and Alloys under Repeated Stress 


Material 

Propor¬ 
tional 
limit. 
Tension, 
lb per 
sq in. 

Ultimate 
tensile 
strength, 
lb per 
sq iu. 

Endur¬ 
ance 
limit, 
Reversed 
bending, 
lb per 
sq in. 

Endur¬ 
ance 
limit. 
Reversed 
torsion, 
lb per 
sq in. 

Hriuell 

hard¬ 

ness 

num¬ 

ber 

3000 

Kg 

Au- 

thoritj 

Alunnnuin 








11,275 

22,600 

10,500 


45* 

1 

Duralumin 




As received (rolled, heated to 930® F, 








25,030 

50,960 

14,000 


100 * 

2 

Tempered, as received bars heated to 925® 




F, 30 min, quenched iu boiling water 







2 hr. 

18,550 

51,170 

12.000 


100 * 

2 

Annealed, as received bars heated to 700' 






6,800 

25,250 

10,860 


50* 

2 

Magnesium 





1,224 

32,490 

7,800 


41* 

1 

+ 4% Al, extruded as round rods 





from 2 l 5 /i( 5 -in. irmots at 350"400“ F. .. 

8,125 

35,160 

12,000 


52 

6 


13,500 

39,010 

15,000 


58 

6 


12^000 

4b330 

n’ooo 


61 

6 

4-6.5% Al, +0.25% Mu, extruded as 





15,250 

44,380 

15,000 


65 

6 


14,250 

39,030 

11.000 


60 

6 

Electron metal 





rolled, Mg +4% Zn. 

6,260 

36,500 

17,000 


64* 

2 

Nickel 




Cold-rolled, annealed at 550® F, 60 min. 








69.000 

165.500 

40,000 

18,500 


3 

Hot-rolled, annealed at 1400® F, 60 min. 




cooled in furnace. 

25,100 

76,200 

31,500 



3 

Hot-rolled to f’/s in- round and drawn to 




9/i 6 in. at 2000“ F, drawn to I /2 in. 







round at 1600® F, annealed at 1600® F 







and cooled in furnace. 

11,300 

69,900 

28,000 


90 

4 

Monel metal 




As received, treatment unknown. 

50,700 

89,600 

32,000 


163 

4 

Ilot^rolled to 1 Vs in. round. 

49,600 

89,800 

32,000 


169 

4 

Constantan 






Hot-rolled, tested as received. 


70,500 

34,500 

14,500 


3 

German silver 




11% Ni, 60% Cu, 29% Zn. cold-drawn. 







tested as received. 

12,500 

58,700 

17,000 



3 

18% Ni, 65% C-u, 17Vo Zn, cold-drawn, 







tested as riMieivcd. 

20,300 

62,400 

22,000 



3 

Copper 





Cold'drawn, annealed bar cold-drawn to 







f /2 in. round and left hjird. 

38,400 

56,203 

10,000 


104 

4 

Annealed, extruded to 1 in. round at 




1380® F, cold-drawn to Vs in. and an¬ 







nealed at 1290® F 30 min, cold-drawn 







to * 5/4 in- and annealed at 1290® F, 30 







nun. 

- 3,200 

32.400 

10,000 


47 

4 

Brass 



60-40, cold drawn, annealed bar cold- 







drawn to 1/2 in. round and left hard . . 

43,200 

96,700 

26,000 


179 

4 

60-40, annealed, extruded to 1 in. round 







at 1290® F, and annealed at 1020' I 







30 mill, drawn to 3/4 in. and aniicalcil ai 







1020“ F. 

15,600 

54,200 

22,000 


72 

4 

Naval, 61- 38, rolled, tested as received,.. 

33.400 

68,200 

21,000 


13.5* 

1 

70-30, cold-rolled. 


73,200 

17,500 



5 

7(b-30, cold-rolled, annealed 400® F 90 






min, cooled in furnace. 

26,000 

73,000 

20,000 



5 

70-30, cold-rolled, anneale.d 1200® F 60 




min, cooled in furnace.. 


45.000 

15,000 



5 

81-19, cold drawn, tested as received. . . . 

21,000 

76,500 

23,000 



5 

81-19, cold-druwn, annealed 450® F 60 






min, cooled in furnace. 

27,700 

80.500 

26,000 



5 
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Table IV —Continued 


Material 

Propor¬ 

tional 

limit. 

Tension, 
lb per 
sq in. 

Ultimate 
tensile 
strength, 
lb per 
sq in. . 

Endur¬ 
ance 
limit. 
Reversed 
bending, 
lb per 
sq in. 

Endur¬ 
ance 
limit. 
Reversed 
torsion, 
lb per 
sq in. 

Brinell 

hard¬ 

ness 

num¬ 

ber 

3000 

Kg 

Au¬ 

thority 

Brass— cont. 







81-19, cold-drawn, annealed 1000“ F 60 







min, cooled in furnace. 

7,500 

44,000 

17,500 



5 

Muntz mrttal 




Hot-rolled, quenened in iced brine and 







drawn at 840“ F. 

20,000 

65,600 

18,000 



3 

Bronze 




95-5, cold-rolled, tested as received. 

23,000 

55,800 

22,500 



5 

95-5, cold-rolled, annealed 1200“ F 60 




min, cooled in furnace. 

11,500 

48,100 

22,500 



5 

89-11, cold-rolled, tested as received. 

38,000 

82,800 

27,000 



5 

89-11, cold-rolled, annealed at 1 100" F 60 





min, cooled in furnace. 

24,500 

67,600 

27,000 



5 

Mn-Bronze 




Hot-rolled, annealed 1200“ F 60 min. 







cooled in furnace. 


67,000 

16,500 



3 

57% Cu, 41% Zn, cast. 

13,000 

70,000 

15,000 


93* 

2 

Al-Bronze 




90% Cu, 10% Al, extruded to 1 9/32 in. 







diam., drawn to 1 V-l in. diam., quenched 







in water from 1650“ F annealed 1150“ 







F 30 min, cooled in furnace... 

16,890 

77,530 

34,000 


128 

6 

90% Cu, 10% Al, cast. 

5,080 

59,320 

22,000 


96 

6 

90% Cu, 10% Al, cast, quenclicd from 



1650“ F, annealed 1200“ F 30 min. 







cooled in furnace. 

24,890 

77,750 

26,000 


142 

6 


Authorities: (1) R. R. Moore, Proc. vol, xxv, Pt. II, 1926; (2) R. R. Moore, Proc. 

A.ii.T.M., vol. xxiii, Pt. II, 1923; (3) I). J. McAdani, Trans. A.S.S.T., vol. vii, 1925; (4) H. F, 
Moore and T. M. Jasper, Bull. No. 152, Bng. Exp. Sta., Univ. of Ill., 1925; (6) D. J. McAdam. 
Trans. A.S.S.T., vol. viii, 1925; (G) R. 11. Moore, Proc. A.S.T.M.^ vol. xxiv, Pt. II, 1924. 

* 500 kg. 

Table V. Endurance Ratios for Ferrous Metals under Different Stress Conditions 


Endurance Ratio,* Per Cent 


Character of Stress 1 

Wrought metals 

Cast steel 

Cast iron, gray 


40-55 

42 

33-46 

p0Yersed tc*rsic>Ti. 

21-37 

Axial zero to ft mnximiini. 


49 

Axial compression, zero to a maximum. . . 
Axial tension to axial compression. 



59 

24-40t 



* The ratio of the ultimate tensile strength to the endurance limit. 

1 With precise loading devices this value has been found to be practically the same as in reversed 
bending, but such rehiieinent in loading cannot be obtained in practice. 


Tho surface finish has an appreciable effect on the endurance limit. The standard 
finish used in tho experiments of Moore and Koramers was obtained by polishing a smooth 
turned specimen with No. 0 and 00 emery cloth. Unpolished smooth turned specimens 
had an endurance limit 8 to 12 per cent lower than those that wx>re polished; a rough 
turned finish gave a slightly lower value than the smooth turned finish. For cast-iron 
specimens having a 60° groove with a bottom radius of 6/64 in., the reduction in the en¬ 
durance limit w'as only 8 per cent. Clearly, the effect of scratches, grooves, and external 
discontinuities is not so great in cast iron as in steel, probably because they are a rela¬ 
tively small addition to the large internal discontinuities of the material. 

According to the theory of elasticity, a small hole, of diameter less than i/e the diam¬ 
eter of the specimen, should cause a stress at the edge of the hole three times the stress 
based on a uniform stress distribution, and therefore should reduce the endurance limit to 
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33 per cent of that whieh would be obtained on a solid specimen. Tests on rotating beams 
of various steels with a small hole drilled throu gh a diameter gave endurance limits from 
50 to 35 per cent of those for the solid beams, showing that these theoretically high stresses 
do not produce corresponding failures. This is probably due to readjustments in the 
ductile metal. 

Effect of Range of Stress. The endurance limit as determined by a rotating beam is 
the endurance limit for a complete reversal of stress from tension to compression, and 
vice versa. The endurance limit is less for a complete reversal than it is for those stress 
combinations where the stress goes only from a maximum to zero, or from a maximum 
to a minimum which is above zero. Howell {Bull. Eng. Exp. /Sla., Univ. of Ill., No. 136) 
proposed the empirical relation 8 » 8i(r -f- 3)/2, where s = endurance limit for the range 
of stress r; ai « endurance limit for completely reversed stress of the same character as 
8 , i.e., direct stress, bending, torsion, etc.; r = ratio of the minimum stress to the maxi¬ 
mum stress for a cycle of stress; for instance, if the stress varies from 6000 lb per sq in. 
compression to 10,000 lb per sq in. tension, the ratio r would be ~ 6000/+10,000 = —0.60. 
Using the above notation, a formula was suggested by Moore, Kommers and Jasper 
{Proc. A.S.T.M.t vol. xxii, Pt. II, 1922) where s = 3si/(2 — r). Tliis gives values for 
forged or rolled iron and steel which accord fairly well with tests, being on the safe side. 
For a complete digest of data, see Report of Research Committee on Fatigue of Metals, 
Proc, A.S.T.M., vol. xxx, Pt. I, p. 259, 1930. 

Effect of Corrosion. If a part is subjected to repeated loads and at the same time 
to corrosive agencies the endurance limit may be greatly reduced from its normal value 
as determined in air. McAdam at the U. S. Naval Eng. Exp. Sta., Annapolis {Proc., 
A.S.T.M., vol. xxvi, Pt- II, p. 224, 1926, the first of many papers), has experimented 
on various steels with a number of corrosive agents. He found that the endurance limit 
may be reduced to one-third its normal value. Even so mild an agent as a stream of 
fresh water may reduce the endurance limit one-half, and salt water or water containing 
other salts in solution is very destructive. Practically all steels are affected, the corrosion- 
resistant ones less so than ordinary steels. Steam at 220 lb per sq in., and 700° F, without 
appreciable amounts of oxygen or litiuid water did not greatly affect chromium-iron or 
nickel-steels, but when these steels were tested in air under a jet of steam their strengths 
were reduced (Fuller, Tech. Pub. No. 294, A.I.M. & M.E., and Metal Progress, July, 1931, 
p. 79). 

In corrosion-faiigue, the stress need not bo high enough to have started fatigue cracks 
without corrosion. The protective film of oxide breaks down under alternating stress 
and allows the formation of corrosion pits which progress more rapidly under stress than 
without it. The pits cause a high concentration of stress at the bottom, and this cycle 
of the pit increasing the stress and the stress increasing the depth of the pit continues; 
when the stress has been raised beyond the endurance limit, a fatigue crack starts. Since 
fatigue action is not a function of time but of the number of reversals of stress, whereas 
corrosion is a function of time, it has not yet (1935) been possible to obtain “corrosion- 
fatigue” values which can be used directly in design. 

The most effective method of protection is to keep the parts subjected to repeated 
loads from contact with corrosive agents as much as possible. Where this is not possible, 
a protective coating of some elastic material, such as varnish, cement, or enamel, will 
aid. Certain substances called inhibitors, such as sodium chromate, introduced into the 
corrosive stream or applied in some other way, have been found to help in restoring the 
protective film on the metal. 


8. ENERGY LOADS 

Classification of Loads. A static load is one that increases gradually from zero to its 
full intensity; its effect on a bar has been considered in preceding paragraphs. A suddenly 
apphed load is one that just touches a bar before it is released and then acts at its full 
intensity from the beginning to the end of the deformation. A moving load is one that 
is moving when it is brought to bear on the bar; the effect of such a load, which is denoted 
by the word impact, is much greater than that of a static or a suddenly applied load. 
Suddenly applied and moving loads are often termed dynamic loads or energy loads. 

Relation between Stored Energy and Size of Member. The external work (see 
p. 5-08) performed in deforming a bar within the proportional limit is i/ 2 S*AZ//?, where 
8 is the unit stress, A is the cross-sectional area of the bar, I is its length, E is the modulus 
of elasticity. This is also the energy stored in the bar. Since the energy absorbed varies 
directly as the square of the unit stress, it follows that large amounts of energy will be 
absorbed by those portions where the stress is high. It is important that where high 
•tresses occur they should be present over as great a length of the member as possible. 
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If one part of a rod must have a small diameter it is advisable to have as great a length 
of the rod as possible with the same small diameter, as otherwise there will be a high 
concentration of energy in a small portion of the member and failure may result. See 
Seely, Resistance of Materials, 2nd Ed., p. 271. 

Effect of Sudden Loads. If a sudden load P be applied to a bar, it will cause defor¬ 
mation d, and the work done by the load will be Pd. Since the external work equals 
the internal work, Pd — s^Al/2E, and since € = s/E, P = 8A/2, or s — 2P/A. The 
unit stress, and also the unit deformation, is double that under an equal load applied 
gradually. # 

However, the bar does not maintain equilibrium at the point of maximum stress and 
deformation, but, after a series of oscillations in which the surplus energy is dissipated 
in heat, it comes to rest finally with a deformation and stress due to the equal static 
load. 

Stress Due to Live Loads. In structural design two loads are considered, the dead 
load or weight of the structure and the liv'e load or superimposed loads to be carried. 
The stresses due to the dead load and to the live loads respectively are computed sepa¬ 
rately, regarding each as a static load. It is obvious that the stress due to the live load 
may be greatly increased, depending on the suddenness with which the load is applied. 
It has been shown above that the stress due to a suddenly applietl load is double the 
stress caused by a static load. The term coefficient of imjxict is used extensively in 
structural engineering to denote the number by which the computed static stress is mul¬ 
tiplied to obtain the value of the increased stress assumed to be caused by the suddenness 
of application of the live load. If s = static unit stiess computed from the live load, and 
i = coefficient of impact, then the incre.ase of unit stress due to sudden loading is and 
the total unit stress due to the live load is s -f m. The value of i hiis been determined 
by empirical methods and varies according to different conditions. In the building codes 
of most cities, specufiod floor loads for buildings include the impact allowance, and no 
increase is needed for live loads ex(Hq)t for special cases of vibration or other unusual 
conditions. For railroad bridges, the value of i depends upon the proportion of the 
length of the bridge which is loaded. The Report of the Building Code Committee of 
the U. S. Bureau of Standards, Minimum Live Loads Allowable for Use in Design of 
Buildings, 1925, records results of experiments by A. H. Fuller, Iowa State College. A 
gymnasium balcony carried by steel beams, with one end resting on a masonry wall and 
the other supjjortcd ))y rods attachiMl to a roof truss, was loaded with a crowd of men 
and gave the following results: 


Action of Crowd 

Percentage Increase of Live Load 
Static Stress Due to Dynamic Effect 

8 uHi)ender rod 

Floor beams 

Teetering on toes in various ways. 

30 to 165 
Averagtj 65 

50 to 55 

10 to 55 
Average 35 

35 to 155 
Average 80 

35 to 45 

15 to 50 
Average 35 

Rising suddenly from a sitting position in chairs. 

Cheering and giving college yells. 



Unpublished tests by L. J. Larson on the concrete stadium at the University of Illinois 
during football games gave no measurable impact effect when crowds rose during exciting 
plays. As it is improbable that an ordinary crowed in a i)ul)lic building w'ill act in perfect 
unison, a coefficient of impact i = 0.5 should be sufficient, and i — 0.8 is ample, for 
ordinary light structures. No increase in the static stress is needed when the mass of 
the structure, as in monolithic concrete, is great. For machinery and for unusual condi¬ 
tions, such as elevator machinery and its supports, each structure should be considered 
by itself and the coefficient assumed accordingly. 

It sliould be noted that the meaning of the word impact used above differs somewhat 
from its strict theoretical meaning and as it is used in the next paragraph. The use of 
the terms impact and coefficient of impact in connection with live load stresses is, how¬ 
ever, very general. 

Axial Impact on Bars. If a load P is dropped from a height h on to the end of a verti¬ 
cal bar of cross-sectional area A, rigidly secured at the bottom end, there is produced in 
the bar a unit stress which increases from 0 up to «' with a corresponding total deforma¬ 
tion increasing from 0 up to e\. The work done on the bar is P{h -f- ci) which, provided 
no energy is expended as heat or in giving velocity to the bar, is equal to the energy 
1 / 28 'A.ei stored in the bar; i.e., PQi -}- eO = If e is the deformation produced 

1—14 
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by a static load P, then, within the proportional limit, ~ = "p/^* which combined with 

the previous equation gives _ _ 

= « + and ei = c-}-e'^l+~ ( 11 ) 

A wrought-iron bar 1 in. square and 5 ft long under a static load of 5000 lb will be 
shortened about 0.012 in., assuming that no lateral flexure occurs; but, if a weight of 
5000 lb drops on its end frons a small height of 0.048 in., a stress of 20,000 lb will be 
produced. 

The formulas above give values of stress and deformation duo to impact that are 
somewhat large, because part of the energy of the applied force is not effective in pro¬ 
ducing stress but is expended in overcoming the inertia of the bar and in producing local 
stresses. For light bars, they give approximately correct results. 

If the bar is held horizontally and is struck at one end by a weight P moving at a 
velocity V producing a deformation ci, then, as above, i/ 28 'A ei = Ph, where h is the height 
through which P would have to fall to acquire the velocity F, and is given by A = V'^f2g, 
in which g is the acceleration due to gravity, usually taken as 32.16 ft per sec per sec. 

61 8 ^ 

Combining with — = "STTi there result 
C P j A. 

s' = a and ci = e ( 12 ) 


Impact on Beams. If a weight P falls upon a horizontal beam from a height h, pro¬ 
ducing a maximum deflection j/i and a maximum unit stress s' in the extreme fiber, the 
value of s' and yi is given by 

«' = « + #Vl + 2 h/y and vi = v + j/VT+'^ (13) 


where s is the extreme fiber unit stress and y is the deflection d\ie to P, considered as a 
static load. The value of s may be obtained from the flexure formula (p. 6-21); that of 
y from the proper formula for deflection under a static load. 

If a weight P moving horizontally with a velocity V strikes a beam, the ends of which 
are secured against horizontal movement, the maximum fiber unit stress and the maxi¬ 
mum lateral deflection are given by 


/ A 

-i/— and 2/1 = 1/ V— 
^ y ^ y 


(14) 


where « and y are as given above and h is height through which P would have to fall to 
acquire the velocity V. 

These formulas, like those for axial impact on bars, give results larger than those 
observed in tests, particularly if the weight of the beam is great. For further discussion 
of this subject, see Seely’s Resistanc'.. of Materials, 2 nd Ed., Chapter 11 . 

Rupture from Impact. Since the stresses caused by moving loads increase with the 
velocity of the load, it is obvious that rupture may be caused by impact provided the load 
has the requisite velocity. The above formulas, however, do not apply, since they are 
valid only for stresses within the proportional limit. There being no rational formulas 
for rupture due to impact, the only information available has been obtained through 
experiment. The relation between the work required for rupture from impact and the 
work required under static loads has been determined by Hatt. From nearly 200 experi¬ 
ments he determined that the work required for rupture from impact was about 30 per 
cent greater than that required by static loads. From available test data it does not 
seem that the ultimate elongation under impact (dynamic) loads is widely different from 
that under static loads. For the results of a large number of impact tests on cast iron, 
see Proc. A./S.T.Af., vol. xxxiii, Pt. 1, p. 87 ff., 1933. 
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BEAMS 

By Jasper O. Draffin 


9. THEORY OF FLEXURE 


Types of Beams. A beam is a bar or structural member subjected to transverse 
loads that tend to bend it. Usually beams are horizontal bars designed to carry vertical 
loads, but any structural member acts as a beam if bending is induced by external trans¬ 
verse forces. 

A Simple Beam (Fig. la) is a horizontal member that rests on two supports at the 
ends of the beam. All parts between the supports have free movement in a vertical plane 
under the influence of vortical loads. 

A Fixed Beam, Constrained Beam, or Restrained Beam (Fig. Ih) is one that is rigidly 
fixed at both ends or rigidly fixed at one end and simply supported at the other. 

A Continuous Beam (Fig. Ic) is a member resting on more than 
two supports. 

A Cantilever Beam (Fig. Id) is a member with one end project¬ 
ing beyond the point of support, free to move in a vertical plane 
under the influence of vertical loads placed between the free end 
and the support. 

Phenomena of Flexure. When a simple beam bends under 
its own weight, the fibers on the upper or concave side are short¬ 
ened, and the stress acting on them is compression; the fibers on 
the under or convex side are lengthened and the stress acting on 
them is tension. In addition to the longitudinal stresses acting on 
the fibers, shear exists along each cross-section, the intensity of the 
shear being greatest along the sections at the two supports and zero at the middle section. 

When a cantilever beam bends under its own weight the fibers on the upper or convex 
side are lengthened under tensile stresses; the fibers on the under or concave side are 
shortened under compressive stresses; the shear is greatest along the section at the sup¬ 
port and zero at the free end. 

The Neutral Surface is that horizontal section between the concave and convex sur¬ 
faces of a loaded beam, where there i.s no change in the length of the fibers and no tensile 
or compressive stresses acting upon them. 

The Neutral Axis is the trace of the neutral surface on any cross-section of a beam 
(Fig. 2). 

The Elastic Curve of a beam is the curve formed by the intersection of the neutral 
surface with the side of the beam, it being assumed that the longitudinal stresses on the 
fibers are within the elastic limit. 

Reactions at Supports. The reactions or upward pressures at the points of support 
are computed by applying the following conditions necessarj" for equilibrium of a system 
of vertical forces in the same plane: (1) The algebraic sum of all vertical forces must 
equal zero; i.e., the sum of the reactions equals the sum of the downward loads. (2) The 
algebraic sum of the moments of all the vertical forces must equal zero. 




1 

A 

a 

p 




m 

b 

m 

1 1 


z 

c 

- z 


Fig. 1 



X I 

-Tension->| 

Neutral Surface-]— 


Load 


Compression 
- 1 - 


Fig. 2 




Fio. 3 


Fig. 4 


From the first condition it is evident that in the case of a cantilever beam, whore there 
is but one support, the reaction is equal to the sum of ail vertical forces acting down¬ 
ward, comprising the weight of the beam and any loads that come upon it. Where 
there are two supports and the load is uniformly distributed, as is usually the case of the 
weight of the beam itself, or if equal concentrated loads are placed at equal distances 
from the center of the beam, each support carries one-half of the total load and the reac¬ 
tions are equal. If a beam supported at two points is not uniformly loaded each reaction 
must be computed separately by applying the second condition for equilibrium. Thus; 
in Fig. 3 let .Ki and R 2 be the two reactions of a simple beam 20 ft long weighing 1200 lb, 
which carries concentrated loads of 2000 lb and 3000 lb at distances of 5 ft and 9 ft, respec¬ 
tively, from the left support. Taking a center of moments for convenience at the left 
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support, and regarding tho weight of the beam as a concentrated load applied at its cen¬ 
ter of gravity 

+ 2000 X 5 + 3000 X 9 + 1200 X 10 - i22 X 20 = 0. = 2450 lb 

Taking a center of moments at the riglit support 

X 20 - 2000 X 15 - 3000 X 11 - 1200 X 10 = 0. JRi = 3750 lb 

■Ri + R'i ” 6200 lb which is equal to the sum of all tho loads acting downward. 

Conditions of Equilibrium. Imagine a vertical plane cutting the beam, Fig. 4, into 
two parts at any section mn. The external forces acting on either part, comprising the 
loads and the reaction, are held in equilibrium by the tensile, compressive and shearing 
stresses acting on the fibers of the cross-section. From the conditions necessary for static 
equilibrium of a system of forces in one plane the following fundamental laws are deduced 
for the stresses at any cross-section: 

(1) Sum of horizontal tensile stresses = sum of horizontal compressive stresses. 
(2) Resisting shear = vertical shear. (3) Resisting moment = bending moment. 

Vertical Shear. At any cross-section of a beam the resultant of the external vertical 
forces acting on one side of the section is equal and opposite to the resultant of the ex¬ 
ternal vertical forces on the other side of the section. These forces tend to cause the 
beam to shear vertically along the section. The value of either resultant, wdiitdi is a 
measure of the shearing tendency, is known as the vertical shear at the section considered. 
It is usually computed by finding tho algebraic sum of the vertical forces to the left of the 
section, that is, it is equal to tho left reaction minus the sum of tho vertical downward 
forces acting between the left supjiort and the section. 

A Shear Diagram is a grapliic representation of the vertical shear at all cross-sections 
of the beam. Thus in Fig, 5 the ordinates to the lino .4OR represent to scale tho inten- 
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sity of the vertical shear at the corresponding sections of tho simi>le beam. In tliis case 
the vortical shear is greatest at the supports whore it is equal to tho reactions, and it is 
zero at the center of the span. In the cantilever beam, Fig. 6, the vertical shear is great¬ 
est at the point of support where it is equal to tho re.action, and it is zero at the free end. 
Fig. 7 shows graphically the vertical shc^ar on all .sections of a simple beam carrying two 
concentrated loads at equal distances from the supports, the weight of the beam being 
neglected. 

Resisting Shear. The tendency of a bt'am to shear vertically along any cross-section 
due to the vertical shear is opposed by an internal shearing stress at that cross-section 
known as tho resisting shear; it is equal to the algebraic sum of the vertical components 
of all tho internal stresses acting on the cross-section. 

If y = vertical shear, pounds; ]> = resisting shear, pounds; s* = average unit shear¬ 
ing stress, pounds per square inch; and -4 = area of the section, then at any cross-section 

F 

Vr = V = svl; (1) 


The resisting shear is not uniformly distributed over the cross-section, but the in¬ 
tensity varies from zero at the extreme fiber to it.s maximum value at the neutral axis. 

At any point in any cross-section the vertical unit shearing stress, pounds i>er square 
inch, is 




T^V 

it 


( 2 ) 


where V = total vertical shear, pounds, for the section considered; A' — area, square 
inches, of cross-section between a horizontal plane through the point where the shear is 
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being found and the extreme fiber on the same side of the neutral axis; d = distancer 
inches, from the neutral axis to the center of gravity of the area A'\ 1 ^ moment of in¬ 
ertia of the section, inches^; i = width of section at plane of shear, inches. For a solid 
rectangular beam, the maximum value of the unit shearing stress is 


— 


W 

2A 


(3) 


where = total area, square inches, of cross-section of the beam; for a solid circular beam, 
the maximum unit shearing stress is 

4V 

«* = TO 

Horizontal Shear. If at any j oint within a » iect to stress, there exists a 

unit shearing stress along one pla^ there must ^ ^ equal unit shearing stress 

along a perpendicular plane throu^ at point. For ^ -i^ ‘this see Laurson and Cox: 
Properties and Mechanics of Maty^^® '•''.John Wiley & ^7 Now York), p. 134. In a 
beam, at any cross-section where t»^^® vertical shearing force there must bo resultant 
unit shearing stresses acting on th.^^ propej faces of i>articles which lie at that section. 
On a horizontal surface of such a poin^ there ia a unit shearing stress equal to the 
unit shearing stress on a vertical in,o J of the particle. Equation 2 therefore also 
gives the horizontal unit shearing stre® ‘fit any point on the cross-section of a beam. 

Bending Moment. The bending eiit, or moment, at any cross-section of a beam 
is the algebraic sum of the moments ot the external forces acting on either side of the 
section. It is considered positive when it causes the beam to bend convex downward, 
lienee causing compression in upper libers and tension in lower fibers of beam. When 
the bending moment is determined from the forces that lie to the left of the section, it is 
positive if it acts in a clockwise direction; if determined from forces on the right side, it 
is positive if it acts in a counter-clockwdse direction. If the moments of upward forces 
are given positive signs, and the moments of downard forces negative signs, the bending 
moment will always have the correct sign, whether determined from the right or left side. 
The bending moment should be determined for the side for which the calculation will be 
simplest. 

in Fig. 6 let M be the bending moment, pound-inches, at a section mn of a simple 
beam at a distance x, inches, from the left supiiort, w = weight of the beam per 1 in. 
of length, and I == length of the beam, inches. Then the reactions are '^/ 2 wl and M = 
1 I 2 WI.X — '^l^x.wx. For the sections at the supports x = 0 or i and M = 0. For the 
section at the center of the span x = 1 / 2 ^ and M = where W is the total 

weight. 

A Moment Diagram (Figs. 5, 6, and 7) shows the bending moment at all cross-sections 
of a beam. Ordinates to the curve represent to scale the moments at the corresponding 
cross-sections. The curve for a simple beam uniformly loaded is a parabola showing 
M — 0 at the supports and M = = ^IsWl at the center, M being in pound-inches. 

The Dangerous Section i.s the crosH-s(5ction of a beam where the bending moment is 
greatest. In a cantilever beam the dangerous section is at the point of support, regard¬ 
less of the dispo.sition of the loads. In a simple J)eam it is that section where the vertical 
shear changes from positive to neg.ative, and may ]>e located graphically by constructing 
a shear diagram, or iiumeri(;ally by taking the left reaction and subtracting the loads in 
order from the left until a point is reached where the sum of the loads subtracted equals 
the reaction. For a simple beam uniformly loaded, the daiigerous section is at the cen¬ 
ter of the span. 

Resisting Moment, The tendency to rotate about a point in any cross-section of a 
beam is due to the bending moment at that .section; this tendency is resisted by the 
resisting moment -w^hich is the algebraic sura of the moments of all the horizontal stresses 
W’ith reference to the some jjoint. 

Formula for Flexure. If M = bending moment, Mr = resisting moment of the hori¬ 
zontal fiber stresses, « == unit stress (tensile or compressive) on any fil)er, usually that most 
remote from the neutral surface, and c = distance of that fiber from the noutriil surface, 
then 

M = Mr = s = — (5) 


where I is the moment of inertia of the cross-section with respect to its neutral axis. 
If s is in pounds per square inch, then M must be in pound-inches, I in inches^, and c 
in inches. (For proof of the relation M = al/c, see Seely’s Resistance of Materials.) 
Formula 5 is the basis of the design and investigation of beams. It is true only when 
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4 Jbe maximum horizontal fiber stress s does not exceed the proportional limit of the 
material. 

The Moment of Inertia is the sum of the products of each elementary area of the 
cross-section multiplied by the square of the distance of that area from the assumed 
axis of rotation, or 

I = AA <= f r‘‘ dA (6) 

in which S is the sign of summation, A-4 == an elementary area of the section, and r = 
distance of A A from the axis. It is evident that the moment of inertia is greatest in 
those sections (such as I-beams) having much of the area concentrated at a distance from 
the axis. Unless otherwise stated the neutral axis is the axis of rotation considered. 
J is usually expressed in inches'*. 

Modulus of Rupture. To determine the ultimate strength of a material in bending, 
a beam is loaded to rupture and the maximum load *iiiich it carries is noted. The flexure 
formula, a = Mcll, is true only for stresses within* Iht proportional limit of the material. 
Therefore, the value, «, of the rupture strength /^^d oj^ed from the breaking load by this 
equation is incorrect. However, the equation^ctioii and the nominal value so found is 
called the modulus of rupture, which is a mesf'Tho val^he ultimate load-carrying capacity 
of the beam. If the strengths in tension ancthc vertession are different, the modulus of 
rupture is intermediate between the two. It is ^ o>e noted that the modulus of rupture 
does not express the actual stress in the extreme J*^ber of a beam, but is a quantity useful 
only as a basis of comparison. fr*' 

The Section Modulus is the factor I/c in th^^flexure formula. It is a measure of the 
capacity of a section to resist any bending moment to which it may be subjected. The 
section modulus is expressed in inches*. For values of I and I/c for simple shapes used 
as beam sections, see Table I. Properties of standard structural shapes are given in 
Tables 64 to 70, Section 1, and properties for other geometric sections in Table II, p. 4-20. 


Table I. Properties of Sections of Beams * 


Section 
of beam 

Moment of inertia, 

/, inchcfl^ 

Section modulus, 

I/c, inches-^ 

Radius of gyration, 
k, inches 

i 


- 

bd^/12 

bd^Q 

d/Vl2 = 0.289d 

T 

•B 

± 

l-il 

r^i>n 

i- 

b\di^ — 62^2* 

12 

— 62^2* 

Odi 

/ 6idi3 - M2* 
\l2(6idi- 62 d 2 ) 

i 

\ 

1 

irdV 04 

7rd3/32 

d/4 



- d2^)/64 

ir(d,* - d2^)/32di 

V di2 + d22/4 


6d3/30 

6d2/24 (min.) 

d/VlS = 0.236d 


* See also Table II, p. 4-20. 


Elastic Deflection of Beams. When a beam bends under load, all points of the elastic 
curve except those over the supports are deflected from their original positions. The 
radius of curvature p of the elastic curve at any section is expressed as 

El 
M 


(7) 
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where E =» the modulus of elasticity of the material, pounds per square inch; I « moment 
of inertia, inches^, of the ei-oss-section with reference to its neutral axis; and M «= bending 
moment, pound-inches, at the section considered. Where there is no bending moment p 
is infinity and the curve is a straight line; where M is greatest p is smallest and the curva¬ 
ture, therefore, is greatest. 

If the elastic curve be referred to a system of coordinate axes in which x represents 
horizontal distances, y vertical distances, and I distances along the curve, the value of p 
by the aid of the calculus is found to be dH/dx.d^y. Substituting this value in the expres¬ 
sion p = EI/M and assuming that dx and dl are practically equal there results the follow¬ 
ing differential equation of the clastic curve which applies to all beams when the elastic 
limit of the material is not exceeded: 


El 


d^y 

dx- 


M 


( 8 ) 


Equation 8 is used to determine the deflection of any point of the elastic curve by 
regarding the point of support as the origin of the coordinate axis and taking y as the 
vertical deflection at any point on the curve and x as the horizontal distance from the 
support to the point considered. The values of E, /, and M are substituted and the 
expression is integrated twice, giving proper values to the constants of integration, and 
the deflection y is determined for any point. Sec Table III. 

Example. The cantilever beam shown in Fig. 2 has a length = 2, inches, and carries a load P, 
pounds, at the free end. It is required to find the deflection of the elastic curve at a point dis¬ 
tant X, inches, from the support, the weight of the beam being neglected. 

The moment M ~ — l\l — x)\ substituting in ( 8 ), the equatioii for the elastic curve becomes 
EI(d'^y/dx^) =— T2 + Px. Integrating and determining the constant of integration by the con¬ 
dition that dy/dx — 0 when x = 0, there results EI{dy/dx) ~ — Plx + Ij^Px^. Integrating a 
second time and determining ^b^constant by the condition that x 0 when y *= 0 , there results 
Ely = — elastic curve. When x — I the value of y, 

or the deflection in inches a< ^^ found to be — Pl^/ZEI. 

Deflection Due to of a beam as computed by the ordinary 

formulas is that due to flekuilli trdy. In short beams the deflection due to ver¬ 

tical shear is sometimes appreciable and may need to be considered. Because of the 
non-uniform distribution of the shear over the cross-section of the beam, computing the 
deflection due to shear by exact methods is difficult. It may bo approximated by yg = 
MlAEg, where yg = deflection, inches, duo to shear; M = bonding moment, pound- 
inches, at the section where the deflection is calculated; Eg = modulus of elasticity in 
shear, pounds per square inch; A = area of cross-section of beam, square inches (see 
Seely’s Resistance of Materials, 2nd Ed., p. 136). Swain says (Strength of Materials, 
McClraw-Hill Book Co., p. 223) that for a rectangular section the ratio of deflection due 
to shear, to deflection due to bending, will be less than 5 per cent, so long as the depth 
of the beam is less than i/s of the length. 


10. BEAMS OF UNIFORM CROSS-SECTION 

Design Procedure. In designing a beam the procedure is: (1) Compute the reactions. 
(2) Determine the position of the dangerous section and the bending moment at that 
section. (3) Divide the maximum bending moment (expressed in pound-inches) by the 
allowable unit stress (expressed in pounds per square inch) to obtain the minimum value 
of the section modulus. (4) Select a beam section with a section modulus equal to or 
slightly greater than the section modulus required. 

Web Shear. A beam designed in the above manner is safe against rupture of the 
extreme fibers due to bending in a vertical plane, and usually the cross-section will have 
sufficient area to sustain the shearing stresses with safety. For short beams carrying 
heavy loads, however, the vertical shear at the supports is large, and it may be necessary 
to increase the area of the section to keep the unit shearing stress within the limit allowed. 
For steel beams, the average unit shearing stress is computed by = F/A, where V =* 
total vertical shear, pounds; and A = area of web, square inches. For allowable average 
unit shearing stresses in cross-section of web of girders and rolled steel beams, as specified 
by different authorities, see Table II. For timber beams, see Horizontal Shear in Timber 
Beams, p. 5-25. 

Miscellaneous Considerations. Other considerations which will influence the choice 
of section under certain conditions of loading are: (1) The maximum vertical deflection 
that may be permitted in beams coming in contact with plaster. (2) The danger of 
failure by sidewise bending in long beams unbraced against lateral deflection. (3) The 
danger of failure by the buckling of the web of steel beams of short span carrying heavy 
loads. (4) The danger of iMllure by horizontal shear, particularly in wooden beams. 
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Table H. Allowable Unit Stresses for Structural Steel as Specified by Different 

Authorities 


All stresses in pounds per square inch. 2 — length of member; b == width of flange; k ** radius 
of gyration; d = depth of web plate; t »= thickness of web plate; all dhnenBioiis in inches._ 


Character of Stress 

Report of U. S. Bureau of 
Standards 

A.I.S.C. 1934, 
New York City 

A.R.E.A 

Acceptable 
Steel * 

Standard 

Steel 

Axial tension 

16,000 

18,000 

18,000 

16,000 

Direct compression 

12,500 

14,000 

18,000 

12,500 

Compression in columns 

16,000-60//A; 

Max. 12,500 

18,000-702/A: 

Max. 14,000 

18,000 

15,000-502/A: 

Max. 12,500 

1 4-2^/(18,000/^2) 
Max. 15,000 

Fiber stress in iicxure in tension 
or in oompression where l/b is 

15 or less 

16,000 

18,000 

18,000 

16,000 

Compressive fiber stress in flexure 
for l/b greater than IS and 
not exceeding 40 

19,600-2402/6 

22,000-2702/2) 

20,000 

16,000- 1502/6 

1 -h2V(200062; 

Fiber stress on pins 

24,000 

27,000 

27,000 

24,000 

bearing on plane faced or rolled 
surfaces 

24,000 

27,000 


24,000 

Shuar in gross section of web of 
girders or rolled beams where 
d/t does not exceed value indi¬ 
cated as Q. 

C>«43 

10,700 

(2=43 

12,000 

0 0 

10,000 

Shear where djt exceeds the value 
indicated as Q 

<2 - 43 

13,300-62d/2 

(2=43 

15,000-70d/2 

Q -60 t 
18,000 


l-|-d‘-i/(720022) 

Shear in power-driven rivets or 
turned bolts 

12,000 

13,500 

13,500 

12,000 

Shear in hand-driven rivets or 
rough bolts 

9,000 

10,000 

10,000 

9,000 

Bearing on power-driven rivets, 
pins, or turned bolts in reamed 
holes, single shear 

24,000 

24,000 

24,000 

24,000 

Bearing on power-driven rivets, 
pins, or turned bolts in reamed 
holes, double shear 

30,000 

30,000 

30,000 

24.000 

Bearing on hand-driven rivets or 
unfinished bolts, single shear 

16,000 

16,000 

16,000 

18,000 

Bearing on hand-driven rivets or 
unfinished bolts, double shear 

20,000 

20,000 

20,000 

18,000 


* Steel acceptable to the building official but the origin and physical characteristics of which are 
not determined. 

t New York specifies no values beyond Q = 60. 

Vertical Deflection. When a beam is to be used to support or come in contact with 
materials like plaster, which may bo broken by excessive deflection of the beam, it is 
usual in practice to select such a beam that the maximum deflection will not be greater 
than 1 / 36 O of the span. 

It may be shown that for a simple beam, supported at the ends, with a total uniformly 
distributed load W, pounds, the deflection, inches, is 

sL2 
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where s = allowable fiber unit stress, pounds per square inch; L « span of beam, feet; 
E = modulus of elasticity, pounds per square inch; d =* depth of beam, inches. 

If the deflection of a steel beam is to be less than 1 / 36 O of the span, it may be shown 
from equation 9 that, for a maximum allowable fiber stress of 18,000 lb per sq in., the 
limit of span in feet is approximately 1.8 times the depth of the beam in inches. 

For the deflection due to the impact of a moving load falling on a beam, see p. 18. 

Lateral Deflection. When a beam carries vertical loads, the tensile stresses in the 
fibers tend to hold the tension flange of the beam in line, but the compressive stresses 
tend to cause lateral bending of the compression flange. To obtain security against 
failure of long beams by excessive lateral deflection, sidewise bracing of the compresson 
flange should be used or the aj^owable unit stress for the compression fibers should be 
reduced. The specifications for steel structures of the American Bridge Company pro¬ 
vide that “ the lateral unsupported length of beams and girders shall not exceed 40 times 
the width of the compression flange. When the unsupported length I, inches, exceeds 
10 times the width b, inches, of the compression flange, the stress jicr square inch shall 
not exceed (19,000 — 300//fc).” The values specified by other authorities are given in 
Table II. See Examples in I^eam Design, p. 5-30. 

Buckling of the Web. When a short-span steel beam, carrying heavy concenti^tod 
loads, has sufficient web thickness safely to resist shearing stresses, there is still a possi-^ 
bility that the beam is overloaded when the web is considered as a long slender column. 
The probability of this type of failure is not great if the web thickness is a relatively 
large percentage of tlie depth of beam, but it is great if the web is thin and the depth 
of the beam relatively large. Failure of the web by buckling may be guarded against 
by increasing its thickness, or by riveting stiffening angles to it. The A.i.S.C. specifica¬ 
tions require stiffeners to bo placed on the webs of rolled beams and plate girders at the 
ends, at point of concentrated loads, and at other points where h, the clear distance 
between flanges, inches, is more than 85fV 18,0()0(A/T^) -- 1, where t = thickness of web, 
inches; A = gross area <)f web, square inches; and V = total ver tical shear at the section. 
W^here stiffeners are required, the distance between them shall not be more than 
85 fVl8,000(A/F) — 1 inches or more than 6 ft. 

Also, the web over a support may crush, if the end liearing is too short; with a thick 
web, crushing at the junction of the web and flange may occur, but with a thin web and 
deep beam the wob probably will buckle because of column action before it will crush. 
Security against this excessive stress in the web may bo provided by stiffening angles 
riveted to the web and bearing against the flanges over the support. Sucdi stiffening angles 
should bo placed either directly over the support or at a distance from the support equal 
to the dcjith of the beam. If stiffening angles are not used, the allowable reaction recom¬ 
mended by the A.I.S.C. (A.I.S.C.: Steei C'onsiruction, 1934) is given by R = sbtia + d/4), 
where at = 18,IK)0/[1 + (d’VbOOOF*)], with a maximum of 15,000 lb per sq in.; R = allow¬ 
able end reaction, pounds; sh — allowable wxd) crippling unit stress, pound per sq in.; 

I = web thickness, inches; a — length of bearing, inches; d = depth of beam, inches. 

When the loading reaction exceeds the value of R, the web must be stiffened or addi¬ 
tional length of bearing ijrovided. In no case may the loading reaction exceed the maxi¬ 
mum web shear V. Lack r _lateral support for the top flange of the beam at the 

reaction point so decre* f^he web as to render such practice 

inadmissible. For t Beam e Bull. Nos. 6S, 86, and 241, S^ig. Exp. Sta., 

TT . t Til /RATED Loai 

Umv. of III. 

Horizontal Sheai - p ^ *ns. (See Tlorizontal Shear, p. 5-21.) In beams of a 
homogeneous material whicii ca»: ^ stand equally well shearing stresses in any direction, 
the vertical and horizontal shearing stresses arc equally important. In tirnlxir, however, 
the she.aring strength along the grain is much less than that perpendicular to the grain, 
and hence the beams may fail owing to horizontal shear. Short wooden beams should 
be checked for horizontal shear in order that the allowable unit shearing stress along the 
grain shall not be exceeded. See Example 4, p. 5-30. 

Restrained Beams. A beam is considered to be restrained if one or both ends are 
not free to rotate. This condition exists if a beam is built into a masonry wall at one 
or both ends, if it is riveted or otherwise fastened to a column, or if the ends projecting 
beyond the supports carry loads which tend to prevent the tilting of the ends which 
would naturally occur as the beam deflects. The shears and moments given in Table III 
for fixed end conditions are seldom if ever attained, since the restraining elements them¬ 
selves deform and reduce the magnitude of the restraint. This reduction of restraint 
decreases the negative moment at the support and increases the positive moment in the 
central portion of the span. The amount of restraint which exists is a matter which 
must be judged for each case in the light of the construction used, the rigidity of thf 
connections, and the relative sizes of the connecting members. 
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Table m. 


Bending Moment, Vertical Shear, and Deflection of Beams of Uniform 
Cross-section under Various Conditions of Loading 


P » concentrated loads, lb. 

Ri, Ri «« reactions, lb. 

w M uniform load per unit of length, lb per in. 
W «■ total uniform load on beam, lb. 

I length of beam, in. 

X distance from support to any section, in. 
E modulus of elasticity, lb per sq in. 


I » moment of inertia, in.^ 

Yx ~ vertical shear at any section, lb. 

V “ maximum vertical shear, lb. 

Mx ^ bending moment at any section, lb-in. 
M - maximum bending moment, lb-in. 
y = maximum deflection, in. 


Simple Beam—Uniform 
Load 
vd 
2 
wl 







8 V 

5Trz^ (at center of 
3841?/ span) 


MOMENT 

diagram 


Simple Beam — Concen¬ 
trated Load at Any Point 
Ri = P(1 - k) 

R2 “ Pk 

Vx ®= R\ (when x < kl) 

=* R 2 (when X > kl) 

F = P(1 - k) 

(when k < 0.5) 

*= — Pk (when k > 0..5) 
Mx “ Px{l - k) 

(when X < kl) 

« Pk(JL - x) 

(when X > kl) 

M *= Pkl{\ — k) (at point of 
load) 

Piz 

X (2/3* - V342)2/2 


(at I = iVij-ik - llskt) 




Simple Beam — Concen¬ 
trated Load at Center 
P 
2 

. P 


Ri « R 2 ’ 


jP Pl. 




1 

“rtf 

_ 

1 

1 1 

L.J 


Simple Beam —Two Equal 
Concentrated Loads at 
Equal Distances from 
Supports 


I IMUMI I pi / I \ 

sKear PIA^AM M - - ( when * « ~ ) 

I ^ 


MOMENT 

DIAGRAM 


^ ” 48E/ 


(at center of span) 



^ Simple Beam — Load In- 
CREASiNO Uniformly FROM 
Supports to Center of 
Span 

K, - K, - I 

V.. 

V 2 (3 / 

(when*<i) 

w, 


Mx > 
M > 


• ± (at supports) 


/I _ 2x2\ 
\2 3/2 / 


Wx 
Wl 
6 

(at center of 
GOBI span) 


2 3/2 

(at center of span) 
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Table III —Continued 
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Table III .—Concluded 


Simple Beam—Distributed 
Load over Part or Beam 
wb{2e 4- h) 



fil- 


21 

wb(2a + h) 
21 

wh(2c + h) 


21 


— w(x — a) 


Mx 


M- 


Ri (when a < c) 
R 2 (when o > c) 
wbx(2r. 4- b) 


for AB 


w(x — o)2 


21 

= Rix — 

for BC 

= R 2 (Ji - x) for CD 
w)/>(2c + ?>)f4aZ4-fc(2r4 ft)] 





Beam Supported at One 
End, Fixed at Other— 
Concenti^ated Load at 
Any Point 
^ PhH2l 4- a) 

- w — 

R 2 — P — Pi 
Vx = Pi (when x < a) 

= P 2 (when x > a) 

« 4 - a) 

2Vi 

(when X < a) 

— Rix — P(x — a) 

(when X > a) 

_ Paft2(2Z 4- o) 
positive 2/3 

(when X = a) 

_ 4- a) 

2/2 

(when X = 


Af, 


negative 


1) 


Fixed Beam — Concen¬ 
trated Load at Any Point 

„ Pft2(/ 4 2a) 

"1 * — 


Pi = 



P 2 

Vx 


Rl (when a: < a) 
*= Ri (when x > a) 
V == Ri 

fx = Piic — - 


M pos. 
M neg. 



Beam Supported at One 
End, Fixed at Other— 
Distributed Load 
3wi/ 
g" 

5wl 
~S 
Ikvl 
8 

M 
8 

T)?/*/ 

8 


— wx 


wx 


“^positive 


negative 


'6E1 (3a 4- ft)2 


(at left support) 

(at right support) 

Vg 2/ 

- 

128 

- _ ^ 

8 

(at 0.4215/ 
El from P] ) 


Safe Loads on Simple Beams. By substituting in the flexure formula, p. 5-21, tho 
value of M for a simple beam uniformly loaded as given in Ta^de III, the expression 


W 


2 S 
3^L 


( 10 ) 


is obtained, where W ~ total load, pounds; s = extreme fiber unit stress, pounds per 
square inch; S = section modulus, inchesL* L ~ length of span, feet. 

If is taken as the maximum allowable fiber unit stress, equation 10 gives the maxi¬ 
mum allowable load on the beam. Most building codes permit a value of s = 18,000 lb 
per sq in. for quiescent loads. For this value of s, equation 10 becomes 

IT 12.000 y (11) 

Li 


Tables of safe loads, based on equation 11, for various structural steel beams may be found 
in the A.I.S.C. Steel Construction, 1934, and in Kent’s Handbook for Mecl^anical 
Engineers. 

If the load is concentrated at the center of the span, the safe load is one-half the value 
given by equation 11. If the load is neither uniformly distributed nor concentrated at 
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Table IV. Allowable Unit Stresses for Timber in Bending * 

Recommended by the Forest Products Laboratory, Forest Service, U. S. Dept, of Agriculture, t All 
values are in pounds per square inch. 


Species 

Continuously 

Dry 

Occasionally Wet but 
Quickly Dried 

More or Less Continuously 
Damp or Wet 

All 

Thicknesses 

4 in. and 
Thinner 

5 in. and 
Thicker 

4 in. and 
I'hinner 

5 in. and 
Thicker 

Select 

Com¬ 

mon 

Select 

1 

Com¬ 

mon 

Selecvy 

Com¬ 

mon 

Select 

Com¬ 

mon 

Select 

Com¬ 

mon 

Ash, black. 

1000 

800 

800 

680 

900 

720 

710 

600 

800 

640 

" commercial white. . . 

1400 

1120 

1070 

910 

1200 

960 

890 

760 

1000 

800 

Aspen and large tot)ih aspen 

800 1 

640 

580 1 

490 

650 

520 

440 

370 

500 

400 

Basswood. 

800 1 

640 

580 1 

490 

650 

520 

440 

370 

500 

400 

Beech. 

1500 

1200 

1150 

980 

1300 

1040 

890 

760 

1000 

800 

Birch, paper. 

900 

720 

670 

570 

750 

600 

530 

450 

600 

480 

“ yellow and sweet. . 

1500 

1200 

1150 

980 ! 

1300 

1040 

890 

760 

1000 

800 

Cedar, Alaska. 

1100 

880 

890 

760 

1000 

800 

800 

680 

900 

720 

“ western red. 

900 

720 

710 

600 

800 

640 

670 

570 

750 

600 

“ northern and 




1 







southern white.. 

750 

600 

580 

490 

650 

520 

530 

450 

600 

480 

" Port Orford. 

1100 1 

880 

890 i 

760 

1000 

800 

800 

680 

900 

720 

Chestnut., 

950 

760 

760 

650 

850 

680 

I 620 

530 

700 

560 

Cottonwood, eastern and 











black. 

800 

640 

580 1 

490 i 

650 

520 

530 

450 

600 

480 

Cypress, southern. 

1300 

1040 

980 

830 

1100 

880 

800 

680 

900 

720 

Douglas fir (western W ash. 




i 







and Ore.)X . 

1600 

1200 

1233 

983 

1387 

1040 

948 

756 

1067 

800 

Douglas fir (dense) J. 

1750 

1400 

1349 

1147 ! 

1517 

1213 

1037 

882 

1167 

933 

“ (Rocky Mt.) 

1100 

880 

800 

680 

900 

720 

620 

530 

700 

560 

Elm, rock. 

1500 

1200 

1150 

980 ! 

1300 

1040 

890 

760 

1000 

800 

“ slippery and American 

1100 

880 

800 

680 

900 

720 

710 

600 

800 

640 

Fir, balsam. 

900 

720 

670 

570 

750 

600 

i 530 

450 

600 

480 

“ commercial white... . 

1100 

880 

800 

680 

900 

720 

710 

600 

800 

640 

Gum,red, black, andtupelo 

1100 

880 

800 

680 

900 

720 

1 710 

600 

800 

640 

Hemlock, eastern. 

1100 

880 

800 

680 

900 

720 

710 

600 

800 

640 

“ western. 

1300 

1040 

980 

830 

1100 

880 

800 

680 

900 

720 

Hickory (true and pecan) 

1900 

1520 

1330 

1130 

1500 

1200 

1070 

910 

1200 

960 

Larch, western. 

1200 

960 

980 

830 

1100 

880 

800 

680 

900 

720 

Maple, sugar and black... 

1500 

1200 

1150 

980 

1300 

1040 

890 

760 

1000 

800 

‘‘ red and silver. ... 

1000 

800 

800 

680 

900 

720 

620 

530 

700 

560 

Oak, commercial red and 











white. 

1400 

1120 

1070 

910 

1200 

960 

890 

760 

1000 

800 

Pine, southern yellow J... 


1200 


983 


1040 


756 


800 

“ southern yellow 











(dense) t . 

1750 

1400 

1349 

1147 

1517 

1213 

1037 

882 

1167 

933 

“ northern and west' 











ern white, west¬ 











ern yellow, sugar. 

900 

720 

710 

i 600 

800 

640 

670 

570 

750 

600 

“ Norway. 

1100 

880 

890 

760 

1000 

800 

710 

600 

800 

640 

Poplar, yellow. 

1000 

800 

800 

680 

900 

720 

710 

600 

800 

1 640 

Redwood. 

1200 

960 

890 

760 

1000 

800 

710 

600 

800 

640 

8pri 1 ce, red, wh i t e a n d Si t k a 

1100 

880 

800 

680 

900 

720 

710 

600 

800 

640 

“ Engelmann. 

750 

600 

580 

490 

650 

520 

440 

370 

500 

400 

Sycamore. 

1100 

880 

800 

680 

900 

720 

710 

600 

800 

640 

Tamarack (eastern). 

1200 

960 

980 

830 

1100 

880 

800 

680 

900 

720 


* Stress in tension. The working stresses recommended for fiber stress in bending may be 
safely used for tension parallel to grain. 

t American lumber standards. Basic provisions for American lumber standards grades are 
published by the U. S. Dept, of Commerce, Simplified Practice Recommendation No. 10, Lumber, 
revised July 1, 1920; specifications for grades conforming to American lumber standards are 
published in the 1U33 Standards A.S.T.M., and in Amer. liy. Eur. Assoc. Bull., vol. xxx, No. 314, 
Feb.1929. 

t Exact figures given. In order to preserve the exact numerical relatione among working 
stresses for grades involving rate of growth and density requirements, the values for Douglas fir 
(western Wash, and Ore.) and for southern yellow pine have not been rounded off, as have the 
values for the other species. 
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the center of the span, the beam must, in general, be designed as in the problems below 
For some special conditions of loading, however, it is possible to find an equivalent uni¬ 
formly distributed load (see A.I.S.C. Steel Construction, 1934, pp. 298 et seq.), in which 
case tables of safe loads may be used. The equations above are for beams laterally 
supported and are for flexure only. The other factors which influence the strength of 
the beam (see p. 6-23 et seq.) must still be considered. 

Use of Tables in Design. Table III gives formulas for the maximum moment, x'crtical 
shear, and deflection under usual conditions of loading. Elements of various sections are 
given in Table I, p. 5-22. Elements of standard steel sections are given in Section 1. 

Table IV gives the allowable unit stresses for timber in bending; in Table V are the 
allowable unit stresses for timber in compression and shear. 

Examples in Beam Design: (1) Concentrated Loads. Find the beam section required to carry 
loads IFii W 2 t Wg, applied at points of a 15-ft span simple beam as follows: PTi (assumed weight 
of beam) 40 lb per ft ■= 600 lb; W 2 “ 10,0(M) lb at 5 ft from left support; W 3 = 8000 lb at 9 ft 
from left support. Computing the reactions 

(Hi X 15) - (600 X 7.6) - (10,000 X 10) - (8000 X 6) = 0 
Ri =» 10,166 lb. 

- (/e2 X 16) + (600 X 7.6) +• (10,000 X 5) + (8000 X 9) = 0 
Ii 2 “ 8433 lb. 

The dangerous section is directly under TFa, as at this point the vertical shear passes from 
positive to negative. The moment at this point is 

M = (10,166 X 6) - (6 X 40 X 2.5) = 50,330 Ib-ft = 603,960 lb-in. 

For an allowable unit stress of 18,000 lb per sq in., I/c — 603,960/18,000 = 33.56 in.3= J/g. 

In Table 65, Section 1, a section modulus larger than the above is found in a 12-in., 31.8-lb 
A.merican Standard beam which is, therefore, selected. If this section is used it will be necessary 
to support the compression flange by bracing to prevent lateral deflection, as the span length is 36 
times the width of the flange. If bracing cannot be used a smaller allowable unit stress and, 
therefore, a larger section will be reciuired. This larger section may be found as follows: Assume 
that a 12-in., 40.8-lb American Standard beam, which has a flange width h «= 5.25 in., may be 
used. The allowable unit stress by the A.I.S.C. specifleations (see Table II) is 


20,000 

1 . . 

200062 


1 + 


20.000 

1802 

'2000 X 6.252 


12,600 lb per sq in. 


I/c -• 603,960/12,600 = 47.9 in.3 Thus a 12-in., 40.8-lb beam which has an I/c of 44.8 in.* is too 
small; a 12-in., 60-lb, I/c *= 60.3 in.*, or a 15-in., 42.9-lb, I/c ~ 68.9 in.* beam will be satisfactory. 

2. Uniform Load. Select a beam section required to support a superimposed load of 27,000 lb. 
uniformly distributed over a simple beam with a span of 15 ft, assuming the beam to be braced 
against lateral deflection. 

The beam to be used might be determined directly from a table of safe loads (see Safe Loads, 
p. 6-28). Such tables are given in Kent’s Handbook for Mechanical Engineers. A solution can 
also be obtained by finding the maximum bending moment as follows: 

For a uniformly distributed load, the dangerous section is at the center of the beam. The 
bending moment at this point (see Table III) is 


m ^ L7,000 X 15 X 12 
8 8 


For an allowable unit stress of 18,000 lb per sq in.. 


607,500 lb-in. 


8 


6 07,50 0 

18,000 


33.76 in.* 


Referring to Table 66, Section 1, the section modulus of a 12-in., 31.8-lb American Standard beam 
is 36.0 in.* The maximum safe load for this beam is 


W = 


3L 


2 X 18,000 X 36 
3 X'lS 


= 28,800 lb 


The weight of this beam is 31.8 X 15 = 477 lb, making the actual total load 27,477 lb, which is 
less than the safe load for the beam selected, and hence this beam is satisfactory. 

S. Wooden Beams. Design a southern pine girder of common structural grade to carry a load 
of 9600 lb, uniformly distributed over a 16 ft span simple beam in the interior of a building, 

M = Wl/S = 9600 X 16 X 12/8 = 230,400 lb-in. 

For an allowable unit stress of 1200 lb per sq in. (see Table IV^) I/c = 230,400/1200 =» 192 in.* 
Referring to Table I, p. 5-22, the section m odul us of a rectangular section is Assume b »» 

8 in.; then 8 d ^/6 = 192, from which d = V^144 == 12.0 in. A girder 8 by 12 in. is tentatively 
selected. 

4 . Check the horizontal shear in the 8 by 12 wooden girder designed in example 3 above. 
Maximum shearing stress (horizontal and vertical) is at the neutral surface over the supports. 
Using formula 3 for horizontal shear in a solid rectangular beam, p. 5-21, 

V « 9600/2 » 4800, A = 8 X 12 
« « 3 X 4800 

" 2A “ 2 X 96 


75 lb per sq in. 
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According to Table V, the safe horisontal unit shearing stress for common grade southern yel* 
low pine is 88 lb per sq in. Since the actual horisontal unit shearing stress is less than this, the 
beam will be satisfactory. 

Table V. Allowable Unit Stresses for Timber in Compression and Shear 
Recommended by the Forest Products Laboratory, U. S. Dept, of Agriculture.* 
_All values are in pounds per square inch._ 


Species 

Compression 

X to Grain, 
Select and Com¬ 
mon Grades 

Hori¬ 
zontal 
Shear || 

Compression || to Grain 
(Short Columns with Ratio 
of Length to Least Dimension 
of 10 or Less) 

Average 
Medulus 
of £lks- 
tioity t 

Continuously 

Dry 

Occasionally 

Wet but 

Quickly Dried 

More or Less 
Continuously 
Damp or Wet 

Not Va¬ 
ried with 
Condi¬ 
tions of 
Exposure 

Continu¬ 

ously 

Dry 

Occasion¬ 
ally Wet, 
but Quickly 
Dried 

More or 
Less Con¬ 
tinuously 
Damp or 
Wet 

Not Va¬ 
ried with 
Condi¬ 
tions of 
Exposure 
or Grade 

Select 

Common 

Select 

a 

0 

S 

i 

u 

Select 

Common 

Select 

Common 

Ash, black. 

300 

200 

150 

90 

72 

650 

520 

550 

440 

500 

400 

1,100,000 

" commercial white.. 

500 

375 

300 

125 

100 

1100 

860 

1000 

800 

900 

720 

1,500,000 

Aspen and largetooth 













aspen. 

150 

125 

100 

80 

64 

700 

560 

550 

440 

450 

360 

900,000 

Basswood. 

150 

125 

100 

80 

64 

700 

560 

550 

440 

450 

360 

900,000 

Beech. 

500 

375 

300 

125 

100 

1200 

960 

1100 

880 

900 

720 

1,600,000 

Birch, paner. 

200 

150 

100 

80 

64 

650 

520 

550 

440 

450 

360 

1,000,000 

“ yellow and sweet 

500 

375 

300 

125 

100 

1200 

960 

1100 

880 

900 

720 

1,600,000 

Cedar, Alaska. 

250 

200 

150 

90 

72 

800 

640 

750 

600 

650 

520 

1,200,0P0 

“ western red. 

200 

150 

125 

80 

64 

700 

560 

700 

560 

650 

520 

1,000,000 

“ northern and 













southern white 

175 

140 

100 

70 

56 

550 

440 

500 

400 

450 

360 

800,000 

“ Port Or ford. 

250 

200 

150 

90 

72 

900 

720 

825 

660 

750 

600 

1,200,000 

Chestnut. 

300 

200 

150 

90 

72 

800 

640 

700 

560 

600 

480 

1,000.000 

Cottonwood, eastern 













and black. 

150 

125 

100 

80 

64 

700 

560 

550 

440 

450 

360 

900,000 

Cypress, southern. 

350 

250 

225 

100 

80 

1100 

880 

1000 

800 

800 

640 

1,200,000 

Douglas fir (western 

§ 

§ 

§ 










Wash, and Ore.) t ... 

347 

240 

213 

90 

72 

1173 

880 

1067 

800 

907 

680 

1,600,000 

Douglas fir (dense) t •. • 

379 

262 

233 

105 

84 

1283 

1027 

1167 

933 

992 

793 

1,600,000 

“ “ (Rocky Mt.) 

275 

225 

200 

85 

68 

800 

640 

800 

640 

700 

560 

1,200,000 

Elm,rock. 

500 

375 

300 

125 

100 

1200 

960 

1100 

880 

900 

720 

1,300,000 

“ slippery and Amer.. . 

250 

175 

125 

100 

80 

800 

640 

750 

600 

650 

520 

1.200,000 

Fir, blasam. 

150 

125 

100 

70 

56 

700 

560 

600 

480 

500 

400 

1,000,000 

“ commercial white. . 

300 

225 

200 

70 

56 

700 

560 

700 

560 

600 

480 

1,100,000 

Gum, red, black, and 













tupelo. 

300 

200 

150 

too 

80 

800 

640 

750 

600 

650 

520 

1,200,000 

Hemlock, eastern. 

300 

225 

200 

70 

56 

700 

560 

700 

560 

600 

480 

1,100,000 

“ western. 

300 

225 

200 

75 

60 

900 

720 

900 

720 

800 

640 

1,400,000 

Hickory (true and pecan) 

600 

400 

350 

140 

112 

1500 

1200 

1200 

960 

1000 

800 

1,800,000 

liarch, western. 

325 

225 

200 

100 

80 

1100 

880 

1000 

800 

800 

640 

1,300,000 

Maple, sugar and black. 

500 

375 

300 

125 

too 

1200 

960 

1100 

880 

900 

720 

1,600,000 

" red and silver.. . 

350 

250 

200 

too 

80 

800 

640 

700 

560 

600 

480 

1,100,000 

Oak, commercial red and 











! 


white. 

500 

375 

300 

125 

too 

1000 

800 

900 

720 

800 

640 

1.500,000 

Pine, southern yellow f. 

§ 

§ 

§ 


88 


880 


800 


680 

1,600,000 

“ southern yellow 










(dense) t. 

379 

262 

235 

128 

103 

1283 

1027 

1167 

933 

992 

793 

1,600,000 

" northern and west¬ 













ern white, west¬ 













ern yellow, sugar 

250 

150 

125 

85 

68 

750 

600 

750 

600 

650 

520 

1,000,000 

** Norway. 

300 

175 

150 

85 

68 

800 

640 

800 

640 

700 

560 

1,200,000 

Poplar, yellow. 

250 

150 

125 

80 

64 

800 

640 

700 

560 

600 

480 

1,100,000 

Redwood. 

250 

150 

125 

70 

56 

1000 

800 

900 

720 

750 

600 

1,200,000 

Spruce, red, white and 













Sitka. 

250 

150 

125 

85 

68 

800 

640 

750 

600 

630 

520 

1,200,000 

“ Engelmann. 

175 

140 

too 

70 

56 

600 

480 

550 

440 

430 

360 

800,000 

Sycamore. 

300 

200 

150 

80 

64 

800 

640 

750 

600 

630 

520 

1,200.000 

Tamarack (c.a8tern). . . . i 

300 

225 

200 

95 

76 

1000 

800 

900 

720 

800 

640 

1,300,000 


* See footnote (1), Tnble IV, 

t See footnote (t), Table IV. 

t The values for modulus of elasticity are average for species, and not safe working stresses. 
They may be used as given for computing average deflection of beams. To prevent sag in beams, 
values one-half those given should be used. For safe loads for long columns, values one-third those 
given should be used. 

$ Values given are for the Select grade. Working stresses in compression, perpendicular to 
the grain, for common grades of Douglas fir (western Wash, and Ore.) and southern yellow pine are 
325, 225, and 200, respectively, for continuously dry, occasionally wet but quickly dried, and 
more or less continuously damp or wet conditions. 

II Joint details. The shearing stresses for joint details may be taken for any grades as 60% 
greater than the horisontal shear values for the Select grade. 
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11. BEAMS OF UNIFORM STRENGTH 

A beam of uniform strength is one in which the dimensions are such that the maxi¬ 
mum fiber stress 8 is the same throughout the length of the beam. The form of the 
beam is determined by finding the areas of various cross-sections from the flexure for¬ 
mula M — «//c, keeping s constant and making I/c vary with M. For a rectangular 
section of width b and depth d, the section modulus Ifc — and, therefore, M = 

^losbd^. By making bd“ vary with M. the dimensions of the various sections are ob¬ 
tained. Table VI gives the dimensions b and d, at any section, the maximum fiber unit 
stress «, and the maximum deflection y, of some rectangular beams of uniform strength. 
In this table, the bending moment has been assumed to be the controlling factor. On 
account of the vertical shear near the ends of the beams, the area of the sections must 


Table VI. Rectangular Beams of Uniform Strength * 

maximum fiber unit stresfi, pounds per square inch; E = modulus of elasticity; w 


form load, pounds pi^r inch; d = depth of beam, inches; b = width of beam, inches; y ■ 
defiection, inches. All other dimensions in inches. 


uni- 
maximura 



ELEVATION 


I. Cantilever Beam Loaded 
AT Free E.sd 

Width is constant. Depth 

varies. _ 

d = di^/x/L 
a = 0 Pl/bdi^ 

1 / = 8 PP/Ebdi^ 

Elevation is formed by a 
straight line and a parabo¬ 
la with its vertex at the 
loaded end. 



II. Cantilever Beam Loaded 
AT Free End 

Depth constant. Width varies. 
b = hix.a 
s = (iPl/hid^ 
y « (jpfi/Ebid^ 


PLAN 

-l-r 




ELEVATION 


i III. Cantilever Beam Uni¬ 
formly Loaded 
Width is constant. Depth 
varies. 
d = (x/Odi 
a = 3 wl^/hdi^ 
y — Gwl^/bEdi^ 



ELEVATION 


IV. Cantilever Beam Uni¬ 
formly Loaded 
Depth is constant. Width 
varies. 
b = bixVl^ 

s == '.iwiybid^ 
y = HwP/biEd^ 




PLAN 
- 1 - 




ELEVATION 


V. Simple Beam Uniformly 
Loaded 

Width is constant. Depth 
varies. 

d 


\ 12 


- X2) 


a = 


37/)/2 
46di2 

Elevation is formed by a 
straight line and an ellipse. 




,V)o'a 






< X >> 

_ 

... 1 U 


ELEVATION 


VI. Simple Beam Uniformly 
Loaded 

Depth is constant. Width 
varies. 

6 = (lx - I*) 

= 3 wl9 
4 6id2 

Plan is two parabolas, with 
vertices at center of span. 


4 - 


PLAN t 




ELEVATION 


VII. Simple Beam Loaded 
at Center of Span 
Width is constant. Depth 
varies. _ 
d = di\/2x/l 
« 3 PI 
* 2 Wi2 

^ 1 PZ3 
^ 2 Ebdi^ 

Elevation is a parabola with 
vertices at points of sup¬ 
port. 


kt 


PLAN^ 


J 

,p 

1 1 

s 1 A 


ELEVATION 


VIII. Simple Beam Loaded 
at Center of Span 
Depth is constant. Width 
varies. 
b - 2 bix/l 
3 ^ 

2 '6id2 

^ 3 PP 
^ 8 EfeidS 

Plan is two triangles with ver¬ 
tices at points of support. 


a = 


The sections of the beams near the ends must be increased over the amounts shown to resist 
the vertical shear expressed by the formula s = 3/2 V/A. 
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be increased over that given by an amount necessary to keep the unit shearing stress 
within the allowable unit shearing stress. The discussion of beams of uniform strength, 
though of considerable theoretical interest, is of little practical value since the cost of 
fabrication will offset any econom 3 '’ in the use of the material. A plate girder in a bridge 
or a building is an approximation in practice to a steel beam oi uniform strength. 

12. CURVED BEAMS 

The derivation of the flexure formula, a = Me/1, assumes that the beam is initially 
straight; therefore, any deviation from this condition introduces an error in the value 
of the stress. If the curvature is slight the error involved is not large, but in beams with 
a large amount of curvature, as hooks, chain links, frames of punch presses, etc., the error 
involved in the use of the ordinary flexure formula is considerable. The effect of the 
curvature is to increase the stress in the inside and to decrease it on the outside fibers of 
the beam and to shift the position of the neutral axis from the centroidal axis toward the 
concave or inner side. 

The correct value for the fiber unit stress may be found l>.v introducing a correction 
factor in the flexure formula, viz., a = KMc/I\ the factor K depends on the shape of the 
beam and on the ratio R/c, where R = distance, inches, from the centroidal axis of the 
section to the center of curvature of the central axis of the unstressed beam; and c = dis¬ 
tance, inches, of centroidal axis from the extreme fiber on the inner or concave side. 
Seely’s Advanced Mechanics of Materials contains an analysis of curved beams and also 
Table V’’JI which gives values of K for a number of shapes and ratios of R/c. For slightly 
different shapes or proportions K may be found l)y interpolation with a fair degree of 
approximation. 


13. CONTINUOUS BEAMS 


As in simple beams, the expressions M — sl/c and Sa = V/A govern the design and 
investigation of beams resting on more than two suT>ports. In the case of continuous 
beams, however, the reactions cannot be ol)tained in the manner described for simple 
beams. Instead, the bending moments at the various sections must be determined, and 
from these values the vertical sliears at the sections and the reactions at the supports 
may be derived. 


! 

Ii Mz 



1 

! Ms Md 

- klj —> 

> 


1 w-’i lb per inch i 

a’2 lb per inch| 

i MJs lb per inch 

1 > 


-He- 


->k- 


Fig. 8 


Consider the second span of length h, in., of the continuous beam in Fig. 8. The 
vertical shear Vx at !i.ny section distant x, in., from the left support of the span is equal 
to the algebraic sum of all the vertical forces on one side of the section. Thus, if Vi = 
the vertical shear at a section to the right of, but infinitely close to, the left support, 
WiX = the uniform load and = the sum of the concentrated loads along the dis¬ 
tance X, applied at a distance Idz from the left support, k being a fraction less than unity, 
then 

Vx = Vi — WiX — XPi ( 12 ) 

At any section distant x from the left supjjort the bonding moment is equal to the alge¬ 
braic sum of the moments of all forces on one side of the section. If Mi is the moment, 
lb-in., at the support to the left, 

Mx = Mi ViX — (wi x“/2) — 2P2 (x — kh) (13) 

Assume that x — h. Then Mx becomes the moment Mz at the next support to the right, 
and the expression may be written 

Vih = Mz - Mi + {wili^/2) -f- 'LPiUi - kli) (14) 

From the expressions 12, 13, and 14 it is evident that the bending moment Mx and the 
shear Vx at any section between two consecutive supports may be determined if the 
bending moments Mi and Ma at those supports are known. 
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Table VII. Values of Constant K for Curved Beams 





1.2 3.01 

1.4 2.18 


1.2 3.14 

1.4 2,29 


2.0 1.61 
3.0 1.34 

4.0 1.24 

6.0 1.15 



U—3 b—>1 



Values of K 


Inside Outside 
Fiber Fiber 


1.2 2.89 

1.4 2.13 

1.6 1.79 

1.8 1.63 

2.0 1.52 

3.0 1.30 


1.2 3.09 

1.4 2.25 

1.6 1.91 

1.8 1.73 


1.2 3.26 

1.4 2.39 


2.0 1.66 

3.0 1.37 

4.0 1.27 

6.0 1.16 
8.0 1.12 
10.0 1.09 



1.2 3.63 

1.4 2.54 

1.6 2.14 

1.8 1.89 

2.0 1.73 

3.0 1.41 




11 < — 4 1 —>1 1 



1.2 3.28 

1.4 2.31 


3.0 1.31 

4.0 1.21 

6.0 1.13 

8.0 1.10 



1.2 2.63 

1.4 1.97 

1.6 1.66 

1.8 1.51 

2.0 1.43 

3.0 1.23 

4.0 1.15 

6.0 1.09 

8.0 1 07 

10.0 1.06 


* Fq is distance from centroidal axis to neutral axis, where beam is subjected to pure bending. 
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To determine the bending moments at the supports an expression known as the the<h 
rem of three momenta is used. This gives the relation between the moments at any three 
consecutive supports of a beam. For beams with the supports on the same level and 
uniformly loaded over each span the expression is: 

Mill 4 - 2 Mi{li -f- ^2) + JI/3Z2 = — 1/41^1/1® — ( 15 ) 

in which Mi, M 2 and Ms are the moments at three consecutive supports, h the length be¬ 
tween the first and second support, I 2 the length between the second and third support, 
wi the uniform load per lineal unit over the first span and wz the uniform load per lineal 
unit over the second span. When both spans are of equal length and when the load on 
each span is the same, h = I 2 , wi = W 2 , and the above expression reduces to 

Ml -f 4 M 2 4- Ms = “ il2wl^ (16) 

wliich applies to most cases in practice. 

Formulas 15 and 16 are used as follows: For any continuous beam of n spans there 
are (n 4* 1) supports. Assuming the, ends of the beam to be simply supported without 
any overhang, the moments at the end supports are zero and there are, therefore, (n — 1) 
moments at the other supports to be determined. This may be done by writing (n — 1) 
equations of the form of 15 or 16 for each support. These equations will contain (n — 1) 
unknown moments and their solution will give values of Afi, M 2 , M3, etc., expressed as 
coefficients of wl~. The shear Vi at any support may be determined by substituting 
values of Mi and M 2 in formula 14 and the bending moment at any point in any span 



Fio. 9 


may be obtained by formula 13. The shear at any point in any span may bo determined 
from formula 12. 

Fig. 9 gives values and diagrams for the reactions, shears, and moments at all sections 
of continuous beams uniformly loaded up to five spans. Note that the reaction at any 
support is equal to the sum of the shears to the right and to the left of that support. 

14. AXIALLY END-LOADED BEAMS 

(Condensed from Seely, Resistance of Materials, 2nd Ed., Chapter VII) . 

Deflection of Beam Negligible. When a beam is subjected to an axial end load as 
well as to a transverse bending load, the resultant unit stress developed at any point in 
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the beam is the algebraic sum of the unit stresses produced by each of the loads acting 
independently of each other. If the beam of cross-sectional area A, square inches, is 
considered so short that its deflection under load may be neglected, the unit stress pro¬ 
duced at any cross-section of the beam by an axial load P, pounds, is Pf A. The maxi¬ 
mum unit stress (tensile or compressive), pounds per square inch, due to the transverse 
or bending load is given by s = M/{I/c) where M, pound-inches, is the maximum bend¬ 
ing moment due to this load; i, inches'*, is the moment of inertia of the cross-section with 
respect to the neutral axis; c, inches, is the distance from the neutral axis to the extreme 
fiber. If the axial load is compressive, the maximum unit stress is compressive, occurring 
at the top of the beam, and is 



The unit stress on the bottom fiber may be either tensile or compressive according as 
Me/1 is larger or smaller than P/A. If the longitudinal load P were a tensile load, the 
maximum unit stress would oc(;ur on the bottom fiber and would be a tensile stress. 

Deflection of Beam Not Negligible. If the deflection of the beam is not negligible, 
the load P above cannot be considered to be an axial load with respect to any cross-sections 
except the end sections. The longitudinal load then has a moment arm equal to the 
deflection, and the stress due to this moment should be added algebraically to that caused 
by the other moments or loads. The stress due to deflection, y, inches (all other sym¬ 
bols as above), is Pyc/I. Thus, for a compressive longitudinal load, the ma.\imum unit 
stress, pounds per square inch, is at the top of the beam and is 

s = ^ + (,V + Py) J (18) 

The unit tensile stress, pounds per square in(;h, at the bottom of the beam for the same 
load is 

+ + (19) 

A J 


Since the value of y depends on the total bending moment {M -f Py), and the bending 
moment depends in turn on the value of y, equations 18 and 19 arc usually solved by a 
method of approximation. The value of y that would be caused by the cross-bending 
moment M, considered acting alone, is found first and is then used in the expression, 
M -b Py. This new value of the total bending moment is used to find a closer approxi¬ 
mation to y. This operation may be repeated as many times as desired. When the 
deflection is small, as in comparatively short lieams, the value of y as found from the 
cross-bending moment above is often used without any further approximation. 

Example. Idml the stress at the bottom and at the top of a timber beam 6 in. wide, 8 in. deep, 
and 12 ft long, supported at each end, and carrying a distributed load of 400 lb per ft, and also 
an axial compressive load of 10,000 lb. The modulus of elasticity of the timber is 1,600,000. 

Maximum unit stress will be ut th ; center of the beam. 


/* 

A 

Me 

1 


10,000 

48 

400 X 12 X 144 


208 lb per sq in. 


X 


6 X 82 


= 1350 lb per sq in. 


See Tables I, III, pp. 5-22. 5-26, 5-28. 

5 X 4800 X 144-» X 12 

y = 


- 0.456 in. 


384 X 6 X 82 X 1,600,000 

rye 10,000 X .456 X 0 

-= - = < 1 lb per sq in. 

I 6 X 82 


Total unit compressive stress (top) = 208 4- 1350 -f 71 = 1629 lb per sq in. 
Total unit tensile stress (bottom) — — 208 4- 1350 4- 71 — 1213 lb per sq in. 
Here the stress due to deflection is small, as it usually w'ill bo in short deep beams. 


COLUMNS 

By Jasper O. Draffin 

16. DEFINITIONS 

A Column or Strut is a bar or structural member under axial compression, which 
has an unbraced length greater than about 8 or 10 times the least dimension of its cross- 
section. On account of its length, it is impossible to hold a column in a straight line 



COLUMN FOKMULAS 


5-37 


under a load; a slight sidewise bending always occurs, causing flexural stresses in addition 
to the compressive stresses induced directly by the load. The lateral deflection will be 
in a direction perpendicular to that axis of the cross'section about which the moment of 
inertia is the least. Thus in Fig. lA the column will bend in a direction perpendicular 
to aa; in Fig. IB it will bend perpendicular to aa or bb and in Fig. 1C it is apt to bend in 
any direction. 

The Radius of Gyration of a section with respect to an axis is equal to the square root 
of the quotient of the moment of inertia with respect to that axis divided by the area 
of the section, that is 



where I is the moment of inertia and A the sectional area. Unless otherwise mentioned, 
an axis through the center of gravity of the section is the axis considered. As in beams, 
the moment of inertia is an important factor in the ability 
of the column to resist bending, but for purposes of com¬ 
putation it is more convenient to use the radius of 
gyration. 

The Length of a Column is the distance between 
points unsupported against lateral deflection. 

Slenderness Ratio is the length I divided by the 
least radius of gyration k, both in inches. For steel, a 
sho7't column is orie in which l/k is less than about 20 or 
•SO, and its failure under load is due mainly to direct 
compression; in a medium length column, l/k — about 30 
to 175, and it will fail by a combination of direct com¬ 
pression and bending; in a long column, l/k is greater 
than about 175 200, and it will fail mainly liy bending. 

Tor timber columns these ratios are al)Out 0-30, 30 4)0, 
and above 90 respectively. The load which will cause 
a (ioliimn to fail decreases as l/k increases. The above 
ratios apply to round-end columns. If the ends are fixed 
(see paragraph below), the effective slenderness ratio is 
one-half that for round-end columns, as the distance 
between the points of inflection is one-half the total length of the column. For flat 
ends it is intermediate between the two. 

Condition of Ends. As in beams, the conditions of the points of support have an 
important influence on the ability of the column to re.sist bending. The various condi¬ 
tions which ihay exist at the ends of columns are usually divided into four classes. 
Columns with round ends arc such that at the bearing at either end there is perfect free¬ 
dom of motion, as there would be with a ball-and-socket joint at eac.h end. Columns 
with hinged ends are such as have perfect freedom of motion at the ends in one plane, 
as in compression members in bridge trusses where the loads are transmitted through end 
pins. Columns with flat (*nds have the bearing surface normal to the axis of the column 
and of sufficient area to give at least partial fixity to the ends of the columns against 
lateral deflection. Columns with fixed ends have the ends rigidly secured so that under 
any load the tangent to the elastic curve at the ends will be parallel to the axis in its 
original position. 

Exijeriments prove that columns with fixed ends are stronger than columns with either 
flat, hinged, or round ends, and that columns with round ends are weaker than any of 
the other type.s. Columns witli hinged ends are equivalent to those with round ends in 
the plane in which they have free movement; columns with flat ends have a value inter¬ 
mediate between those with fixed ends and those with round ends. It often happens 
that columns have one end fixed and one end hinged, or various other combinations. 
Their relative values may he taken aa intermediate between those represented by the 
condition at cither end. The extent to w'hich the strength is increased by fixing the ends 
depends upon the length of the column, fixed ends having a greater effect on long columns 
than on short ones. 
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16. COLUMN FORMULAS 

There is no exact theoretical formula which gives the strength of a column of any 
length under an axial load. Formulas involving the use of empirical coefficients have 
been deduced, however, and they give results which are consistent with the results of 
tests of full-sized members. 
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Euler’s Formula. In 1757 Euler published his formula, which is based on the assump¬ 
tion that the failure of a column is due solely to the stresses induced by sidewise bending. 
This assumption is not true for very short columns, which fail mainly by direct compres¬ 
sion, nor is it true for columns of medium length such as are usually needed in practice. 
The failure in such cases is by a combination of direct compression and bending. For 
columns having a ratio of slenderness greater than 200, Euler’s formula is approximately 
correct and agrees closely with the results of testa. 

Let P = axial load, pounds; I = length of column, inches; I == least moment of 
inertia, inches^; k == least radius of gyration, inches; E = modulus of elasticity, pounds 
per square inch; and y = lateral deflection, inches, at any point along the column, that 
is caused by the load P. If a column has round ends, so that the bending is not restrained, 
the equation of its elastic curve is^ 




( 2 ) 


when the origin of the coordinate axes is at the top of the column, the positive direction 
of sc being taken downwards and the positive direction of y in the direction of the deflec¬ 
tion. Integrating the above expression twice and determining the constants of integra¬ 
tion, there results 



(3) 


which is Euler’s formula for long columns. The factor il is a constant depending on the 
condition of the ends. For round ends Si = 1; for fixed ends Si = 4; for one end round 
and the other fixed Si = 2.05. P is the load at wdiich, if a slight deflection is produced, 
the column will not return to its original position; if P is decreased the column will ap¬ 
proach its original position but if P is increased the deflection will increase until the 
column fails by bending. 

For columns with value of l/k less than about 150, Euler’s formula gives results dis¬ 
tinctly higher than those observed in tests. Euler’s formula is now little used except for 
long members and as a basis for the analysis of the stresses in some types of structural 
and machine parts. It always gives an ultimate and never an allowable load. 

Secant Formula. The deflection of the column is used in the Euler formula, but if 
the load were truly axial it would be impossible to compute the deflection. If the column 
is assumed to have an initial eccentricity of load of e inches (see Seely, Hesistance of 
Materials, 2nd Ed., p. 212, for suggested values of e), the equation for the deflection y 
becomes 



and the maximum unit compressive stress becomes 



where I ~ length of column, inches; P ~ total load, pounds; A — area, square inches; 
1 — moment of inertia, inches^; k = radius of gyration, inches; c = distance from the 
neutral axis to the most compressed fiber, inches; E = modulus of elasticity, pounds per 
square inch; / and k are both taken with respect to the axis about which bending takes 
place. Because the formula contains the secant of the angle (If2y/PfEl) it is some¬ 
times called the sccajit formula. It has lieeii suggested by the committee on 8tcol-Column 
Research (Trans., A.S.C.E., 1933) that the best rational column formula can be con¬ 
structed on the secant type, though of course it must contain experimental constants. 

The secant formula can be used also for columns that are eccentrically loaded if e is 
taken as the actual eccentricity plus the assumed initial eccentricity. 

Rankine^s Formula is a modification of an earlier formula by Gordon, and is some¬ 
times called “ Gordon’s Formula.” It applies to columns of slenderness ratios of 20 to 
200, which are usually requinxl in practice. Rankine’s formula is based on the assumi)- 
tion that the maximum unit stress s, pounds per square inch, occurs in the fiber most 
remote from the axis on the concave side of the deflected column, and is equal to the 
sum of the direct unit compressive stress and the unit compressive stress due to bonding 
alone; that is, s == (P/A) -f- si in which P is the load, pounds; A the sectional area, 
square inches; and si the unit compressive stress due to bending, pounds per square inch. 
The value of i»i in this equation may be expressed in terms of P by using the flexure for¬ 
mula, since the action is analogous to that of beams. Let I = the length of the column, 
inches; I = the least moment of inertia, inches**; k = corresponding radius of gyration, 
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inches; e » distance from axis to the remotest fiber on the concave side, inches; and 
y * lateral deflection of colximn, inches. Substituting in the flexure formula, «i * Me/J, 
and by replacing M by its value Py and / by its value Afc*, «i = Pye/iAk^), Hence the 
maximum unit compressive stress on the remotest fiber on the concave side is equal to 
P/A + Pycl{Ak^). By analogy with the theory of beams the deflection y varies as P/c, 
so that by introducing an experimental coefficient 0, the expression for maximum unit 
stress may be written 



which is Rankine’s formula for the investigation of columns. Variations in the value of 
4t have been determined by many experiments on columns of different materials and 
different conditions of ends. The values in Table I are given in Merriman and have been 
used extensively in practice in the past. But present practice (1935) tends toward the 
use of the same constant for all end conditions, as tests show that for columns of the 
proportions in common use, variations in the material are more important than variations 
in end conditions. 


Table I. Value of Coefficient <|> in Rankine’s Formula 


Material 

Both Ends Fixed 

Fixed and Round 

Both Ends Round 

Timber. 

1/3000 

1.95/3000 

4/3000 

Cast iron. 

1/5000 

1.95/5000 

4/5000 

Wrought iron. 

1/36,000 

1.95/36,000 

4/36,000 

Steel. 

1/25.000 

1.95/25,000 

4/25,000 


The value to be taken for a in Rankine’s formula is the ultimate compressive stress of the 
material for rupture, and the allowable compressive unit stress for design. Rankine’s 
formula may be used in the investigation of an existing column by comparing the com¬ 
puted value of a with the propdrtional limit and with the ultimate strength of the ma¬ 
terial, thus determining the factor of safety. Similarly, the safe load P for an existing 
column may be computed by assuming an allowable unit stress a. 

Ritter’s Rational Constant. This is a theoretical value of such that it connects the 
curve for the Rankine formula with the curve for the Euler formula. Boyd’s Strength 
of Materials gives its value as 0 = where Su = ultimate compressive strength 

of material, pounds per square inch, and E = modulus of elasticity, pounds per square 
inch. 

Straight-line Formula. The plotted results of actual tests on columns show that the 
relation between ultimate load and l/k is fairly well represented by a straight line, for 
columns which fail by flexure of the whole column and not by local collapse. For a 
value of l/k — 0, the average unit stress on the section, P/A, is equal to the ultimate 
in compression for brittle materials and to the yield point in compression for ductile 
materials. From the point thus determined the straight line representing the average 
results of tests is drawn tangent to the curve of Euler's formula for the material. The 
equation of the straight line is 



in which a is the unit stress at the ultimate in compression for a brittle material or at the 
yield point in compression for a ductile material, and C is a constant determined by 
experiment. 

Table II gives average values of a and C for structural steel, cast iron, and wood. 
The loads given by the straight-line formula using the constants in this table are ulti¬ 
mate loada. 

For purposes of design the straight-line formula is usually put in a form which gives 
allowable loada directly. Both the constant a and the constant C are divided by a fac¬ 
tor of safety. 

The straight-line formula is not suitable for investigating a column, that is, for deter¬ 
mining the values of s due to given loads, because the term Cl/k is not a function of P/A. 
It may be used to find the safe load for a given column under a given unit stress, or to de¬ 
sign a column for a given load and unit stress. From 1900 to 1930 the straight-line for¬ 
mula probably was used for designing more steel in America than the Rankine formula, 
but since 1930 the tendency has been towards the use of the Rankine type ol formula 
See Table V, p. 5-42. 
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Table 11. Ultimate Strength Constants for the Straight-line Column Formula- 


PI A = s - CUk 


Material 

8 

lb per 
sq ill. 

C 

Limit of l/k 

Round 

Fixed 

One end 
round 
One end 
fixed 

Round 

Fixed 

One end 
round 
One end 
fixed 

Structural steel. 

35,000 

150 

75 

100 

160 

320 

240 


Cast iron. 

34,000* 

175 

88 

li 6 

90 

160 

115 


Wood. 

5,000* 

40 

20 

30 

75 

150 

112 


* This is leas than the ultimate in compression for small specimens of east iron or wood, but from 
teats of full-size columns it seerna to be the value to be used for full-size castings or timbers which 
may contain defects. 


17. WOODEN COLUMNS 


Wooden Column Formulas. One of the principal formulas is that formerly used by 
the A.R.E.A., PjA = «i(l — //OOri), where P!A — allowable unit load, pounds per square 
inch; si = allowable unit stress in direct compression on short blocks, pounds per square 
inch; I = length, inches; d = least dimension, inches. This formula is being replaced 
rapidly by formulas recommended by the A.S.T.M. and A.Jl.E.A. Committees of these 
societies, working with the U. S. Forest Products Laboratory, classified timber columns 
into three groups, as follows (A.S.T.M. Standards, 1933, D245-33): 

1. Short Columns. The ratio of unHupported length to least dimension does not exceed 10. 

For these columns, the allowable unit stress should not be greater than the values given in Table 
\’, p. under coinprcssion purnllel to the grain. 

2. Intermediate-Length Columns. For columns the ratio of whose unsupported length to least 
dimension is greater than 10 , the following formula, of the fourth power parabolic type, shall be 
used to determine the allowable unit stress until this allowable unit stress is equal to 2/3 the allow¬ 
able unit stress for srjort columns. 


where P = total load, pounds; A ~ area, S(iuare inches; si = allowable unit compressive stress 
parallel to grain, pounds per square inch; see Table \\ p. 5-31; I — unsupported length, inches; 
d ~ least dimension, inches. K = l/d at the p«)int of tangency of the jiarabolic and Euler 


curves, at which P/A 




The value of K for any species and grade is (ir/ 2 ) 


V —, where 


E modulus of elasticity, pounds per square inch. 

3. Long Columns. For columns i*i which P; A as computed by the formula above is less than 
2/3 Sit the following formula of the Euler type, w'hich includes a factor of safety of 3, shall be used: 


P ^ E 

3 = 


(9) 


Timber columns should be limited to a ratio of l/d equal to 60. No higher loads are allowed 
for square-ended columns. The strength of round columns maj^ be considered the same as that 
of square columns of the same cross-sectional area. 

Use of Timber Column Formulas. The values of E (modulus of elasticity) and si 
(compression parallel to grain) to be used in the above formulas are given in Table V, 
p. 5 -31. Table III gives the computed values of K for some common types of timbers. 
These may be substituted directly in the above formula for intermediate-length columns 
or may be used in conjunction with Table IV, which gives the strength of columns of 
intermediate length, expressed as a percentage of strength (sO of short columns. In the 
tables, the term “ continuously dry ” refers to interior construction where there is no 
excessive dampness or humidity; “ occasionally wet but quickly dry ” refers to bridges, 
trestles, bleachers and grandstands; “ usually wet refers to timber in contact with the 
earth or exposed to waves or tide-water. 


18. STEEL COLUMNS 

Types. Two general types of steel columns are in use: (1) rolled shapes; (2) built-up 
sections. The rolled 8hai>es have had wide use since the introduction of wide-flanged 
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Table m. Valaes of K for Columns of Intermediate Length 


A.S.T.M. Standards, 1933, D245~33 


Species 

Continuously dry 

1 Occasionally wet 

Usually wet 

Select 

Common 

Select 

Common 

Select 

Common 

Cedar, western red. 

24.2 

27.1 

24.2 

27.1 

25.1 

28.1 

“ , Port Orford. 

23.4 

26.2 

24.6 

27.4 

25.6 

28.7 

Douglas fir, coast region. 

23.7 

27.3 

24.9 

28.6 

27.0 

31.1 

“ “ , dense. 

22.6 

25.3 

23.8 

26.5 

25,8 

26.8 

" “ , Rocky Mountain region.. . 

24.8 

27.8 

24.8 

27.8 

26.5 

?9.7 

Hemlock, west coast. 

25.3 

28.3 

25.3 

28.3 

26.8 

30.0 

Larch, western. 

22.0 

24.6 

23.1 

25.8 

25.8 

28.8 

Oak, red and white. 

24.8 

27.8 

26.1 

29.3 

27.7 

31.1 

Pine, southern. 


27.3 


28.6 


31.1 

“ , dense. 

22.6 

25.3 

23.8 

26.5 

25.8 

2 B'.B 

Redwood. 

22.2 

24.8 

23.4 

26. 1 

25,6 

28.6 

Spruce, red, white, Sitka. 

24.8 

27.8 

25.6 

28.7 

27.5 

3o!8 


Table IV. Strength of Columns of Intermediate Length, Expressed as a Percentage of 
Strength of Short Columns 
A.S.T.M. Standards, 1933, D245-33 

Values for the expression in the formula: ~ - si 


Ilutio of Length to Least Dimension in Rectangular Tiiubers, l/d 


K 

12 

13 

14 

15 

16 

17 

18 

19 

20 

21 

22 

23 

24 

2j 

26 

27 

28 

29 

30 

31 

22 

97 

96 

95 

93 

91 

88 

85 

81 

77 

72 

67 










23 

98 

97 

95 

94 

92 

90 

87 

84 

81 

77 

72 

67 





... 




24 

98 

97 

96 

95 

93 

92 

89 

87 

84 

80 

76 

72 

67 








25 

98 

98 

97 

96 

94 

93 

91 

89 

86 

b 

80 

76 

72 

67 







26 

99 

98 

97 

96 

95 

93 

92 

91 

89 

86 

83 

80 

76 

72 

67 

;;; 





27 

99 

98 

98 

97 

96 

95 

93 

92 

90 

86 

85 

82 

79 

74 

71 

67 





28 

99 

98 

98 

97 

96 

95 

94 

93 

91 

89 

87 

85 

82 

79 

75 

71 

67 




29 

99 

99 

98 

98 

97 

96 

95 

94 

92 

91 

89 

87 

84 

82 

79 

75 

71 

67 



30 

99 

99 

98 

98 

97 

97 

96 

95 

94 

92 

90 

88, 

86 

84 

81 

78 

75 

71 

67 


31 

99 

99 

99 

98 

98 

97 

96 

95 

94 

93 

92 

90 

88 

86 

84 

81 

78 

75 

71 

67 


Note: This table can also be used for columns not rectangular, the l/d being equivalent to 
0. 2S9l/k, where k is the least radius of gyration of the section. 


sections, especially since they may be obtained with large cross-sectional area. They 
are easily fabricated, accessible for painting, neat in appearance where they are not cov¬ 
ered, and convenient in making connections. A disadvantage is the probability that thick 
sections are of lower-strength material than thin sections owing to the difficulty of ade¬ 
quately rolling the thick material. I'br the effect of thickness of material on yield point, 
see Trans. A.S.C.E., vol. xcviii, p. 1377, 1933. 

Guiding Principles in Design. The design of steel columns is always a cut-and-try 
method, as no law governs the relation between area and radius of gyration of the sec¬ 
tion. A column of given area is selected, and the amount of load that it will carry is 
computed by the proper formula. If the allowable load so computed is less than that to 
be carried, a larger column is selected and the load for it computed, the process being 
repeated until a proper section is found. 

A few general principles should guide in proportioning columns. The radius of gyra¬ 
tion should be approximately the same in the two directions at right angles to each other; 
the slenderness ratio of the separate parts of the column should not be greater than that 
of the column as a whole; the different parts should be adequately connected in order that 
the column may function as a single unit; the material should be distributed as far as 
possible from the center lino in order to increase the radius of gyration. 

Steel Column Formulas. Table V gives the more commonly used formulas. Table VI 
gives the maximum values for the slenderness ratio for steel columns as specified by 
various authorities. 
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Example. It is required to design a rolled-section steel column 24 ft long, to carry a load of 
270,000 lb, using the formula of the Chicago Building Code, P/A «* 16,000 — 701/*. 

For the first estimate, an area of about 27 sq in. will be used. From Table 64, Section 1, a 
12 X 12-in. wide-flange section weighing 92 lb per ft, area of 27.06 sq in., a least radius of gyra¬ 
tion of 3.08 in. will be selected. 

P « 27.06 {16,000 - (70 X 24 X 12/3.08) { » 255,900 lb. 

This is too small. The next larger size, 99 ib per ft, has an area of 29.09 sq in., a radius of 
girration of 3.09 in. 

P - 29.09 {16,000 - (70 X 24 X 12/3.09) ( * 276,700 lb, which is satisfactory. 


Table V. Steel Column Formulas 


Organization Recommending or Using Formula 

Formula,Allowable Load, lb per sq in. 

New York City Building Code, 1930 

Pacific Coast Building Officials Conference 

Massachusetts Building Officials Conference 

Philadelphia Building Code, 1929 

Wisconsin Building Code 

American Institute of Steel Construction, 1934 

P 18,000 

A P 

^18.000*2 

Maximum 15,000 except Mass. B.O.C., 
which is 13,500 

American Bridge Company 

Ijk =0-60; P(A = ]3,000 

l/k =60-] 20; P/ /I = 19.000- 1 001/k 

1/* = 120-200: P/A-13,000-50//* 

American Railway Engineering Association 

//* = 0-50: P//1-12,500 
//*-50-150; P/A =15,000- 50//* 

//*-above 150; PjA =6AEKljk)^ 

Recommended Building Code for Working Stresses in 
Building Materials, U, S. Bureau of Standards, 1926 

Standard Steel t 

P/A = 18,000-70//* 

Maximum 14,000 

Acceptable Steel t 

P/A = 16,000-60//* 

1 

Chicago Building Code 

P/A = 16,000-70//* 

Maximum 14,000 

United States Bureau of Public Roads 

Live Load: 

P 16,000 

A 

13,500*2 

Dead Load: 

P 24,000 

A P 

13,500*2 

Maximum is that for l(k =40 


* In the fornmlas given, P = total load on column, pounds; A = cross-sectional area, square 
inches; I — length of column, inches; k = least radius of gyration, inches; E * modulus of 
elasticity, pounds per square inch. 

t Standard steel is steel which satisfies the A .S.T.M. specifications for Structural Steel for Buildings, 
A.S.T.M. Standards, 1934, A 9-.34. Acceptable steel is steel which is acceptable to the building 
officials but whose origin and properties have not been definitely determined. 


Table VI. Maximum Values of Slenderness Ratio {l/k) for Steel Columns 


Organization or Authority Recommending or Specifying 

Main 

Members 

Secondary 

Members 

American Railway Engineering Association, Railroad bridges. . . 

100 

120 

120 

120 


120 

140 

Chicago Building Code. 

120 

150 

American Institute of Steel Construction. . ... 

American Bridge Company. 

1 


Philadelphia Building Code. 


200 

Wisronnin Building Code. 

Pacific Coast Building Officials Conference. 

J 


United States Bureau of Standards. 

160 

160 

Massachusetts Building Officials Conference. 

160 

200 


Bureau of Standards Tests of Steel Columns. The collapse of the Quebec Bridge 
in 1907. due to the failure of a column in the lower chord, brought about a review of ex- 
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Table VIL Data on Built-up Steel Columns Tested at IT. S. Bureau of Standards 

All columns tested with flat ends. Each tabulated value is the average of three tests. (See 
Trans. A^S.C.E., vol. Ixxxiii, pp. 1583-1688, 1919-1920.) 


Type of Column 

Area, sq in. 

Slenderness 
Ratio, Ijk 

Useful Limit 
for Column, 
lb per sq in. 

Ultimate 
Strength, 
lb per sq in. 

Four 5 x3X^/i 6 in- angles 

11.14 

20 


36,400 

One 6 X^/i 6 in- plate 

11.84 

20 




11.14 

50 

28,800 

32,700 


11.14 

85 

27,800 

31,200 


11.21 

120 

26,600 

28,300 


11.74 

155 

25,200 

26,200 

Four 5X3X^/8 in. angles 

22 . 10 

20 


44,400 

One 6 X ^8 in. plate 

22.31 

20 


43,600 


22.22 

50 

24,700 

29,200 


22.03 

85 

25,300 

28,100 


22.12 

120 

23,300 

25,400 


22.34 

155 

21,900 

22,700 

Four 5X3 x13/i 6 in. angles 

One 6 X ^/8 in. plate 

28.44 

85 

26,200 

27,700 

Two 6 -in., 10.5-lb channels 

10.09 

50 

27,500 

33,200 

Two 8xV4 in. plates 

9.95 

85 

2S,700 

32,600 

10.06 

120 

27.000 

29,300 


10.42 

155 

.25,700 

26,500 

Two 6 -in., 15.5-lb channels 

Two 8 XV 2 in. plates 

17.03 

50 

26,800 

32,300 

17.07 

85 

26,700 

30,600 

17.05 

120 

26,300 

28,100 


16.81 

155 

24,000 

24,900 

Two 5-in„ 6.5-lb channels 

Two 91 / 2 X ^/4 in. plates 

8.74 

50 

28,300 

34,100 

8.67 

85 

28,000 

32,400 

8.74 

120 

28,000 

30,300 

Two 5-in., 11.5-lb channels 

16.43 

50 

25,300 

29,500 

Two 9 l/ 2 Xi/ 2 "in. plates 

16.39 

85 

25,700 

28,000 

16.46 

120 

25,700 

26,900 

Two 8 -in., 11.25-lb channels 

11.69 

50 

32,000 

36,900 

One 8 -in., 18-lb I-beam 

11.68 

85 

31,000 

34,000 


11.68 

120 

30,000 

31,900 


11.86 

155 

22,300 

23,600 

Two 8 -in., 18.75-lb channels 

16.88 

50 

22,500 

29,100 

One 8 -in., 20.5-lb I-beam 

16.92 

85 

23,300 

26,600 


17.00 

120 

21,700 

23,900 


16.58 

155 

23,300 

23,300 

One 8 -in., 32-lb Bethlehem 

9.64 

50 

34,700 

38,000 

H-beam 

9.29 

85 

32,800 

34,300 


8.64 

120 

31,100 

32,000 

One 8 -in., 62-lb Bethlehem 

17.85 

50 

24,200 

31,600 

Il-beam 

17.85 

85 

30,600 

32,300 


17.82 

120 

29,300 

30,000 

One 8 -in., 91-lb Bethlehem 

27.39 

50 

19,700 

25,200 

H-beam 

27.33 

85 

20,200 

23,500 


27.54 

120 

19,200 

21,300 

Two 11 X^/l 6 in. plates 

13.74 

50 

24,200 

31,600 

One 10-in., 25-lb I-beam 

13.64 

85 

24,800 

29,100 


13.71 

120 

24,500 

27,200 

Two 11 X ®/8 in. plates 

23.62 

50 

21,800 

32,100 

One 10-in. 35-lb I-beam 

23.71 

85 

23,300 

26,600 


23.74 

120 

22,500 

24,800 
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Table Vn —Continued 


Type of Column 

Area, sq in. 

Slenderness 
Ratio, Ilk 

Useful Limit 
for Column, 
lb per sq in. 

Ultimate 
Strength, 
lb per sq in. 

Four 2X2 xV 4 i»* angles 

10.81 

50 

26,800 

35,800 

Two 9X^/4 in. plates 

10.77 

85 

26,900 

32,100 

Two 51 / 4 X 1/4 in. plates 

10.75 

120 

26,500 

28,400 

Four 2 X 2 X^/ 16 - 111 . angles 

18.53 

50 

26,000 

31,800 

Two 9x7/i6-in. plates 

18.67 

85 

24.500 

28,300 

Two 51 / 4 X 1 / 4 - 10 . plates 

18.70 

120 

24,000 

26,300 

Four 5-in. 10.1-lb. bulb angles 

13.32 

50 

30,600 

33,400 

One 6x*’/l6-in. plate 

13.37 

85 

29,400 

31,600 


13.34 

120 

26,600 

28,100 

Four 4 X 1 / 4 -in. Z-bars 

11.01 

50 

31,300 

35,700 

One 7 X 1 / 4 -in. plate 

11.08 

85 

31,000 

32,800 


11.11 

123 

28,200 

29,700 

Four 4x5/a-in. Z-bars 

25.82 

50 

29,000 

32,900 

One 7X^/8-in. plate 

25.50 1 

85 

29,700 

31,400* 


25.68 

120 

25,500 

27,300 

One 6 -in., 23.8-lb Carnegie 

7.00 

50 


31,000 

H-beain 

7.00 

85 


30,400 


7.00 

120 


27,200 

One 8 -in., 34-lb Carnegie 

10.00 

50 


33,500 

H-beam 

10.00 

85 


31,700 


10.00 

120 


29,200 


* Average of two tests. 


isting knowledge of steel columns. In 1913 the A.S.C.E., the A.R.E.A., and the U. S. 
Bureau of Standards cooperated in a test of columns. These columns were made to 
represent high-grade jiractice and covered a wide range of sections, both rolled shapes 
and built-up se(djons (7Van.s. Am. Soc. ('. E., vol. Ixxxiii, 1919-1920). 

The tests, summarized in Table VII showed that, for columns of the proportions com¬ 
monly used, the effect of the variation in the steel, kinks, initial stresses, and similar 
defects in the column was more important than the effect of length. It also showed that 
the thin metal gave definitely higher strength, per unit area, than the thicker metal of 
the same typo of section. 


19. ECCENTRIC AND TRANSVERSE LOADS ON COMPRESSION 

MEMBERS 

Eccentric Loads on Short Compression Members. Where a direct push acting on a 
member does not pass through the centroid but at a distance e, inches, from it, both 
direct and bending stresses are produci^d. For short compression members in which 
column action may be neglected, the direct unit stress is P/A, where P — total load, 
pounds, and A = area of cross-section, square inches. The bending unit stress is Me/1 
where M — Pe is the bending moment, pound-inches; c is th(i distance, inches, from the 
centroid to the fiber in which the stress is desired; 1 = moment of inertia, inches^. The 
total unit stress at any point in the section is « — P/A + Pec/1, or s ~ P/A(l -f ec/k^), 
since I = Ak-, where k — radius of gyration, inches. 

Eccentric Loads on Columns. Various column formulas must be modified when the 
loads are not balanced, that is, when the resultant of the loads is not in line with the axis 
of the column. Let P be the load, pounds, applied at a distance e, inches, from the axis; 
the bending moment M is Pe. The maximum unit stress .«?, pounds per square inch, 
due to this bonding moment alone, is s = Mc/I = Pec/Akr, where c = distance, inches, 
from the axis to the most remote fiber on the concave side; A — sectional area, square 
inches; k = radius of gyration in the direction of the bending, inches. This unit stress 
must he added to the unit stress induced if the resultant load were applied in line along 
the axis of the column. The modified formulas, expressed in allowable load per unit 
of area, are; 
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Modified Rankine’s formula for eccentric loads (see p. 5-39): 

Modified straight-line formula for eccentric loads (see p. 6-39): 

Cl 

P ^ I _k 

A ^ . ec 


The secant formula, see p. 5-38, can also be used for . 

columns that are eccentrically loaded if the e in this formula ; 1 1 

is taken as the actual eccentricity plus the assumed initial I _ 

eccentricity. — r,- j-.s— ^ 

Example. Design a steel column 18 ft long to carry an axial j j 

load of 105,000 lb and an additional load of 43,000 lb which comes ] 1 h 

from a crane runway, and which is 1 1/4 in. beyond the outside .. 

edge of the column. 105,000 1b. 

The formula used »will bo the A.I.S.C. formula, P/A = i 43,000 lb. 

18,000/ j 1 + (ZV18,000A:2) j, and the shape selected wdil be a plate ““J” 1 ^ 

and four angles, as shown in Fig. 2 . ^ ^ 

Using 10,000 lb per sq in. as a preliminary estimate for the first j ^ 

selection, one plate 12 X S/jq in. and four angles 6X3 1/2 X ^/b * 

ill. will have an area of 15.95 sq in. The safe load for this column 
will now be found. The moment of inertia Ji-i is 412 in.’, the ^ 

radius of gyration ki-i is 6.08 in., and the radius of gyration k 2-2 5 ^ 

is 2.08 in. ® 

Considering the safe load with respect to axis 2-2 about which 
neither load is eccentric, 

^ _15d)5O^q0_ ^ ^ 5 =^=^ 

^ ■ (18 X 12)2 

^ 18,000 X (2.08)2 , i I _l_J 

Consider now the safe load about axis 1-1, with respect tc 
which the load of 105,0001b is axial, and the load of 43,000 lb has Fig. 2 

an eccentricity of 7 1/2 in. The load of 43,000 lb will produce r. 

stress duo to its eccentrioity, and this stress will reduce by that amount the unit load that the 
column can carry. The safe load will therefore be 


= 183,000 lb 


P = 15.95 /_^ 

I 1 (18 X 1 2)2 412 J 

\ 18,000 X (5.0872 / 

The area exceeds that needed by about 3 s<i jti.; the next smaller size is one plate 12 X ^/iB in 
and four angles 5X3 1/2 X 5/ip, in. The area is 13.09 sq in., moment of inertia, /i-i = 366 in.^ 
fci-i = 6.04 in., and k^2 — 2.03 in. With respect to the axis 2~2 


With respect to axis 1-1, 


13.99 X 18,000 
(18" X 12)2 
18,000 X (2.03)2 


= 154,600 lb 


P « 13.99 /__^^>^Q..X7.5.X^25\ ^ 

f ^ (18 X 12)2 356 J 

\ 18,000 X (5.04)2 / 

As the load to be carried is 148,000 lb this column is satisfaetory. 

Column Subjected to Transverse or Cross-bending Loads. (See Seely, Resistance of 
Materiiils, 1st Ed., p. 247.) A compression member that is subjected to cross-bending 
loads may be considered to be (1) a beam subjected to end thrust as discussed on 
p. 5-35 or (2) a column subjected to cross-bending loads, depending on the relative mag¬ 
nitude of the end thrust and cross-bending loads, and on the dimensions of the mem¬ 
ber. The various column formulas may be modified so as to include the effect of cross¬ 
bending loads. In this form they are: 

Modified Rankine’s Formula for transverse loads: 
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Modified straight-line formula for transverse loads: 

Ch Pyc Me 
A V * / A*» 

Modified secant formula for transverse loads: 


P 

A 



Ak^ 


03) 

(14) 


In these formulas, » is the maximum unit stress on the concave side, pounds per square 
inch; P = the axial end load, pounds; A = cross-sectional area, square inches; M — mo¬ 
ment due to cross-bending load, pound-inches; y ~ deflection due to cross-bending load, 
inches; k = radius of gyration, inches; I = length of column, inches; e — assumed initial 
eccentricity, inches; c = distance, inches, from the axis to the most remote fiber on the 
concave side; C = experimental constant (see p. 5-40). The modified straight-line for¬ 
mula, like the straight-line formula, cannot be used to solve for a (see p. 5-45), 


20. CAST-IRON COLUMNS 

Disadvantages of Cast-iron Columns. Tests made on cast-iron columns show that 
a large factor of safety should be used when the material is employed in column construc¬ 
tion. It is difficult to obtain a practical formula for the strength^of a cast-iron column 
on account of the uncertainty of the quality of the casting, and the danger of hidden de¬ 
fects such as internal stresses due to unequal cooling of the casting, cinder or dirt, blow¬ 
holes, cold shuts and cracks on the inner surface, which cannot be discovered by external 
inspection. Variation in the thickness of the wall due to shifting of the core is another 
common defect. Brackets which arc usually cast on the face of the column to support 
beams and girders may fail by shearing unless most skillfully designed. 

Tests of full-size cast-iron columns made at the Watertown Arsenal and at Phoenix- 
ville. Pa., showed that for short columns the strength in compression is much less than 

Table VIII. Allowable Safe Loads on Round Cast-Iron Columns, in Thousands of Pounds 

(New York Building Law, 1929; Recommended Building Code Requirements for Working 
Stresses in Building Materials, U. S. Bur. of Stds., 1926; Pacific Coast Building Officials Conference, 
1930; Mass. Building Officials Conference, 1929) 

Weights given do not include details 
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the strength of small test specimens of cast iron. For short columns, failure of test col« 
umns takes place by shearing on an inclined plane; for long columns, failure takes place 
by rupture on the convex side. Failure of cast-iron columns is always a sudden, shatter¬ 
ing failure. 

Advantages of Cast-iron Columns. For buildings of moderate height cast-iron col¬ 
umns are sometimes used instead of wooden columns to save space, and instead of steel 
columns to save expense. The fact that they are cheap and can be obtained more quickly 
than steel built-up columns will prevent them from being superseded entirely. More¬ 
over they can be cast in almost any desired shape with lugs and brackets attached for 
supporting beams or girders. 

Design of Cast-iron Columns. Cast-iron columns are usually in the form of a hollow 
cylinder, as this is the most economical and reliable type to use. Hollow rectangular 
sections are permitted by some building codes and are convenient to use in outer walls 
where it is necessary to bond into the masonry. They are less reliable than the hollow 
round type and should be used only when it is impossible to use anything else. 

The design will usually be governed by building laws, and the following limitations 
which are usually specified, should be adhered to: Minimum thickness of wall, 1/2 to 
3/4 in.; minimum diameter of column, 6 in.; maximum length, 20 X diameter or 70 X 
least radius of gyration. When it becomes necessary to use a wall thickness greater 
than 2 in. or a diameter over 18 in. it will be cheaper and more satisfactory to abandon 
cast iron and substitute a steel column. Within the above limitations the ratio of length 
to radius of gyration should be made as small as possible; that is, if a choice may be 
made of two columns of equal sectional area but of different diameter and, therefore, 
different wall thicknesses, the one with the larger diameter will bo the stronger. 

The safe load on a cast-iron column as given by the building law of the City of New 
York is P/A — 9000 — 40 (l/k), where P == the safe load, pounfla; A ~ area of section, 
square inches; I = length, inches; k == least radius of gyration. Tables VHI and IX 
give the safe loads for cast-iron columns according to this formula. 

Table IX. Allowable Safe Loads on Square Cast-iron Columns, in Thousands of Pounds 

(New York Building Law, 1929; Recommended Building Code Requirements for Working 
Stresses in Building Materials, U. 8. Bur. of Stds., 1926; Pacific Coast Building Officials Conference, 
1930; Mass. Building Officials Conference, 1929) 

Weights given do not include details 


Effective Length of Column, Ft 


12 14 16 18 20 22 24 26 
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SHAFTS 

By Jasper O. Draffio 

21. DEFINITIONS 

Torsional Stress. A bar is under torsional stress when it is held fast at one end and 
a force acts at the other end to twist the bar. In a round bar, Fig. 1, with a constant 
force acting, the straight line a~b becomes the helix ad, and a radial line in the cross-section, 
o6, moves to the position od. The angle had remains constant while the angle bod increases 

^ with the length of the bar. Each cross- 

1 \p P section of the bar tends to shear off the one 

I _adjacent to it, and in any cross-section the 

f ^ shearing stress at any point is normal to a 

^ ( ■" -f'*oj radial hne drawn through the point. Within 

V- 1 -the shearing proportional limit a radial line 

^ B of the cross-section remains straight after 

the twisting force has been applied, and the 
Fig. 1 unit shearing stress at any point is propor¬ 

tional to its distance from the axis. 

The Twisting Moment, T, is equal to the product of the resultant, P, of the twisting 
forces, and its distance from the axis, p. 

The Resisting Moment, 7V, in torsion, is equal to the sum of the moments of the 
unit shearing stresses acting along a cross-section with respiict to the axis of the bar. 
If dA is an elementary area of the section at a distance of z units from the axis of a circular 
shaft (Fig. IB), and c is the distance from the axis to the outside of the cross-section whore 
the unit shearing stress is s, then the total .shearing force acting on dA is (sz/n)dA, its 
moment with respect to the axis is {6z‘^/c)dA, and the sum of all the moments of the 

unit shearing stresses on the cross-se(;tion is J*{sz”/c) dA. In this expression the factor 
^ Z"dA is the polar moment of inertia of the seijtion with respect to the axis. Denoting 
this by the resisting moment may lie written sJ/c. 

The Polar Moment of Inertia of a surface about an axis through its center of gravity 
and perpendicular to the surface is the sum of the products obtained by multiplying 
each elementary area by the square of its distance from the center of gravity of its sur¬ 
face; it is equal to the sum of the moments of inertia taken with respect to two axes in 
the plane of the surfa(‘e at right angles to each other ])assing through the center of gravity. 
It is represented by J, inches^. For the cross-section of a round shaft, 

«/ = (i/32)(ird^). or l/27rr* (1) 

for a hollow shaft J ~ (V 32 ) [■»r(d^ — di*)] (2) 

where d is the outside and di the inside diiuneter, in inches, or 

J = 1 /., ~ n^)] (3) 

where r is the outside and ri the inside radius, in inches. 

The Polar Radius of Gyration, kp, is also sometimes used in formulas; it is defined as 
the radius of a circumference along which the entire area of a surface might be concen¬ 
trated and have the same polar moment of inertia as the distributed area. For a solid 
circular section, 

(4) 

for a hollow circular section, k’^p = + di*) (5) 


22. DETERMINATION OF TORSIONAL STRESSES 

The Torsion Formula for Round Shafts. The conditions of equilibrium require that 
the twisting moment, T, be opposed by an equal resisting moment, Tr, so that for the 
values of the maximum unit shearing stress, witliin the proportional limit, the torsion 
formula for round shafts becomes 


If 8a is in pounds per sciuare inch, then Tr and T must be in pound-inches, J is in inches* 
and e in inches. For solid round shafts having a diameter, d, inches. 
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J ~ and 

32 


m 

and 

For hollow round shafts 

167* 

'-“idT 

(8) 

T = 

7r(d* — di^) 

c^ld 

(9) 


" ~ 32 

2 

and the formula becomes 




T 

8aTr(d^ — di*) 

lord 

(10) 

IGd 

*• “ v(d* - di*) 


It should be remembered that the torsion formula applies only to solid circular shafts 
or hollow circular shafts and then only when the load is applied in a plane perpendicular 
to the axis of the shaft and when the shearing proportional limit of the material is not 
exceeded. 

Shearing Stress in Terms of Horsepower. If the shaft is to be used for the trans¬ 
mission of power, the value of T, pound-inches, in the above formulas becomes 63,030 H/n, 
where H is the horsepower to be transmitted and n = r.p.m. The maximum unit shear¬ 
ing stress, pounds per square inch, then, is: 

T. rx 321,000H ,,,, 

For solid round shafts: «« == -- (11) 

nd^ 


For hollow round shafts: Bg 


321,000 Hd 
n{d^ - di^] 


( 12 ) 


If 8s is taken as the allowable unit shearing stress, the diameter, d, inches, necessary 
to transmit a given horsepower at a given shaft speed can then be determined. It should 
be remembered, however, that these formulas give the stress due to torsion only, and 
allowance must be made for any other loads such as the weight of the shaft and pulleys, 
and tension in belts. 

Angle of Twist. When the unit shearing stress docs not exceed the proportional 
limit the angle bod (Fig. 1) for a solid round shaft may bo computed from the formula: 


0 


* Tl 

EsJ 


(13) 


where 0 — angle, expressed in radians; I — length of shaft, inches; Eg = shearing modulus 
of elasticity of the material, iiounds per square inch; T = twisting moment, pound-inches. 
Values of Ea for different materials are: steel, 12,000,000; wrought iron, 10,000,000; 
and cast iron, 6,000,000. 

When the angle of twist on a section begins to increase in a greater ratio than the 
twisting moment, it may be assumed that the shearing stress on the outside of the sec¬ 
tion has reached the proportional limit. The shearing stress at this point may be deter¬ 
mined by substituting the twisting moment at this instant in the torsion formula. 

Torsion of Non-circular Cross-sections. The analysis of shearing stress distribution 
along non-circular cross-sections of bars under torsion is complex. By drawing two lines 
at right angles through the center of gravity of a section before twisting, and observing 
the angular distortion after twisting, it has been found from many experiments that in 
non-circular sections the shearing unit stresses are not proportional to their distances from 
the axis. Thus in a rectangular bar there is no shearing stress at the corners of the sec¬ 
tions and the stress at the middle of the wide side is greater than at the middle of the 
narrow side. In an elliptical bar the shearing stress is greater along the flat side than at 
the round side. 

It has been found by tests (Bach, Elastizildt u. Fesliokeit; and Young, Bull. 4, School 
of Eng. Research, Univ. of Toronto) as well as by mathematical analysis that the tor¬ 
sional resistance of a section made up of a number of rectangular parts is approximately 
equal to the sum of the resistances of the separate parts. It is on this basis that nearly 
all the formulas for non-circular sections have been developed. For example, the tor¬ 
sional resistance of an I-beam is approximately equal to the sum of the torsional resist¬ 
ances of the web and the outstanding flanges. In an I-beam in torsion the maximum 
shearing stress will occur at the middle of the side of the web, except where the flanges 
are thicker than the web, and then the maximum stress will be at the midpoint of the 
width of the flange. Re-entrant angles, as those in I-beams and channels, are always a 
source of w’eakness in members subjected to torsion. Table I gives approximate values 
of the maximum unit shearing stress and the angle of twist 0 induced by twisting bars 

1—15 
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Table I. Approadmate Formulas for Maximum Shearing Stress and Angle of Twist in 
Members Subjected to Torsion 

(From Seely’s Advanced Mechanics of Materials) 

s« “ shearing unit stress, pounds per square inch; T = twisting moment, pound-inches; 6 = 
angle of twist, radians, in length, 1, inches; J = polar moment of inertia, inches^; Eg — shearing 
modulus of elasticity, pounds per square inch; A = area of cross-section, square inches; y — 
distance of most remote edge from center of bar, inches. Tests of brittle metal are those made by 
Bach, Elastizitdt u. FeHtigkeM, 1924, except for those marked *, which are by Kommers, Amer. 
Mach., vol. xl, p. 941, 1914. 


Shape 


Maximum Unit Stress 


Mathematical 

Analysis 


Tests of 
Brittle Material 


Angle of Twist 
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Table I —Continued 


Shape 

Maximum Unit Stress 

Angle of Twist 

1 

Mathematical j Tests of 

Analysis Brittle Material 

iL J ^ 

4.8r 

8m as -- 

63 


g ^ r.iiTi 
b*E9 

j. 

1 

t 

i 

QT 

** 2tHa + 26i) 

97 * 

36.27’!/ * 

A*E8 



I' 

9T 

** 2t2(o 2hi) 



1 

9T 

** 2<2(o + 6 - i) 


1 

f'l 

t 

T 


9T 

** 2t2(a -h 6 - 0 


Any compact section 
without re-entrant 
angles. 

** A*y 


a = 

A*E, 

k *= 4ir2 for ellipse. 

1 «= 40 to 42 for rect¬ 

angles. 


of various cross-sections, it being assumed that «« is not greater than- the proportional 
limit and that the modulus of elasticity, Eg, remains a constant. 

Ultimate Strength in Torsion. In a torsion failure, the outer fibers of a section are 
the first to shear and the rupture extends toward the axis as the twisting is continued. 
The torsion formula for round shafts has no theoretical basis after the shearing stresses 
on the outer fibers exceed the proportional limit, as then the stresses along the section are 
no longer proportional to their distances from the axis. It is convenient, however, to 
compare the torsional strength of various materials by using the formula to compute 
values of s, at which rupture takes place. These computed values of the maximum 
stress sustained before rupture are somewhat higher for iron and steel than the ultimate 
strength of the materials in direct shear. Computed values of the ultimate strength in 
torsion are found by experiment to be as follows: cast iron, 30,000 lb per sq in.; wrought 
iron, 65,000 lb per sq in.; medium steel, 65,000 lb p>er sq in,; timber, 2000 lb per sq in. 
These computed values of twisting strength may be used in the torsion formula to deter¬ 
mine the probable twisting moment that will cause rupture of a given round bar or to 
determine the size of a bar that will be ruptured by a given twisting moment. In design, 
large factors of safety should be taken, especially when the stress is reversed as in revers¬ 
ing engines and when the torsional stress is combined with other stresses as in 
shafting. 

Effect of Keyway in Shaft. The sharp re-entrant angles in keyways produce nign 
local stresses at these points. Based on studies made by hydrodynamical and soap-film 
methods, the local stress in the corner has been determined as equal to the stress in a 
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similar shaft without a keyway, multiplied by a constant, iC, which depends on the 
radius of the corner. The constants are approximately: 

Radius of comer, in. 0.1 0.2 0.3 0.4 0.5 0.6 0.7 

K . 6.4 3.4 2.7 2.3 2.1 2.0 1.9 

Under steady loading these high stresses are probably not very important, as a ductile 


material allows an adjustment to take place, but if the shaft is subjected to repeated 
loads a crack may start at the corner. 

Experiments by Moore {Bull. 42, Eng. Exp. Sta., Univ. of Ill., 1909) on shafts from 
1 1/4 to 2 1/4 in. in diameter showed that keyw'ays reduced the elastic strength and the 
stiffness but did not reduce the ultimate strength. l( E' — ratio of strength at the pro¬ 
portional limit of a shaft wdth a keyway to strength at the proportional limit of a shaft 
without a keyway, N = ratio of the angle of twist of a shaft with a keyway to that of a 
shaft without a key way, w = width of key way divided by diameter of shaft, and h = depth 
of keyway divided by diameter of shaft, the ratios obtained were: E' = 1.0 — 0.2t/j — l.l/i; 
N l.O + 0.4iy -f 0.7h, for ranges of w from 0.25 to 0.50, and of h from 0.125 to 0.1875, 


CYUNDERS, PLATES, ROLLERS AND RIVETED JOINTS 

By Jasper O. Draffin 


23. CYLINDERS 


Thin Cylinders under Internal Pressure. A cylinder is regarded as thin when the 
thickness of the wall is small compared with the diameter. It is assumed that in such 
cases the tensile stress across a longitudinal section is uniformly distributed over the 
thickness of the wall. If p = internal pressure, pounds per square inch; / == length of 
cylinder, inches; t = thickness of wall, inches; d == diameter of cylinder, inches; and 
8 « tensile stress, pounds per square inch: 

pdl = 2 sll or s ~ ^ (1) 

Jit 

For tensile stress across a transverse section 


pird^ pd 

= stird or 8 = — 
4 4< 


( 2 ) 


Formula 2 applies also to the stresses in the walls of a thin hollow sphere, hemisphere, or 
dome. This analysis does not apply where holes are cut in the cylinder for rivets or for 
other purposes. Where holes are cut, the tensile stresses must be found by the method 
used in riveted joints. (See Art. 26.) 

Thin Cylinders under External Pressure. It is difficult to derive a rational formula 
for the stresses in a thin cylinder under external pressure since failure occurs partly by 
collapse and this is greatly influenced by any slight ellipticity. Tests made by I’rofossor 
R. T. Stewart {Trans. A.S.M.E., vol. xxvii, p. 730) on lap-welded steel tubes showed 
that the length was not important provided it was not over 6 times the diameter. For 
ratios of i/d less than 0.023 

p = 1000 1^1 - Vl - 1600 (3) 

where p = collapsing pressure, pounds per square inch; t = thickness of wall, inches; and 
d ** diameter of tube, inches. For ratios of t/d greater than 0.023 

p = 86,670 f- 1386 (4) 


Professor A. P. Carmen made tests {Bull. 5, Eng. Exp. Sta., Univ. of Ill., 1906) and 
found, with ratios of t/d less than 0.025, for cold-drawn seamless steel tubes, 


and for seamless brass tubes 


p = 50,200,000 y j 


P 


= 25,150,000 



(5) 

( 6 ) 


For an extended discussion see Strength of Thin Cylindrical Shells under External 
Pressure by Saunders and Windenburg, and The Collapsing Strength of Steel Tubes by 
Jasper and Sullivan {Trans. A.S.M.E., Applied Mechanics, September-December, 1931, 
pp. 207-245). 
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Tldck Cylinders. Timoshenko and Lessells (Applied Elasticity) and Swain (Strength 
of Materials) give the following formulas for the stresses in thick hollow cylinders undei 
internal and external pressure. Under internal pressure only, the maximum tensile 
stress s/ in a tangential direction on the inner surface is 


St 


(oHhfo*) 

^ (6* “ o*) 


(7) 


where p = internal pressure, pounds per square inch; a = inside radius and h =* outside 
radius, inches; under internal pressure the maximum compressive stress in a radial direc¬ 
tion is on the inside and equals p, pounds per square inch. 

When the cylinder is subjected to an external pressure p the maximum compressive 
unit stress will be at the inner surface and is 


2 pfc2 
b- - a* 


( 8 ) 


In shrinkage fits a hollow cylinder or collar is forced over a cylinder or shaft having 
an outer diameter slightly greater than the inside diameter of the outer cylinder. This 
will cause compressive stresses in the inner cylinder and tensile stresses in the outer 
cylinder. This method is sometimes used in the manufacture of guns. Timoshenko and 
Lessells (Applied Elasticity) give the equation for the pressure p, pounds per square inch, 
between the two cylinders as 


E8 - a^)(c^ - 

b 2b^(c^ — a^) 


(9) 


where E = modulus of elasticity, a = inner radius of inner cylinder, h ~ outer radius of 
inner cylinder, c = outer radius of outer cylinder, 8 — amount by which the outer radius 
of the inner cylinder exceeds the inner radius of the outer cylinder. With the pressures 
known, external pressure on the inner cylinder and internal pressure on the outer cylinder, 
the stresses can be computed by means of equations 7 and S. 

A comparison of the various theories of failure of thick cylinders is given in Seely’s 
Advan(;ed Mechanics of Materials from which the following is abstracted: 

For brittle materials, as cast iron, the maximum stress theory is recommended. For 
internal pressure only it gives 



For external pressure only it gives 

For ductile materials the maximum strain theory is recommended. It is used by the 
United States Government for the design of guns. For internal pressure only it gives 


t == ri 

and for external pressure only 

t = ri 


N hhw 4 - (1 — m)p 

Eeui - (1 + rn)p 


■] 


( 12 ) 

( 13 ) 


where t — thickness, inches; = allowable working unit stress, pounds per square inch; 
p — pressure, internal or external, pounds per square inch; ri is the inner radius of cylinder, 
inches; E ~ modulus of elasticity; m = Poisson’s ratio; = allowable working unit 
deformation of the material. 


24. PLATES 

Circular Flat Plates. Table I gives equations for deflection and stresses in circular 
plates based mainly on the theoretical analyses developed by Grashof. (See Morley’s 
Strength of Materials; Seely’s Advanced Mechanics of Materials; Timoshenko and Les¬ 
sells’ Applied Elasticity.) Experience shows that the strength of flat plates is greater 
than is indicated by these equations. 

Elliptical Flat Plates. An approximate formula for the maximum stress s in elliptical 
plates, simply supported at the edge, having a major axis 2a, a minor axis 2b, a thickness 
t, and carrying a distributed load of w pounds per square inch, is 

— (3q ~ 26) tob* 

*a 


(14) 



6-54 


MECHANICS OF MATEBIALS 


Table I. Marimum Stresses and Deflection for Circular Flat Plates 
m Poisson's ratio; P ** concentrated load, pounds; w = distributed load, pounds par square 
inch; r » radius of plate, inches; t » thickness of plate, inches; E modulus of elasticity. 


Type of Load and 
Support 

Maximum Stress at 
Edge 

Maximum Stress at Center 

Maxinium Deflection at 
Center, m = 1/3 

Uniform load, edge 
simply supported 


3 wt2 

(3+m) 

2 wr^ 

3 

Uniform load, edge 
fixed 

Radial direction 

3 wr^ 

4 ^2 

Tangential direction 

3 wrnr^ 

3 tir2 

--(l+m) 

i 

1 Wr^ 

6 Et^ 

Concentrated loud 
at center, edge 
supported 


Infinite 

5 Pr2 

3 VeI^ 

Concentrated load 
at center, edge 
fixed 

Radial direction 

sr 

2rri2 

Tangential direction 

3 Pm 

2 ir/2 

Infinite 

2 /V2 

3 irEP 

Uniform load, sup¬ 
ported on central 
area of radius ro 



l(l-m)(7 + 3n.)g 

Load on central area 
of radius tq, edge 
simply supported 


3(1 f m)P r 1 

6 Pr2 

2 7rf2 Lm 4- 1 

+ (Ip)!?'] 

ro ''1 + ni' 4r2-i 

3 wEt^ 

Load on central area 
of radius rg, edge 
fixed 


3(l-fm)/Yi. »* . 

r must be > 1.7 ro 

2 jPr2 

3 irEti 


Square Flat Plates. Where the load is w pounds per square inch and the plate is 
supported on the four od^es, each h inches long, the maximum moment and maximum 
stress will be along a diagonal. The moment M per unit length of diagonal will be 
u?hV24, and the unit stress will be 

.=‘*: 


where t = thickness, inches. 

With edges fixed and load distributed tha maximum stress at the center of each of the 
edges is, approximately, s = 0.20 wh^/t^. Nichols found in experiments with steel plates 
a value of 


s 


wb^ 

0.141-,- 


(16) 


and Bach found 



(17) 


Rectangular Flat Plates. For a distributed load w pounds per square inch, with 
supports along the four sides, and assuming a uniform distribution of moment along a 
diagonal, Seely gives (Advanced Mechanics of Materials, p. 141) the stress as 


_ b^ to 

® “ 2/* (a» + 6*) 


(18) 


in which a is the length of the long side and b the length of the short side. 

For rectangular plates fixed along the four sides, for ductile materials, *Bach found 
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experimentally that the coefficient K in the moment equation M Kwh^ was such that 
the moment along the fixed edge and along the center was about the same, and that the 
values of K {see Seely, Advanced Mechanics of Materials, p. 144) for different ratios of 
the length of the sides a and 6 were about as follows: 

b/a = 0 0.2 0.4 0.6 0.8 1.0 

iC = 0.63 0.62 0.56 0.48 0.40 0.32 


Timoshenko and I.essells (Applied Elasticity) give an analysis which shows that the 
Inaximum inoineiit at the center of the plate in strips of unit width through the center 
of the plate, parallel to the long and short sides respectiv^ely, when the sides are simply 
supported, and the load is w pounds per square inch uniformly distributed over the plate, 
is given by the equations 

Ml max = A *1 w (19a) 

and Ali niax = A'2 vib'^ (196) 


the approximate deflection y is given by 


2/max 


~E? 


( 20 ) 


where t — thickness, inches; E = modulus of elasticity; Ku K 2 , and D are constants 
given in Table II. 


Table II. Values of Constants D, Ki and for Rectangular Plates with Supported Edges 
and Uniformly Distributed Loads 


a = long side, b = short side, Poisson's ratio 0.3. 


a/b 

D 

A'l 

A '2 

a/b 

D 

A’l 

A'2 

1.0 

0.0443 

0.0479 

0.0479 

1.8 

0.1017 

0 0948 

0.0479 

1.1 

.0530 

.0553 

.0494 

1.9 

. 1064 

.0985 

.0471 

1.2 

.0616 

.0626 

.0301 

2.0 

.1106 

. 1017 

.0464 

1.3 

.0697 

.0693 

.0304 

3.0 

.1336 

.1189 

.0404 

1.4 

.0770 

.0753 

.0506 

4.0 

.1400 

.1235 

.0384 

1.5 

.0843 

.08)2 

.0500 

5.0 

. 14)6 

.1246 

.0375 

1.6 

.0906 

.0862 

.0493 

00 

. 1422 

. 1250 

.0375 

1.7 

.0964 

.0908 

.0486 






For rectangular plates with the edges fixed, the maximum deflection is given by the 
same equation as for the plates with supported edges, but with the constant D given in 
Table III. The maximum bending moment in a strip of unit width is at the middle of 
the longer fixed side and is eijual to Mmux — K is given in Table III, and a and 6 

are the lengths of the long and short sides respectively. 

Professor Westergaard 
in a study of reinforced- 
concretc slabs supported on 
columns has computed the 
moments in medium-thick 
rectangular and elliptical 
plates {Proc. A.C.I., 1921). 

These are plates in which 
there is neither an appre¬ 
ciable absorption of energy by the vertical shearing stresses nor by the stretching of the 
middle plane of the plate. By means of a number of simplifying assumptions the 
values for the moments as given in Table IV were found. 


Table III. Values of Constants D and K for Rectangular 
Plates with Fixed Edges and a Uniformly Distributed Load 

Poisson's ratio = 0.3 


«/ b 

1.00 

1.25 

1.50 

1.75 

2.00 

to 

D 

0.0138 

0.0199 

0.0240 

0.0264 

0.0277 

0.0284 

A 1 

0.0513 

0.0665 

0.0757 

0.0817 

0.0829 

0.0833 


26. STRESSES IN SOLIDS UNDER PRESSURE 

Cylindrical and Spherical Rollers. Approximate equations for areas of contact and 
pressures have been worked out for a number of cases (Timoshenko and Lessells’ Applied 
Elasticity). These are given in Table V. 

Hertz Equations. A general mathematical solution of the problem of the stresses 
produced by the pressure of one solid upon another, of which cylindrical and spherical 
rollers are a special case, was made by H. Hertz (English translation in Miscellaneous 
Papers by H. Hertz). The Hertz equations are very complex and deal only with surface 
stresses. Thomas and Hoersch {Bull. 212, Eng. Exp. Sta., University of Illinois, 1930), 
as a part of an investigation of railroad rails and the development of transverse fissures 
in them, extended the Hertz equations to a study of the shearing stresses within the 
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Table IV. Formulas for Bending Moments in Rectangular Flat Slabs 
Values are per unit width. Poisson’s ratio » 0, a » longer side, h » shorter side, a » h/a> 




Moments in Span b 

Moments in Span a 



At center of 
edge 

At center of 
slab 

At center of 
edge 

At center of 
slab 


Four edges simply 
supported 

0 

1/8 wb^ 

1 + 2a3 

0 

--(l+a2) 

1 

m 

Span b fixed;span 
a simply sup¬ 
ported 

1/12 wm 

1/24 

Q 

-- (1 4- 0.3 a2) 

80 

1 + 0.2 

1 + 0.4 a4 


Si 

13 

Span a fixed;span 
b simply sup¬ 
ported 

() 

1/8 wb^ 

1 / 8 M -62 

0.015 « 0 



1 + 0.8 a2 4- Ga** 

1 + 0.8 


All edges fixed 

1/12 t< W 

1 -H a4 

1/8 U ’62 

3 + 4a4 

1/24 

0.009 Wbm + 2a:^-a^) 

Elliptical slab with 
fixed edges; diam- 

V12 U &2 

1/24 

1/12 wb'^ «2 

1/24 Wb^ a2 


eters a and b; b/a 

as a 

1 + 2/3 » 

1 + 2/3 a2 + a4 

1 + 2/3 4- 

1 4- 2/3 a2 4- a4 


solid. They developed methods, too long to lie given here, of computing the magnitude 
and location of the maximum shearing stresses produced in solids under pressure, su(!h 
as in railroad rails under a wheel load. They have obtained experimental verification 
of the correctness of their equations by a “ strain-etch ” method, but point out that the 
mathematical equations derived do not hold exi^ept for thick material and where the ratio 
of the length of contact to the width of contact is largo. 

In a cylinder of radius 72, inches, under a load pounds per inch of length, on a 
plane, assuming l^oisson’s ratio as 1/4 the maximum shearing unit stress .v« = 677 VP'Jr, 
the width of contact equals 0.000564 >/p'R, the depth to the point of maximum shear 
is 0.000222 \^P'R, and the maximum intensity of pressure is 2256 y/P' fii. In the case of 
crossed cylinders, the empirical equation is 


11,7.50 P^''^ 



whore 72i ** radius of larger cylinder; Ri — radius of smaller cylinder; P = total pressure, 
pounds, between the two solids; the ratio Ri/R^ is only true within the limits of 1 and 8. 
Table VI gives a number of values computed by the methods of Thomas and Hoersch. 

Stribeck made extensive experiments on ball bearings in 1898-1000, and his reports 
are translated in Trans. A.S.M.E., vol. xxix, p. 421. 

Where rollers are moving, as at the end of a truss or girder or with a rolling lift bridge, 
under relatively high pressures, the plate on which the roller rests is the critical part. 
The metal of the plate tends to flow longitudinally under the backward and forward 
motion. Wilson {Bull. 191, Eng. Exp. Sta., University of Illinois, 1929) reports on 
experiments with rollers of the size used in rolling lift bridges, between 116 in. and 476 in. 
radius, and concludes that the bearing capacity of a plate depends upon its thickness, the 
tensile strength of the material, and the diameter of the roller. He proposes the formula 

P= (12,000 + 80/)) 

where P safe working load, pounds per inch width of plate; D — diameter of the roller, 
inches; p — yielding point strength of the material in tension, pound per square inch. The 
thickness of the plate, inches, should not be less than (1.0 — 0.004 D) with D not less than 
120 in. Steel bridges usually have one end on rollers to allow for expansion, and the 
usual allowable load for expansion rollers is P qqO Z) ; P ~ load, pounds per lineal inch 
of roller, and D » diameter of the roller, inches. 
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Table V. Areas of Contact and Pressures with Two Surfaces in Contact 

Poisson’s ratio » 0.3; P load, pounds; Pi » load per inch of length, pounds; E modulus 
of elasticity. 


Character of Surfaces 

Maximum Pressure, s, at 
Center of Contact, 
lb per sq in. 

Radius, r, or Width, b, of 
Contact Area, in. 

Two Bpheroa 



r = 0.881 

\ E Vdj -j- 

Sphere and plane 


,.0.616-^^ 

r - 0.881 

—1 


Sphere and hollow spl 

lere 





0.616 


CyKnder and piano 


S = 0.S91 


Two uylinders^^^^ 

1 



0.591 



Table VI. Shearing Stresses in Solids under Pressure 


Case 

Radius, 
Ri, in. 

Length 
of Cylin¬ 
der, in. 

Radius, 
P2t in- 

Load, lb 

Area in 
Contact, 
sq in.* 

Maximum 
Shearing 
Stress, lb. 
per sq in. 

Depth 
below Sur¬ 
face of 
Point of 
Maximum 
Shearing 
Strew, in. 

Crossed cylinders... 

16.5 


14 


25,000 

0.215 

56,500 

0.121 

Crossed cylinders.. . 

40 


14 


60,000 

0.502 

59,800 

0.179 

Cylinder on plane... 

16.5 

2 

Plane 


25,000 

0.312 

18,600 

0.100 

Cylinder on plane.., 

40 

2 

Plane 


60,000 

1.236 

18,600 

0.243 




1 

[ 

39,800 

1 



Cylinder on plane.. . 

30 




lb per in. 

1. 

24,700 





i 

length 

J 


Soleplates Galveston 



1 

r 

112,400 I 

Width ) 



Causeway Bascule 

l309 


; Planed 


lb per in. 

3.45 \ 

12,900 

1.355 

Bridge. 

/ 


! 1 

L 

length 

in. J 




* Computed by approximate equation. 
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26. RIVETED AND WELDED JOINTS 

Rireted Joints exist where two or more parts of a structure or machine are connected 
by rivets. Two types of riveted joints are usually recognized, those in structures or 
machines, Fig. lo, and those in internal pressure vessels, Fig. 16. They are further 
classified as hvit joints, Fig. Ic, and lap joints, Fig. Id. The short plates connecting the 
main plates in Fig. Ic are known as hutt or cover plates and sometimes as hull straps. 
Depending upon the number of rows of rivets, joints are known as single, double, and 
triple riveted. Fig. Id is a triple-riveted joint. 



Fig. 1 


Stresses in Riveted Joints are of three kinds: (1) tensile stresses in the plates or 
members connected, (2) shearing stresses in the rivets connecting the plates, and (3) l)ear- 
ing stresses in the rivets and in the plates at the surface of contact with the rivets. In 
computing stresses it is assumed that the rivets are far enough from the end of the plate 
that the rivets will not tear through the plate and that all stresses are uniformly dis¬ 
tributed over the area under consideration. Then the unit stresses, pounds per square 
inch, will be equal to the load, P, pounds, divided by the area. A, in square inches, or 
t = P/A, 

First select a typical portion of the joint and then determine the load on the part 
Bdected and the area of each element which is under stress. For structural joints the 
entire joint is used, while for internal pressure vessels a strip 
called a repealing section is used. Fig. 2 shows such a repeating 
section, enlarged from Fig. Id. The plate A will tend to tear 
apart at the section m~n and the plate B at section p-q, since the 
entire load must be carried across these reduced sections. The 
area of each plate is the same and the load is the same and 
therefore the tensile unit stress in each plate is st — P/At, in 
which At — (6 — d)t, or P/ (6 — d)t. All the rivets being 

of the same size, each carries one-quarter of the load and therefore 
the total load carried across the section o will be 3P/4 while 
the area At^_^ ^ (Jb — 2d)t, or 8t^_^ = 3P/4(6 — 2d)t. The shear¬ 
ing unit stress in the rivets is s, = P/A», where is the area of 
the four rivets or 4 irdV4, or s* = P/vd*. The bearing unit stress 
in the plate, or rivet, is 6*& = P/Ab, where Ai = the bearing 
area for four rivets, each of which is dt or a total of 4 dt, or 
8b — P/^ dt. 

Allowable working stresses vary considerably, those given 
below representing two specifications widely used. The values are in pounds per 
sqUEire inch. 

Table VIL Allowable Working Stresses 
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Welded Joints have come into extensive use since the World War and are now (1936) 
used in many places in buildings, bridges, tanks, and machinery to replace or supplement 
riveted joints. Welding is defined as “ a localized consolidation of metals by means of 
heat,” and there are a number of methods of welding and a considerable variety of types 
of joints, of which a few are shown in Fig. 3. Stresses in welded joints are computed 
for shear and tension or compression. In vee joints the stress is computed for tension, or 
compression, by Sf = P/Au where .4eis the area of the weld, considered equal to the area 
of the thinnest plate connected. Stress in fillci joints is computed for shear, Pi 
where is equal to the length of all the welds times the thickness at the throat, the 
throat being measured as indicated in Fig. 4. 



Single Vee Double Vee End Fillet Side Fillet Fillet 


Fig. 3 


Fia. 4 


The American Welding Society’s Code for Fusion Welding and Gas Cutting in Building 
Construction, Edition 1930, recommends the following working unit stresses, all in pounds 
per square inch of throat weld: Shear, 11,300; tension, 13,000; compression, 15,000. 
Specifications on workmanship and on the qualifications of weldors are rigid. Detailed 
infoniiation on workmanship, specifications and tests are given in the Report of Structural 
Steel Welding Committee of the American Bureau of Welding, 1931, and in Practical 
Design of Welded Steel Structures, J. Am. Welding <S'oc., Aug., 1933, and also in the 
A.S.M.E. Boiler Code. 


REINFORCED CONCRETE 

By Theodore Crane 


General Uses 

Reinforced Concrete is concrete in which metal is embedded in such a manner that 
the two materials act together in resisting forces; the jirincipal function of the concrete 
is to resist compressive stresses, and that of the reinforcement to resist tensile stresses. 

The value of combining iron and concrete, to resist respectively tensile and com¬ 
pressive stresses in structural members, was first discovered in France about 1865. Since 
that time it has become one of the most widely used structural materials for bridges, 
roads, retaining walls, dams, tanks, and many other types of engineering structures, as 
well as for buildings. It is almost universally used for multi-story industrial buildings 
and garages. 

The choice between a structural steel or a reinforced concrete skeleton depends on com¬ 
parative cost, unless tlie architectural design requires tlie use of one of these materials. 
H-section steel cores, extending through four or five lower stories, can be successfully used 
when column sizes become excessive. For industrial loads, girderless floor systems are 
the most satisfactory. They provide better manufacturing facilities and a higher fire- 
resistance than so-called “mill-construction,” or bcam-and-slab design. For lighter types 
of occupancy as commercial and residential work, ribbed floor systems are more suitable. 

27. SPECIFICATIONS 

Concrete. See Non-metallic Materials, Section 12. 

Reinforcement. Expanded metal, triangular mesh, 
or wire fabric is often employed in slabs of moderate 
span, and in walls and partitions. The great bulk of 
reinforcement used, however, is in the form of bars, 

either plain or deformed, the deformations aiding the Square 

bond between the steel and concrete (see Fig. 1). Concrete steel Co. 

Table I gives the areas, weights, and perimeters of 
standard round and square steel reinforcement. 

The so-called ” intermediate grade ” of billet steel rh, gar Rould Rib Bar 

(see A.S.T.M. Specifications) can be generally used Truscon Sieel Co, 

for all purposes where reinforcement is required. Pjq j Typical Types of 

Hail steel, rerolled to rods and bars (see A.S.T.M. Deformed Bars 

Specifications for Rail-steel Concrete Reinforcement 

Bats), is a satisfactory reinforcement in designs which do not require bending of the 





6-60 


MECHANICS OF MATERIALS 


Table I. Areas, Weights, and Perimeters of Round Rods and Square Bars 


Size, in. 

Round Rods 

Square Bars 

1/4 

•V 8 

V2 

6/8 

3/4 

7/8 

1 

V2 

1 

11/8 

11/4 

Area, sq in. 

0.049 

0. tt 

0. 19 

0.30 

0.44 

0.60 

0.78 

0.25 

1.00 

1.26 

1.56 

Weight per ft, lb. 

0. 167 

0.376 

0.668 

1.04 

1.50 

2.04 

2.67 

0.85 

3.40 

4.30 

5.31 

Perimeter, in. 

0.78 

1.18 

1.57 

1.96 

2.35 

2.75 

3. 14 

2.00 

4.00 

4.>0 

5.00 


rods. Wire reinforcement shall conform to the A.S.T.M. Standard Specifications for 
Cold-drawn Steel Wire for Concrete Reinforcement. Table II summarizes the chemical 
and physical properties of concrete reinforcement bars. 

Steel reinforcement should be stored on racks, but need not be protected from the 
weather unless kept for long periods. A light coating of red rust does not injure the 
bond between steel and concrete, but heavy scale should be removed by wire brushing. 

28. GENERAL PRINCIPLES OF DESIGN 

Design. The design of concrete slabs, beams, and girders involves computation of the 
sectional area of steel required for strength in tension, and of concrete required for 
strength in compression. Diagonal tension, a function of the shear, is resisted by the 
concrete alone or with the aid of web reinforcement. Columns or struts supporting 
concentric loads are designed with a reinforced-concrete section in which each material 
is assumed to carry a portion of the compression. With comparatively heavy loads, 
spirals are used to increase the ultimate strength, or structural steel cores may be used 
to reduce the diameter of the column. 

Placing of Reinforcement. All metal reinforcement should be accurately placed, 
supported at the proper height by concrete or metal chairs, and so secured as to prevent 
displacement during pouring of concrete. Reinforcement should be cold bent, as indicated 
on the drawings or steel lists, around a pin whose diameter is four or more times the 
least dimension of the rod or bar. It should be free from coatings that might destroy 
or reduce the bond, as heavy rust, scale, paint, grease, etc. Heating of reinforcement for 
bending should not be permitted. Sufficient lap should be provided at splices to trans¬ 
fer the stress between bars by bond and shear. Column rods should be lapped at least 
24 diameters for deformed steel or 30 diameters for plain steel. Splices should not bo 
made at points of maximum stress. 

Insulation of Reinforcement. To protect the steel from corrosion and fire, minimum 
thickness of concrete should be provided around the reinforcement as follows: floor slabs 
and walls, 1 in. (some building ordinances require 1 1/2 in. for wails); beams, girders and 
columns, 1 1/2 in. (most building ordinances require 2 in. for girders and columns); foot¬ 
ings or other principal stnicturaL members where concrete is deiiosited directly against 
the ground, 3 in. (most building ordinances require 4 in.); it is also desirable to provide 
2 in. protection for all members cxiiosed to the weather, as spandrel beams and exterior 
columns. 

Contraction Joints. Volumetric changes normally occur when concrete hardens. 
When concrete is cured in dry air, shrinkage commences immediately after placement, 
due principally to loss of water by evaporation or absorption. The preliminary shrink¬ 
age, occurring while the concrete is plastic, is fairly rapid, particularly in thin members 
exposed to hot sun and wind. The secondary shrinkage, occurring after the member 
has assumed definite form, is much slower, and is influenced by atmospheric conditions 
and the character of mixture. Rich concrete shrinks more than lean; decreasing the 
water-cement ratio decreases the shrinkage. 

Atmospheric temperature changes cause changes in volume during the life of a struc¬ 
ture. The theoretical coefficient of expansion for concrete through normal temperatures 
is approximately 0.000,005. Changes in atmospheric moisture cause volumetric changes 
which may be as great as those due to temperature changes. To meet these conditions, 
joints must be provided at sufficiently frequent intervals to avoid exceeding the strength 
of the concrete, or sufficient reinforcement must be used so to distribute deformations 
caused by initial shrinkage and by temperature and moisture variations that they will 
not seriously affect the structure. 

For buildings not over 300 ft long, the reinforcement required for the principal stresses 
usually is sufficient to distribute secondary stresses due to shrinkage or expansion. Longer 
structures should be separated by transverse joints so that free movement of the adjar 
sent parts is possible. In beam-and-slab construction this can be done by erecting two 







GENERAL PRINCIPLES OP DESIGN 


6-61 


Table 11. Chemical and Physical Properties for Concrete Reinforcement Bars 

_(A.S.T.M. PeBignstion; AlS-3.'i.) _ 


Properties Considered 

Billet-steel Bars 

Grade, Plain Bars 

Structural 

Steel 

Intermediate 

Hard 

Phosphorus, ma\: 

0. 10 

0.05 

0.08 

55-70,000 

33,000 

1,400,0001 

0.10 

0.05 

0.08 

70-90,000 

40,000 

l,300,000t 

0.10 

0.05 

0.08 

80,000 min 
50,000 
1.200,0001 
Ten. str. 

180 

3 

90 

3 

Open-hearth, basin... 

Tensile strength, lb per sq in. 

Yield point, min, lb per sq in. . .. 

Cold bend w'ithout fracture: 

Bars < 3/4 in. diameter or thick bend, deg.... 
* djt =. 

Ten. str, 

180 

180 < 
1 

Ten. str. 
(16% min) 

180 

2 

90 

2 

Bars > 3/4 in. diameter or thick bend, deg.... 
* d/< =. 

Properties Considered 

Billet-steel Bars 

Grade, Deformed Bars 

Structural 

Steel 

Intermediate 

Hard 

Phosphorus, max: 

Bftiwemer . 

0. 10 

0.05 

0.08 

55-70,000 

33,000 

1.250,000t 

Ten. str. 

180 

1 

180 

2 

0.10 

0.05 

! 0.08 

1 70-90,000 

1 40,000 

l,125,000t 

i Ten. str. 

(14% min) 

180 

3 

90 

3 

0.10 

0.05 

0.08 

80,000 min. 

50,000 
1,000,000t 
Ten. str. 

180 

4 

90 

4 

Open-henrth, basic . 

acid . 

Tensile strength, lb per sq in . 

Yield point, min, lb per sq in . 

Elongation (8 in.), min, per cent . 

Cold bend without fracture: 

Bars < 3/4 in. diameter or thick bend, deg. ... 
* (l/t = . 

Bars > 3/4 in. diameter or thick bend, deg - 

d/t == . 

Properties Considered 

Rail-steel Bars 

Cold 

T wisted 

Plain 

Deformed 

Hot-Twisted 

Phosphorus, max: 

0.10 

0.05 

0.08 

Recorded only 
55,000 

5 

180 

2 

180 

3 



-.-r-,.-.. 

Oppr>-hearth , banin r . - . - - - r. 






Tensile strength, lb per sq in . 

Yield point, min, lb per sq in . 

^in J Triin pnr rtorif 

80,000 
50,000 
1,200,000t 
Ten. str. 

180 

3 

90 

3 

80,000 

50,000 

1,000,000t 

Cold bend without fracture: 

Bars < 3/4 in. diameter or thick bend, deg. ... 
* d/t « . 

Ten. str. 

180 

4 

90 

4 

Bars > 3/4 in. diameter or thick bend, deg. ... 
* d/i ~ . 


= diameter of pin about which specimen is bent; t = thickness or diameter of specimen, 
t For bars over 8/4 in. in thickness or diameter, a deduction of 0.25 j^r cent from the percent¬ 
ages of elongation specified shall be made for each 1/^2 of the thickness or diamettf above 

in* 

For bars under Vie in. in thickness or diameter, a deduction of 0.5 per cent from the percentages 
of elongation specified shall be made for each decrease of I /32 in. of the thiclmess or diameter below 
7 / 1 A in. 
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sets of columns supporting parallel floor beams on either side of the joint: a common 
footing may be used. In girderless construction, contraction joints are placed along the 
centers of bays, the two sections of which are designed as cantilevers. The break be¬ 
tween sections should be complete, and exposed joints should be filled with an elastic 
joint filler. 

Although most damages caused by temperature and moisture changes are traceable 
to contraction, expansion joints occasionally are necessary where sections of concrete are 
poured within rigid confines, particularly around the edges of concrete roof fills adjacent 
to parapet and penthouse walls. Comparatively thin members, particularly in exposed 
positions, should be lightly reinforced with round rods or wire fabric, to distribute 

deformations due to volumetric change and to prevent cracking. The amount of such 
reinforcement, of structural grade steel, may be taken as 0.3 per cent of the sectional 
area of the concrete. 

Building Ordinances. Table III gives the allowable unit stresses applying to the 
design of reinforced concrete as now required by representative city ordinances and the 
Joint Standard Building Code. Unfortunately, there is wide variation in the require¬ 
ments of different localities, and the engineer should obtain a copy of ordinances control¬ 
ling his work. Outside of any local jurisdiction, the Joint Standard Building Code, pub¬ 
lished by the American Concrete Institute, is recommended as an excellent standard. 
Present practice (1035) is to design reinforccd-concrete members on the liasis of the 
allowable stresses in the materials, rather than on the ultimate stresses. Although most 
municii)alities still assume fixed values for concrete mixed in certain specified proportions, 
it is preferable, when preliminary tests can be made, to compute allowable stresses as 
percentages of the ultimate compressive strength actually developed at the age of 28 days. 
The engineering societies have recommended this jiractice, which is illustrated by data 
taken from the Joint Code, and also by the requirements of the city of Philadelphia which 
permit this method to be used when proper control is exercised. 

Table III. Allowable Unit Stresses in Reinforced Concrete under Static Loads 

(From various codes) 


Allowable Stresses, lb per sq in. 


ClaHsification of StresBcs 

1928, 

San 

Fran¬ 

cisco* 

1930, 
Boston t 

1928, 
Chicago t 

Joint 

Standard 

Building 

Code+ 

Extreme fiber strcBS in concrete in compression in general.. 

715 

715 

700 

800 

Adjacent to supiiort.'s of continuouB beams. 

825 

825 

700 

900 

Concentric compression in concrete. 

495 

495 

400 

500 

Shearing stress in concrete when no steel is provided to 





resist diagonal tension. 


44 

40 

40§ 

Vertical shearing stress when diagonal tension requirements 




are satisfied. 

132 

132 

135 

120 § 

Bond stress: 





Between concrete and plain bars. 

88 

88 

70 

80 

Between concrete and deformed bars. 

110 

110 

100 

100 

Maximum tensile stress in steel reinforcement. 

18,000 

18,000 

18,000 

18,000 

Maximum tensile stress in cold-drawn steel wire. 

20,000 

22,500 

18,000 

20,000 


* Valura based on a 2S-d;iy compressive strength of 2200 U) per in., corresponding to a mix¬ 
ture of 1 part cement to 0 parts combined aggregate, where the coarse aggregate is of granite or 
traprock. The proportions are by volume of eenient to the combined aggregates, measured 
separately. For example, a 1 : 2 : 4 mixture might also be referred to as a 1 : 0 mixture. 

i \'allies based on a 28-day compressive strength of 2200 lb per sq in. 

Values based on a 28-day compressive strength of 2000 lb. per sq in. 

Values of 00 and ISO respectively may be used when special anchorage of longitudinal steel is 
provided. 


29. BEAMS AND SLABS 

Fundamental Assumptions. A plane cross-section of a beam, before bending, remains 
a plane section after bending; the modulus of elasticity of the concrete in compression 
remains constant within the assumed working stresses; the distribution of compressive 
stress in a beam is rectilinear; perfect adhesion exists between concrete and steel; in 
calculating the moment of resistance of reinforced-concrete beams and slabs, the tensile 
resistance of the concrete is negligible; the initial stress in the steel caused by contraction 
or expansion of the concrete is negligible, except in column design; the ratio of the mociu- 
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luB of elasticity of steel to concrete is expressed by the formula (notation given below): 


E, ^ 30,000 
1000/c' U 


( 1 ) 


Flexure Formulas for Rectangular Beams and Solid Concrete Slabs. (Bee Fig. 2.) 

The following notation is used: d *= effective depth of beam, distance from extreme 
fibers in compression to center of gravity of tensile reinforcement, inches; h = width of 
beam or section of slab, inches; k — ratio of distance of neutral axis of crosSHSOCtion 
from extreme fibers in compression to effective depth of beam; kd — distance of neutral 
axis from extreme fibers in compression, inches; j = ratio of distance between the center 
of compression of concrete and center of tension of steel to effective depth of beam, or 
patio of arm of resisting couple to d; jd — distance between center of compression in 


AC| 


As 


Trace of 
Neutral 
Surface 



Fig. 2 Diagrams of Deformations and Stresses 


concrete and center of tension in steel, or arm of resisting couple, inches;/,; = compressive 
unit stress in extreme fibers of concrete, pounds per square inch; fc' — ultimate crushing 
unit strength of concrete at age 28 days, pounds per square inch; fa — tensile unit stress 
in steel, pounds per square inch; As = area of cross-section of main tensile reinforcement, 
square inches; Ea = modulus of elasticity of steel, pounds per square inch; Ec = modulus 
of elasticity of concrete, pounds per square inch; n — modulus of elasticity of steel divided 
by modulus of elasticity of concrete, i.e., n = Ea/Ed M == bonding moment, inch-pound; 


V = percentage of reinforcement, or 



1 

2 




Steel ratio, for balanced reinforcement, 


p == 



( 2 ) 


Ratio of distance of neutral axis of cross-section from extreme fibers in compression to 

effective depth of beam, _ 

k = V2pa -f- (pn)^ — pn (3) 

Ratio of arm of resisting couple to concrete depth, 

y=l-^ (4) 


Concrete depth as controlled by bending moment, 

_ Ilf 
y2fcjkb~ylKb 

Steel area as controlled by bending moment, 

As = pbd 




(5) 

(6a) 

(6b) 


Formula 5 determines the depth of a slab or beam to resist a given bending moment 
without exceeding a specified unit stress in the concrete. If formula 5 is used, 6o or 6b 
may be used to determine the steel area. Formula 6a is for general use; formula 66 
determines the sectional area of the reinforcement as a percentage of the concrete sec¬ 
tion, bd. In Table IV arc given values of k, j, p, and K, for n = 15, as computed by the 
above formulas. If the value of p is computed from formula 2 or taken from Table IV, 
the result will be to supply the exact amount of steel necessary to “ balance ” the con¬ 
crete. This procedure is satisfactory for slabs and rectangular beams, or for other mem- 
bops for which the concrete section has been determined by moment considerations. It 
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is inapiat>priate for the design of T-beams or others where the entire concrete section is 
not required by moment. 

Fiber stresses. /»= (7) 

' AsJd pjbd^ 


' jkhd^ ’ 


2pA 

k 


( 8 ) 


Formulas 7 and S are for checking fiber stresses of beams already designed. 


Table IV. Formula Factors for Beams and Slabs 


fct 

lb per 
sq in. 

fg «= 16,000 lb per sq in. 




k 

j 

P 

K 

k 

3 

P 

K 

600 

0.359 

0.881 

0.0067 

94.5 

650 

0.351 

0.883 

0.0063 

100.8 

650 

0.378 

0.874 

0.0077 

107.7 

700 

0.368 

0.877 

0.0072 

113.1 

700 

0.397 

0.868 

0.0087 

120.4 

750 

0.385 

0.872 

0.0080 

123.'/ 

750 

0.414 

0.862 

0.0097 

133.5 

800 

0.400 

0.867 

0.0089 

138.7 

800 1 

0.429 

0.857 

0.0107 

146.9 

900 

0.429 

0.857 

0.0107 

165.3 


Notb: Value of n = 15 throughout this table. 


Flexure Formulas for T-Beams. (See Fig. 3.) The design of T-bcams and T-girders 
is divided into two classifications: (1) That in which the neutral surface falls either 
within the flange or at the bottom of it. (2) That in which the neutral surface falls 
within the web. 

In case 1, the design is the same as for rectangular beams, and formulas 2 to 8 apply. 
The width of flange, however, is used for the value of 6, and the steel ratio p is based 
upon the total area M. 

In case 2, which is more frequent, neglecting the compression resisted by the web- 




t 



EE 






1 

Neutral Axis of 
Cross-Section 

r'. W.*.' ’. 

Flange 

—Web 





K-bUj 


Fia. 3. Stress Diagram and Cross-section of a Reinforced-Concrete T Beam 


let f = total slab thickness on either side of the web, inches; z = distance from the nom- 
pression surface of the beam to the center of compression, inches; h' = width of web, 
Inches; h — allowable width of flange, inches; p = Ag/h'd, that is, the steel ratio is based 
upon tlie area b’d. The remaining notation is the same as for rectangular beams. 

Position of neutral axis. 


2ndAa -f ht^ 

kd = —- 

2nA, + 2bt 

Position of resultant compression, 

iikd - 2t t 
2kd-t'z 

Arm of resisting couple, jd = d — z 


(9) 

( 10 ) 

( 11 ) 


Steel area as controlled by bending moment. 


Ag 


M 

fsJd 


( 12 ) 


A 


fc 


^L_ 

Agjd 

Mkd 

htjdikd - f/2) 


ts fc 

n*l -fc 


(13) 

(141 


Fiber stresses. 
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Fonnulas giving approximate results but erring slightly on the safe side are deduced 
hy substituting 

(d - 0 for )d. and G/j) for (l - 

This substitution gives: 

Extreme fiber stress in concrete, 

^ _ 2il/ 


bt 

Steel area. X, = — x-w, 

"2) 

Shearing Stress. Rectangular beams and slabs should be checked for shear, as a 
measure of the diagonal tension, and the concrete area increased if the shear is excessive. 
The depth of T-beams, when economically designed, is generally controlled by shearing 
stress. Let V = total vertical shear at the section considered, pounds; v ~ total unit 
shearing stress at the section, pounds per square inch; j — 0.S75 (an approximation used 
for shear computations); b = width of beam for rectangular beams (for T-beams replace 
b by b' the width of web), inches; d — effective depth of beam, inches. Then, 


(- 1 ) 
1 r 


or 


V 

d 


X 

bjd 

v_ 

bvj 


(17) 

(18) 


Equation 17 is used to check the unit shearing stresses on rectangular beams and slabs; 
the size of which is normally determined by bending-moment considerations. Equation 
18 is used in the direct design of T-boams, etc., the maximum allowable value being 
substituted for v. It should bo noted that the dcjjths of T-beams are usually determined 
by shear, owing to the fact that the anmunt of concrete provided by the floor construc¬ 
tion is normally more than sufficient to resist the compressive stresses due to moment. 

Web Reinforcement. (See Fig. 4.) Stirrups or bent rods arc used for web reinforce¬ 
ment in beams and girders of rectangular and T-section, as it is more economical to use 
such reinforcement, and ccjrrespondingly higher stresses, than to increase the size of the 
member. 

The design of web reinforcement is as follows; Let v' == allowable unit shearing stress 
resisted by the concrete alone, pounds per square inch; As = cross-sectional area of stir¬ 
rups, or of inclined portion of double-bent ro(ls, square inches (in a U-shaped or W-shaped 
stirrup, this is the total cross-sectional area of all legs); /* = allowable unit tensile stress 
in stirrups, pounds per square inch; s = spacing of stirrups, inches; remaining notation 
the same as above. 

Then if v'bjd represents the total shearing stress carried by the concret/c, 


fsjdAs 
V - v'bjd 


(19; 


If it is required that the reinforcement is to be designed to take two-thirds of the 
total shearing stress, as specified in some codes, the formula becomes 


S fsjdAs 
2 V 


( 20 ) 


These formulas apply to vertical stirrups. Inclined stirrups or inclined bars, forming 
a part of the main tensile reinforcement may be designed or checked by the same for¬ 
mulas, by multiplying the value of the shear by the sine of the angle of inclination to 
the horizontal. 

If L = clear span, feet, the distance from the support through which either stirrups 
or bent bars are required for uniformly loaded beams is given by 

Stirrups usually are placed vertically, and are either s/g-in. or V2-in. round rods, bent 
to a U- or W-shape. The maximum spacing for stirrups should be limited to 8/4 X depth 
of beam; this also is the maximum distance through which the inclined portion of a longi¬ 
tudinal rod, or several rods, bent at the same section, should be considered effective as 



5-66 


MECHANICS OF MATEKIALS 


web teinforcement (see Fig. 4). The diameter of the rod used for stimips should not 
exceed Vso X depth of beam. Stirrups should encircle the main longitudinal reinforce¬ 
ment, all free ends being anchored by hooks. 

Bond. As the tensile stress in the reinforcement is transmitted from the concrete, 
the rods or bars must have suflScient surface area to avoid exceeding the unit bond stress 
per square inch. If « = unit bond stress, pounds per square inch, and = sum of 
penmeten, inches, of all horizontal rods under tensile stress at the section considered, 


u 


V 

{Xo)jd 



( 22 ) 


It is customary to check the bond stress after the design is completed; if the value 
is excessive, smaller rods should be used and the number increased, since this increases 



• • • 0 ■ ^ <s> M d -> 




Fio. 4. Diagram of a Web-Reinforcement in a Rectangular or T Beam 


the surface area of the steel. Limiting values for bond stress are usually 80 lb per sq in, 
for plain rods or bars, and 100 lb per sq in. for deformed types. 

Anchorage of Reinforcement. Besides the matter of bond, it is necessary to anchor 
the main longitudinal reinforcement at terminations where slabs, beams, or girders rest 
upon walls or frames, by means of hooks, into other reinforccd-concrete members (see 
Fig. 6). Where continuous over supports, it is customary to carry half the longitudinal 
reinforcement of each beam to the 1/4 or 1/5 point of the adjacent span. This practice 
provides adequate anchorage; the remaining steel is usually stopped at the center line 
of the support. 

An embedment of 50 diameters of a rod, or side of a square bar, is required to develop 
an allowable unit stress of 16,000 lb per sq in. in the steel, and an embedment of 56 diam¬ 
eters to develop a unit stress of 18,000 lb per sq in. (u = 80 lb per sq in.). Embedments 



of 40 diameters and 45 diameters correspond, respectively, to a strength of 16,000 and 
18,000 lb per sq in. for deformed steel (w = 100 ib per sq in.). 

Bending Moments and External Shears. Bonding moments and vertical shears for 
continuous and restrained beams as well as for those of single spans simply supported are 
given on pp. 6~26 to 5-2S and p. 5-20. These values also apply to rcinforced-concrete 
members subjected to flexure, but for continuous spans they are modified to conform to 
the conditions of partial restraint existing in concrete frames. Also to provide for possi¬ 
ble variable live loads, the values of the positive bending moments used in concrete design 
usually are taken larger than the theoretical values. 

As the function of the reinforcement is to resist the tensile stresses, the typical ar¬ 
rangement for beam** other than cantilever is to place the rods near the bottom face 
throughout the central portion of the span. For beams simply supported, about two- 
thirds of the main tensile reinforcement consists of straight rods or bars, the other one- 
third being bent up at the 1/5 point of the clear span and anchored into the supports to 
resist any negative moment resulting from the monolithic construction. 

For continuous or restrained beams, it is usual to raise one-half the main tensile rein* 
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foroement at the points of inflection, assumed to be the 1/5 points of the clear span, and, 
in the former case, to carry the reinforcement to the 1/4 point of the adjoining span. 
This provides approximately equal areas near the bottom of the beam at mid-span and 
near the top of the beam over supports, which corresponds to the general design practice 
of using approximately equal coefficients for both positive and negative moments in the 
design of continuous members. Raising a portion of the main longitudinal reinforcement 
also helps to resist diagonal tension and usually permits the omission of one or two stir¬ 
rups at each end of the beam. 

The following equations for determining maximum bonding moment are recommended 
by the Joint {Standard Building Code for freely supported or slightly restrained continuous 
beams, or slabs of approximately equal spans, under uniform load. 

(1) Beams and slabs of one span: positive moment near center, 


M = 


Wl 


(23) 


(2) Beams and slabs continuous for two spans only: positive moment near center of 
each span, 

= ^ (24) 

negative moment over interior support, 

Wl 

M = (25) 


(3) Beams and slabs continuous for more than tw’o spans: positive moment near 
center and negative moment at support of interior spans, 


M 


2V7 

12 


(26) 


positive moment near centers of end spans and negative moment at first interior support, 

(27) 




(4) Negative moment at end supports for Cases 1, 2, and 3, 

Wl 


M — not less than — 


(28) 


In these equations M =* bending moment, pound-inches; W — total load on the beam 
or slab, pounds, including its own weight; I — length, inches, taken as the ccnter-to-center 
span for beams simply supported, and as the clear span for continuous or restrained 
beams. Tlic equations apply only to beams or slabs under uniform load and, in con¬ 
tinuous members, to those of approximately equal spans. If the spans are substantially 
unequal, or subjected to other than uniformly distributed loads, the actual bending 
moments and shears should be computed by the methods given in the section on Beams, 
pp. 5-19 to 5-36. The computation of moments for continuous girders and other members 
subjected to concentrated loads may be simplified by determining the moments as if the 
members were simi)ly supported, and then multiplying by a reducing factor corresponding 
to the condition of end restraint, i.e., 4/5 for semi-continuity and 2/a for full continuity. 
The design of continuous members should alwjxys provide steel over support at least 
equal to the amount required in mid-span to resist the negative moment. 

The external vertical shear is computed as a measure of the diagonal tension, which, 
in reinforced-concrcte members subject to flexure, is a combination of horizontal and 
vertical shear. For both simply supported and continuous members, shears are computed 
as described in the section on Beams, pp. 5-19 to 5-30. For members symmetrically 
loaded, the maximum shear, occurring at the face of the support, equals 1/2 load, except 
as influenced by the conditions of end restraint. 


Rectangular Beams. 

Example. Required to design a rectangular beam, 20-ft clear span, fully continuous at supports, 
for a uniformly distributed load of 1500 lb per ft, including weight of beam. 

Specification data: fc = 650; fs = 18,000; n = 15; v' limited to 40; maximum allowable ver* 
tical shearing stress iv) with web reinforcement = 120. 

By formula 26, M - W^f/12 = (3 0,000 X 20 X 12) /12 = 600,000 lb-in. 

By formula 5, d =* M/Kb = 600,000/(100.8 X 10; = 24.39 in., * 24 in. (approximately)t 

where breadth b is assumed as 10 in.; k from Table IV. 

By formula 6, = phd * 0.0063 X 10 X 24 = 1.61 sq in. 

Accept a total depth of 26 in. and a width of 10 in., with two S/g-in. rounds and two 3/4-in. 
rounds 
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The value of & should be chosen as small as practicable, unless headroom is limited, deep, nar« 
row beams being more economical. Sufficient width should be provided to give a clear space of 
at least 1 in. between rods and the required fireproofing on the sides. The overall depth of a 
beam or girder should not be more than 36. 

Testing the shear by formula 17, v *= V/bjd = (1500 X 10)/(lO X 0.875 X 24) = 71.5 lb per 
sq in. As this is more than the value allowed for plain concrete, and less than the limit for v, 
120 lb, the design is acceptable, provided web reinforcement is used. The web reinforcement is 
computed as follows: 

By formula 20, 8 = (3/2)(fsjdAs/V) = (3/2) {(18,000 X 0.875 X 24 X 0.22)/15,000| = 8.3 in., 
where As *= cross-sectional area of the two legs of a U-shaped stirrup, made of S/g-in. round rod. 

By formula 21, x =* {L/2) {1 - (v'/v) | = (20/2) 11 - (40/72) 1 = 4 ft 6 in. 

The first stirrup is placed 4 in. (l/ 2 «) from the face of the support. Four more stirrups, 8 in. 
apart, provide web reinforcement out to the section where the bent rods are effective. Beyond 
this section, as shown by equation 21, none is needed. 

Testing the bond stress at face of support by formula 22, u = V/[Zojd] = 15,000/[{ (2 X 1.96) 
4* (2 X 2.36)} X 0.875 X 24] = 82,6 lb per sq in. This value is satisfactory for plain rods. The 
arrangement of reinforcement is shown in Fig. 5. 

Table V gives the safe loads on rectangular beams of various dimensions and rein¬ 
forcements, designed according to the above principles. 


Table V. Rectangular Beams—Simple Spans 



Loads to loft of upi)er zigzag line develop shears greater than 40 lb per sq in. Loads to left of 
lower zigzag line develop shears greater than fiO lb per sq in. Loads in italic figures produce bond 
stresses greater than 100 Ib per sq in. For semi-continuous spans = H'/-/10), multiply tabular 
load by 1.25. For fully continuous spans (Af = W'L/12), multiply tabular load by 1.50. When 
using this table for continuous or semi-continuous spans, the shear and bond stresses should be 
investigated. 

Slabs. The design of solid concrete slabs is substantially the same as that of rec¬ 
tangular beams. If the panels are square or nearly so, it is necessary to determine the 
load to be distributed in each direction. If the longer dimension is greater than 11/2 X 
shorter dimension, as it usually is, the slab is designed to carry all the load on the shorter 
span, and so-called “ shrinkage ” steel, comprising s/s-in. rounds spaced 1 ft 6 in. centers, 
is considered adequate in the longer direction. 

The total load on a strip of slab 1 ft wide, spanning between supports, is obtained by 
multiplying the unit load per square foot by the span. This strip is then treated as a 
rectangular beam of breadth 5 = 12 in. 

Example. Required: to design a slab, 7-ft span, fully continuous at supports, to carry a super¬ 
imposed load of 125 lb per sq ft. Specification data; Same as in the example of a rectangular beam. 
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AsBuming a slab thickness of 4 in., weighing 48 lb per sq ft, total load per square foot 128 + 48 
= 173 lb per sq ft. 

On a strip of slab 1 ft wide, total load * 173 X 7 * 1211 lb. 

By formula 26, M = ir//12 « (1211 X 7 X 12)/12 = 8477 lb-in. 

By formula 5, d = VM/Kb * V 8477/(100.8 X 12) = 2.65 in. 

By formula 6, /la = pbd = 0.0053 X 12 X 2.65 = 0.20 Bii in. 

Accept a total depth of 4 in. (appro.dmately 1 in. below the reinforcement) with 3/g-in. rounds, 
7 in. on centers. 

Rods should not be spaced at a distance greater than 2 1/2 X total depth of slab; the use of 
very small rods at close spacings is uneconomical. 

Testing the shear by formula 17, r = V/{bjd) == 605/(12 X 0.875 X 2.65) = 21.7 lb per sq in. 
As this is less than the limiting value, v', the design is accepted. 

Testing the bond stress at face of support, by formula 22, u ~ V/(Sojd) *= 605/{(1.71 X 1.18) 
X 0.875 X 2.65j = 120 lb per sq ia., where 1.71 -- number of rods per foot of width, and 1.18 » 
perimeter of each rod. The value is rather high but may be accepted for deformed rods, provided 
the reinforcement ia anchored at terminations and lapped over supports. Fig, 6 shows the ar¬ 
rangement of reinforcement. 

Table VI gives the safe loads on solid concrete slabs of various dimensions and rein¬ 
forcements, designed according to the above principles. 


Table VI. Solid Concrete Slabs—Simple Spans 



stresses should be investigated. 

T-Beams. When designing a floor system comprising slabs, beams, and girders, the 
slabs are first considered. These are designed as in the previous example, and the load 
carried by a T-beam, for which the floor slab acts as a flange, is found by multiplying the 
unit load per square foot of floor by the area which the beam supports, and adding to the 
product any other incidental loads and the weight of the stem of the beam. 

The loads carried by T-girders, usually a combination of concentrated loads due to 
beam reactions, and the uniformly distributed weight of the girder itself, are used to 
compute the bending moment, which is then employed in exactly the same way as with 
uniformly distributed loads. 

Foi purposes of design in computing the sectional-area of concrete available to resist 
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compressive stresses, the width of slab which may be considered as acting as the flange 
of a T>beam should not exceed 1/4 of the span-length of the beam. See Fig. 7. 

The overhanging width on either side of the web should not exceed 8 X slab thick¬ 
ness nor 1/2 X clear distance to next beam. In angle beams, the overhanging width of 
flange should be limited to V12 X span or 1/2 X clear distance to next beam. It is always 
necessary to pour the floor slab forming the flange of the beam monolithically with the 



web, and there must be steel in the form of stirrups or bent rods to bond the flange to 
the web. 

The critical section for compression in T-beams and T-girders, continuous over sup¬ 
ports, is at the face of the support. As the negative moment acts on the rectangular sec¬ 
tion of the web, the stress in the concrete at these sections is always higher than through 
mid-span. However, as only a short section of the beam is in compression at this point, 


I I 

h- b -->1 

I Effective flange width i 
I I 






! Overhanging 



j width of flange ^ 

liifel 


i 






Fia. 7 


good practice permits an increase of 15 per cent in the compressive stress. The straight 
bars in the bottom of the beam also act as compressive reinforcement, provided they are 
extended a sufficient distance beyond the face of the support to develop their stress in 
bond. 

Example. Required to design a T-beam, 20-ft clear span, with ends semi-continuous, to carry 
a uniformly distributed load of 2000 lb per ft including the weight of the beam. Slab thickness 
B 4 in.; specification data, same as in the example of a rectangular beam. 

Determining the depth by shear by formula 18, d = V/{b'vj) = 20,000/(10 X 120 X 0.876) = 
19 in., where the width of the beam is assumed as 10 in., and j is taken as 0.875. 

The moment by formula 27 = Af = Wl/10 = (40,000 X 20 X 12)/10 = 960,000 lb-in. 

By formula 16, A* = M/[fs\d - (f/2)}l = 960,000/118,000} 19 ~ (4/2) | j = 3.14 sq in. 

Accept a total depth of 21 in., with four 1-in. rounds. The width of 10 in. will allow 1 in. 
between each rod and a protection of 1 1/2 in. on each side. Raise two rods over support as shown 
in Fig. 8. 

By formula 20,«= (3/2)(AydA«/r) » (3/2) {(18,000 X 0.876 X 19 X 0.44)/20,000} = 9.87 in., 
where A« « cross-sectional area of steel in the four legs of a W-ehaped stirrup (S/g-in. round rod). 

By formula 21, x = (L/2) j 1 — (o'/®) I = lOl 1 — (40/120) | = 6 ft 8 in., where 0 has its lim¬ 
iting value, as the beam was designed on that basis. The first stirrup is placed 4 in. (l/ 28 )from the 
face of the support. Four more stirrups, 8 in. apart, provide web reinforoement out to the section 
whwe the bent rods are effective. Fifteen inches beyond this section, as shown by Fig. 8, three 
stirrups are placed 12 in. apart. 
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Testing for bond stress «t face of support by formula 22, u V/'Sojd =■ 20.000/{(4 X 3.14) X 
t'.876 X 19} » 96 lb per sq in. This value is satisfactory for deformed rods. 

The arrangement of reinforcement is shown in Fig. 8. 


dr Equivaient\ 



iiiiiiiS 

iiiiidilMj 



^ -Straight Steel 

Terminates at Center 
Line of Support 



Fig. 8 


Table VII gives the safe loads on T-beams of various dimensions and reinforcements 
designed according to the above principles. 


Table VII. T-Beams—Continuous over Supports 



Loads to the left of zigzag line produce shearing stresses greater than 120 lb per aq in. on the 
area b'jd. For stirrups see p. 5-65. Loads in italic figures produce bond stresses greater than 100 
lb per sq in. For anchorage see p. 5-66. For semi-continuous spans (M = WLl\ 0), multiply tabular 
load by 0.83. For simply supported spans (M — IVL/S), multiply tabular load by 0.67, When 
using this table for semi-continuous and simple spans, the bond Btresses should be investigated. 

Ribbed Floor Construction. For floors of apartment houses, hotels, institutional 
buildings, and others for light occupancy (superimposed loads 30 to 100 lb per sq ft), 
the ribbed constructions are particularly suitable. These comprise a series of concrete 
ribs, 4 or 5 in. wide, separated by terra-cotta blocks, gypsum or concrete units, metal or 
wood pans. Rib spacing varies from 16 to 30 in., depending on the width of blc^k or 
void. A continuous slab, from 2 to 3 in. thick, forms the structural surface of the floor. 
Plaster is applied directly to the soffits of the blocks used as fillers; under the pans, metal 
lath is used as a plaster base. All these designs may be used with structural-steel or 
reinforced-concrete frame. Bridging joists should be used on long or very heavily loaded 
spans. 
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As the structural units in such systems are actually small T-beams (the hilers, except 
in tcrrsrcotta and concrete, acting merely as voids) the design is substantially the same as 
for T-beams. The following example applies to the metal-pan system (see Fig, 9); the 
same method is used for ail ribbed designs. 

Example. Required to design a pan system 20 ft between faces of supports. Live load 60 lb 
per eq ft; allow 22 lb per sq ft for floor fill, finish and plaster, end condition fully continuous. 
Specification data: /c “ 700 lb per sq in.; /, =» 18,000 lb per sq in.; v' limited to 40 lb per sq in ; 
n » 15; minimum thickness of concrete over metal » 2 1/2 in. 

Choosing a pan 20 in. wide and 10 in. deep, with a 2 1/2 in. topping, from the manufacturer’s 
catalog, the weight per square foot = 68 lb. Loads per square foot are: live load = 60; floor 
finish, etc. == 22; weight of construction = 58; total load = 140. Load per linear foot of rib = 
140 X 25/12 = 291 lb, in which 25 in. is the center-to-center spacing of ribs. Total load on each 
rib » 201 X 20 = 6820 lb. 

By formula 26, the moment M = Wl/12 = (5820 X 20 X 12)/12 = 116,400 lb-in. 

By formula 16, Ag = M/lfa\d - (t/2) }] = 116,400/[18.00U X 10] = 0.647 sq in., where d » 
(10 + 2 1 / 2 ) - 1.25 = 11.26 in.; t/2 = 2.5/2 = 1.25 in. 

Accept two 5/8-in. rounds in each rib (A, - 0.62 sq in.). 

The stress in the concrete is then checked. By formula 14 and Table IV, 


/c 


Mkd 

bt\kd - (t/2)\jd 


116,400 X 0..368 X 11.25 

- - -- 270 lb per sq m. 

(25X2.6){(0.368 X 11.25)-1.25| (0.877 X 11.25) ^ 


Accept a 10 -in. pan with 2 1 / 2 -in. topping. 

The maximum shear in the riba at face of support is checked by formula 17, v — V/b'jd = 
2910/(5 X 0.875 X 11.25) = 69 lb per sq in., where h' — average width of the concrete rib for 
metal tile, equal to 5 in. In this computation, also, the conventional value of 0.876 is used for j 
instead of the value 0.877 given by Table IV. 

Since v is more than the limiting value, tapered pans (see Fig. 9) should be used adjacent 
to supports to provide additional concrete to resist the compressive stress, due to negative moment, 
as well as the shearing stress. 

Testing for bond stress at face of support, by formula 22, u = 7/So;d = 2910/] (2 X 2.35) X 
0.876 X 11.261 63 lb per sq in., where j is taken as 0.876. Deformed rods are unnecessary. 



Fig. 9. Ribbed Floor Construction, Tapered Type Pan Used at Supports. 

One 5/8“in. rod is raised at the 1/5 point of the clear span and carried over the support to the 
^/4 point of the adjoining span to provide a sectional area of steel over supports equal to that at 
mid-span. 


30. COLUMNS 

The principal types of reinforced-concrete columns are the tied or hooped, spiraled, 
and cored, the last being actually a steel column. The main columns of a building 
should never be loss than 12-in, in diameter or in least width; good practice requires a 
minimum 16-in. diameter for round columns supporting girderless floor construction, and 
a minimum 14-in. thickness for exterior columns of industrial buildings. The diameter or 
least width should not be less than t/15 the average centcr-to-center span of the supported 
bay nor longer than 11 X least lateral dimension of the column, unless the normal load 
is reduced. Dowels are used between footings and superimposed columns. Splices in 
vertical reinforcement should be made by lapping the rods a length of at least 24 bar 
diameters. 
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Tied Columns (see Fi^. 10) are economical for comparatively light loads, as those 
earried in the upper stories of buildings. The ratio p of the cross-section of area of the 
vertical reinforcement to effective concrete area, usually taken as the gross sectional 
area, should not be less than 0.5 per cent nor should more than 2 per cent be considered 
in the computations. At least 4 rods, B/g-in. diameter, should be placed between 2 and 
3 in. from the face of the column, enclosed by 1/4-in. diameter ties spaced not over 12 in. 
apart. As both maximum and minimum percentages of steel are controlled by building 
ordinances, it is usually desirable to increase the column size or to use a richer mixture 
rather than to add vertical steel to carry load. It is extremely important, however, to 
have sufficient vertical reinforcement to resist bending, particularly for unsymmetrical 
loads. 

Spiraled Columns (see Fig. 10) are usual for the interiors of buildings designed for 
heavy loads. Although a minimum amount of vertical reinforcement is required to resist 
bending stresses, the greatest economy is obtained by using rich mixtures and as large a 
percentage ot spiral as the 
code or specification will 
permit. The vertical rein¬ 
forcement should com¬ 
prise at least 6 bars of 
J /2-in. minimum diameter, 
with cross-sectional area 
not less than 1 per cent 
nor more than 6 per cent 
of the core. The spiral 
is expressed as a per¬ 
centage of the volume of 
the enclosed concrete and 
varies from 1/2 to 2 per 
cent (see equation 32 
below). The ratio of the 
per cent of spiral rein¬ 
forcement to the per cent 
of vertical reinforcement 
should not be less than 
1/4. The spiral reinforce¬ 
ment should consist of evenly spaced, continuous spirals held firmly in place by at least 
three vertical spacer bars. The spacing of the spirals should not be greater than i/g 
the diameter of the core nor over 3 in. 

Cored Columns (see Fig. 10) are built of steel wide-flange sections enclosed by a 
minimum of 4 in. of concrete, reinforced with at least 0.5 per cent of vertical reinforce¬ 
ment and 0.5 per cent of spiral. The structural-steel core is then designed on a basis 
of axial compression, using a stress of 16,000 to 18,000 lb per sq in., according to the 
code or specification. No allowance is made for the concrete casing. The ratio of the 
unsupi)orted height to the least radius of gyration of the structural-steel section should 
not exceed 120. 

The Effective Area of a Column is that area which is considered as capable of carrying 
load. With tied columns, some city ordinances and many designers permit the gross 
cross-sectional area to be used, as in the following example; but the effective area of 
spiraled columns is always considered as the section enclosed wdthin the spiral, the outer 
casing, usually 2 in. thick, being disregarded. 

Formulas for Columns. The following formulas apply to the design of tied and 
spiraled columns. Let A = effective cross-sectional area of column, square inches; 
V = ratio of area of vertical steel to effective sectional area of concrete; P — total safe 
axial load, pounds, on column whose length ^ 11 X least cross-sectional dimension; 
n — ratio of modulus of elasticity of steel to modulus of elasticity of concrete; Pc = ulti¬ 
mate crushing unit strength of concrete at age 28 days, pounds per square inch; fc = 
average unit compressive stress, in concrete, pounds per square inch; / == average unit 
compressive stress, P/A, in the column, pounds per square inch; D = core diameter in 
spiral columns, inches; a — cross-sectional area of spiral reinforcement steel; s = spacing 
of spiral reinforcement, i.e., pitch, inches. 

For tied columns, the total safe load, 

P = 0.225/',A{l + (n - l)p\ (29) 

For spiraled columns, the total safe load, 

P=/cA{l + (n-l)pl 
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where A - 300 + (0.10 + ip)U (81) 

Aci 

The percentage of spiral reinforcement = — X 100 (32) 

Ds 

Example of Tied Column Design. Fiequired: to design a round column to carry an axial load 
of 160,000 lb, including weight of column. For economy, use the minimum amount of vertical 
reinforoement, i.e., p — 0.5 per cent of the effective area, which is taken as the gross cross-section 
of the column. Specification data: f'e — 2000 lb per sq in.; n = 16. 

By formula 29, P - 0.225/'cd.{ 1 + (n — l)p} 

Then / = P/A = 0.225/'cj 1 + (n - l)p{ 

Substituting the specification data for this example, / = 45011 + (14 X 0.005) = 482 lb per sq 
in., and A - P/f - 160,000/482 = 311 sq in., which area is given by a 20 -in. round column, whose 
area is 314 sq in. 

Area of vertical steel «AXp*=314 X 0.005 = 1 57 sq in. 

Accept six round rods, with J/ 4 -in. round ties spaced 12 in. on centers. The steel rods 

are placed 2 in. inside the surface. Splices at floor levels are lapped 18 in. Note that the value 
of / can be used repeatotlly for all coluiiins designed under the same specification unless it is neces¬ 
sary to increase the economical percentage of vertical steel. 

Table VIII gives the safe loads on square tied columns of various dimensions and reinforce¬ 
ments designed according to the above principles. 

Example of Spiraled Column Design. Ueejuired to design a spiraled column to carry an axial 
load of 425,000 lb including weight of column. Assume a ratio of 4 per cent vertical and 1 per cent 
spiral, based on the core area. Specifications data: Pc = 2500 lb per sq in.; n — 12. 

By formulas 30 and 31, 7* =■ A} 1 -f- (n — l)p\/c, and /c = 300 4* (0.10 -j- 4ip)f'c = 300 -|- 
{ 0.10 + (4 X 0.04)} 2500 « 960 lb. 

Then f P/A =ll4-(llX 0.04)} X 950 = 1368 lb per sq in. 

A = P/f = 425,000/1368 = 310.6 sq in. 

This area is given by a 20 -in. round column, whose area =314 sq in. Allowing 2 in. for fire¬ 
proofing, the gross diameter is 24 in. 

Area of vertical steel = A X P = 314 X 0.04 = 12.56 sq in. 

Accept eleven 1 1 / 4 -in. round rods. Spiral steel, ‘Vg-in. round, 2 1 / 4 -in. pitch. (From equation 
30, this corresponds to a spiral reinforcement of 0.98 per cent.) The vertical rods are placed 
inside the spiral. Use three spiral spacers (some codes require four). The vertical steel is lapped 
2 ft at floor levels. 

Table IX gives the safe loads on spiral columns of various dimensions and reinforcements, 
designed according to the above principles. 

Table VIII. Square Tied Columns 


Ties = 1 / 4 -in. rounds, spaced 12 in. on centers. Safe axial loads in thousands of pounds, based 
on the Joint Standard Building Code, 1928 


Column 

Size, 

in. 

Core 

Sizc5, 

in. 

Vertical 

Reinforcement 

/c-2000 

n = l5 
Loads on 

Column 

Size, 

in. 

Core 

Size, 

in. 

Vertical 

Reinforcement 

/'r=2000 

n = l5 
Loads on 

No. 

Size, in. 

Gross 

Area 

No. 

Size, in. 

Gross 

Area 




1/2 0 

70 




V2D 

193 

1 ? 

8 

4 

VsO 

72 

20 

16 

8 

3/40 

202 




3/40 

76 




7/8 0 

210 




VhO 

80 




1 □ 

230 




•VsO 

95 




5/8 0 

233 




3/40 

99 

22 

18 

8 

1 0 

257 

14 

10 

4 

^/8 0 

103 




1 VsD 

279 




1 0 

108 









1 □ 

113 




Vl* □ 

278 






24 

20 

12 














3/4 0 

126 




1 □ 

332 




7/8 0 

130 





— 

16 

12 

4 

1 0 

135 




5/8 0 

327 




1 □ 

140 

26 

22 

12 

7/8 0 

349 




1 VsD 

148 




1 □ 

380 




1/2 n 

158 




3/40 

386 

18 

14 

8 

3/4 0 

168 

28 

24 

12 

1 0 

410 



7/8 0 

176 




1 Vsn 

447 




1 0 

185 














3/4 0 

439 






30 

26 

12 

1 0 

464 


1 







1 VsD 

490 
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Table IX. Spiral Columns 


Safe axial load in thousand of pounds, based on the Joint Standard Building Code, 1923 


Col- 

Uliill 

Piatn- 
etor, 1 
In. 

Core 

Oiaiii- 

eter, 

In. 

Round 

Spiral 

Wire 

Vertical 

Reinforce¬ 

ment 

/V=2500 
i n = 12 
Loads on 

Col¬ 

umn 

Diam¬ 

eter, 

In. 

Core 

Diam¬ 

eter, 

In. 

Round 

Spiral 

Wire 

Vertical 

Reinforce¬ 

ment 

1 

/'c“2500 
n = 12 
Loads on 
Core 
Area 

Size, 

In. 

Pitch, 

In. 

No. 

Size, 

in. 

Core 

Area 

Size, 

In. 

Pitch, 

In. 

No. 

Size, 

in. 

16 

12 

1/4 

1/4 

1/4 

1/4 

1/4 

1 1/2 

1 1/2 
11/2 

2 

15/8 

6 

6 

6 

6 

6 

1/2 O 
S/sO 
3/4 0 

1 O 

82 

95 

111 

132 

159 

28 

24 

7/i6 

7/16 

2 3/4 

2 1/2 

16 

14 

1 □ 

1 >/» □' 

568 

607 

30 

26 

7/i6 

7/i6 

2 3/8 
21/4 

15 

17 

1 VsD 
1 VsD 

670 

726 

18 

14 

1/4 

1/4 

1/4 

5/16 

13/4 

2 1/4 

2 1/4 
21/8 

6 

6 

1 

3/4 q! 
7/8 0 
1 O 

1 □ 

132 

152 

176 

208 

32 

28 

7/16 
7/i6 

2 3/s 
21/8 

17 

19 

1 Vs □ 

1 VsD 

765 

825 

34 

30 

1/2 

1/2 

1/2 

1/2 

2 3/4 

1 21/2 

21 

22 

1 Vs D 
1 >/« l.J 

922 

983 

20 

16 

1/4 

5/16 

3/8 

23/s 

2 1/2 

2 5/8 

8 

8 

8 

7/8 0 

1 o 

201 

232 

272 

36 

32 

2 6/8 

1 2 3/8 

23 

25 

1 1/8 □ 

1 VsD 

1020 

1090 

22 

18 

1/4 

5/i6 

3/8 

^8 

21/4 

2 1/4 

9 

10 

10 

7/8 O 
1 O 

1 □ 

238 

292 

343 

38 

34 

1/2 

1/2 

l3/« 

21/4 

1 27 

1 29 

1 VsD 

1 VsD 

1180 

1250 

40 

! 

36 

1/2 

1/2 

2 1/8 

_....... 

24 

26 

1 Vi f 1 

1 Vio 

1310 

1390 

24 

20 

5/lC 

3/8 

3/8 

3 

2 7/s 
21/8 

10 

12 

12 

7/8 0 

1 o 

1 □ 

281 

344 

415 

42 

38 

1/2 

1/2 

21/8 

2 

27 

29 

1 ViD 

1 1/4 D 

1470 

1550 

26 

22 

5/i6 

Vio 

^/l6 

2 3/4 

3 

2 6/8 

10 

13 

12 

1 o 

1 o 

1 1/8 □ 

353 

466 

518 


31. FOOTINGS 

The Function of a Footing is to distribute coiKtentratcd loads from walls or columns 
over a sufficiently large area to bring the pressure within the safe bearing capacity of the 
soil or rook. Plain concrete footings may bo used beneath walls or columns carrying 
small loads, but reinforced designs are more economical for heavy construction. 

Types of Reinforced-concrete Column Footings (.see h^ig. 11) arc: the isolated column 
footing; the combined or continuous footing, carrying two or more columns and con¬ 
structed as an inverted beam; the cantilever footing, in which the eccentricity of an 
exterior footing is resisted by a strap connected with an adjacent interior footing. All 
types may be used either with or without piles, and the continuous footing may be devel¬ 
oped as a mat to cover the entire foundation area. Footings for indci)enf.lent columns 
are designed in both stepped (Fig. 11a) and pyramidal (Fig. 12c) forms. The use of a 
pedestal between the footing slab and the base of the superimposed column is of value 
in reducing the unit compression on the top surface of the footing. 

The load used in determining the soil bearing area of a footing is the load used in 
the design of the column in the story immediately above the footing, plus any live load 
or dead load in that story, plus the estimated weight of the footing itself. Footing areas 
should be proportioned for dead load alone or, in industrial buildings, for the dead load 
plus a fraction of the live load. 

The de.sign load, used to determine the thickness and reinforcement of a footing slab, 
is the load defined above, less the weight of the footing. Individual column footings 
must be centered beneath the column which they support. If more than one column 
rests on the same footing, the center of gravity of the foundation area must coincide 
with the center of gravity of the loads. 

Reinforced-concrete footings are designed by the same formulas as concrete beams 
and slabs. The footing must be sufficiently strong to resist the stresses produced by 
bending moment and diagonal tension, and most building ordinances contain a require¬ 
ment for “ punching shear.” A two-way reinforcement, of plain or deformed rods, is 
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used in the slab and dowels to connect the footing slab to the basement coluipn. Pedes- 
tals may be used to obtain a uniform height from which to start the first tier of columns. 

Isolated footings, preferably square in plan, are generally used unless the proximity 
of a property line or other obstruction makes a concentric design impossible. Under 
such conditions, the combined footing, or the continuous wall footing, are both preferable 
to the cantilever type which is highly indeterminate except when used over piles. 

The design of an isolated column footing involves determining the area of the footing 
slab, the design load, the depth as controlled by punching shear, where this is specified 
by code, and the steel area as controlled by moment. The diagonal tension, compression 
in the concrete, and bond stress in the steel arc then checked. The requirements of diag- 
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onal tension may demand increasing the thickness of the footing slab near its edge, but 
the concrete stresses are seldom critical if the other considerations are met, and high bond 
stresses may be avoided by using comparatively small rods and hooking the ends. 

Example. Required to design an isolated footing for a column of 30 in. square, sustaining a 
load of 625,000 lb, including the weight of the column. Soil pressure, 2 tons per sq ft. Speciti- 
oation data: fc *= 650 lb per sq in.; /« ~ 16,000 lb per sq in.; v limited to 40 lb per sq in.; punching 
shear limited to 120 lb per sq in.; n = 15; w limited to 100 lb per sq in. 

Estimating the weight of the footing at 50,000 lb, area of footing slab — 575,000/4000 =» 144 
sq ft. 

Choosing a square footing, 12 X 12 ft, w — 525,000/144 *= 3346 lb per sq ft. Depth as con¬ 
trolled by punching shear. 

^ _ (Area of footing — Area of column) X tp _ ^ (144 — 6.25) X 3648 34 g 

(Perimeter of column) X (Allowable punching shear) 4 X 30 X 120 

Aooept a total deDtk of 39 in. 
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If a » width of side of column or pedestali and c « projection of footing slab, both in feet 
(see Fig. 12 ), 

M = 6 u;(a + 1.2c)c2 = 6 X 3646{2.5 + (1.20 X 4.75)] X 22.53 « 4,047,000 lb-in. 

By formula 6 ?^, .4^ = M/ifsJd) = 4,047,000/(16,000 X 0.875 X 35) «=» 8.26 sq in. Accept nine¬ 
teen 3 / 4 -in. rounds. 

Thickness d' of footing slab, as controlled by diagonal tension at distance d from face of column 
or pedestal (d and d' are both in inches), 

d' - outside d ista nce d) w _ fl44 — }2.5 -f (35/6)}-] X 3646 _ jq ^ 

jv (Perimeter at distance d) 0.873 X 40 X | 2.5 -f 35/6 [ X 4 X 12 

2^T 

By formula 8 , minimum w’idth of footing at top, in feet = 6 ---- 

X i2 

37/(1.99 X /c X (i 2 ) = 4,047,000/(1.99 X 650 X 1225) = 2.55 ft. 

By formula 22, u = V/[^o]jd — — — —IIL = 93 10 per sci in., which is accept* 
(19 X 2.35) X 0.875 X 35 

able for deformed rods. Fig. 12.t shows the footing arranged in a stepped form; Fig. 12c shows 
the same footing arranged in a pyramidal form. 




8oil 

Column 



Minimum 

Dimensions 


Deformed Bars 

L 

^’aluo 

loads, 

Type of 








each way 


lb per 

tliuusand.s 

footing 










sq ft 

of pounds 


a 


. 

t' 


5 

No. Size, i:i. 


4000 

90 

A 

y 

3" 

y 

1" 



9 1/2 0 

5' 0" 

5000 

120 

A 

1 

3 

1 

2 



11 1/2 0 


6000 

150 

A 

1 

3 

1 

3 



12 1/2 0 


4000 

135 

A 

1 

6 

1 

3 



14 1/2 0 

6' 0" 

5000 

175 

A 

1 

6 

1 

4 



16 1/2 0 


6000 

210 

A 

1 

6 

1 

5 



17 1/2 0 


4000 

180 

A 

1 

9 

1 

5 



14 1/2 □ 

7' 0" 

5000 

235 

A 

1 

9 

1 

6 



16 1/'>D 


6000 

280 

A 

1 

9 

1 

8 

. 


18 1/2 0 


4000 

240 

IJ 

2 

0 

1 

9 

10 

2 

5 

13 WsO 

8' 0" 

5000 

315 

B 

2 

0 

2 

0 

10 

2 

5 

15 6/8 0 


6000 

375 

B 

2 

0 

2 

3 

10 

2 

5 

16 5/3 0 


4000 

310 

B 

2 

3 

2 

0 

10 

2 

9 

16 6/8 0 

9 / 0 '^ 

5000 

380 

B 

2 

3 

2 

3 

10 

2 

9 

19 6/8 0 


6000 

470 

B 

2 

3 

2 

6 

11 

2 

9 

20 6/8 0 


4000 

330 

B 

2 

6 

2 

3 

10 

3 

0 

14 3/4 0 

10' 0" 

5000 

470 

i 

2 

6 

2 

6 

n 

3 

0 

16 3/40 


6000 

575 

» 

2 

^ 1 

2 

8 

11 

3 

0 

17 3/40 


4000 

450 

B 

2 

9 

2 

5 

11 

3 

4 

16 3/4 0 

11' 0" 

5000 

575 

B 

2 

9 

2 

8 

11 

3 

4 

18 3/4 0 


6000 

690 

B 

2 

9 

2 

II 

12 

3 

4 

20 3/4 0 


4000 

540 

B 

3 

0 

2 

7 

11 

3 

6 

14 7/8 0 

12' 0" 

5000 

675 

B 

3 

0 

i 2 

n 

12 

3 

8 

16 7/8 0 


6000 

820 

B 

3 

0 

3 

2 

13 

3 

8 

18 7/8 0 


4000 

630 

B 

3 

3 

2 

10 

12 

3 

It 

17 7/8 0 

13' 0 " 

5000 

800 • 

B 

3 

3 

3 

1 

13 

3 

11 

19 7/8 0 


6000 

950 

B 

3 

3 

3 

4 

13 

3 

n 

20 7/8 0 
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It should be noted that this example follows the procedure of most building ordinances in 
considering “ punching shear," which usually determines the depth. Table X follows the Joint 
Code and gives a somewhat different design which represents advanced practice and can be ad¬ 
vantageously applied outside of any particular jurisdiction. 


32. GIRDERLESS OR FLAT SLAB CONSTRUCTION 

For building throe or more bays wide, where column locations give approximately 
square bays of equal or nearly equal size, girderless or flat slab construction is the most 
satisfactory for heavy loads, as are required for industrial occupancy. The advantages 
are a saving in story height, due to the elimination of beams and girders, better lighting 
facilities, and structural economy. The flared column heads arc characteristic of this 
system, which may be designed either with or without drops over the columns. If 
depressed panels, usually referred to as drops, are used over the interior columns, half 

drops are reiiuired at the exterior columns. Beams 
are used to frame around stairwells and elevators, 
and as lintels connecting exterior columns. 

For purposes of establishing the bending moments 
and the resisting moments of a square panel, the 
panel is divided into middle and eolumn strips as 
shown in Fig. 13. In this figure the division is in¬ 
dicated in only one direction, but a similar division 
is also made at right angles to the strips shown. 

The diameter of the column capital is usually 
taken as 0.225 X average center-to-center span of 
bay. The minimum width of drop is taken as 0.33 
or 0.35 X length of span in that direction; except for 
heavy loads the shearing stresses around the perim¬ 
eter of the drop are not excessive, and this require¬ 
ment normally determines the dimensions of the drop. 
Tlie offset, or difference in thickness between the 
slab and drop, varies from 2 to 4 in. It is usually 
contlolled by the sectional area required over the 
column capital tx) resist the negative moment on the column strip. In computing this 
depth it is usual to allow an increase of 15 per cent in the value of the extreme fiber 
stress /c, as with beams. 

The bending moments used in designing the various sections are derived from empiri¬ 
cal data and form a part of the code requirements in all city ordinances. Those used 
in the example are from the Joint Standard Building Code; they apply to fully continu¬ 
ous interior bays. 'Fhe moments arc generally increased by 20 or 25 per cent along the 
center lines of exterior bays and over the first interior supports. At the wall, or spandrel, 
the negative moment in the column strip is taken as 80 or 90 per cent and in the middle 
strip as 50 or 02.5 per cent of the corresiioiichng moments for a normal interior panel. 
Half bonds, containing 50 per cent of the steel reiiuired for a column strip, are placed 
parallel to the outer edge of exterior panels. The spacing of rods is limited to 1 1/2 X 
slab thickness, and the ratio of steel to concrete area in any strip should not be less than 
0.0025. 

There are two widely used systems of reinforcement, the two-way and the four-way. 
In the former, bands of steel rods are designed to spun from column to column, and a 
two-way reinforcement is placed in the central rectangular portion of the panel between 
the bands and running parallel to them. In the four-vay system, two diagonal bands 
supplement the direct bands, and additional remforcement is added in the form of short 
rods placed over tlie lines of support, perpendicular to the steel of the rectangular bands. 

I*ractically every large city has its own individual code governing the design of girder- 
less floons, and when working under any particular jurisdiction, the designer must apply 
the regulation in his locality. The following example is based upon common practice 
and corresponds to the average reejuirements of principal cities. It will be noted that 
the thickness of the slab, size, and depth of drop are each controlled by several criteria. 
Where it is possible to satisfy the design requirements in more than one way, the most 
economical method is shown. 

Example. Required: to design an interior hay sustaining a suporimposod load of 150 ib per sq ft. 
Drops and a two-way reinforeemont will be used. Diinensions center-to-center columns, 20 X 20 
ft. Specification data: =» 650: /« = 1S,000; allowable unit shearing stress (pi) around perimeter 
of drop » 60 lb per sq in.; allowable unit shearing stress (v 2 ) around perimeter of column capita 
“ 120 lb per sq in. 


__Sections of Crllical 
~ NcRative Moments~*\ 


r- 




Column; 
Strip 


Ccction*' of Critical | 

Positive MomentS'-pv 
-— 

—Middle Strip—-, 

1^4 Column] 
Strip 


I'm. 13 
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Slab thioknees not less than 

(1) t « 6 in. (a minimum often specified). 

(2) t = L/32 « 20/32 *= 0.626 ft = 7 1/2 in., where t = total thickness of slab, inches; L *■ 
ccnter-to-oenter span between columns o n lon g side of panel, feet. 

(3) t = 0.02L'n/ te + 1 *= 0.02 X 20^244 + 1 = 7.25 in., where w = the superimposed load, 
160 lb per sq ft, plus the estimated weight of the slab, 90 lb per sq ft, plus estimated weight of 
drop, 4 lb per sq ft, distributed over the entire slab. 

Accept a slab thickness of 7 1/2 in. 

Width of drop (b) not less than 0.35L = 0.35 X 20 = 7 ft. 

Vertical shear around perimeter of drop, V ~ w(L^ — b^) — 2441(20)* -- 7*} = 85,044 lb, 
where X/2 = areaof bay, 6 ^ = area of drop. By formula 17, v => V/{bJd) = 86,644/(4 X 84 X 0.876 
X 6) =48 lb per sq in., where (4 X 84) = the perimeter of drop, and 6 = effective depth of slab. 
As 60 lb per sq in. is permitted, accept a square drop, with side of 7 ft 0 in. 

Diameter of column capital c = 0.22.5Z, = 0.225 X 20 = 4 ft 6 in. = 54 in. 

Total thickness of slab and drop not less than, by formula 4, 

d = VM/Kb = V 767,200/(126.7 X 84) = 8.53, 

where M = bending moment, pound-inches, at column head section as computed below by the 
equation M = TVL/30.6. Value of K from Table IV. Assume a total thickness of 10 in., effective 
depth 8 1/2 in. 

Vertical shear around perimeter of column capital, 

V = m>(L2 - (l/4)jrc2) = 244 | (20)* - 0.7854 X (4.5)2} = 93,700 lb. 

V = V/{bjd) - 93.700/(54x X 0.875 X 8.5) - 74 lb per sq in. 

Since 120 lb per sq in. is permitted, a total thickness of 10 in. is acceptable. This gives an offset 
at the drop of 2 I /2 in. 

Steel areas as controlled by moments: 

W = total load on bay = (20 X 20 X 240) 4 (7 X 7 X 30) 97,500 lb 

Column strip, 

- Af = Wl/SO.5 = 97,500 X 20 X 12/30.6 « 767,200 lb-in. 

+ M = Wl/77 = 97,500 X 20 X 12/77 = 303,900 lb-in. 

Middle strip, 

- Af =+ Af = Wi/102.5 = 97,500 X 20 X 12/102.5 - 228,300 lb-in. 


in which I — length, inches, between column centers in the direction in wliich the strip extends. 
The bending moment factors used in this example are from the Joint Standard Code. 

Column strip: 

Negative reinforcement. 


As 


M 

fsJd 


767,200 

18,000 X 0.872 X 8.5 


0.73 sq in. 


Positive reinforcement. 
As 


M 

fsid 


303,900 

18,000 X 0.883 X 6 


3.19 sq in. 


Middle strip, both positive and negative reinforcement, 


As 



228,300 

18,000 X 0.883 X 6 


— 2.30 sq in. 


For the column strip, accept 11 5/j^-in. rounds each way, which satisfies the requirement of the 
positive moment. Raise 7 of these rods from each bay along the line of inflection, 0.3(L — c) 
0.3(20 — 4.5) — 4.65 ft, from center of span, which gives a steel area of 4.20 sq in. The addi¬ 
tional area = 1.53 sq in., necessary for the negative reinforcement, is furnished by 5 5/g-in. rounds 
placed over columns and extending 1 ft beyond lines of inflection. The 4 remaining rods in the 
bottom of the slab are extended into the drop panel a distance of 1 ft. For the middle strip, 
accept 12 1 / 2 -in. rounds each way, which satisfies the requirement of the positive moment within 
5 per cent. Raise 6 of these rods from each bay along the line of inflection, 0.3/ from center of 
span, which gives a steel area equal to that at mid-span. The 6 remaining rods, in the bottom 
of the slab, are extended 20 diameters each side of the lines of inflection. The bent rods of both 
strips, in both directions, are extended entirely across the bay and to 1 ft beyond the lines of 
inflection of adjacent bays. 

Table XI gives the dimensions and reinforcement for girderloss floor construction of 
the square-panel, two-way reinforcement type, based on the New York City code. 
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Ttble XI. Dimensions and Reinforcement for Girderless Floor Construction, Square 
Panels, Two-Way System 


Fiber stresses, fa » 16,000, fc 650, vi » 60, and n » 120 lb per sq in. All reinforcing steel, 
round bars. Based on New York City Code.___ 




Side of 
square 
drop 
panel 

Superimposed Load, 100 lb per sq ft 

Side of 
square 
bay 

Diameter 

circular 

capital 

Slab 

thickness, 

in. 

Depth 
of drop, 
in. 

Steel in column strip 

Steel in middle strip 






No. 

Size 

No. 

Size 

16' 0" 

4 0" 

5' 4" 

6 

2 

n 

1/2" X 26' 0"j 
1/2"X11' 9") 

10 

3/8" X 18' 0" 

17' 0" 

4' 0" 

5' 8" 

61/2 

21/4 

f 9 
i 1 

l/2"X27' 9") 
1/2" X 12' 3"1 

10 

3/8" X 19' 0" 

18' 0" 

4' 6" 

6' 0" 

7 

21/2 

{'^ 

1/2" X 29' 3" 
1/2" X 13' 0"l 

6 

1/2" X 20' 3" 

19' 0" 

4' 6" 

6' 4" 

71/4 

21/2 

{'! 

1/2"X31' 0"j 
1/2"X13' 9") 

8 

1/2" X 21' 3" 

20' 0" 

4' 6" 

6' 8" 

71/2 

21/2 

1 ? 

6/8" X 32' 6"j 
6/8" X 14' 3"1 

9 

1/2" X 22' 3" 

21' 0" 

5' 0" 

7' 0" 

8 

23/4 


6/s"X34' 0"j 
S/s" XI5' 0"f 

10 

1/2" X 23' 3" 

22' 0" 

5' 0" 

7' 4" 

8V4 

2 3/4 

{'? 

6/8" X 35' 9"i 
6/8" XI5' 9"J 

10 

V2"X24' 3" 

23' 0" 

5' 6" 

7' 8" 

8 3/4 

3 

{'1 

6/8" X 37' 3"| 
5/8" XI6' 3"i 

11 

1/2" X 25' 6" 

24' 0" 

5' 6" 

8' 0" 

91/4 

31/4 

{'^ 

6/8" X 39' 0"j 
6/8" XI7' 0") 

13 

1/2"X26' 6" 

25' 0" 

6' 0" 

8' 4" 

9 1/2 

31/4 

10 

3/4" X 40' 6" 

9 

5/8" X 27' 6" 




Superimposed Load, 150 lb per sq ft 

16' 0" 

4' 0" 

5' 4" 

6 

2 

{'? 

1/2" X 26' 0"^ 
1/2"X ir 9") 

7 

1/2''XI8'0" 

17' 0" 

4' 0" 

5' 8" 

61/2 

21/4 

n 

6/8" X 27' 9") 
6/8" X 12' 3" ^ 

8 

1/2"X19' 0" 

18' 0" 

4' 6" 

6' 0" 

7 

21/2 

{? 

6/8" X 29' 3" i 
6/8" X 13' 0"i 

9 

1/2" X 20' 3" 

19' 0" 

4' 6" 

6' 4" 

71/4 

21/2 

c 

6/8" X 31' 0") 
6/8" X 13' 9" i 

10 

1/2" X 21' 3" 

20' 0" 

4' 6" 

6' 8" 

71/2 

21/2 

{'? 

6/8" X 32' 6"! 
6/8" XIV 3") 

n 

1/2" X 22' 3" 

21' 0" 

5' 0" 

7' 0" 

8 

2 3/4 

{'1 

6/8" X 34' 0"i 
6/8" X 15' 0" ) 

8 

6/8" X 23' 3" 

22' 0" 

5' 0" 

7' 4" 

81/4 

23/4 

{! 

3/4" X 33' 9") 
3/4" XI5' 9"i 

9 

6/8" X 24' 3" 

23' 0" 

5' 6" 

7' 8" 

<*3/4 

3 

{■: 

3/4" X 37' 3"] 
3/4" X 16' 3") 

10 

6/8"X 25' 6" 

24' 0" 

5' 6" 

8' 0" 

91/4 

31/4 

Cl 

3/4" X 39' 0"j 
3/4"X17' 0"1 

10 

5/8" X 26' 6" 

25' 0" 

6' 0" 

8' 4" 

91/2 

31/4 

Cf 

3/4" X 40' 6") 
3/4" XI7' 9") 

12 

6/8" X 27' 6" 




Superimposed Load, 200 lb per sq ft 

16' 0" 

4' 0" 

5' 4" 

61/2 

2 1/2 


B/8"X26' 0"} 
6/8"x ir 9"1 

8 

1/2" XI8' 0" 

17' 0" 

4' 0" 

5' 8" 

6 3/4 

21/2 

{ ? 

6/8" X 27'9") 
6/8" X 12' 3"f 

9 

1/2" X 19' 0" 

18' 0" 

4' 6" 

6' 0" 

71,^ 

21/2 

!: 

6/8" X 29' 3") 
6/8" XI3' 0"f 

10 

1/2" X 20' 3" 

19' 0" 

4' 6" 

6' 4" 

71/2 

2 3/4 

Cl 

6/8" X 31' 0"j 

6/8" XI3'9" > 

7 

6/8" X 21' 3" 

20' 0" 

4' 6" 

6' 8" 

8 

3 

! ? 

3/4" X 32' 6") 
3/4" X 14” 3"l 

8 

6/8" X 22' 3" 

21'0" 

5' 0" 

7' 0" 

8 1/2 

3>/4 

{ : 

3/4" X 34' 0") 
3/4" X 15' 0"1 

9 

6/8" X 23' 3" 

22' 0" 

5' 0" 

7' 4" 

8 3/4 

31/4 

1 '? 

3/4" X 35' 9") 
3/4" X 15' 9"1 

10 

6/8" X 24' 3" 

23' 0" 

5' 6" 

7' 8" 

91/4 

31/2 

I'l 

3/4" X 37' 3") 
3/4" XI6' 3" 1 

11 

6/8"X25' 6" 

24' 0" 

5' 6" 

8' 0" 

93/4 

31/2 

Cf 

3/4" X 39' 0") 
3/4" XI7' 0"J 

12 

6/8" X 26' 6" 

25' 0" 

6' 0" 

8' 4" 

10 

33/4 


3/4" X 40' 6") 
3/4" X 17' 9" 1 

13 

6/8" X 27' 6" 
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TESTING OF MATERIALS 

By jAsp«r O. Draffin 

33. EQUIPMENT 

Testing Machines. Machines for testing material are of varying construction and 
capacity, for testing specimens in tension, in compression, in torsion, and for other 
specific purposes. In machines for testing bars in tension or compression, the ends of the 
test piece are fastened in the two heads of the machine. One of the heads is moved by 
screws, driven by a train of gears, causing a gradually increasing stress in the test piece. 
Some machines are built so that the head is moved by hydraulic pressure, but the screw 
construction is more common in the United States, although the use of hydraufic pressure 
machines is increasing rapidly (1935). Usually the mechanism for applying the load to 
the specimen is independent of the weighing apparatus. With this arrangement the accu* 
racy of the weighing is not affected by the deformation of the specimen which takes place 
as the load is applied. 

The Compound Lever Machine derives its name from the weighing mechanism. The 
load may be applied by revolving screws or by hydraulic pressure. 



Fia. 1. Screw-power, Compound-lever Testing Machine 


The Screw-power Compound-lever Testing Machine (RiehU or Olsen Machines) is 
the type in most common use in the United States, and it is shown in diagram in Fig. 1. 
Power is supplied by a bolt drive or by a direct-connectod motor, and the power is trans¬ 
mitted through a series of gears to vertical screws which operate the crosshead of the 
machine. The force applied by the belt is multiplied many times by the gearing and the 
screws. This multiplied force is applied to the test specimen by the crosshead. If the 
specimen is a tension specimen it is placed between the crosshead and the upper head of 
the testing machine, if it is a compression specimen or a cross-bending specimen it is 
placed between the crosshead and the weighing table. In any event as the crosshead 
moves downward the specimen transmits downward pressure to the weighing table. The 
weighing table is supported on compound levers, LiUu Fig. 1, which are fitted with knife- 
edge bearings, and these compound levers transmit the force, reduced, to a simple lever, 
Lo. Fig. 1, which, in turn, transmits the force, still further reduced, to the weighing beam. 

I—lU 
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As load is applied the beam is kept in balance by moving the poisoi the position of which 
indicates the load on the specimen, when the beam is in balance. 

The Direct-acting Hydraulic Machine has a head moved by hydraulic pressure, the 
intensity of which is read on a pressure gage. The load on the test piece is determined 
by multiplying the pressure reading by a constant which depends on the area of the 
cylinder. Owing to variations in the plunger friction, these machines are not adapted for 
accurate testing of small specimens, but are used to advantage in tests requiring big loads 
to rupture the specimen, and where slight variations in accuracy are permitted. 

The Amsler Machine is a machine of the hydraulic type built in Schaffhausen, Swit¬ 
zerland, which has a considerable use in the United States. A plunger moving in a 
cylinder near the top of the machine raises and lowers a rigid framework with respect to a 
fixed tension head at the bottom and a fixed compression head at the top of the machine. 
Oil is pumped into the cylinder to move a plunger so carefully ground to fit the cylinder 
that no packing is necessary. The error due to friction is no larger than the error due to 
friction in knife-edge lever w’eighing devices. The pressure is measured by the load on a 
cnmall piston which moves a pendulum so that the position of the pendulum bob indicates 
the force. This is a self-indicating weighing device, which eliminates much of the i)er- 
sonal equation of balancing a weighing beam. The Amsler testing machine can be han¬ 
dled by a single observer, even when measurements of deformation are made, and is very 
rapid in its operation. 

The Emery-Tatnall Machine is a hydraulic machine in which the load is applied 
through a plunger moving in a cylinder under oil pressure. The distinctive feature is the 
load-weighing device, called a weighing capsule. This is not connected to the load- 
applying mechanism, and is unaffected by friction between cylinder and plunger. One 
of the testing heads rests on a thin flat diaphragm over a shallow recess filled with oil. 
A slight movement of the diaphragm decreases the volume of the recess and creates 
pressure on the oil, which is recorded on a gage calibrated to read the load. One precau¬ 
tion is necessary: the weighing capsule must be kept filled with oil to avoid recorded 
loads being seriously in error. 

Verificatioxi of Tension-Compression Testing Machines. The A.S.T.M. Tentative 
Standard, E4-34T, Proc, A.S.T.M. vol. xxxiv, Pt. 1, p. 1233, 1934, lists the following four 
methods of verifying testing machines, in the order of their accuracy: 

1. Standard Weights are placed on the weighing mechanism of the testing machine. 
This is the most accurate method but has the follow’ing limitations: (a) only a limited 
range of load can be covered; (6) the non-portability of standard weights; (c) the non¬ 
applicability to horizontal testing machines. 

2. Proving Levers. These are simple levers with the fulcrums bearing on the weighing 
platform while knife-edges on the short arms of the levers bear on the crosshcad of the 
machine. At the ends of the long arms of the levers, standard weights are hung so that 
from the ratio of the arms the force acting on the weighing table may bo computed. 
Though the range of load possible with this method is greater than that of the standard 
weights method, it is not great enough for very largo testing machines. The transporta¬ 
tion of large proving levers and standard weights is inconvenient. 

3. Elastic Calibration Device. An elastic calibration device consists of an el.astic 
member which has previously been calibrated by noting the deformation at a series of 
loads. For a primary standard, the loads should be obtained by dead weights or proving 
levers (see A.S.T.M., loc. cit.). When verifying a testing machine, load is appilied to the 
device by the machine to be tested and the deformation noted. The difference between 
the load reading on the machine under test and the actual load, as determined for the 
observed deformation from the calibration curve of the device, represents the error in the 
machine being verified. 

4 . Comparison Method. In this method, a scries of test specimens (“ companion 
specimens ”) cut from the same piece of metal are necessary. Half of the specimens are 
tested in a machine which has been verified by one of the other methods above, and the 
other half in the machine under test. The difference in load reading for the same defor¬ 
mation, between the two machines, is the error in the machine being tested. This method 
should be used only when none of the other methods above may be applied. 

Accuracy and Sensitivity of Testing Machines are two distinct characteristics. A 
machine is accurate if the readings of the machine agree closely with the actual loads 
applied by the machine. A testing machine is sensitive if a small change of load is 
indicated by a distinct movement of the beam or other weighing mechanism. A testing 
machine may be very sentitive, and yet very inaccurate. 

For Flexure Tests the regular tension-compression testing machines are used by 
arranging the specimen so that the end supports bear on the weighing table, as shown 
in Fig. 7, p. 6-86. 
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Torsix)!! Testing Machines. In Professor Thurston’s machine, invented in 1872, the 
specimen is held horizontally with its ends secured in two spindles. One of these spindles 
is rotated by power. The other spindle is connected to a pendulum carrying a heavy 
weight which resists the turning force as it deviates from its A-^ertical position, thus pro¬ 
ducing a torque whose magnitude is shown by a gage or dial. 

Pother torsion machines are built so that the two ends of the specimen are held in 
rotating chucks. The power is applied at any desired speed by gearing connected to one 
of the chucks. The chuck at the other end is prevented from rotating by a system of 
levers connected to a scale beam which is balanced by a poise. The position of the poise 
indicates the twisting moment in pound-inches. 

For Impact Tests the essential parts of the testing machine are: a moving weight 
which strikes the specimen with sufficient kinetic energy to cause fracture, an anvil or 
block on which the specimen is supported and a device for measuring the kinetic energy 
of the moving weight after it has broken the specimen. 

In the Drop-weight Machines the impact is obtained by a hammer of known weight 
falling from a predetermined height on the specimen. In the Fremont machine the loss 
oi kinetic energy in the hammer due to impact is obtained by having the weight, after 
breaking the specimen, strike a platen jdaced on calibrated springs, and measuring the 
downward movement of the platen against the re.iistance of the springs. Another method 
is used in the Hatt-Turn<?r machine in which a brass stylus is attached to the falling 
hammer; during impact the stylus is forced by a spring against a sheet of metallized 
paper mounted on a drum which rotates alK)ut its vertical axis, thus causing a curve to 
be plotted. The speed of the drum is determined from a second curve plotted on the 
metallized f>aper by a stylus fastened to one prong of a tuning-fork. From the two curves 
the changes in velocity of the hammer as well as the stress-deformation relations may be 
calculated. 

The Charpy Impact Testing Machine is used for tests of small specimens of metal 
under impact. The specimen rests against the vertical face of an anvil where it is held 
in a horizontal position and is in flexure over a short span. The impact is furnished by a 
pendulum which is let fall from a predetermined Iieight, striking the specimen at the bot¬ 
tom of its swing. The pendulum is of known weight, and is so hung that its center of per¬ 
cussion is at the i)oint of iiiipact against the specimen. After breaking the specimen the 
pendulum continues its swing, and an indicating apparatus shows the maximum height 
to which it rises. The energy supplied by the pendulum is the product of its weight and 
its height of fall; the energy left after the fracture of the specimen is the product of its 
weight and the height of rise; the difference is ttie energy required to break the specimen. 
Specimens for the Charpy machine are notched at the middle of their length to insure a 
sharp plane of fracture. The uniformity of size of 8i)ecimen and of size and shape of 
notch is very important. 

The Izod Machine acts on a principle similar to that of the Charpy machine. The 
Izod specimen is a short notche^d cantilever beam held vertically and struck by a swinging 
pendulum, at a definite distance aliove the notch. Tlie energy required for fracture is 
measured in a manner similar to that used with the Charpy machine. 

Repeated Stress Testing Machine. The following types of machines are available 
for producing reversed bending: the Upton-Lewis for flat specimens; the short-specimen 
rotating beam; the long-specimcii rotating beam; and the cantilever rotating beam. 
Only the long-specimen machine (soniethncs known as the Sondrieker or Farmer type) 
is here descriV)ed. It consists of two supporting rings or collars, rotating in a cage of 
l)all l)earings, for supporting the specimen wdiich is 0.40 in. in diameter and 13 in. long. 
The specimen is rotated by a motor; the nuTnl)er of revolutions is recorded by a counter 
attached to one end of the specimen. Suspended weights load the beam at two points 
and act through ball bearings to produce a unifonii bending moment over the central 
portion of the specimen. The number of cycles of completely reversed stress equals the 
number of revolutions. The speeds commonly used are from 1000 to 2000 rpm. 

Extensometers are used for measuring the small elastic deformations within the elastic 
limit, and for detecting the stress at which the elastic limit is exceeded. An extensometor 
consists essentially of two clamps which arc fastened to the test specimen, and one or more 
micrometer devices by means of which a very small change of distance between the clamps 
can be measured. For all accurate measurement of elastic deformation of tension or com¬ 
pression specimens the extensometer should be attached so as to measure deformation 
along two or three symmetrically spaced axial lines on the specimen. Types of micrometer 
devices used in extensometers are: the screw micrometer, in which a very small axial 
motion of a screw is accompanied by a large circumferential motion of a dial attached to 
the screw; clockwork dial gages; multiplying levers; microscopes; and the “ optical lever 
in which a very small angular motion of a mirror changes the direction of a reflected ray 
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of light. Extensometers for general use usually measure deformations to the nearest 
ten-thousandth of an inch. 

34. STANDARD TEST SPECIMENS 

Specimens for Tension Tests of Wrought Metals. (Abstracted from A.S.T.M. Stand¬ 
ards E8-'33, A7-34, A9-34 and A10-34.) The specimen shown in Fig. 2 is recommended 



Fio. 2. Standard 8-in. Gage Length Test Specimen 


for plate, shape, and flat material having a thickness of I /4 in. or over. The thickness of 
the specimen shall be that of the material tested. 

If the material to be tested is over 1 1/2 in. in thickness or diameter, except steel pins 
or rollers, it may be machined to a thickness or diameter of at least 3 /4 in. for a length of 



Elongation after Fracture 


Fia. 3. Standard 2-in. Gage Length Tension Test Specimen 

at least 9 in., or it may conform to the dimension shown in Fig. 3. Specimens for pins 
and rollers should conform to the dimensions of Fig. 3. 

The specimen shown in Fig. 3 is recommended for general use in testing metals. The 
gage length, parallel section and fillets should be as shown, but the ends may be of any 
shape to fit the holders of the testing machine in such a way that the load is axial. 



Reduced Section to Middle. 

Ail machining dimensions are shown below and testing dimensions above specimen. 

Fig. 4. Standard Tension Test Specimen for Sheet Metals 

A slight taper of the “ parallel section ” not to exceed a maximum of 1 per cent of the 
diameter within the gage length, similar to that shown in Fig. 4 for sheet materials, is 
desirable for all tension test specimens. 

Steel specimens should be prepared for testing from the material in its roiled or forged 
condition except that annealed materials should be annealed as for use. 





STANDARD TEST SPECIMENS 


6 -^ 


For tension tests of wrought ferrous and non-ferrous metal in the form of plate, sheeti 
flat wire, strip, band and hoop, without respect to width (provided the width is not 
than that shown in Fig. 4), length, 
grade or method of manufacture, 
and having a thickness of from 0.01 
to 0.250 in., the specimen shown 
in Fig. 4 is recommended. 

Tension test specimens of wire 
and rod are frequently of the full 
siae as fabricated. It is suggested 
that the upper limit of size for 
wire be considered as 1/2 in. in 
diameter. For the measurement 
of elongation, of wire or rod 1/2 in, 
in diameter or less which is tested 
in the full size, a gage length of 
10 in. is frequently used. 

Specimens for Tension Test of 
Cast Iron. Tension test bars for 
east iron are classified according to 
the controlling thickness of the 
casting as: test bar d, thickness 
0.75 in., maximum; test bar B, 
thickness 0.75 to 1.25 in.; test bar 
C, thickness 1.25 to 2.00 in. {Proc. 

A.S.T.M., vol. xxxii, Pt. I, p. 625, 

1932). It is optional to use parts 
of the transverse test l)ar for the 
tension test. Dimensions of the 
finished specimens for test bar B 
are shown in Figs. 5a and 5h, 

Specimens for Compression Tests of Metals. (Abstracted from A.S.T.M. Tentative 
Standards, 1934, E9-34T.) The following thrfee classes of compression test specimens 

are recommended: (1) short specimens 
(Fig. 60), used for tests of such metals 
as bearing metals, which in service are 
used in the form of a thin plate or shell 
to carry load perpendicular to the 
surface; (2) medium-length specimens 
(Fig. 65), used for determining the 
general compressive strength properties 
of metallic materials; (3) long speci¬ 
mens (Fig. 6c), best adapted for deter¬ 
mining the modulus of elasticity in 
compression of metallic materials. In 
reporting the results of a compression 
test, it is important that the dimensions 
of the test specimens be given. 

TIio suggested dimensions for the 
compression specimens shown in Fig. 6 
arc as follows. 

Diameter, d Height h 






SHORT 

SPECIMEN 

(a) 


A 

I 




4 ?' 


eU 


Q ft-iod 


MEDIUM LENGTH 
SPECIMEN 

(5) 


LONG SPECIMEN 
(C) 


Fio. 6. Test Specimens for Compression Tests 




Short specimens 


1 i/g in.* ziz 0.01 in. 1 in. 


Medium-length specimens. 


f 0.798 in. ± 0.01 in. 

1 in. zt 0.01 in. 

[1 i/s in. dh 0.01 in. 


2 8/8 in. 

3 in. 

3 8/8 in. 


Long specimens 


1 1/4 in. zb 0.01 in. 12 1/2 in. 


* Area of cross-section is approximately 1 si in. 

Specimens for Flexure Tests of Cast Iron. Until 1932 gray iron castings were 
classified as light, medium, and heavy according to thickness, and acceptance was based 
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on flexure or transverse testa. This specifi¬ 
cation has been revised, and A.S.T.M. 
Standard, A48-36 specifies acceptance on 
tension tests. Transverse tests are optional 
and are made with the machine shown in 
Fig. 7 on straight, cylindrical specimens 
having the dimensions and tested with the 
spans listed in Table I. The first three 
numbers refer to ordinary gray iron and the 
last four numbers to high-strength iron. 


Table I. Test Specimens for Transverse Tests 


Class 

Minimum 
Tensile 
Strength, 
lb per 8(1 in. 

Test Bar *. 

i 

B 

C 

l>iameter, in. 

0.875 

1.20 

2.00 

Length, in. 

15 

21 

27 

Test span, in. 

12 

18 

24 

Minimum T>oad at L!enter, lb 

No, 20 

20,000 


900 

1700 

4,500 

No. 25 

25,000 


1050 

1900 

5,500 

No. 30 

30.000 


1200 

2100 

6,500 

No. 35 

35.000 


1300 

2300 

7,500 

No. 40 

40,000 


1400 

2500 

9,000 

No. 50 

50,000 


1700 

2800 

11,000 

No. 60 

60,000 


2000 

3100 

13,000 


* See Specimens for “ Tension Test of ('u.st Iron,” p. 6--85. 


Specimens for Impact Tests. The A.S.T.M. Tentative Standard, 10.34, E23-34T 
recommends the test specimens shown in Fig. 8a and 86 for use in the Cluirpy type and 
Izod type imjjact machines respectively. 



(a) SIMPLE BEAM (CH/^RPY TYPE) SPECIMEN 


j ^1.10 In.± 0.020 in. (28 mm.) 

r*-*-- 0.866 In. (22 mm.) 

.± 0 001 in. ( 

10 mm.) 

1 - -V!^45"±1“ 0.394 in 


< < 
-r 

1 

1 

t 

^ 2.95 in.±0.010 in. (75 mm.) i 

1 ' ' 

1 ri' 

0.394 in.±0.001 In. 

or to suit Testing Machine ^ 


ilO mm.) 


(t>) CANTILEVER BEAM (IZOD TYPE) SPECIMEN 
Fia. 8. Impact Teat Specimens 
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Determination of the Yield Point. See also p. 5-04. The foilowin^s two methods are 
satisfactory for determining the yield point of metals that have a “ sharp kneed " stress- 
strain or stress-deformation diagram: 

1 . The “ Drop of the Beam ” Method. Load is applied to the specimen at a steady 
rate of increase and the operator keeps the beam in balance by running out the poise. 
At the yield point the increase of load ceases temporarilj'^, but the operator, running out 
Uie poise at a steady rate, runs it a trifle beyond the balance position, and the beam of 
the machine drops for a brief but appreciable interval of time. In a machine fitted with 
a self-indicating weighing device there is a sudden halt in the motion of the load-indicating 
pointer, corresponding to the drop of the beam. The load at the “ drop ” or the “ halt " 
is noted and the corresponding unit stress reported as the yield point. 

2. Total Deformation Method Using Dividers. An observer with a pair of dividers 
watches for visible elongation between two gage marks on the specimen. When visible 
stretch is observed the load is noted and the 
corresponding unit stress reported as the yield 
point. 

Determination of Yield Strength. For deter¬ 
mining the yield strength, the following two 
methods .are given by the A.S.T.M. Standards, 

1933, E8-33. 

1. The Set Method. This method can be 
used, if desired, for materials having sharp-kneed 
stress-strain diagrams but is especially adapted 
to materials whoso stress-strain diagram in 
the yield range is a smooth curve of gradual 
curvature. 

For nearly all materials, if at any point on 
the stress-strain diagram, such as r in Fig. 9, the 
load is released, the diagram for decreasing load 
will follow a line, rm, approximately parallel to 
the initial portion, OA, of the diagram for 
increasing load. Om will then give the apx^rox- 
imate value of the permanent set after the re¬ 
lease of the stress OH. The value of this set is 
given in percentage of original gage length. Thus, to determine the yield strength by 
the “ set method,” it is necessary to secure data (autographic or numerical) from which 
a stress-strain diagram may be drawn. Then with the stress-strain diagram (Fig. 9) lay 
off Om equal to the sxiecificd value of the set, and draw mn parallel to OA and thus locate 
r, the intersection of mn w'ith the stress-strain diagram. Draw Hr parallel to tho 
A'-axis, and then OR gives the value of the jdeld strength. 

In reporting values of yield strength obtained by this method, the specified value of 
set ” used should be stated in parentheses after the term yield strength. Thus: 

Yield strength (set = 0.1 per cent) = 52,000 lb per sq in. indicates that, at a stress 
of 52,000 lb per sq in., the approximate permanent set of the material reached the value 
of 0.1 per cent of the original gage length. (A value of 0.20 per cent of the gage length 
has been used rather widely for metals.) 

In using this method, an extensomet-er reading to 0.0001 in. per in. of gage length 
would be sufficiently sensitive for most materials. It will be observed that the elastic 
limit and proportional limit are special values of the yield strength, in which the specified 
limiting set is not measurable with the instruments used, and hence is considered to be 
zero. 

2. Approximate Method without Stress-strain Diagram. For tests to determine the 
accejitance or rejection of material, w'hose stress-strain characteristics are well known 
from previous tests of similar material in which stress-strain diagrams were plotted, the 
total strain corresponding to the stress at which the specified permanent set occurs will 
be known within satisfactory limits; therefore, in such tests a specific total strain may 
be used, and the stress on the specimen, when this total strain is reached, is the value of 
the yield strength. The total strain can be obtained satisfactorily by use of an exten- 
someter, or in some cases by use of dividers, particularly if the surface of the specimen 
is prepared so that the line made by the dividers is a fine line, and if it is observed through 
a reading glass. But it is recommended that this approximate method be used only 
after agreement between producer and consumer, with the understanding that check 


A n 



Fig. 9. Stress-strain or Stress-deforma¬ 
tion Diagram 
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tests be made for obtaining stress-strain diagrams for use with the Set Method to settle 
any misunderstandings. 

Determination of Tensile Strength (Ultimate). The tensile strength of a material 
is detennined by dividing the maximum load carried in a tension test by the original 
area of cross-section of the specimen. It is important that the speed of testing should 
not be BO high as to render uncertain the balancing of the beam of the testing machine, 
or to cause “ surging ** of the indicating mechanism of a self-indicating load-measuring 
device. 

Determination of the Elongation after Fracture (from A.S.T.M. Standards, 193.3, 
E8-33). The measurement of the elongation after fracture of tension test specimens 
can be made with sufficient accuracy by means of a pair of dividers and a scale. The 
elongation should not be reported for any tension test specimen which breaks outside 
the middle third of the gage length. 

Note. If only a few specimens are furnished for testing, it is recommended that, in 
marking the gage length for measuring elongation after fracture, it be divided into eight 
parts (as shown in Fig. 10), and that, if a specimen breaks inside the gage length but out- 



■ Gage Length->] 

Fia. 10. Method of Marking Gago Length for Measuring Elongation after Fracture 


side the middle third of the gage length, the requirement in the foregoing paragraph bo 
waived, and the elongation be measured and reported as follows: 

1. If the specimen breaks in the middle half of the gage length (between C and G), 
the elongation is measured directly over the stretched gage length. 

2. If the specimen breaks between A and C (or between G and 7) but nearer B than 
A (or nearer H than I), the elongation from A to C (or from G to 7) is measured, and 
to this is added twice the measured elongation from C to F (or from D to G ). 

3. If the specimen breaks within one-half a division of an end gage mark, the elonga¬ 
tion from A to E (or from E to I) is measured and multiplied by 2. 

The above method can be apr)liod to specimens of any gage length, and to turned 
specimens as well as flat specimens. 

This method is not applicable to brass specimens. 

Determination of Reduction of Area. The measurement of reduction of the dimen¬ 
sions of a specimen after fracture may be made by the direct measurement with a mii;rom- 
eter of the smallest cross-section of the specimen. For round specimens this measurement 
can best be made by holding the broken i>ieces together in a vise or between centers and 
then measuring the average diametci of the smallest section by means of a micrometer 
fitted with rather sharp points. The reduction in area is calculated as the percentage 
reduction, based on the original area. 

Owing to the difficulty of making accurate measurements of the fractured area of a 
test piece and to the fact that elongation is more valuable than reduction of area as a 
measure of ductility, of toughness, or of energy absorbed before rupture, reduction in 
area frequently is not reported. 

Compression Test. The methods used for determining elastic limit, proportional 
limit, yield point, and yield strength in compression tests are, in general, the same as 
those used in tension tests. The compressive strength is determined by dividing the 
maximum load by the original area of cross-section of the specimen. 

In a material which fails in compression wdth a shattering fracture the compressive 
strength has a very definite value. In materials which do not fail by a shattering fracture 
the value obtained for comi)re8sive strength is an arbitrary value depending on the degree 
of distortion which is regarded as indicating complete failure of the material. 

Precautions Required in Making Tests 

1. Inspection of Specimen. Examine the specimen for defects or irregularity of form. 

a. Placing Specimen in Machine. The test piece should be placed in an axial posi¬ 
tion, that is, the line of stress of the machine should be in line with the axis of the speci¬ 
men. Care should be taken to see tnat the ends of the specimen are properly gripped in 
the heads of the machine. When wedges are used, the full length of the wedge should 
bear against the ends of the specimen. The extensometcr should be placed in position 
10 that the clamps are at the gage marks and the specimen centered in the instrument. 
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8 . Speed of Testing. Regard must be had to the time occupied in making tests of 
certain materials. A.S.T.M. Standard, E8-33, points out that the values of the yield 
point and ultimate strength may be increased by operating the testing machine at too 
high speed, and it recommends that the speed of the head of the testing machine shall 
be such that the load can be accurately weighed. In determining yield strength, the 
crosshead speed for the 2~in. gage length shall not exceed 0.125 in. per min. 

In testing soft alloys, copper, tin, zinc, and the like, which flow under constant stress, 
their highest apparent strength is obtained by testing them rapidly. In recording tests 
of such materials the length of time occupied in the test should be stated. 

4. Increment of Load. The following method has been suggested by the A.S.T.M. 
(Joe. cit.) for choosing increments in a tension test. An increment of load, about Vio of 
the estimated load corresponding to the knee of the stress-deformation diagram, is applied 
and the corresponding change of reading, A, of the extensometer noted. For the re¬ 
mainder of the test, the increments of load are made such that the extensometer readings 
change by approximately A. 

After the yield point is passed, as indicated by the drop of the beam, the stress should 
be uniformly increased, keeping the scale beam balanced and stopping only to make 
occasional observations and to remove the extensometer to prevent its injury when the 
specimen breaks. 

36. MISCELLANEOUS TESTS 


Hardness Tests 


Brinell’s Method. J. A. Brinell, a Swedish engineer, in 1900 published information 
about a method for determining the relative hardness of steel, which has come into ex¬ 
tensive use. A hardened-steel ball, 10-mm diameter (0.3937 in.), is forced with a pres¬ 
sure of 3000 kg, or 500 kg for soft metals, into a flat surface on the sample to be tested 
and allowed to remain for at least 10 sec (iron and steel), or for at least 30 sec (other 
metals), to make a slight spherical impression, whose diameter is measured with a micro¬ 
scope. The hardness is defined as the quotient of the pressure divided by the area of 
the surface of the impression, which is assumed to be spherical. From the measurement, 
the hardness number is calculated by the equation 


B = 


_ P 

(D - 


(1> 


W'here P = load = 3000 kg; /) = diameter of ball =10 mm; d — diameter or width of 
impression, millimeters; B = Brinell hardness number. Table II gives the hardness 
numbers corresponding to the different values of d. A complete table of these numbers 
is given in A.S.T.M. Standards, 1933, ElO-27, pp. 943-944. 

There is a well-defined approximate relationship between the Brinell numbers and the 
ultimate strength of steel. Abbot {Proc. A.S.T.M. vol. xv, Pt. II, 1915), as a result of 
a large number of tests of different kinds of steel, proposed the equation = 0.70B — 26, 
where == ultimate strength in thoasands of pounds per square inch; B = Brinell hard¬ 
ness number. For many steels, however, the strength is as well represented by the 
relation Su = 0.50B. 

In the Rockwell Test a steel ball i/ie in. in diameter (the Rockwell “ B ” test) or a 
conical diamond point (the Rockwell “ C " test) is pressed against the surface of the 
specimen with a small but definite initial load. Then a load of 100 kg (“ B ” test) or 
150 kg (“ C ” test) is applied by means of a weight acting at the end of a compound 
lever. This weight is removed, leaving the small initial load still on the penetrating 
point, and the depth of impression is measured by means of a micrometer dial gage at¬ 
tached to the indenting point. This gage is graduated to read directly an arbitrary 
system of hardness numbers corresponding (inversely) to the depth of impression. The 
Rockwell “ B ” numbers are different from the Rockwell “ C ” numbers. One advan¬ 
tage of the Rockwell over the Brinell is that a smaller indentation is produced. The 
ultimate tensile strength of steel, Sw, is given in thousands of pounds per square inch by 
the equation Su = 3750/(130-/2^), Rb being the number (“B” test) read from'^ the dial of 
the instniment. 

The Vickers Pyramid Hardness-testing Machine is a British instniment in which the 
principle employed is the same as that in the Brinell and Rockwell machines. The 
operation differs in that the penetrator is a diamond in the form of a pyramid. By 
means of a microscope attachment, measurements are made of the distance across the 
diagonal of the indentation. One of the advantages of this machine is that it is suitable 
for any degree of hardness. 
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The Seleroecope is an instrument invented by A. F. Shore for determining the hard¬ 
ness of metals. It consists chiefly of a vertical glass tube in which slides freely a small 
cylinder of very hard steel, pointed on the lower end, called the hammer. This hammer 
is allowed to fall about 10 in. onto the sample to be tested. The distance it rebounds 
is taken as a measure of the hardness of the sample. A scale on the tube is divided into 
140 equal parts, and the hardness is expressed as the number on the scale to which the 
hammer rebounds. Measured in this way the hardness of different substances is as 
follows: glass, 130; porcelain, 120; hardest steel, 110; tool steel, 1 per cent carbon, may 
be as low as 31; mild steel, 0.5 C, 26 to 30; gray iron castings, 39; wrought iron, 18; bab¬ 
bitt metal, 4 to 10; soft brass, 12; zinc, 8; copper, C; lead, 2 {Cass. Mag., Sept., 1908). 
The relationship between the scleroscope number and the ultimate tensile strength, Su, 
is given by Abbott (loc. cit.) by the equation Su = 4.0iS — 15, where Su ^ hi thousands 
of pounds per square inch and S is the scleroscope number. 

Moh*s Scale of Hardness is commonly used in testing the hardness of rocks and min¬ 
erals. Hardness is recorded in terms of the following scale: 1, talc; 2, gypsum; 3, calc 
spar; 4, fluor spar; 5, apatite; 6, feldspar; 7, quartz; 8, topaz; 9, sapphire; 10, diamond. 
A convenient test for the softer minerals is: Scratched by finger-nail, up to hardness of 
2.5; by copper coin, up to hardness of 3; by knife-blade, up to hardness of 5.5. 

Some smooth surface of the mineral to be tested is selected, on which a point of the 
standard is pressed and moved back and forth several times i/s in. or less. If the mineral 
is scratched it is softer than the standard. Two minerals of equal hardness will scratch 
each other. Pulverulent or splintery minerals are “ broken down ” by the test and 

Table II. Conversion Table for Approximate Hardness Numbers Obtained by Different 

Methods 


(Compiled mainly from manufacturerB* tables) 


Brinell, 3000'kg load, 10 mm ball 

Rockwell Number 

Shore 

Scleroscope 

Number 

Vicker’s 

Pyramid 

Number 

Diameter of 
Indentation, 
d mm 

llardneHS 

Number 

C Scale, 150 kg 
load, 120" 
diamond cone 

B Scale, 100 kg 
load, ball 

2.40 

653 

62 


86 

783 

2.60 

555 

55 


75 

622 

2.80 

477 

49 


66 

513 

3.00 

415 

44 


58 

439 

3.10 

388 

41 


54 

404 

3.20 

363 

39 


51 

374 

3.30 

341 

37 

. 

48 

352 

3.40 

321 

35 


45 

329 

3.50 

302 

32 


42 

303 

3.60 

285 

30 


40 

285 

3.70 

269 

27 


37 

269 

3.80 

255 

25 


35 

255 

3.90 

241 

23 

99 

33 

241 

4.00 

229 

20 

98 

32 

229 

4. 10 

217 


96 

30 

217 

4.20 

207 


95 

29 

207 

4.30 

197 


93 

28 

197 

4.40 

187 


91 

27 

187 

4.50 

179 


89 

25 

179 

4.60 

170 

. 

87 

24 

170 

4.70 

163 


85 

23 

163 

4.80 

156 


82 

23 

156 

4.90 

149 


80 

22 

149 

5.00 

143 


78 

21 

143 

5. 10 

137 


75 

20 

137 

5.20 

131 


73 

19 

131 

5.30 

126 


70 

18 

126 

5.40 

121 


68 

17 

121 

5.50 ^ 

116 


65 

16 

116 

5.60 

111 


62 


111 

5.70 

107 


60 


107 

5.80 

103 


57 


103 

5.90 

99.2 


55 


99.2 

6.00 

95.5 


52 


95.5 

6.10 

92.0 


49 


92.0 

6.20 

88.7 


47 


88.7 

6.30 

85.5 


44 


85.5 

6.40 

82.5 


42 


82.5 
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yield an “ apparent ” hardness often much lower than the true hardness. Rough sur¬ 
faces also yield doubtful results. 

Relationship between the Different Hardness Numbers. A rational relation exists 
between the Brinell and Rockwell numbers, and also between these numbers and the 
Vickcr’s pyramid numbers; an empirical relation exists also between the foregoing num¬ 
bers and those of the Shore scleroscope. Petrenko (Tech. Paper 334, U, S. Bur, Stand¬ 
ards) gives the following equations: 

B = 25,000/(100-j^c) for Rc greater than 40 
B = 1,420,000/(100-i?c)- for Rc from -20 to 40 
B = 7300/(130 - Rr^ for Rn from 35 to 100 
where B — Brinell number obtained with a 10-mm ball and 3000-kg load; Rc =* Rockwell 
number on the C scale, using a 150'kg load and a 120° diamond ponetrator; Rb = Rock¬ 
well number on the B scale with a 100-kg load and a i/ie-in. ball. 

Abbott (Proc. A.S/T.M., vol. xv, Pt. II, 1915) derives from tests the empirical rela¬ 
tion B = 5.5S — 28, B being the Brinell number and S the scleroscope number. Table II 
gives these various hardness numbers in terms of one another. The values were obtained 
from the manufacturers of the instruments and from published experimental data. The 
scleroscope numbers, as tabulated, vary slightly from those given by the Sub-Committee 
on Hardness Conversion of the A.S.S.T. in its 1930 handbook; the committee gives a 
scleroscope value of 81 for a Brinell number of 627 as compared with 84 in Table II (by 
interpolation), whereas the committee scleroscope number is 30 for a Brinell number of 
197 as compared with 28 in Table II. Both list.s are the same for scleroscope number 54 
which equals Brinell number 387. 

Ductility Tests 

Ductility as Determined from Tension Test. The usual measures of ductility are the 
percentage of elongation and the percentage of contraction of area of a specimen in a 
tension test. Since the percentage elongation varies widely over the length of a tension 
specimen, the gage length over which the deformation is measured should bo specified. 
A tension test for determining ductility is not suitable for many metals, for example, a 
thin metal specimen which in tension usually fails without any appreciable elongation. 

Bending Test for Determining Ductility. The following is the A.S.T.M. Standards, 
1934, A9-34, specification for bond tests on structural steel: 

Bend test specimens shall stand being bent cold through 180° without cracking on the 
outside of the bent portion, around a pin, the diameter of which shall have the following 
relation to the thickness of the specimen: 


Thickness of Material 

Fin Diaaneter 

Ratio:- 

Thickness of Specimen 

Tip to 3/^ in., inclusive... 

I 

Over 3/4 to 1 in., inclusiv^e. 

1 V 2 

2 

Over 1 to 1 in., inclusive... 

Over 1 to 2 in., inclusive. 

2 V 2 

3 

Over 2 in.| 


Cupping Tests for Determining Ductility. For dcterniining the relative ductility of 
thin sheet metal, the so-called cupping tost is often u.stul. There are various machines 
on the market for performing this test. In these, a spherieal-ended plunger or ball is 
forced into the test specimen, which is held over a suitable die. For some machines, the 
maximum depth of the cup, in(;hes, which can be formed, for others, the load required 
produce the cup, just as visible “ necking down " occurs, is taken as a measure of the 
ductility. 


Short-time Tests for Endurance Limit 
Short-time Tests for Endurance Limit. Since the determination of the endurance 
limit for any given steel or metal takes considerable time, attempts have been made to 
devise short-time tests which will give at least some indication of the probable endur¬ 
ance limit. No method has been found which is entirely satisfactory or which has been 
generally accepted. Two methods have shown some promise of success: (1) the riso-in- 
temperature method; (2) the electrical resistance method. 

Rise-in-Temperature Method. (Moore and Kommers, Bull. 124, Eng. Exp. Sta., 
Univ. of 111., 1921.) A standard rotating beam specimen is held at one end and, by an 
eccentric movement of the other end, a bending stress is produced in a manner similar 
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to that obtained when the beam is rotated. A thermocouple is attached to the specimen 
at the section of greatest stress and connected to a galvanometer. The specimen is run 
at 1000 rpm for 30 sec at stresses which increase by stages; a reading of the galvanometer 
is taken for each value of the stress. The stress at which there is a sudden increase in 
the reading of the galvanometer is taken as the endurance limit. For ferrous metals the 
results varied from 14 per cent below those found by the standard long-time method to 
18 per cent above, but in the main they were within 5 or 6 per cent of the standard values. 
The test does not give consistent results with non-ferrous metals. 

Electrical Resistance Method. This is sometimes known as the Ikeda method, after 
the Japanese who developed it. (See Moore and Konzo, Bull. 205, Eng. Exp. S(a., Univ. 
of III., 1930.) It consists in determining the electrical resistance corresponding to various 
stresses and noting a sudden change in the resistance. The stress where the change occurs 
is taken as the endurance limit. The method gives results comparable with those ob¬ 
tained by the rise-in-temperature method and gives consistent results with non-ferrous 
metals. It requires delicate instruments and careful manipulation. 


Creep Tests 

Creep Limit Tests. The following description of the apparatus for and the method 
of making creep tests is abstracted from F. H. Norton’s The Creep of Steel at High 
Temperatures, McGraw-Hill, New York, 1929. Specimens 0.505 in. in diameter with a 
4-in. gage length are placed in an electric furnace. The load is applied by weights and a 
lever having a ratio of 10 to 1. The furnace, which holds 5 or 6 specimens at one time, is 
a hollow cylinder wrapped with asbestos paper and a heating coil which maintains a con¬ 
stant temperature through a regulating device. The extension of each specimen is meas¬ 
ured by means of a dial conneiJted to the lever arm which applies the load. To prevent 
oxidation of the specimen, a stream of nitrogen is introduced at the bottom of the 
apiiaratus. 

The specimens are loaded nearly to the estimated creep limit for a given temperature, 
and this load is maintained for 400 hr, the elongation being measured twice a day. The 
load is then increased 10 per cent and maintained for 400 hr, the elongation again being 
measured twice a day, and this rate of increase in load is continued until the creep be¬ 
comes large. Thus for each stress (at a given temperature) there will be a series of time- 
percentage elongation readings. A graph is plotted for each stress, with time as abscissa 
^nd percentage elongation as ordinate. This is usually a straight line. The slopes of 
these time-percentage elongation lines are next plotted against stress on logarithmic paper. 
There will be one line for each temperature and, since the points fall on a straight line, 
the stress corresponding to any given rate of creep for any given temperature may be 
read directly from the graph. Rapid progress is being made (1935) in the development 
and revision of standard methods of making short-time and long-time (creep) tempera- 
uiure tests. See A.S.T.M. Tentati/e Standard £22. 


X-ray Inspection 

X-ray Examination of Castings. When x-rays are passed through castings or forgings 
which contain defects, the x-rays pass through the defects more readily than through the 
sound metal and thus outline the defects on a photographic plate. 

The x-ray examination of castings or forgings has two functions: (1) development of 
manufacturing technique; (2) inspection of the finished product. In Recommended 
Practice for Radiographic Testing of Metal Castings, A.B.T.M. Standards, £15-29, 1933, 
adopted 1929, the following defects are enumerated as being capable of detection by 
x-ray methods: gas cavities, slag inclusions, sand inclusions, pipe cavities, porosity, 
cracks, metal segregation. Since there are no standards governing the number, extent 
and character of defects, no specific requirement can be laid down, but if the defects are 
known to be present the user can judge of their probable effect and act accordingly. 

Equipment. £quipment needed for x-ray examination consists of an x-ray tube, 
transformers, photographic apparatus, and a lead-lined operating chamber. The part to 
be examined is placed between the x-ray tube and the photographic film and an exposure 
made for the proper length of time. Since x-rays are very dangerous it is imperative 
that the operator be properly protected from tliem by lead-lined boxes or chambers. 
The operation is one requiring expensive apparatus and skilled technique, but it is very 
satisfactory for castings if a positive knowledge of their soundness is essential. For 
metal not over 3 1/2 in. thick, a 200-kv 8-milliampere Coolidge x-ray tube will be satis¬ 
factory. For detailed information see George L. Clark’s Applied X-Rays. McGraw-Hill 
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Book Co., MetcUa and Alloys’, St. John and Isenburger's Industrial Radiography. John 
Wiley & Sons, New York, 1934, 

Special Tests 

Proof Tests. A proof tost is one in which a part of a machine or tho machine as a 
whole is subjected to a loatl which equals or exceeds the allowable load but which does 
noi test th(i part to destruction; for example, the hydrostatic test of cast-iron pipe at the 
foundry, where the pipe is subjected to a water pressure of about twice the normal work¬ 
ing pressure. 

Determination of Physical Properties from Magnetic Permeability. Tests of mag¬ 
netic permeability of steel and iron seem to give some indication of the hardness, strength, 
and uniformity. They possess the great advantage that the test does not destroy the 
sample tested, and hence may be made on the actual parts to be used. Magnetic tests 
as an indication of hardness or strength are not standardized yet, but hold promise of 
future usefulness. 

The variation of magnetic qualities in a bar or disk of metal has been used as a means 
of locating small invisible flaws. (See article by J. A. Capp, Proc. A.S.T.M., vol. xxvii, 
Pt. II, p. 26S, 1927.) This principle has been utilized in the constniction of a special 
device, known as tho transverse fissure detector car, for locating transverse fissures in 
railroad rails. 

Special Tests of Materials, Structures, and Machines are often made. Table III 
gives some such tests. 

Tests of Strength of Wood have not been standardized to an extent which allows 
their inclusion in specifications for timlier, but compression tests, flexure tests, shearing 
tests, and impact tests are frequently made. Compression tests arc made both along the 
grain and across the grain. Compression specimens arc usually rectangular blocks, and 

Table III. Special Tests of Materials, Structures, and Machines 


Tent Measurements 


Proof test with dead load, not to Deflections, tensile and compressive 
destruction. deformations in beams and col¬ 

umns. 

Proof test with dead load or with Deflections, tensile and compressive 
moving load. deformations in various members. 

Tests of samples to destruction. Ultimate load, slip of rivets. 

Shearing test of samples to destruc- Ultimate load, results depend on 
tion using special shearing tools. hardness of shearing tools used. 
Tests of samples to destructiijn in Ultimate load, 
tension or torsion. 

Tests with hydrostatic pressure. Observation of leaks, cracks, or per- 
Proof tesia witli pressures some- manent distortion of parts, 
what above working pressures. 

Proof tests, tests of samples to de- Ultimate load, distortion under 
structioii under tension and impact proof load, 
tension. 

Tests of samples to destruction in Ultimate loud, observation of man- 
tension. ner of fracture. 

Tests of samples to destruction in Ultimate load, deflections, 
flexure. 

Proof tests of entire chain in ten- Set after removal of proof load, 
sion, tests to destruction of sample ultimate strength, 
seutiuns. 

Hydrostatic pressure proof test. Observation of leaks, cracks, or 

other evidence of failure. 
Scleroscope or Rockwell test for uni- Hardness for various teeth, 
form hardness. 

Brinell, Rockwell, or scleroscope Hardness at various points, 
tests for uniform hardness of 
samples. 

Proof load in tension, tension test of Evidences of failure under proof 
trie transmission lines, samples to destruction. load, ultimate strength. 

Eyebars. Tension test of sample eyebars to Yield point, ultimate load, stretch. 

destruction. 

Columns. Compression tests of models or Yield point, ultimate load, defieo- 

_samples to destruction. tion, axial compression. 


Structural part, machine 
part, structure, machine 
or material tested 

Flour panel of building. 

Bridge. 

Riveted joints. 

Rivets, metal plates.... 

Bolts. 

Boilers. 

Car couplers and coupler 
yokes 

Wire rope. 

Brake beams for railway 
cars. 

Chain. 

Large pipe. 

Gear teeth. 

Engraver’s plates. 

Strain insulators for elec- 
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Bhould be tested with spherical-seated bearing blocks. Wood has a rather poorly defined 
proportional limit in compression. In compression along the grain there is a well-defined 
ultimate strength. Shearing tests along the grain are made by the use of shearing blocks 
placed in the testing machine, or for larger specimens by testing short, deep beams. The 
shearing strength of wood along the grain is of great importance. Flexure tests both of 
small selected specimens and of large beams are common. In flexure tests the failure 
may be by longitudinal shear along the neutral axis, by compression along the upper 
side of the iieam, or by tension along the lower side. Impact flexure tests show the shock- 
resisting qualities of wood. Hardness tests are made by using a steel ball 0.444 in. in 
diameter, and noting the load which causes the ball U) penetrate to one-half its diameter. 

The Turner-Hatt impact testing machine is in common use in the United States for 
impact testing of wood. This macihine consists of an anvil on which the specimen is 
placed, and of a weight which can be dropped from various heights. Attached to the 
weight is a pencil which draws a record on a rotating drum. From this record the de¬ 
flections of the specimen can bo measured, as the w'cight is dropped from successively 
increasing heights until rupture occurs, or until the deflections increase abnormally, 
showing that the proportional limit has been passed. Another method of making an 
impact test consists in dropping the weight from suih a height that the specimen is frac¬ 
tured by one blow. The pencil attached to the weight traces a curve on the rotating 
drum whose steepness is a measure of the velocity of the falling weight. Measuring the 
velocity of the weight before and after fracture of the specimen the energy absorbed in 
fracturing the specimen can be determined. For detailed description of tests of timber, 
see the A,S,T.M. Standards 13143-27 and 13198-27. 
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PROPERTIES OF FLUIDS, DIVISIONS OF FLUID 
MECHANICS 

1. INTRODUCTION, DEFINITIONS 

Continuous Media. In the study of mechanics of fluids the fluids are usually regarded 
as coniinuoua media and not as an aggregation of discrete particles. This conception is in 
conflict with the molecular theory, but it is sufficiently accurate for most engineering 
purposes and permits progress to be made, whereas to regard fluids as made up of separate 
particles presents insuperable difficulties in general. 

This means then that volume elements are restricted to those whoso dimensions are 
targe in comparison with the mean free paths of the molecules contained within the volume 
element. In small time-intervals the average number of molecules contained in the ele¬ 
ment is then sensibly constant. That this conception of a fluid enables the investigator 
to make a fairly detailed and accurate exploration of a given space filled with fluid is 
illustrated by the fact that for air at normal temperatures a cube of side 0.001 mm con¬ 
tains 2.7 X 10^ molecules. 

Exceptions occur in the study of (a) diffusion, where there is a measurable interchange 
of molecular matter; (6) heat conduction, where there is an interchange of molecular ki¬ 
netic energy; and (c) internal friction, where there is interchange of momentum between 
adjacent layers of the fluid. 

In order to call attention to those properties of fluids which differentiate them from 
solids, the terms hulk modulus and rigidity modulus will be used. 

The Bulk Modulus. 

k = Sn/i^v/v) (1) 

where Sn = normal force on each unit of area of a small cubical element. 

V = original volume of the element. 

Av = change in volume of the element due to stress <Sn. 

The Rigidity Modulus. 

N ^ S,/e ( 2 ) 

where 5* = tangential or shearing force on each unit of area of opposite sides of a small 
cubical element. 

9 = shearing deformation due to the stress Ss^ 

Fluids and Solids. Fluids have bulk moduli but no rigidity moduli; a solid has both. 
A fluid therefore cannot permanently resist -a tangential or shear stress. The fluid yields 
to such stresses, different fluids yielding at different rates. 

This illustrates that it is very difficult to define sharply the line of demarcation between 
solids and fluids. For instance, a steel ball placed on the surface of a bucket of pitch 
will eventually sink to the bottom. The shearing stresses caused by the relatively greater 
weight of the steel ball cannot bo permanently resisted by the pitch. In this sense the 
pitch acts like a fluid. On the other hand, a tuning fork made of pitch acts like a stool 
tuning fork when it is struck. In this sense pitch behaves like a solid. 


2 . PROPERTIES OP FLUIDS 
Density 

Mftss Density, defined as the mass per unit volume, is most frequently used. Symbol: p. 
Weight Density, defined as the weight per unit volume, is also used. Symbol: w. 
Then p = w/g (3) 
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where g ie the acceleration due to gravity. If the symbol [ ] denotes dimensional equality, 
then [p] — J * ^ ^ denoting the fundamental quantities mass and length re¬ 

spectively. In engineering units, mass density, p, is then found in slugs per cubic foot. 

Specific Density in relation to water at 4.0° C is often used to specify density of cer¬ 
tain fluids. 

Density varies widely for different fluids. For a given fluid, density varies chiefly 
with temperature and pressure. Densities of a number of fluids are given at the end 
of this section. 

Compressibility 

Definition. Since this property of a fluid depends upon its hulk modulus, compressi¬ 
bility is defined in terms of the bulk modulus, k. The equation k = Sn/(Av/v) shows 
that, when the normal stress, Sn, is large for small values of Ar, the fluid is relatively 
more difficult to compress than it is when large values of Ar correspond to moderate 
values of Sn- For an incompressible fluid, fc = oo. 

Compressilnlity, symbol /3, is defined as the reciprocal of the bulk modulus, fc. Hence 
this compressibility number is zero for an incompressible fluid. 

For Certain Fluids, compressibility is given as the contraction in unit volume, 
Au/v, per atmosphere because very large values of the normal force Sn are required to 
obtain measurable values of Av/v. For other fluids such as air, hydrogen, etc., pressure 
changes very much with temperature, and very frequently compressibility is written: 


where 


0 = compressibility = T = constant 

V (dp) 

p — pressure in the fluid. 


(4) 


0 is also written: 


T = absolute temperature. 


l(Vl — 192) 
Viip2 — Pi) 


T = 


constant 


( 6 ) 


Compressibilities of a number of fluids are given at the end of this section. 


1 Av 



Fia. 1. Fluid Motion Near a Surface 


Viscosity 

Theory. Suppose that a fluid is in motion over a plane surface, S (Fig. 1). Consider 
two surfaces in the fluid at distances y and 
y + dy from this surface, S. Let u and u du 
be the velocities in these two surfaces in an 
X direction. It will be assumed that u and 
u 4- du depend only on y. Observations show 
that: 

(a) The fluid in contact with S is at rest 
relative to S. 

(b) 11 is a linear function of y in that part of the fluid where its viscous properties are 
important. 

(c) Tangential stresses exist in the fluid when it is in motion. These tangential stresses 
retard the more rapidly moving layers of fluid and accelerate the less rapidly moving 
layers. The tangential stress, St, follows Newton's law, i.e., 

St oc du/dy (6) 

It varies for different fluids or for the same fluid under different conditions. 

Consequently, 

St *= pdufdy (7) 

where ax is a constant for a fluid under fixed conditions, i.e., temperature, pressure, etc., 
of the latter, [y] = engineering units it will be given in slugs per foot second. 

The quantity is sometimes called a coefficient of viscosity; since it is not a dimensionless 
number the term is not so apt. Coefficients are usually dimensionless numbers or 
quantities. 

Maxwell Defined Viscosity as: “ The tangential force on unit area of either of two 
horizontal planes of indefinite extent at unit distance apart, one of which is fixed, while 
the other moves with unit velocity, the space between being filled with the viscous 
fluid.** , ... 

Various Units of Viscosity are in use. A poise is the value of y in cgs units, i.e., m 
grams per centimeter second. The Saybolt viscosity of a fluid is the number of seconds 
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of time required for 60 co of the fluid to flow through a given opening in a standard 
instrument. 

In fluid mechanics the ratio /x/p occurs frequently. The symbol used is [i^] =* 

that is, in engineering units it is feet^ per second. 

Viscosity of Gases usually varies chiefly with temperature and very little with pres¬ 
sure. Viscosity of liquids varies with temperature and pressure. Viscosity tables for a 
number of fluids are given in Art. 6 , p. 0-08. 

For Solids the tangential or shear stress is 

St = GB ( 8 ) 

where G — shear modulus or rigidity modulus. 

6 = shear strain. 

For Fluids St — ix^ ( 9 ) 

at 



The equation for solids holds within the elastic limits, 
acts somewhat like a fluid, for 


Beyond that limit a solid 
( 10 ) 


Surface Tension 


Surface Tension occurs when there is a “ free surface ” in the fluid as in water or at 
interfaces between two fluids, for example, oil and water. Observations show that across 
any line element drawn in the surface of the fluid there is a tension 7 ds, the tension being 
normal to the element ds and in the tangent plane to the surface at da. The quantity 7 


is called the surface tension of the fluid. [ 7 ] 



that is, it is a force per unit length. 


For fluids which have comparatively simple molecular structures, 


7 - To (11) 

The parameters n and h vary for different fluids. Average values are n « 1.2 and h « 
0.005, when t = ®C. Values of surface tension for a number of fluids are given at the end 
of this section. 

Relations between Properties of Fluids 


The properties of fluids mentioned above are not independent of one another. Some 
relations are known which connect certain of the properties of fluids. 

(a) If X is surface energy jjer unit area, we know from thermodynamics that 



(b) If )8 = 1 /k then 7 ^^** = constant (Richard & Matthews; ZeiL phya. Chem., 61, 
49 (1908)), holds for certain fluids. 

(c) If M IS the molecular weight of the fluid, Tc the critical temperature (absolute), 

(M)^ 

6 and A are constants then 7 - — == A{Tc — T — 6) (Ecitvos). 

(p) 

6 « 6 and A « 2.12 for unassociated liquids; symbol ~ denotes approximate equality. 


(Af)^ 

(d) T = constant for unassociated liquids, over wide ranges of temperature 

(/^) 

(Bemett and Mitchell; Zeit. phya. Chem., 84, 475 (1913)), 


3. KINDS OF FLUIDS 

Ideal Fluids are fluids in which no tangential stresses exist irrespective of whether the 
fluid is in motion or not. 

In spite of the fact that no such fluids actually exist many important advances have 
been made by considering fluids to bo ideal. So-called classical hydrodynamics is largely 
concerned with ideal fluids. 

Liquids are fluids which are practically incompressible. They have definite free sur¬ 
faces. Density, viscosity, and surface tension are important properties of liquids. Water, 
alcohol, oil, acetone, etc., are examples of liquids. An ideal liquid is incompressible and 
in viscid. 

Oases are fluids which have no free surfaces. They fill completely any containing 
vessel. Density and viscosity of gases are generally smaller than for liquids. The com- 
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pressibility numbera are larger for gases than for liquids; i.e., comparatively small pres¬ 
sures produce large volume changes. For many cases of fluid motion a gas may be con¬ 
sidered incompressible. 

When gases must be regarded as compressible the temperature affects the pressure 
and volume very much. It is necessary therefore to know the relation between pressure, 
volume, and temperature. 

A Perfect Gas or ideal gas follows Charles’ Law, and the relation between pressure, 
volume, and temperature is, 

pv = R'T (12) 

where p — pressure. 

V = volume. 

T = absolute temperature. 

R' — constant depending on the weight and nature of the gas used. 

The equation is also written 

pv — wRT (13) 

where w = weight density of the gas. 

R ~ a. constant dc^pending only on the nature of the gas. 

Since ideal gases do not exist, this equation is not exactly correct for real gases. 

Many equations have been proposed to represent the pressure, volume, and tempera¬ 
ture relation. Books on thermodynamics should be consulted for discussions on such 
equations. 

4. DIVISION OF FLUID MECHANICS 

Fluid Statics is concerned with fluids at rest or in equilibrium. There is no motion 
in any part of the fluid provided it is regarded as a continuous medium. 

Hydrostatics, aerostatics, referring to water and air respectively as fluids, are terms 
in common use. 

Pressure and buoyancy are examples of statical fluid forces. 

Fluid Dynamics is con(;erned with forces arising from the motion of fluids. 

Separate subdivisions of fluid d 5 mamic 8 are: 

(a) Hydrodynamics referring to water as the fluid in motion. 

(h) Aerodynamics referring to air as the fluid in motion. 

(c) Gas dynamics ref erring to gases and vapors as the fluids in motion. 

Hydraulics is a term which refciS to enginet^ring applications of fluid mechanics, both 
fluid statics and fluid dynamics. Most generally water is the fluid considered in 
hydraulics. 


6. DENSITY OF VARIOUS LIQUIDS AND GASES 

All numerical values were taken from the International Critical Tables with the 
exception of the standard atmo.sphere relations used in aeronautical work, which were 
taken from Technical Report 218 (1925), National Advisory Committee for Aeronautics. 
Symbols: 

dti = weight in grams i^er millimeter = specific gravity in terms of water 
at 4° C; I! refers to the temperature, in degrees Centigrade, at which 
the weight was determined. 

= weight in pounds per cubic foot at temperature t, 

— mass in slugs per cubic foot at temperature U 
Conversion Factors: 

1 gram l or millih’ter = 0.999973 gram per cubic centimeter. 

1 pound per cubic foot = 0.016018 gram per cubic centimeter. 

1 slug per cubic foot == 0.5154 gram per cubic centimeter. 

Table I. r»ensity of Water from 0° C to 100° C_ 


c 


p « w /g = 
mass density * 

r C 

d,‘ 

p « w/g »=• 

mass density * 

0 

0.99987 

1.940 

40 

0.99224 

1.926 

4 

1.00000 

I.94I 

50 

0.98807 

1.918 

5 

0.99999 

1.941 

60 

0.98324 

1.908 

10 

C. 99973 

1.940 

70 

0.97781 

1.898 

15 

0.99913 

1.939 

80 

0.97183 

1.886 

20 

0.99823 

1.937 

90 

0.96534 

1.873 

25 

0.99707 

1.935 

100 

0.95838 

1.860 

30 

0.99567 

1.932 





p is the mass density (slugs per cubic foot); v> » weight of water at 4^ C (pounds per cubic 
foot). 
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Table n. Density of Various Liquids at Ordinary Temperatures 


Liquid 

Temp, 
f® C 

di 

(gm/ml) 

(Ib/ftS) 

p‘ 

(slugs/ft*) 

Acetone. 

15® 

0.796 

49.7 

1.543 

1 

25® 

0.784 

48.8 

I.5I5 

fiensene. 

20° 

0.879 

54.8 

1.700 

Carbon tetrachloride. 

0® 

1.633 

I0I.9 

3.160 


20® 

1.594 

99.4 

3.085 

Ether. 

0® 

0.736 

45.9 

1.426 


20® 

0.714 

44.5 

1.381 

Mercury. 

0® 

13.545 

845.9 

26.29 

Oils, mineral 

20® 

13.546 

845.9 

26.29 

Fresno, Cal. 

20® 

0.842 

52.4 

1.630 

Lima, Ohio. 

20® 

0.851 

53.0 

1.650 

Adams Canyon, Cal. 

20® 

0.921 1 

57.4 

1.780 

Pipeline, Pa. 

20® 

0.862 

53.7 

1.670 

White Oak, W. Va. 

20® 

0.873 

54.4 

1.680 


Table III. Density of Vegetable and Marine Animal Oils 


Oil 

(vegetable) 

dl6.B» C 

(gm/ml) 

W 16.6» C 
(lb/ft3) 

p I6.6» a 
(slugs/ft^) 

Oil 

(marine 

animal) 

fiP 16.6» C 
(gm/ml) 

U) 1B.6® C 

(lb/ft3) 

pl6.6» C 
(slugs/ft*) 

Cottonseed. . 

0.924 

57.6 

1.790 

Menhaden. . 

0.932 

58. 1 

1.805 

Linseed (raw) 

0.934 

58.2 

1.8)0 

•Salmon..... 

0.927 

57.8 

1.797 

Soya bean. .. 

0.924 

57.6 

1.790 

Shark. 

0.910 

56.8 

1.760 

Sunflower... 

0.924 

57.6 

1.790 

Whale. 

0.924 

57.6 

1.790 

Walnut. 

0.926 

57.8 

1.795 






Table IV. Density of Ethyl and Methyl Alcohol at Various Temperatures 

This shows how density varies with temperature for these two liquids. The equations are 
empirical, and the liquids are assumed to be chemically pure. 

Methyl alcohol: (a) « 0.80099 - 9.253 X 10 *1 - 4.1 X 10 

Range; f 0® C to f ~ 60® C 

(b) = 0.81015 - 1.0041 X 10'3/ _ 1.802 X 10-fi;2 

Range: t « — 94.5® C to t = 0® C 

Ethyl alcohol: (a) d 4 ^ - 0.80626 - 8.461 X 10 + 1.60 X 10-^2 _ g.S X 10-»t3 

Range: / = 0® C to « = 80® C 

(b) di* « 0.80626 - 8.46 X 10-4/ + 2.9 X 10-7/2 

Range: Below / » 0® C 

No lower temperature specified (Timmermans). 


Table V. Density of Air (Aeronautics) 

Standard density =• po * 2.378 X 10-3 slug per cu ft at / «» 15® C, po ■ 
Variation of density with pressure and temperature: 


p/po 


Variation of density with altitude: 

‘»/po 


0.3789 


9.624 


p mm Hg 


17.32 


(/® 

C -f 273® C) 


p in. Hg 


C + 273® C) 


p in. Hg 

(/• 

F + 459.4®) 

3.566 X 10-3 

«®F 

+ 469.4® F) 


14.256 


760 mm Hg, dry air 


; h altitude in feet 
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Table VI. Density of Various Gases 


Density given at 0® C and 760 mm Hg. Symbol for density *• ds 


Gas 

ds X 103 
(gm/ml) 

W 

(Ib/ft*) 

9 

(slugs/ft*) 


1. 173 

0.0732 

0.00227 


0.7710 

.0481 

.00150 


1.977 

. 1234 

.00383 


1.250 

.0780 

.00242 

Helium. 

0.1785 

.0112 

.000346 

Hy<^^■ogftn. 

0.08988 

.00561 

.0000174 

Hydrogen chloride. 

1.639 

. 1023 

.00318 

Ivrypton.. 

3.708 

.231 

.00719 

Neon.. 

0.9002 

.0563 

.00175 

Nitrogen (atmospheric). ... 

Oxygen. 

1.257 

1.429 

.0785 

.0892 

.00244 
.00277 


Note: For ordinary calculations the gas law pv ~ wRT may be used. For accurate work 
the International Critical Tables should be consulted for (pu) relations. 


6. VISCOSITY OF VARIOUS LIQUIDS AND GASES 

All numerical values were taken from the International Critical Tables. 


Table VII. Viscosity of Water between 0® and 100°; Atmospheric Pressure 


<® C 

p X 106 
(slugs/ft sec) 

K « p/p X 106 
(ft^/'sec) 

C 

p X 106 
(slugs/ I t sec) 

V ■» n/p X 10® 
(ftVeeo) 

0 

3.75 

1.94 

60 

0.981 

0.514 

10 

2.74 

1.41 

70 

0.851 

0.449 

20 

2.09 

1.08 

80 

0.746 

0.395 

30 

1.67 

0.854 

90 

0.660 

0.353 

40 

1.36 

0.702 

100 

0.593 

0.319 

50 

1.15 

0.605 





Table VIII. Viscosity of Various Liquids; Atmospheric Pressure 


Li(]uid 

Temp. 

C 

p X 105 
slugs/ft sec 

V »= H P 

X 105 
(ft2/'sec) 

Liquid 

Temp. 

r c 

p X 106 
slugs/ft sec 

p “ p/p 

X 106 
(ftV»«c) 

Acetone. 

15 

7.07 

4.58 

Castor oil. 

5 

7860 

4170 


25 

6.42 

4.21 


10 

5030 

2690 

Benzene. 

20 

1.35 

0.794 


15 

3160 

1690 

Carbon tetra- 





20 

2060 

1110 

chloride. . . 

0 

2.82 

0.893 


30 

942 

511 


20 

1.89 

0.613 

Cottonseed oil. 

15.5 

171-208 

96.0-117 

Mercury.... 

0 

3.51 

0. 134 

Linseed oil... . 

15.5 

115 

63.5 


20 

3.24 

0. 123 

Olive oil. 

15.5 

199-211 

II2-II9 

Ethyl alcohol 

0 

3.74 

2.39 

Rape oil. 

15.5 

226-246 

128-139 


10 

3.66 

2.36 

Gasolines. 

Room temp. 

.627-1.25 



20 

3.60 

2.35 

Kerosene. 

Room temp. 

4. 18 



30 

3.48 

2.29 

Light lubri¬ 




Methyl 




cating oils.. . 

Room temp. 

5.23-314 


alcohol ... 

0 

1.69 

1.07 

Medium lubri¬ 





10 

1.44 1 

0.926 

cating oils... 

Room temp. 

314-732 



20 

1.24 

0.807 

Heavy lubri¬ 





30 

1.08 

0.710 

cating oils.. 

Room temp. 

! 732-4180 



Table IX. Viscosity of Various Oils under Pressure 

Values of mpVo nt f = 40® C 


♦ 

p kg/crn2 

Rape 

Oil 

Sperm 

Oil 

p kg/cm2 

Castor 

Oil 

p kg/cm2 

Rape 

Oil 

Sperm 

Oil 

p kg/cm2 

Castor 

Oil 

0 

1.00 

1.00 

0 

1.00 

788 

3.91 


1164 

5.26 

158 

1.13 

1.23 

24 

1.03 

866 


3!i4 


.... 

315 

1.44 

1.54 

228 

1.37 

945 

3^50 




473 

1.88 

1.94 

551 

2.30 

M03 

4.21 

A.o'z 


.... 

630 

2.35 

2.39 

865 

3.63 







♦ Note; p is above atmospheric pressure, 0 » I atmosphere. 
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Table X. Viscosity of Gases—Sensibly Independent of Pressure 




MO 




ti in poises, T in deg K. 


C is called Sutherland’s constant. 


Qas 

Value 
of C 

fXQ at 

X io« 

r C 

Gas 

Value 
of C 

po at 

X 106 

r C 

Air. 

120 

170,9 

0 

Hydrogen (average). 

77.5 

84.2 

0 

Ammonia. 

370 

91.8 

0 

Krypton. 

188 

232.7 

0 

Carbon dioxide... , 

240 

137.0 

0 

Neon. 

56 

297.3 

0 

Carbon monoxide.. 

118 

166.0 

0 

Nitrogen. 

in 

176.5 

23“ 

Helium. 

70 

187 3 

0 

Oxygen. 

127 

293.9 

23“ 


Viscosity of Oils id of ten given in time of eflliix through certain types of viscometers. 

Kinematic Viscosity p = - may be obtained from the time of efflux through various 
P 

types of commercial viscosraeters by means of the equations: 


where 


Say bolt Universal: 
Redwood: 

Englcr: 

Redwood Admiralty: 


= 2.20 X 10-3 1 


^0 
t ’ 
1.715 


- = 2.60 X 10"3 1 - 

P t 

P , .‘?.74 

- = 1.47 X 10-3 1 - 

P < 

- = 2.70 X 10-3 1 - ^ 

P t 


fi = absolute viscosity in poises 
p — density in grams per cu cm 
t = time of efflux in seconds 


At room 
temperature. 


To reduce to units of ft^ per sec multiply the above by 1.076 X 10“*. 


7. SURFACE TENSION; CAPILLARY RISE 

All numerical values were taken from the Inixjrnational Critical Tables. Surface 
tension 7 is given in dynes ijer centimeter or pounds per foot. Capillary rise is given by 

a- = nr = --r- 

{11-L — U'G)g 

where h — height of capilLary rise. 

r = internal radius of capillary tube. 

7 = surlace tension. 
wj, — weight density of liquid. 
wa — weight density of gas or vapor above liquid. 

This formula holds strictly for cases where the angle of contact between licjuid and glass 
is 0® and the meniscus may bo con.sidered hemispherical in shajx;. The angle of contact 
is 0° for many li(iuida. Examples: Water, ethyl alcohol, benzene, carbon tetracdiloridc, 
chloroform, acetic acitl, aqueous solutions of various salts, glycerol, ethyl ether, turpentine, 
olive oil, and hydrogen peroxide. 

Conversion Factor: 7 (dyne/per centimeter) X 6.86 X 10~^ = 7 (povmdals per foot). 


Table XL Surface Tension of Water at Various Temperatures 


Air above water at ordinary pressure 


C 

y (dyn/om) 

a- ^ hr (cin2) 

r c 

-y (dyn/cm) 

—h r (cm2) 

-5 

76.42 ± .20 

0.1562 

20 

72.75 zt .05 

0.1488 

0 

75.64 . 10 

. 1545 

25 

71.97 dh .05 

. 1473 

10 

74.22 ± .05 

. 1516 

30 

71.18 ± .05 

. 1459 

15 

73 49 4 . .05 

. 1501 

50 

67.91 + .05 

. 1403 
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Table XIL Surface Tension of Ethyl and Methyl Alcohol 


Ethyl Alcohol 


c 

T (dyn/cm) (air) 

y (dyn/om) (vapor) 

fl* (air) (cm2) 

0 

24.05 ± .20 



10 

23.14 ± .10 

23.61 ± 0.30 


20 

22.27 ± ,10 

22.75 ± 0.30 

0.0576 

30 

21.43 ± .10 

21.89 ± 0.30 


50 

19.80 ± .20 

20. 14 ± 0.30 


70 

18.22 ± .20 

18.34 d= 0.30 


too 


15.47 d= 0.20 



Methyl Alcohol 


r C 

7 (dyn/cm) (air) 

a2 (cm2> (air) 

0 

24.49 ± 0.20 


20 

22.61 ±i 0.10 

0.0583 

30 

21.75 ± 0.10 


50 

20.14 ± 0.20 


70 

18.51 db 0.20 


100 

15.67 d= 0.20 



Table XIII. Surface Tension of Mercury 


Space above Mercury 

r C 

7 (dyn/cm) 

a2 (cm2) (air) 


0 

475.0 (average) 

467.1 (average) 
487.0 

0.0713 (average) 
,0709 (average) 
.0732 

V acuum. 

60 

Air. 

15 

HydroRcn. 

20 

466.0 

.0702 

Oxygen. 

15 

487.0 

. 0732 


Surface tension for mercury in contact with various gases is subject to variation with 
time. It generally decreases. 


Table XIV, Surface Tension of Various Liquids at Ordinary Temperatures 

Air above liquid 


I.i(iuid 

t° C 

7 (dyn/cm) 

Liquid 

r C 

7 (dyn/cm) 

Acetone. 

20 

23.7 

Distillates, petroleum.... 

20 

19-29 

Benzene. 

20 

28.9 

Naphthas. 

20 

19-23 

C!nrhnTi t.r>t.rn.f^Hlf>riflc 

20 

26.7 

Iverosenes. 

20 

23-32 

Chl<irf»ffirni .... 

20 

27.1 

Gas oils. 

20 

28-29 

Ornrlfl . 

20 

24-26 

LubricatiiiK oils. 

30 

36-37.5 

Crude oils, heavy. 

20 

35 38 





8. COMPRESSIBILITY OF LIQUIDS AND GASES 

Numerical values in Tables XV to XIX taken from International Critical Tables. 

Table XV. Compressibility of Water at Various Temperatures 

Compressibility is expressed in terms of the modulus, 


fi sz — where p is in atmospheres 

iV2 — Vi) 


P2 - Pi 

c 

- 10° 

0° 

20° 

7*2 - Pi 
<° C 

- 10° 

i 

0° 

20° 

500- 0 
1000- 500 
1500-1000 
2000-1500 
2500-2000 
3000-2500 
3500-3000 

2. 18X104 
2.36X104 
2.63X 104 
2.67X 104 
3.30X104 

3.75X 104 

2.16X 104 
2.41X104 
2.66X 104 
2.88X104 
3.22X104 
3.60X 104 
4.00X 104 

2.36X104 
2.65X104 
2.95X 104 
3.28X104 
3.61X104 
3.89X104 
4. 16X104 

4000-3500 

4500-4000 

5000-4500 

5500-5000 

6000-5500 

6500-6000 

1 i 

4.29X 104 
4.79X 104 
5.20X 104 
5,79X104 
6,24X104 
6.79X104 

4.34X104 

4.76X104 

5.03X104 

5.29X104 

5.65X104 

5.83X104 
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Table XVI. Compressibility of Variong Liquids in Terms of p at 20** C 


Fluid 

(P2 — Pi) 
(Atmospheres) 

P 

Fluid 

(P2 — pi) 

(Atmospheres) 

P 

Methyl alcohol. 


12.0X103 

I5.5X10:< 

20.0X10;i 

Ethyl alcohol. 

Carbon tetraohlo* 

2000-1500 

2500-2000 

24. 6X 103 
28. 3X 103 



24. IX 10=1 
28.6X103 

ride. 

97.7- .987 

197.4- 98.7 

11.1X103 

11.4X103 

Ethyl alcohol. 


11.9X103 
16. 1X103 
20.4X103 


296.1-197.4 
394.8-296.1 
493.5-394.8 

12.2X103 

13.5X103 

14.5X103 


Table XVII. Kerosene and Lubricating Oils 


Available data may be expressed by the equation: 


d — (a + dp — cp2 + dp3) X 10®, where fi — —~~— is the mean coefficient between 0 and p. 

__ _ vn — Vp __ 


Kind of Oil 

f° C 

103a 

10«& 

10»2c 

I0i6d 

Range, 

atmospheres 

Kerosene. 

20 

13.05 

4.206 

135.9 

3.687 

0-12,000 

Paraffin oil. 

34 

12.00 

4.631 

280.6 

24.3 

0- 4300 

“Mobil A”. 

40 

17.4 

4.30 

0. 0 

0.0 

0- 1400 

“Bayonne”. 

40 

17.1 

4.30 

0.0 

0.0 

0 1500 


Table XVIII. Compressibility of Air 

p in atmospheres, V *» 1.000 at 0° C and one atmosphere 


p (atmospheres) 

p V 

0° C 

15.7° C 

99.4° C 

100 

0.973 

1.0389 

1.403 

150 

0.984 

1.0555 

1.431 

200 

1.010 

1.0855 

1.467 

250 

1.049 

1. 126 

I.5II 

300 

1.0975 

1.174 

1.559 

500 

1.404 

1.474 

1.844 

1000 

1.992 

2.060 1 

1 2.415 


Table XIX. Compressibility of Certain Gases at Various Temperatures 

p in atmospheres, v =• 1.00 at 0° C and one atmosphere 
IIyorooen 


V (atmospheres) 

p V 

0° C 

15.4° C 

47.3° C 

500 

1.357 



1000 

1.726 

1.778 

1.893 

1500 

2.070 

2. 127 

2.240 

2000 

2.389 

2.445 

2.561 

2500 

2,695 

2.753 

2,870 


Ranse: 0 to 105 atmospheres 


irEuuM 


r C pv 

-SO'’ pv « 0.81655 + 5.32 X 10-® p + 9.4 X 10-8p* 

0° pt; * 0.99945 + 5.29 X 10-4 p 

50° ptJ = 1.18245 + 5.24 X 10-4p 

OXTGBN 

Range: 0 to 100 atmospheres 

rc pv 

0° p»=. 1.001 - 9.94 X 10-4p -i- 2. 19 X 10-«p* 

20° pv - 1.07425 - 7.52 X 10-4 p -f 1.50 X 10-«p* 

100° pt>=- 1.3674 - 1.60 X l0-4p + 1.37 X 10-«pa 

The average oompressibilit.v modulus in an interval may be calculated from 


TfrPi __ I 
KiPi 


for a oonstant temperature. 
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FLUID STATICS 


9. FLUID PRESSURE 

It is a fact of common experience that, if a solid body be surrounded by a fluid, the 
surface areas of the solid body experience forces duo to the presence of the fluid. If the 
fluid is in equilibrium the surface force on the solid body is perpendicular to the surface 
on which it acts and its direction is always from fluid to body. 

Since no tangential stresses exist in a fluid at rest there can be 
no component other than the normal component. This surface 
force per unit of area is called pressure. In engineering units 
it is most frequently convenient to express pressure in pounds 
per square foot. 

Consider a triangular prism (Fig. 1) whose end faces are tri¬ 
angles of sides a, b, and c; the length of the prism may be unity. 

To be in equilibrium the vector sum of the forces, pi a, b, 

P 3 c, due to the pressures on the faces of the prism, is zero and 

JH ^ Pi P3‘ This does not depend on the size of the prism ^ Pressures 

and if the prism shrinks in size so that b remains parallel to its Triangular Prism 

original direction, the values of pi, P 2 i and pz remain equal. 

Therefore, in a fluid in equilibrium the pressure at a point P is independent of the orienta¬ 
tion of the surface elemeiU on which it acts. 

This statement is true for viscous as well as inviscid fluids, provided they are in 
equilibrium. 



10. RELATION BETWEEN PRESSURE AND BODY FORCES 

By body forces are meant forces like gravitational forces. Consider a small fluid 
cylinder (Fig. 2) of weight density w immersed in a fluid having the 
p same weight density. Let the height of the cylinder be dh and its 
cross-sectional area dA. If the axis is vortical then we have for equi- 
^ librium, if p and p + dp are the pressures on the top and bottom 

' ^ -^ faces, 

dp 

w ^ pdhdA-g {pdp — p)dA = dpdA or = Pi? (1) 


11. APPLICATIONS OF EQUATION ^ - pg 
Aerostatics 


\p + dv Temperature and Pressure, Variation with Altitude. This equa- 
^ ^ tion is used in aerostatics. Choose h positive when directed from 

Fig. 2. Static Fluid the earth’s surface upward. Then since pressure in the atmosphere 
mentis Fluid <i^^ishe8 as h increases, 


dk 


1 do 

Then h-hi = - j (2) 

g'^v P 

where p corresponds to height h and Pi to height hi. Strictly g is not constant as h 
changes. 


Actually g ' 


iTk) 


where go = acceleration of gravity and Rq = radius of the 


earth. Since is usually small, g » (1 — , then more accurately, 

Ro \ ■*^«/ 

= (3) 

This introduces small errors and (2) is generally used. Using the ideal gas law 
V 1 

pv' =* RTt where z' = — = - = specific volume in cubic feet per pound. 


then more accurately, 


L C 

S.. Ti D 
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Hence - * 
fi 


vg and we have, 


Jn V 


If the “polytropic law” Pd” 


*/p p 

constant holds, then from (2) and the gas law, 


h-hi =- 


r P (Pi - T) 


n — 1 

In a Polytropic Atmosphere the temperature is a linear function of the height. Also, 

/ (n-1) \»/(»-!) 

which shows how the pressure varies with altitude. 

Assume an Isothermal Atmosphere, then 

T — Tq = constant 

and h ^ hi — RT^ log^. ^ (7) 

P 

Since barometer reading, 6, is proportional to pressure, 

A - *1 =(8) 
0 

Atmospheric Regions. Actually the atmosphere is separated into two regions. The 

lower part called the troposphere is about 35,000 

-f®®!' high at our latitude. In the troposphere 

dS ^ ^ which corresponds to a scmihumid 

adiabatic atmosphere. Above the troposphere 
■ / yO ^ \ is the stratosphere, where the temperature is 

t j \ practically constant at —67® F and n = 1. 

/ I 1 \ Lift of Gas-filled Aircraft. Let wa. ~ avcr- 

X / \ age weight density of the air in the vicinity of 

I _j 1 the balloon or aircraft. 

jr \ I ~ weight density of the air in the gas 

\ j I ^\clA / containers. 

\ 1 I / _ - dp 

\ I / From the equation — = — pg — — w, 

x. I,—^ I jT da 

- PA Po ~ WAh, Po — pressure at ^ = 0 

and Pa = pressure of air on the outside of the 
J I I gas container. 

1^2 — y)^h, Pa — pressure of gas on 

Fig. 3. Fluid Forces on a Gas Filled Con- inside of the gas container. Take a cylin- 
*'“’^”*'**^ drical clement of the gas container (Fig. 3); the 

axis is vertical and its cross-sectional area is dA. At any point of the surface the net 
pressure p = po — pa = (ic.4 — wayh. If Pi and p 2 are net pressures at the ends of the 
cylindrical element, the lift, 

L - C i (pi — Pi)dA 

J ,/s 

= {WA — ^ (^1 “ hi)dA 

- (WA - wa)V = {Wa -Wg) (9) 

V =* volume of the gas container; Wa and Wa are the weights of air displaced and the 
weight of the gas. 

If the gas container is filled with non-homogeneous gas, 

p = pAh — I wadh 
do 

Then L = WAV - //.( wadv = Wa “■ Wg as before. 

Effect of Temperature on Lift. 

Using the gas law, p = wRT, 
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Hydrostatics 

Hydraulics. If the fluid is water, then p and w are constant 


and 


h — hi ^ - (p- Pi) 


or p - Pi w{h — hi\ 

h is here regarded as positive when directed downward. There is no loss in generality in 
choosing hi = 0, so Pi ~ atmospheric pressure and 

P — Pi + wh (11) 


Suppose an irregular plane area A (Fig. 4) is submerged vertically in a liquid of weight 
density w. The total pressure on an clement dA, parallel to the free surface, is 


P ~ I I (P ~ Pi) dA = w i i hdA = whA 

J J A * 


h — distance of element dA from free surface. 
h = distance of centroid of A from free surface. 


( 12 ) 


Free Suifaco 



To find where the pressure acts, 

phi = /X {p — pi) hdA = h^dA — wl. 

hi = distance of center of pressure below free surface. 

I = moment of inertia of A about an axis in the free surface and plane 
of A. 

I = Ah^ + 7, / = moment of inertia of A about an axis through tho 
centroid of A parallel to the axis in the free surface. 

Then, ph + pa = wAh^ + ie7 = ph + wl 

where a = , h\ = Ti + (13) 


Archimedes* Law. Consider a solid body, B (Fig. 5), submerged in a liquid. Divide 
the body into small cylindrical elements of cross-section dA and having their axis vertical. 
Let the ends of the cylinders be at distances hi and h^ from the free surface of the liquid. 
The lift, L, experienced by the body, is 


L 




w{h\ — h‘^dA = wv 


r = volume of the body. 
w = weight density of the fluid. 


(14) 


This is Archimedes' Law: A body completely immersed in a fluid experiences a lift 
equal in magnitude to tho weight of fluid displaced. This lift acts at the center of gravity 
of the displaced liquid. 
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Stability of a Completely Immersed Body: 

(a) Stable if center of gravity of body ia vertically below the center of gravity of dis* 
placed fluid. 

(Jb) Unstable if the two centers of gravity are reversed as to position. 

(c) Neutral if the two centers of gravity coincide as to position. 


12. SURFACE TENSION AND PRESSURE 


Theory. Consider a curved free surface of a liquid (Fig. 6 ). Suppose that the surface 
is a cylinder whose generators are perpendicular to the plane of the paper and that the 
height is unity. The forces acting on a small clement AB X 1 = ds X 1 are shown. 

Resolving normal to the surface, and letting 6 become 
A B small, yO = Apds. If R is radius of curvature at A, 


I ' Ap — pressure increment due to surface tension. 

Free Surface When R becomes small this increase in pressure becomes 
appreciable. The excess of pressure due to surface ten¬ 
sion is directed from the concave towards the convex 
side. 

If the Surface has Double Curvature, 



Fio. 6. Surface Tension on an 
Element 




Ri and R 2 are principal radii of curvature at the point 
where Ap is measured. 


For a Spherical Drop or a spherical air bubble in a liquid, 




d = diameter of the drop or bubble. 
For a Spherical Soap Bubble, which has two surfaces, 


Rise in a Capillary Tube and Surface Tension, 
solids at definite angles of contact. Water, for 
instance, meets glass at a zero angle of contact. 
Inside a capillary tube (Fig. 7), the surface is 
sharply curved and the pressure increment due 
to the surface tension will cause the surface in the 
tube to rise to a height, h. The pressure due to 
the head h must balance the pressure increment 
due to surface tension and the pressure at P is 
then atmospheric. 

Then — =* (19) if it is assumed that the 

surface AB is hemispherical. 

W — WI, — WQ 


Observation shows that liquids meet 



Fig. 7. Rise in Capillary Tube Due to 
Surface Tension. 


where wi » weight density of the liquid and wq ~ weight density of the gas above the 
liquid. 
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13. LAWS OF FLUID MOTION 


Mathematical Statement. The general differential equations of fluid motion are 
known as the Navier-Stokcs Equations. 


du . du 
— 4* u — 
dt ^ dx 




dy 


-f- w 


du 

Jz 


Ji 


, dv ' dw , dv 
4-u— + V — + w~ 
dx dy dz 


dw 

'm 


dw 

dx 


dw 

dy 


+ w 


dw 

dz 


1 dp li / d^u d^u d^u\ 

p dx p\dx^ dy^ dzy 

1 i?? j ^ 4. 

p dy p Vdx'* dy^ dz^J 

1 , 1^ / d^w d^w i 

p dz p\dx^ dy^ dz^J 


M, V, w, are velocity components in x, y, and z directions of Cartesian coordinates, and 
A”, F, and Z are body forces per unit of volume in direction of coordinate axes, t is time, 
j) is pressure per unit of area, p is mass density, and p is the coefficient of viscosity. 

No General Solutions of these equations have been found. There is therefore no 
general theoretical treatment of fluid motion. Special solutions are known for certain 
kinds of motion. Some of these will be indicated in the following sections. 


Similarity Laws, Dimensional Analysis 

In view of the difficulty of solving the general differential equations of fluid motion 
other methods are employed. One of the most helpful methods is that of applying 
dimensional analysis to obtain criteria for dynamically similar motions of fluids. 

Dynamical Similarity. If the flows of two fluids around geometrically similar bodies 
are also geometrically similar then the two flows are dynamically similar if the corre¬ 
sponding fluid forces on the two bodies are proportional at any instant. 

Inertia and Viscous Forces, In many important casc?s inertia and \’iscous forces are 
the only ones to be taken into account. 

Inertia force _ pVX __ VL 

Viscous force p v ' 


L is a typical dimension of the body, V is velocity of the flow, p, p and v have been defined. 


This number is called Reynolds' number, 


■m- 


i.e., it is a dimensionless 


number. This means that its value is the same no matter what system of consistent units 

is used. When in two flows they are dynamically similar. 

Pi P2 

When Reynolds’ number is large, inertia forces predominate in comparison with 
viscous forces. When it is small the reverse is true. Most problems in aerodynamics 
are concerned primarily with viscous and inertia forces. 

Inertia and Gravity Forces Predominate. 


Inertia force _ 
Gravity force Lg 


(3) 


L is a typical dimension, g is the acceleration of gravity, and V is the velocity of the flow. 



= [MOLor] 


it is also dimensionless and has the same value in any consistent set of units. This num- 

ber is called Fronde's number. When ~ == the motions are dynamically similar. 

This criterion of similarity occurs for motions of partly submerged bodies like surface 
ships and seaplanes. 

Inertia Force and Compressibility Predominate. 

Inertia force 




Pressure force 
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Vc is the velocity of sound in the fluid at a given temperature, V is the velocity of the 
flow. [ it is dimensionless and has the same value in any consistent 

set of units. This number is called Mach's number. 

This criterion of similarity is of importance in fluid motion where the velocity is 
comparable with the speed of sound in the given fluid. 

Surface Tension and Inertia Predominate. 

Surface tension force _ 7 

Inertia force pF^L 


where 7 = surface tension in units of force per unit of length. -77x79 


is also dimensionless 


and has tlic same value in any consistent set of units. It is called Weber's number. This 
criterion is of importance in motions where the surface tension effeevts become appreciable. 

It is not possible in general, in a practical sense, to satisfy the (condition of similarity 
in flows where thrtie or more of the types of forces mentioned occur. For example, we 
find that it is impossible to satisfy Reynolds’ law and Fronde’s law simultaneously unless 
we use different fluids. The two fluids must be so chosen that 


p-i 



Practically two fluids of sufficiently different p and other suitable characteristics do 
not exist. 

Dimensional Analysis. This method is mathem.af ic.al liut fairly simple. It is assumed 
that the fluid force is dependent on c.(*rtain variables or quantities and the expression for 
the fluid force can then bo found in terms of these assumed quantities by expressing each 
quantity in terms of certain fundamental quantities such as: mass, M ; length, L; time, T. 
The expression for force obtaiiKMl contains unknown functional combinations of one or 
more dinuuisionless combinations of the quantities upon wliich the force has been as¬ 
sumed to depend. 


Example: Suppose the fluid force, F, depends on the iiifiss (inertia), viscosity, velocity of flow, 
and upon the si/.e of <,he body on which F acts. .Since a comparison of geometrically similar bodies 
is to be made, a single quantity will determine the size. 

Hence: F = <t‘(p, V, p. D) - 
where F — (hiid force. 

p = muss density of fluid. 

V ~ vel(»eit,y of flow. 
p coeflieituit of viscosity. 

D = typical diruetision of the body on which F acts. 
tt> ~ function symbol. 

u-g]:m-la 

Each term of the summation must have th<* same dimensions in the fundamental quantities 
M, L, and T. 

This leads to the equations: 

a + c =■ 1 

— + & — c 4- c = 1 

4- r - 2 


We can solve for three of the quantities in terms of the fourth. 
For instance. 


a==l — c; b — 2 — c; c = 2 — c 


Hence 


= P T’2i)2 




The choice is immaterial. 


Then 


F 


Cp 



where Cp is a dimensionless number ciilled tlie force coefficient. This coefficient varies for geomet¬ 
rically similar bodies tested at different speeds and in different fluids, but it varies according to a 
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fixed law expreased by the function symbol. That is, if many separate measurements of F were 

made by varying body sise (but not shape), fluid, and fluid velocity a single curve Cp cc p -would 

be found like the one shown in Fig. 1. 

The form of this curve or the form of the ^ function cannot be determined by analysis except 
ill special cases. Experiments must be made to deter¬ 
mine the curve. If the choice of the variables upon 
which F depends has been correctly made the experi¬ 
mentally determined points fall on a single curve. If 
the results do not fall on a single curve there has been an 
important omission in the choice of quantities upon Cp 
which F was assumed to depend. Once a single curve is 
obtained, however, the result may be used with confi¬ 
dence. In this case the force would represent the fluid 
force on a body completely inimersed in the fluid, and 
M'ithin fairly wide ranges Cp, the force coefficient, would 
apply to various fluids, speeds, and body size. Shapes 
would always have to remain geometrically similar. 

If the equations had been solved in the form: 
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Typical Variation of Force 
Uoeflieient CV 


1; c = 2 — 6; c ■ 


the expression for F would have been 




and C p ~ 4^' 




i different curve obtained by plotting C'p against -—- would now be obtained. 

M 

Since forces are to be proportional for dynamically similar motions the criterion obtained from 
the expression for F becomes 

PI ^ 

Ml P2 

for flows around geometrically similar bodies. 

Example: Suppose that the force F depends in addition to the quantities of the previous ex¬ 


ample upon the acceleration of gravity g; (/?] = 

a = l-c; b ~ 2 — c — 
F - 

N U Dl'/ 


Then 


2 - cH-/ 


and 


The criteria for similarity of two flows about geometrically similar bodies are: 

PI P2 ^2^2 

Cp =1 ——) would now be plotted as a surface with ^ J— , and Cp plotted 

pV^D^ V l)g/ fi Dg 

along three axes. 

Scale Effect. If the cxiircssion for force is F = CppV^D^ wo may compute the force, 
F, from model tests by using 


^Fjfi \ I m/ \Jdtn/ 


The subscript m refers to values oVitaincd in the model tests. If there is no scale 
effect the motions are dynamically similar and Cp = Cp^. 

General Rule for Determining Dynamical Similarity by Dimensional Analysis. Let 

Q = quantity to be studied. Q may be a force, volume, or mass discharged in a given time, 
etc. Let qi, q-i. . . qn be the variables upon which Q is assumed to depend. 

Rule: I'orm an expression in qu 52 . • • qn which has the dimensions of Q in M, L, 
and T (or any other convenient set of fundamental quantities). Divide Q by this expres¬ 
sion to form tlie quantity coefficient, Cq. Next form all the dimensiordesa comhinationa 
of some or all of the quantities qj, q-i, .. . Qn which can be made. There are always 
(n — m) of these dimensionless combinations, m denotes the number of fundamental 
quantities, i.e., if M, L, and T are used m = 3. Call tlieso dimensionless combinations: 
Ki, Ki . . . A/*_7n. 

Then Cq ^ 4> (A,, Aa . .. A„_^) (5) 

where is a functional symbol and the nature of the function must be determined by 
experiment. For dynamically similar motions A'l = A"i. A'o = A"o. K'n-m = 
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the primeB representing values of the K's for flows around geometrically similar 

bodies. 

Example: Let us find the expression for the volume of flow per second, Q, through a thin orifice 
of radius r, the pressure causing the flow being p. Let the fluid be viscous and incompressible. 
The variables on which Q depends are: p, p, r, and p. 

(a) a, b, c, d must be determined so that 

1p“pV/] = [f!] 


Using M, L, and T as the fundamental quantities o *= b — 1, c «« 2b — 2, d =» 1 — 2b, then 
- pb-Jp^r2b-*2 ^£-26 « For any value of b this expression has the dimension of Q. 

When b - 1 / 2 , Qo “ Then 


Cq> 




(b) Since n «= 4 and m «= 3 there is one dimensionless combination, K of the quantities p, p, r, 
and p. This is readily found as - . Hence 

- d,- I 


Cq . 


"t 


K-v) 


The criterion of similarity for flows through thin orifices made in the same manner (i.e., geomet¬ 
rically similar orifices) is =* constant. 


14. DYNAMICS OF IDEAL FLUIDS 

Although Ideal, i.e., Non-viscous, Incompressible Fluids do not exist in nature, many 
motions of real fluids resemble ideal fluid motions, wholly or partially, so closely that 
much may be learned by studying ideal fluid flows. This has been found to hold more 
and more in recent times w'hen considerably more attention has been devoted to surface 
and shape refinements than formerly. It has been true especially in aeronautics. 

This part of the subject has been known as classical hydrodynamics. Much material 
exists on this phase of the subject. Only a few of the more important parts will be 
mentioned. 


Two-dimensional Flow of Ideal Fluids 


This is usually restricted to steady flow, i.e., a flow in which the stream linos or particle 
paths do not change with time. Two-dimensional flow or motion is in a system of parallel 

planes the velocity having the same magnitude 
and direction at all points of a perpendicular to 
the set of planes. 

Take a set of rectangular axes (Fig. 2), OX, 
OY, and draw a line (continuous) from 0 to a 
point P. Consider a lamina one unit thick 
perpendicular to this plane as the region in 
which the flow is studied. The line OP is then 
the trace of a cylindrical surface whoso gener¬ 
ators are perpendicular to the X Y plane. The 
volume of flow per unit time, called the flux. 



Fig. 2. Steady Flow of Ideal Fluid in Two 
DimeusionB 

at any point in the element ds of OP. 
mechanics the following is proved. 
rP 


across the surface OP is Vnds, where Vn = 

flow velocity component perpendicular to OP 
In treatises on theoretical dynamics of fluid 


(a) ^ = I Vnds depends only on the location of P and not on the shape of the sur- 
*■0 


face OP. 

(b) yj/ = constant along a stream line. ^ is therefore called the stream function. The 
shape of stream lines for flows of ideal fluids may then be found mathematically. 
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d\fi/ d\lf 

(c) ~, where u, v are x, y components of the velocity vector. 

Magnitude of velocity vector = |g| = 


Slope of velocity vector 


V _ d\l// dx 

u d\l// dy 


Points at which g = 0 are called stagnation points of the flow. 

(d) =.( Vjjda is called the velocity potential of the flow where is the flow velocity 

component parallel to OP at any point on the element ds. 


(.) « = = Is! 


I I _ 'v / /^\ ^ " 2! 

dy" ^ \dx/ \0x/ 'u d<t>fdx 

Circulation = Vgda (Fig. 3) 


Circulation around a circuit enclosing fluid only is zero. .y Arg 

Circulation around a body B (once completely around /’■ ' ^ 

the body) has a constant value P. Circulation around a / XdS 

small element is 2u> dA , where dA is area of element and a> j ^C 

is its angular velocity. ( B y 

(f) Equation of Continuity: 

du , dy „ 0 ^ 

+ ^ = 0 Fig. 3 

dx av 

(g) Bernoulli’s Equation: 

P + V 2 PQ^ + pV — constant along a stream line. 
p = fluid pressure at any point along the stream line. 
q = fluid velocity at any point along the stream line, 
p — mass density of fluid. 

V = potential energy of unit mass of fluid at point along the stream line where 
pressure and velocity are p and q respectively. 

Each term in the Bernoulli equation is a pressure, p is usually called the static 
pressure. 

^/2 pq^ is the dynamic or velocity pressure. 
pV is the “ difference of level” pressure. 

The equation is frequently written 


-h ^—h Z — constant 

Qg 2 g 

p g® 

Each term is now a ” head — is the static pressure head, 7 * is the velocity head, 
Pg 

and Z is the ‘‘ difference of level” head. 

(h) 5 = 4 “ = twice the average angular velocity of the fluid at a 

ax dy dx^ dy^ 

point in the flow. When 3=0 the flow is irrotational. 

(i) If \f/\ and ^2 are stream functions of irrotational flows, then ’Z' == v^i + ^2 is also an 
irrotational flow. This is called the principle of superposition of flows. It may be stated 
in analogous fashion using the velocity potential. 



Fio. 4. Rectilinear Flow Fia. 5. Source (Sink) Flow 


1—17 
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(j) Fundamental Flows Whose Stream Functions and Velocity Potentials Are Known: 

Stream Function Velocity Potential 

Rectilinear Flow (Fig. 4) 

yl,^^Vx+Uy f=Ux-\-Vy 

Source and Sink Flow (Fig. 5) 

W = -f ^ (source) <i> = log r 

lir Jrr 

yp = 6 (sink) 0 = — ~ log r 

In tir 

m is the volume of 6ow from the source 0 in unit time. It is called the strength ol 
the source. 



Fia. 6. Vortex or CirculatiiiK Flow Fio. 7, Source in a Uniform Stream 


Stream Function Velocity Potential 

Vortex or Circulating Flow (Fig. 6) 

^=_-Llogr 0 = 

This flow is the only flow of an ideal fluid, whixse Ftroum linos are concentric circles, 
which is consistent witli Bernoulli’s law and the New'tonian laws of dynamics. 

(k) Most Frequently Used Flows Obtained by Superposition of Fundamental Flows: 
Source in a Unirorm (Rectilinear) Flow (Fig. 7) 

Stream Function: ^ + 1^1/ + 

^ = F 1/ r sin 0 + ^ 

2 ;r 

The flow is separated by the yp — 0 stream line as though p = 0 were a physical barrier. 
m is the source strength. 

U is the velocity of uniform stream (parallel to X axis). 

Source and Sink in a Uniform Stream (F’ig. 8) 
tn 

Stream Function: p = — Uy + tan 

U is the velocity of the uniform stream (parallel to axis), 
m is the strength of the source and sink. Source located at B and sink at A. 

A R ~ 2 a Doublet Flow (Fig. 9) 


/ 2;/a \ 

\x 2 F 



Fio. 8. Source and Sink in a Uniform Stream Fia. 9. Doublet 
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Stream Function: 



-f 2/V ^ •+• 2/7 


A doublet is foriiKMi by letting a source and sink approach juxtapositioii so that ms 
remains constant in value. K = strength of doublet. 


Two-dimensional Flow around a Circular Cylinder (Fig. 10) 


Stream Function: 




Fio. 10. Flow around a Circular 
Cylinder 



Fio. 11 . Flow around a Circular 
Cylinder with Cireulaiing Flow 


Flow is obtained by superposing the flow due to a doublet of strength K and a uniform 
rectilinear flow of velocity U parallel to the X axis. = 0 stream line consists of X axis 

and a circle of radius a — with center at the origin, 0. The stream lines outside 


this circle determine the flow patterns of an ideal flow around a circular cylinder. A 
and A' arc stagnation points of the flow. 


Two-dimensional Flow around a Cylinder with Circulation (Fig. 11 ) 

Stream Function: ^ = — t/ (r — —) sin log r 

\ r / ZTT 


U is the velocity of uniform flow parallel to X axis. This is the flow velocity at points 
where the flow is unaffected by the presence of the cylinder. 
a is the radius of the cylinder, 
r is the strength of the circulating flow. 

r 

A and A' are stagnation points of the flow; their positions depend on the ratio — r- 

a U 

(I) Flows Obtained by Using Complex Numbers. If Z ~ x -\- i/y, i = V"— 1 is a 
vector representing points in a iilane, and <i> and 4' nre real and imaginary parts of a com¬ 
plex function w; = 0 -}- {\(/, then this function with certain mathematical restrictions rep¬ 
resents a possible irrotational flow of an ideal fluid. 0 and 0 are the velocity potential 

dw 

and stream function respectively of this flow. The “velocity vector ” ~ ~ 

from this the actual velocity vector q may be easily derived. By using th; method of 
conformal transformation, shapes of various kinds and the flow patterns about such shapes 
may be distorted so that flows about a large number of shapes have been found. 
Examples: Flow at right angles to a thin flat plate rel.ative to the flat plate. (Fig. 12). 

Flow at right angles to a thin flat plate relative to the fluid (Fig. 13). 




Fio. 12. Flow at Right Angles 
to a Thin Flat Plate Relative to 
the Flat Plate 


Fm. 13. Flow at Right 
Angles to a Thin Flat Plate 
Relative to the Fluid 
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Flow around a cylinder of arbitrary croaa-section relative to the cylinder (Fig. 14). 

Ideal flow around a shape used in aircraft wings relative to the wing (Fig. 15a). Without 


circulation. 

Ideal flow around a wing shape relative to the wing, 


circulating flow added (Fig. 155). 



PlO. 14. Flow around a Cylinder of Arbitrary Cross 
Section Relative to the Cylinder 



Fio. 15a. Ideal Flow around a Shape Used in 
Aircraft Wings Relative to the Wing. Without 
Circulation 


(m) General Form of Flow of 
an Ideal Fluid. From the forms of 
flows shown it may be seen that 
such flows have well-defined charac¬ 
teristics, the outstanding one being 
that, near the surface of a body in 
the fluid stream, the stream lines 
follow the body contours very faith¬ 
fully. For complicated shapes the 
calculation of stream-line shapes is 
very difficult. 

Since the theory of an ideal fluid 
is identical with the theory of elec- 



Fio. 166. Ideal Flow around a Wing Shape Rela¬ 
tive to the Wing. Circulating Flow Added 


tricity it is possible to obtain by elec¬ 
trical methods the shape of the lines 
of flow about various shapes. Hele- 
Shaw also used glycerin flowing be¬ 
tween two parallel sheets of glass to 
show the form of two dimensional 
stream lines about variously shaped 


bodies. Any fluid motion of a viscous fluid at low velocities is like that of an ideal fluid 


in appearance. 


16. APPLICATIONS OF RESULTS USING AN IDEAL FLUID 
Bernoulli’s Theorem 

Flow through an Orifice in the Side of a Tank of Liquid. Assume that A and B (Fig. 
16) are points on a stream line, A being in the surface of the liquid and B in the emerg¬ 
ing jet. 

PA -f- V2 — VH h P ghp 

PA = PB', QA = ^ 

*tb === ^2gh (Toricelli’s theorem) (6) 

This formula is used as the fundamental formula for flows where friction is actually 
present. 


C 



Fio. 16. Flow through an Orifice Pio. 17. Pitot-Static Tube 

Pitot-Static Tube. A, B, and C (Fig. 17) are points in a stream line. Velocity and 
pressure at A are those obtaining in the fluid stream. 

PA + V 2 PQA^ = PB + PQB^ = PC.+ V 2 P3C* 

Differences in level are insignificant. 

PA - PC, QB - 0, QA - qc 

V 2 PQC^ - ^QA^ = PB — PC - PB — PA (7) 

A l‘^(PB — pa) a \^p'h 
QC = QA ^ \ - == \- 

^ P ^ fi 

where p' « mass density of the manometer fluid. 
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With proper proportions of this instrument the formula obtained furnishes very ac¬ 
curate estimation of fluid velocity over wide ranges of velocities and fluids. 

Flow through a Venturi Tube. Take a stream line close to the wall of the tube (Fig. 18). 

Pi -h 1/2 pfii* = 2)2 4- ^/2 = Pa + 1/2 P32* 

Differences in level are insignificant. 


V 2 p(«2® — gi®) 


p AiV 


m is the mass of flow per unit of time; Ai and A 2 are cross-sectional areas at ( 1 ) and ( 2 ). 
This formula is very reliable in actual flows 


for proper design. 

Lift of an Airfoil. An airfoil is a body 

d 

) 0 

D C 


whose shape is such as to make it suitable | 
for use in aircraft. According to Lau- \ 
Chester, lift of airfoils arises from the super- ’ 

1 

_ 

— 

3 

position of a circulating flow and the ideal ^^ 
flow around the airfoil. Although this circu- 

Pi 

P 2 

r 

1>3 


the fluid, results obtained by using the 
ideal-flow formulas are very useful. 

On stream line AB (Fig. 19), 

+ V2 PQA^ = PB + V2 P(«B + QBc)^ 
where = velocity of circulating flow at B. 

Then PB = PA 4 * V2 P [qA“ - (9B + QBq)^] 


Fig. 18. Flow through a Venturi 


- 

Fia. 19. Circulation and Lift 


This pressure is less than the pressure at B when = 0, i.e., when there is no circula¬ 
tion. Over the upper surface there is then a diminution in pressure with circulation 
present. 

Similarly along A'B\ pu' — J)a' + V 2 P Iqa'^ — (qb' — Qb'(^')^] (10) 

This pressure is greater than the pressure at B' when = 0 . Over the lower surface 
there is then an increase in pressure with circulation present. With such a diminution in 
pressure above the airfoil and increase in pressure below the airfoil there must be a lift. 

When the actual calculation of pressure variation over the surface is made, using the 
potential functions of the flow and Bernoulli’s theorem, the KtUta~Joukowski theorem of 

lift is obtained. 

"—L = oVr nil 


_ ^ 

Po P + Po which is the lift per unit of span of the 

__ i. _airfoil. 

p = mass density of fluid. 

_ _ ■ V — v(‘locity of flow. 

_- - r = strength of circulation of circulat- 

Fig. 20. Flow through a Propeller flow. 

Velocity Increase Due to an Airplane 
Propeller. If AB is the plane of the propeller disk (Fig. 20 ), then for flow in front of 
the disk, 

Po 4- V 2 pg“ = P + ^/2 P3^{1 + o)* (12o) 

Behind the disk 

P + P' 4 - 1/2 pg'd + aY ^Po + 1/2 pq^l 4 - hY (126) 

This leads to a — ^ This shows that the gain in speed is due partly to the increase in 
speed ahead of the propeller and partly to the increase behind the propeller. 
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Applications of Ideal-fluid Theory in Aerodynamics 

This part of modem fluid mechanics is replete with applications of ideal-fluid theory. 
The chief reason for this will apf)ear later. It is due partly to the fact that shapes are 
carefully selected, that air has comparatively small viscosity, and that compressibility 
has no appreciable effect until very high speeds occur. 

Lift and Moment of Airfoils in Two-dimensional Flow. Dimensional analysis shows 
that the lift and moment of an airfoil are given in the forms: 

L ~ Cl p ~~ (13a) 


SV^ 

M = CAfp--- 


(136) 


v/here L — lift, p — mass density of air, V — velocity of air relative to the airfoil, S — 
plan area of airfoil. Cl = a dimensionless lift coefficient, M = moment of forces on air- 
loil, c — chord of airfoil, and Cm — a flimeiisionless moment coefficient. 

Chord span = S. 

Results Obtained from Ideal-fluid Theory: 



Fig. 21. Airfoil Shape 


Cl = 2x(a + aLu) (14a) 

where a = angular inclination of airfoil to relative 
wind. This angle is called the angle of attack; 
otLo ~ angle of attack for zero lift. 

C\f = Cm (I ~ ^IaCl', Cmo — moment coefficient 
at zero lift. 

If (x, y) is a point (Fig. 21) on the mean line of an 
airfoil, i.o., half way bctwiMai upper and lower surface, 


/•*_ y _ 

‘A) Tra* (1 — 



?/ (1 — 2j-) d.r 


(146) 


CiVfo is referred to the origin O. Results hold for thin to medium thick airfoils. Actually 
the slope of Cl vs. a is constant but is usiially less than 2ir. The angle of zero lift olq 
may be quite accurately calculated from a knowledge of th(j geometric shape of the air¬ 
foil. Cmo is in general not so accrurate when comijuted as shown although the type of 
variation indicated above is iLsinilly ol)served in exiJerimontal work. 

If the mean line of an airfoil of chord c has a form given by 



c c\ 



(15) 

then 

«Lo == J (■^ 

- 3X); 

oc 

1 

II 

(10) 


h is a thickness parameter. This result called attention to the possibility of designing 
airfoils with very small center of pre8.surc trjivel. 

Airfoils in Three-dimensional Flow. The flow around an airfoil of finite span is l)est 
dcHcribod by using vortict*s or vortex lines. A vortex line is a line whose direction at 
any point coincides with the rotation vector at that point. The motion, in planes at 
right angles to the vortex line, is along concentric circles around it. The theory of vortex 
lines is due principally to Ihdniholtz. 

Physically vortex lines or vortices have their origin in the viscosity of the fluid. Once 
this origin has been accounted for, the develo|)nient proceeds according to the ideal-fluid 
theory. The i)rincipal proiwrties of vortices used in aerodynamics are: 

(i) A vortex begins or ends on the surface or on the boundaries 

of the fluid. 

(ii) The circulation around a circuit enclosing the vortex is 

constant at all points of the vortex. 

(iii) Vortex lines as used in aerodynamics are usually straight 
lines. The velocity induced by a vortex line of this 
character is calculated from 


P 



Fig. 22 


<IP — (cos a + cos 3) (Fig. 22) (17) 

r is the circulation around a circuit, it is called the strength of the vortex, qp is at 
right angles to the plane PAB and in a sense depending on the direction of rotation around 
iho core of the vortex. 
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The vortex system which describes most accurately three-dimensional characteristics 
of airfoils is shown by Fig, 23. 

The airfoil or wing is replaced by a vortex segment AB^ called the lifting line, which 
produces the necessary lift when combined with the flow due ti> the translation of the 
airfoil. 

Trailing aft is a continuous sheet of vortices in the plane of the relative wind. This 
sheet has its origin in the pressure distribution around the airfoil and the influence of the 


Plan View 
of A.rtoil' 


i"'' 

J 


“[dr 

Eidr 



Fig. 23. Vortex System of Airfoil 

Ijressure distribution on the flow. This plane sheet of vortif^es is actually .jistabh* and 
rolls up into two twisted ribbon-1 iko strands trailing alt approxirnaUflv from points A and 
B. Princiiwil effects are quite corn'ctly repn^sented by the continuous sheet, however, 
and the mathematics is much simpler. 

The principal effcid of the vortex system is to add a downwrir^l velocity at all points 
of the s{)an AB. '^I'his downward velocity called the induced velocity modifies the flow as 
compared with the flow around an airfoil of similar cross section but of infinite span. 
This induced velocity is calcu¬ 
lated from 




'''d/2 


dV 

dy 


dy 



A / . 

4x*/-6/2 j /1 — y 
where w{y\) is the induced 
velocity at a point P(0, ?/i, 0) 
on the lifting line AB\ h is the 
span of the airfoil (Fig. 24). 

The addition f)f this in¬ 
duced velocity modifies the 
flow as shown (Fig. 25). 

As air approaches the airfoil of finite span th(* downward efTect of the vortex system 
iHmds this air flow downwards so that at the wing the tlirection is P"P as corniiared with 
P'P in a two-dimensional flow around an airfoil of the same cross-section. The lift vec- 

(i) 

tor, varying as Cl, i» tilted backwards by the angle — radians (co i.s generally small) to a 

new' position C'l- Since lift is measured at right angles to the relative wind K, the efTect 
of the vortex system is represented as a component Coi in what is generally considered 
the drag direction of the airfoil, i.e., parallel to V. The cfTeetivo angle of attack is then 

changed from a (two-dimensional flow) to ao (Ihree-dimcii.sional flow), and ao = ce — 
(radians). Also Cm = Cl- Cm is called the induced drag coofiicient and is given by 


CDi^ 


Di 


, w’hl^rc Di is the induced drag. 


p and V are the same as before, and A the area of the wing. 
Cm and ofo have been calculated by Glauert in the form 

ao = ^(l+T) 


(19) 


m 
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5 and r depend on the variation of the circulation F, i.e., on the variation of load along 
the span. If the span loading varies as the semi-ordinates of an ellipse along the span, 
with the greatest ordinate at the center, 6 and r are zero. This corresponds to the ideal 
airfoil plan shape to produce minimum induced drag. The parameters d and r may be 
calculated for various types of airfoils. 

These formulas lead to; 

Cl>, = Cd> + ~ (1 + «*) - (1 + «■)) (21) 


» = + + (! + «■)) 
„ , 57.3 (Ai n a. ° 


These formulas are used to convert data obtained from airfoils of a given cross-section, 
given plan form, and given ratio of span to average chord to obtain data for airfoils of 
the same cross-section but of different plan form and ratio of span to average chord. 
Combinations of Airfoils. Biplanes. The induced drag coefficient of a biplane 

r.2 A 

(23) 

TT {khiy 

Cj, = lift coefficient of biplane. 

A — total wing area of biplane. 
hi = larger wing sjian of biplane. 

, )u2(l + v)“ 1 . r X 

k = \ -■ ^ -;—- = Munk s span factor. 

-i- 

^ ~ = ratio of spans of wings of biplane. 

0l 

^ =5= ™ =: ratio of lifts of wings of liiplane. 

IJl 

<T = an interference factor = / (~ , ), 

\t)2 hi + 1)2/ 

where G = gap between wings of biplane. 

Table I. Values of tr 


»I 

b2 



2(7/(6i 

+ h) 




0 

0.03 

0. 10 

0. 15 

i 0.20 

0.30 

0.40 

1.0 

1.00 

0.780 

0.635 

0.561 

0.485 

0.370 

0.290 

0.8 

0.80 

0.690 

0.600 

0.523 

0.459 

0.355 

0.282 

0.6 

0.60 

0.540 

0,485 

0.437 

0.394 

0.315 

0.255 



Best Monoplane 


(a) Best Biplane 

{h) Triptane = — - 
-—_— )-hJ_ 

(c) Best Triplane 

(d) Best Wing Cellule 


, The induced drag or resistance is 
2 TJ 

Di =j -- ^24) 

" irpAr^ikhi)^ ^ ^ 

L — Tji Ld 2 ~ total lift 
The minimum drag of a biplane is 

-npA V- \1 —- '2xTyL -f- p'') 

for a given p and <r (25) 
A bijilane with equal wings (ju = 1) has 
the least induced drag of any biplane when 
1^2 

I, = ^ = 1 and • 


.1. .2 .3 .4 .5 The induced drag of multiplanes may also 

G^, *■ gap/largest span be calculated. The curve shown exhibits the 

Fiq. 26. Reciprocal of Munk Span Factor Pniicipal properties of the induced drag of a 
for Various Wing Arrangements triplane as compared with a monoplane and 

biplane (Fig. 26). 

To be observed is that the induced drag is chiefly important at higher angles of attack. 




DYNAMICS OF VISCOUS INCOMPRESSIBLE FLUIDS 6-27 


16. DYNAMICS OF VISCOUS INCOMPRESSIBLE FLUIDS— 
GENERAL DISCUSSION 

This phase of the subject includes the most important parts of hydraulics and aero¬ 
dynamics as well as other important phases of modern engineering. 

Flow of Viscous Incompressible Fluids 

It is not possible to calculate the flow lines for viscous fluids in general. When the 
motion is slow and the viscous effects predominate, the motion is practically identical 
with that of ideal fluids. For many fluids, particularly for air and gases, this resemblance 
is true only for exceedingly slow velocities. 

It will be shown later that the effect of compressibility in flows of gases is not very 
large until speeds comparable with the speed of sound in the gas are reached. The study 
of flows of viscous, incompressible fluids covers a wide range of practical cases. 

The flow appearance is materially altered when viscosity is taken into account. 

The flow around a sphere shown in Fig. 27 is quite representative of such flows. This 
does not show detailed characteristics close to the surface. Generally speaking, the flow 


Turbulent Wake \ 



Fio. 27. Flow of a Viscous Incompressible Fluid around a Sphere 


is of the character shown. The flow in front of the sphere except in a very narrow layer 
close to the surface i.s very similar to the flow of an ideal fluid. Along a circle on the 
sphere surface approximately 90° from the stagnation point, the flow breaks away from 
the surface. On the downstream side there is a turbulent wake which is approximately 
a cylinder of the same diameter as the sphere. The diameter of this cylindrical turbulent 
wake and the conditions in the wake vary with the Reynolds’ numlwr, 


pVD 


(27) 


where p = mass density of fluid, p = coefficient of viscosity of the fluid, V == flow veloc¬ 
ity, D = sphere diameter. 

As body shapes approximate more nearly to such shapes which experience has shown 
to give very little resistance, the turbulent wake becomes very narrow and the flow is 
much more like an ideal flow. 


Prandtl Boundary Layer Theory 


According to this theory the viscous effects in a flow along a body occur principally 
in a very thin layer adjacent to the surface of the body. Particles of fluid adjacent to 
the surface of the body adhere to the surface and have no motion relative to the surface. 

du 

In the immediate neighborhood of the surface the rate of change of velocity -j- (n being 

an 

perpendicular to the surface at the point) is comparatively large, and the viscous shear 

forces given by iSr = p — may be large even if p is comparatively small. Outside of 
dn 


the thin layer the rate of change of velocity is small and the viscous shear forces are 
insignificant. Here then the fluid flows as an ideal fluid. 

I'he thickness of the boundary layer is in general dependent upon 
is a length measured along the surface. 
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Breakaway of Flow 

If the fluid is ideal the flow follows the contours of the body closely (Fig. 28); iS is a 
stagnation point of the flow of the ideal fluid and SS' is a stream line of the flow. If the 
fluid is viscous, then the flow is like an ideal fluid outside the boundary layer. Thertj is 
then a stream line CD outside the boundary layer which may be regarded as a lx)undary 
of the flow since there is no flow across a stream line. As fluid approaches A, this chan¬ 
nel between the boundary CD and the surface of the body becomes wider, the velocity 

decreases and the pressure 
increases according to Ber¬ 
noulli’s theorem. If there are 
no viscous forces the pressure 
increase due to divergence of 
this channel is sufficient to 
bring the fluid to rest at S. 

•1? no I?! X ii. T> « Ti j If now there are viscous 

Fio. 28. Flow at the Rear of a Body , , . , . , r, ., 

forces which retard the fluid 

particles still more, the jiarticles will come to rest at A. Then flow from S to A near the 
surface will take phute, and the particles at rest with reference to the body will flow off 
downstream along AJi. They are not in general in a stable configuration, and thus 
vortices upiiear in the wake. The same is true at point A', and lienee the flow breaks 
away from the rear of the body and forms a turbulent w'ake. 

This turbulence in tbc wake gives rise to dr.ag in addition to the viscous shear forces 
in the boundary layer. If pressure in the divergent part of the flow is reduced by suction 
there is less turbulcruje and conscxjucntly less drag or resistance. 



17. FLOW OF VISCOUS INCOMPRESSIBLE FLUIDS IN SMOOTH 
PIPES OR TUBES OF CONSTANT CIRCULAR CROSS-SECTION 


Dimensional Analysis of Pressure Drop Due to Viscosity. It the pipe is smooth, the 

A/>i 

pressure drop-— i>er unit length of pipe will depend on: D, the pipe diameter; u, the 

average axial velocity of flow; p, the mass density of the fluid; and ju, the viscosity of the 
fluid. 

Using the method of dimensional analysis 


A Pi _ pi>“ /puD\ 
L 2D^\p) 


The absolute pressure drop coeflicient 
Ap, /h 


C^PY — 


pur/'ID 



(28) 


(29) 


Theory therefore indicates that the dimensionless coefficient Caj;, is a function of the 
number . Experiments liavo verified that this is true. The form of the function / 
depends on the typo of flow and is generally found by experiment. 


The criterion for dynamical similarity of flows in two pipes is that 

Pi P2 

When this is true the corresixinding values of C^p^ are alike. Not only may tlie veloci¬ 
ties and pipe diameters be different but also the fluids may differ, as long as the corre- 

Biionding values of are alike then the same value of Cspi occurs. This has also been 
verified by many experiments. 

Laminar Flow in Smooth Pipes—Hagen-Poiseuille Law. This flow is the simplest 
typo of flow which occurs. The fluid moves along stream lines in the axial direction. It 

occurs for small values of the number By equating the pressure drop to the viscous 

shear forces and assuming a steady flow, the Hagen-Poiscuille law, 



is derived. Flows satisfying this law are called laminar flaws. They are also called 
8trcam-4ine and vvtcoua flows. For laminar flow, 

64p 
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Velocity Distribution in Laminar Flow in Smooth Tubes. When laminar flow is fully 
established the velocity is given by 



where v?/ = velocity at distance from pipe axis and um ~ the maximum velocity in 
the pijie. This maximum velocity occurs along the pipe axis and is twice the average 
velocity i/-. 

'rhis vi'locity distribution is not instantly estahlishiul at the pipe entrance. If the 
entrance is rounded then according to Boussinesq the true laminar velocity distribution 

is found at a distance given by = 0.0(>5 - , from the tube entrance. 

D P 

For air at atmospheric pressure and room temperature moving at an average velocity 
of 1 ft per sec. in a pipe of 2-iu. diameter ri H ft. 

Total Pressure Drop for Laminar Flow in Smooth Tubes. Let 


Ap = total pr<‘ssure <lrop 
Ap = Api d- Ap2 

Tlio additional term, Ap^, which is added to the pressure loss, Api, due to viscosity, 
arises from the gain in kinetic energy due to the change in velocity distribution. 
Schiller's value seems to give the best agreement with experimental results. 

Ap, = 2.21 (33) 

The total pressure drop is then, for a length L, 

^ -f 2.24 for laminar flow (34) 

2 D \p .< I)/ 2 


Reynolds’ Experiments. Reynold.s showed that laminar fl^ w' in a cirinilar, smooth 
tube changes its character gradually to a second type of flow call(‘d iurlmlnU flow. He 
showed theoretically and by experiment that the transition from laminar flow to turbuk'ut 

flow depends upon R.N. = This dimensionless numlier is called Reynolds' number. 


The exact value of R.N. at which the laminar type of flow changes to the turbulent 
type depends on the amount of disturbance in the fluid ns it enters the tube. If R.N-i 
designates that value of R.N. at which turbulence or edtlying first appears then it has 
been found by Ekman with Reynolds’ original apparatus that R.N.i » 50,000 may be 
obtained by exercising extreme caution in preventing disturbance in the fluid at the 


pipe entrance. 

It appears that for any straight, rea8onal)ly smooth pipe whose axis is horizontal 
R.N .2 « 2200 is the upiier limit for a flow which maintains its laminar character and for 
which the laminar-flow laws hold. For R.N. ^ 2200 initial disturbance in the fluid at 
the pii )0 entrance die out. 

Attention is called to the fact that if the pipe axis is not straight the value of R.N .2 
change.s very materially. Gib.son and Gridley found that R.N .2 ^ 260 for flow of air 
through a lirass tube 32 cm in diameter coiled arouiul a drum 36 cm in diameter. 

Application of Laminar Flow Laws. Criti(^al velocity of several fluids flowing through 
smooth tubes with constant circular cross-section, .axis horizontal. 


Table II 


Waler, I'emp. 20'’ (’ 


D (in.). 

^'2 

1 

2 

3 

4 

6 

itr (ft per sec). 

0.570 

0.285 

0.143 

t 0.0950 

0.0714 

0.0475 

Cfm. 

0.0465 

0 0930 

0.187 

1 0 279 

0.372 

0.558 

Gul per ri'in . 

0 ^548 

0 696 

1.40 1 

1 2.09 

2 78 

4. 17 


rosier oil, Temp. 26” C 


I) (in.). 

f 2 

1 

2 


4 

6 

lie (ft per sec). 

358. 

179. 

89.6 

59.8 

44.8 

29.8 

Cfm. 

29.3 

58.5 

117.0 

176.0 

234.0 

350,0 

GhI per ruin. 

220 

437. 

875. 

1315. 

1750. 

2620. 


These tables show that for more viscous fluids laminar flows may easily occur in 
commercial practice. 
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If the tube diameter becomes small so that the tube may bo termed a capillary tube 
then it is comparatively common to find laminar flow taking place. This is made use of 
in instruments known as absolute viscosimeters. The Hagen-Poiseuille law is successfully 
employed in such instruments to obtain the value of n for liquids. 


Example: To find the pressure loss due to viscosity in pumping 100 bbl per hour of an oil of 
specific gravity 0.90, Saybolt viscosity 300 at average texuperuture, through a pipe of 4-in. diameter. 
A barrel is to be taken as 42 U. S. gallons. 




100 bbl ^ 4200 

“ 3600 ^ 1728 sec 


hr 


= o.iott cu It per I 


M “ - X - ft per sec — 1.790 ft per sec. 

ir 

1 RO 

„ » 2.20 X 10-3 X 3.00 X ^ X I®’® 

» 0.654 cm2 per sec = 7.03 X 10 < ft2 per sec. 

(See Art. 6) 


uD 


— 848. .*. Flow is laminar. 

, 62.4 , 


- 0.90 X ~ X 1.788* X 3 X “ 0.633 lb per ft* per ft 
L 32.2 848 


sa 633 /i 44 lb per in.® per 1000 ft *= 4.39 lb per ir)2 per 1000 ft of pipe. 

The kinetic energy term (2.24) « 0.0434 lb per in.2 

The total pressure drop for a level pipe of constant cross-section would be Ap *= 4.43 lb per in.2 

Transition from Laminar Flow to Turbulent Flow in Smooth Pipes. This change from 
laminar flow to turbulent flow does not take place suddenly but it is generally assumed 
in commercial practice that the laminar law holds up to values of R.N. « 2000-2200 and 
that thereafter the turbulent law applies. 

Turbulent Flow in Smooth Tubes of Constant Circular Cross-section. In laminar flow 
the interaction between adjacent fluid layers gives rise to the shearing stress, which 
equals the product of rate of shear and viscosity coefficient. In turbulent flow an addi¬ 
tional interaction occurs which, because of velocity fluctuations, is due to transfer of 
momentum from layer to layer of the fluid. 

Velocity Distribution in Turbulent Flow of Fluids through Smooth Tubes. Just as 
in laminar flow, the final turbulent flow distribution is not found until a certain cross- 
section sufficiently far from the tube entrance is reached. It is not known what this 
distance is except that it seems shorter than in laminar flow and is less dependent on 
Reynolds’ number. 

Karman has recently shown theoretically that the velocity distribution is given by 


u* = a + h logic ?y* (Ref. 1 Art. 17) (35) 

where »• = « v* = ^ ^ (36) 

Stq — shearing stress at the tube wall. 
y == distance from the tube W'all. 
u = axial velocity at distance y. 


This law does not apply near the wall where u* = y* corresponding to a laminar layer 
adjacent to the wall. 

Nikuradse has recently shown that the law u* — y* holds for 0 y* < 10. 

Then there is a transition (smooth) to j/* » 100 when the law u* == 5.5 -f 5.75 logic 
V* holds (Ref. 1 Art. 17). 


This formula holds for large values of R.N. = 


puD 


whereas earlier formulas of the 


type u* = and fixed values of A and B held for certain ranges of R.N. only. 

The formula is not simple to apply to a given case; it is of importance, however, 
because it is based on sound theory. In general the velocity profile in turbulent flow is 

“ flatter ” than for laminar flow. The ratio - — — is more nearly constant along a pipe 


diameter than for laminar flow. 

Pressure Drop in Turbulent Flow in Smooth Tubes. The pressure drop coefficient 


Capi — 


Api 2 D 
L pu^ 


(37) 
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for turbulent flow in smooth tubes of constant cir(mlar*cros8 section is found from the 
Prandtl formvla (Ref. 2 Art. 17) ; 

“ 7 ^ = 2 logio (R.N. - 0.80 (38) 

V Capi 

R.N. = ^ 

This formula appears to be the most reliable for large values of R.N. and replaces the 
older formulas of Blasius and Lees. 

The additional pressure loss A /->2 arising from changes in kinetic energy due to changes 
in velocity distribution is Apj = 1.09 if the pipe entrance is rounded. If the pipe 

entrance is sharp edged there is a further pressure drop due to the formation of a “ vena 
contracta ” downstream from the pipe entrance, and Apj = 1.40 3 Art. 17). 

The total pressure drop A/i for a length, L, of tube is: 

Ap = Capi (^) (^) entrance (39) 

Ap = Capi (^) ^ Rounded tube entrance (40) 

Since the formula for Capi is not directly solvable for Capi, an approximation method 
must be used. For rapid work the curve shown in Fig. 29 may be used. 



Fia. 29. Prandtl-Karman Law for Pressure Drop in Smooth Tubes. Turbulent Flow 


Example: Air at 15“ C is passing through a smooth circular pipe at 100 ft per sec. If 
p - 2.40 X 10-3 slug per cu ft and p/p = 6000 sec per ft^, 6nd the pressure drop in a length of 
60 ft. Also for lengths of 100 ft and 1000 ft. AsBunie a diameter of J/2 ft. 

Solution: R. N.=» = 6000 X 100 X 1/2 =» 3.00 X 10*^. Log R.N. - 6.4771. 

M 

Therefore the flow is turbulent. 

From Fig. 29, log (1000 CAp) «= 1.160; CApi - 0.0144. 

« 12 lb per ft^ 

2 


For sharp-edged entrance: 

Ap 


Table III 

12 (.0288 L + 1.40) lbs per ft* 


Length (ft) Ap (lb per ft*) Ap (Ib per in.*) 


50 34.1 0.236 
100 51.3 0.356 
1000 362.0 2.51 


Pipes Which May Be Considered Smooth. Kemler (Ref. 4 Art. 17) has recently com¬ 
piled practically all the experimental data on pipes and reduced them to the coefficient, 
Cap, method. The following kinds of pipes yield experimental results which follow the 
theoretical curves so closely that the theoretical formulas should be used: 
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(a) Drawn brass pipes. 

(h) Glass tubes. 

(c) Drawn tin pipes. 

(d) Drawn lead pipes. 

Any noticeable roughness of the interior surface of the pipe will cause increases in the 
coefficient Variations in pipe diameter also cause expansion and contraction effects 

if the interior surface of the pipe is smooth. For a pipe of circular cross-section 


CApi — 


^pL 


(41) 


where Q == volume of flow in unit time. Any small variation in D therefore results in a 
comparatively large effect on CAj,\, the viscous coefficient. 


Pipes of Non-circular Cross-section. Schiller (Ref. 5 Art. 17) has found that for 
smooth pipes of non-circular cross-section the criterion 

Cross-si'cf ion area of pipe 

Vm — -rr;-r-:- t42) 

Vvetted perimeter 

usually called the mean hydraulic radius may be used instead of the Reynolds’ number 
for finding pressure loss in the furbuient region but not in the larninar-llow region. 

Pipes of Non-uniform Cross-section. No extensive exiieriinerital data exist on flow in 
pipes of non-nniforin cross-section. 

In a uniformly converging tube the (;ritic.al velocity is higher than in a tube of con¬ 
stant cross-section area. Gili.son (Ref. fi Art. 17) shows that, for the flow of water through 
circular pipes having sides converging uniformly at an angle 0, temperature 14° C, criti¬ 
cal velocities are as follows: 


Table IV. Critical velocity, ft per sec 


0 

5'’ 

7 50 

10 ^ 

15'’ 

Large Bcctioa diaiiieter). 

1.50 

1 .‘>4 

2.44 

3.25 

Mean section (2 diameter). 

2. 70 

3.45 

4.34 

5.73 

fiinall pertion (1 1 / 2 -in. diamefer). 

6 00 

7.76 

M 77 

12.90 


The lower critical velocity in a 1 t/Vin. pipe of uniform cross-section at this tem¬ 
perature is 0.20 ft per sec. 

The velocity distribution in a converging tube is materially difr(*rent from that in a 
tube of constant cross-section. The veloiaty is more uniformly distributiMi in the con¬ 
verging tube. 

In a diverging tube the ojiposite is true as reg.ards critical velocity; Lo., turbulent 
flow apiiears at much smaller values of RcA'iiolds’ number. 

Flow in Rough Tubes. I'ixiH'riirients h:ive shown that tlie viscous (‘oofTicierit, 
for rough tubes is dependent upon other criferia than Reynolds’ number alone. For 

circular tubes, CApi dc^pends on a " roughness number,” —, where k is an average height 

of the protulierancos on the int(‘rior .surface compared with the diameter D. Com^rcte 
walls, rusted steel, and east iron represent rougliness ot this character. ^Sometimes a 

” wavincss number,” ^, modifies Capi. That is, the inner surface may be smooth but 

waves of amplitude a and wavelength h occur. Flumes made of wood and conduits made 
of thin metsl slieet represent, wavy tyjies of roughness. 

No n'liable roughness criterion which represents materials commonly occurring in 
practice exists. 

Pigott (Pef. 7 Art. 17) has recently .suinrnarized practically all the existing pipe-flow 
data. He ns.sumes that 

where c is a constant and n is a roughness index varying from about 0.25 to nearly zero. 
Table V and the curves in Fig. .SO are used together to select the friction coefficient, CApi- 

It is stated by Pigott that the formula ~ Cap^ « “ tnay be used with Table V 

Ij ^ 

given above and the curves for tubes or channels of non-circular section, = mean 
hydraulic radius. 
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Fig. 30. Friction Coeflicient for Tubes. {Mechanical Enyini'erind, A\x%. 1033, p. 501.) 

Table V 


I'urve 

I 

2 

3 

4 

5 

6 

7 

8 

9 10 11 12 13 

14 

15 16 17 

18 

A 

0 35 









:).12'5 


0.0625 


up 












jj 

22 

48 

14 


4 

2 

1 J/‘> 

, 

»/, 1/0 s/ft ]/i 1 /h 






to 

60 

to 

42 

12 

to 

3 

to 

3 


Ut 

1 1/4 





C 



30 

10 

6 

3 

21/0 

1 '/•> 

11/4 1 Vi 1/2 . 

'V8 

. 1/4 

1/8 





to 

to 

to 


to 









24 

8 

5 


2 





1) 



48 

20 

12 

5 

! 3 

2 

1 !/•) 11/4 1 







to 

to 

tn 

to 

' to 

to 








96 

48 

16 

10 

4 

21/0 





E 



96 

42 

24 

10 

6 

4 

3 . 








to 

to 

to 

to 

to 









96 

36 

20 

8 

5 





F 



220 

84 

48 

20 

16 

10 

8 5 4 3 . 








to 

to 

to 

to 
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20<) 

72 

42 1 

18 

14 






The numbers in the table designate the diameter in inches. 

A = drawn tubing, brass, tin, lead, glass. H = C’lean steel, wrought iron. C =* Clean, gal¬ 
vanized. D «= Best cast iron, cement, light riveted sheet ducts. E *= Average cast iron, rough 
formed concrete. F » First-class brick, heavy riveted, spiral riveted. In drawn tubing, actual 
inside diameter is given. In pipe, nominal size of standard weight is given. 
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18. FLOW OF VISCOUS INCOMPRESSIBLE FLUIDS THROUGH 
ORIFICES, NOZZLES, AND VENTURI TUBES 

Orifices are really short tubes whose lengths are fractions of the diameters. End 
effects are so large for very short tubes that separate equations, distinct from the pipe 

equations, are developed. 

A Type of Orifice Fre¬ 
quently Used for measuring 
flow in a pipe line is shown 
in the sketch (Fig. 31). As 
the cross-section changes 
from a diameter D to a 
smaller diameter d the ve¬ 
locities and pressures change. 
On account of dissimilar flow 
I)attern8 upstream and down¬ 
stream, pressure taps at A 
and B or C and E record 
different pressures, the up¬ 
stream taps recording the 
greatcT pressure. 



The flow through such an orifice is usually expressed in the form 


Q - Cq 


irdr 


r 2Ap^ 1 

M 

- 2wohf> 

w 

II 

w 

id \ * 

Id \ * 

F-fe) J 






= Cq 


Trd^ 


[■-e)T 


(44a) 


(446) 


where Q = volume of flow in unit time. 

Cq — coefficient of volume. 

Ap = pressure difference across orifice. 
w = weight density of fluid flowing through the orifice. 
h — head on a niiinometer measuring Ap. 

Wo = weight density of manometer fluid. 
u = average flow velocity through the orifice. 

The Magnitude and Variation of Cq depend upon the location and construction of the 

pressure taps, the ratios ^ and ^, the lievel angle B, the workmanship of construction of 

the orifice and pipe surface, the location of the orifice with regard to bends, valves, etc., 

uD 

in the pipe line, and upon the Reynolds’ number “, where v is the kinematic viscosity 
of the fluid. 

If two orifices in two pipes are geometrically similar and similarly located the flow 

coefficient depends only on Reynolds’ number. A curve Cq versus R.N. = — obtained 

with a specified orifice installation will furnish information for the flow of any viscous 
incompressible fluid even if the calibration curve has been obtained with one certain 
liquid or a limited number of liquids. 

A Typical Set of Curves taken from Hodgson (Ref. 1 Art. 18) obtained with an orifice 
of the type shown is given below (Fig. 32). The orifice had dimensions: d = 0.8032 cm, 
t ~ 0.0914 cm, 0 = 4.')®. It was mounted concentrically in pipe.s 0.952, 1.27, and 1.904 
cm in diameter. Pressure taps were located at A and B (Fig. 31). _ 

These curves do not show enough detail for very small values of Hodgson 

states {loc. dl.) that for values ^ 




^ 5.00 (approx.) Cq 


^ V 


(45) 
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Example: Fluid whose kinematic viscosity «= 0.00618 per sec is pumped through a pipe line 
having an orifice of the type shown. The head h — 50 in. is read on a manometer containing a 
fluid of specific gravity 0.906. If the specifit^ gravity of the fluid in the pipe is 0.900, find Q for a 

pipe of internal diameter 2 in. and an orifice for which ^ * 0.421. 

Solution’. 

575 = « 2 X X 32.2 X — =• ^70 

0.900 12 


u =s 16.41 ft per sec. 


16.41 X 0.421 X -- 


From the curves Cq oc R.N. Cq — 0.660, 

0.660 X X (.421)2 (^ Vx 16.41 

Q -- - - % - « 0.0432 cfs 

^ (.1 - (.421)4) .4 

*«= 19.4 gal per min. 

For more detailed information see the references at the end of this article. 



Fio. 33. Noszles 


Nozzles differ from orifices only in so far that the apiproach is noticeably well rounded 
(Fig. 33). They seem to be favored in Europe, especially in Germany, where they are 
called “ Dilsen.” The coefficient defined by equation 44 is also used for nozzles. The 
coefficient, Cq, is considerably higher than for orifices. 
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If the pressure tap A is one to two diameters ahead of the entrance plane of the nozzle 
and the pressure tap B is in or just below the plane of the end of the nozzle the value 
Cq is somewhat higher. Tuve and Shoop (Ref. 2 Art. 18) state that Cq = 0.985 is accu¬ 
rate within 1.5 per cent for flow nozzles having a diameter ratio of 20 to 70 per cent in 
pipes 2 to 12 in. in diameter. Suitable precautions (Ref. 2 Art. 18) must be taken to 
insure reliable results. 

Venturi Tubes are frequently used as metering devices. The form commonly used is 
shown below (I'ig. 34). 

At a station where the original pipe diameter has not been changed, pressure holes 

communicating with a piezometer ring are 
drilled through the tube. The cross-section 
is then reduced gradually in the entrance 
cone of about 21° total angle. This is 
faired into a short cylindrical throat section 
whose diameter, d, is usually 1/2 to ^3 of 
the pipe diameter, D. This throat section 
is also provided with holes connected to a piezometer ring and a pressure tap. The end 
of the tliroat section is gradually faired into the exit cone, which has a total angle of 5° 
to 7°. 

The equation 



Fig. 34. Section of a Venturi Tube 


Q = CqZ 


7rt/2/4 

FIT 


(46) 



is also used to determine the characteristics of venturis. No extensive data are available 

on the variation of Cq versus ~ for venturis. A typical variation of Cq versus 
is shown in Fig. .I.*!. 

The addition of the exit cone or diffuser to the v’enturi permits a greater recovery of 
pressure than is possible for orifices and nozzles. In normal practice this is usually from 
10 to 20 per cent of the differential from entrance to throat. 
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19. FLOW OF VISCOUS INCOMPRESSIBLE FLUIDS AROUND 
BODIES ENTIRELY SURROUNDED BY THE FLUID 


Introductory. A dimensional analysis shows that the force exerted by a moving fluid 
on a body is of the form 


F 



(47) 


where F = force. 

C'f — a dimensionless force cixifficient. 
p — mass density of the fluid. 

V = velocity of motion of the body through the fluid. 
A = area. 


The coefficient, Cf> is dependent in the general case on many dimonsionlesa criteria. 
The principal criteria are: Reynoki.s’ iiumlier,-; Mach’s numl>er, -rl I'Toude’s iium- 

1 c 


V2 

i)er, ; body attitude with reference to the relative wind; body shaiie; relative rough- 


ness of the surface of the body, and the degree of turlnilence of the moving fluid. 

Sometimes the surface tension forces beitomc appreciable and nuist b(; considered. 

Frc<lMcntly the emphasis is pl.aeetl on the component of force F along the relative 
velocity vector, p. This com!K)ru.*nt is usually called drag or resistance. l'’or most 
practical cases tlie drag is divided into two parts: (i) frii tion forces tangential to the 
surface of the body—the resultant oi these is called the skin fndiun drag', (ii) for an 
idea) fluid flow the normal forces on the body re.solved in the direction of the relative 
v<‘locity vo<^tor, p, have a zero sum or resultant. V^iscemity of the fluid causes a change 
in the flow pattern so that the pressure symmetry fur the ideal fluid no longer exists. 
The resultant of the normal forces in the p direction is now different from zero. This 
additional drag is called pressure or form drag. The pressure drag is also explained by 
saying that it is determined by the kinctii; energy of the eddies in the W'ake of the body. 

Drag of a flat iilate iiarallcl to the relative velocity is i)ractically all skin friction drag. 
If the flat plate is at right angles to th(i ndative wind the drag is practically all piessuro 
drag. 

Tietjens (Ref. 1 Art. 19) uses the term “deformation drag ” to characterize drag at very 
small values of Reynolds’ number. The body in motion through the fltiid seta up .streaaes 
which deform the fluid p.article.s. Thi.s rleformation extends to great distances from the 
body. For larger values of the Reynolds’ number this deformation is apprecialilc only 
in the boundary layer. 

Prcs.surc drag may he measured by intc'gration and resolution of normal forces ob¬ 
tained by static oficnings on the surface of the body. Total drag = skin friction drag + 
pn'ssure drag is usually measured by moans of balances. 

Flow along Smooth Flat Plates. If the flat plate is in a uniform stream of fluid and 
the flow is parallel to the plate the drag coefficient is dependent mainly on the Reynolds’ 

number, where R.N. = — . 

V 


u = velocity of fluid far from the plate or it is the velocity of the plate in the 
(piiescent fluid. 

L = l(?ngt.h of till' plate in the direction of flow. 

V — kinematic visiaisity of the fluid. 

For a smooth jdate the variation of Cp versus R.N. re.semble3 the variation of Cap 
^ or a pip<!. 

For 1 < R.N. < 5 X 10-’, 

Cf = (Blasius). (48) 

vR.N. 

For .5 X 10'^:^ R.N. ^ 5 X 10'’’, which is usually called the transition range, Cp 
changc.s from the Blasius law to a second typo of law. 

Prandtl (Ref. 2 Art. 19) has given as the law’ for Cy in the transition range, 


Cf = 


0.074 


1700 

R.N. 


(49) 


This law will not be followed closely in a given case. The transition depends on the 
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shape of the leading edge of the plate and on the degree of turbulence of the fluid coming 
up to the plate. 

For R.N. > 6 X 10« Cf - 71 -(Schlichting) (50) 

[logic 

The value of Cp in the formulas cited is based on the entire area, A, exposed to the fluid. 

The gradual transition from one law to 
another is usually attributed to a change 
from laminar flow in the boundary layer to 
turbulent flow in the boundary layer. The 
velocity distribution near a flat plate is repre¬ 
sented in Fig. 36. The velocity, V, changes 
approximately in a linear way vrith distance, 
y, from the plate at very small distances 
from the plate. Then it gradually becomes 
constant, y. Blasius found that if the thick¬ 
ness of the boundary layer, 5, is defined as the 
distance from the plate to the intersection of 
the asymptotic lino V and the tangent to the 
velocity diagram at the origin, 

3.40 L 



Fio. 36. Velocity I^istribution Near a Flat 
Plate 


L 


' V 


where L = distance from a sharp leading edge of the plate. 

The flow outside this very thin layer is practically identical with an ideal fluid flow. 
For turbulent flow in the lioundary layer an expression for 8 was given by Prandtl as 

s = p.4 (52) 

If the flat plate is inclined to the relative velocity vector by an angle a, then the 
force F is usually resolved into a component Jj calUHl the lift and a component D called 
drag. The corresponding (ioeffiidents and C/> are defined by 


L 


ClI’-sk' 


and 


/> = Cx> ^ Sr 


(53) 


where S is the plan area of the plate. Variation of Cl and Cd are like those of thin 
symmetrical airfoils. See .\rt. 20 for a discussion. 

If Of = 90® the plate has practically no lift and its drag is very nearly all pressure 
drag on account of the wide turbulent or eddying wake on the downstream side of the 
plate. The drag cixjfficient Cp varies with Reynolds' number and the shape of the 
plate. The variation with R.N. for shapes that are not unusual is not great. 

Table VII 

Cp Reynolds’ number 

1.04-1.263 68,000- 680,000 (Eiffel) 

1.06-1. 14 210,000-4,440,000 (Shoemaker) 


Flat plate (a *■ 90®) 

Square. 

Circular disk.. 


The values of Tp for a large square flat plate at large values of R.N. is usually given 
as 1.28. 

No systematic data except for si^ecially preparer! rough surface exist on the drag of 
rough iilates. 

Flow around Cylinders. The drag of cylinders i.s usually written 

D - Cd Ad-py~) (54) 

A ~ the area of the orthogonal projection of the cylinder on a plane at right angles 
to the relative velocity vector, 
p and V are as previously defined. 


The drag coefTieiont Cjy for steady flow of an incompressible fluid varies chiefly with 
Reynolds’ number , where d is a typical length characterizing the size of the 

jU V 

cross-section of the cylinder. 

Lamb (Ref. 3 Art. 19) has developed a theoretical expression for Cp of the form 


Cd = 


R.N. (5 - clog, 0 R.N.) 


(55) 
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This holds for two-dimensional flow around circular cylinders, a, h, and c being constants. 
Since this theoretical formula holds only for R.N. ^ 1 it is rarely used. For larger 
values of R.N. the variation of 
Co versus R.N. is shown in Fig. | # —r -| i 

37. .asU-f-H 


This curve given by Praiidtl 
(Ref. 4 Art. 19) shows a typical 
variation oVCo for flow around 
a circular cylinder whose length 
is infinite compared to its di¬ 
ameter. The sudden drop of 
Co between R.N. = 10® and 
10 * may vary if the cylinder ’s 
tested in a different fluid strean q 
F or relatively greater turbu-.. 
lence the drop occurs for a 
smaller value of R.N. 

As the cross-sectional area 
becomes more nearly “ stream 
line ” in shape the drop in Co 
occurs at smaller values of R.N. 
Fig .38 shows the variation of 
*with VD oc R.N. for a cyl¬ 
inder whoso cross-section is that 
of a good airplane strut. Cyl¬ 
inders shaped in cross-section 
like airfoils will be discussed in 
Art. 20. 


.30 



.05 


5 10 15 20 25 30 35 40 

DV oc R.N." ^ 

Fig. 38. Drag of Streamline Strut (Diehl; Engineering 
Acrodynaiuies) 


Flow around Spheres and Ellipsoids. Spheres have relatively bad shapes and on 
account of a wide turbulent wake the drag of a sphere is largely pressure drag. Stokes 
has derived the theoretical law 


D 


a 
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where Z) = drag, d = sphere diameter, a = a (sonstant. This law holds for Jl.N. = —^ ^ i/a* 

For greater values of Tl.N. the variation obtuiinvl in a typical experiment is shown, in 
Fig. 39. The sharp droj) just beyond 11.N. = 10’ shifts as does the dro]^ in Co for a 
circular cylinders depending on the turbulence in the fluid stream. 

The value of li.N. corresponding to Co — 0.3 is frequently employed in aeronautics 
to determine tlio turbulence scale of an air stream. Millik.an and Klein (H,cf. 5 Art. 19) 
found that, for a sphere pushed through the air by an airplane, R.N. 3f),'),00() corre¬ 
sponds to Cjo = 0.3. SauerwiMii. (Itef. (> .Vrt. 19) found from coasting tests in still air that 
li.N. = 290,000 at Co = 0.3. For air streams in wind tunnels R.N. is usually less than 
300,000 for Co — 0.3. This indicate .1 a gre.ater degree of turbulence in the air stream. 

Fig, 40 shows drags of ellipsoids irorapared with the drag of a sphere. As the ellipsoid 
becomes elongati'd in the direction of the relative velocity vector the drop in the value 
of Co occurs for small values of R.N. 



Fia. 40. Heeistauces of Spheres and Ellipsoids (Gottingen Ergebnisse) 
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Recent Full-scale Tests on Airplane Propellers show that compressibility efTocts are 
practically non-existent at tip spieeds of 6 (K) mph. Theory indicates that the speed of 
sound must be attained in order that compressibility shall play an important part in 
determining the aerodynamic forces on bodies. Practically all our knowdodgo of this 
branch of fluid mechanics is based on the theory of a viscous incompressible fluid. 

Wing Sections. Aerodynamics begins with the study of properties of wing sei'tions, 
for without efficient wing sections there would be no lift. The term airfoil is in common 
use and refers in general to bodies whose shape makes them useful as lifting, prot>elling, 
and controlling elements of aircraft. 

Efficient wing and airfoil shapes have been discovered in a relatively short time by a 
happy combination of theory and ex¬ 
periment. The cross-section of airfoils 
is represented by Fig. 41. 

The leading edge at A is rounded 
so that the flow at various attitudes 
remains reasonably good. The thick¬ 
ness gradually increases to a maximum 
value, t, and then deiTcascs quite 
gradually to almost nothing at the 
trailing edge B. The median or mean 
line is generally a flat curve like a cir¬ 
cular or parabolic arc, although in 
some cases it crosses the X axis and 
approaches B from below the X axis. 

The maximum ordinate of the mean 
line is called (he camber, m, and is 
locatt'd at a distance L from the lead¬ 
ing edge. The length AB ~ is called the chord. The parameters m, L, and t are the 
important parameters which determine the airfoil section properties. 



Table VIII. Variation of Parameters m, L, and t (average) 


me L/C f/c 

^Viiig sections. 9• 92 to 0. 06 0. 20 to 0. 50 0.05 to 0. 18 

PropellcM’ blade sections. 0.02 to 0. 06 0.20 to 0. 50 0.06 to 0. 20 

Strut sections. 0 .... 0. 33 average 

Tail surfaces. 0 .... Less than 0.08 


Plan Forms of Airfoils vary considerably. The most common plan form now in use 
generally tapers from a constant value of chord over the central portion of the span to a 
smaller value near the wing tips wdiich are ordinarily rounded. The thickness of the air¬ 
foil is usually tajicred towards the tips to assist the plan form taper in the matter of 
weight saving. There are also aerodynamic advantages for taper in plan form as well as 
thickness. Theory and experiment agree in showing that the ratio of span to average 
chord, called the aspect ratio, should be large. Structural and weight considerations indi¬ 
cate that a small aspect ratio should l>c used. Values of the aspect ratio in common use 
vary from 6 to 8 for wdngs, although soaring gliders have aspect ratios in excess of 20 . 

Airfoil Characteristics arc usually written: 

L = ~pSY^\ D = M = ~pcSV^ (57) 

where Tj — component of air force at right angles to the relative wind. 

D = component of air force along the relative wind direction. 

M = moment of air force (usually measured about the leading edge). 

Cl, Cd and C\r are dimensionless cofsfficients of lift, drag, and moment respectively. 

p — mass density of air. 

S = plan area of airfoil, also called wing area. 

V “ relative velocity of air. 
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The Aerodynamic Coefficients C^, Co, and Cm for an airfoil of given shape vary 
chiefly with: angle of attack, a (usually measured as the angle between the chord and the 

Vc 

relative wind direction); Reynolds' number, —; surface texture of airfoil and the degree 
of turbulence of the air stream. ^ 

The Aerodynamic Characteristics of Airfoils are usually measured in wind tunnels. 
Fig. 42 shows diagrammatic sketches of a modern wind tunnel. Space and power re¬ 
quirements usually make the initial and operating costs of large wind tunnels capable of 
good speed very high. In order to measure results which can safely be used to estimate 


Suspension Wires 
to Balances 



(r.n. = -^) 


the performance of modern airplanes, Reynolds’ numbers of the order of 2,000,000 

y’cX 

should bo used in testing. For air at ordinary working conditions Vc 

must then be « 330 ft per sec. An airfoil of 6 sq ft area and aspect ratio 6 should then 
be tested at about 200 mph wind speed. The variable density or compressed air tunnel 
uses air compressed to 20 atmospheres at moderate speeds and small model sizes. Since 
in this way v may be reduced to approximately 1/20 of its normal value, the value of Vc 

Vc 

may be correspondingly reduced without redudng —. 

V 

Typical airfoil characteristics measured in a wind tunnel are shown in Fig. 43 
(N.A.C.A.T.R. 502). 

Many experiments on airfoils verify that the variation of Co with a predicted by 
theory (see Art. 13) for thin airfoils is true for llie range of values of a generally used in 

flight. The slope, - 7 of the Co curve has been found to depend principally on the 
doc 

thickness jiarameter. Theory does not give any information regarding the maximum 
value of Co which may be attained with a given airfoil shape. The value of Cl max. 
depends very much on the degree of turbulence of the airstream. Excessive values of 
turbulence result in optimistic predictions of Cx, max. 

The Drag Coefficient is usually written, 


Cp = Cdv + Coi (58) 

where Cop is called the profile drag coefficient and Coi the induced drag coefficient (see 
Art. 15). The profile drag coefficient must be found by experiment. It depends on t 
and m and also on surface smoothness. The theoretical formula derived in Art. 16 for 
conversion of airfoil data from one aspect ratio and plan form to another gives good 
results in practice. A standard aspect ratio and plan form may thus be chosen in order 
to investigate the properties of a particular airfoil section. 

The curve Cm versus Cl in Fig. 43 shows that the linear relation between Cm and Cl 






Fig. 43. CharacteristicB of Airfoil; Clark-Y. 
Airfoil; 8' X 48'; R.N. -6,000,000; c -chord 


is realized in actual tests. Cmo depends on m, L, and t. The center of pressure coef¬ 
ficient is 

5a = „ _ (69) 

c Cl 

where Xc-p is the distance from leading edge to the center of pressure measured along the 
chord. 'Theory indicates that n = 0.25 for thin airfoils. Tests on airfoils indicate that 
n varies with thickness principally. 

Critical or Stalling Angle. The most unsatisfactory part of airfoil behavior consists 
in the How around the airfoil at angles near that of maximum lift. This angle is usually 
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called the stalling angle by pilots. The term indicates that the airfoil refuses to generate 
more lift beyond the stalling angle and that the wing shows bad stability characteristics 
in roll; i.e., if either wing tip is deflected when the wing is near the stalling angle, forces 
arise which increase this deflection. This tendency is so strong that the airplane is mo¬ 
mentarily out of control, and this is fraught with considerable danger when the craft 
has insufficient altitude. 

Recently considerable progress has been made in improving the flow over airfoils at 
the critical or stalling angle. The phenomenon of the stall is intimately connected with 
the flow in the boundary layer. The air flowing over the top surface of the airfoil i.s 
practically flowing through a venturi-like region. Near the surface the fluid must flow 
against an increased pressure just as in the diverging part of a venturi. In addition in 
this region the fluid friction causes an adverse preasiire gradient so that particles near the 
surface are brought to rest long before they reach the trailing edge. These particles of 
fluid leave the surface in an unstable manner and there is consequently much turbulence 
with an adverse effect on the flow and lift. liy removing this turbulent boundary layer 
near the surface, improved performance re.sults. Suction and pressure arc both beneficial. 
Marked improvement with small expenditure of power has been found in laboratory tests. 


21. APPLICATIONS OF AERODYNAMIC THEORY OF VISCOUS 
INCOMPRESSIBLE FLUIDS 


Propellers and Fans. Dimensional analysis shows that 

T = d' ft (-' ‘‘, = Ct pN^ d* (60> 

\ M A«/ 

Q = pN-d'f = CQpN'^d^ (Cl, 

where T = ])ropeller thrust, Cr = thrust cocfTicioiit. 

Q = jirofieller torque, Cq — txirque coefficient. 

N = angular velocity of propeller. 
d — projieller diarniier. 
r == velocity of advance of ilie propeller. 
f) = mass d(‘nsity of the air. 

H = coefficient of viscosity. 


Since most propelh'rs arc now toshHl at full scale or very nearly at full scale and thi? 
cfFcct.s of It.N. — — may be neglected it is usually assumed that Ct and Cq vary only 


Propeller theory has advanced to a fairly satisfactory .solution of the performance of 
a proiieller at. cruising or maximum speed. Calculations for climbing speeds and altitudes 
and for zero advance of the proix'llor may be in serious error. 

Measurements of Propellers are usually made witli a full-scale propeller and engine 
in large wind tunnels. Flight conditions nuay be accurately duplicated, and such factors 
as body interforenco and (h'flections of the propeller may also be investigated. 

The most convenient method to calculate the propeller characteristics is to use Weick’s 
coefficient 






.Pxis X mph 


(bhp)''^ X (rpm)'^ 


(62) 


A typical variation of versus — 7 -: is shown in Fig. 44. For a desired speed and a 

Art 


given engine the propeller characteristics may be determined very quickly and accurately 
from such charts. 

The Propeller Efficiency is given bj" 



(63) 


thp = thrust horsepower and blip = brake horsepower. The curve (line of max. rj for Cs) 
shown in Fig. 44 is usually termed the best performance propeller since it performs best 
at high spc'cd and very well at climbing speed. Since a propeller of fixed blade angle 
setting for best performance does not give good performance at take-off and climb, where 
a smaller blade angle setting is necessary, it has become necessary to resort to variable 
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.6 .3 1.0 1.2 1.4 1.6 1.8 2.0 

Cs 

Fig. 44, Propeller Characteristics 


pitch propellers. The difference in performance of an airplane with fixed and variable 
pitch propellers is shown by the following table. 


Table IX. Performance of an Airplane with Fixed Pitch and Variable Pitch Propellers 

Taken from N.A.C.A. Tech. Note 484 

XT. L o j Maximum Rate 

Propeller of Cli'"'’ Take-off Run 

(mph) (ft) 

1415 
1825 


Best fixed pitch... 
Best variable pitch 


211 

209 


1445 

669 
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Propeller-type Fens. The conditions of operation of a propeller-type fan are quite 
different from those of a propeller for use on air or water craft. In the former case axial 
speeds on each side of the fan disk are alike while the pressure on the downstream side is 
greater than the pressure on the upstream side. For the latter case the reverse is true. 
The axial velocity of the fluid on the downstream side of the propeller fan disk exceeds 
that on the upstream side; the pressure, except at points very near the disk, is everywhere 
the same. The pressure rise which the propeller fan furnishes is concerned with the 



rotational velocity increase since there is no axial velocity change. This pressure rise is 
usually written vt ^ Vd where Vd — ^hz pV^ ^ velocity or dynamic pressure and 
Pa — static pressure. The diagram in Fig. 45 shows a typical variation of pressure for a 
fan installation. The working conditions of the fan depend on the ratio Vd/Vt- 

The efficiency 17 = (64) 


Q' 


Power injmt 

volume flowing per unit of time through the fan area, A. 


Sometimes the static 
Q X Vs 



efficiency == .. . v.. 

Power input 

sential. 

The Characteristics of a Fan 

are sometimes written in terms of 
two dimensionless numbers and 
yj/, where 


4, = - . ■ 4,=.-2L 

S'l' 


(65) 


Fia. 46. 


Typical Performance of a Propeller Fan 
Crietjens) 


a simple method for an approximate design is given by 

QPt 
V 


vt == peripheral speed of fan, = rco, 
where r = fan radius and w = 
angular speed of fan. 

The ratio — = — is then the 
Pt yf' 

criterion defining the working con¬ 
dition of the fan. 

Fig. 46 shows a typical per¬ 
formance of a propeller fan. 

Propeller fans are designed by 
means of the airfoil theory. Tiet- 
jens (Ref. 1 Art. 21 ) states that 


T = 


-'•'-“"te) 


fcgro {rA — n^) 


(06) 


where T = thrust, V — axial velocity through the fan, n = number of blades, — blade 
width at tip, n = hub radius, — tip radius. This formula depends upon a relation, 
Ci,Vb constant, where Cl ^ lift coefficient of an airfoil having approximately 50 per 
cent larger ratio of length to width than for the fan blade. This method becomes inaccu- 
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rate when the ratio ~ ^ 0.3. In such cases doubt exists about the relative efficiency of 
Pt 

a propeller type fan as compared with other typos. 

Airplane Performance. The fundamental equation to determine airplane performance 
is 

dh _ / thpa — thpr ^ 


dt 


V 


w 




550 (Ref. 2 Art. 21) 


(67) 


where h — altitude in feet. 
t — time in seconds. 

W — gross weight in pounds, 
thpto = thrust horsepower available, 
thpr == trust horsepower required. 
dh 

This may be written --- = wh — w, — rising speed — sinking speed. 
at 

— —-H - TT 

Lp a V 
W 

where <r = relative air density, Lp = -—,/ = equivalent parasite area to represent the 
parasite drag, 


( 68 ) 


Ls = 


W 


(69) 


where 6^ is the effective span and V = flight Bi>ced. 


W 


~ 'J'TaTv 
Lt 


(70) 


where Li — , thp^ = thrust horsepower available at maximum speed V = Ym. 

thpm 


Ta = 


Tv = 


thpg at altitude 
thp at sea level 
♦hpa at speed V 


(70a) 


(706) 


thi)a at speed Vm 

A graphical solution of this equation shows that most of the important performance 
charact-eristics may be determined from a parameter 


A = 


LsLr 






(71) 


Charts have been prepared in the reference from which it is a very simple matter to 
calculate landing speed, maximum velocity at any altitude, maximum rate of climb and 
speed at any altitude, absolute and service ceiling, and the time to climb to any altitude. 
Loads on an Airplane in Flight. The load on an airplane in flight is usually expressed 

as m = —where L is the momentary load and W the normal load which equals the 
Tv 

gross weight. Measurements made on airplanes in flight show the following representa¬ 
tive values of m in typical maneuvers. 


Table X. Values of m for an Airplane at Two Speeds 


Maneuver 

80 niph 

175 mph 

Sudden pull-up from a dive. 

3.5 

9.3 

Loop. 

3.7 

5.0 

Roll. 

4.2 

5.2 

Spin. 

3.1 

2.3 

Steeply banked turn. 

1.4 

3.0 


The load multiple is usually multiplied by a safety factor of 1.5 to 2 and this is then 
taken as a design load factor. 

The sudden pull-up from a dive subjects an airplane to the most severe loads, but 
there are other loading conditions not quite so severe which materially change the posi¬ 
tion of the center of pressure. In others the load may be a twisting couple, for example, 
at high speed and in a steep dive. 

Turbulence and gusts in thunder storms and over mountainous terrain cause upward 
or downward currents into which an airplane may run with abruptness. The load multi 
pie for such a condition is 
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pdCL 
2 dot 


UV 


dC'L 


W 

s 


( 72 ) 


where p = mass density of the air, - ' - = slope of the wing lift curve, XJ — upward or 

da 

t ^ ir . , « , . , gross weight , 

downward gust veio^uty, V == airplane flight srieed, and = —:- = wing loading. 

b wing area 

The following tuMc shows measured v'ahies of U and the corresponding values for an 
W 

airplane of wing loading - 7 = 15 and flight speed V = 190 mph. Then m = 0.215 U. 


Table XI. 


Load Multiples Due to Gusts (Ref. 3 Art. 21 ) 

Thunder Mountainous Convection 

Btunna terrain currents 


Vertical velocity (ft per sec).... 44-110 10-27 

m. 9.5-23.7 2.15-5.81 


7-24 
1.5-5.2 
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22. FLOW OF VISCOUS INCOMPRESSIBLE FLUIDS NEAR 
BOUNDARIES—GENERAL THEORY 

The boundaries may lx? solid walls or surfaijes of separation between two fluids. A 
dimensional analysis shows that the force experienced by a body in such cases is given by 

(73) 

= Ca'pV “ U 

where H — force exerted on the body, Cn — force coeflicient. 
p = mass density of the fluid. 

V = relative speed ol body and fluid, 
p = coeflicieiil, of viscosity. 
g — accideral ion of gravity. 

h = a typical length of the body defining its size. 

7 = surface tension of the fluid in contact with the solid boundary. 

It is in general impossible in model t^esting to make all three numl)crs on which Cr 
depends alike. Sometimes one or two of thest^ criteria of the motion may be disregarded. 
Several examples t)f interest will be considered. 


23. RESISTANCE OF SURFACE VESSELS 


Surface Ships may bo broadly divided into two general types. 

(а) Those which are i)racticaUy supported by buoyant or hydrostatic forces. 

( б ) Those which are practically supported by dynamic forces. 

Type (a) has been in use for a long time, and methods for predicting the characteristics 
for such vessels are very reliable. Fronde’s method is generally used. According to this 
method the resistance, R, is written: R = skin friction resistance + wave or eddy resist- 


VL 


anco. The former depends chiefly on Reynolds’ number,-, and the latter on Fronde’s 


pTy y 

number, 771 . The number- - 

\ * PRL- 

less very small models arc to.sttMl. 

If the .subscript m designates 
given by 


where D designat/ca displacement. 


called Weber’s number, docs not enter the problem un- 


the model, then the wave or eddy re 8 ist.ance, Rwt is 


Ru' _ pD _ 

R;rm Pm^ni 

This is dci^endent upor the fact that — 


(74) 


V 2 
r m 


which 


defines corresponding speeds for model and full scale. 
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This leads to Froude’s formula; 

A = - CR^Am ~ X> + CrA I V» (76) 

where R == resistance of full-sized sliip. 

Rm — resistance of model (measured by towing the model). 

Ciim ~ skin friction coefficient of model = /(R.N.). 

Am — wetted surface of model. 

X == scale ratio (full size to model). 

Cr — skin friction coefficient of full scale ~ /'{R.N.), 

A = wetted surface of full-sized ship. 



01234567 012 3 4567 



Fig. 47. Variation of Cr at Best Trim Fio. 48. Variation of w.l./6 and c.p./6 at 

Angle and tq with CV (N.A.C.A. Tests) Best Trim Angle with Cv 



Fia. 49. Variation of A/fJ, W.1./6, and c.p./b at Best Trim Angle with Planing Coefficient, K 

(N.A.C.A. TcHtH) 


Load resistance. 
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Careful analyses of trial runs show that model experiments predict power within 
d= 2 per cent and engine revolutions within db 1 per cent. 

Type (b) Vessels in Which Dynamic Forces Predominate are usually called planing 
vessels or craft. Examples are fast motor boats and seaplanes. The action of the sea¬ 
planes is somewhat different in so far as the dynamic lift of the wings predominates in the 
later stages of the motion just preceding take-off. The Froude metliod cannot be em¬ 
ployed for a planing craft for several reasons (Ref. 1, Art. 23): 

(i) The wetted surface changes with the speed and with the angle of trim. 

(ii) The mean speed of the water on a planing surface differs substantially from the 
towing speed. 

(iii) At smaller scales, the friction coefficients at equal Reynolds’ numbers may assume 
different values, depending upon whether the boundary layer is laminar or turbulent, or 
turbulent after laminar approach. 

No method based on rational formula or complete experiments exists to predict planing 
characteristics. 

Figs. 47 to 49 show results recently measured (Ref. 3, Art. 23) on a flat planing surface 
60 in. long and 16 in. wide. Trim angles from 2° to 8®, loads from 5 lb to 80 lb, and 



V *= planing speed in feet per second. Cross Sections of 

b *= width of planing surface in feet. Planing Surfaces 
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^ = acceleration of gravity in feet per second per second. 

Ca = load coefficient (dimensionless). 

Cv — speed coefficient (dimensionless). 

, Ck — resistance coefficient (dimensionless). 

Example: An aquaplane to be towed behind a motor boat weighs with the rider 200 lb. The 
boat makes dO raph. How wide should the aquaplane be, at what trim should it ride, and how 
much pull would it exert on the tow rope? 

From Fig. 49 w'e st^e that K = 0.027 eorresponds to the best ratio of load to resistance, 

R 

For salt water I /2 p ~ 1; 30 mph = 44 ft per sec. Hence K == 0.027 = - ; b *= 1.96 ft. required 

( 44 ) 262 ’ 

r 44 „ . 

width. Cv “ ~ = 6.51. From Fig. 47 we see that the best trim angle is 4“. 

\'gb V32.2 X 1.96 

— =■ 9.75 and hence the resistance on the tow line is 20.5 lb. 

R 

Some experiments have been made Tvdth planing surfaces which are not fiat in a trans¬ 
verse piano. Sottorf (Hof. 1, Art. 23) found resull.s as shown in Fig. 50. 

Results found by Sottorf also indicate that curvature in the longitudinal plane may 
have favorable effects. 

If the bottom of the planing surface of a planing craft ends abruptly in a stop and 
the surface then continues for some distance aft of the step the wake behind the step 
will add additional resistance. Model experiments must be resorted to in such cases to 
obtain the resistance. 

References 

1. W. Sottorf, N.A.C.A, Technical Memo 739. 

2. J. M. Shoemaker, N.A.C.A. Technical Note 509. 


24. FLOW IN OPEN CHANNELS 


Pressure Drop Coefficient. A dimensional analysis shows that the pressure drop 
^ 2 
L p 

u , , ,_, 7 


Froude’s number, and Weber’s number, . 

V VgD' P 


/>' is a length which for 


open channels is usually taken as-, where A = cross-sectional area of the fluid stream 

w.p. 

iuid vj.p. = wotted perimeter. It is called the mean hydraulic radius. 

The Influence of Weber’s Number or the surface-tension effect is usually negligible 
excei)t where very small models are used. Sometimes gravity forces predominate as 
conij>ared with friedion forces. In such a case Froude’s method may be used to deter- 
inino the effect of gravity and then the friction effect may l>e obtained by approximate 
calculation or experiment. If both gravity and friction forces are important, systematic 
model testing must be undertaken. 

Von Mises' Formula. Many formulas for o])taining the friction loss have been used 
in hydraulics. A recent formula by You Mises is: 


Capi = 0.0029 -f 
uD' 






_ ^ _ 

VrTn; 


where k = a roughness number, R.N. = 

Values of k arc given in the following table (Ref. 1, Art. 24). 


(77) 


Table XII 


Material 

it X 10^ in feet 

Material 

k X 104 in feet 


0.33-1.33 

0. 33^-1 65 
12-25 
33-66 
50-100 

New cast iron. 

165-330 

400-500 

330-1000 

3300-6600 

16,500-33,000 

Drawn brass, lead, copper. 

Smooth cement. 

Rough cement. 

Asphalted zinc.1 

Old cast iron. 

Masonry (brick). 

Masonry (rough stone). 

Earth walls. 


1—18 
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Ch^zy’s Formula. The lowest value of R.N. for which Von Mises’ formula holds is 
R.N. » 600. Other formulas are in constant use by hydraulic engineers. In the United 
States, Chozy’s formula or modifications of it are favored. This formula is 

Q = CqA VTyVs (78) 

the Quantities Q, A, O' have been defined, and S ^ hydraulic slope — (head lost due to 
friction)/!)'. 

Values of Cq are found in all hytlraulics tables. 

Reference 

1. R. Voii Mises, IIandbueh der Kxperiniental Physik, Vol. IV. 


26. FLOW OVER NOTCHES AND WEIRS 

A Common Form of Notch is a Vee-cut in the top of an end wall of a tank with the 
point of the Vee down. If the difference of level between the liquid surface and the 
point of the Vee is A, wo may establish l>y dimensional analysis that 

Q = = (7'.„ 

In many cases viscosity effects are negligible and Cq = /(O). By experiment, f{0) = 
0.477 tan Exceptions occur if the jet runs dowm the vertical wall, if obstructions are 

placed near the notch, or the notch is too near a side wall of the channel. 

Rectangular Notches or Weirs are also in conitnon use. If the notch has a breadth b, 
then wc find, neglecting viscosity and surface tension, 

Q = g^b a’V = CQg^b (80) 

Hydraulics tables list values of the coefficient Cq. 


26. WIND TUNNEL BOUNDARY EFFECTS 


In Testing Models of Airplanes in wind tunnels the effect of thc! boundaries is appreci¬ 
able. By means of the vortex theory it is possible to correct for this influence of the bound¬ 
ary. A very simple instance i.s a tunnel of a circular cross-section. 

Prandtl found that an approximation consists in assuming constant span loading over 
the airfoil. The principal effect of the boundaries is due to the tip vortices at A and B. 
If two image vortices at A' and R' opposite in sense to A and B are added at a distance 

2 /jf2 

—r— from the center at O, where b = airfoil span, then the system of four vortices produces 
0 

a velocity field which has a zero normal velocity component at all points of a circle of 
radius R, center at O. It may then be demonstrated that thc principal effects are given by; 


a — aT 


+ X 57.3” 


Cd = Cdt + 


5 B Cl 

Ss 


Airfoil span ^ 

3/4 X tunnel width 


where ar® = 
a = 

Cdt = 
Cd = 
R = 
Ss = 
Cl = 
S = 


an angle of attack used in thc wind tunnel. 

corrected angle of attack used in the wind tunnel. 

drag coefficient of the airfoil measured in the wind tunnel at ar®. 

corrected drag coefficient. 

plan area or wing area. 

cross-sectional area of the wind stream. 

lift coefficient of airfoil measured at ar®. 

a constant varying with the shape of the cross-section. 


(81) 


For the Circular Tunnel 5 = -}-0.125 when thc boundary is solid. If the working sec¬ 
tion is open but circular in cross-section, d = — 0.125. Values of <5 have been determined 
for various types of tunnels. By leaving the working section partly open and partly 
closed the boundary effect may become negligible. 
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27. GROUND EFFECT ON AUTOMOBILES AND TRAINS 


This effect has become of importance in testing the effects of shape changes on the 
air resistance of automobiles, trains, fast water craft, etc. Some tests have boon made 
in wind tunnels and one under actual trial runs of an automobile. There is no conclusive 
experimental evidence concerning the effect of the boundary layer on the drag of a surface 
vehicle. If an automobile is moving in a dead calm there is no boundary layer near the 
surface of the ground. If a natural wind is blowing there is a boundary layer near the 
ground or water surface. Since the effects are more pronounced when there is a natural 
wind opposing the motion this condition is of interest especially in the case of a steamship 
steaming into a gale and also for any land craft. 

Tests recently made at Case School of Applied Science using a flat plate to measure 
the ground effect show the following values of the air drag coefficient 


Cd = 


D 

1/2 P A ^2 


( 82 ) 


where D = drag (pounds), p = mass density of air (slugs per cubic foot), A — projected 
area of model at right angles to wind stream (square feet), V = relative wind speed (feet 
per second). Results correct-ed to 15® C and 7(>0 mm. 


Table XIII 


Type of model 

(at 0“ yaw) 

Roynolds' 

number 

Length used in cal¬ 
culating Reynolds’ 
numlier 

Locomotive (Hudson .1-1). 

0.632 

3.57 X lO'-' 

Overall length (4 ft) 

Locomotive (partially stream-lined). 

0.402 

3.86 X lOfi 

"(4.25 ft) 

Locomotive (Stream-lined). 

0.0565 

3.86 X I0« 

" "(4.25 ft) 

Automobile (1932 model sedan). 

0.463 

0.873 X I0» 

"(19 in.) 

Automoliile (Stream-lined). 

0.239 

0.661 X lOR 

" "(15 in.) 

Automobile (1932 sedan, run backwards) .. 

0.428 

0.867 X 100 

" "(19 in.) 

Steamship (/’«'.'?. Hoover) . 

0.392 

3.0 X 100 

" “ (35 in.) 

Steamship (Partially stream-lined). 

0.239 

3.0 X 100 

"(35 in.) 

Steamship (Well stream-lined). 

0.142 

3.0 X 100 

" " (35 in.) 


Stalker (Ref, I, Art. 27) states that if a model is tested near a flat plate from which 
the boundary layer has benm partially removed the following results are obtained for a 
0 ° yaw altitude: 


Table XIV 

Test method Air drag 

Flat plate, boundary layer partially removed. 1.00 

Flat plate, no boundary layer removed. 0.87 

Free model, no plate. 1. 11 

Two identical models, one upside down, half of total drag. 1.17 
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PRINCIPLES OF THERMODYNAMICS 


The scienne of en^^ineoring thermodynamics develops moans for determining ilie 
nature and amounts of the energy transformations occurring in engineering processes. 
Articles 1 to 7 present those principles which are comrrjon to all processes, regardless of 
the particular kind of working fluid used and the particular form of the machine or device 
in which the process is carried out. 

1. ENERGY FORMS 

The energies encountered in engineering thermodyntimics are of several well-defined 
forms, named and described as follows: 

(a) Mechanical Potential Energy is the form in which energy is stored by virtue of the 
relative vertical distance of a body above a horizontal reference plane. 

(b) Mechanical Kinetic Energy is the form in which energy is stored by virtue of tlie 
relative motions existing between parts of a system. 

(c) Internal Energy is the form in which energy is stored within a body, such as a 
quantity of gas, liciuid, or solid, by virtue of the relative motions of, and the forces between, 
the molecules or atoms composing the body. It is evidenced by some properties of the 
body, usually temperature, but also by i)rc8aure and specific volume, and by physical 
phase, i.c., whether solid, li(iuid, or gaseous. Energy stored in substances and released in 
chemical reactions also comes under this classification of internal energy. In this case, 
the energy is ascribed to the arrangement of the atoms within the molecules. Consider¬ 
able needless confusion has been introduced in many works by referring to internal energy 
in an ad lib, fashion as “ heat.” Sec discussion of the proper use of the term heat below. 

The energy forms (a), (/>}» and (c) just described have the common characteristic that 
they are forms in whi(;h energy' may be stored away for po8sil)le future use. The two 
fonus (d) and (c) about to be described have quite different characteristics in that they 
represent the fumis or means by which energy may be tran.sferre(l or transformed. 

(d) Work is a transient fonn of mechanical energy' by means of which certain trans¬ 
formations of other ft)nns of energy are brought about through the agency of a force 
acting through a distance. Several examples of energy transformation l)y means of work 
may be giv(ui. Work done l>y lifting a body stores mechanical potential energy in the 
system consisting of the body and the earth. Work done on a l)ody to set it in motion 
stores mechanical kinetic energy in the system of which the bodj' is one i)art. When a 
gas is compressed, work is transformed into internal energy which then exists as energy 
stored in the gas. 

(e) Heat, like work, is a transient form of energy. Heat is defined as the energy in 
transition or transfer from one l>ody to another l)y virtue of a temperature difference 
existing between the bodies. Conduction and radiation are the tw'o methods through 
which heat transfer occurs. 

Conduction is energy transfer from one body to another body at a lower temperature 
by tangible contact. It may be thought of as the transfer of some of the internal molecular 
kinetic energy of the hotter body to the more slowly’ moving molecules of the colder body. 

Radiation is energy trMnsini.ssion through space from a hotter body to a colder body. 
In most processes involving heat flow' it is impossible to distinguish the exact amounts 
transmitted by radiation and by conduction, but this distinction need seldom be made 
in practice as the (category' heat includes all transfer of energy due to temperature differ¬ 
ences existing between two systems. 

In identifying the various forms of energy, care must be exercised to preserve two 
distinctions. First there must he recognized the distinction between the group consisting 
of the three stored /orms of energy, mechanical potential, mechanical kinetic, and internal 
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energy; and the group comprising the two transient forms^ work and heat. A second 
imriortant distinction is that which exists between internal energy and heat. Energy stored 
in anj’ molecular or atomic system such as energy in air, steam, or fuel comes under the 
category of internal energy. The name heat is used only to identify energy actually in 
transition or flow between systems at two different temperatures. 

Convection is not a form of energy or energy transformation. When a body with its 
associated energy is moved from one position to another without state changes or energi*^ 
transformations, the process is designated by the tenn cmivcction. A typical example of 
convection is the movement of heated air from one part of a room to another. The 
internal energy has moved from one location to another, but no energy transformation 
has occurred. Another example of convection is the movement through a pipe of the 
kinetic energy or the potential eneigy associated with the fluid flowing in the pipe, without 
any energy transformations taking place. 

2. UNITS OF ENERGY 

Units of Energy. Any form of energy may be expressed quantitatively in any unit of 
energy. Fundamental units of energy are the erg in the metric system and the foot-pound 
in the English system. These units are derived from the standards of mass, length, and 
time. From the erg or foot-pound are derived numerous other energy units such as the 
joule, meter-kilogram, kilowatthour, horsopow'cr-hour, etc. 

From the earliest days of the science of thermodynamics there has existed an inde¬ 
pendent set of energy units, the caloric and the Bntish thermal unit (Btu), related in no 
way to the standards of force or distance, but independently defined in terms of the thermal 
properties of water. For cxanijile, a w’idespro.ad definition of the Btu is Visoof the 
quantity of energy required (heat required) to change 1 lb of winter from the ice-point to 
the steam-point at standard atmospheric pressure. With respect to these units there 
have evolved no accepted standards of definition of the units, methods of experimental 
procedure, or numerical results. 

In order to recognize a common basis for all energy units and at the same time retain 
the calorie and Btu, the International Steam Table Conference, meeting in London in 
1920, recommended that the international caloric be defined as L'koo uf an International 
watthour. By arithmetic, using the defined relations between the Finglish and metric 
systems, the Btu can bo thus estalilished, by definition, as 778.20 ft-lb.* 

In honor of Dr. Joule who, in his classical experiment of raising the temperature of 
water liy stirring it, demonstrated the conversion of ineclianical potential energy into 
internal energy by the agency of w'ork, the factor 778.20 is called Joule's equivalent and is 
represented by the symbol ./. For all engineering purposes ./ moy lie taken as equal to 
778. From the viewpoint of this treatment, J is not the “ mechanical equivalent of 
heat,” but merely a conversion factor betw^een two energy units. 

Since power is the time rate of expenditure of energy, we have a series of units of power 
which corresiiond to the energy units. Here, also, any powa^r unit may be used to measure 
the expenditure or transition of energy by any method; either l>y work, or heat, or elec¬ 
trical energy. The watt (1 joule jier sec) and the horsepower (550 ft-lb per sec) are the 
commonest forms of power units. 

l actors for the ready conversion of the various energy and power units are found in 
Section 1, Tables 42 and 411. Below are given .‘«ome of the definitions and conversion 
factors for the energy and power units most frequently encountered in engineering practice. 

Conversion Factors for Energy Units. 

1 Btu = 778 ft-lb (by definition) = 1055 joules = 252 calories. 

1 erg = 1 dyne-cm (by definition), 

1 joule = 10^ ergs (by definition) — 0.73750 

1 horsepow'er-hour = 2545 Btu == 0.7457 kwhr.^ 

1 kilow^itthour = 8G0 international calories (by definition of calorie) = 1.341 hp-hr. 

Conversion Factors for Power Units. 

1 horsepower = 550 ft-lb per sec (by definition) = 33,000 ft-lb per min = 2545 
Btu per hr = 0.7457 kw. 

1 watt = 1 joule per sec (by definition). 

1 kilowatt = 1000 watts O^y definition) = 1.341 hp = 3413 Btu per hr. 

♦ See article. The Mechanical Equivalent of Heat, Its Riae and Fall, by Eric Thorkelson, Mechan¬ 
ical Engineering, p. 347, June, 1934. Also The Passing of the Mechanical Equivalent of Heat, by 
E. F. Mueller, Mechanical Engineering, February, 1930. 
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3. ENERGY TRANSFORMATIONS 

Processes. In a broad sense, a prrtcess is any event in nature in which a redistribution 
or transformation of energy occurs. Engineering thennodynamics considers chiefly 
those processes in which energy transformation occurs by means of changes in physical 
State of fluids. 

The processes of engineering thermodynamics may be conveniently classified into well- 
defined groups in several ways. One c.la8.sification is into the groups of reversible and 
irreversible processes. Another classification which is of much value is into the divisions 
called flow and non-llow processes. 

Reversible Processes are those whi(;h meet two criteria as follows: 

(a) The process, after completion, may be cau.sed to oc-cur in an exactly reverse order 
whereby the immediate system and any other systems assoidatcd with it may be returned 
from their last to their initial state. 

(b) All the energy which was transformed during the pnxsess may lie returned from its 
final to its original form, location, and amount. 

Irreversible Processes are those which do not meet the al)Ovc criteria. Among the 
conditions which contribute to the irreversibility of a process are the following: 

(a) Heat flow from a higher to a lower temperature, (h) mixing of fluids at different 
temperatures, (c) fluid turbulence, (d) fluid or solid friction, (c) inelastic deformation. 

Some examples of reversible processes are: 

(a) A frictionlcss pendulum swinging in it vacuum, (h) a gas expanding slowly without 
friction or turbulence in a heat-insulated system. 

Non>flow Processes arc those occurring in a container or a space in such a way that 
the fluid does not flow in or out of the container or space during the process. An example 
is the expansion of steam in a cylinder during the jieriod when the valves are closed. 

Steady-flow Processes arc those in which the fluid passes continuously through a 
region under conditions of steady flow. The conditions for the ideal steady-flow iiroijcss 
are: 

(a) At entrance to the region or apparatus considered, all properties which fix the 
state of the fluid maintain fixed values, that is, they do not vary with respect to time. 
Velocity of the fluid at entrance does noi var>’. 

{b) Likewise, at exit from tln^ region, fluid i>roperties and velocity do not va^ 5 ^ But 
note that the exit properties may l>e and usually are tpiite different from the entrance 
properties. 

(c) The mass flow at exit must equal the mass flow at entrance. 

(d) At points l)etwcen entrance and exit, not only may properties change in Arabic, 
but they may be quite variable and unsteady. It is only at entrance and exit that condi¬ 
tions must be steady. 

The steady-flow proc^ess or a proce.s8 wliich closely api)r()xirnato8 steady flow exists in 
most of the devices and machines employed in engineering practice. ]'".xami)les are the 
steam engine, turbine, condenser, pump, lioiler, nozzle, valve, and most heat-exchange 
appliances. 

Other common types of processes are defined as follows: 

Constant-pressure Process, in which the jiressure of the fluid is constant throughout 
the process. 

Constant-volume Process, in which the volume of the fluid is constant throughoiiC 
the process. 

Isothermal Process, in which the temperature of the fluid is i;onstant throughout 
the prottess. 

Adiabatic Process, in which no lieat is added to or removed from the fluid during the 
process. (Caution: liefer to definition of heat in the previous section.) 

Isentropic or Constant-entropy Process, in which the entropy is constant throughout 
the process. 

Each of the five preceding proces.ses may, in general, be either flow or non-flow, 
reversible or irreversible. 

4. ENERGY EQUATIONS 
Principal Symbols of Arts. 4, 5 and 6 

E = internal energy, Btu per pound. 

H = enthalpy, Btu per pound = E -f- PV/J, 

J » Joule’s oiiuivalent, 778 ft-lb per Btu. 

M » mass, pounds (numerically, the same as weight). 

P « absolute pressure, pounds per square foot. 
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PV = flow work (displacement energy), foot-pounds per pound. 

Q = energy supplied to or departing from a system or region as heat, Btu per pound. 
d'Q = a small quantity of heat (the inexact dilTerential of Q). 

Qji = the unavailable energy of a process, Btu per pound. 

S = entropy per pound. 

T — absolute temperature, degrees fahrenheit. 

Tr = absolute temperature of a receiver into which tlie unavailable energy cf a process 
is rejected. 

i — ordinary temperature, degrees fahrenheit. 

V — velocity, feet per second. 

'—— =» mechanical kinetic energy of a fluid stream or jet, foot-pounds per pound 
((>1.34 = 2 X 32.17). 

V = specific volume, culiic feet per pound. 

= a general symbol for work, including all the mechanical energies or ofTocts, 
namely: flow work, shaft work, and mechanical kinetic and j)otentiaI energies. 
H's = work supplied to or departing from a system by means of a shaft, or its equiva¬ 
lent, foot-pounds per pound of fluid. 

Z — elevation, ft. 

if) — symbol for the integral of a function or quantity which completes a cycle. 
Sul)scrii)t 1 designates entrance to a system, or start of a proctvss. 

Subscript 2 designates exit from a system, or end of a process. 

The First Law of Thermodynamics is the PHnciple of the Conservation of Energy. 
A statement of this principle most useful in this work is: In any process the net amount of 
energy added to a system equals the net change in energy within the system. This 
principle is expressed in a general energy equation as follows: 

W-^JQ^ J{E2 - El) ( 1 ) 

in which TP’ stands for work and all other forms of meidianit^al energy; Q stands for heat» 
and iK‘> — E\) represents the change in internal energy within the system. 

Equation 1 as written is for work and heat both entering the system. If work or heat 
leaves the system during the process, use minus signs for W or Q, or transpose PE or Q to 
the right-hand side of the eipiation. 

For mechanically revorsil)le processes 

W = -f PdV (2) 

The minus sign is required because TP'' is taken as positive when work is added to the system, 
and for this (londition dV is negative. 

For all reversible processes, 

Q = Bz - K, +y' PdV/J (3) 


and in the differential form 

d'Q = dE PdV/J (4) 

Note that equations 2, 3, and 4 apply for reversible processes only, but 1 applies for 
irreversible processes also. 

Application of the Conservation of Energy Principle to the Steady-flow Process is 

made by reference to a dia¬ 
grammatical sketch (Fig. 1) 
representing any device 
through which steady flow 
exists. 

Energy may enter the 
system in the following 
forms and places. 

(tt) Mechanical poten¬ 
tial energy (Zi) entering 
with the fluid at section 1. 

, {h) Mechanical kinetic 
IJ.i 

energy —-entering with the fluid at section 1. 

64.34 



(c) Internal energy (Ei) entering with the fluid at section 1. 

id) Work required to cause flow into the system against the pressure existing at the 
entrance section 1 in amount equal to the product of pressure and specific volume, viz., 
Pi El foot-pounds per pound. This energy is termed flow work or displacement energy. 
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(e) Heat (Q) may be supplied to the system at any point between the entrance section 1 
and tJie exit section 2, for example, as to the water in a boiler. 

(/) Shaft work (H^a) may be added to the system at any point between the entrance 
and exit by means of a shaft, for example, as in a compressor. 

Energy may leave the system in six forms analogous to those entering: potential 
energy, kinetic energy, internal energy, and flow work, at the point at which the fluid 
leaves the system, and heat or work delivered from the system at some point between 
the entrance and exit. The total amount of energy within the system remains constant. 

The steady flow energy equation then becomes: 

^ + W'ln + JQln = Zj + + JE2 + PiVi + Wont. + JQont 

o4:*o4 u4.o4 

Enthalpy. The combination JE PV occurs here and in other places with such 
frequency that there has been established a universal custom of combining them into a 
single term. Since P, and V are each properties of the fluid, the sum E H- PF/y is a 
property which is designated by the symbol P, so that, by definition, H = E PV/J. 
Modern usage gives to this property or function the name enthalpy (pronounced ^5n-thSJ'py, 
with accent on the second syllable). Other names in wide usage are heat content and 
total heat. 

The me<;hanical potential energy tenn Z is of importance in hydraulic applications, 
but is usually of negligible value in thermodynamics. 

The simplified energy equation for the steady-flow process is: 

+ + + = ^ + ( 5 ) 

where and JQ are net values. 

In non-flow processes energy may enter or leave the system as shaft work, Wa, or heat 
Q, and changes of energy within the system are limited to changes in internal energy, E. 
The non-flow energy ociuation is therefore similar to eiiuation 1. 

Wa-¥JQ^ J(E2 - EO ( 6 ) 

For reversible non-flow processes this becomes 

JQ = J{Ei -Ei)+f PdV (7) 

6. ENTROPY AND THE AVAILABILITY OF ENERGY 

The energy equations, though perfectly true, do not contain in themselves the means 
for evaluating them for all processes. For example, in a certain ideal (reversible) adiabatic 
process, the energy equation merely states that the work obtained from the process is 
equal to the change in the internal energy of the fluid, but no information whatever is 
given as to the amount of work which will be obtained or the magnitude of the change in 
the internal energy. The first law of thermodynamics is embodied in the energy equations. 
The second law of thermodynamics, as expressed in the entropy function, is required to 
make possible the computation of the maximum possible amount of work which may bo 
obtained in certain ideal processes, particularly the reversible adiabatic process, and the 
reversible cycles upon which ideal heat engines operate. 

In order to trac^e liriefly how the entropy concept is developed from the second law of 
thermodynamics and the Carnot principle, a number of concepts and definitions must be 
stated. 

A Cycle is a series of processes which may be repeated in a given order, the working 
fluid passing through various state changes and returning periodically to its initial state. 

A Reversible Cycle is one made up of a numlier of reversible processes. 

A Heat Power Cycle is a fluid cycle the object of which is to obtain work from heat. 
Regardless of the number of processes comprising the heat power cycle, three essential 
elements are always present, namely, (a) the reception of energy as heat from a high- 
temperature source, (h) the delivery of some of this energy as work, and (c) the rejection of 
the remainder of the energy as heat to a low-temperature re(;eiver. The reception of 
energy may consist alternatively of a combustion process occurring with the working 
fluid, as in the internal-combustion engine. 

The Cycle Efficiency is the ratio of the work delivered to the heat supplied. 

Let Q = heat supplied from the source. 

Qr = heat rejected to the receiver. 

W/J = work delivered by the cycle. Then for all cycles, reversible or irreversible, 

9 - -f W/J 
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Effitjiency = 


1 - 


Qr 


(S) 


(since in a cycle AF = 0) 

W/J 

Q Q ^ Q 

The Carnot Principle. In 1824 Sadi Carnot, in one of the most important contribu¬ 
tions ever made to science, established th«3 factors which affect the efficiency of cycles, 
and stated the necessary conditions for maximum efficiency. The full import of the 
Carnot principle may be given l>y stating it in the form of the three propositions which 
follow. These propositions arc the eml)odiment of the second law of thermodynamics. 

Proposition 1. No cycle which continuously delivers work by the reception or con¬ 
version of energy at a high temperature (with rejection of any residue of energy at a lower 
temperature) can be more efficient than a reversible cycle operating between a source and 
receiver at these temperatures. 

Proposition II. The efficiency of all reversible cycles working between the same tem¬ 
peratures is the same, irrespective of the differences in the character of the cycle or of the 
working fluid. 

PropositiorL III. The efficiency of a reversible cycle depends only on the temperatures 
of the source and of the receiver. 

Working with the third proposition of the Carnot principle, Kelvin Obtahlished a 
thermodynamic temperature scale which made temperature a function of th/' amount of 
heat rejected and the amount of heat received in a reversif)lo cycle. The Carnot principle 
states that Qrt/Q is a function of the temperature of the receiver and of the source. 
Kelvin made this tcnii)erature function its simple as possible by establishing the ratio of 
any two temperatures as being equal to the ratio of the amount of heat rejected and the 
amount of heat recjoived by a reversible cycle operating between these temperatures.* 
By computing the efficiency of a particular reversible cycle (the C irnot cycle) which used 
a perfect gas as the working substance, and then using the perfect gas as a thermometer, 
numerical values of the thermodynamic temperature scale were olitained. 

The Kelvin Temperature Scale is summarized in the following relation, which may be 
appropriately called the Carnot- Kelvin relation 

Tft _ Qn 
T Q 

where Tft — absolute temperature of a receiver. 

T absolute temperature of a sourcre. 

Qli == heat rojcicted from the reversible cycle to a receiver at a constant temperature 

Tn. 

Q = heat added to a reversible cycle from a source at a constant temperature T. 

Qr 

Since the efficriency of a cycle is 1-the efficiency of any reversible cycle operating 

between the constant temperatures of T and Tp is 

Tr T - Tr 

f “T— 


1 


(9) 


The Cainot Cycle. Carnot further described a particular roversilffo cycle of much 
theoretical interest. Ojiitrary to imijressions sometimes received, the (Jarnot cycle need 
not be operated with a perfect gas as a working fluid. Any fluid may be used, since the 
Carnot principle states that the efficiency of the reversible cycle depends only on the 
temperatures of the sour(;e and the receiver and not on the nature of the working fluid 
or on any other consideration. The Carnot cycle is described essentially and completely 
by describing four processes of which it is composed, as follows: 

1. A reversible isothermal expansion in which heat in the amount Q is received from a 
source at a constant temperature T. 

2. A reversible adiabatic expansion in which the fluid passes from the source tempera¬ 
ture T to the receiver temperature Tr. 

3. A reversible isothermal compression in which heat in amount Qr is rejected to a 
receiver at a constant temperature Tr. 

4. A reversible adiabatic compression in which the fluid is returned from the receiver 
temperature Tr to the source temi^erature T, and its original state. 

During processes 1 and 2, work is delivered to an external system. During processes 
3 and 4, work must be supplied from an external system. 

For this cy(;le, as for all c;yclcs, the net work output — Q — Qr and the efficiency is 

^Since, from the Kelvin temperature scale, ™ the efficiency 

of the Carnot cycle becomes I — Tr/T. This is also the efficiency of all reversible cycles 
operating between temperatures of source and receiver of T and Tr resucctively. 



7-08 


ENGINEERING THERMODYNAMICS 


AYEilability of Energy. The idea of availability of energy, like the idea of reversi¬ 
bility, is of essential importance in thermodynamics. The availability of energy refers to 
the maximum amount of energy of a given process that may be transformed into work. 
Energy which is in the mechanical stored forms, kinetic or potential mechanical energy, 
may, by a reversible jirocess, be converted wholly into mechanical work. A part of the 
internal energy of a gas under pressure may be converted into work. By the process of 
combustion, the internal chemical energy of a fuel may be first converted into heat and 
then a portion of this heat converted into work by means of the heat power cycle. Any 
quantity of energy which is already in the form of mechanical energy or which may be 
converted into mechanical energy or work is called available energy. In all reversible 
processes there is no change in the availability of the energy evolved in the process. 
An irreversible process always decreases the availalile portion of energy involved and thus 
increases the unavailable portion. When available energy becomes unavailable through 
the agency of an irreversible process, the energy is said to be degraded. 

The availability of the energy for a reversible process is determined by the efficiency 
of a reversible cycle (any reversible cycle, the Carnot cycle, for convenience) or more 
simply by the mere statement of the Kelvin temperature scale. If, in a process, a quantity 
of heat Q is supplied to a system at a temperature T, the amount of energy Qr which cannot 
under any circumstances be (ronverted into work, and which must therefore become 
unavailable, depends upon the realizable receiver temperature Tr and the temperature 
T at which Q is added. This statement is in accordance with the fundamental relation 
which has been referred to as the Carnot-Kelvin relation. 


Qn 

Q 


In. 

T ' 


or 


Qn 

Tit 


Q n rr Q 
y,; or Qn = Tr - 


If the temperature T of the source varies from Ti to T 2 during the addition of the heat Q 
the expressions above must be given in the integral form 


( 10 ) 


It 18 only for rcveraihle jrroccafif'fi that the ahove exprettHtons are true. 

Ileoalling that the reversible process gives the maximum amount of available energy 
and therefore the minimum amount of unavailable energy, it follows that for an irrin’ersible 
process the amount of unavailable energy which must be discarded will be greater than 
the amount of unavailable energy of the reversible cycle. The important conclusion 
follows that, for the irrcversildc proc.'ss, 


ana g>/^ 


C>^* , 




(10a) 


Entropy. The above expression is know'n as the inequality of Clausius. Because of 
its essential utility in evaluating the availaliility of energy of a revcrsihlc irroccss as given 

in equation 10, the function J' iJiven by Clausius the name cMropy, aiiplicablc, 

however, only to reversible proces.ses. 

For d'Q in the above entropy expression we may substitute its value from the general 
energy equation for reversible process, d'Q = dE + PdV/J, and obtain 

o 4- PdVfJ 

- r - 


This function, <S, may be shown to have a very important property, namely, that its 
value for any given process in which a fluid passes from state 1 to state 2 is also its value 
for every process by which the fluid may pass from state 1 to state 2. This property is 
de^rilicd liy saying that entropy is a point function^ meaning that the change in its value 
for processes deiH'iids only on the end points of the process and not at all upon the jiar- 
ticular path taken by the process between the end points. For various reversible proc¬ 
esses between states 1 and 2, Q may have various values, but f and f 

T r 


may have but one value. Also, it may lie shown that the ratio Qr/Tr for all processes 
V)Ctween two states will have a single value regardless of the nature of the process and 
whether reversible or irreversible. For this reason entropy is sometimes definecl as 
Qr Tr. An alternate definition of entropy change, true, however, only for reversible 
processes, is: 

-S2 - Si 


T 


( 11 ) 
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If the process is reversible and the path is known, the entropy change may be computed 
directly from equation 11. If the process is irreversible the fluid is not in a state of 
equilibrium at any point. The path may not lie stated functionally and may not be 
depicted graphically. We may, however, substitute for any irreversible process any 
reversible process or series of reversible processes passing between the same end points. 
The computed entropy change for the reversible processes thus substituted is the entropy 
change for the original irreversible process. But note rarefidly that for the irreversible 
process 

( 12 ) 

The entropy change (S-i — Si) for any process being known, the amount of available 
energy Qa U)T the jirocesa may he determined thus: 

Qr = Tr{S 2-Si) 

Qa = Q-QR 

y ’2 d'Q 

~ = 0, Oie = zero, and there 
i 2 


is no change in availability. The principal use of entropy in engineering computations is 
to determine the final state in the reversible adiabatic for which S 2 ~ Si. 

Entropy as a Coordinate. Since entropy is a property or state hmetion of a fluid it 
may be employed as a coordinate, in connection with various of the other properties, in 
the graphical representation of state changes. The more common diagrams in which 
entropy is so employed] are: (a) the temperature-entropy (7\ S) diagram in which 
al)soluto temperature is the ordinate and entropy per pound of fluid is the abscissa, and 
(h) the “Mollier” diagram (named after its inventor) in which enthalpy is the ordinate 
and entropy again the abscissa. The latter is of more particular f onveniemu'i in connec¬ 
tion with the portrayal of processes in which steady flow occurs. 

The temperature-entropy diagram acquires a particular utility from the relationships 
1 tetween the properties T and S as they enter into the definition of the change of entropy 
of a fluid as follow’s: 

I'or any process, revcrsilile or irreversible, 

Qr/Tr - or Qr = TrAS (14) 


For reversible processes, Qr/Tr = Q/T — AS 

Q = TAS 

g = / TilS 


(15) 


''bo illustrate the use of these exijressions in connection with the T, S diagram lot the 
line ah in Fig. 2 be a graphic record of the .simultaneous 
values of the absolute temperature and the entropy of 
a fluid during any assumed process and state change, 
and let the horizontal line mn be a contour line of 
constant temperature at absolute temperature Tr. 

From eciuation 14 the change in the unavailable energy 
chargeable to the fluid as a result of the process is 
represented by the cross-hatched area below the line 
mn (the area ynnh'a'rn) since that area is the product of 
Tr and AS. Furthermore, from equation 15, if the 
process were one without fluid friction or other in¬ 
ternal irreversibility and were accomplished solely by 
the reception of energy by the fluid (as heat), then tlie Fio. 2. T-S Relation in ProcesB 

area between the lino ah and the S axis (the area 

abb'a'a) w'ould repre.sent the amount of heat received by the fluid during the process, 
since that area represents the summation of all infinitesimal products of T and dS 

} TdS. 

a 

A constant temperature (isothermal) state change is represented by a straight line 
parallel to the S axis. Also a reversible adiabatic, being a constant entropy or isentropic 
process, is a straight line parallel to the T axis. For a fluid undergoing the sequence of 
reversible processes of the Carnot cycle the state changes are represented by the sequence 
of linos forming the rectangular figure abnma of Fig. .3. In that figure the area a'ahh'a' 
again represents and is a measure of the “heat” energy received by the fluid during the 
isothermal expansion at T, the area a'mnb*a' measures the unavailable energy rejected 
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during the isothermal compression at Tr and also, since the work output of the cycle is 
the difference between the energy suiiplied and that rejected, the area mxjbnm measures 
the available portion of the energy supplied. The thermal efficiency of the cycle is thus 

the ratio , which equals the ratio —The advantageous effect of increased 

a abb a I 

T and of decreased Tr is thus portrayed graphically. 

I'or the irreversible adiabatic, due to the increase of 
unavailable energy (Qr) which is inherent in any such 
process, the essential and invariable characteristic is an 
increase in the entropy of the fluid as a result of the 
proco.ss, this irrespective of whether the temperature may 
tend to decrease (as in an expansion) or to increase (as in 
a compression). Thus an irreversil)le adial)atic expan¬ 
sion from T to T r starts at point h and ends at some 
point such as o, with increase of entropy, and a like 
irreversible adiabatic <‘ompression may start at o and 
end at some point p with an increasi^ of entropy. The 
exact paths for irreversible i^rocesses cannot be shown 
gra[)hically. For the expansion the increase of unavail¬ 
able energy with respect to a receiver at Tr would be represented by the area b'noo'b'. 



Fig. 3. Reversible and Irre¬ 
versible Cydes 


6. SUMMARY OF ENERGY EQUATIONS AND ENTROPY 
EXPRESSIONS 

Table I. Distinctions to be Made between Reversible and Irreversible Processes 


For All Reversible Processes 

W - Ui) 

W = -f PdV 
Q ^ (E2 - El) + f PdV/J 
d'Q = dE + PdV/J 


dS = 


dS ^ 


dE + PdV/J 


T 


( 1 ) 

( 2 ) 

(3) 

(4) 

( 11 ) 


d'Q 


Qji __ r d'Q 
Tr J T 

s. - := Qr/Tr 

Qr = Tr (*S., - ,S,) 


( 12 ) 

( 10 ) 

(13) 


For All Irreversible Processes * 

Same as for reversible 

W < f PdV * 

Q<(E2- E,) + f PdV/J 
d'Q < dE + PdV/J * 

For an irroversilde process, substitute any 
rovorsibio process between the same end 
points, and compute entropy change from 
( 11 ) 

d'Q 


dS > 


Si — Si > 


Ji T 

■r 


Qr . fd'Q 
TrJ T 

Same as for reversible 
Same as for reversible 


(10a) 


f 


For Reversible Adiabatic 

Q - 0 

= 0 
T 

jSa — jSi = 0 

Qr - 0 
Qit 
Tr 

dE = - PdV/J 
W = J fdE = ~ f PdV 


0 = St-Si 


For Irreversible Adiabatic 

Same as for reversible 

Same as for reversible 

52 > 5i 
Qi; > 0 

I'i = (.S', _ Si) > 0 
hi 

dE it PdV Id * 
f dE = W/J it f rJV;J * 


* For irreversible process-’s, the path cannot be definitely atated. Such expreaaions as fPdV 
muat be conaidered ae pertaining to a aubatitute reveraibie path between the same end pointa. 
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Tablo I —Continued 


For All Reversible Cycles 


For All Irreversible Cycles^ 


II 

0 


Same as for reversible 


iZ)Q = {T)W/J 


Same as for reversible 


( f) dE = 0 


Same a s for reversible 


(2)g=(/)"^ = o 




. Q — Qr W 

Efficiency = ^ 

iS) 

Same as for reversible 


Efficiency 1— Tr/T 

(with (‘onstaiit source t(‘inperaturo) 

(0) 

Eff. < (1 -Tk/T) 



Steady-flow Energy Equation for Reversible and Irreversible Processes 


(5) 


Adiabatic Flow through Orifices, Nozzles, etc. 


Reversible 

Irreversible 

Ur-Ui^ 

^7,2 _ f7,2 

64.34 ~ 

"(ir34-“= 

= f\-dP 

and {III II 2 ) {III li 2 )S'»C 


Adiabatic Engines, Turbines, etc. = shaft work) 


Reversible 

Wg = J{IIi - Il2)s^C 
=f\dp 

and 

Irrevi'rsible 

TT* = J{IIi — Ih)s2>s\ 

{III - III) 9^ {Hi - Il2)s^C 

For All Adiabatic Flow Processes 

Reversible 


Irreviu-siblo 

j(Hi - ih)s.c 

J{Ili 

- II i) 7 ^ f^VdP 


= 0; Q = 0; 


Throttling Flow (Irreversible) 

Pi < Pi 
III = Il'i and 


V‘ 

A = 0 

04.4:5 


> Si 


Summary of Energy Equations for Non-Flow Processes 
I'or all non-flow processes, 

M's + JQ = J(E'i - El) 


in which Wg = shaft work, or equivalent. 

For all reversible non-flow proiicsses, 


For all reversible processes, 
For irreversible processes, 


JQ = J(Et - El) + f PdV 
ir, = -f PdV 
W, f PdV. 


For constant volume processes, Wg = 0 Q = E 2 — Ei. 

For constant pressure reversible processes, Wg — P{V\ ~ F 2 ), 
For adiabatic reversible processes, Q == 0, iSj = Si; 


Wg = JiEt - Ei)s^c - PdV. 


Q 


( 6 ) 

(7) 


(Hi - Hi) 
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7. GENERAL THERMODYNAMIC RELATIONS 

Equations expressing general relations which exist between and among the various 
thermodynamic; properties of any substance arc (;alled general thermodynamic relations. 
These eciuations are of value in calcjuiating various properties of fluids from experimen¬ 
tally detc^rmined values of other properties. Thc^y are also of use in the development 
and application of the general theory of theriiiodynamic;8 in the fields of physics and 
chemistry. The general thermodynamic relations are derived by the application of certain 
mathematical methods to the general energy eciuations presented in Art. 4 and 5. 

The following symliols are used in this article. No units are attached to the quantity, 
and the Joule’s (‘(luivalcjiit J is not used, since it is desired to leave the equations in a 
general form, apiilicable in any consistent system of units. 

cp — specific h(!at at constiint prc^ssurc. 

cv “ spcjcific heat at constant volume. 

d = “differential of.” 

i) = “partial differential of.” 

E = internal energy |icr unit mass. 

H = E EV, or enthalpy per unit mass. 

Ip = latent heat of pressure change. 

Iv = latent heat of expansion. 

P — prcjssure, force per unit area. 

= /i’ — TS, or “psi” funcjtion, per unit mass. 

Q = energy in transition by conduction or radiation, per unit mass. 

R = the gas (;onstant (1545/mol wt, in ft-lb-“F system, and 82.9 X 10®/mol wt, in 
cm-graTn-°( ’ system). 

8 — entropy per unit mass. 

T = alisolute temperature. 

V = volume per unit mass. 

W = mecdianic.al offecds, i>er unit mass of fluid. 

Z = E PV — 7'*S, or “zeda” function, per unit mass. 

Inserting in the general energy ecpiation, 



ir + 0 - A’i - El 

(1) 

the expression 

1! 

! 

> 

(2) 

and the entropy expression, 

Q=f TdS 

(15) 


there is obtaincMl an ocpiation which contains only property functions, and which is the 
basis for the derivation of the general thoniiodynamic relations. This basic equation is, 
for reversilile proi^essivs, 

-JPdV -f f TdS = E^, - El 

or in differential fonn: TdS — PdV = dE (16) 

In addition to the five properties or functions T, *S, P, T", and E of the foregoing 
equations, there are defined three additional property functions as follows; 

H — E PV, enthalpy 

'I' = 7? — TS, psi function (after Gibbs) 

Z = E PV — TS, zeta function (after Gibbs) 

A very great number of relations may be written connecting these eight state functions.* 
In this work only a few arc presented that have been found to be particularly useful in 
connoidion with the engineering aspects of thermodynamics. These formulas provide 
significant relations bet.veen the property functions of a fluid and are relations that must 
be true for any fluid whatever. Relations boUvecn partial derivatives of the state func¬ 
tions are; 


* Tiridgman in his Condensed Collortion of Thermodynamic Formulas (Harvard Universitv 
Press) presents an ingenious collection of tables by which any of the gencrnl thermodynamic relations 
may be readily obtained. He notes that, including relations involving W and Q, 11 X 10® relations 
between first derivatives are possible and 9.5 X 10*^ between second derivatives. 
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KdV/s \ds)v 

(17) 

(If).-(!!).-'■ ™ 

(^) ^(21) 
\dPjs \dSjp 

(18) 


\dVjT \dlJv 

(19) 

(a-- " 

XdPjr \0Tjr 

(20) 



A very useful (^haraeterisiio of a fluid is one which shows (lie enerji>' required as heat 
to effect a unit c.lianjie in the ina^iiitude of the pressure, the teiuperatiire, or the specific 
volume of a unit mass of the fluitl when one of these properties is maintained constant. 
Such a characteristic of the fluid is known as a ihrmal capacitu. 'J'ht* familiar specific 
heat at constant pressure cp is tlius one of the several tliermal capacities, heiriR the amount 
of heat energy reipiired to chanf>:e the temperature of unit mass of the substance one 
doyro(i ivhilc the pressure is inaintiiined constant. Four thcnnal (iapaoities are of par¬ 
ticular practical utility. These, together with their names and conventional syndKils, 
arc: 


(f),- 

(S?),- 

(m . 

\dP Jt 
\ dVjr 


specific heat at constant pressure 


specific heat at constant volume 


latent, lie^at of pressure change 


laten t heat of expansion 


The not ation d'Q and d'Q which appears in these relations is a remindi'r of the impor¬ 
tant (consideration that Q is not. a point function. Helations among these (;ocflicients 
and the other properties are as follows: 


ds = + 

dS = ‘'^'dT + ’j,dV 


(29) 

(30) 


’■(-a 

(31) 

II 

11 

(K). ■ 

(32) 

—(far 

’■(s).(a 

(31^) 

cv = lv%-lp% 

-(s).(a 

(34 




II 

), 

(35a) 


\dT/v\dPjT 

\dTjA<)VjT 
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The utility of equations 31 to 38, correlating as they do the thermal capacities and the 
proi>erty functions V, T, and *S, is quite varied. They atiord an opportunity for 
cross-checking the consistency of the more difficultly and generally loss accurately measur¬ 
able calorimetric data on thermal capacities by use of the more accurately determinable 
relations among the property functions of a fluid. 

Equation 32, which is in effect the historical Clapeyron's equation, has the particular 
utility that it enables the computation of the latent heat of vaporization of a fluid solely 
from data on the change! of volume during vaporization and the relation lietween the pres¬ 
sure and temiierature of saturated vapor. I'hus, inter] >reting the latent heat of expansion 
in terms of the heat supplied during vaporization at constant temperature, 

_ Ovaporl zn tlon _ 

A V valorization ^ /g 

(see Art. IG), whence, from equation 32, 

In this expression, since the ratio dP/dT for a saturated vapor is the same for any process 
whether at constant volume or otherwise, it is written as the total derivative instead of 
the partial derivative!. Physically it is the rate of change of the saturation pressure with 
temperature (the slope of the P-V curve) at the temperature T. 

Several useful expn'ssions which correlate the internal energy and enthalpy with the 
thermal capacities and the property functions follow. 


,n.: = cyaT+[r{^)^-p]dV 

(3!)) 


(401 


(41/ 


(42) 

(a—©P 

(43) 

(II),.- 

(44) 


The Joule-Thomson Experiment. A type of physical experiment which is of much 
value in assisting to ascertain and check the characteristics of a fluid is the Joule-Thomson 
experiment. In this experiment the fluid is caused to flow to, throttle through, and jiass 
from a porous plug, without energy reception or departure as heat and without appreciable 
velocity or velocity change in any phase of the process. I'he pressures and temperatures 
arc measured on each side of the plug. 

The energy equation for this pure throttling and wholly irreversible process is H\ — Hi. 
Alternatively, its characteristic is that dH — 0. Introducing this consideration in equa¬ 
tion 42, the relation for the process becomes 

The coefficient (dT/dP)f{ in this expression is called the Joule-Thomson coefficient (g). 
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It is evidently to be interpreted as the change of temperature of the fluid per unit fall of 
pressure under the above irreversible adiabatic throttling conditions. It may be shown 
that for a perfect gas, which has the state equation PV = RT, there would be no tempera-* 
ture change. With most gases, excepting hydrogen, there is a temperature drop or 
cooling eJJ'ect at nonnal temperature levels, but a temperature me at temperature levels 
above the so-called inveraioti iernperaturc. For most gases the inversion temperature is 
high but for hydrogen it is at about — hO deg cent. 

This exi>eriment is further useful for reducing the readings of a gius thermometer to the 
energy or thennodynamic scale of temperature and for determining the location of the 
absolute therrnodynamit! zero of temperatUTe. 

The cooling effect which is characteristic of the actual gases is used regeneratively for 
the liquefaction of gases by the Linde process. 


GASES 

S3nnbols and Notations 

A — area, square feet. 

a = a coefficient in specific heat formulations. 

h = a. coefficient, in specific heat formulations. 

Cp = specific heat at constant pressure, Btu per pound. 

Cv ~ si>ecific heat at constant volume, Jitu per pound. 

K — inolocular (internal) energy, Iftu r»er pound. 

f = a coefficient in specific heat fonnulations; also “a functiou of.” 

7/ = enthalpy (E + Btu per pound. 

J = Joule’s equivalent ( = 77<S ft-lb per Btu). 

k = ratio of Cp C,^ (a variable, but approaching constancy). 

AI' — mass rate of flow, jiounds per second. 

m = molecular weight. 

n — an exponential con.stant (-as in the property relation = a constant). 

P = ai)8olut<‘ pressure, pounds per i.-’ijuare foot. 

Q — energy transferred Isy heat (radiation or conduction), Btu per pound. 

R = the gas constant for any given ga.s. 

.S — (Mitrojiy, per pound. 

T — absolute temperature, d<‘gree.s Baiikine ( = degrees fahreuheit 400). 

F = velocity, feet per second. 

y ~ specific volume, cubic feet per pound. 

W = shaft-work, foot-jiounds per pound. 

8. GAS LAWS 

P-V-T Relation for the Perfect Gas. The relation betw(*en the pressure, specafic 
volume, and temperature of a perfect gas in any given condition or state is given liy the 
characteristic equation for gases, which is: 

PV = RT (1) 

in which 7E is a constant for any gas, and is called the gas constant. 

The above relation einbodies Boyle’s and f’harles’ laws. 

Boyle’s Law states that, when the temperature of a given mass of gas is held constant, 
tlie \'olume and pressure \'ary inversely, or PV = a constant. 

Charles’ Law states that, when the volume of a given mass of gas is held constant, 
the change in the pressure of the gas is proportional to the change in temperature, or 
AB 

— = a constant. 

Gas Constant. Ar-tual gases at moderate pressure and also very low-pressure vapors 
approach this perfect gas criterion that R is a constant. However, for many practical 
purposes it may be suffieiently accurate to neglect this variation, and it is therefore 
customary to assign to the various gases values of R whirffi correspond to some standard 
state. In Table I arc presented, for the gases of more usual interest, the values of the 
Ras constant as determined liy physical measurement of the specific volume (Vo) at the 
standard atmosxjhoric pressure (14.7 lb per sq in. al>s) and 32 deg fahr. There are also 
tabulated the molecular weights of the fluids (in, referred to oxygen as 32), the product 
of the molecular weight and the gas constant (= mR), and the product mVo. For a 
more complete taWe of the j)roperties of gases see Section 1. 
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Table I. Characteristic Properties of Gases 


Gas 

A'o, at 14.7 lb 
and 32" F 


7n 

mli 

mVa 

i 


5.47 

23.6 

64,0 

1512 

350 


8. 10 

34.9 

44.0 

1536 

356 


11.2 

48.3 

32.0 

1546 

358 

Atmospheric air... 

12.4 

53.3 

(29.0) 

(1545) 

(1545) 

1543 

(358) 

(358) 

358 

Nitrogen (Nj) (atmos.)*. 

12.74 

54.9 

(28.1) 

28.0 

Nitr<'>pcn (N 2 i tcheni.). 

12.8 

55.1 

Carbon monoxide (CO). 

12.8 

55. 1 

28.0 

1545 

358 

Ammonia (NH 3 ). 

20.8 

89.5 

17.0 

1516 

354 

Helium (He). 

89.7 

386 

4.0 

1544 

359 

Hydrogen (Hj). 

178 

767 

2.0 

1546 

358.5 


Representative value of TnR = l/i4o; of vlVq— STiS. 

* By "atmospheric nitrogen" is meant the residue of atmospheric air after abstraction of the 
oxygen but retaining the argon, carbon dioxide, etc., which exist in traces in the atmosphere. 


It is 8i|t»nific{uit that in this table the values of mR and of mVo are found to show rela¬ 
tive uniformity, particularly for the permanent gases of less than three atoms per molecule. 
For convenience it is customary to select as representative the values of 1545 and 35S for 
these respective (iiiantities, designating them as the "universal gas constant" {mR) and 
the "standard mol Aoliiino" (wFo)-* It follows from this approximate constancy of the 
product mV'o that the sjiecific volumes of the permanent gases at a given temperature 
and pressure are invers(?ly proportional to their molecular weights, or that the densities 
are directly proportional, f 


9. SPECIFIC HEAT OF GASES 


Specific Heat. When energy is delivered to or withdrawn from a sulistance as heat 
(by conduction or radiation) and during the process the temperature of the substance 
changes, the ratio of the quantity of heat interchange per unit mass of the substance to 
the change in temperature is called the specific heat, c, of the substance for the particular 
process. Symbolically, 



( 2 ) 


where c = specific heat of the substance for the process in question. 

Q — energy interchange as heat during the process, per unit mass of substance, 
regarded as positive if incoming and negative if outgoing. 

At s= change of temiierature of the substance, regarded as positive if increasing and 
negative if decreasing. 

In the case of solids and liipiids there is only one characteristii; process which is of 
usual concern, namely, the heat interchange wdiile the 8ul)stance is at constant pressure. 
Therefore when the specific heat of such a su))stanco is quoted it may be taken implicitly 
to be the specific heat at constant pressure. AVith gases, however, there is in practice an 
infinite variety of processes or state changes of the gas during which energy may lie 
transferred as heat, frequently under circumstances w’hcrc energy transition as work occurs 
simultaneously and affects (correspondingly the temperature change. Thus the specific 
heat of a given gas may have an infinite range of values. For definiteness, however, there 
is commonly quoted for any particular gas ita specific heat for a constant volume state 
change and that for a constant prc.ssure state change, the two being designated respectively 
as the specific heat at constant volume ( j.) and the specific heat at consfant pressure (cp). 

Not only is the specific heat of a substance doi)endent upon the type of process but also, 
for a given process, it may vary with other conditions, such as the instantaneous tempera¬ 
ture at whiich the process is operating. In that case, to determine the specific heat at a 
particular temperature w^e must pass to differential changes of temperature, dt, in place 
of At and write 


dt 


(2a) 


♦ .Since a mass of m pounds of a fluid is commonly known as a "mol” the volume of m pounds 
is known us the "mol volume," 

t This relationship is one of the bases for Avogadro’s "law,” which states that for all gases at a 
given pressure and temperature the number of molecules per unit volume is the same. If that were 
strictly true the densities of various gases would necessarily be proportional to their molecular 
weights and their specific volumes would be inversely proportional. The above relative uniformity 
of mVo is an approximate verification of the hypothesis. 

1: See p. 7- Oo for meaning of symbol d'Q. 
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Transposing, d'Q ~ cdt, and for a finite rise from temperature <i, to temperature 

Q = pcdt (3) 

Jti 

This expression shows the use to which information concerning the specific heat is 
frequently put, namely, that of computing the amount of energy transferred as heat 
during the performance of a specified process. If the specific heat varies with the tempera¬ 
ture (as it usually does) a functional relation between c and t must be known before the 
expression may be integrated. A functional relation which is frequently found to be 
suitable is of the form, 

c = a ht 

where a, ?>, and / are coefficients which are determined by experiment. 

Specific Heat of Actual Gases. For the perfect gas, c,> and Cp must either be constants 
or functions only of the temperature. Whether they are constants or variables their 
difference must be constant (cp — Ct, = R/J). 

In all the real gases these specific heats are found actually to vary rather materially 
with the temperature and to e slight degree with the pressure,* and also there is evidence 
that their difference is not exactly constant nor does it exactly ecjual R/J, when' R is the 
gas constant as ascertained from specific volume data (Table II). However, a degree of 
accuracy which is sufficient for most practical purposes as well as a gre.at gain in conve¬ 
nience is attained if these specific heats are regarded as effectively constant when the 
temperature range is moderate and as a funciion only of the temperature for greater 
ranges, and also if their differences m.ay be regarded as virtually constant. 

In Table II are presented, for certain gases of more usual engineering interest, expres¬ 
sions for the relations between the specific heat at constant volume (cr> and the absolute 
temperature (T) and also corresponding values of the mean (Cp — Ci,) {‘-R/J), and finally 
of the mean values of Cp and and of the mean value of the r.'.tio Cp/cx, { — k) for the 
temperature range between 32 and 400 deg fahr. Unless materially greater temporaturo 
ranges are involved, these ni(;an values may be employed as generally representative 
figures. In the table two values are presented for certain of the gases, those designated 
by the bracketed a being ones projiosed by Partinglun and Shillingf as the result of 
exhaustive analyses of all available data and those designated by the bracketed b being 


Table II. Specific Heats of Gases 

(At Standard Atmospheric Pressure) 

According to (<?) Partington and Shilling, ib) Goodenoiigh and Felbcck. 


Expressions for at the Absolute 
Temperature T (deg R) 

j Mean \’alues, 32*^’ to 400^ 

F 

Cp - r,, 


0 > 

k 

Carbon dioxide (CO 2 ) 





(fl) 0.1200 -f 0.04r,7 r - 0.0n 72 pa 

.0457 

0 . 162 

0.208 

1 . 2 s 

( 6 ) 0.1037 + O.OallT) T - O.O 72 S 4 n + 0.0n247 

.0451 

0 . 171 

0.216 

1.26 

Oxygen (O 2 ) i 





(a) 0.1539 + 0.0630 T F O.OsSO 

.0622 

0.156 

0.218 

1.40 

(b) 0.1545 + 0.0s375 n i 

.0621 

0,156 

0.218 

1.40 

Air 





(a) 0.1099 + 0.0633 T + 0.0833 

.0687 

0. 173 

0.241 

1.40 

Nitrogen, atmospheric 


0. 177 



(a) 0.1751 F O.O 545 T F 0.0834 

.0708 

0.248 

1.40 

Nitrogen (e.heni.) and carbon monoxide 





<a) 0.1700 F O.O 534 T F 0.0834 72 

.0711 

0.178 

0.249 

1.40 

(b) 0.1760 F 0.08428 72 

.0710 

0.179 

0.250 

1.40 

Hydrogen 


2.44 



(a) 2.314 F 0.08193 7 

.985 

3.43 

1.40 

(h) 1.900 -i- O.O 333 I 7 

.986 

2.21 

3.20 

1.44 


fNote that, for example, O.O 53 T i« the symbol for 0.000003 T or 0,3 T X 10“*.) 

* For air at 140 deg fahr the specific heat has been shown to vary with the pressure according to 
the relation Cp «= 0.2414 - O.O 42 OI 4 P - 0.092478 P^ — O.Orj3795 P*. For ranges less than 1600 lb 
P"r sq in. the relation Cp » 0.2414 — O.O42 p is quite adequately accurate. See Ford, Compressor 
Theory and Practice. 

t Partington and Shilling, The Specific Heat of Gases, Benn Ltd., London, 1924. 
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ones proposed by Goodenough and Felbeck * as the result of like analyses. The two are 
observed to check closely except for H2 and CO2. The differences in these at least reflect 
the difficulties in the way of accurate experimental determinations. 

All of the relations are observed to be of the form 

c = a + 6T + /r-f- . . . 

T in Deg. Fahr. Abs. 



where a, b, and / are numerical coefficients which are established from the experimental 
evidence. 

Fig. 1 shows the values graphically of the specific heat at constant pressure (cp), 
specific heat at constant volume (ci.), and their ratio (k = Cp/c„) for air, CO2, N2, O2, CO, 
and H3 in the temperature range 0 deg fahr to 5000 deg fahr. 

* Goodenough and Felbeok, Univ. of Illinois Bull. 139, 1923. 

t Keproduoed, by pariniiiBion, from Barnard. Ellenwoud, and Hirshfeld, Heat-Power Engi¬ 
neering, Part I, John Wiley s»ons. 
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10. PROPERTY RELATIONS OF GASES 


For vapors, such as steam, ammonia, etc., the relations which exist between the 
properties which must be known for the solution of engineering problems are given in 
tables of properties of the substances in question. For gases that adequately approach 
perfect gas characteristics, the relations between projMirties are given by means of quite 
simple mathematical equations. The properties and characteristic constants of gases 
which are of interest are I\ F, T, E, //, S, C|„ Cp, k, and R. In addition to the relations 
between specific heats and temperatures given on p. 7-17 the following table gives the 
more useful relations w’hich exist between and among the various properties of gases. 


Table III. General Property Relations: Perfect Gas 

PV 

= R, & constant for any given gas. 

/ 2 . 

Cv dT, if Cv is a function of T, or 
= Cv {T 2 — Ti), if Cv is effectively constant, or 

Cp dT, if Cp is a function of T, or 
= Cp (T 2 — Ti), if Cp is effectively constant, or 
■{P2V2-PiVy). 


J {k - 1) 


Rk 


Cp , ^ _ 

7v~ ' J 1) 




= c,, -j- J logff Y* is a function of IT, 

, ^'2 , /e, V2 ... 

= Cv loge -- -t* ", loge -- , if Cv 18 Constant; 

J I J K 1 

dT R. P 2 ,,,, 

= J Cp "7 — -J log*. , if Cp IB a function of T, 

, T 2 R, P‘z . 

= Cp loge - J loKe 77 . II Cp 18 constant; 

i 1 J /1 

= Cp loge Y ^p are constant. 


(4) 


(ri) 

(5a) 


(6) 

(60) 

(7) 

( 8 ) 

( 8 a) 


(85) 


( 8 c) 

(8d) 


11. ENERGY EQUATIONS FOR GASES 

All the energy c<iuations of Art, 4 apply to processes with all fluids, therefore to proc¬ 
esses with perfect gases. The general method of solving processes with gases is to set up 
the energy equation in a form in which the energy transformation for the process is equated 
to a property (change, such as the following. 

For a non-ilow revcrsilile constant pressure process Q = H 2 — Hi. The property H 
must then lie expressed in terms of some directly nieasuralilc properties 8U(;h as P, F, and 
7’, and a characteristic constant such as R or specific heat. In the above example, 

= AH = Cp (Tt - T,) or = 

if Cp is taken as constant. 

Table IV below gives a summary of the special property and energy relations required 
for the usual processes encountered wdth gases. Note that the term mechanical effects 

includes shaft work, flow work, and changes in mechanical kinetic or potential energy. 

^2 _ f T 2 

Mechanical elTects = IF« -f (PiFi — P 2 F 2 ) H- .,7 ^ + (Zi — Z 2 ). For non-flow 

64 ..14 

8 , mechanical effects consist only of shaft work. 
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Table IV. Special Property and Energy Relations for State Changes of Perfect Gas 

Constant ijspeci/ic) volume: 

P R 

Y — y ^ & constant during the state change (8 


AE=J 

n2 

^ Cv dT 

1 


A//=j 

^\pdT 



(IT 



or ~cv log, — if Cv is constant 

Mechanical effects, if reversible = zero; Q = AE. 


Constant pressure : 

V R 

— p — o. constant during the state change 


y -s (IT 

m ~^P ,/ if Cp is constant 

1 i V 1 

Mechanical effects, if reversible = P(Vi — V^\ Q — AH. 

Isothermal (constant temperature ): 

PV = RT = a constant during the state change 

A ET K II A C* ^ 1 ^ 1 

AE = zero; AH — zero; A*S = — log^ or = - loge— 

J I Z J r 1 

Mechanical effects, if reversible = — RT loge (P\/Pz) or 
-RT log, (vyv'i) 

^ Pi R7\ Vi 

Q = or -j-U,Sey^ _ 

Reversible adiabatic (iscntropic): 

PV^ — a constant during the change; TV^~^ — a constant; 

T 


p(k-\)/k 

AE - Cv dT or 


= a constant 




(14, 15, 16) 


1 if A is constant (17) 


CpdT or = IvpI/ — 1 if A; is constant (18) 

A*S = zero; Q — zero; mechanical effects = JAE. 

Irreversible adiabatics may frequently be characterized approximately by the property 
relations: 

T 

Pr” = a constant; TV^"' = a constant; = a constant (19, 20, 21) 

y.2 7? r/P-\<n-0/n n 


“=r-»- 7 i^, 

n — it, Pa - (n>fcina compression. 

AS ^ Cv-loge where 1 ^ . 

, n Pi [n < A; m an expansion. 

/ 2 

P dV; Q =s zero. 
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Table IV —Continued 


Throttling process is primarily characterized by the relation: 
Hi = Hi 


(24) 


Polytropics, which virtually are internally reversible but are not adiabatic, may fre¬ 
quently be characterized by the property relations: 

T 

py^ = a constant; = a constant; = a constant (19, 20, 21) 

r//3\bt-l)/n -1 

l(a) “ M 

„ n — k . Pi , In < ^Mn a compiession with heat emission. 

s = Oo -logc“, where S . i , 

n Pi [/I > k m an expansion with heat emission. 

R r1 
Mechanical effects = ——- Ti I ( J 

p (« — lA r/P„\<"-b/n 


AE =f~Cv dT = 

r2 


J{k - 1) 
kR 


( 22 ) 

(23) 


Q = 


{n — k) 

J {k - \){n - 1) 


Ti 




( 20 ) 


12. GRAPHICAL REPRESENTATION OF GAS STATE CHANGES 

The property relations and state changes of gases may with advantage bo portrayed 
gra{)hically by curves drawn to coordinate axes of selected propertic's. Tht? properties 
which are so employed with most frequency are the absolute pressure P as ordinate and 
specific volume V as abscissa. To those coordinates may be drawn contour lines of con¬ 
stant volume, constant pressure, or (constant entropy (reversible adiabatic) state changes 
as well as any other sort of state changes. The typical forms of curves representing the 
commonly occuring state changes, lis they would appear on P V coordinates, are shown 
in Fig. 2. One evident feature of the family of curves is their increasing “steepness” 
with increase in the magnitude of n. 


PV* Conr.t!5nt 
(Rov. Isofhermaf and 
j Pure Throttling) 

Constant 

PV*** Constant 
(Rov. Adiab) 

PV'®-Const. 

Constant 



Vi V2 V 

Fig. 2. P~V Curves for a Gas 



Aside from the general utility of the P-V curves they offer the usual particular utility 

/ 2 ^ 
P dV is represented by the area below the state change curve and that this 

area is thus a graphic measure of the work in a mechanically reversible non-flow process, 
as well as the sum of all the mechanical effects in a mechanically reversible process, but 

/ 2 

V dP is the area “ back 

of ” the state change curve and that, referring to the figure, 

Pi Vi PdV - P 2 V 2 = -f^ V dP 
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However, for a reversible steady-flow process, 

W + (f/i* - t/2*)/64.34 + PiVi- PiVi PdV 

whence 

W + (C/i* - U2“)/04.34 = - Pi Vi - PdV + P2Vz=f^ VdP 



This is to say that for a steady-flow reversible process the Biimination of the shaft work 
and the change of kinetic energy", or either individually if the other is negligible or not 
germane, is measured graphically hy the area "back of ” the state change curve. 

Curves T-S and H-S, though not commonly provided for gases, may for some pur¬ 
poses be used to advantage, particularly with T and H plotted jointly against S, P'ig. 3. 
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A T, H-S diagram for air, N 2 , O 2 , and CO appears in Fig. 4. For the plotting of the 
properties of these four diatomic gases, advantage is taken of the unique phenomenon that 
for all, the specific heat per mol-iums (per m pounds, where rn is the molecular weight) is 
the same and therefore that their enthalpy and entropy per mol-mass are identical.♦ 
The relation for the specific heat per mol-mass, or the “molar “ specific heat, of these 
gases, is 

mcv = 4.924 -f O.O 495 T + O.OyOfi micp — CiO = 1.99 (Partington and Shilling,) 

rricv = 4.945 -f" 0.0612 T^\ m.{cp — Cv) = 1.9S (Goodenough and Felbeck,) 

The relation of Partington and Shilling has been u.sod for the plotting of the curves. 
Fig. 4. 

The values of m// and niS used in the figure are ones relative to a standard reference 
state at 32 deg fahr (492 dog R) and 11.7 lb per sej in. abs, at which state the entropy and 
the internal energy arc regarded as zero. The values of 7' and ?n/I have been plotted 
to logarithnic scales in order to make the pressure contours virtually straight lines 
(departing from those only by reason of specific h(iat variation with temperature). On 
this figure any polytropic or adiabatic state change conforming to the relation “/■»F" = con¬ 
stant” would bo representable by a straight line of the i)roper sloi)e. The slope corre¬ 
sponding to various values of n may l)e found by passing a line through the referemeo 
state point, at 32 deg and 14.7 lb, and the proper one of the various indices appearing in 
left and ujjpcr margins. For a state change passing through any other state, pass a line 
of proper slope through the desired state point. 

13. FLOW OF GASES THROUGH PIPES, NOZZLES, AND ORIFICES 

Flow of Gases through Pipes or Ducts 

For flow through pipes or ducts, if the energy transitions as heat and velocity changes 
are negligible, the energy equation becomes Hi = IJ 2 (dH = 0). A further condition is 

I rV . R Pi 

actual increase of entropy in the amount of —r / -.r^dP (if dfl = 0), or of --log*.— 

J J I J Pi 

for a perfect gas. The pressure drop that actually occurs in passage from (1) to (2) is 
th\is an indicator of the entropy increase and eorreaponding energy degradation. 

The usual i>ractioal concern in suc.h How is this pressure drop, and its relation to the 
features that influence it. Those features are (1) the general geometrical form and rela¬ 
tive interior roughness of the flow-channel and (2) its length if a channel of extensive 
chara(d(‘r, (3) the diameter and area of a circular channel, the tMiuivalent diameter 
(= V Area/0.7S54) and area of an extensive non-circular channel, or any size dimension 
of a non-ex tensive (diannel such as a valve or elbow, (4) the mass-rate of flow of the gas 
through the channel, and (5) the toinfjerature, pressure, gas constant, and absolute 
viscosity of the gas. 

For conditions of relatively small pressure drop along an extensive channel, or of 
greater pressure drop if the gas temperature remains effectively constant, an expression 
suitably relating these factors is 

^ ^ RT _ f RT (Anj 

L 04.34 /’ D ' “ 40 /’' (/);" ^ ' 

where A = cross-sectional area of channel, square feet. 

D = diameter of circular cliannel, feet, or equivalent diameter of non-circular 
channel (= V area/0.7854). 

/' = “friction factor ” (see below). 

L = length of channel, feet. 

M' = mass-rate of flow, pounds per second. 

P — rnean pres.sure in line, y)ounda per 8<iuare foot, or pressure at any point if pres¬ 
sure drop is relatively small. 

AP = pressure drop in length L, pound.s per square foot. 

R = gas constant, foot-pounds/(pounds X degrees Kaiikine). 

T = mean a}>solute temperature of gas, degrees Rankine ( = deg fahr -j- 460). 

The value of the friction factor, depends on the interior form and relative surface 
roughness of the channel through which the flow occurs. I'or a given character of channel 
it bears further a relatively definite relation to certain criteria that serve indirectly as 
indices of the general character of the flow (that is, as regards whether turbulent or stream 

* This may be verified by reference to the expressions of Table II, multiplying the various 
coefficients in the expressions for air, N 2 , O 2 , and CO by the respective molecular weights. 
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lino in character and» if turbulent, the order of turbulence), 
is the ratio 


m 

mV’ 


DUP ^ 

or —- for a gas 


The basic one of such criteria 


where V = velocity, feet per second. 

V = specific volume, cubic feet per pound. 

II = absolute viscosity of the fluid, pounds per foot-second (= absolute viscosity 
in poises X 0.0672). 


This criterion will be recognized as the Reynolds’ index (section 6, Art. 13). 

For purposes of practical computation it is advantageous to recognize that M' — All(Y 
= (7r/4)Z>* f//F, whereby the above index may be modified to a more convenient form, 

— ( = - X Reynolds’ indexY Further convenient criteria are combinations of/' and the 
mD \ 4 / 

, , AP P (M')3 , AP P (D)^ 

above, namely, ^ 

r(i^\ 

64.34 A 

Table V gives reasonable values of /' as found by experiment for the flow through 
circular ducts of various relative interior-surface roughnesses at the various characters 
of flow indicated by the quoted values of the above criteria. For other than circular 
ducts equation 27 still applies, hut further specific infomiation would be required as 
regards the proper values of /' and of its relation to the Reynolds’ index. 


These are respectively 


133 


and 


Table V. Turbulent Flow through Circular Channels 

(Stream-line Flow Would Rarely be Encountered with Gas) 


Criteria 


Kcyiiulda’ Index 

“A” 


'‘C” 

Friction 

DU 


A/» /* M'3 

AP P D* 

/' 

mF 


'l HT 

L HT 



Interior Surface, Relatively Fairly Rough 


3 X 10^ 

2.36 X 103 

9.4 X 1013 

7.2 X 103 

0.052 

\Q* 

7.85 X 103 

3.3 X 10i« 

6.8 X 104 

0.044 

3 X 104 

2.36 X 104 

2.0 X 1018 

5.3 X 105 

0.038 

10* 

7.85 X 104 

2.6 X 1021 

5.4 X 106 

0.035 

3 X 10*^ 

2.36 X 106 

6.0 X 1023 

4.6 X 101 

0.033 

I0<i and (Ip 

7.85 X 106 and up 

2. 4 X I028nndup 

5.0 X 108 and up 

0.032 


Interior Surface, Relatively Quite Smooth 


3 X 103 

2.36 X 103 

9. 1 X 1013 

7.0 X 103 

0.050 

104 

7.85 X 103 

2.6-X 1016 

5.4 X 104 

0.035 

3 X 104 

2.36 X 104 

5 3 X 1018 

4,0 X 106 

0.029 

106 

7.85 X 104 

1.7 X 1021 

3.6 X 106 

0.023 

3 X 106 

2.36 X 105 

3.7 X 1028 

2.8 X 107 

0.020 

106 

7.85 X 105 

1.3 X 1026 

2.7 X 108 

0.017 

3 X 106 

2.36 X 106 

2.7 X 1028 

2. 1 X 10» 

0.015 

107 

7.85 X 106 

1.0 X la'i 1 

2.0 X lOio 

0.013 


Units for the items of the several criteria are as above. 

In using the table to ascertain /' in equation 27: 

(a) If JV/', n and D are specified, plus all except /' and one other term of equation 27, 
as for example AP, use column “A.” 

(h) If P, R, T, fx, M\ AP, and L are specified and the required diameter (/>) is to be 
estimated, use column “B.” 

(c) If P, P, T, jn, AP, D, and L are specified and the attainable Af' is to be estimated, 
use column “C.” 

For conditions of relatively small pressure drop through non-extensive channels and 
obstructions, such as pipe fittings or valves, an expression suitalily relating the pressure 
drop and the controlling variables is 

40 P (0)< 

where all symbols and units are as in equation 27, excepting that D = any representative 
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linear dimension of the obstructing device, such as the interior diameter of a pipe fitting; 
and r' = a “resistance factor ’’ the magnitude of which depends on the geometrical form 
of the flow channel through the device, and also depends in principle on M'/ixD (the 
modified form of the Reynolds’ index, Table V) but in practice is nearly constant/or a 
particular character of flow channel^ irrespective of the value of the criterion. For example, 
the value of r' for a short-radius, 90-deg circular elbow is about 1.0. 


Flow through Orifices, Nozzles, etc., with Large Velocity Changes 


For such flow, which is almost invariably adiabatic (Q = 0), the energy equation 
becomes 


64.34 


= J(//i - H^) 


with an ideal constancy of the entropy if ideal flow, without fluid friction or turbulence, 
were sccuralile. Because of friction, there is always some entropy increase. A necessary 
adjunct in the usual analysis of such flow is the continuity equation 
M' = Ai Ui/Vi = jU V2/V2 

The usual objective in the analyses of orifice or nozzle flow is an estimate either of the 
velocity Uzat any section of area A 2 , or of the mass-rate of flow M'. As it is convenient 
to evolve such estimates liy considering ideal and thus isentropic flow, it is advantageous 
to combine the energy and continuity equations to give the relations 


Ihi Ideal 


= 8-02'\/^ 




and 


fA, Ideal 

(ideal) = -TT-= 

A 2 V 2 , s 


(d2/:4i)2(Fi/F2),s® 
v-us '1 - (Ai/AiY^ 


where the subscript S indicates the constancy of the entropy for idetil expansion. 

For the flow of gases (and of supersaturated vapors, j). 7-49), introduction of their 
isentropic relations (p. 7-20) enables the transpositions of the above etiuations to more 
useful ones involving the initial temperature T\, the initial and terminal pressures, Pi and 
ip 2 , and pertinent characteristics of the gas. The resultant eciuations are 

vCfr-DAl 


U2, Ideal = 


~ (ideal) = - 
Ai 




8.02 


I Pi/^ RTu or 
'iPi/v'P, V, 



bi(g) 


m 


-1 

uJ U'., 

^2/k 



n 1 

k - V 


1 [1 

(S) 

U-i)/k 1 

1 -ij 


For air at moderate temperature, with R — 53.3 and k 1.4, these become 


-^2> ideal ' 


lOfl.rVri Vi — 
Vi - u,/.4,)2 


M',., „ 2.055 fP./V?',') 

— (ideal) = -- ; , -— .... - 

^2 VT - (Ai/AoUPi/Pi)'-^^^ 


(29) 


(30) 


(31) 


or = 2.055 (P 2 /VT 1 ) - 1] 

VI - (Ao/AOM/VFi)'-^ 

In these equations the denominator originated in effecting an elimination of the term 
Ui from the original energy equation. Consequently its reciprocal is frequently regarded 
and designated as a “correction factor for the initial velocity.” It may evidently ho 
emitted when Ui is of relatively negligible magnitude, or in general when (A 2 /A 1 ) is less 
than 0.10. 



7-26 


ENGINEERING THERMODYNAMICS 







































FLOW OP GASES THROUGH PIPES 


7-27 


It is evident fxom equations 30 or 31 that, if facilities are to be provided for ideal or 
isentropic flow at a particular rate and with a given initial state, a definite relation exists 
between the transverse areas A 2 Sht successive sections in a flow channel and the pressure 
Pi at those sections. Solution of the equations for A 2 at successive values of P 2 would 
further disclose that, again if facilities for isentropic flow are to be provided: the fluid 
stream (o) must first be convergent (that is, with decreasing area), until the pressure 
attains a certain proportion of the initial pressure, and (6) must thereafter diverge. 

Except under rather abnormal conditions as regards f/i, at the consequent point of 
minimum area or the throat of the stream, 

/PA ^ / 2 

\f*IJ throat. Ideal flow \A: + 1/ 


This particular ratio is conventionally known as the critical pressure ratio. By introduc¬ 
tion of the ratio into equation 30 it develops that 


— (ideal) — 8.02 
Athroat 


lorv/Pi/Fij 


(32) 


= 0.53 Pi/V Ti for air at moderate temperature. 

Values of various of the functions of P 2 , Pi, and h that appear in the above equations 
are tabulated for convenience in Table VI for values of P 2 /P 1 from 0.9 to 0.1 and ut values 
of of 1.3, 1.4, and 1.67, these being fair average values of k at moderate temperature for, 
respectively, triatomic, diatomic, and monatomic gases. 

For values of P^lPi between 1.0 and 0.9 (that is, for values of AP/P\ from zero to 0.1), 
accurate eveluation of these functions is bothersome. Convenient equivalents that give 
results accurate within 0.5 per cent are tabulated herewith. 


Table VII. Equivalents of Pertinent Function, for AP/Pi from 0.0 to 0.10 


Function 

Eqtiivalent when A/’/Pi is ooi greater than— 

0.10 

0.01 


2 /aP\ 

P 2 

/'l 



\ 

jlp 

Pi 

Vrh[(S)”- 


\ 


Vd:-.©'*-"!©""'"-']' 


\ 

[ap 

P 2 


Nozzles. Regarding the term nozzle as inclusive of any simple flow channel that aims 
to provide ideally suitable facilities for an isentropic expansion and acceleration of a 
flowing gas, the foregoing relations provide all that is necessary for estimates of the velocity 
or the mas8-ra"/e of flow ideally securable with specified Pi and 7\ and upon expansion to 
pressure Pi at a section of area A 2 . Recall that, from above thomiodymimic considera¬ 
tions, a convergent channel is adequate for an expansion to a region that is at any pressure 
greater than or eiiual to the critical pressure (= 0.528 P] for air or other diatomic gases, 
see Table VI), whereas convergence to a throat and a subsequent carefully controlled 
divergence are required to enable an approach to isentropic expansion to a region having 
a pres.sure less than the critical. 

Actual flow conditions are conventionally accounted by employing coefficients of 
velocity and discharge^ also a nozzle efficiency^ where 

Coefficient of velocity (Cr/) = 1 / 2 , actual/1^2* Ideal 

Coefficient of discharge (Cp) = M'actuai/A/'ideal 


Nozzle efficiency 


: - f/i^ctual 

(W -- Ui^) Ideal 
Ui^ (actual) . 
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Thus Ui, actual - Cu X U2, Ideal; actual - Cd X M\ ideal 

(actual) = Eff. nozzle X (ideal) (if Vi is negligible) 

64.34 64.34 

The discharge coefficient for the flow of a gas through well-formed convergent nozzles 
or through the convergent portion of convergent-divergent nozzles attains a value of 0.98 
and over at conventional rates of flow, but so decreases at very low rates (sensible decrease 
beginning at a Reynolds’ number of about 2 X 10®) as in general to require calibration 
when nozzles are employed at such rates. The efficiency of advantageously formed 
convergent nozzles or of the convergent section of convergent-divergent nozzles attains 
values of 0.96 and over. 

The inertia of the rapidly flowing fluid entering the divergent section of convergent- 
divergent nozzles does not permit so efficient an expansion in that section, reducing the 
efficiencies of such nozzles to 0.92 or loss. Improper design or unsuitable operation, in the 


feature of an 


Exit area, A 2 
Throat area, A ih. 


ratio greater than that suitably corresponding to the actual 


Discharge region pressure, , . . , 

--- ratio (that is, over~expantiwn) , or the reverse condition 

1 hroat pressure, / cpit. 

(under-expanidon) , will act to further and materially decrease the efficiency. 

Orifices. The control or the metering of gases is frequently effected (without concern 
as to efficient jet formation) by directing flow through circular apertures located in plates 
or diaphragms. These apertures, or orifices, may be simply straight-sided holes through 
a thin plate (or its equivalent), or a converging jirofile may l>c iirovided on the upstream 
side of an orifice in a thicker plate. The orifice plates may lie located at the entrance end 
or the exit end of a duct or as a constrictive passage in the run of a duct or pipe, the loca¬ 


tion being in general one of convenience or expediemry. Provisions are necessary for 
measurement of at least the supiily pressure (Pi) and temperature (7’i) and the pressure 
differential (AP) across the orifice. 

Several unique charactcristicjs pertain to orifice flow. One pertains more directly to 
a smoothly convergent orifice, and relates to the circunistaiKiO that by reason of its con¬ 
vergence such an orificci provides for and effects a full and efficient expansion within its 
confines from the initial pressure down to any pressure that exceeds or equals the critical 
pressure. By the same token, however, it will do no more, with the consequences that: 

(a) If the pressure in the discharge region exceeds (or equals) the critical pressure the 
gas will have expanded io the, discharge-region pressure when it has reached the orifice 
throat, so that the ideal mass-rate of flow is direi^tly computable by equations 30 or 31 
(see also Table VI and/or VH), with P 2 regarded as the discharge-region pressure and 
i42 as the throat-area of the orifice. Rounded orifices may advantageously be employed 
that provide fa(^iiities for direct measurement of P 2 at the throat. 

(b) If the pressure in the discharge region is less than the critical pressure the gas will 
have expanded at th(} orifice throat only to the critical jtressnre, so that the ideal mass-rate 
of flow is to be (jomputed cither by equations 30 or 31 (sec also Tal)le VI), with A 2 regarded 
as the throat area and P 2 as the critical pressure, or preferal>ly it is directly computed by 
equation 32. The persistence of the criticaj pressure at the orifice throat, irrespective of 
the amount by whicrh the discharge-region pressure may be less than the critical, is well 
substantiated by experiment. Subsequent expansion from the critical to the discharge- 
region pressure occurs after passing the throat, quite as in a convergent-divergent nozzle, 
but now in a highly turbulent and irreversible manner because of the absence of a suitably 
divergent guide channel. Flow through orifices to regions at a pressure less than the 
critical is frequently known as unaffected flow, as the flow rate is not affected by the dis¬ 
charge-region pressure. 

With a thin-plate orifice somcw'hat parallel conditions exist. They differ, however, 
in the features that: 


(c) Even in the absence of a convergent channel, the fluid will itself establish and 
issue as a convergent stream and will consequently have expanded efficiently to any 
pressure exceeding or equal to the critical pressure when it has reached the stream-section 
of minimum area, or the vena contracta; but 


(d) The location and area of this vena contracta may be quite variable. Its location 
may range from a distance that is downstream from the orifice by perhaps the diameter 
of the orifice when the pressure differential (AP) is small and the flow rate low, to a location 
virtually in the plane of the orifice at maximum flow rates, thus making uncertain the 
suitable location at which to measure P 2 . Its area may correspondingly range from some 
60 per cent of the orifice area when the flow rate is low' to effectively 100 per cent of the 
orifice area w'hen the flow rate is maximum and the vena contracta is in the orifice plane. 
Actual flow rates through orifices are estimated by multiplying the ideal rate, com- 



FLOW OF GASES THROUGH PIPES 


7-29 


puted in tho manner and by the equations indicated above, by a suitable coefficient of 
discharge. This coefficient may be as high as 0.99 for rounded-entrance orifices and also 
for thin-plate orifices at maximum flow rates, but for the latter orifices at lower rates it 
may be as low as about O.G if in the use of the equations the actual orifice area is used as 
A 2 , rather than the (usually not measurable) stream area at the vena contracia. At quite 
low rates of flow {AP/Pi not much greater than 0.01) some degree of coordination of 
coefficients may be secured for geometrically ftimilar orifices, if installed in geometrically 
similar environs and with geometrically similar locations of the pressure taps, by corre¬ 
lating the coefficient with the Reynolds’ index. 

AVhen metering orifices are employed in circumstances where the velocity of approach 
of tho stream to the orifice is not inherently negligible and a correction for initial velocity 
is necessary, that correction may be made by routine inclusion of the denominator of 
equations 30 or 31, or it may alternatively be made by measuring Pi by means of a suitably 
placed impact tube in the upstream, when the denominator may lie taken as unity. 

Diffuser and Ejector. When a fluid is supplied at a low^er pressure but higher and 
sufficient velocity the corresponding mechanical kinetic lUiiTgy of the stream may be 
caused to effect its delivery against a higher pressure. The process is a dccelerative com¬ 
pression that is the reverse of the accelerative expansion occurring in a nozzle; iis energy 
relation is identical with that of a nozzle excepting as regards a reverse signifu^anco of 
suliscript 1 as pertaining to a supply region now of lower pressure and higher velocity and of 
subscript 2 as pertaining to a discharge region of lower velocity and higher pressure. The 
required channel form is cfTectivcly the reverse of that of a nozzle, or is alternatively that 
of a nozzle through which the direction of flow is reversed, with need simplj' for a divergent 
LoAver (supply) pressure 

(vs. convergent) channel if the 777 -;- 77 .—;-ratio exceeds the cruu^al ratio 

Higher (discharge) pressure 

of the fluid, and a convergent-divergent channel otherwise. Given the pressure, tempera¬ 
ture, and velointy of the entering stream, the relation expressing the discharge pressure 
against which it might be caused to deliver if deceleration were corf tinned to a negligible 


velocity is: 


and 


P 2 . Ideal 


- Pi 


1 

kHi\ 64.34 



kH'l\ 04.34 



knk-\) 

n/(n-l) 


(33) 


where n = the effective P~V exponent of the more or less irreversible adiaViatic compres¬ 
sion process, the value of which exponent will exceed the k of the gas in a 
degree that corresponds to tho degree of turbulence and irreversibility 
associated w4th the flow. 


The jirinciplo of diffuser action is employed in the after-section of the Venturi meter, 
in the impact and Pitot tube (see below), in the delivery sections of centrifugal blow'crs, 
and in ejectors. In this last a Iow(*r-pressure and high-veloifity jet acts to entrain mechan¬ 
ically a second fluid, thereby to wdthdraw it from some region of like pressure and then to 
deliver the mixture by diffuser action to a region of higher pressure, wdth, however, tho 
encountering of high turbulence and rather low efficiency. 

Impact and Pitot Tube. These devices employ primarily a small tube the open end 
of which is squarely across the path of a flowing stream and the other end of which is 
extended to a point outside of the stream and is closed by some suitalile pressure-measuring 
device. The action at the streani-cnd of the tube is a decelerating comiiression of tho 
thread of fluid as it approaches among the (extended) axis of the open tube, essentially 
equivalent to that action as it occurs in a diffuser. Tho velocity of that stream thread is 
directly computalde by equation 29 without denominai^f or its equivalent (Table VII), 
Pj lieing the impact pre.s.sure measured as indicated above and P<i the static pressure of the 
region in which the fluid is flowing as measured wholly without impact effect. The Pitot 
tube provides facilities for both measurements by a single instrument consisting of two 
concentric tuVies, with impact pressure imposed on the open end of the center one and the 
static pressure transmitted to the interior of the outer tube by small flush openings in its 
W'alls. The value of Ti is that taken with a thermometer which likewise is exposed to 
impact effect. 

The impact or Pitot tube determines only a point velocity, whereas the mass or volu¬ 
metric rate of flow in a stream depends on an average velocity. For ascertaining an 
average a conventional procedure is to take an arithmetical mean of a series of velocity 
dotemiinations made at a number of points so located that the velocity at each individual 
one is reasonably representative of the mean velocity in one of the same nimiVier of equal 
subdivisions of the aggregate cross-secuona) area of the stream. For a circular stream 

r—19 



7-30 


ENGINEEKING THERMODYNAMICS 


or duct a schedule that reasonably accomplishes this specifies locations taken at points 
along one or more diameters, and along each at radial distances on each side of the center 
line of the stream as follows: 

ri = Ry/ 1/n, r 2 = Ry/S/n, rz = R^bjn, rn /2 = (n — l)/n 
where R ~ radius of stream, and n = total number of locations to be employed in tra¬ 
versing a diameter, with n/2 locations on each side of the center line. An alternative 
procedure permits tube locations at any desired points along a diameter and ascertains 
the mean velocity by finding the mean ordinate of a curve plotted with individual veloc¬ 
ities as ordinates and with the square of the corresponding radial distances of the tube 
from the center line as abscissas, the curve extending to the square of the stream or duct 
radius. 


14. COMPRESSION OF GASES IN COMPRESSORS 

A compressor is actually or in effect a steady-flow device. From the steady-flow 
energy equation, 

r /,2 __ 7/ 2 

TTin, ft-lb per lb of fluid = ——- - + Jc^ {T^ - TO + JQont 


or 


64.34 
W - U 




{P, V2 - Pi Vi) + JQom 


64.34 ' k - 1 

where the subscripts 1 and 2 refer to conditions respectively at the intake and the dis¬ 
charge regions of the compressor. Under most conditions of compressor operation any 
energy transition by conduction or radiation (as heat) is an outward one; therefore the 
term Qout is introduced in these relations. Work energy is always put into the cycle, so 
the term IFin is also introduced. 

Isothermal Compression. Using the characteristic equation of state of a gas, 
PV ^ RT, and considering the process as reversible isothermal, 

f/gC _ 

reversible isothermal compression, ft-lb per lb = — Trrrr. - h J^Ti logg — 

64.34 Pi 

, P2 

or =-504- + ^‘^‘‘°®‘p7 

For cases where the kinetic energy term can be omitted the equations liecome, 

Pi 

F^lni reversible isothermal compression, ft-lb per lb = Pi Ui loge -- 


- RTi loge 


Pi — Pi 

If---does not exceed 0.01, 


Pi 


TT.i _ TT.i 

Wio (ideal) = + (P, 


Pi)Yi 


64.34 

which is the usual equation for low-pressure fan performance. 

The power requirement for isothermal compression is 

„ . . . • M'P, ioK^ Pi/Pi Pi Y'l loK. Pj/P, 

Hp input, reversible isothermal compression = -—- = - —■—■ 

i>Ol) doO 

M'RTi loge Pi/Pl 
=-550- 

P2 — Pi 

When —;;;-does not exceed 0.01, 


Hp input 


_ M'l (Pi - Pi) Vi 4 - W - Ui^)/64.34] 


550 


In these relations, 

Jlf' = pounds of gas delivered per second. 

JIf' Vi “ F'l = volume of gas, in cubic feet per second, at the state under which it exists 
in the region from which the compressor suction is taken. 

Adiabatic Compression, Sincdc Stage. The work required for single-stage adiabatic 
compression, 

Win, reversible adiabatic compression, ft-lb per lb = Jcp Ti — l] 

or = - 1 ] 
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The power required 

„ . , • M'Jcp - 1 ] 

Hp input, reversible adiabatic compression =- ^ -—- 

5o() 

PiV\ [(fi/P:)'*-"''* - 1] 

or —- 


Po — Pi 

When -does not exceed 0.10, 

Pi 


550 


Pi 

WiB. reversible adiabatic compression, ft-lb per lb — RTi ( 1 — — ^ - 7 , — ) 

Pi \ 2A; Pi / 

P2-Px(^ I Pi -Pi 


or 
Also, 


Hp input, reversible adiabatic compression = ^ 


~ 2k Pi 




550 

r.( P 2 -P 2 )(i-^^-) 

550 

— ^ does not exceed 0 . 01 , the last term in the expression (I -— ^ 

Pi \ 2k Pi / 

becomes negligible. 

Adiabatic Compression, Multistage with Complete Recooling between Stages. 

H’in. ideal two-stage iscntropic compression = 2Jcp Ti — 1] 

== - ?!l^ P. V, r^'P„/P.^<*“0/2A _ ,1 


When 


Where, with N stages of compression, the intermediate pn^ssures follow the schedule: 
p' = [(Pi)^^-‘>(P2)1‘/^; P" = [(Pi)^‘’^--^(P2)2]'/^; 

p'" r= l(Pi)<^-'\p-2)’l'/^; . . . ; P^-^ = [(Pl)(P2)^^“‘^]'/^ 
the corresponding ininimuin work requirement for the entire compressor is 
Win = NJcp - 1] 

or = Px Vi [(Px/Pi) »- _ 1 ] 


LIQUIDS AND VAPORS 

Symbols 

' / = a subscript attached to any property of a saturated liquid, 
g = a subscript attached to any property of a (dry) saturated vapor. 
fg — a. subscript employed to designate the change of any property between the saturated 
liquid and saturated vapor states, at constant pressure. 

E =: molecular (internal) energy, Btu per pound. 

H — enthalpy (E -f- PV/J), Btu per pound. 

J = Joule’s equivalent ( = 778 ft~lb per Btu). 

/j = pressure, pounds per square inch (absolute). 

P = pressure, pounds per square foot (absolute). 

Q — energy transferred as heat (by conduction or radiation), Btu per pound. 

-S' = entropy, per pound. 
t = temperature, degrees fahrenheit. 

T = temperature, degrees Rankiiio (fahrenheit absolute). 

V = velocity, feet per second. 

V = specific volume, cubic feet per pound mass. 

W = shaft work, foot-pounds per pound mass. 

a* = quality of a vapor-liquid mixture; also a subscript to any property to characterize 
it as that of a vapor-liguid mixture. 
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16. PHYSICAL CONDITIONS 

A liquid and its vapor may exist in several conditions defined as follows: 

(a) Saturated Liquid. If heat is fidded to a liquid which is maintained at a certain 
constant pressure, the liquid will not boil until a certain temperature is reached. This 
temperature is called the saturation tenif>erature corresponding to the pressure on the 
liquid, and the liquid which is at the saturated temperature is cialled saturated liquid. 

(b) Compressed Liquid is li(iuid at a temperature less than the saturation temperature 
corresponding to the i)ressurc, or conversely it is liquid having an impo.sed pressure 
greater than the saturation pressure corresponding to the temperature of the liquid. 

(c) Saturated Vapor is the dry vapor at the saturation temperature corresponding to 
the pressure. It is the vapor at the temperature and pressure of ^h.- saturated liquid from 
which it is formed. The saturated state represents an equilibrium condition l)ctwcen a 
liquid and its vapor. 

(d) Wet Vapor is a physical mixture of saturated vapor and saturated liquid; the 
ratio between the mass of vapor and the mass of the mixture is known as the quality of 
the mixture, and is represented by the symijol x. 

(e) Superheated Vapor is the state in w'hich vapor is not in contact w'i th the liquid and its 
temperature is above the saturated temperature corresponding to the pressure, the excess 
of temperature being known as the degrees of superheat. 

16. PROPERTIES OF LIQUIDS AND VAPORS 

The properties of iiry.ids and vapors A/hieh are of use in engineering computations are 
pressure, temperature, {:p(;v,ific volume, entropy, enthalpy, and internal energy. It 
Iwcoiacs necessary to be aljlc to obtain the numerical values of these profiertios for fluids 
in any of the conditions (lescril)ed abov(^. For gases the relations among the sevenil 
'^^opertic8 arc given by relatively 8im[)le riathcTnatical formulations known tis character¬ 
istic eciuations, co that tallies of properties are not required. For liquids and vapors, 
however, th(i characteristic C(iuaiions are found to lie entirely too complex in form for 
direct use in practical work. As a conse<iueiico it is the custom of the engineer to depend 
upon the jihysicist for the primary experimental detemiinations of the functional relations 
and to use for practical (lomputat.iona tabular statements of the properties of the licjuids 
and vapors at a great variety of states. 

Among the engineering fluids for •w'hich adequately complete and relialile tables of 
properties are availabh* an* steam and the refrigerants ammonia (NH.i) and c,arbor, dioxide 
(COa); less complete tables exist for a number of other vapors, 'rhesc tal)les are usually 
drawn up in sections which give separately the properties of saturated liciuid and vapor 
and of superheated vapor, those gen<*rally being arranged variously witli pressure or tein- 
jierature or perhaps entropy as the major argurnont. An abridgment of the latest Ameri¬ 
can tallies of the properties of steam appears on pp. 7-33 to 7-39. The sj inbols are tliose 
which at this writing are accepted as standard and which are used throughout this section. 
It w’ill be oy).served that the 8ubs(Tipts/ and a* are used to denote properti(>s at the saturated 
liquid state and at the saturated vajior state respectively, and that the subscript/^* denottjs 
the (^Inuigo of a property liotwet'ii the same two states. The iiropertios given in the col¬ 
umns of Talile I are liriofly described as follow's: 

Columns 1 and 2 state the saturation pressure of wat<*r and steam corresponding to 
the temperature. The published tables always present for convenience two tabulations 
identi(^al in form extnqit that one enifiloys even units of the pressure as the major argument 
and the other even degrees of temperature. The pressures are invarialily absolute pre.s- 
surcs, in pounds per square inch, and not gage pressures. The temperatures are degrees 
Fahrenheit. 

Columns 3, 4, and 5 give, respectively, the specific volume of saturated water, the 
increase of specific volume during evaporation, and the specific volume of (dry) saturated 
steam. 

Column 6 records the enthalpy (formerly called total hea,t or heat content) of saturated 
water with respect to an arbitrarily assigned zero of enthalpy for saturated water at 
32 deg fahr (and 0.0SS7 lb per sq in.). As the PV 'J item in the enthalpy function, 
E + PV/J, is only 0.00020 Htu per lb for saturated water at 32 deg fahr, it follows that 
t-he placing of a zero enthalpy at that temperature is essentially equivalent to regarding 
the internal energy of water at 32 deg fahr as also relatively zero. 

Column 7 records the increase of enthalpy during evaporation and thus in fact the 
energy supply per pound (normally supplied as heat) which is required to accomplish the 
evaporation. 
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Table I. Saturated Steam: Pressure Table* 


Abs. 
Press., 
|b/s<t iii. 

Temp. 

op . 

/ 

j Specific Volume 

Enthalpy 

Entropy 

Abs. 
Press., 
lb sq in. 

P 

Sat. 

Taquid 

Vf 

Evap. 

Vfs 

Sat. 

Vanor 

Sat. 

Liquid 

1 Evap. 

: iha 

Sat. 

Vapor 

Sat. 

Li(iuia 

Sf 

Evap. 

Sat. 
Vapor , 

1/2^' Hg 

58.83 

0.01603 

1256.9 

1256.9 

26.88 

1058.8 

1085.7 

0.0533 

2.0422 

2.0955 

1 / 2 " Hg 

3/r Hg 

70.44 

0.01605 

856.5 

856.5 

38.47 

1052.5 

1091.0 

0.0754 

1.9856 

2.0609 

3 / 4 " Hg 

V' Hg 

79.06 

0.01607 

652.7 

652.7 

47.06 

1047.8 

1094.9 

0.0914 

1.9451 

2.0365 

1 " Hg 

11/2" Hg 

91.75 

0.01610 

445.3 

445.3 

59.72 

1040.8 

1100.6 

0.1147 

1.8877 

2.0024 

1 1 / 2 " Hg 

2 " Hg 

101.17 

0.01613 

339.5 

339.5 

69.10 

1035.7 

1104.8 

0.1316 

1.8468 

1.9784 

2 " Hg 

21 / 2 " Hg 

108.73 

0.01616 

275.2 

275.2 

76.63 

1031.5 

1108.1 

0.1430 

1.8148 

1.9598 

2 1 / 2 " Hg 

3" Hg 

115.08 

0.01616 

231.8 

231.8 

82.96 

1027.9 

1110.8 

0. 15611 

1.7885 

1,9446 

S"Hg 

1 0 

101.76 

0.01614 

333.8 

333.9 

69.69 

1035.3 

1105.0 

0.1326! 

1.8442 

1.9769 

1.0 

2.0 

126.10 

0.01623 

173.94 

173.96 

93.97i 

1021.6 

1115.6 

0.1750 

1.7442 

1.9192 

2.0 

3.0 

141.49 

0.01630 

118.84 

118.86 

109.33 

1012.7i 

1122.0 

0.2009 

1.6847 

1.8856 

3.0 

4.0 

152.99 

0.01636 

90.72 

90.74 

120.83 

1005.9 

1126.3 

0.2198 

1.6420 

1.8616 


5.0 

162.25 

0.01641 

73.59 

73.61 ' 

130.10 

1000 . 4 ' 

1130.6 

0.2348* 

1.6088 

1.8435 

6.0 

6.0 

170.07 

0.01645 

62.03 

62.05 

137.92 

995.81 

1133.7 

0.2473 

1.5814 

1.8287 

6.0 

7.0 

176.85 

0.01649 

53.68 

53.70 

144.71 

991.71 

1136.4 

0.2580 

1.5582 

1.8162 

7 0 

8.0 

182.87 

0.01652 

47.38 

47.39 

150.75 

988. 1] 

1138.9 

0.2674 

1.5379 

I.8053 

8.0 

9.0 

188.28 

0.01656 

42.42 

42.44 

136.19 

984.8 

1141.0 

0.2758 

1.5200 

I.7958 

9.0 

10.0 

193.21 

0.01658 

38.44 

38.45 

161.13 

981.8 

1143.0 

0.2834* 

1.5040 

I.7874 

10.0 

11.0 

197.75 

0.01661 

35. 15 

35.17 

165.68 

979. 1 

1144.8 

0.2903 

1.4894 

1.7797 

11.0 

12.0 

201.96 

0.01664 

32.40 

32.42 

169.91 

976.5 

1146.4 

0.2968 

1.4760 

1.7727 

12.0 

13.0 

205.88 

0.01666 

30.06 

30.08 

173.85 

974. 1 

1147.9 

0.3027 

1.4636 

1.7663 

13.0 

14.0 

209.56 

0.01669 

28.05 

28.06 

177.53 

971.8 

1149.3 

0.3082 

1.4521 

1.7604 

14.0 

14.696 

212.00 

0.01670 

26.80 j 

26.82 

180.00 

970.2 

1150.2 

0.3119 

1.4446 

1.7564 

14.696 

16.0 

216.32 

0.01673 

24.75 

24.76 

184.35 

967 4 

1151.8 

0.3184 

1 4312 

1.7496 

16.0 

18.0 

222.40 

0.01678 

22.16 

22. 18 

190.48 

963.5 

1154.0 

0.3274 

1,4127 

1,7402 

18.0 

20.0 

227.96 

0.01682 

20.078 

20.095 

196.09 

959.9 

1156.0 

0.3356 

1.3960 

1.7317 

20.0 

22.0 

233.07 

0.01685 

18.3631 

18.380 

201.25 

956.6 

1157.8 

0.3431 

i.3809 

1.7240 

22.0 

24.0 

237.82 

0.01689 

16.924 

16.941 

206.05 

953.4 

1159.5 

0.3500 

1.3670 

1.7170 

24 0 

26.0 

242.25 

0.01692 

15.701 

15.718 

210.54 

950.4 

1161.0 

0.3564 

1.3542 

1.7106 

26.0 

28.0 

246.41 

0.01695 

14.647 

14.664 

214.75 

947.7 

1)62.4 

0.3624 

1.3422 

1.7046 

28.0 

30.0 

250.34 

0.01698 

13.728 

13.745 

218.73 

945.0 

1163.7 

0.3680 

1.3310 

1.6990 

80.0 

32.0 

254.05 

0.0170! 

12.923 

12.940 

222.50 

942.5 

1165.0 

0.3732 

1.32061 

1.6938 

32.0 

34.0 

257.58 

0.01704 

12.209 

12.226 

226.09 

940.0 

1166.1 

0.3783 

1.3107 

1.6890 

34.0 

36.0 

260.94 

0,01707 

11.570 

11.587 

229.51 

937.7 

1167.2 

0,3830 

1.3014 

1.6844 

86.0 

38.0 

264.16 

0.01710 

10.998 

11.015 

232.79 

935,5 

1168.3 

0.3876 

1.2925 

I.6800 

88.0 

40.0 

267.24 

0.01712 

10,480 

10.497 

235.93 

933.3 

1169.2 

0.3919 

1.2840 

1.6759 

40.0 

42.0 

270.21 

0.01715 

10.010 

10.027 

238.95 

931.2 

1170.2 

0.3961 

1.2759 

1.6720 

42.0 

44.0 

273.06 

0.01717 

9.582 

9.599 

1241.86 

929.2 

1171.1 

0.4000 

1.2682 

1.6683 

44.0 

46.0 

275.81 

0.01719 

1 9.189 

9.207 

i 244.67 

927.2 

1171.9 

0.4039 

1.2608 

1,6647 

46.0 

48.0 

278.45 

0.01722 

8.829 

8.846 

247.37 

925.4 

1 

1172.7 

0.4076 

1.2537 

1.6613 

48.0 

60.0 

281.01 

0.01724 

8.496 

8.514 

249.98 

923.5 

1)73.5 

0.4111 

1.2469 

1.6580 

60.0 

52.0 

283.49 

0.01726 

8. 189 

8.206 

252.52 

921.7 

1174.3 

0.4145 

1.2404 

1.6549 

62.0 

54.0 

285.90 

0.01728 

7.902 

7.919 

I254.99 

920.0 

1175.0 

0.4178 

1.2340 

1.651G 

64.0 

56.0 

288.23 

0.01730 

7,636 

7.653 

1257.38 

918.3 

1173.7 

0.4210 

1.2279 

1.6489 

66.0 

68.0 

290.50 

0.01732 

7.388 

7.405 

259.71 

916.6 

1176.4! 

0.4241 

1.2220 

1.6461 

68.0 

60.0 

292.71 

[0.01735 

7.155 

7.172 

261.98 

915.0 

1177.0 

0.4271 

1.2)62 

1.6434 

60.0 

62.0 

294.85 

0.01737 

6.937 

6.955 

264.18 

913.4 

1177.6 

0.4300 

1.2107 

1.6407 

62.0 

64.0 

296.94 

0.01739 

6.732 

6.749 

266.33 

911.9 

1178.2 

0.4329 

1.2053 

1,6382 

64.0 

66.0 

298.98 

0.01741 

6.539 

6.556 

268.43 

910.4 

I178.8 

0.4356 

1.2001 

1.6357 

66.0 

68.0 

300.98 

0.01743 

6.357 

6.375 

270.49 

908.9 

1179.4 

0.4384 

1.1950 

I.6333 

68.0 

70.0 

302.92 

0.01744 

6.186 

6.203 

272.49 

907.4 

1179.9 

0.4410 

I.1900 

1.6310 

70.0 

72.0 

304.82 

0.01746 

6.024 

6.041 

274.45 

906.0 

1180.5 

0.4435 

1.1852 

1.6287 

72.0 

74.0 

306.68 

0.01748 

5.870 

5.887 

276.37 

904.6 

1181.0 

0.4460 

1.1805 

1.6265 

74.0 

76.0 

308,50 

0.01750 

5.723 

5.741 

278.25 

903.2 

1181.5 

0.4485 

1.1759 

1.6244 

76.0 

78.0 

310.28 

0.01752 

5,584 

5.602 

280.09 

901.9 

1182.0 

10.4509 

1.1714 

1.6223 

78.0 

80.0 

312,03 

0.01754 

5.452 

5.470 

281.90 

900.5 

1182.4 

0.4532 

1.1670 

1.6202 

80.0 

82.0 

313.74 

0.01756 

5.325 

5.343 

283.67 

899.2 

1182.9 

0.4555 

1.1627 

1.6182 

82.0 

84.0 

315,42 

0.01757 

5.204 

5.222 

285.42 

397.9 

1183.4 

0.4578 

1.1586 

1.6163 

84.0 

86.0 

317.06 

0.01759 

5.089 

1 5.107 

287.13 

396.7 

1183.8 

0.4599 

1.1545 

1.6144 

86.0 

88.0 

318.68 

0.01761 

4.979 

4.997 

288.80 

895.4 

1184.2 

0.4621 

1.1505 

1.6126 

88.0 

90 0 

320.27 

0.01763 

4.874 

4.892 

290.45 

894.2 

1184.6 

0.4642 

1.1465 

1.6107 

90.0 

92.0 

321,83 

0.01764 

4.773 

4.791 

292,07 

R93.0 

1185.0 

0.4063 

1.1427 

1.6090 

92.0 

94.0 

323.37 

0.01766 

4.676 

4.694 

293.67 

891.8 

1185.4 

0.46G3 

1.1389 

1.6072 

94.0 

96.0 

324.88 

0,01768 

4.584 

4.602 

295.25 

890.6 

11C5.8 

0.4703 

1.1352 

1.6055 

96.0 

98 0 

326.37 

0.01769 

4.494 

4.512 

296.80 

889.4 

1180.2 

0.4723 

1.1316 

1.6038 

98.0 


* Reprinted from the Abridged Edition of Steam Tables and Mollier Diagram, by Profesflor 
J. 11. Keenan, 1931, by permission of the publisher, The American Society of Mechanical 
Engineers. 
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Table I. Saturated Steam: Pressure Table *—Continued 


Abe. 


Specific Volume 

Enthalpy 

Entropy | 

Abs. 









Sat. 

Liquid 


Sat. 

Vapor 

Press., 

Ib/sq in. 


Sat. 

liquid 

Evap, 

Sat. 

Vapor 

Sat. 

Liquid 

Evap. 

Sat. 

Vapor 

Evap. 

Ib/sqin. 

P 

t 

Vf 

y/e 



rifi 


Sf, 



P 

100.0 

327.83 

0.01771 

4.408 

4.426 

298.33 

888.2 

1186.6 

0.4742 

1.1280 

1.6022 

100.0 

lOS.O 

329.27 

0.01773 

4.326 

4.344 

299.83 

887. 1 

1186.9 

0.4761 

1.1245 

1.6006 

103.0 

104.0 

330.68 

0.01774 

4.247 

4.265 

301.30 

886.0 

1187.3 

0.4779 

1.1211 

1.5990 

104.0 

106.0 

332.08 

0.01776 

4.171 

4. 189 

302.76 

884.9 

1187.6 

0.4798 

1.1177 

1.5974 

106.0 

108.0 

333.44 

0.01777 

4.097 

4. 115 

304.19 

883.8 

1188.0 

0.48)6 

1.1144 

1.5959 

108.0 

110.0 

334.79 

0.01779 

4.026 

4.044 

305.61 

882.7 

1188.3 

0.4834 

1.1111 

1.5944 

110.0 

iia.o 

336.12 

0.01780 

3.958 

3.976 

307.00 

881.6 

1188.6 

0.4851 

1.1079 

1.5930 

112.0 

114.0 


0.01782 

3.892 

3.910 

308.36 

880.6 

1188.9 

0.4868 

1.1048 

1.5915 

114.0 

116.0 

338.72 

0.01783 

3.828 

3.846 

309.71 

879.5 

1189.2 

0.4885 

1.10)7 

1.5901 

116.0 

118.0 

340.01 

0.01785 

3.766 

3.784 

311.05 

878.5 

1189.5 

0.4901 

1.0986 

1.5887 

118.0 

180.0 

341.26 

0.01786 

3.707 

3.725 

312.37 

877.4 

1189.8 

0.4918 

1.0956 

1.5874 

120.0 

188.0 

342.50 

0.01788 

3.652 

3.670 

313.67 

876.4 

1190.1 

0.4934 

1.0926 

1.5860 

122.0 

184.0 

343.73 

0.01789 

3.597 

3.615 

314.96 

875.4 

1190.4 

0.4950 

1.0897 

1.5847 

124.0 

186.0 

344.94 

0.01791 

3.542 

3.560 

316.23 

874.4 

1190.6 

0.4965 

1.0868 

1.5834 

126.0 

188.0 

346.14 

0.01792 

3.487 

3.505 

317.49 

873.4 

1190.9 

0.4981 

1.0840 

1.5821 

128.0 

180.0 

347.31 

0.01794 

3.433 

3.451 

318.73 

872.4 

1191.2 

0.4996 

1.0812 

1.5808 

130.0 

188.0 

348.48 

0.01795 

3.383 

3.401 

319.95 

871.5 

1191.4 

0.5011 

1.07^ 

1.5796 

132.0 

184.0 

349.64 

0.01796 

3.335 

3.353 

321.17 

870.5 

1191.7 

0.5026 

1.0757 

1.5783 

134.0 

186.0 

350.78 

0.01798 

3.288 

3.306 

322.37 

869.6 

1191.9 

0.5041 

1.0730 

1.5771 

136.0 

188.0 

351.91 

0.01799 

3.242 

3.260 

323.56 

868.6 

1192.2 

0.5056 

1.0703 

1.5759 

138.0 

140.0 

353.03 

0.01801 

3.198 

3.216 

324.74 

867.7 

1192.4 

0.5070 

1.0677 

1.5747 1 

140 0 

148.0 

354.14 

0.01802 

3.155 

3.173 

325.91 

866.7 

1192.6 

0.5084 

1.0651 

1.5735 

142.0 

lU.O 

355.22 

0.01804 

3.112 

3.130 

327.06 

865.8 

1192.9 

0.5098 

1.0625 

1.5724 

144.0 

146.0 

356.31 

0.01805 

3.071 

3.089 

328.20 

864.9 

1193. 1 

0.5112 

1.0600 

1.5712 

146.0 

148.0 

357.37 

0.01806 

3.031 

3.049 

329.32 

864.0 

1193.3 

0.5126 

1.0575 

1.5701 

148.0 

150.0 

358.43 

0.01808 

2.992 

3.010 

330.44 

663.1 

1193.5 

0.5140 

1.0550 

1.5690 

160.0 

188.0 

359.47 

0.0)809 

2.954 

2.972 

331.54 

862.2 

1193.7 

0.5153 

1.0526 

1.5679 

162.0 

164.0 

360.51 

0.018)0 

2.917 

2.935 

332.64 

861.3 

1193.9 

0.5166 

1.0502 

1.5668 

164.0 

166.0 

361,53 

0.0)812 

2.882 

2.900 

333.72 

860.4 

1194. 1 

0.5180 

1.0478 

1.5658 

166.0 

168.0 

362.54 

0.01813 

2.846 

2.864 

334.80 

859.5 

1194.3 

0.5193 

1.0454 

1.5647 

168.0 

160.0 

363.55 

0 01814 

2.812 

2.830 

335.86 

858.7 

1194.5 

0.5205 

1.0431 

1.5636 

160.0 

168.0 

364.54 

0 01816 

2.779 

2.797 

336.91 

857.8 

1194.7 

0.5218 

1.0408 

1.5626 

162.0 

164.0 

365.52 

0 01817 

2.746 

2.764 

337.95 

857.0 

1194.9 

0.5230 

1.0385 

1.5616 

164.0 

166.0 

366.50 

0 01818 

2.715 

2.733 

338.99 

856.1 

1195. 1 

0.5243 

1.0363 

1.5606 

166.0 

168.0 

367.46 

0.01819 

2.683 

2.701 

340.01 

855.2 

1195.3 

0.5255 

1.0340 

1.5596 

168.0 

170.0 

368.42 

0.01821 

2.653 

2.671 

341.03 

854.4 

1195.4 

0,5268 

1.0318 

1.5586 

170.0 

178.0 

369.37 

0.01822 

2.623 

2.641 

342.04 

853.6 

1195.6 

0.5280 

1.0296 

1.5576 

172.0 

174.0 

370.31 

0.01823 

2.594 

2.612 

343.04 

852.7 

1195.8 

0.5292 

1.0275 

1.5566 

174.0 

176.0 

371.24 

0.01825 

2,566 

2.584 

344.03 

851.9 

1196.0 

0.5304 

1.0253 

1.5557 

176.0 

178.0 

372.16 

0.01826 

2.538 

2.556 

345.01 

851.1 

1196. 1 

0.5315 

1.0232 

1.5548 

178.0 

180.0 

373.08 

0.01827 

2.511 

2.529 

345.99 

850.3 

1196.3 

0.5327 

1.0211 

1.5538 

180.0 

188.0 

374.00 

0.01828 

2.484 

2.502 

346.97 

849.5 

1196.4 

0.5339 

1.0190 

1.5529 

188.0 

184.0 

374.90 

0.01829 

2.458 

2.476 

347.94 

648.6 

1)96.6 

0.5350 

1.0169 

1.5520 

184.0 

186.0 

375.78 

0.01831 

2.433 

2.451 

348.89 

847.9 

1196.8 

0.5362 

1.0149 

1.5511 

186.0 

188.0 

376.07 

0.01832 

2.407 

2.425 

349.83 

847.1 

1196.9 

0.5373 

1.0129 

1.5502 

188.0 

190.0 

377.55 

0.01833 

2.383 

2.401 

350.77 

846.3 

1197.0 

0.5384 

1.0109 

1.5493 

190.0 

198.0 

378.42 

0.01834 

2.359 

2.377 

351.70 

845.5 

1197.2 

0.5395 

1.0089 

1.5484 

192.0 

194.0 

379.27 

0.01835 

2.335 

2.353 

352.61 

844.7 

1197.3 

0.5406 

1.0070 

1.5475 

194.0 

196.0 

380.13 

0.01837 

2.312 

2.330 

353.53 

844.0 

1197.5 

0.5417 

1.0050 

1.5467 

196.0 

198.0 

380.97 

0.01838 

2.289 

2.307 

354.43 

843.2 

1197.6 

0.5427 

I.0031 

1.5458 

198.0 

800.0 

381.82 

0 01839 

2.267 

2.285 

355.33 

842.4 

1197.8 

0.5438 

1.0012 

1.5450 

200.0 

806.0 

383.89 

0 01842 

2.213 

2.231 

357.56 

840.5 

1198. 1 

0.5465 

0.9964 

1.5429 

206.0 

810.0 

385.93 

0.01844 

2 . 162 

2.180 

359.76 

838.6 

1198.4 

0.5491 

0.9918 

1.5409 

210.0 

818.0 

387.93 

0.01847 

2. 113 

2.131 

361.91 

836.8 

1198.7 

0.5516 

0.9873 

1.5389 

216.0 

880.0 

389.89 

0.01850 

2.066 

2.084 

364.02 

835.0 

1199.0 

0.5540 

0.9829 

1.5369 

220.0 

886.0 

391.81 

0.01853 

2.0208 

2.0393 

366.10 

833.2 

1199.3 

0.5565 

0.9786 

1.5350 

286.0 

830.0 

393.70 

0.0)856 

1.9778 

1.9964 

368.14 

831.4 

1199.6 

0.5588 

0.9743 

1.5332 

230.0 

836.0 

395.56 

0.01859 

1.9367 

1.9553 

370.15 

829.7 

1199.8 

0.5612 

0.9702 

1.5313 

236.0 

840.0 

397.40 

0.01861 

1.8970 

1.9156 

372.13 

827.9 

1200.1 

0.5635 

0.9661 

1.5295 

240.0 

846.0 

399.20 

0.01864 

1.6589 

1.8775 

374.09 

826.2 

1200.3 

0.5658 

0.9620 

1.5278 

846.0 

860.0 

400.97 

0.01867 

1.8223 

1.8410 

376.02 

824.5 

1200.5 

0.5680 

0.9581 

1.5261 

260.0 

860.0 

404.43 

0.01872 

1.7536 

1.7723 

379.78 

821.2 

1201.0 

0.5723 

0 9504 

1.5227 

260.0 

870.0 

407.79 

0.01877 

1.6895 

1.7083 

383.44 

818.0 

1201.4 

0.5765 

0.9430 

1.5194 

870.0 

880.0 

4)1.06 

0.01882 

1.6302 

1.6490 

387.02 

814.7 

1201.8 

0.5805 

0.9357 

1.5163 

280.0 

890.0 

414.24 

0.01687 

1.5745 

1.5934 

390.50 

811.6 

1202.1 

0.5845 

0 9287 

1.5132 

890.0 


♦ Rraritited from the Abridged Edition of St«am Tables and Mollier Diagram, by Professor 
J. H. Keenan, 1931, by permission of the publisher, The American Society of Mechanical 
Engineers. 
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Table 1. Saturated Steam: Pressure Table *—Continued 


Abs. 


Specific Volume j 

Enthalpy 

Entropy 

Abs. 

Press., 

Ib/sqin. 

Press., 
Ib/sq in. 

op 

Sat. 

Liquid 

Evap. 

Sat. 

Vapor 

Sat. 

Liquid 

Evap. 

Sat. 

Vapor 

Sat. 

Liquid 

Evap. 

Sat. 

Vapor 

V 

i 

yf 

VjR 

Vg 



//fi 

-sv 

Sfg 

Sg 

P 

300.0 

4iy.33 

0.01892 

1.5225 

1.5414 

393.90 

808.5 

1202.4 

0.5883 

0 9220 

1.5102 

800.0 

320.0 

423.29 

0.01901 

1.4279 

1.4469 

400.47 

802.5 

1203.0 

0.5957 

0.9089 

1.5046 

380.0 

340.0 

428 96 

0 01910 

1.3439 

1.3630 

406.75 

796.6 

1203.4 

0.6027 

0 8965 

1.4992 

340.0 

360.0 

434.^ 

0.01918 

1.2669 

1.2881 

412.80 

790.9 

1203.7 

0.6094 

0.8846 

1.4940 

360.0 

380.0 

439.59 

0.01927 

1.2015 

1.2208 

418.61 

785.3 

1203.9 

0.6157 

0.8733 

1.4891 

880.0 

400.0 

444.58 

0.0194 

1.1407 

1.1601 

424.2 

779.8 

1204.1 

0.6218 

0.8625 

1.4843 

400.0 

420.0 

449.38 

0.0194 

1.0853 

1.1047 

429.6 

774.5 

1204.1 

0.6277 

0 8520 

1.4798 

480.0 

440 0 

454.01 

0.0195 

1.0345 

1.0540 

434.8 

769.3 

1204.1 

0.6334 

0.8420 

1.4753 

440.0 

460.0 

458.48 

0.0196 

0.9881 

1 0077 

439.9 

764.1 

1204 0 

0.6388 

0.8322 

1.4711 

460.0 

480.0 

462.80 

0.0197 

0.9456 

0.9653 

444.9 

759.0 

1203.9 

0.6441 

0.8228 

1.4670 

480.0 

500.0 

466.99 

0.0198 

0.9063 

0.9261 

449.7 

754.0 

1203.7 

0.6493 

0.8137 

1.4630 

500.0 

620 0 

471.05 

0 0198 

0.8701 

0.8899 

454.4 

749.0 

1203.5 

0.6543 

0.8048 

1.4591 

580.0 

540.0 

474.99 

0.0199 

0.8363 

0 8562 

459.0 

744 1 

1203 2 

0.6592 

0 7962 

1.4554 

640.0 

560.0 

478.82 

0.0200 

0.8047 

0.8247 

463.6 

739.3 

1202.9 

0. 6639 

0,7878 

1.4517 

560.0 

580.0 

482.55 

0.0201 

0.7751 

j 0.7952 

468.0 

734.5 

1202.5 

0.6686 

0.7796 

1.4482 

680.0 

600.0 

486.17 

0 0202 

0.7475 

0 7677 

472.3 

729 8 

1202 1 

0 6731 

0 7716 

1.4447 

600.0 

620.0 

! 489.71 

0.0202 

0.7217 

0.7419 

476.6 

725.1 

1201,7 

0.6775 

0. 7638 

1.4413 

680.0 

640.0 

493. 16 

0.0203 

0.6972 

0 7175 

480.8 

720.5 

1201.2 

0.6B18 

0.7562 

1.4380 

640.0 

660 0 

496.53 

0.0204 

0.6744 

0 6948 

484.9 

715.9 

1200.8 

0.6861 

0.7487 

1.4348 

660.0 

680.0 

499.82 

0.0205 

0.6527 

0.6732 

488.9 

711.3 

1200 2 

0.6902 

0.7414 

1.4316 

680.0 

700.0 

503.04 

0 0206 

0.6321 

0.6527 

492.9 

706.8 

1199.7 

0.6943 

0.7342 

1.4285 

700 0 

720.0 

506.19 

0.0206 

0.6128 

0.6334 

496.8 

702.4 

1199.2 

0 6983 

0.7272 

1.4255 

780.0 

740.0 

509.28 

0.0207 

0.5944 

0.6151 

i 500.6 

697.9 

1198.6 

0.7022 

0,7203 

1.4225 

740.0 

760.0 

512.30 

0 0208 

0.5769 

0.5977 

1 504.4 

693 5 

1198.0 

0 7060 

0.7136 

1.4196 

760.0 

780.0 

515.27 

0.0209 

0.5602 

0.5811 

508.2 

689.2 

1197.4 

0.7098 

0 7069 

1 4167 

780.0 

800.0 

518.18 

0.0209 

0.5444 

0.5653 

511.8 

684.9 

1196.7 

0.7135 

0 7004 

1 4139 

800.0 

820 0 

521.03 

0 0210 

0 5293 

0 5503 

515.5 

680.6 

1196.0 

0.7171 

0.6940 

1.4111 

880.0 

840.0 

523.83 

0.0211 

0.5149 

0.5360 

519.0 

676.4 

1195.4 

0.7207 

0.6877 

1.4084 

840.0 

860.0 

526.58 

0.0212 

0.5013 

0.5225 

522.6 

672.1 

1194.7 

0.7242 

0.6813 

1.4057 

860.0 

880.0 

529.29 

0.0213 

0.4881 

0.5094 

526.0 

667.9 

1194.0 

0.7277 

0.6754 

1.4031 

880.0 

900 0 

531.95 

0 0213 

0.4756 

0.4969 

529 5 

663.8 

1193.3 

0.7311 

0.6694 

1.4005 

900.0 

920.0 

534.56 

0.0214 

0.4635 1 

0.4849 

532 9 

659.7 

1192.6 

0.7344 

0.6635 

1.3980 

980.0 

940.0 

537.13 

0.0215 

0.4520 

0.4735 

536.2 

655.6 

1191.8 

0.7377 

0.6577 

1.3954 

940.0 

960.0 

539.66 

0.0216 

0.4409 

0.4625 

539.6 

651.5 

1191. 1 

0.7410 

0.6520 

1.3930 

960.0 

980.0 

542. 14 

0.0217 

0.4303 

0.4520 

542.8 

647.5 

1190.3 

0.7442 

0.6464 

1.3905 

980.0 

1000.0 

544.58 

0.0217 

0.4202 

0.4419 

546.0 

643.5 

1189.6 

0.7473 

0.6408 

1.3881 

1000.0 

1050.0 

550.53 

0.0219 

0.3960 

0.4179 

554.0 

633.6 

1187.6 

0.7550 

0.6273 

1.3822 

1060.0 

1100.0 

556.28 

0 0222 

0.3738 

0.3960 

561.7 

623.9 

1185.6 

0.7624 

0.6141 i 

1.3765 

1100.0 

1150.0 

561.81 

0.0224 

0.3540 

0.3764 

569.2 

614.3 

1183.5 

0.7695 

0.6014 

1.3709 

1150.0 

1200.0 

567.14 

0.0226 

0.3356 

0.3582 

576.5 

604.9 

1181.4 

0.7764 

0.5891 

1.3656 

1800.0 

1250.0 

572.30 

0.0228 

0.3187 

0.3415 

583.6 

595.6 

1179.2 

0.7831 

0.5772 

1.3603 

1850.0 

1300.0 

577.32 

0 0230 

0 3029 

0.3259 

590.6 

586.3 

1177 0 

0.7897 

0.5654 

1.3552 

1300.0 

1350 0 

582.21 

0.0232 

0.2884 

0.3116 

597.5 

577.2 

1174 7 

0.7962 

0.5540 

1.3501 

1380.0 

1400.0 

586.96 

0.0235 

0.2748 

0 2983 

604.3 

568. 1 

1172.4 

0.8024 

0.5428 

1.3452 

1400.0 

1450.0 

591.58 

0.0237 

0.2621 

0.2858 

611.0 

559. 1 

1170.0 

0.8086 

0.5318 

1.3404 

1450.0 

1500.0 

596.08 

0 0239 

0.2502 

0.2741 

617.5 

550.2 

1167,6 

0.8146 

0.5212 

1.3357 

1500.0 

1600.0 

604.74 

0 0244 

0.2284 

0.2528 

630.2 

532.6 

1162.7 

0.8262 

0.5003 

1.3265 

1600.0 

1700.0 

612.98 

0.0249 

0.2089 

0.2338 

642.5 

515.0 

1157.5 

0.8373 

0.4801 

1.3174 

1700.0 

1800.0 

620.86 

0.0254 

0 1913 

0.2167 

654.7 

497.2 

1151.8 

0 8482 

0.4601 

1.3083 

1800.0 

1900.0 

628.39 

0.0260 

0. 1754 

0.2014 

666.8 

478.9 

1145.7 

0.8589 

0.4402 

1.2990 

1900.0 

2000.0 

635.6 

0 0265 

0.1610 

0.1875 

679.0 

460.0 

1139.0 

0.8696 

0.4200 

1.2896 

8000.0 

2200.0 

649.2 

0 0277 

0.1346 

0 1623 

703.7 

420 0 

1123.8 

0.8912 

0.3788 

1.2700 

8800.0 

2400.0 

661.9 

0 0292 

0 . 1112 

0. 1404 

729.4 

376.4 

1105.8 

0.9133 

0.3356 

1.2488 

8400.0 

2600.0 

673.8 

0 0310 

0 0895 

0 . 1205 

756.7 

327.8 

1084.5 

0.9364 

0.2892 

1.2257 

8600.0 

2800.0 

684.9 

0.0333 

0.0688 

0.1021 

786.7 

272.3 

1058.9 

0 9618 

0.2379 

1.1996 

8800.0 

3000.0 

695.2 

0 0367 

0 0477 

0.0844 

823.1 

202.5 

1025 6 

0 9922 

0.1754 

1.1676 

8000.0 

3200.0 

704.9 

0 0459 

0 0142 

0.0601 

887.0 

75.9 

962,9 

1 0461 

0 0651 

1.1112 

8300.0 

3226.0 

706. 1 

0 0522 

0 

0.0522 

925.0 

0 

925,0 

1.0785 

0 

1.0785 

8886.0 


* Reprinted from the Abridged Edition of Steam Tables and Mollier Diagram, by Professor 
T II. Keenan, 1931, by permission of the publisher, The American Society of Mechanical 
Engineers. 
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♦ Reprinted from the Abridged Edition of Steam Tables and Mollier Diagram, by Professor J. H. Eennan, 1931, by permission of the publisher. The American 
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♦ Reprint«d from the Abridged Edition of Steam Tables and Mollier Diagram, by Professor J. H. Keenan, 1931, by permission of the publisher. The American 
Society of Mechanical Engineers. 
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Column 8 is the sum of the items in columns G and 7. It records the enthalpy of the 
vapor with respect to an arl)itrarily assigned zero of enthalpy for saturated water at 
32 deg fahr. 

Column 9 gives the entropy of saturated water with reference to a zero of entropy for 
water at the customary reference temperature 32 deg fahr. 

Column 10 gives the change of entropy during evaporation at constant pressure and 
temperature. 

Column 11 is the total entropy of the saturated vapor and must equal the sum of the 
items of columns 9 and 10. 

Properties of Superheated Vapor. Steam tallies also provide extensive tabular data 
on the properties of superheated steam. In such talmlations, because a vapor which is 
not contiguous with its licpiid may be superheated to any temperature al)Ovc the saturation 
temperature corresponding to the pressure, the properties are given for a wide range of 
temperatures or of degrees of superheat at each pressure. An abridged edition of tlie 
superheated stoiun section of the Kc^enan table appears in Table II, pp. 7-30 to 7-39. 

The properties listed are seen k) be the 8pocifi<! volume, enthalpy, and entropy. Tor 
convenience there is repeated directly below the pressure item the corresponding satura¬ 
tion temperature; and in columns 3 and 4 are repeated the several proi>crties for saturated 
water and saturated steam at the given pressure. The remaining columns give the 
properties at the temperatures which are noted at the head of the cohmin. 

Properties of Compressed Liquid and Wet Vapor. The taldes described have provided 
means for the direct determination of all the necessary properiicis of saturated liquid, 
saturated vapor, and superheated vapor. The two additional conditions of fluids for 
which data are fre<iueiitly required arc those of compressed liquid and wet vapor. It will 
be found that the table for tlie saturated condition supplies the requisite primary data for 
determination of the properties at those latter conditions, but some computations are 
necessary. The following describes the procedures to bo followed. 

Compressed Liquid is defined as liquid at a temperature l(‘ss than the saturation tempera¬ 
ture corresponding to the pressure under whi<^h it may be platted. An equivalent but 
alternative and frequently useful definition is that of a liquid under an externally imposed 
pressure which exceeds the saturated vapor pressure corresponding to the temperature. 
Simple illustrative conditions would be that of water in an open stream under atmospheric 
pressure but at 70 deg fidir instead of at the saturation temperature of 212 deg fahr which 
corresponds to the pressure, or that of boiltir feedwak^r at 328 deg fahr but under a i)ump 
pressure of 400 lb per 8(i in. instead of the saturation pressure of 100 lb per sq in. which 
corresponds to tin; temperature. 

As regards the specific volume, internal energy, and entropy of compressed water, 
those items are predominantly dependent on and influenced by the temperature but are 
unquestionably influenced slightly l>y 8uperpres.suro. Therefore, for accurate work, espe¬ 
cially at high liquid proc^essk's, it becomes necessary to have data showing the effect of 
superpressuro in the values of tliese properties. However, for most ordinary work the 
values of E, and S for compressed water are regarded as the same as those of saturated 
water at the specified teinijerature (not pressure) of the compressed water. 

As regards the enthalpy of eoinpressed "W^ater the situation differs, for the reason that 
the enthalpy property {E + PV/J) contains directly the pressure property as an inherent 
component and so must be definitely influenced by any inateriai superpressure. At a 
given temperature, it may be estimated from saturation data with good accurac^y by 
adding to the value of the enthalpy of saturated water {Hj ), as quoted in the saturated va¬ 
por table at the specified temperature (not pressure), the excess PV/J occasioned l)y the 
Buperpressurc. More specifically, 

Ilcompreased liquid at t and P ~ Pf* at t {P — Pf)Vf/J (1) 

In many practical instances in which P docs not greatly exceed P/ the item (P — P/)V//J 
may bo found to be relatively minor in magnitude and with adequate accuracy the enthalpy 
of the (iompressod liquid may be taken as that of saturated liquid at the temperature (not 
pressure) to which it is compressed. 

Wet Vapor is a physical mixture of saturated vapor with droplets or fog of saturated 
but unvaperizod liquid which is mechanically entrained with the vapor. The ratio of mass 
of vapor to the mass of the mixture of liquid and vapor is called the quality and is desig¬ 
nated by the symbol .r. For a wet vapor the temperature is the same fis the saturation 
temperature corresponding to the pressure. The specific volume, enthalpy, and entropy 
may bo computed as follows: 


F, = Vf + xV/i 

(2) 

= Ilf + xllfe 

(3) 

Sx = Sf + xSf, 

(4) 



graphical representation op vapor properties 7-41 


17. GRAPHICAL REPRESENTATION OF VAPOR PROPERTIES 


One may choose as coordinates any pair of properties of a fluid and depict graphically 
the manner of their joint variation as the fluid progresses through any characteristic 
sequeni^e of states. Of the various diagrams which might he so de\'ised those which have 
been found to be most generally useful are the P~V diagram, the T-S diagram and the 
or Moilier diagram. 'I'hese are described and discussi^l in the following paragraphs. 

P-V Diagram. In the P-V diagram, as represented for a typical fluid in Fig. 1, the 
absolute pressure is employed as the , 


ordinate and the specific volume as the 
abscissa. In the diagram the slightly 
oblique and curved line on the left which 
is lalielcd tho: saturated liquid line shows 
the manner of variation of the specific 
volume of saturated liquid as the pressure 
(and temperature) is progressively in¬ 
creased. The state of a compressed liquid 
at any given pressure (but a temperature 
less than saturation) would be repre¬ 
sented liy a point to the left of the satu¬ 
rated liiiuid lino, this by reason of the 
lesser specific volume at the lesser tem¬ 
perature. Consequently the general region 
which lies to the left of the saturated liipiid 
line is known as the compressed liquid 
re (lion. 



The sloping lino labeled the saturated 


Specific Volune. cu ft per lb 


vapor line similarly shows the relation Fk.. i. p_v' Diagram, Water and Water Vapor 
between the pressure and specific volume 

of (dry) saturated vapor, 'i’ho length of any horizontal lino intercepted by the liquid 
and vapor lines thus represents the incresase of specific volume during vaporization at 
constant pressure {Vfp). Therefore, since by the equation Vx — V/ + xV/g, the state of 
a wet vapor mixture of quality x and at any given pressure would bo represented by a 
point on that pressure line and lying at a distance xV/g to the right of the liquid line. 
The region between the two saturation lines is known as the saturation region. 

Since the superheating of a vapor at a given pressure efTeots an increase of the specifio 
volume the state of a superheated vapor wovdd be represented by a point to the right of 
the saturated vapor line, wheii(;e the region to the right of that line is known as the super- 


heat region. 

The saturated liipiid and saturated vapor lines are observed to join at a critical pressure^ 
which for W'ater is at 3226 lb i»er sq in., and at whiih pressure the saturation temperature 
of water is 700.1 deg fahr. The saturation temperature at the (^ritiiral pressure is similarly 
known as the critical temperature. The diagram indicates that a liquid under that pressure 
would on warming pass imiiorceptibly into a dense superheated vapor state without the 
apjx'araiice of the characteristic phase of vaporization at constant temperature. 

The isothermal lines wdiich appear in the figure are contour lines of constant tempera¬ 
ture and indicate the specific volume of a fluid at any given temperature and pressure or, 
alt(‘rnativcly, the pressure corrosi>onding to a given state as designated by tlic temperature 
and specific volume. Sim^o the temperature is constant during vaporization at constant 
pressure the isothermals become straight horizontal lines within the saturation region. 
In the compressed liciuid region the isothi^rmals are very nearly vertirral, showing the very 
slight change (decrease) of vohiino of a liquid as it is (iompreased at constant temperature. 
In the superheat region the iso thermals are approximately hyperbolic curves, approaching 
that curve more exactly at very low^ jiressures or considerable sujierheats. 

k’or temporatures wdiich are above the critiiuil a vapor may not lie condensed at any 
finite jircssure. Some wTiters consider the critical temperature isothemial to provide an 
arliitrary line of demarcation between the gas phase (aliove the line) and the vapor phase 
(below the line) of a substance. 

In addition to the isothermal lines one might draw contour lines of constant quality^ 
constant superheat, constant interjial energy, constant enthalpy, or constant entropy, which 
lines might be useful for various particular purposes. Also any sort of state change 
whatsoever may be represented by a suitable curve or lino on the diagram. 

In connection with the P-V diagram it should be remarked that the product PV 
corresponding to any state of a fluid is represented by the rectangular area bounded by 
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the coordinates, by a constant pressure line through the state point, and by a constant 
volume line through the point, that is, by an area such as oaxb for state Also for any 

/*V 

manner of state change as represented by the line xy^ the / PdV is represented by the 

area between the line and the y-axis (that is, by the area hdow the line), and 

is represented by the area between the line and the P-axis (the area hcxk of the line). 

T—S Diagram. In the T—S diagram (Fig. 2) absolute temperature is the ordinate, and 

entropy per pound mass (relative to 
liquid at 32 dog fahr) is the abscissa. 
The saturated liquid line, the critical 
point, and the saturated vapor line 
have the same signihcance as in the 
P-F diagram. 

Except at quite high pressures, 
constant pressure contour lines 
nearly coincide with the saturated 
liquid line up to the saturation tem¬ 
perature corresponding to a partic¬ 
ular pressure, from which point that 
pressure lino proceeds across the 
saturation region at the saturation 
temperature of vaporization. The 
compressed litjuid region is a thin 
band along the saturated liquid line. 

At any temperature (or pressure) 
the horizontal intercept between the 
liquid and saturated vapor lines 
measures the increase of entropy S/g 
during vaporization, and, since for 



Fig. 2. T-S Diagram, Water and Water Vapor 


a wet vapor mixture Sx = Sf -|- ^^/g, the state of a wet vapor of quality x is represented 
by a point on the pressure line at a distance xS/g to the right of the liquid line. Contour 
linos of constant cjuality will appear as in the diagram. 

Typical contour lines of constant specific volume, constant enthalpy, and constant 
superheat also appear in the diagram. 

The principal utility of the T-S diagram will be recalled to arise from the facts that 
for any process 

Qr = TrAS 


and for any reversible process ^ ~ j 

Thus for any state change of a fluid, as plotted on T~S coordinates, the change of the 
unavailable energy (Qr) with reference to a receiver temperature Tr and chargeable to a 
pound mass of the fluid is represented by the area bounded by the <S-axi8 below, by the Tr 
lino alx>vo, and on the sides by the initial and final entropy linos. Likewise the heat 
energy reception or departure which accompanies a reversible state change is represented 
by the area between the state change curve and the *S-axi8 (below the curve). A reversible 
adiabatic process is an isentropic (constant entropy) one and is represented by a straight 
vertical line. 

H-S (“ Mollier ”) Diagram. The coordinates of the Mollior diagram are the enthalpy 
and entropy of the fluid, each per pound mass and each with reference to zero relative 
values of those properties for a liquid at 32 deg fahr. By reason of the intimate utility of 
the enthalpy property for all circumstances in which steady-flow processes occur, a portion 
of the diagram is invariably incorporated with the formal tables of vapor properties. 

Referring to Fig. 3, the saturated liquid line, the critical point, and the saturated vapor 
line have the same significance as in the P-V and T-S diagrams. The compressed liquid 
region is practically restricted to a rather narrow band immediately above the saturated 
liquid line. 

Constant pressure lines in this compressed liquid hand approach the saturated liquid 
line as the excess of their pressure over the saturation press\ire approaches zero. Within 
the saturation region the constant pressure lines are straight lines and are also constant 
temperature contours. The vertical distance between the intersections of a constant pres¬ 
sure line with the saturated liquid and saturated vapor lines measures the increase of 
enthalpy during vaporization, and the horizontal distance measures the entropy of va¬ 
porization. 
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On entering the superheat region the constant pressure lines veer upward, and the 
constant temperature contours approach constant H lines with increase of superheat. 

Contour lines of constant quality and of constant superheat are also drawn in Fig. 3, 
and other contour lines might bo shown. However, the two noted are usually the ones 
which appear. It may be remarked that the common MoUier chart, as used for many 



Fio. 3. H-S Diagram, Water and Water Vapor 

pra(!tical purposes, shows to larger scale only a small region around the saturated vapor 
line, such as that enclosed by dotted lines in the upper i>ortion of Fig. 3. 

18. STATE CHANGES AND PROCESSES 

In the consideration of the various actual processes which are encountered in engineer¬ 
ing thermodynamics certain classes of state changes of fluids occur with marked frequency. 
Several of these will be examined in detail. 

For the analysis of any process it is the first requisite that the initial state of the fluid 
be adequately specified. For the fluids and the states which are encountered in engine.ering 
thermodynamics information concerning any two properties is, in general, sufficient for 
designation of the state. In practice it is commonly found that one or more of the speci¬ 
fied properties will be those which wo are best equipped to measure readily, that is, the 
pressure or temperature or perhaps the specific volume. 

A second requisite is the specification of the character of the state change. In this 
connection it will be found that many of the actual processes are characterized by the 
actual or effective constancy of some property of the fluid during the state change. To 
illustrate, a state change taking place in a fluid which is retained within a closed and non- 
cxtensible vessel is one in which the specific volume remains constant or is a constant 
volume process; one taking place during the passage of a fluid through a device such as a 
boiler or superheater may closely approach constant pressure conditions and be taken aa 
effectively such; the ideal state change taking place during the expansion of a fluid in an 
engine or turbine is the reversible adiabatic, which is cliaracterizod by a constant entropy 
of the fluid. 

As a third feature it will be observed that, as the result of such constancy of one 
property of the fluid during a change of its state and thus a change of its other properties, 
this particular property is known at the cessation of the process. Therefore, to designate 
the final state of the fluid and thus to complete the description of the process, it will in 
general be nece.ssary to specify the magnitude of one additional property at the final state. 
With sufficient information thus available for fixing that state, all the other properties 
niay then be determined. 

A fourth feature of most process analyses is the desirability or necessity for determining 
the energy transformations and transitions accompanying the processes. 

The following representative processes with steam vapor will be analyzed: (a) constant 
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volume process, {b) constant pressure process, (c) reversible adiabatic process, and 
(d) throttling process. Each analysis is illustrated and to a large extent developed by 
the use of an example. 

Constant Volume Process. The simplest circumstance under which a constant 
volume process may take place is that in which a fluid is retained within a closed container 
while the state change is efTectod through the transition of energy to or from the system 
as heat conducted through the walls of the container from or to the surrounding region. 

Example. A tank of 20 cu ft capacity contains steam at 200 lb per sq in. abs and 500 deg falir. 
The tank and contents are cooled to a temperature of .326 deg fahr. What will be the final pressure 
and (luality of the steam, how much energy was emitted by the steam in cooling, and what was 
the change of enthalpy olf the steam? At what pressure and temperature did the steam become 
(dry) saturated? 

Solution. Saturated steam at 200 lb abs has a temperature of 382 deg fahr, whence at state (1) 
the steam had a superheat of 118 deg fahr. From Superheated Steam Tables, at 200 lb and 500 
deg fahr, Vi «=» 2.72 cu ft per lb, whence the muas of steam in the tank was 

M - 20/2.72 = 7.35 lb 


After cooling to 326 deg fahr at constant volume the specific volume T’'2 must he the same. From 
the Saturated Steam Tables the specific volume of (dry) s.aturated steam at 326 deg fahr is 4.534 
cu ft per lb, w'henee a p<»rtion of the steam must have condensed and the fluid in the tank become 
a mixture of saturated liquid and saturated vapor (wet steani). 'I'lie pressure of this saturated 
mixture at 326 deg fahr niust be U7.5 lb per s<i in. aba (from Saturated Steam Tables). 

To find the quality 


V - Vf, 2 2.72 - 0.0177 

r/£,2 4.517 


0.60 


The energy emitted as heat in cooling must have come wholly from the internal energy of the 
steam since no energy emission us ohuft work, flow work, or kinetic energy was pc^^sible. Therefore, 
for each pound of fluid, 

Cfout ^ El — 




-[ 


1267.9 - 


200 X ^ 
5.4 


,.3 


- (296.4 0.60 X 880.7) 


97.5 X 2.72 1 
5.4 J 


» 1167.0 - 780.1 « 386.9 Btu per lb. 

Total energy emitted, as heal, = 7.35 X 386.9 — 2844 Btu. 

Change of enthalpy * II 2 — //i 

- (///.2+ ^2/b«.2) - Ih 

« 829.3 - 1267.9 == - 438.6 Btu per lb. 

To find the pressure and temperature at which the steam became (dry) saturated it is neresaary 
to search the Saturated Steani 'I'ablcs for the state at which Vg — 2.72. This is fomid at a pressure 
of 166.7 lb per sq in. abs and a temperature of 366.8 deg fahr. 

Note that in this noti-llow, constant volunio circumstance only the change of internal energy 
(J ?2 ~ ii’l) measures or denotes an energy quantity, the change of P\^ becoming simply a change 
in that product of pnjperties, without an energy significayice. 

Constant Pressure Process. A constant pressure proi^ess may readily be conceived 
to occur (a) without flow, as in a cylinder with piston, or (/>) wdth steady flow, Jia in any 
vcsssel such as a steadily steaming boiler, a steadily operating condenser, etc., the state 
chango being effected in either case by enerjiy transition to or from the fluid, this usually 
as heat. 


Example. A pound of water in a cylinder (with pi.'^ton) is initially at 200 deg fahr and 235 3 
lb per sq in. gage, and by energy reception as heat is transformed to steam of 98 per cent quality 
at th© same jire-ssure, the constancy of pressure being attained by permitting the piston to retreat 
as the fluid expands. 

Coinjiute the amount of energy required to effect the process and also that portion of this energy 
which is stored internally in the fluid. 


Solution. JQ ^ J(Ez — Ei) — W 

« J(E2 - El) + IFout 

/ 2 

PdF => P(r2 — Fi), since the 

pressure P is constant. Therefore 

Qln ■» (P2 ~ El) + PCFo - ri)/J' 


- iE2 + PF 2 //) - (Pi + PVi/J) 


•» H 2 — //i, for a non-flow constant-pressure process. 
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For the specific data of the problem: 

III = 167 9 + (250 - 11.5) X 144 X 0.0166 
^ 778 

■» 168.7 (exactly) ■* 168.0 (approx.) 


7/2 ' 

A// : 


376.0 + 0.98 X 824.5 = 1184.0 
1184.0 ~ 168.7 = 1015.3 Btu per lb 
11.5 X 144 X 0.0160 


167.9 • 


El 

E2 = 1184.0 - 


778 

250 X 0.98 X 1.841 


167.9 


1100.5 


AE = 1100.5 - 167.9 = 932.6 lUu per lb 

The difference between the energy supplied (A//) and that stored as molecular energy in the 
steam (AE) is transferred directly via the fluid to the piston fi;.ce and is there delivered as work 
L7^(F2 - V'l). = 1015.3 - 932.6 = 82.7J. 

The foroKoiug example has had to do with a non-flow (a)nstant pressure process. For 
the circumstance of steady flow at constant pressure through a device such as a boiler, 
ftiiicc there is no shaft work, 

Qln = {Ih - Hi) + (f/o" - Ui^)/U.U J 

As the ehange of kinetic enerj^y in the usual device of this ohara(5ter would very rarely 
indeed exceed 1 IHu per lb and w'ould usually be much less, this in comparison with a 
chanj^e of enthalpy which (H)ininonly w'oukl be some thousand litu in nuignitude, the kinetic 
energy tenn becomes effectively negligible and may be omitted. Thus for both a non¬ 
flow and a stcady-flow' constant pressure iiroc.ess the energy received l)y the fluid is meas¬ 
ured l)y its change of enthalpy. 

Reversible Adiabatic Process, liccalling that, by definition, proccas u'hatsoever 
in which no energy enters or departs from the system ns heat is designated as an adiabatic 
process, wo may immediately write the following general energy e^juations for an adialjatio 
non-flow and an adiabatic steady-flow process: 


ir = JiEi — E\), for a non-flow adiabatic process 

IF 4* (IJ\‘^ — f/2^)/()4..’J4 = J(//2 — Hi), for a stoady-flow adiabatic process 
These equations arc universally applicable whether the adiabatic process may be ideal 
and reversible or acdual and thus irreversible. For the further condition of a reversible 
adial)atic process there is introduced the additional feature that the ent.roT)y remains con¬ 
stant during the process, or the process is iseiitropic. It may well Ix^ ri^marked that the 
outstanding practical u1 ility of the entropy property lies in this very fcuiture of its (!on- 
staiK^y during a revcrsil)le adiabatic process. To denote suc.h constancy we employ the 
letter S as a subscript attached to any change of properties of a fluid during an iseiitropic 
process. I’hus, rewiiting the above equations but now in the special form which is ap¬ 
plicable to the reversible adiabatic, 

TF = J(E 2 — Ei)s, for*a non-flow reversible adiabatic 

W 4- (L'l^ — l/2^j/G4.34 = .7(7/2 — for a steady-flow reversible adial)atic 

kor an easy and acrc.uratc determination of the fluid properties after isontropic expan¬ 
sion from a given initial state tu a si)ecified final pressure the H S (M oilier) chart obviously 
is useful. Also the final quality after expansion to a given pro.sHure or temperature 
within the saturation region may lie computed directly by the equation 








(6) 

bfg, 2 a 

whore S is the initial and constant entropy. The final quality being known, the other 
properties may be computed .as reiiuired. 

Example. Steam at 200 lb per sq in. obs and a quality of 0.995 ia delivered to an ideal steam 
turbine, e.tpands adiabivtically and reversibly therein to a pressure of 14.7 lb per sq in. abs, and 
is discharged at that pressure. 

Compute the entropy, quality, and enthalpy of the steam leaving the turbine and the shaft work 
which would ideally be obtainable per pound of steam used, asBuiiiiiig negligible kinetic energies 
entering and leaving the turbine. 


A’ 


Solution. Si = Sf., 1 - (1 - xi)Sfs, i = 1.5450 - 0.005 X 1.0012 « 1.5400. 
Si = = 1.5400. 


a-2 

7/2 

77i 

W 


r5400-£^_ 0.S5O. 

1.4446 

1150.2 - 0.16 X 970.2 » 1004.7. 
1197.8 - 0,(K)5 X 842.4 = 1193.6. 
J(/7i - 7 / 2)5 - ^(1193.6 - 1004.7) 


778 X 188.9 


147,000 ft-lb. 
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Throttling Process. Technically, a pure throttling process is one in which a fluid 
expands adiabatically but thoroughly irreversibly through a labyrinthal or porous obstruc¬ 
tion in a line, the arrangement being such that the velocities of the stream approaching, 
through, and departing from the obstruction shall be very small and their diiferenoes 
wholly negligible. No shaft work is performed. 

This process is approached closely in practice in the “wire-drawing” of a vapor 

(or gas) through a constriction in a line such as a 
partially closed valve or small orifice. In such 
devices there is unquestionably an accretion of 
velocity and kinetic energy directly in the constric¬ 
tion, but this momentary unidirectional velocity is 
immediately dissipated by reason of the high degree 
of turbulence existing in the stream directly after 
the constriction, wliorcby the kinetic energy in the 
stream finally departing from the region (t/2^/(>4.ll4) 
is negligible or differs negligibly from that in the stream approaching the region (L/iV04.34). 
(See Fig. 4.) 

The process is also approached, but less exactly (oAving to energy dissipation as heat), 
in the flow of a vapor through a long pipe line in which there is a distinct pressure drop 
due to friction. 

To discern the working scheme for analyzing the throttling process, note that in fitting 
the general steady-flow energy equation (equation 5, Art. 4) to the conditions of the 
process the Q and W tenns disappear and the kinetic energy terms arc either negligible or 
effectively canceled, whence 

Hi - Ih 

This equality of the initial and final enthalpy is the outstanding characteristic of the 
throttling process. 

Example. Steam at 260 lb abs and 99 per cent quality is throttled to a pressure of 200 lb abs. 
Wliat is the state of the steam after throttling, and wh.at is tlie loss oi available energy, assuming 
that the steam were being supplied to a reversible engine operating with a 70 deg fahr exhaust? 

Solution, 

//i » 1192.3 = 7/2. 

To ascertain the second state, since Hg at 200 lb abs is 1197.8 the fluid must still be a slightly 
wet mixture. To ascertain the quality, 

Hi » 1192.3 = ///,2 + *2 ///g.2 * 355.3 -f X2 842.4, X2 - 0.9935 

To ascertain the increase of unavailable energy: 

Si(at2501band90%) - 1.6165; S 2 (at 200 lb and 99 ..36%) = 1.5385 
A/S - 0.0220; AQij « r 2 » (70 + 460) X 0.0220 - 11.7 Btu per lb. 


X 






Fig. 4. Throttling Process 




Fiq. 6 . H-S Diagram for Throttling Process Fio. 6. Throttling Calorimeter 

The Throttling Calorimeter. Both by reference to the above example and to a Mollier 
diagram (see Fig. fi) it becomes apparent that if a vret vapor passes through a throttling 
process the requisite equality of the initial and final enthalpies will in general produce an 
increase in the quality of the vapor.* .\Iso if the initial (juality of the vapor is sufficiently 
high and the pressure drop sufficiently great, some degree of superheat may well exist in 
the exit or lower pressure vapor. By reason of the latter circumstance and the additional 
facts (a) that in the .mpeiheal Tcainn the pressure ami temperature will siijfice to determine 

* This statement must be made with some qualification. To illustrate, inspection of the Mollier 
diagram of steam (Keenan tables) shows that with initial pressures in excess of about 500 lb per 
sq in. a throttling through a moderate pressure range may in fact act to increase the moisture content. 
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the state and enihaipy of the fluid and (h) that these P and T properties are both directly 
measuraUe ones, the throttling phenomenon may be and is regularly employed in a device 
which is known as the throttling calorimeter and is used for ascertaining the enthalpy and 
quality of steam which contains a limited amount of moisture. 

Referring to Fig. 6, a simple arrangement of such a device is there indicated. In the 
figure, yt is a steam line through which is passing the steam the enthalpy and quality of 
which are desired. Pipe R is a sampling tube througli which it is endeavored to draw a 
true sample of the steam in .^1. Gage C or thermometer D determines the saturation 
pressure or temperature of the steam supply. These obviously should “check” if the 
steam is saturated. Between the flanges at E is loc.ated a plate with a small (Vie in. to 
i/g in. diameter) orifice through which the sample is throttled to the discharge pressure, 
which is usually al)OUt atmospheric. Thermometer F, and mercury manometer G, 
together with data on the barometric, pressure, provide the requisite data on the tempera¬ 
ture and pressure of the throttled fluid by which its state may be ascertained from the 
Superheated Steam Tables. Thus the enthalpy of the leaving steam and thereby that of 
the entering steam is determinable. 

The quality of the steam sample is found by solving for x in the expression for the 
enthalpy of wet steam: 

//2 = Hi = H/. 1 + a-i H/g.,; or xi - (H2 - ///. x)/Hfg, 1 
An alternative method is to enter the Mollier chart at the intersection of the P2 and h 
lines, pass across at constant H to Pi, and read the quality directly. 

This device if properly constructed and operated will give the enthalpy and quality of 
the sample with good accuracy, although a slight correction for radiation may oe desirable. 
A serious practical difficulty lies in the securing of a tnily representative sample of the 
steam in line A. Also its use is limited to fairly dry and fairly hi'rh-pressure steam since 
an excess of moisture or low steam pressure will prevent the superheating, and its whole 
utility depends on the possibility of fixing the state of superheated st* ani from ktxowlcdgc of its 
pressure and temperature. 


19. FLOW OF VAPORS THROUGH NOZZLES AND ORIFICES 


The general energy equations for a nozzle are invariably applicable whether the fluid 
flowing is a gas or a vapor, when<;e we may refer immediately to the basic, energy equations. 
Those equations are repeated here for corivenienco: 


r/x" - 
()4.34 


- ./(Hi - //x) 




UiAi 

Vi' 


^ X 


(continuity equation) 


( 6 ) 

(7) 


C7x = 223.7 


H, - Hx 


-mm 


( 8 ) 


where the factor 


for initial velocity. 




is to be considered the correction factor 


A U+i)/fc 


(9) 


which does not include the correction factor for initial velocity. 

In actual flow the nozzle efficiency and the coefficient of velocity are introduced, Cn 
and Cv. respectively: 

— ~ actual _ (Hx — Hx) actual . . 

~ fT 2 rr i\ .. . ~~ /II _ zj \ 


Cv 


(Vx^ — f'l*) Ideal 
(jx, ftctual 


(Hi - Hx)s 


UX. Ideal 




( 11 ) 


Quite as it was with the flow of a gas, given the state of the fluid as supplied, the 
problem of applying these equations in developing either the ideal or the actual nozzle 
form is that of ascertaining the simultaneous values of Hx and Vx as expansion proceeds to 
successively lower pressures. However, as may bo anticipated, the detailed procedure 
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in ascertaining these values may differ in the cases of the gas and of the vapor, particularly 
if the vapor is one for which tables of properties are available. Such tables being available 
for the vapors of major engineering importance, it is the practice (at least among engi¬ 
neers of the United States) to utilize them, although it will appear subsequently that in 

considerations of actual flow certain diffi(;ultics are 
encountered in that procedure. 

For the (jircumstanco of the ideal expansion the 
values of the desired properties are easily obtained 
1)3'^ recognizing the isentropic character of the expan¬ 
sion and then following the methods of the example 
on p. 7-45, using either the vapor taldcs alone or 
those jointly with a Mollicr (H~S) chart. The 
appearance of an ideal state change as repre¬ 
sented on H~S coordinates vrould be that of a 
lino such as .41^ in Fig. 7. The essential charac¬ 
teristic of the line is the ideal constancy of tlie 
entropy. 

The procedure in investigating the nozzle form 
for ideal expansion is perhaps shown to best advan¬ 
tage by an illustrative example. 

Example. Determine the eharacterlBtie form and dimensions of a steam nozzle which shall 
provide for the flow and reversible expansion of 2 lb of steam per second from an initial state of 
200 lb per sq in. ubs and 420 deg fahr to a discharge region at a pressure of 60 lb abs. Do this 
by computing the areas required upon expansion to successive pressures of 160, 120, 115, 109, 85, 
and 60 lb. Assume the ideal case of reversible adiabatic expansion and also assume negligible 
entrance velocity. 

Solution for Px <^/ 100 lb per sq in. 

lU «= 1222.3; Vi = 2.436; .Si = 1.5735. 

.Sx “ *Si = 1.5735; <x (from Superheat Table) = 376.4 deg fahr. 

Hx - 1202.7; A// « 19.6; f'x == 223.7 V 19.6 = 990 ft per sec. 

Vx “ 2.894; M'/Ax » 990/2.894 = 342; Ax = 0.00585 sq ft. 

Solution for Px of 120 lb per sq in. 

Sj. » Si - 1.5735; Xx - 1 - = 1 - 0.0127 = 0.987. 

* 1.0956 

IIx “ 1189.8 -- 0.0127 X 877.4 = 1178.7; MI - 43.6; Ux = 1480. 

Vx “ 3.725 - 0.0127 X 3.707 - 3.67S. 

M'/Ax “ 1480/3.678 » 401.5; Ax =» 0.(X)498. 

The miijor results at these and the other specified pressures arc tabulated below. 



Fia. 7 //-.S Diagram of Nozzle Flow 

Process 


Tabular Results 


Px 1 

(lb per 8(1 in.) 

t, or X 

7/x 

A// 

Fx 

Vx 

M'/Ax. 

/lx 

(«q ft) 

200 

420 

1222 3 



2.436 



160 

376 

1202.7 

19.6 

990 

2.894 

342 

0.00585 

120 

0.987 

1178.7 

43.6 

1480 

3.678 

402 

0.00498 

115 

0.984 

1175.3 

47.0 

1530 

3.817 

402 

0.00498 

109 

0.981 

1171.1 

51.2 

1600 

4.001 

400 

0.00500 

85 

0.964 

1151.1 

71.2 

1890 

4.978 

379 

0.00528 

60 

0.943 

1124.4 

97.9 

2210 

6 7605 

327 

0 00612 


Scrutiny of the above tabular results indiiuitos that: 

(a) For a given iiiilinl state u particular enthali)y, specific, volume, and area (per unit 
mass-rate of How) are again assoinated with each successive pressure. 

(5) The critical pressure phenomenon is again evidenced l)y the minimum .area, or 
throat, which occurs in the above example upon expansion to about 57 per cent (115/200) 
of the supply pressure. 

(c) For expansion to any pressure equal to or less than the critical a (convergent 
passage is proper. 

(d) A subsequent divergent passage is required in order to provide properly for a 
controlled and directed expansion to a pressure which is less than the critical. 

(c) For expansion to a discharge region pressim' whic^h is greater than the critical the 
required exit area for a given mass-rate of flow will depend on lioth the supply state and 
the discharge region pressure or, conversely, the mass-rate of flow at given supply and dis¬ 
charge region pressures will lie proportional to the exit area. 
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(/) On the contrary, for expansion to a discharge region which is at a pressure equal 
to or less than the critical the invariable existence of the critical pressure at the throat 
and a fixed value of the critical ratio will act to cause the required throat area for a given 
mass-rate ol flow to depend only on the state of the fluid siij^ply cr, conversely, the mass- 
rate of flow obtained with a given supply state depends only on the throat area and is 
independent of the discharge region pressure (although the proper final exit area for 
suitable accommodation of the entire expansion must depend also on the discharge region 
pressure). 

One feature in which vapor flow and gas flow will differ slightly is that the critical ratio 
for a vapor does not appear to be strictly a constant. Thus, in the example, in which the 
steam supply was moderately superheated, the critical ratio appears to have the value of 
about 0.57. By similar investigation it would be found that the critical ratio for steam 
w^ould apparently range from about 0.55 for highly sujierhcated steam supply to about 
0.5S for saturated steam supply. However, this variation does not require much concern, 
owing to the very slight change of the cross-sectional area of the nozzle at pressures 
between about 55 and 60 per cent of the supply pressure. 

An important charactcristi(i of this ideal expansion, which is clearly indicated in the 
above tabulation, and was evident in Fig. 7, is the i^rogressivc condensation of a portion 
of the vapor with progressive expansion. , Quoting sj^ecilic flguros, the rcversil-le adiabatic 
expansion of the initially superheated supply would require the actual c^ondensation of 
about 2 per cent of the vapor prior to reaching the throat and about 6 per cent prior to 
reaching the 60 lb exit pressure, and the example above would indicate that 13 per cent 
should condense if the expansion were continued to atmospheric pressure. In making 
these quality computations it was inherently assumed that a stable thermai equilibrium 
was maintained between the liquid and the vapor as the expansion proceeded, whence the 
expansion would be designated as being of the equilibrium type. \ further consideration 
will be given to the possibility of an actual expansion of this type. 

Actual Expansion of a Vapor. Any actual expan.sion through a nozzle is necessarily 
irreversible by reason of the unescapal)le friettion and turhuleiKje accompanying the high- 
velocity flow. The influence of such irreversibility and the general manner of accounting 
for it in air-nozzle design has been considered above. It will similarly be considered for 
steam-nozzle design in the following paragraphs, but first it needs 1)0 noted that without 
question additional causes for irreversibility exist in the (uise of vai)or flow', or more par¬ 
ticularly in the case of a vapor which is supplied in a 8aturntt?d or only slightly superheated 
state. This additional irreversibility is occasioned by a temporary unstable condition 
w^hich has been found to exist in rapidly exi»anding vapor. The condition is that known as 
Bupersaturation and is characterized by a retarding or deferring of the partial condensation 
w'hich we have seen w'ould accompany the equilibrium type of expansion. Experiments 
indicate that complete supersaturation and action like a superheatcRl vapor persist until a 
pressure is reached which is about one-half of that at which condensation would normally 
begin. This is approximately equivalent to stating that for initially dry and saturated 
steam complete supersaturation persists dowm to and somewhat beyond the critical 
pressure. Assuming superheated and supersaturated steam with frictionless adiabatic 
expansion having the basic property relation 

pyi.3 _ (constant (12) 


the following relations are derived: 
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Also for the special consideration of a value of Px equal to the critical pressure, in 
which circumstance the flow rate per unit area is recalled to bo the maximum, 


y.. 

-(ideal) = 3.78 \'^Pi/Fi (9ar) 

A throat 
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The critical ratio for the how of superheated and supersaturated steam becomes 

= (73^1)' ’*’ * = ( 13 ) 

Diffuser and Ejector. The diffuser is in principle the reverse of a nozzle and is a 
device by which a lower pressure, high-velocity jet may deliver itself at a low velocity at 
and against a higher pressure. Referring to the Mollier diagram of Fig. 8, a fluid passing 
reversibly through a nozzle from pressure Pi to the lower pressure P2 would change state 
along the path ah, at constant entropy, decreasing enthalpy, increasing specific volume, 
and increasing velocity. A diffuser in which the action was wholly reversible would take 
the high-velocity fluid under the conditions existing at the nozzle outlet, 6, and return it 
along state path ha to its original state and to a region of the higher original pressure Pi. 
All the state changes which occurred in the ideal nozzle would occur in the ideal diffuser in 
the reverse order. 

The contour of the channel required by the diffuser is determined from exactly the 
same considerations whicdi detonnine the contour of a nozzle, namely, consideration of the 
steady-flow energy equation and the continuity of flow principle. Parallel features of 
the two devices would be that, just as expansion in a nozzle to a lower pressure which 
exceeds about one-half of the higher calls for a converging section only, so a compression 
in a diffuser from a lower pressure in excess of one-half of the higher would require only a 
diverging section. Similarly, if the stream velocity to the diffuser were sufficient to enable 
discharge to a region the pressure of which exceeded twice that of the lower-pressure supply 




Fia. 8. H-S Diiigram of Diffuser 
Process 


Fia. 9. Form of Diffuser and Char¬ 
acteristic Curves 


region, the diffuser channel would be initially convergent and then divergent from a throat. 
The general fonii of a diffuser for operation under the latter condition is shown in Fig. 9. 
Below the diffuser are depicted the decreasing velocity and specific volume and the increas¬ 
ing pressure and enthalpy as the fluid flows from the lower-pressure to the higher-pressure 
region. 

In Fig. 8 there is also shown the character of the achml processes in a serial arrangement 
of nozzle and diffuser. The line ac represents the actual expansion in the nozzle from 
pressure Pi to pressure P2, and the line cd represents the recompression in the diffuser. 
The paths are both of increasing entropy and so, if in general the recompression may be 
one to a final enthalpy H 3 equal to the original enthalpy Hi, the final pressure P3 must be 
less than the original i^ressure Pi by an amount wdiich depends on the degree of irreversi¬ 
bility of the two jirocesses. 

For the compression of a gas in a diffuser, if the stream w'erc carritxi to a negligible 
exit vekxuty f/g, the pressure to and against which it might be delivered would depend 
on the pressure, temperature, and velocity of the supply stream. Thus, by a develop¬ 
ment of the energy equation, 


fi4.34 


k - 1 


-{(g) -] 






1 


kRTi fi4..34 


+ 1 


j n/(n-l) 


(14) 


in which [P3, max = maximum discharge pressure against which the stream could bo 
delivered from diffuser after deceleration to a negligible velocity. 
P2 = pressure of the region of the supply stream. 

Ui — velocity of the supply stream, feet per second. 

Ti = supply region temperature, degrees Rankine. 
k = Cp/cv = 1.4U for air. 
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n = the effective F-V exponent of the more or less irreversible adiabatic 
compression process, the value of which exponent would equal h 
for ideal reversible compression, would exceed k for irreversible 
compression, and would be an index of the character of the diffuser 
performance. 


Common applications of the diffuser are found in the downstream section of the 


Venturi meter and in centrifugal 
pumps and compressors. In the 
latter, high-velocity streams are 
created at the periphery of a 
rotating element and stationary 
diffusers are employed to utilize 
the kinetic energy of the streams 
for delivery to discharge regions §f 
higher pressure. 

The diffuser forms an essential 
component of the ejector, which is 
a device in which the kinetic 
energy of one fluid is used to pump 
another fluid from a region of 
lower to one of higher pressure. 
In the steam air ejector. Fig. 10, a 
high-velocity jet of steam is pro¬ 
duced by the steam nozzle AC. 
Air drawn into the ejector from 
a region of low pressure D mixes 
with the jet, and the mixture is 
compressed in the diffuser EG and 
discharged into a region of higher 
pressure beyond G. The changes 
in pressure, velocity, enthalpy, 
and entropy occurring throughout 
the ejector are shown graphically 
in Fig. 10. The steam is sup- 



Fia. 10. Ejector and Characteristics 


plied to the nozzle at a pressure Pi considerably higher than the pressure Ps at which 


the air is to bo discharged. Along AC occurs the increase of velocity in the nozzle. 


Along DC' is a slight increase in velocity as the air is drawn into the ejector. Between C 



and some indefinite point E the steam 
and air mix at nearly constant pressure 
and with an increase in air velocity and 
decrease of steam velocity. This mixing 
is considered to occur by a wholly irre¬ 
versible process described as inelastic 
impact, but with conservation of mo¬ 
mentum of the streams of fluid. From E 
to G the mixture is compressed with 
decreasing velocity and increasing entropy 
and enthalpy. The diffuser requires a 
minimum section at F if the absolute 
pressure at E ib less than al>out half the 
pressure at G. Because of lack of knowl¬ 
edge of just what occurs during the 
mixing process and also of the efficiency 
of the compression process in the dif¬ 
fuser, no satisfactorily exact analysis of 


Fia. 11. H-S Diagram for Ejector Process comjdete ejector has been made. 

Design is largely by empirical methods. 
However, it is not difficult to compute the efficiency of an ejector from performance data. 


I^t M's = mass of steam used in unit time. 

M'a — mass of air handled in unit time. 

M's {Hi — Hz)s = adiabatic decrease in enthalpy of steam from nozzle supply 
pressure Pi to air discharge (not suction) pressure P|. 

M'a Wa — adiabatic work of compression of air from air suction pressure 
P% to air discharge pressure Ps. 



7-52 


ENGINEERING THERMODYNAMICS 


Then efficiency of ejector = work required to compress air adiabatically, divided by 
available energy supplied by steam above discharge pressure, or 

Ejector eff. = — (15) 

JM «(//i — Ht^s 

The efficiency computed in this manner corresponds to the efficiency which should be 
used if the air were compressed in a steam-driven piston or centrifugal air pump directly 
by the use of mechanical work. The additional kinetic energy ol)tained in the steam jet 
by expansion from P-a to Pi is not charged to the ejector, since exactly that amount of 
energy is ideally required to compress the same steam back from Pi to Pz in the diffuser. 


Example. A Htciim-air ejector is operated with dry saturated at cam at a gage pressure of 
100 lb per sq in. Air is discharged into the atmosphere from a vessel under a vacuum of 24.4 in 
Hg and at a temperature of 70 <leg fahr. The barometer is 30.5 in. llg. Three pounds of steam 
are used per pound of air discharged. Compute: 

(a) Ideal velocity of disfiharge from steam nozzle, 

(/>) Ideal velocity of mi.xture of steam and air at entrance to diffuser. 

(c) Efficiency of ejector. 


Solution, (a) Atmosplierio pressure, P 3 — 15.0 Ib per sq in. abs. 

Steam pressure, Pi ==115 lb per sq in. abs. 

Air pressure in v’easel, /'i — 3 lb per sq in. abs. 

'Ideal enthalpy drop in entire nozzle, 115 to 3 lb = 1189 — 945 »= 244 B.t.u. 

Corresponding jet velocity = 223.7 \^244 = 3485 ft per sec. 

(b) Assume velocity of air at point r, just Ixtfore mixing, to l)e 200 ft per see. Applying principle 
of equal rnomentu before and after mixing (3485 X 3) -f 200 == velocity of mixture X 4. Ideal 
velocity of mixture = 2664 ft per sec. 

If the mixing occurred without loss of kinetic energy tlie velocity of mixture would be 3030 ft 
per sec. As stated, little is known as to w’hat actually otamrs at this point. 

(c) The w’ork required to eompress the air is computed on the basis of reversible adiabatic com¬ 
pression from a pressure of 3 lb per sq in. abs to a pressure of 15 lb per b (1 in., which gives 57,000 ft-lb 
per lb of air. The adiabatic enthalpy drop in the steam nozzle from 116 lb to 15 lb is 148.8 IHu 
per lb. This is the energy available to produce the comiiression of the air in the diffuser. The 
overall efficiency of the ejector is then: 


Ideal energy retpiired for air compression 


57,000 


0.164 => 16.4 per cent 


Ideal energy available in steam nozzle 148.8 X 778 X 3 
In steam condon.scr {ipiiliwitioiiH, the air withdrawn from the condenser is saturated 
with water vapor at the t.emjxTaf urt‘ of tlie air-vapor mixtiiro. In computing the work 
of comiiression it is this mixture wliieh must he considered. For high vacuum in con¬ 
densers it liecomo.s iuMu?ssary to use two or throe stages of ejectors in series, condensing the 
steam between stages to reduce the amount of steam which otherwise would need to lie 
compressed in the diffusers. 

Flow of a Vapor through an Orifice. An orifice will perform the fnnetion of only the 
convergent jiortion of a no//Je. T’herefore, a vajior will cxiiand in the actual zone of the 
orifice to any discdiargc region pressure which is greater than or eipuil to the critical 
pressure, but not to any lo%ver pressure. Any further expansion must take place beyond 


the orifice. 

It follows that we again encounter the twai general conditions of; 

(a) Flow with the discharge region pressure greater than the critical, when computa¬ 
tion of the ideal rate of discharge may be based upon expansion in the orifice to the lower 
pressure, and 

(h) Flow with tlie discharge region pressure e<iual to or less than the critical, when 
computation of the ideal rate of discharge must be based upon expansion in the orifice 
only to the critical pressure. 


THE STEAM POWER PLANT 


20. THE RANKINE CYCLE 
S)rmbols 

e efficiency. 

/ = a suliscript designating the saturated liquid state, 
g = a subscript designating the dry saturated vapor state. 

If == enthalpy, Btu per jiound of fluid. 

J = Joule’s equivalent, 778 (ft-lb per Btu). 

Af ~ proportional mass of vapor passing to a particular heater in a regenerative cycle. 
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P =s pressure (absolute), pound per square foot. 
p = absolute pressure, pounds i)er square inch. 

Q « energy transferred as heat, Btu per pound of fluid. 

,S’ entropy per pound mass, and also a subscript designating constancy of entropy, 
during a process. 

T = ahioiutc temperature, degrecis Rankinc ( = degrees fahrenheit absolute). 

/ = temperature, degrees fahrenheit. 

U = linear velocity, feet per second. 

V — specifie volume, cubic feet per pound. 

\V — energy in transition as shaft work, foot-pounds per pound of fluid. 

Two general methods are at present availal>ie for the production of power from the 
energy stored in the fuels. These are the internal-combustion engine and the type of 
composite device familiarly exemplified by the steam power plant. The thermodynamic 
principles which underlie the steam power plant cycles are presented here. 

D - Steam fit Upper 



Fig. 1. Elementary (Ranldnc Cycle) Steam Power Plant 


The Carnof Cycle is the classical cxam|)le of a wholly nivorsibh' temperature-engine 
cyttlo in which energj’' that is being 8upi>lied at an elevated temjioraturo is reduced to a 
lower temperature, in which process the maximum possilile portion, of that energy is 
converted into work. .Also this cycle, notwithstanding its impracticability jiml uriat- 
tainability, is in certain features the prototype of the various steam powtu' plant cycles 



Fig. 2. H-S Dingram of Rankine 
Cycle 



Fig, 3. T-S Diagram of Rankine 
Cycle 


and in all cases it acts as an invaluable guide in the selection and development of those 
cyc.les. Tlio Carnot cycle is (lescribed on p. 7-07. 

The Rankine Cycle, of the actual steam plant cycles, is of concern not only liecause of 
its simplicity, practicability, and historical importance but also l>ecausc the other, more 
complex cycles may in a sense ho regarded as refinements of the Rankine. The ideal 
Rankine cycle consists in general of (a) the warming, constant temperature vaporization 
and, perhaps, further superheating of the working, fluid of the cycle at a constant upper 
pressure, this through the addition of energy from the source whereby the fluid is brought 






7 ^ 


ENGINEERING THERMODYNAMICS 


from the lower to the upper temperature limit of the cycle; (b) the isentropic expansion 
of the fluid to the lower temperature and pressure limits of the cycle; (c) the complete 
condensation of the fluid by the emission of energy at the lower temperature and pressure, 
this energy departure constituting the rejection of the unavailable energy to the receiver; 
and (d) the return of the condensed fluid to the upper pressure by reversible adiabatic 
compression, whereupon the fluid cycle may bo repeated. These processes take place 

successively in the boiler and 
superheater, the engine, the con¬ 
denser, and the feed pump. 

To facilitate the description 
and analysis of the cycle, reference 
will be made to Fig. 1, which is a 
diagrammatic representation of the 
arrangement of the essential pieces 
of apparatus in which the processes 
are carried out, and to I'igs. 2, 3, 
4, in which the state changes which 
occur progressively in the cycle 
Fig. 4. P-V Diagram of Rankine Cycle are depicted respectively on H~S, 

T~S, and P~V coordinates. 

There is selected arbitrarily as a starting point in the cycle the point and state A at 
which the water exists as saturated liquid at the lowest pressure and temperature of the 
cycle. This state occurs in the su(;tion line of the jrunip which acts to raise the pressure 
of the water from this lowest pressure to the highest pressure of the cy(4e. 

From this initial state, the fluid passes progressively through the following series of 
processes: 

(1) The pressure of the water is raised by a revcrsilile adiabatic compression in the 
pump from the lower pressure to the upper pressure Pu causing a change from the 
saturated liquid state X to a subcooled liquid state B. The (ioinpression is not accom¬ 
panied by any appreciable change of temperature, internal energy, specific volume, or 
entropy. 

The energy required for the pmnping pro(;ess is nearly: 

ll^^purnp = (/*i — 

where T/, <2 = specific volume of saturatcKl liquid of temperature T 2 . In Fig. 4 the 
product {Pi — P‘i)Vf, 2 ia represented by the area rnBAum, which area thus represents 
the pump work. 

(2) The second distinctive process of the Rankine cycle is the warming, vaporizing, 
and perhaps superheating of the fluid, all occurring under a virtually constant pressure. 
The energy supply for accomplishing these several phases of the cycle is provided by heat 
conduction through the heating surfaces of the boiler and the superheater (if the latter is 
supplied) and is furnished directly or indirectly from the primary high-temperature 
energy source, namely, the hot products of comlmstion of the fuel in the furnace. 

In the feedw^ater heating portion of tlie pn;>cess, the water is warmed at Pi, from tem¬ 
perature T ‘2 up to the saturation temperature which corresponds to that pressure, whence 
the state of the liquid after completion of the heating is represented by the saturated 
liquid state point C, If the boiler is assumed to accomjjlish a complete vaporization of 
the water, the state of the fluid leaving the boiler is represented by the dry saturated vapor 
state point D. If in addition a superheater is supplied the fluid leaves that device at the 
superheated state point /)', which point must lie on the Pi line in the superheat region. 

The heat required for this complete process of energy supply as heat is 

Qsupplled = IID (or />') — Hp, Btu per lb 

Referring to the figures, the total energy supply as heat is measured directly on the 
H-S diagram by the vertical distance of point D (or D') above B and on the T-S diagram 
by the area aBCDca (or aBCDD'c'a). The inherently unavailalile portion of the heat 
energy supply is represented by the area aAEea (or aAE'e'a) on the T~S diagram. 

(3) The next state change in the ideal Rankine cycle is the reversible adiabatic expan¬ 
sion of the fluid from the upper temperature and pressure to the lower. To accomplish 
this the fluid is delivered to the engine at constant pressure and expands therein, after 
which it departs from the engine at a constant lower pressure. The term engine is here 
used in a generic sense to designate the main prime mover of the plant, whether that be 
actually a reciprocating engine or turbine engine. It is in this composite delivery, expan¬ 
sion, and rejection process w'hich takes place in the engine that the available portion of 
the previously supplied heat energy is transformed to shaft work. 

Because the property characteristic of a reversible adiabatic state change is the con- 
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stancy of the entropy, the expansion through the ideal engine is represented on the H-S 
and T-S diagram by the vertical isentropic line DE (or D'E*). The line DE in the P-V 
diagram portrays the typical appearance of this reversible adiabatic state change on those 
coordinates. 

The work delivered by the engine is 

^Wlne = — IIe')] ft-lb per lb 

= J(//i - lh)s 

where the subscript s indicates couvstant entropy. 

The work output of the ideal engine is measured on the //-<S diagram by the vertical 
distance of point D above E. The method of computing the enthalpy at J5', given the 
entropy and pressure, has lieen given on p. 7-40. 

The engine work is represented on the P-V diagram by the area back of the expansion 
line, or 

/ 2 

VdP 

It is to bo emphasized that this expression for the engine work applies to any ideal 
engine, w^hethcr of the reciprocating or turbine type. 

(4) The closing process of the cycle is a condensation of the exhaust steam from the 
engine, by which the fluid is returned at constant pressure from the state E to the initial 
saturated liquid state A and during which there occurs the discarding of the inescapably 
unavailable residue of the previously supplied heat energy. In the ideal cycle and in 
many practical installations this process is accomplished during passage through a con- 
fienser in which the energy departure and the condensation are effected by energy transfer 
as heat conducted from the steam through the condenser structure to circulating water. 
The same state change and energy rejection may be accomplished, however, in various 
other practical manners, as by condensation in the atmosphere, in a heating system, or in 
any other process in which the low temperature energy of the exhaust steam may be em¬ 
ployed to advantage. 

The heat rejected in the condensation process is 

Qcondenser = He ~ Ha (or He' ~ Ha), Btu per lb 
On the H-S diagram the vertical distance between state points E and A measures the 
energy rejected in the condensation. 

On the T~ S diagram this energy discard as heat = T 2 (Sa — Se) is represented by 
the area aAEea (or aAE'e'a). Therefore, as the area aBCDea measured the amount of 
energy supplied from the source as heat, the difference between these two areas, or the 
area ABCDEA, measures the net amount of work obtainable from the operation of the 
cycle, that is, the net amount after debiting the engine output with the portion of its work 
which must be employed to drive the i>ump. 

The cycle is thus completed. 


21. MEASURES OF EFFICIENCY AND PERFORMANCE 


The Thermal Efficiency of a Heat Engine Cycle, or of a heat engine alone, is defined as 
the ratio between the amount of work output and the amount of heat energy which must 
be supplied in order to accomplish that output, or 


Thermal efficiency (cf) 


Work output from system 
Heat sujjplied to system 


The thermal efficiency of the Ilankinc cycle 


{Hi - Hi) - (P, - PAVf, 2 /J 
{Hi - IJf, 2 ) - {Pi - Pi) Vf, 2 JJ * 


This is 


a very nearly exact value. An approximation is 

{Hi - //a).g 


Hi - Hj, 2 

where Hi — enthalpy of the steam as supplied at Pi. 

{Hi — H2)s = decrease of enthalpy by isentropic expansion to Pi. 

Hf, 2 = enthalpy of saturated waiter at P 2 . 

Vf, 2 = specific volume of saturated water at P 2 . 

The error arising from use of the approximation is usually regarded as negligible except 
when the modem higher boiler pressures (500 lb per sq in. and up) are employed. 

In order to measure the effectiveness with which a cycle might ideally utilize the tem¬ 
perature range encountered in the cycle and thus to designate the degree to which the 
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ideal cycle efTiciency approac-hcs the Carnot efficiency for that temperature range there is 
employed a figure of merit which is known as the type ejficiency of the cycle. This is 
defined as the ratio between the ideal thermal efficiency of a cycle and the thennal effi¬ 
ciency of a Carnot cycle operating between the extremes of temperature found in the cycle 
under consideration, or 

. Ideal thermal efficiency of cycle 

type efficiency =-—- "rT T^- 


No actual engine can attain a performance equal to that of an ideal engine operating 
on the same cycle, because of the numerous irreversible actions which will inescapably 
occur in any real iirocess. Heat will be radiated or otherwise dissiiiatcd from higher to 
lower temperature levels without full realization of its available energy; and mechanical 
irreversibility will occur owing to fluid friction, throttling and turbulence, and to the 
friction of moving parts of the engine mechanism, etc. The result must be less actujd 
work output per iiound of fluid than that ideally obtainable in the ideal cycle upon which 
the engine operation is based. 

In order to evaluate the relative effectiveness of an actual engine and the degree to 
which it approaches ideal performance there is employed a measure of performance which 
is known as the engine ejficwncy * and which is defined as the ratio between the output 
actually obtained iier pound of steam supiilied to the engine and the output ideally olitain- 
ablo upon isentropic expansion of that steam, or 


Engine efficiency 


Actual output per pound of st-eam supplied to engine 
W'ork ideally obtainable liy isentropic expansion 


A ('tual efficiemy 
Ideal efficiency 

The actual output of an engine is necessarily determined ly test. Such a test requires 
a determination of the actual power output of the engine and the mass of steam supplied 
per unit time. 

The power delivered to the jiiston face of a reciprocating engine may be measured by 
the engine indicator, the shaft horsepower output of any engine may likewise be imiasurod 
by a suitable dynaniometcr, or for a direct-connected engine-generator set the electrical 
power output may be determined by proper electri(?al instruments. The mass-rate of 
steam supiily may be determined by condensing and weighing the steam or by various 
types of steam flow-meters or calibrated orifii^es. The state of the steam is determined 
by its absolute pressure and its quality (asitertained by means of a calorimeter) or its 
temperature, if superheated. The various pressures are found by gages or manometers. 

liy reason of the variety of manners and positions which may be selected in designating 
the output of an engine a like variety of engine efficiencies may be assigned to a given 
machiiK\ Each output mentioned aliove is suctcessively less than the preceding one by 
reason of the progressive energy dissiiiation through mechanical and electrical losses. 
It is olivious that due attention must be given to this condition in (luoting values of engine 
efficiency or in interpreting quoted values. 

If adequate test data are available on the actual steam reiiuirements and the power 
output of an engine, these data may be coraliinod with the factors 2.34.5 (Htu per horse- 
power-hour) or 3112 (Htu per kilowatthour), and the numerator of the efficiency eiiuation 
may thereby be e^^ahlate<l. 4’hns 

Actual outimt iicr pound of sU*am supplied, Htu, 

_ output, hp (or kw) X 2345 ( or 3413) 

Steam supplied, pounds per hour 


The denominator of the efficiency equation, that is, the output ideally obtainable per 
pound of steam siqiplied, may lie computed for an engine according to the <?onditions of 
the particular type of cycle upon which the system oponitos. I'or the Rankinc cycle the 
work ideally olitainable per pound of steam is (//i — This is called the adiabatic 

enthalpy drop. 

The ratio between the steam supplied per hour and the iiower output is known as the 
steam rate of an engine and is commonly expressed in terms of the pounds of steam sup¬ 
plied per horsepower-hoar (or kilowatthour) or 

Pounds of ste.am supidied per hour 


Actual steam rate = • 


Output in hp (or kw) 


♦Unfortunately various terms have been used to designate this etneioney: “efiioiency ratio,” 
“relative elfieiencv,” “Rankine efficieiiey,” and "turbine efficiency.” Engine ffficiency is the term 
employed in the Power Test Codes of the American Society of Mechanical Engineeri.. 
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The engine efficiency may be expressed concretely in the form: 

Engine efficiency = ^gMctual steam rate. Ih per h^r 
Output ideally obtainable, Btu per lb 
— 3‘^h3/A<: ^tual steam rate, lb per kwhr 
Output ideally obtainable, Htu per lb 

The Actual Thermal Efficiency is a fiKure which in its liasic. si;:ni(icaiice is quite parallel 
to the ideal thermal efficiency of a cycle or an engine, which is broadly defined as the 
Work output from system 

fraction — - r. ——--. However, in evaluating this actual efficiency for an 

Heat supplied to system 

operating engine or engine-generator unit or for a complete oiierating plant the useful 
output may in practice be variously regarded as the indii^ated power output of a reciprocat¬ 
ing engine, or as the shaft power output of any engine, or as the elcctrii^al i>ower output of 
an engine-generator unit, or as the net electrical output at. the lais-liars of a complete 
l>lant. Also in ascribing a value to the cnt'rgy suiiply, that. <iuantity may be taken vari¬ 
ously as the energy supplied as heat (at the l)oih>rj, that supi>lied as cliemical energy in 
the fuel, etc. It is thus apparent that a considerable variidy of inti'riu-etations may be 
applied to the term without for confusion if due care is employed in making the 
interpretation. In any individual case, and irrespective of its particular interpretation, 
the thermal efficiency may invariably lie regarded as a ratio between the useful output 
delivered and the energy supplied for the procuring of that output, or 


. , , , . I'scful output from system 

Actual thermal efficiency = -- -, --- 

Energy supplied to sy stem 


In utilization of aidual test data, it is commonly more convenient to express it in terms 
of a specific output or supply, that is, an output (or supply) per uni. lime, i>er unit mass of 
steam supplied to an engine or per unit mass of fuel supplied to a ])lant. I or example, 
the specific output per pound of steam to an engine is expressed Pj the relation 


Actual output, Btu per 11) of steam to engine 


_25 45 (or 34111) _ 

Actual steam rate, lb per lip-hr (or kwhr) 


A parallel relation for the complete plant, in terms of the fuel rate, is 


Actual output, Btu iier lb of fuel to plant 


• _25 45 (or 5112.) _ 

Actual fuel rate, lb i>er hp-hr (or kwhr) 


Either of those relations may be emploj^ed directly as the numerator of the efficiency 
fraction of the above equation. 

Several distinctive praidices are followed in interpreting the denominator of the 
efficiency fraction in the various cintumstaiiccs in which cffi(4on(?y is to l>o determined. 
For the simple Uaiikine cycle it is the established jiractii^e to regard the energy supply 
whitdi is assignable to each pound of steam and is chargeable against the engine as the 
enthalpy difference between that of saturated liipiid at the temperature of the engine 
exhaust and that of the 8t(*am as supplied to the engine. Jt is to l>e oliserved that for this 
case ni) concern is given to the actual temperature at wliich the condensate may lie leaving 
the condenser; this is in order to avoid ijcnalizing the engine for any siibcooling of the 
condensate which may occur liy reason of unfavorable charairteristics of the condenser. 
For the engine of the Harikino cycle, the efficiency tluis becomes 


Actual tliennal off. of engine = 


2545 (or 2418)/iSteam rate 


Ih ~ Ilf, 2 

For the entire power plant it is the established practice to regard the chemical energy 
released by a complete combustion of the fuel as the energy supply. That energy when 
evaluated per pound of fuel is known as the calorific value or heating value of the fuel. 
It is determined by calorimetric measurement made upon representative samples of the 
fuel. Introducing this quantity in the efficiency fraction, 

w , ^ 2545 (or 3413)/Fuel rate 

Actual thermal cfT., complete plant = rj— -^ ^ 

Heating value of fuel, Btu per lb 


The heat rate of an engine or of a plant is defined as the amount of energy actually 
to be supplied per horsepower-hour (or per kilowatthour) of useful output. This may 
readily be expressed in terms of the steam rate, or the fuel rate, and the energy supply 
per pound of steam or of fuel, or 
Actual heat rate, Btu per hp-hr (or kwhr) 

= Steam rate of engine X Energy supplied per lb of steam 
or = Fuel rate of plant X Heating value, Btu per lb of fuel 
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Example 1. A Kankine cycle type of steam plant is operating with a boiler pressure of 300 lb 
per sq in. abs and a 20 lb per sq in. abs back pressure. There is no superheater, and the steam 
delivered by the boiler has a 99 per cent quality. Compute the properties of the steam or water 
at each significant point of the ideal cycle, the ideal feed pump work (in foot-pounds and in Btu per 
pound of steam), the requisite heat supply, and the ideal minimum energy discard per pound oi* 
steam. 

How many pounds of steam would be required in the ideal Kankine plant per net horsepower- 
hour output? Compute the Kankine cycle thermal efficiency and the type efficiency. 

Solution. 

Water leaving condeneer: Pji = P 2 “ 20 X 144; Va ■» 17*2 0.0168; t «=> 228.0 deg fahr; 

Ha ^ Hf, 2 196.1; Sa » S /.2 = 0.3366. 

Water leaving pumps: Pb “ Pi = 300 X 144; Vb = 17» 2 =• 0.0168; ( » 228.0 deg fahr; 
Hb “ 196.1 + 144 X (300 - 20) X 0.0168/778 = 197.0; Sn Sa 0.3366. 

Steam leaving boiler: Pj} *= 300 X 144; Vj) = 0.99 X 1.641 «=> 1.626; { «=> 417.3 deg fahr; 
Hd - 393.9 -h 0.99 X 808.6 = 1194.2; “ 0.5883 + 0.99 X 0.9220 =» 1.5010. 

Steam leaving engine: Pe == 20 X 144; t =» 228.0 deg fahr; Se “ Sj) «= 1.6010; x^; *=• (1.60:’0 — 
0.3356)/1,3960 » 0.835; He “ 196.1 + 0.835 X 959.9 = 997.6; Ve “ 0.832 X 20.10 « 16.73. 

Pump work = 144(300 - 20) X 0.0168 = 680 ft-lb = 0.87 Btu per lb. 

Engine work = 778(997.6 - 1194.2) = - 163,000 ft-lb = - 196.6 Btu per lb. 

Net work output = - 163,000 -1- 680 » - 152,300 ft-lb => - 196.7 Btu per lb. 

Energy supplied as heat *= 1194.2 — 197.0 =» 997.2 Btu per lb. 

Energy discard « 196.1 -- 997.6 = — 801.6 Btu per lb. 

Steam ideally required per horsepower-hour of plant output =» (33,000 X 60)/162,300 ■■ 13.00 lb 
(or — 2645/195.7), =» the ideal “isteam rate” of cycle. 

Rankine cycle efficiency = 195.7 -i~ 997.2 = 0.196 or 19.6 per cent. 

Carnot cycle thermal efficiency = (417.3 — 228.0) -5- (417.3 + 460) = 0.216 or 21.6 per cent. 

Type efficiency « 0.196 -i- 0.216 ■= 0.907 or 90.7 per cent. 

Example 2. The engine of the cycle of Example 1 develops 300 hp and uses 6000 lb of steam 
per hour. Compute actual thermal efficiency, heat rate, and engine efficiency. 

Solution. 

Steam rate » 6000 -f- 300 = 20 lb per hp-hr. 

Actual thermal efficiency » 2645 -r (20 X 997.2) *= 0.128 or 12.8 per cent. 

Heat rate 20 X 997.2 - 19,944 Btu per hp-hr. 

Engine efficiency (2646/20) 196.7 = 0.663 or 66.3 per cent, also 

■» 0.128 -i- 0.196 =» 0.663 or 65.3 per cent. 


22. THE ENERGY (‘‘HEAT») BALANCE 

In the thennodynamic design of a steam power plant and in the analysis of its acttial 
operation attention is very commonly given to what is known as the “ heat ” balance 
of the plant. By this is meant, more exactly, a comprehensive energy analysis and energy 
accounting for the purpose of asoertaining the ultimate destination of all portions of the 
original energy supply in the fuel and also for the more important purpose of correcting 
in 80 far as may be practicable any wastage of available energy. 

Two viewpoints are available in the development of such an energy analysis. On 
the simpler but less valuable basis concern is given only to the distribution of the energy 
with regard to its physical location and destination, ascribing losses only as energy may 
obviously be dissipated by radiation to the atmosphere from hot pipes or surfaces, in the 
hot stack-gases from the furnace, by conduction to the circulating water, or by mechanical 
friction in the moving parts of machines. Because the development of such an accounting 
is dependent only on the conservation of energy principle it may be designated as a firat 
law energy balance. 

The evolution of a first law balance must profieed from specific information concerning 
the type, arrangement, and interconnections of all steam-using equipment whicli is 
installed in the plant and from concrete data or estimates concerning operating conditions 
and operating efficiencies obtaining in the numerous individual units which comprise the 
plant. From such information a detailed bookkeeping account may bo developed which 
shall record specifically the amount and character of all energy entering or departing from 
each device and shall permit a summarization portraying the direction, magnitude, and 
destination of all component parts of the energy stream en route through the plant. 

Such a summarization of the energy account may, as usual, bo presented to advantage 
graphically. Either one of two general types of procedure is commonly employed in the 
graphic representation. One is illustrated in Fig. 5, in which are depicted diagrammatic- 
ally the primary components of a simple steam power plant, the interconnecting pipes 
joining the several devices, the direction of flow between them, the amount of fluid flowing 
per hoTir, and pertinent properties of the fluid en route. In the figure there are intention¬ 
ally presented a plant character and performance which are not representative of better 
modern practice, in order that certain unfortunate features of the plant may the better 
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be recognized. It is observed that the plant is so devised that the various axtxHicary 
engines exhaust at about atmospheric pressure and that the exhaust steam from those 
engines is condensed as far as possible in a heater in which some degree of feedwater 
heating is thus accomplished. 

The second method of presentation of the first law balance appears in Fig. 6. In 
that figure the character of the interconnections between parts or the fluid properties at 

5,000 kw J 



Fig. 5. Diagram for First Law Energy Balance 


specific points are not emphfisized but instead there is shown graphically the relative 
magnitude of the energy quantities at each significant stage in the energy stream. The 
energy magnitudes are in general expressed in tenns of the total enthalpies of the mass 
of fluid passing a given section in a unit time. The enthalpies are those with respect to a 



relative zero of enthalpy for water at 32 deg fahr, and in that feature the diagram may 
be to an extent misleading as the fluid does not and practically could not attain that 
temperature at any point in the cycle. This procedure is followed because it is the con¬ 
ventional and more convenient one. The figure portrays with maximum olaril^r the 
general directions of the energy stream through the plant, the manner of distribution 
of the energy en route, and the unfortunately small proportion of the initial energy from 
the fuel which actually is made available as work output. 
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It is to be observed that in Fig. 5 the combined steam exhaust from the various auxiliary 
engines is shown to be in excess of that which can practicably be condensed in the feedwater 
heater, whereby there exists a surplus of auxiliary exhaust which must be rejected to the 
atmosphere. This condition would obviously be an inefficient one. To avoid its existence, 
as well as to avoid the opposite circumstance of an exhaust steam supply which is insuf¬ 
ficient for adequate feedwater heating, is one frequent objective of the development of an 
energy balance in the design of a jilant. Also, in recognition of the necessity of assuring 
a proper balance between the amount of auxiliary exhaust steam and the amount 
which can profitably be emxiloyed for the iiurpose of feedwater heating, the notion 
of energy balancing and the terms hcat-balance design^ hcat-balarice arrange?nerit, heat- 
balance diagram, etc., are frequently employed in a somewhat limited sense referring 
only to the arrangement and character of the auxiliary machinery as that influences the 
proper balance between the exhaust steam supply and the possibility for its utilization. 

The maintenaniie of such a suitable balance under all normal operating conditions 
in the large and complex power plant becomes a very nice problem indeed and one offering 
many varieties of solution. It becomes still more imfiortant that the designer adequately 
recognize the requirement of avoiding to the maximum practicable limit the dissipation oj 



available energy to unavailable liy reason of any serious degree of irreversibility in any of 
the numerous energy transition jirocesses which take X)lace in the plant. A valuable 
device for the detection and avoidance of such irreversibilities is what is known as a 
second law energy balance. 

The general procedure in the development of a second law balance is first that of 
determining the energy quantities throughout the energy stream, quite as in the first law 
lialance, and then the separation of the energy passing each significant point in the stream 
into its inherently unavailable and ideally available portions. The results of such a 
subdivision of the energy stream of Fig. G are presented in Fig. 7. 

The features whiidi are perhaps of more outstanding significance in the figure are 
(a) the pronounced dissipation of available energy which occurs in the energy transition 
from the high-temiieraturc furnace region to the relatively moderate-temperature steam 
and (jb) the quite apprecialile dissipation of available energy and consequent loss of overall 
plant efficiency which result from iiiefficient auxiliary machinery and thermally irreversible 
heat transmission occurring in the feedwater heating equiiiment. 

23. MODERN VAPOR CYCLES* 

Prom consideration of the Carnot cycle and its efficiency fraction, {Ti — T 2 )fTi, it is 
evident that the efficiency of a tcmxierature-engine cycle may be increased by increase of 
the temperature at which the fluid receives its energy from the source, or by decrease of the 
temperature to which the fluid exjiands reversibly in the engine and at which therefore 
it discards the unavailable residue of energy to the receiver. In a vapor cycle such as the 

*For a more complete diBCUBsion of this subject see Heat Power Engineering, Barnard, Ellen- 
wood iiiid Hirshfeld. Part I, Chap, XVTII, John Wiley & Sous, 1920. 
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Rankine the temperature of energy rejection is established primarily and practically by 
that of the atmosphere or of the natural supplies of water in the streams, lakes, or seas. 
The attainment of suitable cyclic efficiency requires that the fluid shall expand as closely 
as practicable to this temperature. With water as the working fluid, this requires that a 
very low pressure (high vacuum) be maintained in the condenser. In order to gain 
efficiency by increase of the temperature of energy reception in the Rankine vapor cycle 
the temperature of vaporization may-be raised by increase of vapor pressure or the average 
temperature of energy reception may be raised moderately by superheating after vaporiza¬ 
tion is completed. 

For a like temperature range in each, the Rankine cycle may not attain the thermal 
efficiency of a wholly reversible cycle such as the Carnot. For a cycle operating without 
superheat this is in one sense due to the lower average temperature of the liquid during 
warming from the condensing to the vaporizing temperature. From an alternative and 
perhaps more fundamental viewpoint the reduced efficiency is due to thermal irreversibility 
associated with the liquid-warming phase of the cycle. This irreversibility may be 
reduced by the use of stage or regenerative feed-heating, and the cyclic efficiency may 
thereby be sensibly bettered. The improvement of efficiency resulting from superheating 
may be doubly realized by the expedient of resuperheating the vapor after partial expansion 
through the engine. The benefits of high vaporization temperatures may be obtained 
without the disadvantage of high attendant pressures by the use of a fluid of lower vapor 
pressure than water. All these expedients are employed in modern power plant practice. 



Furnace and 
Mercury Boiler 



Fig. 8. Binary-fluid (Mercury-water) 
Cycle 


Fig. 9. T-S Diagram for 
Mercury-water Cycle 


The Regenerative Feed-heating Cycle employs a method of progressive liquid warming 
in a series of heaters which are activated by steam extracted from the engine after more or 
less complete expansion therein. Thermal irreversibility is thus reduced by accomplishing 
the first portion of the warming with lower-temperature steam the available energy of 
which has been well realized in the engine, by similarly accomplishing the next step in 
the warming of the liquid by medium-temperature steam, and so on. This particular 
method of efficiency betterment by reduction of thermal irreversibility in the feed-heating 
is simply illustrative of the gains invariably to be secured by the reduction of any irreversi¬ 
ble features. The cycle is best analyzed in detail by writing and solving the energy equa¬ 
tion for each successive heater in order from the highest-pressure heater down. Thereby 
the relative amount of steam to be extracted for each heater may be computed, whereupon 
the available energy output obtainable in each successive portion of the engine may be 
determined. 

The Reheating Cycle may effect an ideal efficiency betterment only if the resuperheat¬ 
ing of the partially expanded steam is accomplished by energy supplied directly from the 
primary source (the hot furnace gases) and if the resuperheating serves to raise the average 
temperature of energy reception by the fluid from that source. The analysis of the cycle 
is quite like that of the Rankine cycle except in the necessity for recognizing the two-stage 
character of the expansion in the engine and for properly afscounting the additional energy 
supplied to the fluid in the resuperheater. The cycle lends itself well to the addition of 
regenerative feed-heating. 

Binary-Fluid Cycles are employed for the purpose of permitting high average tempera¬ 
tures of energy reception from the source without the handicap of difficultly high fluid 
pressures in the higher-temperat^ire portion of the cycle. This is accomplished by employ¬ 
ing in that portion of the cycle a fluid which has favorable vapor pressure-temperature 
characteristics. Such advantageous pressure-temperature characteristics may be utilized 
by employing a fluid of relatively lower vapor pressure in a higher-temperature section 

I—?0 
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of the composite cycle and a fluid of higher vapor pressure in a lower-temperature section. 
A compound cycle of this character which employs the two fluids mercury and water is in 
successful use at this writing. The general scheme of arrangement of the apparatus of 
this binary-fluid cycle is shown in Fig. 8. Observe that the energy rejected from the 
condensing mercury forms the energy source for the vaporizing water. In Fig. 9 there is 
shown a T-S chart for 9 lb of mercury and for 1 lb of water. These are about the requisite 
proportions between the rates of mercury and water circulation in the cycle, because 
the relative latent heats are such that the heat delivered in condensing 1 lb of mercury 
after expansion through the mercury turbine is about one-ninth of the heat required to 
evaporate 1 lb of water. 


24. THE STEAM GENERATING UNIT* 


Steam Generating Unit is the modern name used to describe the combined equipment 
required in the steam power cycle for the addition of heat to the working fluid, water. 
This consists not only of a furnace and boiler but, in the more modern plants, may include 
some or all of other heat-absorbing elements such as a superheater, economizer, air pre¬ 
heater, steam reheater, and air- or water-cooled furnace walls. 

The Steam-Generating Capacity of the unit may be expressed either in terms of 

(1) The maximum rate of heat absorption by the unit, exi>ressed either in kilo 

Btu (kB) per hour, or in mega Btu (mB) per hour (kB = 1000 Btu, mB = 
1000 kB = 1,000,000 Btu), or 

(2) The maximum rate of steam formation, in pounds per hour, or multiples thereof, 

together with a statement of the pressure and temperature of the steam 
and of the feedwater. 


The Efficiency of a Steam-generating Unit is the fraction that shows what portion of 
the heat supplied l)y the fuel used in a definite time has been absorbed by the water and 
steam passing through the unit in the same time. When a true measure of the perform¬ 
ance of a unit is required, the energy consumption of its auxiliaries must be deducted from 
the gross output. The ratio of the resulting net output of the unit to the energy supplied 
in the form of fuel is the true efficiency of the steam generating unit. 

_ WnQij — hi) 

wy(H.V.) 

in which hi = the enthalpy of the feedwater at the inlet to the first heating clement of 
the unit (o.g., to the economizer when installed, otherwise to the boiler 
itself), in Btu per pound. 

h 2 = the enthalpy of the steam at the outlet from the superheater (or from the 
boiler if no superheater is installed), in Btu per pound. 

H.V. = the heating value of the fuel, as fired, in Btu per pound. 

Wf — weight of fuel fired, in pounds per hour. 

U'n = net weight of steam delivered by the superheater, in pounds per hour. 

*= gross weight — auxiliary steam. 

The Energy Used by the Auxiliaries may be consumed by steam jets, steam engines, 
turbines, or electric motors needed to operate the various pieces of equipment which 
comprise the generating unit. The electric energy consumed should be converted into its 
steam equivalent. The total steam equivalent of all auxiliaries should then be deducted 
from the total weight of steam produced in order to determine the net energy output of 
the generating unit. The weight of auxiliary steam equivalent to the electrical energy 
consumption of the auxiliaries, in pounds per hour, is 


or 


W. - (Fn)(l “ Fa)I 


W’. = (Fn)(l - Ea) 


rRate of> 
firing, 
tons 
per 

'hour ' 


( Auxiliary \ 

energy of the \ 

steam-generating I 
unit, kilowatthours j 
per ton of fuel ' 

f \ /Actual 

Auxiliary power of \ / evaporation, 
the steam-generating 11 pounds of 
unit, in kilowatts 


( Actual \ 

evaporation, ] 
pounds of 
steam per j 
pound of fuel' 


A steam per j 

pound of fuel' 


in which Fn ** net fuel rate of the station, in pounds of fuel fired per kilowatthours sent 
out from the station. 

Ea >= fraction of the main generator gross output required to operate all the 
station auxiliaries, as determined by test. 


*Thi8 section is reprinted in a modified form, by permission, from Barnard, Ellenwood, and 
Wir H®' ♦-Po’ 'Pr EriwinoArinir Part H. .Tahn Wil«v ^ Schib. 



THE STEAM GENERATING UNIT 7-63 

The Losses of Ener^ that Occur in a Steam-generating Unit and thereby affect its 
effioiency are the following: 

(1) Loss from the incomplete combustion of the fuel as evidenced by the presence of: 

(а) combustible in the refuse collected in the ash pit; 

( б ) combustible, such as solid carbon, carbon monoxide, hydrogen, and 

hydrocarbons, in the exit gas. 

(2) Loss to the stack not caused by incomplete combustion hut due to: 

(o) the dry exit gases leaving the last heating surface at a higher temperature 
than that of the atmosphere; 

( 6 ) the water vapor, which accompanies the dry gas, leaving the last heating 
surface at a higher temi>erature than that of the air and fuel from which 
it came. 

(3) Loss by heat transfer from the entire unit to the surrounding air. 

The magnitudes of these losses are variables which depend upon the type and quality 
of fuel used, size and type of equipment, load on the unit, and the manner in which the 
plant is operated. 

The Boiler Energy Balance 

A study of the magnitudes of the los.ses is of importance to the oi>erating engineer. 
It serves as a basis for comparison of the performance of different steam-generating units. 
Any tabulation prepared with the object of evaluating the various energy items of a plant 
constitutes an energy balance. Su(;h a tabulation applied to a steam-generating unit is 
usually called a boiler energy balance. The items generally found in such a statement are: 

1 . Energy absorbed by steam in the boiler. 

2. Energy carried away by the dry flue gas. 

3. Energy loss due to unburned combustible in refuse. 

4. Energy loss due to incomplete combustion of C to CO instead of to COj. 

5. Energy carried away by surface moisture in the fuel. 

G. Energy carried away by moisture resulting from combustion of hydrogen. 

7. Energy carried away by moisture in the air used for combustion. 

8 . Radiation and unaccounted-for losses. 

Convenient methods for determining each of those items will be outlined briefly in 
the succeeding paragraphs. 

1. Energy Absorbed by Steam in Boiler. 

Q^{H2- Hx)W (1) 

where II 2 — enthalpy of steam at exit, Btu per pound. 

Hi = enthalpy of water at entrance, Btu per pound. 

Q = heat absorbed by steam, Btu per pound of fuel. 

W = pounds of steam per pound of fuel as fired. 

2. Energy Carried away by Dry Flue Gas. The weight of dry flue gas per pound of 
fuel may be found in the following manner: The gases found in the analysis of a sample of 
the dry products of combustion of a fuel are CO 2 , CO, O 2 and N 2 . These constituents 
are determined as volumetric percentages, or , the analysis gives the volume of each 
constituent per 100 volumes of mixture. 

Therefore since a molecular weight in pounds of any gas occupies approximately 
358 cu ft at 32 deg fahr and atmospheric pressure, the relative weight of the percentage 
volume of each gas in the mixture will be its percentage volume multiplied by molecular 
weight in pounds. 

If the carbon balance is used as a basis of calculation, it is assumed that all the carbon 
appearing in the flue gas in the form of CO 2 and CO has come from the carbon in the fuel 
that was burned. 

Hence 

Lb of dry flue gas _ CO 2 4- CO -f- O 2 4- 2*/s68 N 2 
Lb (CO 2 and CO) ” 44 / 3^8 CO 2 4- 28/358 CO 

44 CO 2 + 28 CO 4* 32 O 2 -f 28 N 2 
44 CO 2 4- 28 CO 

But CO 2 is, by weight, 12/44 carbon and 82/44 oxygen, and CO is, by weight, 12/28 carbon 
and 16/28 oxygen; therefore 

Lb dry flue gas 44 CO 2 4- 28 CO 4- 32 O 2 4- 28 N 2 
Lb carbon in fuel 12/44 X 44 CO 2 4- 12/28 X 28 CO 
_ 44 CO 2 4- 28 CO 4- 32 O 2 + 28 Nj 
12 (CO 2 4- CO) 
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Since a pound of fuel does not contain a pound of carbon, and since, in any event, all the 
combustible is seldom burned, the above expression can be multiplied by the percentage 
of carbon in the fuel actually hurmd, Cg (equal to C in fuel — C in refuse), to get the weight 
of flue gas per pound of fuel. Thus 

I.b dry flue pas _ ^ ,,44 COi + 28 CO -f- 32 O 2 + 28 N 2 
Lb coal 12(002 +CO) 

Sulfur dioxide has been purposely omitted from the above expression since the quantity 
of this gas present in a sample of dry flue gas is generally quite small, and also since its 
presence can not be detected with the ordinary aijparatiis available for flue-gas analysis. 
The weight and volume of SO 2 can be computed easily if desired from the elementary 
combustion equation S + O 2 = BO 2 . 

Assuming specific heat and pressure each to be essentially constant, the energy carried 
away by the dry flue gas is 

h2 = Wfg X Cp X (tc - ^i) (3) 

where tc — gas temperature, at boiler outlet, degrees fahrenhcit. 

<1 = air temiierature at entrance to furnace, degrees fahrenheit. 

Cp — mean specific heat of dry flue gas between h and Btu per pound per degree 
fahrenheit. 

Cp = 0.240-0.250 average value. 

3. Energy Loss Due to Unburned Combustible in Refuse. The unburned combustible 
in the refuse consists of small amounts of unburned or incompletely burned fuel, and may 
be assumed to bo essentially carbon. The.energy loss involved is 

hs = CrX 14,000 (4) 

where Cr = weight of combustible in refuse per pound of fuel. 

14,000 = approximate heating value of this combustible per pound. 

4. Energy Loss Due to Incomplete Combustion of C to CO. When insufficient air 
is supplied for combustion or when air and fuel are not intimately and thoroughly mixed, 
part of the carbon may burn to CO instead of CO 2 . A pound of C burning to CO 2 releases 
14,540 Btu per lb of carbon, whereas when a pound of carlion is burned to CO, only 4480 
Btu are released per pound of carbon. The loss here, then, is 14,540 — 4480 = 10,100 
Btu per lb C burning to CO. 

The weight of C burning to CO can be determined from the flue-gas analysis by a 
method similar to that employed in jiaragraph 2 . 

Weight of carbon monoxide _ 28 / 35 ^ CO 

Weight of carbon monoxide and dioxide ^^/368 CO 2 + 2**/368 X CO 

^ 28 CO 

” 44 CO 2 + 28 CO 

where CO and CO 2 are percentages of carbon monoxide and carbon dioxide by volume. 

Since all the carbon in the flue gas (present as CO 2 and CO) must have come from that 
carbon in the fuel that was actually burned, and since, by weight, carbon monoxide is 
12/28 carbon, and carbon dioxide is ^ 2/44 carbon, then the weight of carbon, Wc, present in 
the CO content of the flue gases is 

CO 

12/44 CO 2 + 12/28 CO ^ ‘ CO 2 + CO * 

where Cg, CO 2 , and CO are as in paragraph 2 . 

The energy loss resulting from the CO is 

CO 

hi^WeX 10,160 = 10,160 X X Q (5) 

CU 2 "r CU 

6 . Energy Carried away by Surface Moisture in Fuel. Most of the surface moisture 
in a fuel probably evaporates between temperatures of 70 and 120 deg fahr. To accom¬ 
plish this, energy must be supplied by the fuel in sufficient amount (a) to raise the moisture 
to the vaporization temperature, (b) to evaporate it at this temperature, and (c) to raise 
its temperature to that of the flue gas at exit from the boiler. Steam tables would be 
required for a scientific calculation of this item. In lieu of this rather elaborate method 
the following simplification can be used: 

hi = Wm/ X (1090 - t + 0.46 tc) ( 6 ) 

where Wmf = pounds of surface water per pound of fuel, 
t = temperature of fuel, degrees fahrenheit. 
te = temperature of gases at boiler outlet, degrees fahrenheit. 
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. 6. Energy Carried away by Moisture Resulting from Combustion of H 2 . At pre¬ 
cisely what temperature the formation of water vapor takes place is unknown. It is 
generally assumed, however, that it occurs at the outset of combustion. Whence, the 
parenthetical quantity in the preceding equation can be used to determine the loss per 
pound of moisture, or since 9 lb of moisture result from the combination of 1 lb of H 2 

hi = 9R(1090 - t + 0.4G Q (7) 

whore TI ~ percentage of H 2 in fuel by weight; other symbols as in equation (6). 

7. Energy Carried away by Moisture in Air. The moisture in the air used for com¬ 
bustion has alre.'i(ly been raised in temperature to the vaporization point and has been 
completely vaporized. Hence the only energy alisorbed l)y it within the furnace is that 
required to raise the temperature of this vapor to that of the flue gases at boiler outlet, or 

hi = TF,„a 0.4G(/c - h) (8) 

where /<. = flue gas temperature at boiler outlet, degrees fahrenheit. 
ti = air temperature at entrance to furnace. 

Wma = weight of moisture in air per pound of fuel. 

8. Radiation and Unaccounted-for Losses. It is generally assumed that the pre¬ 
ceding seven items constitute the principal manners in which the heating value of the fuel 
is distributed. Hence all other items are included under the head of radiation and 
unaccounted-for, or 

hi = H.H.V. of fuel — items 1-7 inclusive (9) 

Example. The following typical problem will illustrate the determination of the various items 
of the boiler heat balance. 

Given: Coal analysis, as fired, C, 65%; O, 8%; IT, 5%; N,1 %; ash, 13% ; H 20 ,8%; heating value, 
11,850 Btu per lb. Pounds of steam per pound of cotd = 8.5. 

Flue gas analysis (by volume) CO 2 , 12.8%; CO, 0.6%,; () 2 , 5.4%; N 2 , 81.2%. 

Air and fuel enter furnace at 70 deg fahr; gas temperature at boiler oiitlet =* 470 deg fahr; 
temperature of steam in boiler == 400 deg fahr; combustible in refuse *= 20'%; moisture in air *■ 
0.6'% of w'cight of dry air. Boiler pressure = 210 lb per sq in, abs. Feed water temperature = 180 
deg. fahr. 

Solution. Since Refuse = Ash + Carbon, Weight .of refuse - X 0.20 *= 0.0325 lb per lb 
coal, us fired. 

Hence, (iarbon burned = Cg = 0.65 — 0.0325 « 0.6175 lb per lb coal, as fired. 

Weight of dry flue gas, by equation (2) = 11,62 lb per lb coal, as fired. 

Weight of dry air supplied = DFG -j- JI 2 O + SO 2 Ash — 1 «= 11.2 lb per lb coal as fired. 

DFO " signifies dry Hue gas. 


Boiler Energy Balance 


Eq. 

Energy Item 

Calculation 

Bt\i 

% 

1 

Absorbed by boiler. 

(1207.9 - 147.87)8.5 

9.000 

76.00 

2 

Absorbed by DFG . 

11.62 X 0.24 X (470 - 70) 

),M8 

9.41 

3 

Loss due G in refuse. 

0.0325 X 14,600 

475 

4.00 

4 

Loss due CO. 

0.6175 X 10,160 X 0.6(12.8 + 0.6) 

280 

2.36 

5 

Absorbed by H 2 O in fuel. 

0.08(1090 % 0.46 X 470 - 70) 

99 

0.83 

6 

Absorbed by II 2 O from H 2 . 

9 X 0.05(1090 4- 0.46 X 470 - 70) 

556 

4.70 

7 

Absorbed by IT 2 O in air. 

0.005 X n.2 X 0.46(470 - 70) 

103 

0.86 

8 

Bflt.p.. 

By difference. 

219 

1.84 



Total. 

11,850 

100.00 


Overall boiler efficiency = 9000 -f- 1 1,850 — 0.76 = 76 per cent. 


Interpretation of Boiler Balance. The energy balance as ciilculated gives the distri¬ 
bution of the actual energy quantities. Some of the losses can be reduced or eliminated 
entirely; others are always present and are ijihcrenl losses. An energy balance setting 
forth the inherent losses vdll enable the reader to tell at a glance where improvement may 
l)e made, and where no further gain will be possible. For instance, air supplied for com¬ 
bustion may bo rediKied, thus decreasing the excess air, and hence energy carried away 
by dry flue gas; Imt the air cannot be reduced below the theoretical requirements. Sim¬ 
ilarly, by suitable baffling and maintenance of optimum flue-gas velocity and rate of fuel 
firing, the temperature of the flue gas may be reduced, but it can never be reduced below 
the temperature of the steam leaving the boiler (without an economizer). The following 
tabulations will further clarify the point. All items are per pound of fuel as fired. 
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Distribution of Inherent Losses 


Name 

Calculation 

Btu 

% 

Absorbed by DFG . 

9.26* X 0.24 X (400 - 70) 

733.4 

6.19 


0.0 

0.00 



0.0 

0.00 

Absorbed by II 2 O in fuel. 

0.08(1090 - 70 + 0.46 X 400) 

9 X 0.05(1090 - 70 -1- 0.46 X 400) 
0.005 X 8.92* X 0.46(400 - 70) 

96.3 

0.81 

Absorbed by H 2 O from II 2 . 

Absorbed by H 2 O in air. 

541.8 

67.7 

4.57 

0.57 

Radiation, etc. 

0.0 

0.00 

Absorbed by ideal boiler. 

Hv clifTercnce. 

10,410.8 

87.86 




Total. 

11,850.0 

100.00 


* Theoretical, for perfect combustion. 


Comparison of Actual and Inherent Losses 


I tern 

Actual 

% 

Inlicront 

/O 

Absorbed by boiler. 

76.00 

87.86 

Absorbed by dry flue gas. 

9.41 

6. 19 

Loss due (Mn refuse. 

4.00 

0.00 

Loss due CO.i. 

2.36 

0.00 

Absorbed by H 2 O in fuel. 

0.83 

0.81 

Absorbed by H 2 O froitj II 2 .. - . 

4.70 

4.57 

Absorbed by IloO in air. 

0.86 

0.57 

Radiation, etc. 

1.84 

0.00 

T 0 t. 1 l. 

100.00 

100.00 


26. STEAM ENGINES AND TURBINES 

The engine of the steam cycle treated in Arts. 20-23 may be either of two general 
types, the reciprocating engine, commonly referred to as the steam engine, or the turbine 
engine, commonly referred to as the steam turbine.. Given the same initial conditions 
of the steam and the same exhaust conditions the ideal thermal efficiencies of the steam 
engine and the turbine are exactly the same. The use of one or the other for a specific 
purpose is determined by practical or economic considerations. The measures of efficiency 
and performance developed in Art. 21 are applicable to both the steam engine and the 
steam turbine. 

A Simple Steam Engine is one in which the expansion of steam is completed in one 
cylinder. 

A Compound Steam Engine is one in which the steam progressively expands in two 
or more cylinders. The term compound., without qualification, refers to the two-cylinder 
arrangement. A triple-expansioii engine means that the expansion is completed in three 
stages or cylinders, and a quadrupLe-expansion engine means that the expansion is com¬ 
pleted in four stages or cylinders. Compound engines may have the cylinders arranged 
in various ways such as: tandem-compound, cylinders placed one behind the other in 
line; angle-compound, cylinder axes placed at right angles to one another; cross-compound, 
cylinders arranged side by side; and vertical triple expansion, three cylinders placed with 
axes vertical. 

An engine may operate non-condensing, i.e., exhausting to the atmosphere, or condens¬ 
ing, i.e., exha\isting into a condenser in which a vacuum is maintained. 

A Single-acting Engine is one in which steam is admitted only to one side of the piston. 
A double-acting engine is one in which steam is admitted alternately to each side of the 
piston. 

Valves. A slide valve is a valve which controls the inlet and exhaust of steam by 
sliding across the ports. A poppet valve is a disk, fitting a port, which is raised or lowered 
for the control of inlet and exhaust. A Corliss valve has a cylindrical surface which 
oscillates through a small angle to open or close the port. Each event is separately con¬ 
trolled. The main feature of this valve is the quick closure of the steam port, obtained 
by a trip-gear on the inlet valve. The more recent high-speed Corliss engine has positive 
control of the valves at all times. 

The exhaust valve of the uniflow engine is the piston itself, which functions witih 
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respect to the exhaust ports located at the middle of the cylinder. The inlet valves, 
located at the ends of the cylinder, may be of any type. 

Steam Engine Speed is governed in two ways: by throttling the steam supply, or by 
varying the cut-off. 

Indicator Diagram. An indicator diagram is a diagram (sco Fig. S), showing the 
eteam pressure in the engine cylinder at each point of the 
stroke. Such a diagram may be actually obtained by means 
of a steam-engine indicator, which is an instrument which 
causes a pencil to re(;ord on paper the pressure in the cylinder 
at every point of the stroke. The diagram drawn by the 
pencil shows whether the valves are properly adjusted, and it 
is also used in figuring the power developed in the cylinder, 
and the approximate steam consumption. A diagram of a 
non-condensing engine in which the steam is cut off at 
about one-quarter of the stroke is shown in Fig. 10. Fic. 10. Indicator Diagram 

The lines and points have the following significance. ^ bimple Steam Engine 

Point of Admission, C, is the point at which the steam valve opens. 

Admission Line, CD, shows the rise of pressure due to the admission of steam to the 
cylinder by opening the steam valve. 

Steam Line, DE, is drawn when the steam valve is open and steam is being admitted 
to the cylinder. 

Point of Cut-off, E, is the point where the admission of steam is stopped by the closing 
of the valve. It is often difficult to detennine the exact point at which the cut-off takes 
place. It is usually located where the outline of the diagram changes its curvature from 
convex to concave. 

Expansion Curve, EF, shows the fall in pressure as the steam m the cylinder expands 
doing work. 

Point of Release, F, shows when the exhaust valve opens. 

Exhaust Line, FG, represents the change in pressure that takes place when the exhaust 
valve opens. 

Back-pressure Line, GH, shows the pressure against which the piston acts during its 
return stroke. 

Point of Exhaust Closure, II, is the point wh6re the exhaust valve closes. It cannot 
be located definitely, as the change in pressure is at first due to the gradual closing of the 
valve. 

Compression Curve, HC\ shows the rise in pressure duo to the compression of the steam 
remaining in the cylinder after the exhaust valve has closed. 

Initial Pressure is the pressure acting on the piston at the beginning of the stroke. 

Terminal Pressure is the pressure above the line of perfect vacuum that would exist 
at the end of the stroke if the steam had not been released earlier. It is found by con¬ 
tinuing the expansion curve to the end of the diagram. 

The Indicated Mean Effective Pressure, found by dividing the diagram area by its 
length and multiplying the (luotient by the pressure scale of the diagram, is in a broader 
seiisi! that eiiuivalent pressure w^hich, if acting unopposed upon the piston face during the 
power stroke of a cycle, would produce the net amount of work output actually delivered 
per cycle. 

Indicated Work per Cycle, ft-lb, = imep X A X L 

PmX A X L 



where Pm = abbreviation for the mean effective i)ressure, pounds pier square foot. 
A = piston area, upon which the pressure acts, square feet. 

PmA = mean effective force acting on piston face, pounds. 

L — length of piston stroke, feet. 


The indicated horsepower is 


Ihp 


PmALN 

33,000 


where N — the number of power strokes per minute (2 per revolution for simple double¬ 
acting engine). 


The Brake Horsepower of an engine is calculated by the use of 


Bhp 

where r = radius of brake arm, feet. 


2 TTUvn 
33,000 


w ~ force acting at end of brake arm, pounds, 
n = number of revolutions per minute. 
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The Brake Mean Effective Pressure, Bmcp, useful for comparison purposes, is found 

LAN 

by dividing the Bhp by the tei-m * 

The mechanical efficiency of the engine may be stated, 


Mechanical efficiency = ~ ~ — = rr— 


Bmcp _ Bhp 
Iniep Ihp 

The Ideal Thermal Efficiency of the steam engine is the same as that for the Rankine 
cycle, Art. 21. The actual thermal efficiency of the steam engine is the same as that for 
the steam cycle, but may be based on either indicated horsepower or brake horsepower. 
Likewise the engine efficiency, heat rate, and steam rates of the steam engine are the same 
as for the steam cycle, and each may be based on either indicated horsepower or brake 
horsepower. 

Tests. For detailed methods of tests of steam engines, as well as of all other power 
machinery, reference should be made to the Power Test Codes published by the American 
Society of Mechanical Engineers, New York. 

The following summary represents briefly the generally accepted ideas regarding the 
cylinder action and the losses in the reciprocating steam engine. 

A. The losses of available energy in the steam engine are due to the following causes 
arranged in the approximate order of magnitude of loss: 


1. Initial or surface condensation. 

2. Incjomplete expansion and early release. 

3. Throttling of steam flowing through partly open valves. 

4. Leakage of steam past piston and closed valves. 

5. Friction of moving parts. 

6. Heat loss by radiation and conduction. 

7. Compression and early admission. 


B. Initial or surface condensation is increased by the following conditions: 

1. Early cut-off and large ratio of expansion. 

2. Large pressure and temperature range in a single cylinder. 

3. Small cylinder diameters, because the exposed surface is largo in comparison with 

the volume. 

4. Steam supply saturated or wet, 

5. I^ong valve iiassages and the use of the same passage for admission and oxhausc 

steam. 


C. Conditions favorable to redaction of initial condensation are: 

1. Late cut-off and small expansion ratio (but this increases loss due to incomplete 

expansion in simple engines). 

2. Superheat. 

3. Separate valves for admis.sion and exhaust, and short valve jiassages. 

4. High compression. 

5. Compounding. 

6. Uniflow principle. 

Types of Turbines 

In the Turbine Engine, or steam turbine the energy conversion to work is accomplished 
by means of the conversion of the available portion of the internal energy of the steam into 
mechanical kinetic energy of a jet in stationary or moving noiszles, and then the conver¬ 
sion of this mechanical kinetic energy of the jet into work on a shaft liy allowing the jet to 
change its direction of motion while passing over moving vanes or blades. 

In the Impulse Turbine the steam pressure drop and consequent development of kinetic 
energy take place solely in the stationary nozzles, and the work is obtained by the con¬ 
version of this kinetic energy into work on moving blades. In the reactio7i turbine only a 
part (about half) of the kinetic energy conversion occurs in the stationary nozzle, the 
remainder of the kinetic energy conversion being accomplished by a pressure drop in the 
steam as it passes through the moving blades. The efficiencies and other performance of 
the steam turbine are the same as for the reciprocating engine except that for the turbine 
the items of indicated horsepower and mechanical efficiency are missing. 

Dc Laval Turbine. The characteristic features of the De Laval turbine are the diverg¬ 
ing nozzles which expand the steam to the back pressure in a single stage, and a single 
flteel disk, mounted on a slender flexible shaft, carrying the blades on its periphery. 

The Rateau Turbine consists of a number of De Laval elements in series. The steam 
expands in several pressure stages until completely expanded to the back pressure. 

The Parsons Turbine is a reaction turbine in which there are a large number of rows ol 
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blades mounted on a rotor or revolving drum. Between each of these rows of blades is a 
row of stationary blades attached to the casing. The steam expands to a lower pressure 
in both sets of blades. A set of stationary blades and the following set of moving blades 
constitute what is known as a stage. 

Several combinations of these different types are in use. A summary of the principal 
features of construction and the operating characteristics of several widely used types 
of turbines is given in Table 1. 

Table I* 


Classification 

Typo 

Characteristics 

Physical 

Operating 


Oe Laval 

One nozzle or set of nozzles. 

Single disk with one row of blades. 
One passage of steaiii across 
blades. 

High steam velocities. 

High wheel velocities. 

Large pressure drop in nozzle. 


Simple Curtis 

One nozzle or set of nozzles. 
Single disk with two or more 
rows of blades. 

Intermediate reversing blades. 
One paesage of steam across each 
■ blade row. 

Moderate wheel speed. 

Large pressure drop in nozzle. 
Same pressure throughout stage. 

Impulse 

Re-entry 
(a) Axial 
flow 

(ft) Tangen¬ 
tial type 

One nozzle or set of nozzles. 
Single row of blades or buckete. 
Reversing chambers to redirect 
steam on blades one or more 
times. 

Usually moderate wheel speed. 
High wheel speeds in geared sets. 
Large pressure drop in nozzle. 


Ratcau 

Series of De Laval wheels with 
intermediate diaphragms carry¬ 
ing orifices. 

Usually, large number of stages. 

Small pressure drop per stage. 
Most efficient ratio of wheel speed 
to steam speed can bo secured. 


Miiltistage 

Curtis 

Series of simple Curtis wheels 
separated by diaphragms carry¬ 
ing orifices. 

Usually relatively few stages. 

Relatively largo pressure drop per 
stage. 

Reaction 

Axial flow', 
ParaouB 

Series of alternate rows of con¬ 
verging fixed and mov'ing blades. 
Moving blades mounted usually 
on several drums. 

Steam flows axially. 

Small pressure drop per row. 

Large number of rows. 

Long spindles. 

Most efficient ratio of whed 
speed to steam speed possible. 


Radial flow, 
Ljungstrorn 

Series of radial rings of converg¬ 
ing reaction blades. 

Alternate rings revolve in oppo¬ 
site directions. 

High ratio of blade speed to steam 
speed. 

Elaborate steam packing devices. 

Combination 

Types 

Curtis- 

Rateau 

One Curtis stage followed by sev¬ 
eral simple-impulse stages. 

Only moderate temperatures and 
pressures in casing due to large 
pressure drop in first nozzle. 

Curtis- 

Parsons 

One Curtis stage followed by a 
series of Parsons stages. 
Usually disk and drum construc¬ 
tion. ! 

Temperatures in casing low, since 
steam is expanded in nozzle. 


* Based on Kent. 


26. STEAM CONDENSERS AND OTHER HEAT 
TRANSFER APPARATUS 

Steam Condensers are either of the jet type, in which the condensate mixes with the 
cooling water and from which both are discharged together, or of the surface type, in which 
the two fluids are kept separate by thin metallic walls and are handled independently. 
The Weight of Water necessary to condense a given weight of steam may be found for 
type of condenser from the equation that expresses the energy balance for the con- 
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denser. Neglecting the effect of the presence of air, changes in velocity, and heat lost to 
the atmosphere, 

~ He) = Wy,{H2 - Hi) 

where and Wxo = the respective weights, in pounds, of steam and condensing water 
flowing through the condenser in a unit of time, usually the hour. 

Hi and i/a = the respective enthalpies of the condensing water entering and leaving 
the (jondenser, in Btu per pound. 

He = the enthalpy of the steam entering the condenser, in Btu per pound. 

He = the enthalpy of the condensate leaving the condenser, in Btu per 
pound. 

Then, the weight of condensing water per unit weight of steam becomes 

Ww _ He — H e 

Wg Hi — Hi 


or, very closely, 
where h and h = 
tc = 

U = 
eh - 


^ He - {te - 32) ^ He - (/, - 32) 

We h — h ia — Ul + Ob) 

the respective temperatures of the condensing water entering and leaving 
the condenser, in degrees fahrenheit. 
the temperature of the condensate leaving the condenser, in degrees 
fahrenheit. 

the temperature of the exhaust steam (assuming no superheat), in 
degrees fahrenheit. 

= terminal temperature difference. 


With jet condensers, tc 
Therefore, 


= ^2 ~ ^mix. ~ — ^6* 

Wto _ He ^mlx. ' 4 ' 32 

We ^ralx. — 

^ He- te-h Oh + 32 
ta — (h + Ob) 


Most problems of heat transmission in surface condensers can be solved by the use of 
the following: 


WeiHe - He) 


AU{h - h) 



Ww Cw{h — h) 


where A = the amount of condenser heating surface, in square feet. 

Cw = the specific heat of the condensing water. 

U = the thermal transmittance, in Btu per hour per degree fahrenheit per square 
foot of condenser heating surface, 
c = Napierian base of logarithms = 2.71828. 


The mean temperature difference 



is commonly called the logarithmic mean temperature difference. 

Assuming Cw as unity, permissible for fresh water where extreme accuracy is not 
essential, 

JL. 

{Wy^/A) 

in which (wy,/A) is the number of pounds of circulating water used per hour per square 
foot of condensing surface. 

+ (^2 ~ ti) + = <1 + H" • 


log< 


( ia - ii \ ^ 


..t I ~ ^ I l1 
^ iWw/Wa) I <2 — J 


(Ww/A) 


ti -f- (h — ^i) 

1 _ (g) - U/{WuffA) 


These equations are useful in showing how the steam temperature, and the corresponding 
absolute pressure, are influenced by the variations in each of the individual factors and 
ratios appearing in the right-hand members. 

Feedwater heaters are either of the open type, in which the two fluids mix and from 
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which both are discharged together, or of the closed type, in which the two fluids are kept 
separate and are handled separately. 

Neglecting heat loss through the shell 

w,{Ha - Hh) = WfiHi - Hi) 

in which Wa and Wf ~ the quantities of steam and feedwater flowing through the heater, 
respectively. 

Ha and Hj, = the respective enthalpies of the hot fluid entering and leaving the 
heater, in Btu per pound. 

Hi and the respective enthalpies of the feedwater entering and leaving the 
heater, in Btu per pound. 

Since the condensate formed in the open-type heater mixes with the feedwater, Hh and 
i/o are equal in this type of heater. l«’or moderate feedwater temperatures Cp of water 
is near unity; the term (<2 — h) may be substituted for the term {Hi — //i), where 
<2 and ii are the respective temperatures of the feedwater leaving and entering the 
heater. The problems of heat transmission in the closed feedwater heater are treated 
the same as those of the surface condenser. 

An economizer is an apparatus by which some of the heat from gases leaving the boiler 
is recovered and used principally to heat feedwater. For heat transmission in economizers, 


Mean temperature difference = 


■“ 

1 0(1 


where Ba 

Bh 


And 


the initial temperature difference of the two fluids, degrees fahrenheit. 
the final temperature difference of the two fluids, degrees fahrenheit. 


Cg{ia — th) 


ATKBa - Bh) 


log, 


Ob 


= w/ Cfih - k) 


where Wg = weight, in pounds, of flue gas through the economizer per unit time. 

Wf = weight, in pounds, of feedwater through the economizer per unit time. 

Cg and Cf = the respective specific heats of the flue gas and feedwater. 

Air preheaters, used also to recover some of the heat from gases leaving the boiler, 
may l)e of two general types, recuperative and regenerative. For the recuperative type 
in which the heat is transferred from the flue gases to the air through thin metallic walls 
the principles of heat transmission are the same as for the economizer. In the regenerative 
type the heat-transmitting surfaces are exposed alternately to the heat-surrendering gases 
and to the heat-absorbing air. 


THE INTERNAL-COMBUSTION ENGINE 

27. GENERAL CHARACTERISTICS 

The Internal-combustion Engine constitutes one of the two general types of devices 
for realizing as shaft work some portion of the available energy associated with the high- 
temperature products of the combustion of a fuel, the other device being represented by 
the composite arrangement of furnace, steam boiler, and steam engine or turbine treated 
in Arts. 20-26. Ic will be recalled that in the latter arrangement the stored chemical energy 
of the fuel is released by a process of combustion carried out in a furnace at high tempera¬ 
ture levels but at constant atmospheric pressure, that the energy so released is then in 
part delivered by conduction to moderate-temperature steam which is formed in the 
boiler under high pressure, and that this steam aijts as a carrier through the medium of 
which energy is delivered to the engine, in which there is finally accomplished a partial 
transformation of the energy to shaft w^ork and from which the unavailable residue of 
energy is discarded at about atmospheric temperature. In distinction to this serial pro¬ 
cedure in the steam plant the internal-combustion engine effects a more direct utilization 
of the chemical energy released by the combustion by so confining the burning fuel mixture 
that a high pressure is produced {or maintmued) in the hot comhiLstion products themselves, 
whereby through a suitable mechanism these products may act directly upon a piston 
to motivate a shaft against whatever resisting force may be imposed by the external load. 

The Characteristic Conditions for which the internal-combustion engine must be 
designed may be summarized as follows: 
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(A) A major portion of the material which must be introduced into the engine cylinder 
is the atmospheric air which supplies the oxygen necessary for the combustion. The 
induction of air from the atmosphere to the engine cylinder may be accomplished in 
various ways. A very common method is to employ one complete piston stroke for this 
purpose. An engine which does so is said to operate upon a four-stroke cycle. That 
cycle is described in the following. The alternative or two-stroke cycle is considered briefly 
later. 

In a continuous graphic record of (a) the pressure existing within the space enclosed 
by the cylinder and piston at any point of the piston travel and (6) the total volume of 
that space at the same piston position, such as is furnished by the engine indicator^ this 



induction or suction stroke would be represented by 
a line such as the line ah in Fig. 1. During this entry 
of the fluid through the intake valve the pressure 
within the cylinder will be less than that at the entrance 
to the induction system by the amount of the pressure 
drop necessary to accelerate the fluid and to overcome 
fluid friction in the intake passages. 

(B) For both practical and theoretical reasons it 
is necessary that prior to the combustion of the fuel 
the fuel mixture or at least the air portion of this 
mixture shall have been brought to a pressure and 
temperature materially above those of the atmos- 


Volume 

Fiq. 1. Indicator Diagram of In¬ 
ternal Combustion Engines 


phere. This is accomplished by a compression which 
is caused to take xilace by a return or compression 
stroke of the piston with all valves closed. For this 


stroke the simultaneous fluid pressures and volumes would be represented by points on 


the line be. 


(C) For motivation of the engine it is neces.sary that during the next or power stroke 
of the piston the average fluid pressure shall be materially greater than that during the 
other strokes. This pressure increase is effected by a pronounced temperature increase 
of the fluid during and resulting from combustion while (confined within the cylinder. 
This combustion is initiated at or about a point in the piston travel which would be 
represented by point c in the figure. 

The rate of comliustion (and thus the rates of energy release and of temperature and 
pressure rise as a result of combustion) is a characteristic which is in effci^t the major 
basis for classification of modern engine types. Suitable control of the conditions under 
which the combustion occurs might iiennit or cause it to be so rapid and exiilosive in char¬ 
acter as to take place at virtually constant volume and produce a more or less “ vertical ” 
rise of temperature and pressure, such as indicated by the line cd\ in Fig. 1. Alternatively the 
combustion might be caused to proceed with such lesser rapidity that it would (jontinue 
through a portion of the power stroke, with the production of a somewhat lesser tempera¬ 
ture and pressure rise than would occur under the first conditions. Lines cdx or cd% 
would be representative of the latter condition. 

The exact rate of energy release under this second sidiedule might be caused to be 
virtually anything from the one producing almost constant volume combustion to one so 
relatively slow as simjily to maintain a constant temperature and thus to permit a gradual 
pressure drop following the initiation of the combustion. The line cdx niay be taken as a 
general one representing any sort of combustion conditions which might olitain. How¬ 
ever, the prototype of one of the standard cycles which are emj^loyed in present-day 
internal-combustion engine practice, that is, the Diesel cycle, is one in which it is assumed 
that the pressure shall be maintained constant during and by the combustion, producing 
a combustion line as represented by cd 2 in the figure. The constant volume combustion 
of line cdi is a basic characteristic of the Otto cycle. 

To permit the constant volume combustion of the Otto cycle it is necessary that at 
point c in the cycle the engine (jylinder shall contain the fuel and air in intimate mixture 
and thus in effective condition for ignition (by electric spark) and explosive combustion. 
This condition is obtainable by (1) the use of either gaseous fuels or relatively volatile 
liquid fuels and (2) the atomization and intimate mixing of the fuel with the air in some 
portion of the cycle prior to the completion of the compression. This mixing is ordinarily 
done outside of the engine cylinder in a mixing valve or carburetor and during the induction 
of the air on stroke ah. It is to lie noted, however, that this very presence of a comliustible 
mixture in the cylinder during the compression stroke imposes certain definite limits on 
the extent of the compression which may be employed in the Otto cycle engine, because 
of the temperature rise produced by the compression and the resultant tendency toward 
spontaneous pre-ignition of the mixture, and also by reason of the tendency of numerous 
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fuels toward an abnormally rapid combustion and the production of abnormally and 
seriously high combustion temperature and pressure if compression is carried beyond 
certain limits. This latter phenomenon is known as detoncUion, 

The progressive, (constant pressure combustion of the conventional Diesel cycle is 
securable (1) by withholding the fuel from the engine cylinder until about the completion 
of the compression stroke, which implies that only air shall have entered during the 
suction stroke, and (2) by a subsequent progressive injection of an atomized jet of the 
(iiquid) fuel into the cylinder during the combustion period at a properly controlled rate. 
Except in various smaller engines operating on a so-called semi-Diesel cycle, the ignition 
of the fuel is accomplished by compression of the air to so high a pressure Pc that at the 
end of compression it shall have attained a temperature high enough to induce spontaneous 
ignition t:pon the fuel injection. Even under this condition, however, to accomplish 
suitable ignition and combustion requires that the fuel must be injected in a very finely 
atomized state. 

(D) Returning to a consideration of the events of the cycle—except as there is some 

incompleteness of combustion at point d by reason of chemical equilibrium and thus a 
X)ersiatencG of combustion, or after-hurninR, beyond that point, the remainder of the 
power or expansion stroke provides solely for an expansion of the high-temperature products 
of combustion. This continues until the end of the stroke is reached, at or somewhat 
Ijefore which point the exhaust valve is opened. Line de is representative of this expansion 
phase. It will be observed that an expansion to the same total volume as that at the 
beginning of compression predicates a release of the combustion products at a 

pressure which is materially higher than the intake or atmospheric pressure, and also 
their rejection or exhaust at a temperature very considerably above atmospheric tem¬ 
perature. The available energy loss associated with this temperature and pressure ex¬ 
cess might be reduced by arranging for a continuation of the expansion to some greater 
volume such as the volume V,.' of the figure. Such cycles have been and are frequently 
proposed but have not been developed commercially. 

(E) Directly upon ojicning of the exhaust valve there occurs a rapid drop of pressure 
within the cylinder due to the escape of a portion of the combustion products through 
the exhaust passages, and upon the following or exhaust stroke in a four-stroke cycle 
the remainder of the products are ejected by the returning jjiston, except as a portion 
is left in the cleararuie space between the piston and the head end of the cylinder. These 
two exhaust processes are represented by lines ef and fa in Fig. 1. During the exhaust 
stroke the pressure within the cylinder would exceed that of the exterior by the amount 
necessary to accelerate the fluid and to overcome fluid friction in the exhaust system. 
The particular mass of products which remains in the clearance space at tlie end of any 
given exhaust stroke is repla(!ed by an equivalent mass at the end of the next cycle; 
this clearance residue may therefore be regarded as continuously entrapped within the 
cylinder. 

The performance of a complete cycle has thus ])een described. Observe that for its 
accoinplishmont four strokes of the piston have been required, and therefore, as noted 
above, the cycle would properly be designated as a four-stroke cycle. An engine operating 
on this four-stroke schedule would be described as a four-cycle engine whether it might 
conform to the Otto cycle or the Diesel cycle or any modification of cither as regards the 
degree of compression or the character of combustion. 

In lie.i of the four-stroke schedule it is i>ossil)le and wholly practicable to accomplish 
the introduction of the air or the mixture into the 
cylinder, its compression, the combustion and expan- | 
sion, and a sufficient clearing of the combustion J 
products from the cylinder, in two piston strokes. A i 
cycle so carried out is designated, as remarked above, 
as a two-stroke cycle, and an engine operating on the 
cycle is a two-cycle engine. The arrangements by 
which the cycle is accomplished differ in detail in 
various engines, but the general procedure is in effect 
(a) to cause the exhaust valves (or ports) to open 
rather early in the expansion stroke, thus facilitating 
as far as possible the escape of the combustion products 
without the provision of a separate exhaust stroke, and 
{h) to force the air (or the mixture) into the cylin¬ 
der and jointly to sweep out the residual combustion 
products V)y the use of a low-jiressure scavenger blower which is caused to discharge to the 
cylinder during the early portion of the compression stroke, thus eliminating a separate 
intake stroke. The general appearance of the pressure-volume diagram of a two-stroke 
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Fig. 2. Indicator Diagram of a 
2-cycle Engine 
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cycle is shown in Fig. 2, in which equivalent phases in the two- and the four-stroke cycles 
are denoted by the same letters as were used in Fig. 1. 

The idealized conditions of operation of an internal-combustion engine may be taken 
to involve the following general features: 

(a) Zero resistance and thus zero pressure drop through the intake system, whereby 
the cylinder pressure during admission might he that of the atmosphere, Pa- 

{b) A reversible adiabatic compression of the air or mixture, the adiabatic feature 
being in distinction to the ac.tual condition of energy transfer as heat between the fluid 
and the water-cooled or air-cooled cylinder of the real engine. 

(c) A reversible adiabatic combustion phase, which again is in distinction to the 
actual condition of energy escape as heat from the burning mixture to the cylinder during 
combustion. 

(d) A reversible adiabatic expansion of the combustion products, with, however, the 
possibility of some persistence of combustion during and after expansion if conditions 
of chemical equilibrium were encountered during combustion. 

(e) An instantaneous pressure drop upon opening of the exhaust valve at the end 
of the expansion stroke, and zero resistance and thus zero pressure drop through the 
exhaust system, whereby the cylinder pressure during exhaust might be that of the 
atmosphere. Pa- 


28. THE OTTO CYCLE 


A pressure-volume diagram for an Otto cycle conforming to the above-mentioned 
ideal features would be like that of Fig. 2. The extent of the compression and expansion 

employed is a feature which affects the final products’ 
temperature and thus the efficiency of the cycle. The 
outstanding influence of these features may be indicated 
approximately by quite artificial and unreal analyses 
which arc known as the air standard analyses. In 
these analyses it is presumed (1) that air alone is caused 
to pass through the typical state changes of the cycles, 
(2) that the temperature and pressure rises which in the 
actual cycles are produced by the chemical energy release 
during combustion shall in this hypothetical cycle be 
produced by a like supply of energy to the air as heat 
from some extern.al source, (Jl) that the energy discarded 
by the cycle eijuals the energy emission during a con¬ 
stant-volume cooling of the air from the temperature 
T(i to the original temperature T\, and (4) that the 
specific heat of the air may be regarded as constant and 
as that of air at nonnal atmospheric temperature. 

A significant item associated with the i^iternal-<^<)mbustion engine cycle is the ratio 
between (1) the total volume in the cylinder at the end of intake and beginning of com¬ 
pression and (2) the clearance or residual volume in the cylinder when the jiiston is at 
the end of the compression stroke. This ratio is known as the ratio of, compression and will 
be denoted as re- Kcferring to Fig. .‘1, which is representative of the events in the ideal 
Otto cycle, 



Fia. 3. Indicator Diiigram of Otto 
Cycle (Air Standard) 


Compression ratio, rc, 


Vo 


A second generally significant ratio is that between the volume at the end of expansion 
and the volume at the beginning of expansion. This ratio is known as the ratio of expan¬ 
sion and will be denoted as Tc- Referring again to Fig. 8, 


Expansion ratio, rc, = “ 
Vd 


It is observed that for the ideal Otto cycle the expansion ratio and the compression ratio 
are equal. 

An air standard analysis of the Otto cycle indicates that its thermal efficiency depends 
only upon the compression ratio of the cycle and increases with increase in compression 
ratio in accordance with the relation 


Thermal efficiency, air standard Otto cycle = 1 — 


1 


( 1 ) 
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Although more exact estimates of ideal performance as well as actual engine tests show 
that efficiency is likewise influenced by the proportions of the fuel-air mixture, with im¬ 
proved efficiency at mixtures with some excess of air, the evidence of the air standard 
analysis is well corroborated with respect to the effect of the compression ratio. 

The evidence offered by equation (1) that, for the air standard Otto cycle, the thermal 
efficiency is determined solely by the compression or expansion ratio, is indicated graphic¬ 
ally by the curve A of air standard thermal 
efficiency vs, compression ratio in Fig. 4. 

In the figure there are also represented, in 
curves B, C, and the results of com¬ 
putations made by Goodenough and Baker* 
for the ideal (indicated) thermal efficiency 
of an Otto cycle employing real mixtures of 
gasoline and air. In their (joinputations 
careful attention was given to the (jffect of 
specific heat variation and of chemical 
equilibrium during combustion, employing 
the then (lUliO) best available data. CXirve 
E shows the actual thermal efficiencies 
(based on indicated horsepower) attained 
on test of a very high-grade, single-cylinder 
Otto engine in which the compression 
ratio could be varied at w-ill, the results V>eing those reported by Ricardo f when using 
a non-detonating fuel and a fuel mixture containing air 15 per cent in excess of the 
amount theoretically required for complete combustion of the fuel. 

The results of the ideal efficien<;y computations (curves B, C, and D) and the actual 
efficieucy results (curve E) distinctly corroborate the evidence offered by the air standard 
cycle computations in so far as those predict the material influence of compression and 
expansion ratio on efficiency. In addition the ideal efficiency curves indicate a material 
influence of the character of the fuel mixture on the ideal efficiency. Test results on actual 
engines operating with mixture strengths which arc readily explosive further corroborate 
the ovidcnco of the ideal curves, to wit, that decrease of the mixture strength a(Xs to 
increase efficiency quite distinctly. 

l^rogress in the use of distinctly weak mixtures is handicapped by the difficulty in 
ignition and rapid burning of the mixture and by the material reduction in the power 
capacity of a given size engine with reduction in mixture strength, maximum power 
being se(^ured both in the ideal cyc.lo and in the actual engine with mixtures in which the 
air supply is some 5 to 10 p(5r cent less than the theoretical requirement. Progress in the 
direction of the higher compression ratio is haiidicai)ped by the detonation tendency 
of many finds but similarly is facilitated by the development and utilization of fuels 
which are less detonative in character (such as gasoline-benzol blends, gasoline treated 
with various catalysts, alcohol, etc.). The tendency of the efficiency curves tow'ard a 
gradual flattening with increase of (compression ratio and a very pronounced increase 
of the jxjak pressure of the cycle without commensurate increiuso of the engine power will 
uiidouljtedly act to limit the ratio for which it is economically worth while to strive. With 
ordinary gasolines, values of the ratio in excess of about G cannot be used to advantage 
owing to detonation. 

The departure of actual engine efficiency from the ideal is attributed to a number of 
factors, such as (1) a failure to burn portions of the fuel which are in intimate contact 
with the cylinder walls, (2) untimely burning (ff portions of the fuel during the compression 
stroke, this (xccasioned by localized contacts with hot portions of the cylinder or exhaust 
valve, and (.3) energy conduction through the cylinder walls as heat during the combustion 
and expansion. The efficiency of multiple-cylinder engines is frequently decreased very 
materially by a poor distribution of a properly i>roportioned fuel mixture, that is, by the 
deli\^ery of over-weak mixture to certain cylinders and over-rich mixture to others. The 
efficiency of two-cycle Otto engines is commonly rather less than that of a four-cycle 
engine by reason of a direct wastage of fuel mixture through the exhaust during the dual 
exhaust-induction phavSc of that eyede. 

♦Goodenough and Baker, A Thermodynamic Analysis of Internal Combustion Engine Cycles, 
Univ. of Illinois Engineerine: Exp(?riment Station Bull. 160, 1927. 

t See Ricardo, Engines of High Output, Macdonald and Evans, London, 1926. 
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29. THE DIESEL CYCLE 

The distinctive characteristics of the Diesel cycle are the induction and compression 
of air only to a temperature well above the ignition temperature of the fuel, whereby 
upon injection of an atomized fuel oil jet at the end of the compression stroke ignition will 
automatically occur and combustion will continue so long as fuel injection is continued 
and the oxygen or air supply in the cylinder does not become depleted. The resulting 
temperatures and pressures attained by the products during the fuel admission will depend 
primarily on the rate of fuel injection and combustion. Ih the conventional present-day 
concept of the Diesel cycle the rate is presumed to bo such 
that the pressure which was reached at the end of compression 
shall be maintained during the piston travel to the end of the 
injection phase. Line cd of Fig. 5 is representative of such a 
condition. 

The remainder of the cycle of the figure conforms to the 
idealized conditions noted for the Otto cycle. In the figure, 
VblVc is the ratio of compression, and Yel^d is the ratio of 
expansion. It is obvious that in the conventional Diesel 
cycle the expansion ratio is less than the compression ratio. 
For any given compression ratio the duration of the energy 
supply phase, cd, would be increased and the expansion ratio 
would be correspondingly decreased with increase in the 
amount of energy supplied to the engine per cycle. Inter¬ 
preted in association with the actual engine, the amount of energy supplied per cycle 
is measured by the amount of fuel supplied per cycle and thus by the rate and dura¬ 
tion of the fuel injection. Note in this connection that the ideal limiting amount 
of fuel which might properly be injected per cycle is established by the amount of oxygen 
and thus of air which had been inducted into the engine cylinder on the intake stroke 
of the cycle. Decreased fuel injection per cycle implies increased expansion ratio and 
increa83d air excess. 

For the Conventional Diesel Cycle with constant pressure combustion the air standard 
analysis indicates that the cycsle efficiency is influenced jointly by the compression ratio 
and the expansion ratio in accordance with the relation 

Thermal efficiency, air standard Diesel cycle = 1 — 1 4(//r — 1) 

For a given compression ratio the Diesel efficiency is less than that of the Otto and departs 
progressively from the Otto with decreasing values of the expansion ratio Vg. This last 
fact is due directly to the increase of the temperature Tg (at the end of the expansion 
and the beginning of the energy rejection phases of the cycle) with decrease of the expan¬ 
sion ratio. This temperature increase is in turn due jointly to the increasing temperature 
Td resulting from greater energy supply to the fluid during the longer injection phase 
and the concurrently lesser opportunity for temperature drop during the expansion phase. 
In spite of this apparent handicap the actual Diesel engine is in general al'le to attain 
thermal efficiencies higher than those obtained by the Otto, owing to the compensating 
advantage that the detonating character of the fuel used with the Otto engine and the 
very high maximum pressures encountered in that cycle limit its practicable compression 
ratio to about 5 or 6, whereas the Diesel engine may and commonly does employ com¬ 
pression ratios of 12 or over. 

In the Diesel engine a very thorough atomization of the fuel oil jet is necessary as well 
as a jet momentum sufficient to cause the fuel particles to penetrate the mass of highly 
compressed air. and also there needs be a considerable turbulence in that air, all in order 
that the fuel and oxygen molecules may quickly become intimately associated and rapid 
combustion may thereby lie facilitated. It has been the usual practice to assist the 
atomization of the fuel and the mixing by introducing with the fuel jet a jot of very highly 
compressed air which was furnished by an accessory compressor. With more recent 
advances in the art, fuel nozzles are being developed which provide adequate pulverization 
and dissemination of the fuel without the aid of the air jet. The two methods of introduc¬ 
ing the fuel are known respectively as air injection and airless injection or, as the latter is 
frequently although rather inaptly termed, solid injection. 

For Methods of Testing and Reporting the Performance of internal-combustion 
engines, reference should be made to the Test Code for Internal Combustion Engines 
published by the American Society of Mechanical Engineers, 29 W. 39 St., New York City. 

It may be stated that the items brake horsepower, indicated horsepower, mechanical 
efficiency, brake mean effective pressure, indicated mean effective pressure, etc., have the 



Fig. 6. Indicator Diagram 
of Diesel Cycle (Air 
Standard) 



PERFORMANCE AND CAPACITY 7-77 

same significance and are determined in quite the same manner as described for the 
steam engine, Art. 25. 

For the single-acting four-cycle engine Ihp = - — — per cylinder, and for the 

2 X 33,000 
PALN 

two-cycle single-acting engine the Ihp per cylinder is • 

In American practice the thermal efficiency of the internal-combustion engine is based 
upon the higher heating value of the fuel. 


REFRIGERATION 

Symbols and Abbreviations 

C.P. == coefficient of performance. 

Cp — specific heat at constant pressure. 

// = enthalpy, Btu per pound of fluid. 

J = Joule’s equivalent (778 ft-lb per Btu). 

k — specific heat ratio, Cplcv. 

P = pressure, pounds per square foot, absolute. 

Pi = pressure of refrigerant in condenser or cooler. 

Pi — pressure of refrigerant in evaporator or refrigerator. 

Q = energy transferred as heat, Btu per ixiund of fluid. 

S = entropy per pound mass of fluid. 

T = temperature, degrees Bankine (degrees fahrenheit absolute). 

V = specific volume, cubic feet i>er pound. 

The refrigerating machine is the practical example of the reversed heat engine, in 
that it acts to abstract energy as heat from a region of lower temperature and to deliver 
heat to a region of high temperature and does this by the supplying of energy to the 
machine usually as shaft work but also possibly as heat from some still higher temperature 
level. 

The objective of the heat engine is the transformation to work of a maximum portion 
of the energy which is supplied from a high-temperature source, but a necessary accom¬ 
paniment of the engine is the rejection of an unavailable residue of energy to that universal 
energy receiver, the atmosphere. "I’he heat engine thus operates through a temperaturo" 
range which extends from atmospheric temperature upward. In distinction, the refrigerat¬ 
ing machine has for its practical objective only the securing and maintenance of a tem¬ 
perature which is below that of the atmosphere, but again the energy which it discards 
must go to the same general energy receiver, the atmosphere. Consequently the refrigerat¬ 
ing machine operates through a temperature range which extends downward from the 
temperature of the atmosphere. 

30. THE CARNOT REFRIGERATION CYCLE 

The Reversed Carnot Cycle may be described as 
on© abstracting energy from a lower-temperature 
region and returning it to a region of higher tempera¬ 
ture by means of the work supplied. Examining this 
reversed Carnot cycle by the aid of the T-S diagram of 
Fig. 1 it is seen that, by operating the cycle in the 
direction indicated, heat Qa may be abstracted from 
a region at the lower temperature T 2 in the amount 
PiiSh — So), and heat Qi may be delivered to a 
region at the higher temperature Ti in the amount 
Ti{Sc — Sd) or T\(Sb — So). For the operation of 
this complete cycle work will be required in the 
amount — Q 2 , or alternatively, W/J = Qi — Q 2 = 

{Tt - T2){Sb - So). 

31. PERFORMANCE AND CAPACITY 

As a natural objective in refrigeration is the removal of energy from the lower tempera¬ 
ture region with a minimum expenditure of work, a suitable index of the performance of a 



Fia. 1. Carnot Refrigeration Cycle 
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refrigeration machine is the ratio between the amount of heat removed, or the refrigerating 
efiect, and the work required. This ratio is called the coefficient of performance of the 
machine, or 

ax ' ^ e t n n removed (Q 2 ) 

Coefficient of performance (C.P.) == 7 -;—;-:— , 7 ' ^r r v: 

VV ork required {W/J) 

For the reversed Carnot cycle the coefficient thus becomes 

Q2 _ T'iiSb *^a) _ T2 


C.P. = 


Sat. Liquid 
Line 


(Ti — T2)(Sb — So) Ti — T 2 
This Carnot or reversible cycle coefficient is the maximum coefficient of performance 
conceivably o’otuinalile with any refrigerating machine operating in any manner with 
any fluid liotwcen a given (constant) lower temperature Ta and a given (constant) upper 
temperature 2\. 

The Carnot refrigeration cycle may ideally be realized with any vapor. It is instnic- 
tive to see how a fluid such as water might be used. Referring to the T-S diagram of a 

vapor, as presented in Fig. 2, and starting with the 
substance at state d in a saturated liijuid state at 
the upper temperature (and pressure) of the cycle, 
let the liquid be expanded adiabatically and re¬ 
versibly in a cylinder to state a. As it expands, the 
temperature drops, part of the liquid vaporizes, 
and some work outiiut is obtained. Between states 
a and b additional liquid is caused to vaporize at 
the constant lower temperature and iiressurti of the 
cycle by the absorption of energy as heat from 
the cold region. Here the refrigeration is accom¬ 
plished. After the partial vaporization to some 
suitable state />, work energy is supplied and the 
vapor and liquid mixture is compressed iseiitropic- 
ally to a state c which in the figure is the saturated 
vapor state at the upi>or jircssure and temperature, 
'riic vapor is now condc?nsed at the constant upjier 
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Fig. 2. Carnot Refrigeration Cycle 
with a Vapor 


temperature and pressure to the original state at d, condensation being ciTected by heat 
energy rejection in an amount ecpial to that alisorbed from the lower-temperature region 
plus the net work of the cycle. The net work is that required for the compression less 
that regained by the expansion. 

Example. A Carnot refrigeration cycle ia operated between the tempcraturcB of ."jO and 100 
deg. fahr. What vapor pressures would be required if the fluid were steam, and wh.at would be 
the coefficient of perfornuuKu;? What refrigeration would be accomplished per pound of steam? 

Solution. From the saturated steam tables the necessary pressure would be 0.178 and 0.96 lb 
per sq in aba, respectively. The coefficient of performance would eciual (60 + 400)/(100 — 60) or 
10.2. The heat rejected per pound of steam to the upper temperature region at 100 deg. fahr 
would be the enthalpy or “ latent heat ” of evaporation at that temperature or, from the steam 
tables, 1036.3 B.t.u. per lb. From the definition of coefficient of performance and the necessary 
energy relations of the cycle, 

10 '> — _ 1036.3 — Work p er lb 

Work Work per lb 

Solving this equation for the work term, the net work required per pound of steam circulating 
equals 92.2 B.t.u. Finally therefore the refrigeration accomplished per pound of steam *= 
Qi - W/J = 1036.3 - 92.2 = 944.1 Btu. 

For evaluating the rate of available energy delivery from an engine or power plant 
the horsepower (or the kilowatt) is employed as the conventional unit of capacity. The 
analogous unit whiidi is used for expressing the rate of heat energy intake from the cold 
region of a refrigerating machine, or its rtfrigerating capacity, is the torm of refrigeration 
per 24 houTfi. This term is freqv mtly abbreviated, and the rate of refrigerating effect is 
stated simply in tons. 

The standard commercial ton is arbitrarily defined as a removal of energy as heat from 

( 288 000 \ 

‘^4 X 60 / ” 

minute. The unit originates from the fact that the “ latent heat of fusion ” of ice is 
approximately 144 Btu per lb or (144 X 2000 =) 288,000 Btu per short ton, whence a 
refrigerating machine which is operating at a capacity of one ton is absorbing energy 
at a rate equal to that which would exist if one ton of ice were melting in the refrigerated 
region each 24 hours. 

An index of refrigerating-machine performance which is employed in practice rather 
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more than the coefficient of performance is a derived one which is associated with the 
ton unit of capacity, namely, horsepower required per ton of refrigeration per 24 hours. 
The relation between the performance so expressed and the coefficient of performance 
is readily obtained by recalling that 

Refrigerating effect, Btu per minute = tons (per 24 hours) X 200 

2545 

and Work required, Btu per minute = Hp X = Hp X 42.4 

, ^ r Tons X 200 4.71 

whence Coefficient of performance = ---- 

Hp X 42.4 Hp per ton 

It is practically advantageous to modify the reversed Carnot cycle, or Carnot refrigera¬ 
tion cycle, in some particulars and to carry out the resulting fluid cyc'los in a succession of 
apparatus through which the fluid is caused to flow progressively and in each of which 
one phase of the cycle is accomplished. These practical adaptations fall in general into 
three classifications: 

(a) Vapor cycles^ in which the transfer of the vapor from the lower temperature and 
pressure of the cycle to the upper is accomplished through the agency of work supply to a 
compressor. 

(5) Gas (air) cycles, in vrhich the transfer of the fluid from the lower temperature and 
pressure to the upper is likewise eiToct-ed by a compressor. 

(c) Vapor cycles in which the transfer of the vapor from the lower pressure and tem¬ 
perature to the upper is aocomplishod in an absorption system, primarily through the agency 
of heat supplied at a still higher temperature. 

These several practical cycles are considered in some detail in the following articles^ 


32. THE VAPOR COMPRESSION SYSTEM 


The practical vapor compression system of refrigeration differs in principle from the 
Carnot cycle in two features. The one is the segregation of the several phases of the cycle 
into various devices to and through which the vapor is caused to flow progressively. 
The other is that, owing to th(} failure to develop as yet a practicable engine or turbine 
in which to accomplish the expansion of the condensed liquid from the up>per temperature 
and pressure of the cycle to the lower, this expansion is in practice done in an irreversible 
throttling process which takes place in an exjmnsion valve. 

The resulting cycle as it would appear with these modifications, but still idealized in 
some respects, is represented in the T-S and H-S diagrams of Figs. 3 and 4, respectively. 
A diagrammatic representation of the arrangement of the apparatus appears in Fig. 5. 



Fig. 3. Vapor Comprcfision Cycle, T-S 
Diagram 



Starting at point a in each figure the fluid, which is called the refrigerant, leaves a 
storage tank in which it exists as a liquid at about atmospheric temperature and at its 
corresponding saturation pressure Pi. Between a and h the fluid is permitted to esoape 
under control through the expansion valve to the low-pressure region of the cycle. Owing 
to the throttling character of the process the enthalpy of the fluid at state h must equal 
that at state a, with the result that a sensible portion of the liquid must vaporize, but 
owing to the lower pressure of the vapor its temperature must have fallen. Specifically 
it must have dropped to the saturation temperature corresponding to the lower pressure. 
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After leaving the expansion valve the low-temperature and low-quality vapor mixture 
enters the evaporator. Here the provision is made for the absorption of energy as heat 
by the fluid from the region or substance which it is desired to refrigerate. The pipe coils 
which constitute the evaporator may be placed directly in the region that is to be cooled, 
in which event the system would be said to be one with direct expansion, or they may be 
placed in and act to cool some liquid with low freezing point, such as calcium chloride 
brine, which is circulated to the region that is to be cooled and which thus acts simply 

as a convective energy carrier. 
The latter system would bo 
known as one with indirect 
expansion. In either event 
the reception of energy by the 
refrigerant will act to cause it 
to evaporate. The amount 
of energy received by each 
pound of the refrigerant and 
thus the degree of complete¬ 
ness of its evaporation will 
depend on the rapidity of its 
circulation, on the tempera¬ 
ture difference between the 
fluid in the evaporator and its 
environs, and on other operat¬ 
ing conditions. In the figures 
Fig. 6. Elements of Vapor-Compression Refrigeration Cycle the fluid is shown as leav¬ 
ing the evaporator at state 

c, which is the saturated vapor state. It may in fact leave as a wet vapor mixture 
or even moderately superheated. In connection with the process of evaporation in the 
evaporator it is to be oVjserved that the temperature therein must be below the temperature 
of the cold region in order that heat transition may occur in the desired direction. The 
pressure maintained therein must be the saturation pressure corresponding to the tempera¬ 
ture, which pressure we shall designate as P 2 . 

From the evaporator the refrigerant passes to the compressor. The function of the 
compressor is twofold. The one function is that of withdravnng the fluid from the evapor¬ 
ator at a rate sufficient to maintain the necessary reduced pressure and temperature in 
the evaporator. The other is that of compressing and delivering the fluid at a temperature 
which is adequately above that of the atmosphere or of the region or substance to which 
the fluid must next discard its “ load ” of energy. The increase of temperature of the 
vapor must be accompanied by increase of pressure. In this compression process, a 
reversible adiabatic or isentropic compression must be regarded as the best that might be 
obtained. The figures show such a compression. The state change represented by line 
c-d is one that will dry and superheat the refrigerant. 

After leaving the compressor at state d the vapor enters the condenser in which it must 
first be de-superheated and then condensed. The departing energy passes as heat to 
circulating water which may be expected to be at or aliout atmospheric temperature. 
The temperature during the condensation must moderately exceed that of the water in 
order that the heat transition may proceed in the desired direijtion. The refrigerant 
pressure which must bo delivered by the compressor is the saturation pressure Pi corre¬ 
sponding to the condensing temperature. The state change of the refrigerant within 
the condenser is represented in the figures by line d-a. 

A variety of fluids have been used as the refrigerant in vapor compression systems. 
For larger commercial installations ammonia is used almost universally at the present time. 
For the small self-contained household installations sulfur dioxide vapor is very popular. 
In marine installations on comViatant ships neither of the foregoing is considered desirable 
on account of their active toxicity, and carbon dioxide is preferred. Various hydro¬ 
carbons such as ethyl chloride and propane are also used. Ammonia offers the advantages 
of moderate condenser pressures and moderate specific volume at the evaporator pressures. 
Sulfur dioxide offers the further advantage of even more moderate pressures but requires 
considerably more compressor displacement on account of fairly high specific volumes 
at the evaporator pressure. Carbon dioxide has the disadvantage of requiring very high 
pressures in both the condenser and the evaporator.* 

Probably the most effective means of improving the performance of a refrigerating 

* For a complete description of the various refrigerants, a discussion of their adaptability under 
various conditions, and tables and charts of their thermodynamic properties see Macintire, Hand¬ 
book of Mechanical Refrigeration, John Wiley & Sons, 1928. 
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process, but at the^ same time one that is too frequently overlooked, is that of provfdiiig 
adequate, well-designed and well-maintained heat-transfer surfaces in the evaporator 
and in the^ condenser and an ample amount of cool circulating water to the condenser. 
The effect is to reduce as far as practicable the total temperature range, Ti — 7*2, through 
which the refrigerant must pass by enabling its lower temperature ir 2 to be a minimum 
amount below the requisite cold region temperature and its upper temperature Ti to be a 
minimum amount above the circulating water supply temperature. 

The energy relations for the several phases of the cycle, both for actual operation and 
for the ideal cycle, are (regarding all kinetic energy terms as negligible), per pound of 
vapor circulated, 

for the expansion valve, Ha = Hh 


for the evaporator, Hh + Qln, h~c = He, or 

Qln, b—c ~ Hh ~ He Ha 

for the compressor, 

JHc-\- Win, c-d — JUd + c-d, or 

Win, c-d - J(Hd - Hcd + JQoxm. c-d * 

= J{Hd — Hc)s for iscntropic compression 
for the condenser, Hd — Ha + Qout. d-a, or 

Qout,d-a “ Hd Ha 
for the complete cycle, 

— Ji{Qo\it,d-a — Qln, h-c) 4 “ Qout, c-d] = — He 4 " Qout, c-d)* 

Coefficient of performance 

= r - Ha 

Hd — He + Qout, c-d 


He - Ha , . ^ . 

77“- - , for isentropic compression 

{Hd - Hc)S 


In these relations, the several subscripts are to be interpreted as referring to locations 
with respect to the various apparatus of the plant rather than to particular states indicated 
by the letters on the foregoing H-S or 7-<S diagrams. 

Example. For an indirect-expanflion ico-making installation operating with ammonia assume 
that the brine leaves the cooler (evaporator) at 14 deg fahr and that to obtain this temperature the 
necessary vapor temperature in the evaporator is 5 deg fahr. Also assume that the cooling water 
is supplied at 70 and leaves at 80 deg fahr, enabling the ammonia to condense at 86 deg fahr. 

Assuming dry saturated vapor at the compressor suction, isentropic compression, and no sub¬ 
cooling of the liquid from the condenser, ascertain the pressures in the evaporator and the con¬ 
denser, the temperature after compression, and the ideal coefficient of performance and horsepower 
per ton of refrigeration. Compare with the Carnot cycle performance between the vapor tem¬ 
peratures in the evaporator and condenser and with a Carnot cycle performance between the 
lowest brine temperature and the oooling water supply temperature. Indicate the reasons for the 
lower performance of the vapor cycle as compared with the Carnot between the same temperature 
limits. 

Solution. From tables of the properties of ammonia (Bureau of Standards): 

Evaporator (suction) pressure == saturated pressure corresponding to 6 deg fahr «• 34.3 lb 
per sq in. abs ( = 19.6 lb gage). 

Condenser (discharge) pressure = saturated pressure at 86 deg fahr = 169.2 lb per sq in. 
abs (= 154.5 lb gage). 

For saturated vapor at 5 deg fahr, H = 613.3 (= //c)» and S ■■ 1.3253 (®* Sc). 

After compression at a constant entropy of 1.3253 to 169.2 lb abs, t (from charts) ■■ 210 deg 
fahr and i/ = 713 (= //rf). 


For saturated liquid at 86 deg fahr, H = 138.9 (= Ha and Hh). 
r. ^ , 613.3 - 138.9 474.4 ^ 

Coefficient of performance - -elslT “ *99 7' ” 


4.71 

Horsepower per ton of refrigerating effect per 24 hours = =• 0.99 

Carnot performance between (460 5 =) 465 deg R and (460 -4- 86 ■ 

465 


^ 5.74. 


546 - 405 

Carnot performance between (460 -|- 14 = ) 474 deg R and (460 — 7C 


) 546 deg R 
=) 530 deg R 


474 

530 - 474 


8.47. 


* As with any compressor, energy departure as heat which might act to reduce the enthedpy increcM 
acts to reduce instead of increase the work requirement. In distinction, any heat emission ooca* 
sioned by mechanical friction in moving parts obviously acts to increase the work. 
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The ammonia cycle coefficient is lower than the Carnot (4.76 vs. 5.74) because of (a) the irreversi¬ 
ble throttling in the expansion valve and (6) the higher temperature at which the heat is rejected 
during the de-superheating of the ammonia vapor leaving the compressor. 

Charts Having Absolute Pressure Plotted against Enthalpy are found most useful to 
show the refrigeration process. Fig. 6 shows such a chart for the refrigerant freon, upon 
which is drawn a characteristic cycle diagram. The throttling process is represented by 



Enthalpy above Saturated Liquid at—40 F, in Btu per.Lb 
Fio. 6. P-// Diagram for Freon*" 

the line da; the absorption of energy as heat in the evaporator is represented by the 
line ab; the adialiatic compression process is represented by the line be; and the discarding 
of energy as heat to the atmosphere is represented by the line cd. 

Table I shows the physical properties of the refrigerants in most common use. 

Table I. Some Properties of Refrigerants 


Critical 


I „ , , Molecular 

Syralx.1 


Boilins Doraity • jj 
Point; 


Dichloromethane. 


Ethyl chloride 


Sulfur dioxide. 

SO2 

Isobutiine. 

C4H10 

Methyl chloride. 

CII3CI 

Dicblorodiiluoromethanc § 

CCIoFj 

Ammonia. 

NH3 

Propane. 

CsH, 

Propylene. 

CaHg 

Carbon dioxide. 

COo 


38.09 

0.185 

1.0 

56.50 

0.177 

1.13 

37.51 

0.1549 

1.11 

91.15 

0.1694 

1.26 

37.20 

0.1543 

1.11 

62.30 

0.1336 

1.20 


0.338_bi 

1.12 

42.56 

0.0446 

1.32 

36.35 

0.1158 

1.15 

38.12 

0.1087 



0.1144 

1.30 

34.13 

0.0782 

1.22 

35.49 

0.0729 


19.20 

0 0415 

1.32 


""At 30 m. xlg and 70 deg. fabr. fSoIid. tAt 32 deg. fahr. §Also called and “freon.” 

33. THE AIR COMPRESSION SYSTEM 

The apparatus required for an air compression system is in principle the equivalent 
of that required for a vapor system, except that for obtaining the low air temperature 

♦Redrawn, by permission, from Barnard, EUenwood, and Hirshfeld, Heat-Power Engineering, 
Part III, John Wiley & Sons. 
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it ia necessary that the compressed air shall do work in its expansion, instead of being 
permitted simply to throttle through an expansion valve. An air engine is therefore 
employed for effecting the pressure and temperature drop which must occur as the air 
passes to the cooling coils. 

The arrangement of the elemental components of an air compression system of refrigera¬ 
tion is shown diagrammatically in 
Fig. 7 and the ideal state changes 
of the cycle are represented in the 
T, H-S, and P-V diagrams of Figs. 

8 and 9, respectively. 

Referring to the several loca¬ 
tions and state iioints indicated 
on the figures, state a represents 
air at slightly above atmospheric 
temperature but under a pressure 
considerably above atmospheric. 

The air at this state enters the 
expander cylinder or engine through 
which it would ideally expand isen- 

tropically to a state h, at which y Elements of Air-compreBsion Refrigeration Cycle 

state the pressure commonly would 

still exceed considerably the atmospheric pressure but the temperature would be 50 
deg fahr or more below the temperature of the region which it is desired to refrigerate. 
The work output from the expander engine is available for and would actually be 
used for assisting in driving the compressor of the system. 

Between states b and c the air passes at ideally constant pressure through the refrigerat¬ 
ing coils and there absorbs energy by heat transition from the cold region, departing from 
the refrigerating coils at a temperature still moderately below that of the cold region. 

After leaving the coils at state c the air enters the compressor cylinder and is com*' 
pressed to its original pressure at o but to a temperature considerably above that of the 


P 

P, 


?2 


Fig. 9. P-V Diagram for Air Com- 
presBion Cycle 

atmosphere. An isentropic state change, c — d, is represented in the figures, but as usual 
heat emission from the air during its compression would act to reduce the work required 
for the compression. The work necessary for driving the compressor comes partly from 
an external source and partly from the expander engine. 

Upon leaving the compressor at state d the hot air passes at ideally constant pressure 
through a cooler where it emits energy as heat to the circulating water and is thus recooled 
to the original state a. 

Presuming the ideal conditions of constant pressure cooling and warming and isentropic 
expansion and compression the energy relations for the various phases of the cycle are; 
for the expander cylinder, per pound of air, 

B^out ~ Jcp{Ta ““ Pb) 

= jcp nKPi/p,)'*-*'/* -1] 
for the refrigerating coils, Qln = Cp(Tc — Ti) 

for the compressor, Win == Jcp{Td — Tc) 

= Jcp - 1] 




S 

Fig. 8. T-S Diagram for Air-compressiou 
Cycle 
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for the air cooler, Qout =® Cp{Td — Ta) 

for the complete cycle, 

W'to.net = Jcp{T. - - 1] 

Coefficient of performance 


Tc ~ Th 

Td -Ta-Tc-^ 7V 


or 


1 


(f- 1 ’ 

n 


= cither 


or 


Tc 

Td - Tc 


It may be seen from the T~S diagram of Fig. 8 or from the last expressions above 
that for a useful temperature range Ta — Tc the air cycle coefficient of performance 
must be materially lower than that of the Carnot cycle, owing to the necessary temperature 
depression between b and c and the temperature elevation Vietween d and a. At a given 
capacity the perfomiance may be improved by a more rapid mass-rate of circulation of 
air, due to the consequent possibility of reducing the temperature range in the refrigerator 
(Tc — Tb) and in the air cooler {Td — Ta). 

The air compression system once held sway in marine installations, as the dense air 
system, but now it is practically abandoned partly because of its relatively poorer coefficient 
of performance and partly heiiause of operating difficulties arising from the freezing of 
any moisture in the air and the consequent stoppage of the expander valves, etc. 


34. THE ABSORPTION SYSTEM REFRIGERATION THROUGH THE 
SUPPLYING OF ENERGY AS HEAT 

In the refrigerating systems hitherto considered the energy required for passing the 
refrigerant from the lower temperature and pressure of the cycle to the upper temperature 
and pressure was suiiplicd as work at the compressor. Instead of effecting this by work 
supply through a power-driven c.ompressor, arrangements may also be made whereby 
it is accomplished through a direct supply of heat energy from a high-temperature source. 
Several typical forms and arrangements of apparatus have been devised and are in use 
for this purpose, all of which may be designated, however, as absorption systems. Those 
in practical use employ ammonia as the refrigerant and act by the alternate al:)8orption 
of the cold ammonia vapor by some adsorbent and subscciuent elimination of the ammonia 



Fio. 10. Elcniente of Vapor-absorption Refrigeration Plant 


at a higher temperature by the application of heat energy. The system in most common 
use employs water as the ammonia adsorbent. 

The elements of an ammonia absorption system are shown diagrammatically in Fig. 10. 
The usual condenser, expansion valve, and evaporator are evident. Through these occurs 
the customary progressive flow of the refrigerant. The distinctive items of the system 
are the absorber, liquid pump, heat exchanger, and generator. These jointly replace the 
conventional compressor of the compression system, and through them there is a closed 
circuit of an ammonia-water solution. The general actions in this circuit are as follows. 

The cold vapor leaving the evaporator passes to the absorlier and is there avidly 
absorbed by a weak solution of water and ammonia known as the weak aqua. ThiH 
absorption process has the characteristic of emitting energy, whence it is necessary that 
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coolins water be circulated through coils in the absorber in order to maintain the tem¬ 
perature of the liquid sufficiently low and thus permit the building up of an adequate 
ammonia concentration. The weak aqua in the absorber thus becomes eventually a 
strong aqua and is then delivered by the liquid pump through the heat interchanger to 
the generator. In the generator heat energy is supplied, usually by a low-pressure steam 
coil, and the temperature of the strong aqua is thereby raised sufficiently that the ammonia 
which had been taken up in the absorber is eliminated from the strong aqua and is thus 
delivered as ammonia vapor to the condenser. The resulting weak aqua then completes 
the aqua circuit by returning through the heat exchanger to the absorber. The action in 
the exchanger is the mutual one of warming the strong aqua which is en route from the 
absorber to the generator by the cooling of the weak aqua which is returning from the 
generator to the absorber. 

In certain smaller absorption systems the liquid pump, which is observed to be the 
only moving part required in the system, is dispensed with by employing the same element 
alternately as the absorber and as the generator, with a consequent intermittent action 
of the system. Also there is an ingenious system in use in household units in which the 
pump is dispensed with by introducing hydrogen gas in the evaporator and absorber, 
with the result that the system is under virtually the same total pressure throughout. 
Circulation is brought about by differences in the densities of the liquids in various parts 
of the system. The total pressure in the evaporator is the sum of the partial pressures 
of the hydrogen gas and the ammonia vapor, but the temperature is established only by 
the partial pressure of the saturated ammonia vapor. 

Various other adaptations of the alisorption system employ other absorbents, such 
as anhydrous ammonium nitrate and silica gel. 

The energy relations for the condenser, expansion valve, and evaporator of an absorp¬ 
tion system are in principle the same as those for a compression system, but in practical 
application they may become more complicated because there may bo a carry-over of 
some of the adsorbent (such as water vapor in the aqua system) from the generator to 
and through the condenser and evaporator. For the absorber, pump, exchanger, and 
generator, together with the various accessory apparatus which are found in the actual 
plant, the energy relations become still more involved by reason of the scmi-chemical 
character of the processes of vapor absorption by and elimination from the adsorl)ent. 

It will have been observed that the elemental requisites for refrigeration are simply a 
supply of a liquid refrigerant under some pressure, an expansion valve, and the coils in 
which the expanded refrigerant may evaporate at tlie lower pressure and temperature. 
If an unlimited supply of the liquid refrigerant were available and if its saturation pressure 
at the desired refrigeration temperature should perchance bo al)ovo the pressure of the 
atmosphere, then continued refrigeration might be secured simply by letting the refrigerant 
escape. It would thus appear that the greater portion of the equipment which is employed 
for effecting a practical, economical, and continuously operating refrigeration system is 
required only in order that the refrigerant may be recovered and be rcliquefied at atmos¬ 
pheric temperature. 


GAS AND VAPOR MIXTURES, HUMIDITY, AND 
AIR CONDITIONING 


Symbols and Abbreviations 


a = subscript designating the air constituent of a mixture. 
f — subscript designating the saturated liquid state. 
g = subscript designating the (dry) saturated vapor state. 
fg = subscript designating the change of a property during change of a fluid from 
the saturated liquid to the saturated vapor state. 

I = subscript designating a liquid constituent of a mixture, 
m = subscript designating a mixture. 

P = subscript designating constancy of pressure. 

V = subscript designating constancy of specific volume. 

V = subscript designating a vapor constituent of a mixture. 

w = subscript designating the water (vapor, liquid, or both) constituent in a 
mixture. 

J/, 2 = subscripts designating the several constituents x, y, and 2 of a (gas) mixture. 
= relative humidity. 

c = specific heat, of a constituent or a mixture. 
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E » molecular energy, Btu per pound of a constituent or of a mixture. 

H sa enthalpy, Btu per pound of a constituent or of a mixture. 

k ratio of specific heats (cp/cv). 

m =* molecular weight of a constituent (or of mixture). 

M = mass of a constituent (or of mixture). 

P partial pressure of a constituent (or total pressure of mixture). 

Q ~ energy transferred by radiation or conduction (as heat). 

R = gas constant of a constituent (or of a mixture). 

S = entropy per pound of a constituent (or of mixture). 

i — temperature, degrees fahrenheit. 

T = temperature, degrees Rankine (degrees fahrenheit absolute). 

Vx, y, or * = volume (not specific volume) of a constituent x, y, or z in a mixture if the 
constituent is segregated and put under the temperature and total pressure 
of the mixture, as in volumetric analysis. 

Vg == specific volume of (dry) saturated vapor. 

X == quality (saturated-vapor fraction) of a mixture of saturated liquid and vapor. 

Various of the fluids which are encountered in engineering processes are mixtures 
either of gases or of a gas and vapor. Thus dry air is itself a mixture primarily of oxygen 
and nitrogen, and atmospheric air is a further mixture of dry air with superheated water 
vapor or with saturated vapor and perhaps some unvaporized liquid, as in clouds or 
during fog and rainfall. Several of the simpler of such typos of mixtures are presented 
in the following. 


36. GAS MIXTURES 


The Actual Gas Mixture consists of a haphazard aggregation of molecules of each 
constituent, the molecules of any single constituent being distributed uniformly throughout 
the entire space and also acting or moving quite as if they occupied the space alone. As a 
consequence the total pressure exerted by the mixture against the walls of its container 
by reason of the molecular bombardment of those walls may be distributed between 
several partial pressures, each of which is individually attributable to the molecules of a 
corresponding individual constituent and each of which would be the pressure exerted by 
that constituent if it alone should fill the space or volume occupied by the mixture (Vm) 
at the common temperature {Tm) of it and of all the components of the mixture. The 
values of the partial pressures of the gases in a mixture are: 


where Px, Py, and Pg 

3fx, My, and Mg 
Rxi Ry. a-nd Rg 
nix, nig 


Px = MxRxl~ 

m 

Py = 

y m 

Px = MxHx~ 

ym 

the partial pressures 
X, y, and z. 


ni x Vm 


1 r/I - ^ yP m 

= 154o 

nij, Vm 
MgTm 


= 1545 - , _ 

nig Vm 

attributable individually to constituents 


the relative masses of those constituents. 

their individual gas constants. 

their molecular weights. 

the mixture temperature. 

the volume occupied by the mixture. 


The Relation between the Partial Pressure of any one constituent (as z) and that of 
any other (as y) is 

Py MyRy M y/fHy 

Px ^ Px ^ _ MxRx _ 

Pm Px^Pv\-Pz MxRx-^ MyRy-V MgRg 

^ _ {Mx/Mm)Rx _ 

iMxlMm)Rx + {MyfMm)Ry + (,MglMm)Rz 

MxfMm 


nix 

MxfMm I My!Mm I MgiMm 
rrix niy nig 


Also, 
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vrhere Mm = mass of mixture, Mx + My Mt, 

Fm = total pressure, i'x + + Pz- 

The several ratios MjMm^ My!Mm, and Mt/Mm in the last relation evidently repre¬ 
sent the mass proportions of each constituent with respect to the mass of the whole, as 
would be determined by or would determine the gravimetric analysis of the mixture. It 
frequently happens that, as in the practical analysis of furnace gases or of an internal- 
combustion engine exhaust, the several constituents of a gas mixture are in effect segre¬ 
gated progressively and their relative volumes are determined when maintained under 
the original temperature hut brought {individually) to the origirial total pressure of the mixture. 
An expression of the proportional composition of a mixture in toms of the ratios of the 
individual volume of the constituent, when so segregated and at the temperature and 
total pressure of the mixture, to the actual mixture volume is known as its volumetric 
analysis. 

The Volume of Each Component under such temperature and pressure conditions is 


T 7 Tir T? ^ f. .f. Mx 

Vx = Mx Jix — — 1545-, etc., 

Fm rrix Fm 


and the ratio between those volumes for any pair of the constituents is 
Vx ^ Mx Rz 
Vy 


My Uy 


Mx!mx . , Px , 

(and = —, by eq. 1) 


M, 


( 2 ) 

Also relations are readily obtainaL)le ])y which to convert from gravimetric to volumetric 
analyses, and vice versa. Thus 

Vr ^ Vr ^ _ Mx/mr _ 

Vm Vx + V^ + Vx Afx/mx + My/ my + M^ /m* 

MjMm 


and 


El. 

Mm 


fUx 


M x! M m I A1 y/Mm I M z! M m 

Wx my viz 

_ M x __ Vx^x _ 

A/x + My -f- Mz Vx mx V\i niy + Vx rnz 

_ (Vx/Vt«)Wx _ 

(Vx/ Vm)fftx + {yv/Vm)tny + {Vz/Vm)mz 


(3) 


(3a) 


Relations are thus available by which to ascertain the partial pressure of any con¬ 
stituent of a gas mixture and by which to convert from gravimetric to volumetric analysis* 
or the reverse. It remains to be observed that any given mixture has its own effective or 
eciuivaleiit gas constant, molecular weight, and specific heats, which may be used in 
analyses of mixture processes quite as for any single gas. 

Rf„, the Equivalent Gas Constant for the Mixture, is obtained from 

Jim - {Mx/Mm)Iix + {My/Mm)Iiy + {Mz/Mm)Rz (4) 


Since, for the gases, rnli — 1545, an equivalent molecular weight may be computed 
for a mixture by the relation 


1545 


(4a) 


Cm,,an Equivalent Specific Heat for the Mixture, is obtained from 


Cm ' 


El 

Mn 


Cx + 


My , Mz 

Mfn M m 


( 5 ) 


With the foregoing relations at hand it is in general possible to proceed with analyses 
of engineering processes with a gas mixture quite as though the mixture were a single gas, 
so long as the mass proportions of the mixture do not change during the process. In this 
connection it will be recalled that the practice of regarding a gas mixture as effectively 
equivalent to a single gas is exemplified by the treatment of the properties and energy 
relations of air as though it were a single gas. 


36. GAS AND VAPOR MIXTURES 

There are Several Distinctive Conditions of Gas-vapor Mixtures which are of general 

concern and which are classifiable as: 

(o) Mixtures of gas and (low-pressure) superheated vapor, as exemplified by the air 
and superheated water vapor which constitutes normal atmospheric air. 

(5) Mixtures of gas and (low-pressure) saturated vapor, as exemplified by the at¬ 
mosphere at the incipicnev of fog or rainfall. 
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(c) Mixtures of gas, saturated vapor, and saturated liquid, as exemplified by the 
atmosphere during fog or rainfall. 

Considering these in order: 

(a) The low-pressure vapors, when even very moderately superheated, and in fact 
even when saturated if at a sufficiently low vapor pressure, are found to conform closely 
to the gas characteristics. As a consequence, engineering computations involving gas- 
superheated vapor mixtures are commonly made as for gas mixtures, employing the 
foregoing gas mixture and gas relations. However, with respect to a given mixture, 
before one may proceed with confidence upon that basis it is neijessary first to verify the 
fact of, or to ascertain the degree of, superheat of the vaporous constituent. To do so 
it is necessary to possess data concerning the temperature and total jiressure of the mixture 
and the mass proportion of the vapor. It is further necessary to recall that the vapor 
pressure (or temperature) of a saturated vapor is established solely and unchangeably by 
its temperature (or pressure), as is also the density or any other property of the saturated 
vapor. The following example will illustrate the principles involved perhaps better 
than a collection of formulas, since recourse must be had to the steam tables in any case. 

Example 1. A parcel of atmospheric air at a (total) pressure of 14.7 lb per sq in. (abs) and a 
temperature of 70 deg fahr is found (by hygrometric determination) to contain 0.009 lb of water 
vapor per lb of air (not mixture). Is the vapor superheated and, if so, by how many degrees? 
What is the partial pressure of the air? Compute the density of each constituent, the density of 
the mixture, the mass of vapor per pound of mixture, and the density of moisture-free air at the 
above temperature and pressure. What is the equivalent gas constant and molecular weight of 
the mixture? Compute the enthalpy per pound of mixture, relative to air and water at 32 dog fahr. 

Solution. By equation (1) et seq.: 

0.009/1.009 


P^, if superheated 


14.7 


_ 18 

0.009/1.009 1.0/1.009 

18 29 


0.210 lb per sq in. 


Temperature of saturated vapor at 0.21 lb per sq in. — 54.4 deg falir (from steam tables). 
Vapor is therefore superheated by (70 — 64.4 =) 15.6 deg fahr. 

Pftlr - 14.7 - 0.21 = 14.49 lb per sq in. 


Density, vapor 
Density, air 


_ 0.21 X 144 

86 X (70 + 460) 
14.49 X 144 
63.3 X (70 + 460) 


0.00066 (86 
0.07393. 


R for superheated vapor). 


Density, mixture «=> 0.07469 lb per cu ft. 

sr 1 r • * 0.00066 / 0.009\ „ ,, 

Vapor per pound of mixture => —.— I or- I ~ 0.00892 lb. 

^ ^ ^ 0.07459 V 1.009/ 

14 7 X 144 

Density, moisture-free air =-^- = 0.07493 lb per cu ft. 

63.3(70 + 460) 

Rm - 0.00892 X 86 + 0.99108 X 53.3 = 63.6; mm - 1545/53.6 = 28.8 
f/air per pound of mixture = 0.99108 X 0.241 X (70 — 32) = 9.07 Btu. 

^^vapor pound of mixture = (since for low-pressure vapor II depends 

solely on temperature) = 0.00892 X 1090.8 = 9.73 Btu. 

■^^mlxture, per lb “ 9-07 + 9.73 = 18.80 Btu. 

(b) In the consideration of mixtures consisting of a gas and a saturated vapor, or 
Bo-callcd saturated mixtures, the items of outstanding significance are that, although 
the strictly gaseous constituents continue to conform to the typical gas characteristics, 
the saturated vapor constituent now acts independently, that is, in conformity with the 
typical vapor characteristics. The application of these considerations, as well as certain 
additional features and properties of a saturated mixture, are developed in the following 
examples. 


Example 2. An air-water vapor mixture at 14.7 lb per sq in. total pressure is known to bo 
saturated (i.e., the vapor constituent is saturated vapor) at 70 deg fahr. Ascertain the partial 
pressures and densities of the vapor and air constituents and the density of the mixture. Compute 
the mass of vapor per pound of air and per pound of mixture, and the relative enthalpy per pound 
of mixture. 

Solution. 


P, saturated vapor at 70 deg fahr. by steam tables, “*0.363 lb 
P of air - 14.7 ~ 0.363 - 14.337 lb per sq in. 

Density of vapor =» 1/869, by tables, or 


Density of air «» 


14.337 X 144 
63.3 X (460 + 70) 


86 X (460 + 70) 


P37 sq in. 

» 0.00115 
“ 0.07301 


Density of mixture 


« 0.07416 
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Vapor per pound of air - 0.00116/0.07301, or (eq 1) X — - 0.0157. 

14.337 29 

Vapor per pound of mixture « 0.00116/0.07416, or 0.0157/1.0157 - 0.0155. 
Rm - 0.0165 X 86 + 0.9845 X 63.3 = 63.8. 

vapor, per lb of mix. ““ 0.0155 X 1090.8 »» 16.91 Btu 

^air, per lb of mix. “ d-OOO - 0.0166) X 0.241 X (70 - 32) « 9.02 Btu 


•^^mlxture, per lb 26.93 Btu 

Example 8. Beferring to the mixture of example 1 (0.009 lb of vapor per lb of air, not mixture), 
ascertain the temperature at which the mixture would become saturated upon cooling at constant 
(total) pressure, and compute the amount of energy removal as heat necessary to have effected 
the specified cooling, Btu per pound of mixture. 

Solution. As the low-pressure vapor conforms to gas characteristics down to saturation, and 
as the same mass proportions between the vapor and air will persist so long as the cooling is not 
sufficient to have produced any condensation of the vapor, the vapor pressure at saturation is 
the same as in example 1 or 0.210 lb per sq in. The temperature at which the vapor (and mixture) 
will become saturated is therefore its saturation temperature corresponding to that pressure, 
or 54.4 deg fahr. 

J'/alr, per lb of mix. = 0.99108 X 0.241 X (54.4 - 32) = 5.35 Btu 
•^vapor, per lb of mix. “ 0.00892 X 1083.7 » 9.67 Btu 


^mixture, per lb ” 15.02 Btu 

Energy abstracted for constant pressure cooling »» All — 18.80 — 16.02 ■■ 3.78 Btu per lb 
of mixture. 

R is the same as in example 1. 

In connection with the last example it is to bo noted that the temperature at which a 
(unsaturated) mixture be(;oincs saturated upon cooling at constant pressure is known as 
the dew point of the original mixture. 

(c) Mixtures of a gas, saturated vapor, and saturated liquid may be encountered 
when a saturated mixture is cooled or compressed, or when a volatile liquid is introduced 
into a space containing a gas but in a greater amount than can exist in the space as sat¬ 
urated vapor at the existing temperature. Again the gas constituent conforms to the 
gas characteristics, but the properties of the saturated liquid and vapor are independently 
interrelated in accordance with the saturation charaiitcristics of the vapor. The following 
example illustrated one phase of these considerations. 

Example 4. The mixture of examples 1 and 3 is further cooled at a total pressure of 14.7 lb 
per sq in. to a temperature of 40 deg fahr. Ascertain the partial pressures and densities of the 
remaining vapor and of the air; the masses of saturated vapf)r and of the fog or rain which must 
have condensed out, pound per pound of air and per pound of mixture; the quality of the vapor-fog 
mixture; the enthalpy of the mixture; and the heat-energy removal necessary to hive cooled from 
the dew point to 40 deg fahr. 

Solution. 


< 0.1217 per sq in. 


P, saturated vapor at 40 deg fahr, by steam tables, 
r of air *= 14.7 - 0.1217 - 14.578 lb per sq in. 

Density of vapor (by tables) = 1/2446 = 0.00041. 

T. . 14.678 X 144 

Density of air -- = 0.07878. . 

^ 63.34 X (460 + 40) 

Vapor per pound of air ^ 0.00041/0.07878 — 0.0062 lb. 

Fog per pound of air ~ 0.009 — 0.0052 =» 0.0038 lb. 

Fog per pound of mixture = 0.0038/1.009 = 0.00376 lb. 

Vapor per pound of mixture = 0.0052/1.009 = 0.00515 lb. 

Quality of vapor-fog component = 0.0052/0.009 — 0.577 = 57.7%. 

^vapor. per lb of mix. = (0.0052/1.009) X 1077.1 = 5.55 Btu 

//fog perlbofmix. “ (0.0038/1.009) X 8.05 = 0.03 Btu 

^air per lb of mix. “ (1.0/1.009) X 0.241 X (40 - 32) = 1.91 Btu 


//, per pound of mixture.«= 7.49 Btu 

Energy abstracted, •=> AH =» 15.02 — 7.49 = 7.53 Btu per lb of mixture. 


37. HUMIDITY AND HYGROMETRY 

In many circumstances, as in scientific ventilation and air conditioning, it becomes 
most essential that air of closely prescribed temperature and moisture content shall be 
provided. This moisture content may be designated in several ways, but the index 
commonly employed Viy the engineer is that of the relative humidity of the mixture. This 
is defined as the ratio between the density of the CLctvjdl {superheated) vapor in the mixture 




7-90 


ENGINEERING THERMODYNAMICS 


and the density of saturated vapor at the temperature of the mixture. As for both circum¬ 
stances the density of the (low-pressure) vapor is satisfactorily computable by the gas 
relation, density = P/jBT, it follows that the relative humidity is also expressed by the 
ratio between the actual partial pressure of the vapor in the mixture and its saturation 
pressure corresponding to the mixture temperature. Thus, denoting relative humidity 
by the symbol 4 > 

__ Actual vapor density _ 

Density, sat. vapor at mixture temperature 
Actual vapor pressure 

or ~ — 

Sat. pressure at mixture temperature 

To illustrate, the mixture of example 1 would be said to have a relative humidity of 
(0.00066/0.00115 or 0.210/0.363 = ) 0.575, or 57.5 per cent. In the same parlance, the 
saturated mixture of example 2 would be said to have a relative humidity of 100 per cent. 
Likewise, in accordance with example 3, the mixture of example 1 would attain a 100 
per cent relative humidity upon cooling to its dew point (at 54.4 deg fahr). Its humidity 
might alternatively have been brought to 100 per cent if supplied with (0.0155 -- 0.00892) 
0.0066 lb of moisture (per pound of mixture) while maintained at 70 deg fahr and at¬ 
mospheric pressure. 

Devices Which Determine the Humidity of gas-vapor mixtures are known as hygrom^ 
eters or psychrometers. The ty^ie which is most used by the engineer consists simply of 
two thermometers, with the bulb of one dry and the bulb of the other covered by a wick 
which is kept wet with the same liquid as exists in the vapor phase in the mixture (as the 
water in atmospheric air). An active current of the mixture under test is caused to pass 
across the wet bulb, effecting a continuous vaporization from the bulb and consequent 
cooling and temperature depression, due to the energy absorption required for producing 
the vaporization. 

The immediate environs of the wot bulb are thus a region to which there pass steadily 
the air and superheated vapor in the air mixture under test, where the water which passes 
up the wick is evaporated, and from which there departs a mixture of air and saturated 
vapor. By writing the steady-flow energy equation for this region it is possible to dcveloj 
an expression for direct evaluation of the mass of the vapor per pound of air (not mixture) 
in the air mixture as supplied. From these data the relative humidity is readily com¬ 
putable by the methods of example 1 and the above. 

In developing the equation the following symbols are employed: 

td = dry bulb (actual mixture) temperature, degrees fahrenheit. 
tw — temperature registered by wet bulb, degrees fahrenheit. 

1 = mass of (superheated) vapor per pound of air (not mixture) in the ap¬ 
proaching mixture at ta. 

Mv, 2 = mass of (saturated) vapor per pound of air (not mixture) in the mixture 
leaving the immediate surface of the wet-bulb wick, at tw 
Mv, 2 — Mv, 1 = mass of liquid passing up wick, at tw and vaporizing, pound per pound of 
air (not mixture). 

Hf, 1 = enthalpy of saturated liquid lit td, Btu per pound. 

Hg, 1 = enthalpy of (superheated) vapor in the approaching mixtures at tj, Btu 
per pound. At the very low vapor pressures encountered this effectively 
equals the enthalpy of saturated vapor (Hg) at the same te7npe7-ature, 
id. (See example 1.) 

Hfg, 1 = enthalpy of vaporization at td. 

Hf, 2 = enthalpy of liquid passing up wick to wet bulb, at tw, Btu per pound. 

Hg, 2 = enthalpy of saturated vapor leaving wot bulb, at tw- 

Ilfg, 2 — enthalpy of vaporization at tw- 

Ha, 1 — enthalpy of air (not mixture) approaching at td Btu per pound. 

Ha, 2 = enthalpy of air (not mixture) leaving at tw Btu per pound. 

Cp = specific heat of air at constant pressure = 0.241. 

Qt = energy to wet bulb as heat by radiation, etc., from its warmer environs, 
Btu per pound of air (not mixture). 

Writing the steady-flow energy equation for the wet bulb by equating tlio sum of the 
energies coming to the bulb via the water which passes up the wick, via the approaching 
mixture and by radiation, to the sum of the energies leaving via the departing air and 
saturated vapor, all energies being in Btu per pound of air (not mixture), 

(M., , - M ,.,) X ///. *] + [1.0 X Ha. i + Mv.iX Hg, i] + Or = [1.0 X R«.» + M,. ,X R*. il 
or, colleotine terms in M,. i, 

M,. ,(R,. 1 - ///. i) = M,. j(Rg, s - Hf. t) - (Ha. 1 - Ra. t) - Cr 
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But 

and 

whence, 


I i ~ R/. 1 + 1 — H/, s = 1 + (<d — Uji) 

Hg, 2 2 = R/f. 2 

Ra, 1 ■” ^a, 2 = Cp(<cl *-“^ 10 ) = 0.241 {Id — tw) 

__ 2 2 0.24 K/c/ — /jp) — 

^ R/fi. 1 + (id — tw ) 


( 6 ) 


In this relation the value of Mv, 2 is directly computable from equation 1 (Art. 35), that is, 
Mv, 2 = (for air and water vapor) IK Pv, 2/2O (Pmix. ~ Pv, 2), where Py, 2 is the saturation 
pressure of the vapor at <«,. (See also example 2.) 

Measurement of Qr is (luite impracticable in actual use of the wet and dry bulb hydrom¬ 
eter, V)ut tests indicate that with a conventional wick-covered mercury thermometer the 
radiation correction may be compensated with reasonable accuracy if the observed wet- 
bulb temperature be reduced by about 0.016 (1.6 per cent) of the observed wet-bulb 
depression {td — tw)- 

The application of equation 6 is shown by the following example, which contains data 
such as would be secured in the use of a wet and dry bulb liydrometer with the mixture 
of example 1. 

Example 5. Observed psychrornetrie data iakeu with a wet and dry bulb hydrometer in air 
at a barometric pressure of 14.7 lb per sq in. were 


td - 70 deg fahr; tw = 60.65 deg fahr 


Compute the mass of vapor per pound of air (not mixture) and the relative humidity of the mixture 
as supplied. 

Solution. 


Corrected wet-bulb temperature = 60.65 — 0.016(70 — 60.65) ■* 60 .50 deg fahr. 
Saturated vapor pressure at 60.50 deg fahr *= 0.2608 lb per sq in. 

Mv, 2 = 18 X 0.2608/20 X (14.7 - 0.2608) = 0.01121. 


Hfg, 1 (at 70 deg fahr) •= 1052.7; ll/g, 2 (at 60.50 deg fahr) *« 1057.9. 


Mv, 1 = 


0. 01121 X 1057.9 - (0.241 X 9.50) 
1052.7 + 9.50 


9.58 

106^2 


=* 0.0090. 


7 *»i 1 

14.7 - Pv, 1 


(by equation 1) 


0.009/1^ 

'"1/29 


1 

iii’ 


Pv, 1 


Relative humidity =* 0.210/0.363 = 67.8 per cent. 


14.7/70 » 0.210. 


Psychrornetrie Charts for Air-water Vapor Mixtures at or about a total pressure of 
14.7 lb per sq in., as well as tables giving the mass of saturated vapor per pound of air at 
various temperatures but at the standard atmospheric pressure, are provided in the 
various mechanical engineering handbooks and give in graphical and tabular form the 
results of computations such as the foregoing. Their utility is in general limited, however, 
to the above total pressure. A psychrornetrie chart in common use is that devised by 
IT. W. Carrier and shown on p. 7-92 as Fig. 1. 

The Ferrel Psychrornetrie Formula,* with empirical constants that hold for tempera¬ 
tures between —40 and 140 deg fahr, is: 


P' - P 
td tw 


= o.ooa367p„(!^^^^) 


where p = the actual partial pressure of the water vapor in the mixture, in inches of 
mercury absolute. 

p' ^ the saturation pressure at the wet-bulb temperature, in inches of mercury 
absolute. 

td = the dry-bulb temperature, in degrees fahrenheit. 

tw — the wet-bulb temperature, in degrees fahrenheit. 

Pm = the total pressure of the mixture (commonly the barometric pressure), in 
inches of mercury absolute. 


This relation is the wet-bulb energy equation with certain constants supplied. With the 
dry-bulb and wet-Vmlb temperatures and the tot<al mixture pressure experimentally de¬ 
termined, the actual partial pressure of the water vapor in the mixture may be found 
from this formula. 

The saturation pressure of water vapor for temperatures at 32 deg fahr and above 
may be found from steam tables or charts. For convenience, Table I is included, in 
which the saturation pressures of water vapor in contact ivith ice at temperatures from — 20 


•U. S. Dept, of Agriculture, Weather Bureau Bull. 235. 
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to 31 deg fahr are given. The values in this table are from the Weather Bureau Bul¬ 
letin 235. 

With the partial pressure, p, of the water vapor in the mixture known, the dew point 
can then be found, since the dew point of the mixture is the saturation temperature 


Grains of Moisture per lb Dry Alr-A 

..O OOOOOOOOOOOOOOOOOOOO o o o o o 


na __J___i--—I 

fo fo tS (5 $ tn oi 0 

owoo,|ooio&c 

Heal above O'lF- Contained in 1 lb Dry Air Saturated with Moisture-C 

4-i-l-L '.J-ULl---L-J 


r- 4 +pLf-oL^- 

\o in cn ^ 00 io b 

jX'S Wo 1 Vapor Pressure in inches oflMercury-D 



Grains of Moisture per cu ft of Saturated Alr-E 

corresponding to this vapor pressure. If the mixture were cooled at constant pressuroi 
the dew point would be that temperature at which condensation of the water vapor 
would start. The dew point is shown as t.-j in Fig. 2. The relationship l)etween dry-bulb 
temperature, wet-bulb temperature, and dew point is also shown in the same figure fo.i 
the mixture in which the water vapor is superheated. 
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Table I. Pressures of Saturated Water Vapor in Contact with Ice 


nee. 

Fahr 

P 

In. Hg 

t 

Deg 

Fahr 

P 

In. Hg 

t 

Defi 

Fahr 

P 

1 In, Ilg 

t 

Deg 

Fahr 

P 

In. Hg 

-20 

0.0126 

-7 

0.0260 

6 

0.0515 

19 

0.0979 

- 19 

0.0133 

-6 

0.0275 

7 

0.0542 

20 

0. 103 

- 18 

0.0141 

-5 

0.0291 

8 

0.0570 

21 

0. 108 

- 17 

0.0150 

-4 

0.0307 

9 

0.0600 

22 

0.113 

- 16 

0.0159 

-3 

0.0325 

10 

0.0631 

23 

0.118 

- 15 

0.0168 

-2 

0.0344 

M 

0.0665 

24 

0. 124 

- 14 

0.0178 

-1 

0.0363 

12 

0.0699 

25 

0.130 

- 13 

0.0188 

0 

0.0383 

13 

0.0735 

26 

0.136 

- 12 

0.0199 

-t-1 

0.0403 

14 

0.0772 

27 

0.143 

- 11 

0.0210 

2 

0.0423 

15 

0.0810 

28 

0.150 

- 10 

0.0222 

3 

0.0444 

16 

0.0850 

29 

0. 157 

- 9 

0.0234 

4 

0.0467 

17 

0.0891 

30 

0. 164 

- 8 

0.0247 

5 

0.0491 

18 

0.0933 

31 

0. 172 


The density of the atmosphere * is given by the ofiuation: 

; g - 0.38 Th 
0.754 Td 


(7) 


In this equation, the vapor pressure, pv, maj’^ be computed with adequate accuracy 
by the following modification of Apjohn’s equation: 


p%} — 0.49 Py) 


B ( 1(1 fw ) 
36 " 90 


( 8 ) 


where dm = density of atmosphere, a mixture of air and water vapor, 
pounds i)er culao foot. 

B — baronietric pressure, inches of mercury at 32 dog fahr. 

Pv = actual vapor i)rcssure, inches of mercury at 32 deg fahr. 

7^w — pressure of saturated water vai)or at the wet bulb tem¬ 
perature, in pounds per stiuarc inch (as found from 
steam tables). 

td ( 7 ’j) = dry-bull) temperature, degrees fahrenheit (al)Bolute). 

= wet-l)ulb temperature, degrees hihrenheit. 

The density is to be computed to only three significant digits 
(e.g., 0.0704). 

The vapor pressure needs to lie computed to only two significant 
digits (e.g., 0.63 in. of mercury). 

Temperatures must lie measured to the nearest single degree fahrenheit; barometric 
pressure to 0.01 in, of mercury. 

Computation of density to four significant digits demands measurements of tem¬ 
perature to closer than O.i deg fahr. 

The item.s of greatest fundamental interest in connection with hygrometry are (a) par¬ 
tial pressure of the vapor in the atmosphere, (b) relative humidity, and (c) dew point. 
Summarizing, these may be determined as follows: (a) 4he partial preanure of the vapor 
in the atmosphere may be found from ( 1 ) the theoretical formula (equations 1 and 6 ) 
as illustrated in example 5; (2) Ferrel’s equation by solving for p; (3) steam tables, if 
dry-bulb temperature and humidity are hnown, by use of p = fjtPf., where p is the partial 
pressure of the vapor, </> is the relative humidity, and pg is the saturation pressure at the 
dry-bulb temperature; (4) Carrier or similar psychrometrii; charts by direct reading with 
dry-bulb and wet-bull) temperatures knowm; (5) equation 8 . (b) Relative humidity may be 
found from fl) the theoretical formula as illustrated in example 5; ( 2 ) Fcrrel’s equa¬ 
tion, in which </> = p/saturation pressure at dry-bulb temperature; (3) Carrier or similar 
psychrometric charts ])y direct reading, with dry-bulb and wet-bulb temperatures known; 
( 4 ) tables giving values of humidity for various dry-bulb and wet-bulb temperatures, 
fc) The deio point may be found from (1) Carrier or similar psychrometric chart by 
direct reading with dry-bulb and wet.-bulb temperatures known; ( 2 ) steam tables, the 
temperature of saturation at the partial pressure of the vapor: (3) dew-point instrument, 
which measures dew-point temperature directly. 

* Based upon considerations discussed in three articles by Professor C. H. Berry of Harvard 
University, published in Combustion, vol. 6, August, 1934, p. 16; September, 1934, p. 24; October, 
1934, p. 21. 



Fig. 2. T-S Diagram 
Illustrating Dew Point 


1—21 
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38. Am CONDITIONING 


Air Conditioning consists chieflj^ of the simultaneous control of temperature, humidity, 
motion, and purity of air to meet the requirements of human comfort. Some of the 
principal factors that affect human comfort and welfare as influenced by air environment 
are the (1) dry-bulb temperature, (2) humidity, (:i) motion, (4) distribution, (5) dust 
content, (6) bacteria content, and (7) odors. Other factors which may influence com¬ 
fort, but the effects of which are not so well established at the present time, are (8) light, 
(9) ozone content, (10) ionic content, and (11) pressure. 

Human Occupancy of a confined space produces at least six important alterations in 
the properties of the air: (1) the oxygen content is decreased slightly; (2) the carbon 
dioxide content is increased slightly; (3) products of decomposition, usually accom¬ 
panied by odors, are given off; (4) the air temperature is raised; (5) the humidity is 
increased by evaporation of moisture from the skin and lungs; and (0) the number of 
positive and negative ions in a unit volume of the air is decreased. 

Effective Temperature may be defined as an arbitrary index of the degree of warmth 
or cold felt by the human body in response to temperature, humidity, and air movement. 
The numerical value of the cfTcctiv'c temperature index for any given air condition is 
fixed by the temperature of saturated air which, at a velocity or turbulence of lf> to 25 


ft per min, induces a sensation of warmth or cold 
rAirl MoJemejit or Turbulence given condition. Fig. 3 shoWS 

— ILI 9.1.1 the effective temperature-humidity relation at 

various values of humidity and dry-bulb tem- 
80 perature when the air movement is between 15 

e^-and 25 ft per min. The intersection of the dry- 

wet-bulb temperature lines will 
.^70 humidity and also the effective 

I-temperature. This figure shows the comfort 

^ £0 \ V zone as established liy oxpcrimeui, upon which 

are shown the average comfort lines for winter 

9 ^ ^ -summer. The fact that the summer average 

i _ greater than the winter average is probably 

^ \ partly te adaptation to seasonal weather 

jm J r ;,WinV er^— partly to differences in clothing w'orn in the 

40 ffl HT Summer Avg. two seasons. 

1 It is now recognized that the importance of 

li-J— !—I ——————— air motion in air conditioning ranks second only 

r, r temperature. In an occupied space, air hav- 

v o r-ff T “ * irig all the other essential (qualities but lacking 

iG. . j ec motion feels stagnant, stuffy, and di'pressing, 

because the vitiated air next to the body is not 
replaced by air possessing satisfactory qualities. The air in an occupied space should be 
in constant motion sufficient to give imiformity in tempiirature and humidity without 
objectionable draft. 

Air Purity is a vital prolilem principally in manufacturing estalilishments, crowded 
rooms, or tenement buildings. The air should be free from all toxic, unhealthful, or dis- 
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Winter Avg. 
— Summer Avg. 


60 60 70 80 90 100 

Dry-Bulb Temperature,'^’F. 

Fig. 3. Effective Temperature and Com¬ 
fort Zones 


agreeable gases and fumes and relatively free from odors and dust. 

In an occuiried spat^e, at least 10 cu ft of fresh air per minute ijcr person should be 
provided from an outside source to remove body heat, liody odors, and products of respira¬ 
tion. In rooms where the occupants smoke, an additional 6 to 7 cu ft of fresh air per 
minute per person should be provided. This volume of air changii is inadequate to 
provide proper air motion. It is customary to provide the minimum quantity of fresh 
air required for the removal of heat and odors and to recirculate the additional volume 


required for proper air motion. 

Control of Relative Humidity is very important if comfortable conditions are to be 
maintained. Cold, outside air in winter usually will have a very low relative humidity 
after it has been heated. Buch air should be humidified. On the other hand, air in the 
summer months may have a too great relative humidity. The standard established by 
the American Society of Heating and Ventilating Engineers states: ff'lu; relative humidity 
shall 1)0 not less than 30 per cent, nor more than 60 per cent, in any case. The effective 
temperature shall range between 64 and 69 deg when heating or humidification is required 
and between 69 and 73 deg when cooling or dehumidification is required. 

Air-conditioning Equipment has evolved from the air washer which has been used in 
large buildings for many years. In the air washer, air is forced through a chamber con- 
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taining a water spray and then over baffle plates which eliminate free moisture and wet 
particles of solid matter. Although the air washer was initially used for the removal of 
dust from the air, its principal use in air conditioning is to change the water-vapor content 
of the air. Under typical winter conditions, merely heating the air will result in a w’ater- 
vapor content too low to satisfy comfort reQuirements. Under usual summer conditions, 
mere cooling to the desired final temperature w'ill result in too high a water-vapor content. 
The most satisfactorj' method which has been devised for effecting a desired water-vapor 
content at a desired dry-buib temperature, and one whi<di is used in the largo majority 
of cases, is that which is known a.s the dew-point method. In the dew-point method of 
temperature and humidity control, air is l)rought to a saturated condition at the temper¬ 
ature at w^hich it c.ontains th(i desired quantity of moisture. This temperature is the 
dew point of the desired final condition of the air. The air may then be merely heated 
from this dew point to bring it to the desired dry-bulb temperature and relative humidity. 
The required dew-point condition can be reached only by the removal or addition of 
water. 

The moisture content may he reduced l>y sufficJcntly cooling the air to cause con¬ 
densation of excess vapor or by physical-chemical means. 

An increase in moisture content may be accomplished by a (lom bination of heating 
and addition of water. This heating and water addition may be done sinriltaneously 
or separately, providing that the mixture be brought to a saturated condition at the 
desired dew-point temperature. Heating and humidification may be accomplished 
simultaneously by means of a warm water spray. In another process, the air is first 
preheated, w’ithout the addition of moisture, until its wet-bulb temperature is equal to 
the dew point of the desired final air. Then, without the addition or removai of heat, the 
air is saturated in a water spray. This w^ill bring it to the required, saturated, dew-point 
condition. Finally, by heating from this dew-point temperature, the air-vapor mixture 
will bo brought to the desired final condition of dry-bulb temperature and relative humid¬ 
ity. Example 6 illustrates the process just described. 

Example 6. The out,side air has a dry-bulb temperature of 40 deg and a relative humidity 
of 65 per cent. It is desired to condition the air to dry-bulb temperature of 74 deg and relative 
humidity of 45 per cent, which will give an efifective temperature of about 69 deg, 

The air is (1) heated before it enters the washer until the wet-bulb temperature is equal to the 
dew point of the final air, then (2) saturated in the spray to the temi)erature equal to the dew point 
of the fin.al conditioi», then (3) heated to the dry-bulb temperature required. This brings it to 
the final desired relative humidity. 

A tabulation of the air condition in the various stages w'ill illustrate the process. 


Table II 



Initial Air 
Condition 

After 

11 eater 

After 

Spray 

Final Air 
(condition 

Dry-bulb temperature, degrees fahrenheit. 

40.0 

72.0 

51,3 

74.0 

Relative humidity. 

0.65 

0.205 

1.00 

0.45 

Wet-bulb temperature, degrees fahrenheit. 

35.6 

51.3 

51.3 

60.5 

Dew point, degrees fahrenheit. 

29.6 

29.6 

51.3 

51.3 

Vapor TJressuro, pounds per square inch. 

0.0791 

0.0791 

0,1R69 

0. 1869 


The preheat temperature and the temperature of the water spray need not be definitely as 
described as long as the air from the spray is saturated and at the temperature of 51.3 deg. If the 
water is warmer than 51.3 deg, not so much preheating is required. Example 7 illustrates the 
dehuniidification of .air under summer conditions. 

Example 7. I’lie outside air has a dry-bulb temperature of 9.5 deg and a relative humidity of 
65 per cent. It is desired that the final condition of example 6 be attained. 

Table III 



Initial 

Condition 

After 

Cooler 

Final 

Condition 


95.0 

51.3 

74.0 

Relative humidity. 

0.65 

1.00 

0.45 

W^f't-biilli t*>ui7»f*ra^ore, degrepH falirenheit. 

84.0 

51.3 

60.5 

Dew point, degrees fahrenheit. 

81 4 

51 3 

51 3 

Vapor pressure, pounds per scpiare inch. 

0.5297 

0.1869 

0.1869 


In this ease the cooler must decrease the temperature of the saturated mixture to the desired 
dew point of 51.3 deg. 
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ELECTRICITY AND MAGNETISM 


Scope 

In this section arc presented the principles of electricity and magnetism together with 
formulas basic to the solution of electric and magnetic circuits. 


1. SYSTEMS OF UNITS 

Three Systems of Units are in use, in terms of which electric and magnetic quantities 
are expressed. These systems are known as the cgs electrostatic system, the cgs electro¬ 
magnetic system, and the x)raetical system (see Section 3). '^rhe various units in the 
practical system have been given short names which are in (jommon use, e.g., ampere, 
volt, coulom}>, etc. For the sake of brevity the corresponding units of the electrostatic 
system will be designated by these same names with the i>refix “ stat,” and the corre8i)ond- 
ing units in the cgs electromagnetic system will be designated by these same names with 
the prefix “ ab,” the latter prefix arising from the term ** al^solutc ” sometimes applied 
to this system. 

The use of the electrostatic and cle<;tromagnetic systems of units arises from the manner 
in which certain of the fundamental quantitative relations, or “ laws,” were originally 
formulated. The practical system is rclat-ed to the electromagnetic system by even 
multiples of ten times the units in the latter, c.g., 1 volt = 10*^ abvolts, 1 ampere = lO""* 
abampere, 1 ohm = 10'-^ abohms. 

Quantitative Relations t)etween electric quantities given here are independent of the 
system of units employed provided all the (luantitics involved are expressed in the same 
system of units. For some of the magnetic quantities, certain additional practical units 
have been introduced whicih are not related to the cgs electromagnetic units by multiples 
of 10; consequently, to avoid confusion it is best to rctlu(;e all quantities to electromagnetic 
units before applying any of the formulas given. 

Standard symbols for quantities are given in Section 1, Table 4. W hen vector relations 
are involved the syml)ol is in bold face type. 


ELECTRON THEORY 

2. ELECTRICITY AND MATTER 

Electrical Entities. Contemporary physics identifies electricity with matter. For 
example, an atom of the element hydrogeii is thought of as consisting of a single nuclear 
quantity or charge of electricity called a proton about which rotates a second charge of 
electricity called a negative electron. These two charges are equal in magnitude and opipo- 
site in sign. Each represents what is believed to b(^ the smallest quantity of electricity 
which can exist discretely. They are in elTcct atoms t)f electricity. Almost the entire 
mass of the atom resides in the proton. The electron * has a mass of aijproximatcdy 
Vl 800 of the mass of the proton. The orbital electron may revolve in elliptical or circular 
paths. The radii and eccentricities of the i)«ssible paths of the electron in the hydrogen 
atom can be computed. While hydrogen is the simplest of the elements, all elements are 
believed to consist of nuclei made up of tightly packed protons and electrons, surrounded 
by rotating orbital electrons. The intra-atomic spaces lietween the nucleus and the orbital 
electrons are believed to be enormous relative to the size of the electron or proton. Every 
atom containing an equal number of eletdrons and i)rotons is said*to be a neutral atom. 

Although the proton and the negative electron are the most common of the electrical 
entities, and their properties have been most thoroughly studied, two others which have 
been observed are important. The positive electron or positron consists of a positive 

* The term electron used alone means negative electron. When positive electron is meant 
the word positive will always be used. 
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charge, equal in magnitude to the charge carried by the negative electron, associated with 
a mass equal to the mass of the electron. The positive electron has no place in the atom 
model described above. The neutron is an entity having a mass approximately equal to 
that of the proton but having no electric charge. It is not known whether or not a neutron 
consist of an intimately bound proton and electron. The accuracy with which its mass 
has been determined is not great enough to disprove or to strengthen this hypothesis. 

A fifth entity, intimately associated with the four already mentioned but somewhat 
different in concept, is the photon, A photon is a quantum of electromagnetic radiation 
(q.v.) having a definite frequency and a definite energy content. It was supposed, on the 
basis of the Bohr-Sommerfcld theory, which gave rise to the atom model described above, 
that a photon (light, x-rays, etc.) was radiated or absorbed when and only when an elec¬ 
tron jumped from one orbit to another. This is now believed to be untrue. 

The study of electricity has to do with the properties of these entities, in particular the 
proton and negative electron. 

Mass, Energy, and Frequency Relations. Modern quantum physics identifies mass 
with energy. Thus the law of conservation of energy has been revised to require that the 
total mass plus energy of the universe be conserved. (Quantum physics also to a certain 
degree identifies electric particles with electromagnetic waves. Under some circumstances 
entities which have properties normally ascribed only to particles, exhibit characteristics 
normally observed only in waves. In such cases the energy of the particle and the fre¬ 
quency of the wave are proportional. 

The above principles are stated in the following experimental laws: 

(a) Whenever energy is transformed into mass or mass is transformed into energy 

E = mc^ (1) 

in which E is the energy transformed, m is the mass transformed, and c is the velocity of 
light in vacuo, (c = 3 X 10‘® cm per sec approximately.) 

(b) A photon of electromagnetic radiation always has associated with it an energy 
proportional to its frequency. 

E = hr ( 2 ) 

in which E is the energy of the photon, p is its frequency, and ^ is a constant factor known 
as Planck’s constant, (h = 6.55 X 10“-^ erg-second.) 

In nuclear disintegration, in omission of particles or waves by boml:)ardment, and in 
transmutation of elements the above principles find application. For example, if a photon 
of radiation strikes a nucleus it may cause the emission of a positron and an electron. In 
this case 

htP 

“ - = Mass of positron -f Mass of electron 

-f (Energy of positron -f- Energy of electron) (3) 

C" 

3. PROPERTIES OF ELECTRICAL ENTITIES 

The Negative Electron. The results of exi)erimont justify the following assumptions 
regarding the electron: ^ 

(a) No charge of electricity can Ije produced wnich is not an integral multiple of the 
charge carried by a simple electron. The value of this charge is 

e = 4.774 X 10“’” cgs electrostatic unit (4) 

(b) The mass of an electron may be defined as the force required to give it unit accelera¬ 
tion.* Experiments indicate that the ma.ss of an electron, as thus defined, is 

m = 8.999 X 10-2» gram (6) 

The “ effective ” mass of the electron increases with increase in velocity (see equation 8). 

Unless otherwise stated, wherever the expression “ mass of an electron ” is used in this 
article, it is to be understood that this effective mass is meant. 

(c) An electron having a charge e and moving with velocity v produces the same mag¬ 
netic field as an elementary length ds of a conduction current of strength i, where ev = ids 
(see Art. 11). 

(d) Every neutral atom of matter contains at least one electron which is held in posi¬ 
tion by forces analogous to elastic forces, that is, an electron may oscillate within the atom, 
or may be displaced by an impressed electrostatic field. The electrons are always of the 
same nature irrespective of the sub.stance in which they exist. 

* That is, / = mn, where / is the force, a is the acceleration, and m = - is the mass, computed 
at low electron velocities (less than one-tenth the velocity of light). ® 




8-04 


ELECTRICITY AND MAGNETISM 


(e) An electron may be forced from the atom by the influence (mutual repulsion) of a 
“ free ” electron moving at a high velocity in its immediate vicinity. This action is 
usually spoken of as a bombardment, or collision, although it is not necessary to assume 
that the free electron hits the atom. 

(/) When a neutral atom loses an electron, this atom manifests the properties of a 
positively charged body and is <;alled a positive ion. 

io) When a neutral atom gains an electron, this atom manifests the properties of a 
negatively charged body and is called a negative ion. 

(h) In every substance there exists, in addition to the electrons within the atoms, a 
certain number of “ free ” electrons, i.e., electrons which can move freely in the inter¬ 
atomic spaces; these free electrons may also pass from one substance to another. Under 
certain conditions, e.g., in a gas at ordinary pressures, a free electron may attach to itself 
one or more atoms or molecules. 

The Positive Particles. Experiment also justifies the following assumptions regarding 
the positively charged particles; 

(а) The smallest positive charge that it has been found possible to produce is numeri¬ 
cally equal to that of an electron, viz., 4.774 X cgs electrostatic unit. 

(б) This smallest possible positive charge when associated with a particle having a 
mass of the same order of magnitude as that of a hydrogen atom is called a proton. 

(c) This smallest possible positive charge when assoiuated with a particle having a 
mass of the same order of magnitude as that of the negative electron is called a positive 
electron. 

(d) Other positively charged particles may consist of atoms from which one or more 
electrons have been expelled. Their masses therefore depend upon the number of protons 
in the nuclei of the atoms. A “ fre^e ” positively charged particle may also attach to itself 
one or more neutral atoms or molecules. 

(e) The term “ ion ” is usually reserved to designate any charged body having a mass 
of the order of magnitude of that of a molecule or atom. In this sense a jiositive or nega¬ 
tive electron is not an ion, liut the proton is an ion. If, however, the electron becomes 
attached to an atom or molecule, then this combination forms an ion. In the discharge 
of electricity through gases at low pressure, the negative electron, although it is not at¬ 
tached to an atom or molecule, is sometimes called an ion. 

The Photon, Experiment justifies the following assumptions regarding the photon: 

(а) The photon is a discrete quantity or quantum of electromagnetic radiation (see 
p. 8-03). 

(б) The photon is electrically neutral, not being attracted or repelled by electric 
charges. 

(c) Photons are capable of producing ionization. A photon may be absorbed by an 
atom, an electron being emitted in the process. It is thought that occasionally a photon 
may vanish and give rise to a pair of oxipositely charged (dectrons. When this haiijicns 
the charge of the universe remains unchanged and the energy of the photon is converted 
into the mass of the two electrons. 

(d) Deflection of photons by magnetic fields has not been observed. 

(e) The energy and freiiuency of a j^hoton always satisfy the relation E = hv. 

The Neutron. Experiment justifies the following assumptions regarding llie neulron. 

(a) The neutron is electrically neutral, not being deflected from its path by electrit! 
charges or magnetic fields. 

(h) The mass of the neutron is nearly (or perhaps exactly) the same as that of the 
proton. The best measured value is 1.0051 ± 0.005. 

(c) Transmutation can be effected by neutrons. For example, a neutron plus a nitro¬ 
gen nucleus yields a boron nucleus plus a helium nucleus. 

(d) Neutrons are capable of producing ionization through the intermediary of recoiling 
nuclei. 

Determination of the Constants. A few fundamental i^rintdples properly combined 
yield a powerful set of working tools for the investigation of the properties and the con¬ 
stants of the entities described above. These principles are: 

(a) If a charged particle falls through a difference of potential, it acipiires a kinetic 
energy equal to the loss of potential energy. 

— eV (6) 

(b) If a charged particle is acted upon simultaneously by electric and magnetic fields 
which are mutually iierpendicular, its path is a circle, the radius of curvature of which is 

mv 

^ ~ We 


(7) 
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(c) Su^Tsaturated water vapor condenses quickly on charged particles formed in the 
presence of the supersaturated vapor. 

(d) Matter inserted in the path of a moving particle may absorb energy and thus reduce 
the velocity of the particle. W hen a photon encounters a barriei of matter it also may 
lose energy; this changes the frequency of the photon but does not change its velocity. 

The cloud chamber of C. T. R. Wilson, which makes use of principle (c) above, enables the 
observer to photograph the paths of particle^ or waves through a gas. The character of the paths 
under various conditions allows the calculation of many of the iuiidaincntal constants to be made. 

Mass of the Electron. Experiment shows that the mass as defined by tn = fja (see 
footnote, p. <S— 03) varies with the velocity of the electron, changing apijreciably as the 
velocity of the electron becomes greater than about one-tenth that of light. The formula 
which represents the experimental facts is 



where mo (— 8.999 X 10 gram) is the “ rest ” or minimum mass of the electron, v is the 
velocity of the electron, and c is the velocity of light (3 X 10^" cm per sec). There are 
two theories as to the constitution of the mass m. 

1. The earlier theory assumes that the mass is made up of two parts: one a purely 
mechanical or Newtonian mass invariant with velocity; and a second part, electromag¬ 
netic in origin, which is associated with the (diarge of the electron and which represents the 
energy of the magnetic field causeni by the moving electron. This second part is a func¬ 
tion of the velocity of the electron. 

2 . A second theory dispenses entirely with the concept of mechanical mass and attrib¬ 
utes the inertial properties of the electron wholly to the energy associatiHl with the electron. 

Relativity, on theoretical grounds, requires that the mass of the electron (m ~ f/a) 
should change as indicated in equation 8. 


4. EMISSION PHENOMENA 

Thermionic Emission of Electrons. W’hen a nioial is heated to a high temperature 
in a high vacuum it gives off electrons freely. The amount of the elei^tron emission is 
subject to the temperature of the metal or cathode and to the electric field at its surface, 
as due, for example, to a neighboring anode. 

The theory assumes that in accordance with the kinetic theory of matter the electrons 
within the metal are in a constant state of motion, and that of those nearest the surface a 
certain i^roportion esc.ape, a few at high, the greater number at lower, velocities in accord¬ 
ance with Maxwell’s distribution law. W’^hon an electron leaves the surface the metal 
becomes positively charged, thus putting a retarding force on the electron and tending to 
make it return. The distance traversed by the electron is greater the greater its initial 
velocity, and in the prcscni^e of a neighboring neutral charged surface it may not return 
at all. The higher the temperature of the heated nu^al or cathode the greater the veloci¬ 
ties of the electron leaving it, and the greater the volume of electron discharge. 

An electron can escape from a metal when, and only when, its kinetic energy is greater 
than the work which must be done in escaping; that is, when 

1/2 = Wo (9) 

where m is the mass of the electron, v is the component of it.s velocity normal to the emitting 
surface, and wo is the electron affinity or internal work of electron evaporation of the emit¬ 
ting substance. 

With a given cathode temperature there is a maximum electron current beyond which 
an increase in anode voltage is ineffective. Under these conditions all the electrons 
emitted from the cathode are drawn to the anode. This condition is known as voltage 
saturation. 

This electron current follows the law 

i = Ne = AT^t- (wo/KT) (10) 

where i is the saturation current per square centimeter of emitting surface, N is the num¬ 
ber of electrons emitted per second per square centimeter, c is the charge per electron, A a 
constant of the material, T the absolute temperature in degrees Centigrade, X a number 
not much different from unity, e the base of the Napierian system of logarithms, and K 
the Boltzmann constant. As far as the individual electron is concerned, this is a sta- 
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tistical law. The value of the current given in equation 10 is independent of the potential 
of the anode. 

With a given anode voltage there is a maximum electron current beyond which an 
increase in cathode temperature is ineffective. This is due to the condition known as 
Hpace charge. When the cathode is first heated, electrons are emitted with varying veloci¬ 
ties. If the anode voltage is zero the first few of these electrons experience no external 
force, except a slight attraction toward the cathode. These first few electrons ultimately 
land on the anode or on the walls of the container. The sui’.c.eeding electrons experience 
a repulsion due to the electrons, previously emitted but still near the cathode, in the sjiace 
between the anode and cathode; and if the energies of the newly emitted electrons are 
small, their motion will be retarded or even reversed. There is thus built iij) an electric 
field of force tending to decelerate an electron emerging from the cathode and to make it 
return to the cathode. If there is no removal of electrons from the space surrounding the 
cathode this electric field increases in strength until a condition of equilibrium is reached, 
that is, until as many electrons are entering the cathode as are leaving it. The charge due 
to the presence of these electrons cjonstitutes the spaise charge. From the above it is 
evident that for a given anode voltage an increase in cathode temperature beyond a cer¬ 
tain value will serve only to increase the space charge without increasing the current to the 
anode. This condition is known as temperature saturation. 

Electron Tubes. A glass bulb, either evacuated or gas filled, and containing two or 
more electrodes is called an electron tube. Electrons (and positive ions) are produced in 
such tulx^s by the thermionic emission, photoelectric emission (q.v.), or by bombardment, 
and arc caused to move by the action of an electric field. This electron flow is made to 
serve various purposes depending upon its magnitude, velocity, and method of c'ontrol. 
The various tubes are classified according to number of electrodes, purpose, or particular 
electronic characteristic utilized. 

The two-electrode tube (hot cathode and cold anode in highly evacuated bulb) conducts 
in only one direction and is an excellent rectifying device for small alternjiting currents. 
If a third electrode in mesh or grid form be placed between the cathode and anode, relatively 
very small potentials on the grid will i^ausc wide variations in the potential gradient at the 
cathode surface and hence large changes in the number of electrons reaching the anode. 
Three-electrode tubes are used as amplifying devices, as modulators, demodulators, oscil¬ 
lators, electrostatic voltmeters, relays, etc. Their principal applications are in the field 
of communication such as telephone, radio, phonograph, talking motion pictures, and 
transmission of pictures by wire and television, but their applications in other fields are 
innumerable. I'ubcs having two and even three control electrodes in addition to the 
cathode and anode are being extensively employed. 

Other important types of electron tulie are the x-ray tube, the cathode-ray tube, the 
gaseous rectifier tube, and the photoelectric cell. 

Cathode Rays and Canal Rays. At the occurrence of an electric discharge in an electron 
tube and at a certain value of the pressure of the gas contained in the tube, it is noticed that 
a greenish phosphorescence occurs on the walls of the tube. By placing solid bodies in the 
tube it appears that the phosphorescence is due to something proceeding in straight lines 
perpendicularly from the surface of the cathode. The name cathode rays has been given 
to this agent which produces the phosphorescence. These rays are deflected by both 
electric and magnetic fields and communicate a negative electric charge to an insulated 
conductor. They consist of a stream of rapidly moving ek'ctrons. The amount of tlio 
deflection of the rays, under the action of magnetic and electrostatic fields, can be calcu¬ 
lated or observed. 

Cathode-ray tubes with hot cathodes (incandescent filament) have been constructed 
in which potential differences of a million or more volts are impressed between anode and 
cathode. A window of extremely thin aluminum foil permits a substantial proportion of 
the electron stream to emerge into the open air. The behavior of chemical substances 
and of living tissue under the bombardment of these rays is being studied. Cathode-ray 
tubes are used as oscillographs and as reijeiving tubes for television. 

If the cathode of a tube producing cathode rays is perforated, faint luminous streaks 
are seen to proceed through these perforations in a direction opposite to that of the cathode 
rays. The name kcnahirahlen or canal rays has been given to tins phenomenon. These 
rays are also deflected by both electric and magnetic fields but to a lesser extent and in 
relatively the opposite direction from the deflection of cathode rays, and they eommiinicato 
a positive charge to an insulated conductor. 

In terms of the electron theory these rays are positively charged ions. Calculations 
from actual measurements, making this assumption, show" that the charge carried by each 
of these ions is numerically equal but opposite to that of an electron, and that the mass 
of each ion is never less than tlic mass of a hydrogen atom, but may be greater, depending 
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upon the nature of the gas and the pressure in the tube. That is, the cathode particle is 
an electron traveling in one direction, and the canal-ray particle is what is left of the atom 
which has lost an electron, traveling in the opposite direction. 

Electromagnetic Waves, Under certain conditions, disturbances which are propagated 
through space arise in the electric and magnetic fields associated with the points in space. 
Such disturbances are described mathematically by the equations 

H = Fi{x - vt) (11) 

E — Fiix — vt) (11a) 

in which E and H are the electric and magnetic fields (q.v.), x is the distance from some 
datum to the i)oint in question along the direction of proi)agation, v is the velocity of propa¬ 
gation, and t is the time. These disturbances arc called clccLromagnetic waves. 

The physical concept of an electromagnetic wave is aided if one visualizes a medium 
(this medium is called the ether) in which the wave exists as a transve^rso vibration. Many 
of the exj)erimentally observed properties of eloctrf)magnetio waves can l>o explained on 
the basis of the assumption of an ether througli whicli tlie waves are propagated. An 
electromagnetic wave which is a simple harmonic vibration is termed a monocliromatic 
wave. A monochromatic wave has a defimte frcgiimei/ which is the reciprocal of the num¬ 
ber of periods per second. The character of a given wave is dependent upon its fretiuency. 
The various (‘lasses of waves extend over a considerable band of frequencies. In order of 
increasing frequency these classes arc: 

(а) Long radio waves. 

(б) Radio broadcast waves. 

tc) Short radio waves. 

((/) Ultra-short radio waves. 

(c) A band not yet,completely investigated. 

(/) Heat waves. 

(g) Infra-red rays. 

Ih) Visible light. 

(t) Ultra-violet rays. 

U) X-rays. 

(k) Gamma rays from radioactive substances. 

(0 Cosmic rays. 

The mechanism of producing the radiations in groups (a) to (d) from about 10^ to about 
3 X 10‘° cycles per seciond is that of accelerating elec^trons in elo(;tric circuits. The 
mechanism of producing the radiations in groups (/) to (1) from about 10*® to more than 
10“^ cycles per second is that associated with the increase of temperature of a substance, 
the sudden stopping of high-v(*locity electrons, or the fort^ed or spontaneous disruption of 
atoms or atomic nuclei. It is with these extremely high-freqmmcy radiations that the 
quantum theory is associated. 

Photoelectric Effect. Experiment shows that when light of sufficient energy falls 
upon a substance electrons arc liberated from the surface. The number of electrons re¬ 
leased p(^r unit time is directly proportional to the intensity of the imudent light. The 
inaxiniTiiii energy of electrons released is independent of the intensity of the incident light 
but directly i)roportional to the freciuoney of the light. The energy equation represent¬ 
ing this effect is 

hy = 1/2 -I- P (12) 

in which h is Planck’s constant, v is the frociuenciy of the incident radiation, is the 

kinetic energy of the liberated electron, and P is the energy re<iuired to free the electron 
from the parent body. P is called the work function of the given surface. If e<iuation 12 
is written 

= h{v — j'o) (13) 

then vq is the threshold frequentry of the sii})stancc. 

The work fiinct ion for the alkali metals is lower than that for other substancos. Special 
films having extremely low work functions have been produced by the use of potassium, 
rubidium, and other elements. It is possible to eonstr ict photoelectric surfaces having 
selective Irequoiury characteristics such that color sensitivity is produced. 

Photoelectric cells consisting of a photoelectric surface and an anode in an evacuated 
glass tube are used commercially for automatic (ioiitrol, product testing, television, etc. 

X-rays. When cathode rays strike a target of metal, x-rays are radiated from the 
metal surface. The wave-length sfMictra of such x-rays depend primarily on the velocity 
of the impinging electrons and the material of the target. In general, the higher the 
voltage between anode and cathode, and the denser the metal of the target, the shorter 
will be the wave-length of the x-radiation. 
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The x-ray output of a tube operating at constant potential difference between anode 
and cathode consists of a continuous spectrum superposed with a number of characteristic 
lines. 

The cathode stream has been shown to consist of electrons traveling at high velocities. 
Thomson and Stokes have shown, by means of the electromagnetic theory of Maxwell, 
that the deceleration of these electrons at the anode may produce a pulse of electromagnetic 
radiation. They have shown further that the radiated energy traversing a unit area at 
a point P, distant from the region of deceleration of one of the electrons, is for electron ve¬ 
locities small comxjared to the velocity of light 




4 irr-c^ 


sin2 0 


(14) 


in which a is the electron deceleration. 

e is the charge of the electron. 

(3 is ratio of velocity of electron before deceleration to velocity of light in vacuo. 
r is distance from P (at which energy flux is Sp) to the source of radiation. 
c is velocity of light in vacuo. 

6 is angle measured from line of travel of electron before deceleration to line 
joining source of radiation to the point P. 


A further development of this electromagnetic pulse theory, by expresvsing the pulse 
as a Fourier integral, iiredicts the spectrum of the radiation to be of the form: 

d\ (15) 

in which I\ is the x-ray intensity between the wave-lengths X and (X -f- d\). 

I is the pulse thickness, i.e., the product of its velocity c and the time for deceler¬ 
ation of the electron producing the pulse. 
iiL is a constant. 


I\d\ — K sin^ ( 


This expression indicates a continuous radiation with all frequencies from zero to 
infinity. Duane found that the continuous x-ray spectrum was limited by a maximum 
frequency i^max in such a way that 

hpjn&x = eV (Ifl) 


in which c is the electronic (jhargo and V is the maximum x-ray tube voltage—whicdi agrees 
with the quantum theory. 'I’he electromagnetic theory offers no suggestion concerning 
the cause of the characteristic line spectra mentioned above. 

X-rays are of immense value in diagnosis and therapeutics in medicine, in the examina¬ 
tion and inspection of engineering materials for structure and flaws, and in the study of 
the constitution of matter. The molecules of mutter act as diffraction gratings of an 
x-ray. The resulting interference patterns yield important evidence with regard to the 
arrangement and spacing of the atoms composing the substance. 

Absorption, Scattering, Reflection, and Refraction. The following principles oT)servod 
in the study of x-rays apply with slight modifications to the other electromagnetic radia¬ 
tions. 

When monochromatic x-rays traverse matter, the intensity (/) of the beam after 
traversing a distance x in a given material is associated with the initial intensity (/o) by. 

Ix = (17) 


where « is the base of the natural system of logarithms and n is the linear absorption coeffi¬ 
cient, defined by the relation above shown. 

Other absorption coefficients defined for convenience are: 

fx 

The mass absorption coefficient Mm = ~ where p is the density of the absorbing material. 

P 

P 

The atomic absorption coefficient /xa = " where n is the number of atoms per cubic 

n 

centimeter of the volume occupied by the absorbing material. 

If the heterogeneous radiation from an x-ray tube traverses matter the absorption 
coefficient varies with the thickness of the absorbing material. Its value is found to 
depend chiefly upon the x-ray tube voltage and upon the atomic number of the absorbing 
material, assumed to be an element. 

Two effects are noted when x-rays traverse matter. Electrons are ejected from the 
absorbing material at high velocities (see photoelectric effect). The radiation is scattered, 
reducing the intensity along the lines of incidence of the primary beam. Thus p may be 
conveniently divided into two parts, r and <r. The coefficient t represents the transforma¬ 
tion of the energy of the original beam of x-rays into high-speed electrons; <t is the coeffi- 
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cient describing the scattered radiation. Experiment shows that not all the scattered 
radiation has the same wave-length as the primary beam. The number of photoelectrons 
ejected by x-rays, at such speeds that the energy of the photoelectron is nearly equal to 
the energy hv of an incident photon, has been shown to be equal, within the limits of 
experimental error, to the number of photons (“ truly absorbed ”) represented by accurate 
measurements of t. 

Measurement of x-ray wave-lengths can be made by taking advantage of the regularity 
of atomic structure in crystals. W. L. and W. H. Bragg showed that x-rays of wave¬ 
length X incident upon the face of a crystal at a glancing angle 0 would, if the crystal planes 
were separated by a distance d, be reinforced upon reflection, if: 

nX = 2 d sin 0 (n = integer) (18) 

This is known as Bragg’s law. 

By (ialciilations based on an assumed crystal structure, experimental data of density, 
Avogadro’s number and the molecular weight, the value of d may be obtained for some 
more simply constructed crystals. Then Bragg’s law may be used to measure wave¬ 
lengths of an x-ray beam. 

Ionization of Gases. Under ordinary circumstances at atmospheric pressure, gases 
are very poor conductors of electricity. By irradiation with x-rays or radioactive 
substances, by brush discharge, corona, or contact with hot flame, and by other known 
means, it is possible to make a gas a comparatively good conductor. The jjrocess is known 
as ionization. It appears that agents such as those mentioned have the power of breaking 
down a jiortion of the gas molecules into free electrons and positively charged particles. 

According to the quantum theory, radiation is absorbed by an atom in discrete amounts. 
The absorption of these quanta makes an electron jump from its then orbit to one of 
greater radius. If sufficient energy is absorbed the electron leaves the atom altogether 
and becomes, at least temporarily, a free electron. This leaves the remainder of the atom 
positively cliarged. This positively (charged particle is known as a positive ion. The 
electrons and positive ions thus released respond to the force exerted by an electric field 
and in moving give rise to an electric current. The gas thus becomes conducting. In 
the absence of such an electric field the electrons and positive ions tend to recombine, and 
when the radiation producing ionization is removed, tliis recombination eventually renders 
the gas non-conducting. At sufficiently high gas pressures the free electrons and positive 
ions tend to attract neutral molecules to which they attach themselves. At low pres¬ 
sures, however, the mean free paths of the molecules are so great that the charged particle 
rarely comes within attracting distance of the molecule. 

It is assumed that all substances contain at all times some free ions. In a gas under 
the action of an electric field these ions may attain sufficient velocity to detach electrons 
from neutral molecules by “ collision.” The electric field in this instance becomes an 
ionizing agent. As the ionization increases the gas liecomes more and more conducting 
until th(i rate of recombination of ions balances the rate of ionization. 

Theory of Corona. When the voltage between two conductors liecoraes sufficiently 
great, the electrii; field, which is greatest at the surface, ionizes the air at the surfaces 
of the conductor. The increase in the conductivity of the air or other gas surrounding the 
conductor is equivalent to an increase in the effective diameter of the conductor to the value 
at which the decreasing electric field is balanced by the dielectric strength of the air. 
The phenomenon is known as corona. When the corona is formed, there is visible a 
faint violet light near the conductor. If the voltage is raised, a bruah discharge occurs 
in which bluish streaks like the bristles of a brush are visible near the surface of the con¬ 
ductor. If the voltage is still further increased, a disruptive spark discharge takes place 
between conductors. 

In transmission linos, corona is accompanied by power losses, frequently of serious 
proportions. It can be controlled by the use of larger-fiiametcr conductors and by 
operating with voltages low enough to prevent its formation. 


DIRECT-CURRENT CIRCUITS 

6. ELECTRIC CHARGE, CURRENT, AND ELECTROMOTIVE FORCE 

Electric Charge and Electric Current. The unit of electric charge (or quantity of 
electricity) is called a coulomb in the practical system of units. In terms of the charge 
carried by an electron it requires 0.28 X 10** electrons to equal a coulomb. An electric 
charge in motion constitutes an electric current. The rate at which a quantity of elec- 
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tricity flows past a given point in a circuit determines the value of the current. In the 
practical system of units, the unit of current is called an ampere and is the flow of one 
coulomb per second. (See Section 3 for relationship between practical and other units 
and for international standards for practical units.) 

Electromotive Force. The agent which tends to produce or to maintain an electric 
current in a circuit is called an electromotive force (often abbreviated emf). The names in 
common use are difference of jjoiential and voltage, the latter being derived from the prac¬ 
tical unit of electromotive force, the volt (see Section 3). Electromotive force is not a 
force in the mechanical sense. Quantitatively it is the electrical energy developed per 
unit charge 

E = W/Q (1) 

where E is the electromotive force in volts, Q is the charge in coulombs, and W is energy 
or work in joules. (One joule = 1 watt-second = 10^ ergs.) The energy W is that 
required to move the charge Q between tw'o points the difference of potential of which is 
E. For a more fundamental definition of emf see Section 3. 

Sources of Emf. The primary sources of emf are: 

1. Electromagnetic Induction (see p. 8-* 27, Art. 12). 

2. Contact of Two Dissimilar Bodies. Under this head, apart from primary cells and 
storage batteries, may be included the following sources of emf: 

(a) Volta effect (contact emf). When two diBsimilnr Bubstances are broufiht in contact an 
emf is developed between them. This is explained by tl'.c electron theory on the basis of the fact 
that certain substances have less tendency to Kive up electrons than other substances. Zinc re¬ 
leases electrons more easily than copper; therefore, if zinc is brotiRht into contact with copper, some 
of the electrons leave the zinc and enter the copper making the copper negative and the zinc posi¬ 
tive. The emf's thus produced are usu.ally very small. According to the electron theory frictional 
electricity is due to the same cause. However, where the conductivities of the substances are low, 
friction is required to bring the surfaces into suflaciently intimate contact for the transference of 
electrons. 

(b) Thermoelectric effects. If a closed circuit is nuide of two different metals and the two junc¬ 
tions are held at the same temiicraturc, no current will flow because although emf’s are developed 
at both junctions (see Volta effect, above) they are equal and opposite. If, however, one junction is 
held at a higher temperature th.'in the other a current will flow as long as the difference of temperature 
is maintained. This is known as the Seebeck effect. According to the electron theory the relative 
release of electrons is a function of the temperature of the metal. Such junctions are used in 
thermometry and also for current measurements. The Peltier effect is the inverse of the Seebeck 
effect. If a current is sent through the junction of two dissimilar metals, heat is absorbed by tlio 
junction when the current flows in one direction and is emitted by the junction when the current 
is reversed. The sign of tlie Peltier effect is connected with the direction of the thermoelectric 
current which would be produced at a gK'en junction. A current which cools a junction (Peltier 
effect) flows in the same direction as the thermoelectric current when that junction is heated, and 
conversely. The Thomson effect is apparently an extension of the Peltier effect. In certain metals 
heat is carried in the direction of the current flow wdieii the current flows from hot to cold regions. 
W hen the current flows from cold to hot regions, the hotter parts are cooled. In other metals those 
effects are reversed, 

(c) Pyroelectric effect. When certain crystals such as quartz and tourmaline are heated an emf 
is developed between faces. If the crystal be broken into fragments or even ground to powder, 
each particle will exhibit this same, electrical effcck 

(</) Piezoelectric effect. When certain crystals such as quartz and rochelle salt are subjected to 
mechanical pressure, electric charges proportional to the pressure appear on certain parts of the 
crystal. If a crystal of rochcllc salt (cut so that two of its faces arc perpendicular to its optical 
axis) is compressed between two electrically connected metal plates applied to the two opposite 
crystal faces, and a metal band is placed around the middle of the crystal between the end plates, 
an emf of considerable magnitude will be developed between the band and end plates, upon small 
changes of pressure between end plates. C’onipression produces a positive charge on one plate and 
a negative charge on the other i>hite. Tension causes the charges to ren erso. The pressure due to 
sound waves may under proi)cr coiulitions produce enif’s of several volts. The piezoelectric effect 
is reversible. A variable emf applied between the plates and band will cause the crystal to expand 
and contract mechanically in synchronism with the varying applied emf. This e^Tf^ct has been 
experimentally a{)plicd in loud-8p<‘aking telephone ro.ceivers. C(?rtain crystals, notably quartz, 
vibrate at natural periods, dependent upon the thickness of the crystal and its elastic constants, 
if an emf is applied which has the same frequency as the natural frequency of the crystal. The 
energy supplied by the electrical oscillator may cause very violent vibrations of the crystal. The 
constancy of frequency of properly constructed quartz vibrators is so great that they are univer¬ 
sally employed to control master oscillators for radio. The natural frequency of vibration/s of such 
crystals lies between about ten thousand and several hundred thousand vibrations per second. 

Direction of an Emf. The direction of the emf in any portion of a circuit ia taken 
as the direction in which a positive charge would be forced around a circuit containing only 
this one source of emf. A closed circuit may contain several sources of emf; in this case 
the resultant emf acting around the circuit is the algebraic sum of all these emf’s, those 
acting around the circuit in one direction being taken as positive and those acting around 
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the circuit in the opposite direction being taken as negative. Those which act in the 
opposite direction to the resultant emf are called “ back ” or “ counter ” emf’s. 

A convenient symbol for a source of constant emf is shown in Fig. 1; the long light 
line represents the positive terminal and the short heavy line the negative terminal. Fig. 
2 shows two emf’s acting around a circuit in the same direction, and Fig. 3 shows two 
acting around the circuit in opposite directions. In the first instance the resultant emf 
is El -h E’l and the two emf’s are said to bo “ in series aiding,” whereas in the second the 
resultant emf acting in the right-handed direction around the circuit is Ei — Et and the 
two emf’s are said to be ” in series opposing.” When E^ is less than Ei then E 2 is a back 
or counter emf. 

Difference of Electric Potential, Consider a portion of a path A between any two 
points 1 and 2 in an electric circuit (Fig. 3). The total work done on a unit charge, by 
the emf s external to this portion of the path when a unit charge moves from 1 to 2, is 
called the ” drop of electric potential ” from 1 to 2. The term ” difference ” of electric 
pot ential is also commonly used to designate this quantity ; the term ‘‘ drop ” is preferable 
since it signifies the direction of the difference. Electric potential drop is of the same 
nature as emf and is expressed in the same units. It is frequently abbreviated ‘‘ p.d.’* 
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Potential drop may be due either (1) to a back emf, analogous to the back pressure of a 
pump, or (2) to an opposing force analogous to that due to the resistance of a pipe to the 
flow of water. The symbol for potential drop is V when it is desired to distinguish it from 
electromotive force. 

Positive and Negative Terminals. That terminal of a device which is at the higher 
potential is called the positive terminal, the other being called the negative terminal. 
The drop of potential is always from the positive to the negative terminal, irrespective of 
the direction of flow of cle(!tricity through the device. 

Conductors and Insulators. (See also p. K-62, Conduction of Electricity in Solids and 
Fluids.) All substances may for practical purposes be divided into two classes: conduc¬ 
tors, and insulators or dielectrics. With conductors a continuously applied emf is accom¬ 
panied by a continuous flow of electric current. With dielectrics \ipon first applying an 
emf ther<> is a transient flow of current until the back emf produced by the establishment 
of a positive charge at one terminal and a negative charge at the other terminal exactly 
balances the aijplicd emf, after which current ceases to flow. Strictly speaking, every 
substanre conducts electricity to some extent; that is, a constantly ai>plicd emf is always 
accoirii)aiiied by a constant flow of current. In those substances which arc classed as 
dielectrics this constant flow is negligibly small. A perfect dielectric may be defined as 
a substance through which it is impossible to maintain a continuous flow of electricity; 
no such conductor exists, but very poor tionductors are ai)proximately such. The electron 
theory of conduction assumes that any substafice contains, in addition to the electrons 
and protons which form its atoms and molecules, a certain number of fn^o electrons which 
like the molecules are in violent agitation. These free electrons or ultimate particles of 
negative electricity tend to drift towards the point of highest potential when an emf is 
applied to the substance. This drift constitutes the electric current. According to the 
theory, good conductors have great numbers of these free electrons, and poor conductors 
and dielectrics have comi:)aratively very few. In dielectrics the momentary flow of elec¬ 
tricity is believed to be duo to the displacement of hound electrons in the atoms without 
their actual removal from the atom to which they are bound. The greater the applied 
emf the greater the displacement of the electron within the atom until a point is reached 
at which the electron is torn from the atom and the dielectric “ breaks down,” becoming 
a partial conductor. This breakdown tends to destroy the solid dielectrics. 

^ Metals are the best conductors and are almost universally employed for electric cir¬ 
cuits. For the properties of metals as conductors see Section 11. Carbon and most 
moist substances are fair conductors; dry non-metallic bodies such as air and other gases 
(at normal pressure), porcelain, glass, rubber, and dry paper are very good insulators. 

A wire covered with an insulating substance or supported on insulating substances is 
said to be “ insulated,” even though its ends are connected to a source of emf. For the 
properties of insulating materials see Section 12. 
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If decomposition takes place when a current of electricity is passed through liquids 
which are chemical compounds, the liquid is called an electrolyte. Certain solid chemical 
compounds and fused salts behave as electrolytes. For a discussion of electrolysis and 
electrolytes see Section 10. 

Continuous, Direct, Pulsating, Alternating, and Transient Current. A contmuous 
electric current is defined as a current which does not vary with time. A direct current 
is a current which is always in the same direction but may vary or pulsate in value. 
The term direct current is ordinarily used to designate either a continuous current or a 
current which varies or jjulsates only by an inappreciable amount, such as the current 
from a battery or direct-current generator (q.v.). A pulsaiing current is a direct current 
which pulsates by an appreciable amount, such as the current from a re(!tifier (q.v.). An 
aUernaling current is a current which reverses in direction, being first positive and then 
negative, but alternates Ijotween constant maximum positive and negative values (see 
p. 8-45, Arts. 19 and 20). A transient current (see p. 8-57, Art. 24) is a current which 
flows when a circuit is closed, opened or altered, that is, before a steady state of direct 
or alternating current has been reached or when such a state is in any way altered. Tran¬ 
sients may be “ oscillatory ” or “ non-oscillatory.” An oscillatory current is a current 
which reverses in direction, osijillating between positive and negative values which either 
decrease or increase with time. A non-oscillatory current either begins at zero and rises 
to a steady value, or begins at some finite value and decreases to zero, in either event 
without oscillation. 

For continuous currents 


where I is the current in amperes, Q is the charge of electricity passing a given cross-section 
of the circuit, and T is the time in seconds. When the flow of current is not continuous 
its value at any instant is given by 



(3) 


whore i is the inetantaneoua value of the current in amperes 
rate of flow of charge through a given cross-section of circuit 


. dq . . 

and IS the instantaneous 
dt 

in coulombs per second. 


6. OHM’S LAW, RESISTANCE AND CONDUCTANCE 

Ohm’s Law. If a steady difference of potential V (in volts) is impressed across a 
conductor which (a) is held at constant temiierature and in which (5) there is no internal 
emf, 

V — rl (4) 

where I is the steady current in amperes w^hich will flow through the conductor and r is 
the factor of proportionality called the resistance of the (conductor. The drop in iiotontifil 
V is therefore equivalent to the drop fn potential rl, this latter being called the resistance 
drop. Equation 4 may also be written 

I = gV (5) 

where I and V are the same as before and g is termed the conductance of the conductor. 
Obviously under the conditions stated 

g = l ( 6 ) 

The practical unit of resistance is the ohm, and the practical unit of conductance is the 
mho. For standards and conversion factors see Section III and tables in Section I. 

Equations 4 and 5 are forms of what is called Ohm’s law. If there is one or more 
counter emf’s between the terminals across which V is impressed the relationship is given by 

F = r/ -f E (7) 

where V, r, and I are the same as in equation 4 and E is the algebraic sum of counter emfs 
within the circuit. In this computation all counter emf’s have positive signs while all 
emf’s in the direction of the current receive negative signs; hence such an emf is a negative 
counter emf. Equation 7 is sometimes referred to as the modified Ohm’s law. 

Terminal and Impressed Voltage. The application of this equation is shown by 

considering a simple circuit containing a generator and a motor or other receiving device, 
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Fig. 4. Let I be the current in this circuit, rg the internal resistance of the generator, 
the internal resistance of the motor, n the total resis¬ 
tance of the “ line ” or connecting wires, Eg the emf 
developed by the generator, Em the back emf developed 
by the motor, Vg the terminal voltage of the generator, 
and Vm the terminal voltage of the motor. Through 
the generator the current flows from the — to the 4 - 
terminal, the emf is from the — to the + terminal, and 
the drop of potential is from the -|- to the — terminal. 

Hence l?ia. 4 

Vg^ Eg- Tgl (7a) 

i.o., the terminal voltage is loss than the generator emf by an amount equal to the resis¬ 
tance drop in the armature circuit. Through the motor the current flow^s from the -f- to the 
— terminal, the emf is from the — to the -f terminal, and the drop of potential is from the 
-f to the — terminal. Hence 

Vm - Em ■¥ TmJ (76) 

i.e , the terminal voltage is greater than the back emf of the motor by an amount equal to 

the resistance drop through the motor. 

The terminal voltage of the motor is less than that of the generator by an amount 
equal to the resistance drop in the line, i.e., 

Vm = Fg - nl (7c) 

The expression impressed emf is also used to designate the rise of potential from the 
negative to the positive terminal of any receiving device, for example, a motor, bank of 
lamps, etc., regardless of whether or not the device contains a source of emf. 

Resistance and Conductance. It should be carefully noted that the definitions of 
resistance and condindanc^e expressed by equations 4 and 5 hold only when there is no 
emf in the portion of the circuit under considcTution; this condition is realized only when 
the current remains constant in value (i.e., a continuous current) and the conductor is 
of uniform material and at constant temperature throughout. Also, the definition is 
meaningless unless the same (urreiit flows through each cross-section of the conductor 
and the drop of potential is the siune between all points in the two end surfaces; i.e., the 
end surfaces must be equii)otential surfaces. For cylindrical conductors whose ends are 
equiiiotfjiitial surfaces and for any homogeneous conductor or wire of constant cross-seijtion 
in which the di.ameter of cross-section is small in comparison with the length of the con¬ 
ductor, and through which the current is continuous and uniformly distributed 



I 


ana g = y 


( 8 ) 


where r is the resistance in ohms, I is the length of the conductor in centimeters, A is the 
cross-sectional area in s(]uare centimeters, and p is called the resistivity in ohms per cen¬ 
timeter cube or, more briefly, ohm centimeters. ,Similarly g is the condiK^tance in mhos 
and 7 is the conductivity in mhos ]>er centimeter (aibe or mho centimeters. Note that the 
word “ cube ” used in the resistivity-conductivity units refers to a cube of unit dimensions 
and is not an exponent. The p may bo defined as the resistance in ohms of a cube of the 
material under consideration having a length of 1 cm and a cross-section of 1 sq cm. 
Similarly 7 may be defined as the conductance in mhos of a cube of the material under 
consideration having a length of 1 cm and a cross-section of 1 sq cm. It is evident from 
equations 6 and 8 that 

P = - (9) 

T 


p and 7 depend upon the material and temperature of the conductor and upon the choice 
of units (sec next jiaragraph), but are independent of the shape and size of the conductor. 
Hence p is sometimes called the specific resistance and 7 tlie specific conductance of a sub¬ 
stance. 

Equation 8 cannot be directly applied to irregularly shaped conductors, but the follow¬ 
ing equation may be applied to elementary volumes of irregular conductors and the total 
resistance found by ijrocesses of summation or integration: 


r 



and 



( 10 ) 


where dl is the length and dA is the cross-sectional area of an elementary cylinder or prism 
of the volume of the conductor. 

Temperature Coefl&cient of Resistance. Practically all substances show a variation 
of resistance with change in temperature. All metals and most alloys used in electrical 
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engineering increase in resistance with increase in temperature; the resistance of non- 
metallic conductors such as carbon and electrolytes, also of most dielectrics, decreasoe 
with increase in temperature. In general, the relation between the resistance r« of a 
given mass of a substance at any temperature t may be expressed in terms of its resistance 
To at zero degrees by the following power series: 

= fo (1+ of -f be- 4 * c/3 + etc.) (11) 

where rt and r© arc in ohms, t is in degrees centigrade, and a, h, c, etc., are constants. 
With metallic conductors such as copper and aluminum the following expression is suffi¬ 
ciently accurate for most practical purposes: 

n = (1 + aJL) ( 12 ) 

where rt and Vq are as above and <xo is called the zrro degree temperaiure coefficient of resis¬ 
tance. cto is the change in ohms per ohm per degree in the neighborhood of zero centi¬ 
grade. For dielectrics the linear relationship exprovssed by equation 12 is not sufficiently 
accurate. When resistance increases with temperature a is positive; when resistance 
decreases with temperature a is negative. (For properties of resistance materials see 
Section 11 .) 

7. DIRECT-CURRENT NETWORKS 

Resistances and Conductances in Series. When several conductors are connected 
ond to end so that the same current flows through each of them (Fig. 5), they are said to 
be connc(*ted in series. Let In be the current in each conductor in the direction from 1 
to 2 ; let r', r", r"', etc., be the resistances of the various conductors and Erz\ En”, En*", 
etc., the emf’s in the circuit between 1 and 2 in the direction from 1 to 2. Then the poten¬ 
tial drop from 1 to 2 is 

yi2 = r'/i2 — En' -f r"/i2 — En'^ + r'"ln — En"'-\~ etc. 
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Therefore, the resistances between the points 1 and 2 arc equivalent to a single resistance 
r = r' + r" + r'" + etc., (13) 

and the emf’s between the points 1 and 2 are equivalent to a single cmf: 

En = F 12 ' + En" + En'" + etc. (13n) 

The equivalent conductance of several condimtanccs g\ g", g'", etc., in series when there 
are no emf’s in the path, is g where 

- = ^ + 4 +-4; + et<=. (136) 

g g' g g 

Resistances and Conductances in Parallel. When several conductors are connected 
to two common junction ijoints so that the same potential droj) is established through each 
(Fig. 6 ), they are said to bo in jxiraUel. Let the currents, emf’s, and resistances be as 
designated in the figure. Then since XI — 0 (Kirchhoff’s Law) 

Jn = III' + J\ 2 .” + Ii^'" 4" otc. 

and from equation 7o 

Vn = r'/, 2 ' - En' = r"In" ~ En" = r^'In'" - En'" = etc. 
from which relations the currents in the individual branches may be calculated. 

W^hon there are no emf’s in the various branches, the combined resistance of the several 
branches from 1 to 2 is r where 

+ ^ + ^ + ( 14 ) 

and the combined conductance is 

g-- g' + g" + g'" 4 etc. (14a) 

where g*, g", g'", etc., are the individual conductances. 
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In the special case of two conductors in parallel, and no emf in either, the combined 
resistance is 


rir 2 

ri Hr T% 


(146) 


Series-parallel Circuits. When a circuit is made up of several conductors some of 
which are in series and some in parallel, it is called a series-parallel circuit. The total 
resistance or conductance of such a circuit can be calculated from the constants of the 
several branches by applying successively the formulas for series and for parallel circuits. 

Kirchhoff’s Network Laws. I’lie relations given above for conductors in series and in 
parall(3l are special (!ases of two general laws, namely: 

1. The algclsraic. sum of the currents coming to any junction in a network of con¬ 
ductors is always zero. 

2. The algebraic sum of the potential drops around any closed loop in a network of 
conductors is always zero. 

'riiesp two statements are known as Kirchhoff’s laws. By making use of them one 
can always predetermine (a) the current in each branch of a network when the resistance 
of each branch and the emf in each branch are known, or (6) the emf in each branch when 
the current in each branch and the resistance of each branch are known. 

It should be carefully borne in mind in applying these laws that a current leaving a 
point is equivalent to a negative current entering that point, and that an emf in any chosen 
direction is equivalent to a rise of potential in that direction. In working out any prob¬ 
lem concerning a network of circuits it is convenient to make a diagram of the network and 
to place on each branch in this diagram a number or symbol to represent the value of the 
current (the diri'ctions of the current arc arbitrarily assumed) and wherever there is an 
emf to place a number or symbol to represent its value and an arrow or suliscripts to indi¬ 
cate its direction. Then at any junction point those currents represenlod by arrows 
pointing toward the point arc to be (;onsiderc‘d positive and those represented by arrows 
pointing away from the point ar(3 to bo considered negative; and for any closed mesh 
those currents and eiiif’s r(?prescnte<i by arrows pointing around the mesh in the clock¬ 
wise direction are to be considered positive and those pointing around the mesh in 
the counter-cHockwisc direction arc to be considered negative. With this understanding, 
these laws may be written 

— 0 at every point (15) 

ZE — Zrl = 0 for every c1os(kI mesh (16) 


where I, r, and E represent the current, the resistance, and the emf resiiectively in each 
l)raii( h of the mesh, and the symbol 2) indicates the algebraic sum of the tiuantities follow- 
iiig it. 

These c(]uations enable one to write down a set of simultaneous equations for the given 
network, but it will be found in the case of networks having more than one mesh, that at 
least one of the current equations may be derived directly from the other current equations, 
and that at k?ast one of the potential equations m.ay be derived from the other potential 
equations. That is, the number of independent e<iuations of each form will be at least 
one less than the number which it is possible to 
write down. It should also bo noted that it is 
frequently unnecessary to write dov/n formally all 
Uie possible independent eiiuatioiis; many of the 
simpler problems can be solved by writing down 
two indopeiulent expri'ssions for the poUiiitial drop 
hetAveen each pair at points and ccjuatiiig them. 

Solution of Networks. In solving networks 
of conductors there are several alternative meth¬ 
ods all of which are ciiuivalent as far as results 
are concerned, llirections for solution by one 
method are h(?re given. In Fig. 7 let the resis¬ 
tances and cmf’s be given. It is desired to find 
the currents in the five branches. There are 
four junction points, A, B, C, and D. Sinc^ the 
currents and their directions are unknown some 
assumption of direction must be made. Assume directions of currents in all branches 
and indicate by arrows and symbols /i, / 2 . h, 1 4 * ht and It. This is shown in the 
figure. Apply the first law to junctions A, B, and C as follows, remembering that a 
current anDroaching a junction is positive and a current leaving a junction is negative. 


B 
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Since S/ « 0 


At junction A 

J4 + Ic - /i = 0 

(17a) 

At junction B 

Ii Ih — I2 — ^ 

(171>) 

At junction C 

I2 - h-h^O 

(17c) 


If the first law is applied to the currents at the junction D, there will result an equation 
derivable from equations 17. The second law is next applied to the closed loops formed 
by branches. The potential drops will be summed clockmse about the loops. The follow¬ 
ing conventions will be adopted: 

1. All potential drops will be positive, and all potential rises will be negative. 

2 . In summing potential drops around a mesh, a given emf will be considered positive 
when we proceed from its positive to its negative pole, regardless of the direction of the cur¬ 
rent through it. 

3. In summing potential drops around a mesh, a given emf will be considered negative 
when w^e proceed from its negative to its positive pole, regardless of the direction of the 
current through U. 

4. In summing potential drops around a mesh, the difference of potential across a 
given resistance will be considered positive if the assumed direction of the current is 
clockwise with respect to that mesh. 

6 . In summing potential drops around a mesh, the difference of potential across a 
given resistance will be considered negative if the assumed direction of the current is 
counter-clockwise with respect to that mesh. 

Applying the above conventions to Fig. 7 the equations representing the second law 
may be written 

Mesh ABDA ri/i — Ei A' Bt, — r^I^ 4* ^4^4 + F4 = 0 (18a) 

Mesh BCDB r^Iz -f- E 2 H- ra/s — Ez *f- r^tJf) — E^ — 0 (18fc) 

Mesh ADC A — E\ — r^h + E-i — ruh + r^h — Fc = 0 (18c) 

Any further mesh equations are derivable from eiiuations 18. The six equations 17 and 
18 permit the solution for currents in all branches. When these equations are solved a 
positive sign in front of a current indicates that the assumed direction of the current was 
correct. When a negative sign appears in front of a current, that current actually flows 
in a direction opposite to the direction assumed. 

It is frequently convenient to use fii^titious c.urrents called mesh airrents since the first 
law is automatically taken care of w'heri writing the second law equations by means of 
mesh currents. Referring again to Fig. 7, the circular arrows represent the mesh cur¬ 
rents. The second law equations may then be written 

Mesh a rJa + r^fa — I h) + r^{Ja — Ic) = Ei — Er, — Ea (19a) 

Mesh b r 2 lb + r^{Ih — Ic) + ruUb ~ hi) = En + E^ — E 2 (196) 

Mesh c r%Ic + Ta^Ic — hi) + *“ h) = E^ + Ea - (19c) 

These three equations may be solved for 7„, h and . The branch currents can then be 
found from 

/i = hi ] 

h = Ih 


/s I b Ic 

IA = In - h 
I. = Ih - la 
h = Ic 


( 20 ) 


The law of the superposition of currents and voltages simplifies the calculation of cer¬ 
tain types of distributing networks. If electric energy is being supplied over a network 
to a number of individual loads: (1) the current at any {loint in the network is equal to 
the algebraic sum of the currents which would flow if the individujil load currtmts were 
considered in succession instead of simultaneously, and (2) the voltage drop from the 
source to any point in the network is equal to the algebraic sum of the drops to that jioint, 
each drop being calculated on the basis of indi^’^dual load currents, taken successively 
instead of simultaneously. 


8. ENERGY AND POWER 

Electric Energy and Power. From the definition of emf and potential drop it follows 
that the total work done by the external agents in forcing Q units of electricity from any 
point 1 in a circuit to any point 2 is W = FQ. (See equation 1.) From the definition of 
electric current the quantity of electricity carried from 1 to 2 when the current I is estab- 
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lished trom 1 to 2 is Q = R, where t is the time during which the current exists. Hence 
when a current I is established through any device for a time ^ by an impressed voltage 
F, the energy input to this device is 

W = Vlt (21) 

and the power input, i.e., energy input per unit time, is 

P = VI (22) 

When V and I are expressed in volts and amperes respectively the power input is in watts; 
if / is in seconds, the energy input is in joules or watt-st*conds. When V and I are in 
statvolts and statampercs respectively, or in abvolts and abamperes respectively, the 
power injuit is in ergs per second; if < is in sc'conds the energy input is in ergs. 

Applying the above relations to the simjde circuit shown in Art. G, Fig. 4, containing 
a generator and a motor (armature circuit only is considered), the power input to the 
motor armature is 

Pi = Er,^I + r,„/2 (22o) 

the power output of the generator armature is 


and the power lost in the line is 


Po = Egl - TgP 
Pi = riP 


Th(; term r^P represents the power lost in heating the armature circuit of the generator 
<lue to its resistance, and the term r„,P represents the power dissipated as heat in the 
armature circuit of the motor. The net electric; input to the; generator armature is Egl^ 
nnd the gross mechanical output of the motor armature is EmP The gross mechanical 
input to the generator is greater than Egl and the net mechanical output of the motor is 
loss than Eml by an amount equal to the friction and “ core loss ” in the respective 
machines. 

Joule’s Law. That portion of the power input to any device which is equal to the 
product of the resistance of the conductors forming the winding of the device and the 
square of the current through this winding is always converted into heat. That is, when 
a current I flows through a resistance r, heat is always “ dissipated ” in this resistance, and 
the rate of dissipation is 

Ph = rP . (23a) 

This experimental fact is known as “ Joule’s law.” This law applies directly only to 
continuous or non-varying currents. The relation Ph == rP is, however, used as the basis 
for defining the ” effective ” resistance of a conductor to an alternating current (q.v.). 

Effective Resistance and Conductance. In Art. G, equation 4, resistaruie was defined 
as the factor of i)roportionality in Ohm’s law. On this basis it was shown that resistance 
is a variable fac;tor dependent upon material, temperature, size, and shape of conductor 
and 111)011 current distribution. Furthermore, eijuation 4 applies only where there is no 
internal emf in the circuit. The most general definition of the resistance r of a substance 
between any two equipotential surfaces intersc*cting the path of a current I is 

«■ = (235) 

where Ph is the power dissipated as heat between the two equipotential surfaces and I is 
the effective value of the total current from one surface to the other. With a varying 
current this dissipation of heat may occur in four different ways, viz.: (1) as heat due to 
the conduction current through the substance, (2) as heat due to dieleirtric hysteresis 
accompanying the displacement current through the substance (when the substance is an 
insulator), (3) as heat due to magnetic hysteresis accompanying the varying magnetic 
flux produced by the current, and (4) as heat due to eddy currents induced in neighbor¬ 
ing conductors. 

In a continuous current the last three effects do not occur, and the heat is that due to 
the conduction current only. The resistanc;e offered by a substance to a continuous 
current is called the “ true,” ” ohmic,” ” continuous-current,’' or ” direct-current ” 
resistance, as distinguished from the ‘‘ effective ” resistance offered by the substance to 
a varying current. The effective resistance, even when there are no losses due to dielec¬ 
tric or magnetic hysteresis, is in general greater than the ohmic resistance, owing to the 
skin effect. 

Similarly, the general definition of conductance is 

_ _ Ph 


where Ph has the same meaning as above and V is the effective value of the potential dif- 
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ference between the two eqiiipotential surfaces. When the voltage is non-varying the 
conductance is called the “ true,” “ olmiic,” “ continuous-current/’ or “ direct-current " 
conductance as distinguished from the “ efiFective *’ conductance to a varying current. 

It should be noted that the ohmic resistance and i^onductancc are reciprocals of each 
other, but that this is not true for the effective resistance and conductance. 


ELECTROKINETICS AND THE MAGNETIC CIRCUIT 


9. MAGNETS AND MAGNETISM 

Magnets and Magnetic Substances. A magnet may he defined as any body which 
possesses the property of attracting pieces of iron or steel * and which when freely sus¬ 
pended takes up a definite position with respect to the geographical meridian. A mag¬ 
netic substance is any body whii^h actiuires this property when it is placed near a magnet 
or near a conductor carrying an electric current. A body which is given this property is 
said to be “magnetized.” A magnetic needle is a magnetized needle of iron or steel; 
the north-seeking end of such a needle is called its north pole, and the south-seeking end 
its south pole. When such a needle is freely t suspended near a magnet or a eouductor 
carrying an electric current a couple is bound to be exerted upon it which causes it to take 
up a definite direction. The needle is said to “ point ” in the direction of a line drawn 
through it from its south to its north pole. 

See Section 11 for the magnetic properties of substances used in tdectrical engineoring. 

Magnetic Effects. The following classification due to S. R. Williams covers the 
various types of phenomena associated with magnetism. 

1. Magncto-raagnctics is covered by the paragraph immediately following in this 
section. 

2. Magneto-mechanics includes mechanical strains due to magnetic stresses and mag¬ 
netic strains due to mechanical stresses. 

3. Magneto-acoustics covers the iiroduction of sound by magnetization and the influ¬ 
ence of mechanical vilirations on magnetism. 

4. Magueto-el(Hitries involves the relationship between magnetic and electric (“intuits, 
the princi|)al phenomena of whiidi are covered in following paragraphs. 

5. Magnoto-thormics covers the influence of heat on magnetism, and vice versa. 

6 . Magfieto-optii^s (*ov'ers the influence of magnetism on light, and vice versa. 

7. Cosmical magiuitism. 

Magnetic Field of Force. Any region in which a magnetic substance (e.g., a piece 
of soft iron), wdicn plai-ed therein, becomes magnetized is said to be a magnetic field. A 
magnetic field exists in and around every magnetized substance and around every electric 
current. The direction of the magnetic; field at any point P is .arbitrarily chosen as the? 
direction in which fi sinail magnetic needle point would point when i.)lac;i;d at P without 
disturbing apprc*ciably the existing conditions. 

Ferromagnetism. Much of the c.oiitciiiporary theory of ferromagnetism is liased on 
spectrum analysis and interpreted by the Bohr-Sommerfcild atomic model and its modifi¬ 
cations. {Speeiliciilly the elementary magnetic pariicile is the BO-c;alled “ spinning ’’ 
electron. The model of the atom used to account for the elcmicntary magnetic efi’cict 
requires f-hat the electron spin aliout an axis passing through its center, as distinguished 
from the rotation in circular or elliptical orbits around the atomic nuc;leus. In this manner 
each orbital eiecd-ron has a magnetic momentum due to its moving electrical charge and an 
angular momentum due to its moving mass. 

Uncompensated Spins. It is assumed that all such orbital eleijtroiis spin, but that in 
general, at any particular energy level or shell within the atom, all electrons may be 
divided into two etpial groups—those that spin in one direction and those that spin in the 
opposite direction, thus producing a null magnetic effect. This effect is known as com¬ 
pensated electron siiiiis. In certain elements however it is consistent with the theory to 
believe that im<;ompen sated electron spins occur in one or more shells. In other words, 
there are, for example, more electrons spinning in one direction than in the other, in a given 
shell. These excess or uncompensated electron spins are an important factor in the 
phenomena of ferromagnetism. 

♦ With a force in excess of the gravitational force, w^hicb is extremely small. 

t A needle is said to be freely suspended when no controlling force is exerted upon it through 
its suspension tending to make it take ud any definite position. 
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Exchange. Fundamentally ferromagnetism consists of the reorientation of the 
magnetic moments of the uncompensated electron spins due to the magnetizing force 
of an externally applied magnetic field. While this accounts for the major ferromagnetic 
properties of the ferromagnetic elements such as iron, cobalt and nickel, it fails to account 
for the absencie of such ferromagnetic properties in other elements also known to have 
uncompensated electron spins. This apparent discrepancy is removed when the so-called 
“ exchange forces ” are considered. For an element to exhibit ferromagnetic i)ropertic8 it 
is required that in addition to the existence of uncompensated electron spins, these spins 
must be parallel in contiguous atoms. Were this not the case the magnetic moments of 
individual atoms would be random in direction and hence the resultant magnetic moment 
of an appreciable region within the substance would bo nil. It has been found that there 
must be a certain ratio existing between the diameter of an atom and the diameter of an 
electron shell that has uncompensated spins, in order to i)ermit the alignment of magnetic 
moments in contiguous atoms. This ratio is necessary because the electron spins and 
charges influence each other, dependent ui>on the distance between them. This influence, 
which is known as the exchange, must have a proper value in order that the uncompensated 
spins (;an bo aligned to produce ferromagnetic effects. These forces of exchange tend to 
keep the spins parallel in neighboring atoms while the forces of tliermal agitation tend to 
destroy this alignment. W’hcn the temperature of the substance becomes great enough 
the forces of excdiange are completely overcome and the substanite loses its ferromagnetic 
properties. The temperature at which this o(5curs is the well-known Curie point. Accord¬ 
ing to the theory, magnetic saturation dei>cnds both on the uncompensated electron spins 
and the exchange. Rough approximation makes the saturation point a function of the 
product of the number of uncompensated electron spins and the ex(diangc. 

Domain. In ferromagnetic substances the forces of exchange are sufRcicntly large so 
that the uncompensated electron spins in neighboring atoms ar(i more stal)lc when their 
magnetic moments are i)arallel, than under any other orientation, even when no external 
magnetic field is appli(i(l. However, this situation holds true only over very small regions 
in the given specimen of the substance. These regions, which are called “ domains," have 
been found experimentally to have the volume equivalent to a cube approximately Viooo 
inch on an edge. Ferromagnetic substances are completely divided into such domains, 
each domain being magnetized to saturation in a definite dire(;tion. Any specimen of a 
ferromagnetic substance is said to be unmagnetized when the directions of magnetization 
of the individually magnetically saturated domains are oriented at random with respect to 
each other. Thus, the application of an external magnetic; field tends to reorient the 
individually magnetically saturated domains in the direction of this applied field. 

Crystal Structure. X-niy analysis has shown that most materials are of crystalline 
structure. In the case of the ferromagnetic, substances those crystals are too small to bo 
seen individually. However, their properties have been studied by means of spectrum 
analysis and photomicrography. Due to this crystalline stnicture there is iix general more 
than one axis of stabh; magnetic saturation. In the culnt; crystal, characteristic; of iron, 
there are six e(pi.ally stable axes of m.agiietic s.‘ituratif)n. 

Magnetization Curves. On the basis of uncompensated electron spins, forces of 
exchange, the existence of domains and the multiple axes of eciually stable magnetization, 
it is now possil)le to interpret the major ferromagnetic phenomena. When a small external 
field (say less than 10 oersteds) is applied to an unmagnetized speciman of a ferromagnetic 
substance, the saturation magnetiz.ation within each (;ry8tal changes its direction from its 
axis of stable magnetization to that axis of stable magnetization whicli is most nearly in 
line with the applied field. This process takes place as sudden individual reorientations 
within the individual crystals and the strength of the field required to produce these 
effects is dependent on the original deviation of these orientations from that of the applied 
field. These sudden jumps constitute the explanation of the well-known Barkhausen 
effect. The port-ion of the magnetization curve represented by tin; foregoing process is 
that up to but not including the knee of the curve. At the knee it is assumed that all 
individual crystals have directions of stalde magnetization which lie nearest to the direction 
of the applied field. When strongtvr fields than this are applied (order of magnitude 10 to 
100 oersteds) the domains themselves arc rotated as a whole, until the axes of magnetization 
of all crystal are coincident with direction with the applied field. Needless to say beyond 
this point an increased applied field produces no further increase in flux density due to 
the ferromagnetic phenomena. 

On the l)asis of the foregoing theory it is possible to account for the shape of the 
magnetization curve and actually to calculate many of the known quantities which are 
used in ferromagnetic practice. 

Magnetic Flux. Consider a small closed turn of wire, Fig. 1, placed in a magnetic 
field with its plane i)erpendicular to the direction of the field. Experience shows that 
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when such a turn of wire is removed from the field in any manner whatever (the coil 
remaining short-circuited on itself or forming part of a closed circuit), or when the mag¬ 
netic field is caused to disappear in any manner whatever, a 
momentary emf is stit up or induced in this coil, which in turn 
causes a momentary electric current to flow through the coil. 
This emf exists only while the coil is moving across the field or 
while the field through the coil is varying. 

The time integral of the induced emf when the coil is 
removed entirely from the magnetic field is taken as the 
measure of the magnetic flux existing through the coil when in 
its original position. That is, calling e the emf induced in 
the coil at any instant by its motion through the field, and t 
the time during which the emf exists in the coil, then the mag¬ 
netic flux <l> through the coil when in its original position is 



When e is in volts and t is in seconds, (f* is in volt-seconds. When e is in abvolts and t is 
in seconds, the unit for 4> is called the maxwell or a line. See Section 3. This quantity 0 
is readily measured by means of a ballistic galvanometer. 

Magnetic Flux Density. Experience shows that tlie magnetic flux through any closed 
loop, such as the turn of wire described above, deiiends upon the area inclosed by this 
loop. The magnetic flux per unit area through any surface perpendicular to the direc¬ 
tion of the field is defined as the magnitude eti the magnetic flux denaUy at this surface, and 
is usually represented by the symbol B. By the magnitude of the flux density at any 
point is meant the magnitude of the flux density at any infinitely small surface drawn jier- 
pendicular to the field at this point. The direction of the magnetic flux density at any 
point is the same as that in which a magnetic needle would point if placed at this point; 
i.e., the direction of the flux density and the direction of the magnetic field are the same. 
The vector having the above-defined magnitude and direction is called the flux density 
and is usually designated by the symbol B. When the flux density has the same value 
B at every point of a surface of area A and is perpendicular to this surface, then the total 
flux through this surface is 

</) ~ BA maxwells (2) 

The total magnetic flux across any surface B may in general be expressed mathematically 
by the surface integral 

4> = \ yB cos a)ds maxwells (3) 

where ds represents any elementary area of this surface and (JB cos a) the component of 
the flux density iierpendicular to ds. The unit of magnetic flux density in the cgs electro¬ 
magnetic system is called the gauss] no name has been given to the corresponding prac¬ 
tical unit. 

Magnetic Flux Lines. Magnetic flux can be represented by lines drawn in the field 
in such a diiection that their direction coinchles at each point with the direction of the 
field at that point, and of such a number that their density at each point (number per 
unit area perpendicular to their direction) is equal to the magnetic flux density at that 
point. Such lines are called “ magnetic flux lines.” Experience shows that lines thus 
drawn in a magnetic field always form closed loops, i.e., a magnetic flux line has no ends. 
As a consequence of this fact the total magnetic flux coming up to any surface in a mag¬ 
netic field is always equal to the total flux leaving that surfiice. 

10. ELECTROMAGNETISM 

Magnetic Fields Due to Electric Currents. Experience shows 
that every filament or stream line of electric current is always 
accompanied by a magnetic field the flux lines of which link the 
stream line of current. That is, the flux lines thread the loops 
formed by the stream lines and the stream lines thread the loops 
formed by the flux lines; see Fig. 2. 

Right-handed Screw Law. The direction of the current flow¬ 
ing around any electric circuit and the direction in which the 
flux lines due to that current thread this circuit are related to 
each other in the same manner as the direction of motion of a 
point on the edge of the head of a right-handed screw placed at the center of the circuit 
and the direction of advance of the screw. Or, if one faces the electric circuit looking in 
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the direction of the flux lines threading it, the current producing these lines is in the clock¬ 
wise direction around the circuit. The relative direction of the current and its magnetic 
flux may be briefly described by saying that the current is in the right-handed screw 
direction with respect to the flux which it produces. 

Induced Emf. The measure of magnetic flux is based on the experimental fact that, 
whenever the magnetic field threading an electric circuit changes, an emf is induced in that 
circuit. When the circuit is formed by a single turn of wire this induced emf is, from the 

definition above, equal to the rate of ch.ange of this flux ^vith respect to time, i.e., e — —. 

at 

When the circuit is in the form of a coil each turn of which links the flux, the emf induced 
d<f) 

in each turn is equal to where <f> is the flux which links that particular turn. When 

each turn links the same number of flux lines, then the total induced emf in a coil of N 
turns is 


dffy 

€ — N - ~ ab volts 
(it 


(4) 


wdiere <i> is in maxwells. 

When the change in flux is due to a motitui of a circuit or part of a circuit through a 
magnetic field the induced emf in any conductor is also equal to the number of flux lines 
which cut across this cori<luctor per unit time. 

Magnetic Linkages. The condition that each turn of a coil be linked by the same 
flux 0 seldom exists; some of the flux lines usually link only part of the turns. Jn general, 
the total emf is 


e = — (01 + 02 + 


+ fl>n) abvolts 


(4o) 

-f- 02 h . .. 
and may be 

(46) 


(4c) 


where 0i, 02, etc., represent the fluxes linking the various turns. The sura (0i 
-f 0n) inay be called tlui total number of magnetic linkages or flux linkages, 
conveniently represented by the symbol A, viz., 

X = 01 + 02 -f • • • + maxw’clls 
and the total induced emf may then be written 

c = ~ abvolts 
(U 

When all the N turns link the same flux, 0, then X = N<j>. 

Direction of Induced Emf. The direction of the induced emf around a circuit is found 
to be in the left-handed S(T(?w direction w'ith respect to the increase of flux; viz., if one 
faces the circuit looking in the direction of the increase of flux, the induced emf is in the 
counter-clockwise direction. Tlic current which w'ould be set up by this emf, liowever, 
would produce a flux linking the circuit in the right-handed siTew dir(‘ction. Hence a 
change in the magnetic flux through an clcclric current always sets u]) an emf wdiich tends 
to iiroduce a current around this circuit in such a direction as to set up an opposing flux. 

d(j> 

This fact may be exprcissed mathematically by writing a minus sign before in equation 
4, i.e., by putting 


• N 


The value of 




d(f> 

dt 


m 


is then the emf induced in the circuit in the right-handed screw 

d<f)\ 


Or stated in other words 




rep- 


direction W’ith respect to the increase of flux. 

resents the rise of electric potential and N “ represents the drop of potential around the 
circuit in the right-handed screw direction with respect to the increase of flux. 


11. MAGNETIZING FORCE AND THE MAGNETIC CIRCUIT 

Simple Magnetic Circuit. In certain simple magnetic circuits the treatment is mathe¬ 
matically analogous to that of simple eletdric circuits. An expression similar to Ohm’s 
law’ (see Art. G) is employed. Consider a closed magnetic circuit such as a uniformly 
W'ound torus. Fig. 3. 

For this circuit we may write 




(5) 
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where 3r is called the magnetomotive force (abbreviated mmf) and is analogous to electro¬ 
motive force; (R is el factor of proportionality called the reluctance and is analogous to 
resistance; and <t>, the flux, is analogous to electric current. It must be remembered in 
considering this analogy that an unvarying flux is thought of as static condition, whereas 
electric current is defined as the motion of electric charge. Therefore, there is no true 
physical analogy. Equation 5 is sometimes called Ohm’s law for magnetic circuits. 

Magnetomotive Force. The mmf 3^, of equation 5, may also be expressed 

CF = 4 tcNI * (6) 

where {F is in gilberts, N is the total number of turns of the coil, and 7 is the current in 
abaniperes flowing through the coil. The current-turns NI are frequently spoken of as 
the ampere-turns wluiii I is given in amperes. Obviously fF is iu direc;t proportion to the 
ampere-turns. In general, mmf may be expressed 

5F = 4 tt^NI (6a) 

where 'LNl represent the algebraic summation of all current-turns linking the magnetic 
circuit. The mmf is taken as positive when the current links the flux lines in the right- 




handed screw direction, and negative when the current links the flux lines in the left-handed 
screw direction. 

Work Done by a Varying Magnetic Flux, (^^jusidcr a coil A (I'ig. 4) of N turns of 
wire, and let each of the.se N turns be linked by a flux 0 due to some external agent, e.g., 
another (^oil B in which an electric current is flowing. Lee the flux 4> through A due to 

B be increasing at any instant at the rate -t- in the left-handed screw direction with respect 

at 

to the (airrent I in A at this instant. Then there is induced in A at this instant an emf 
in the direction of 1 equal to e — 


at this instant is ei — NI 


d<h 
(it * 


iV , and therefore the electric jxiwer developed in A 
at 

This power is transmitted to the coil A as a result of the 


varying flux through it; hence the power , 

p = NI 


dt 


(7) 


may be looked upon as the magnetic pow’cr input, this power being converted within the 
coil into electric power. 

Magnetizing Force or Magnetic Field Intensity. Experience shows that the magnetic 
flux density produced at any point by a given mmf depends (a) upon the position of the 
point with respect to the source of the mmf and (f>) upon the nature of the substances 
through whicdi this mmf produces the magnetii; flux. These facts lead to the concep¬ 
tion of the flux density at any point in a magnetic field as being due to a “ magnetizing 
force ” // at that point, this magnetizing force H depending solely upon the mmf producing 
the field and the distribution of the flux lines, as distinguished from the flux density B 
which depends not only upon these tw'o items but also upon the nature of the medium at 
the point in question. 

The magnetizing force (also called the “ magnetic field intensity ”) at successive points 
along any closed path in a magnetic field may be defined by the relation that its line integral 
around such a path is equal to the total mmf acting around this path, viz., 

4t 2A'/ = ^(H cos e)dl (8) 

♦ The factor 4ir ariscB from the manner in which the conceptions of the magnetic field were 
ongmally developed. 
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where dl represents any elementary length of this path (see Fife. 6); (H cos the value 
of the component of the magnetizing force at dl in the direction of dl\ and SAT/ the total 
number of current turns linked by the path. Experience shows that such a definition 
leads to a simple means of expressing in a quantitative manner the interrelations of a 
number of experimental facts. Magnetizing force may also be expressed as the force in 
dynes which would act on a “ unit magnetic pole.” 

When the path cioincides in direction with the magnetizing force at each point, equa¬ 
tion 8 may be written 

4x2 JV/ = J im (8a) 

Direction of the Magnetizing Force. ExperieiH!e shows that except for points inside 
a permanent magnet the magnetizing force H and the flux density B arc always in the 
same direction. For points inside a permanent magnet the direction of the magnetic 
field intensity //, due solely to the magnet itself, is opposite to the direction of the flux 
lines, i.e., a permanent magnet produ(;es a “demagnetizing force ” on itself. 

Lines of Magnetizing Force, 'i’he magnetizing foree at any point in a magnetic field 
may be represented by lines drawn in the field in a direction such as to coincitie with the 
direction of the magnetizing force at each point, and of such a number iier unit area per¬ 
pendicular to their direction that their density at each point gives the value of the mag¬ 
netizing force at that point. Such lines are called lines of magnetizing force or lines of 
magnetic field intensUy. In general the lines of magnetizing force and the magnetic flux 
lines coincide in direction (except within the substance of permanent magnets), but their 
densities are diflercnt. Only in non-magnetic substanijes do the flux lines and lines of 
magnetizing for<;e coincide in both numlier and direction. The simple expression “ lines of 
force ” is frequently used to designate either the flux lines or the lines of magnetic intensity, 
but it is evident that suidi loose use of this term is likely to lead to confusion wdicii speaking 
of the magnetic field within a magiK'tic substance. 

Magnetizing force is of the nature of mmf per unit length. The cgs electromagnetic 
unit of magnetizing force is called a gilbert 2 >or centimeter or an oersted. When the mmf 





Fig. 7 


is expressed in aniiierc-turns, the magnetizing force is expressed in ampere-turns per 
centimeter or per inch. 

When the medium surrounding the stream lines of an electric current is of a uniform 
magnetic nature throughout, the magnetizing fori'e at any iioint may be ealculated from 
the shape and distribution of the stream lines of the current, irresxjective of whether the 
medium be non-magnetic or highly magnetic. 

Magnetizing Force at Any Point Due to an Element of a Current-stream Line 
(Fig. 0). Consider any closed etream line of clectrit; current and let the surrounding 
inodiiim be uniform in its magnetic properties throughout the region in which the magnetic 
field i)roduc(‘d liy this stream line exists. It can be shown that each elementary length 
dl of this stream line may be considered as contributing to the magnetizing force H at any 
point P in this region an amount 


dH 


(/ sin 0)dl 


(9) 


where I is the current flowing along this stream line, x the distance from P to dl, and 0 
the angle between x and dl. The rlirection of dll is perpendicular to the plane determined 
by X and dl. The total magnetizing force at P is then the vector sum or vector integral 
of dH for all the elementary lengths into which the stream lino is divided. 

Magnetizing Force Due to a Straight Wire (Fig. 7). Applying equation 9 to the 
case of a straight wire of circular cross-section carrying a current /, the magnetizing force 
at any point P due to a length I of this wire is 

H = ~ (sin 6i -h sin 02). 
z 


(9a) 
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where x is the perpendicular distance from P to the wire and 6i and $2 the angles designated 
in Fig. 7. 

If the wire is very long compared with this becomes 

R = | (<)(,) 


This formula also holds approximately for any point outside a wire of any shaped cross- 
section, provided x is large compared with the maximum diameter of this section. For a 
point inside a long wire of circular cross-section of radius a the magnetizing force is also 
given by equation 9t> when I is taken to represent that part of the current inside the circle 
through P concentric with the axis of the wire. When the current density is uniform over 
the cross-section, as is usual, the magnetizing force inside the wire is 


Hi = 


2x1 


(9c) 


Magnetizing Force on the Axis of a Circular Coil of N Turns. Let I be the current, 
r the mean radius of the coil, and x the distance of the point from the center of the circle; 


then 


II 


2TrN Ir^ 
(r- + 


m 


Magnetizing Force Due to a Solenoid. A solenoid is a helical coil of wire, each turn 
having the same radius. Let N = total number of turns, 7 = current in abamperes, 
r s=s mean radius of the helix in centimeters, I = length of helix in centimeters. Then at 
any point on the axis of the helix (inside or outside) at a distance of x centimeters from 
its center, the magnetizing force in gilberts per centimeter is 


27rKT V 0.5^+ ^ 0.5? - x 1 

^ LVr’ -f (0.5/ H- xf + (0.5^ - x)d 


(9c) 


This formula holds only when the thickness of the winding is small compared with the 
mean radius r. When I is large compared with r this reduces to 


H = 


A.tcNI 

I 


(9/) 


For all points inside the solenoid (whether on the axis or not) at a distance from the ends 
large compared with r, that is, inside the central portion of a long solenoid, the field is 
uniform over the cross-section of the solenoid and its value is given by equation 9/. An 
exact formula for field intensity at any point inside a solenoid is given by O. Billicux in 
Rev. gen. elec., 6, p. 827, Dec. 13, 1019. 

Magnetizing Force Inside a Torus (Fig. 8). When a torus is uniformly wound with 
an insulated wire so that the turns of the wire arc close 
together and clover the entire surface of the torus, the 
magnetic field is confined entirely within the space inclosed 
by these turns, and thendoro, when the core on which 
the wire is wound is of uniform magnetic mati'rial 
throughout,-both the lines of magnetizing force and the 
flux lines must be concentric circles, as shown in the figure. 
The magnetizing force will have the same value at every 
point on the ciriaimference of any one of these circles, ami, 
therefore, from equation 8a the value of II at any point P 
within the core is 


Flux Li<nes 



Fig. 8 


II = 


4vrA^/ 

I 


(9^f) 


where N is the total number of turns on the core, I the current in each turn, and I the length 
of the circumference through P. Unless the ring has a large radius compared with the 
radius of the cross-section of tlie core, // will not be uniform over this section, since I for 
the various points in the cross-section will differ considerably. 

It should be noted that the value of II is independent of the material of the core pro¬ 
vided only that the core be of uniform material throughout. That is, equation 9g applies 
to an iron core as well as to an air or w’ood core, provided the iron is uniform throughout 
and there is no air gap across the path of the flux lines. Even a mechanically i:)erfect con¬ 
tact betw'een two pieces of iron of the same kind, however, is sufficient to make the above 
formula useless. 

Magnetic Permeability. Permeability is defined by the following equation: 

B 



MAGNETIZING FORCE AND THE MAGNETIC CIRCUIT 8-25 


where, in the cgs electromagnetic system, B is in gausses and H in gilberts per centimeter. 
The cgs electromagnetic system of units is based on the assumption of the value of unity 
for /X for free space. The permeability of most substances differs inappreciably from unity. 
Aside from iron, steel, nickel, cobalt, and synthetic magnetic alloys, all the materials used 
in electrical engineering have a permeability which may be considered equal to that of 
air. The permeability of non-magnetic substances is for all practical purposes a constant 
irrespective of the flux density. A physical picture of permeability may be gained from 
the following. A coil carrying an unvarying current produces a magnetic field in the air 
surrounding it. If a substance is placed, for example, inside of this coil without changing 
the amount or distribution of the flux inside the coil, this substance has a permeability of 
unity (cgs emu). If the flux inside the coil is altered in value or distribution, the permea¬ 
bility of the introduced substance differs from unity. 

Paramagnetic, Diamagnetic, and Ferromagnetic Substances. Considering empty space 
truly non-magnotic all substances may l)e divided into three classes. Paramagnetic sub- 
stan{;es have a permeability relative to that of free space (/x« = 1) slightly greater than 
unity. P'or example, relative to free 8pa(5o the permeability of air is greater than unity by 
3.8 X 10“^ and for aluminum by 2.3 X 10~'\ Diamagnetic substances have a permeability 



relative to that of free space slightly less than unity. For example, relative to free space 
the permeability of hydrogen is less than unity by 0.3 X 10~®, for copper 8.8 X 10~®, and 
for bismuth (the most diamagnetic of all elements) !>» X 10“'*. Fe^rom«^'nc<^c substances 
including iron, steel, nickel, cobalt, and magnetic alloys have permeabilities greatly in 
excess of unity. Under certain conditions the permeability of steel may exceed 2000. 
I'urthermore, the permeabilities of ferromagnetic substance vary greatly with flux density. 
The permeability of such subslnnccs also dei)ends upon previous heat treatment, the 
exact composition of the material, and it.s previous magnetic history (set; Section 11). 

Magnetization Characteristic. It is most convenient in calculations involving ferro¬ 
magnetic materials to use i;hc magnetization characteristic of the material. This charac¬ 
teristic shows the relationship between the flux density B and the magnetizing force H, 

B 

A typical curve is shown in Fig. 9. From the relation fhe curve shown in Fig. 10 

may be derived from Fig. 9. The shapes of the characteristics shown in Figs. 9 and 10 
depend not only upon the material but also upon the exact manner of magnetization. 
For diamagnetic and paramagnetic substances, since the permeability is constant and 
equal to unity with negligible error, there is no point in plotting a magnetization charac¬ 
teristic since B — H throughout. 
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North and South Poles. That portion of the surface of any magnetized body from 
which the flux lines pass out into the air (or any substance of lower permeability) is said 
to be a north magnetic pole, and that portion of the surface at which the flux lines enter 
tho body is said to be a south magnetic pole. A unit north pole is a pole from which 47r 
flux lines emerge into the surrounding air. When a magnetic needle is placed near the 
surface of a magnetized body its north-seeking end points away from this surface when this 
surface is a north pole and toward the surface when this surface is a south pole. 



Kiloiines Per Square Inch 

Fig. 10 


Difference of Magnetic Potentirl. (!^onsider any two points 1 and 2 in a magnetic 
field (Fig. 11), and let the path bctw^een them from 1 to 2 pass through an electric circuit 
producing a mmf in the direction from 1 to 2; tlien the expression 



is called the drop of niapu.iic potential from 1 to 2. From the definition of magnetizing 
force, equation 8, it follows that arouiul any <*losed (urcuit the droi) of magnetic potential 
is always zero. A niagnetomotive force 3rj2 is, therefore, equiv¬ 
alent to a rise of magnetic potential from 1 to 2. 

When there is no source of mmf lietwccn 1 and 2 and the path 
coincides with a line of magnetizing force, the droi> of magnetic 
potential is 

C/i2 (11a) 

Magnetic potential difference is of the same nature as mmf and 
may, therefore, be expressed in the same units, viz., gilberts or 
ampere-turns. 

Magnetic Equipotential Surfaces. A surface, drawai in a magnetic field in such a 
manner that this surface is perpendicular at each point to the magnetizing force at this 
point (i.e., to the line of magnetizing force through this point) is called a “ magnetic equi¬ 
potential surface.” 

Magnetic Reluctance. To establish a magnetic flux <f> through a given portion of a 
substance which is not itself linked by a source of mmf, a difference of magnetic potential 
must always l)c established between the end surfaces of this substance. Let U be tho 
magnetic potential drop established from one surface to the other; then the quotient 

U 
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is defined as the magnetic reluctance of the given portion of the substance. It should be 
noted that the above definition is meaningless except when applied to a portion of a sub¬ 
stance of which the end surfaces are magnetic eguipotential surfaces and through every 
cross-section of which the same flux passes. 

Factors upon Which Reluctance Depends. The magnetic reluctance of a given portion 
ol a substance included between two eguipotential surfaces and bounded laterally by a 
surface which no flux line passes depends upon (a) the magnetic permeability of the sub¬ 
stance, (?>) the dimensions of this portion of the substance, and (c) the distribution of the 
flux lines over each cross-secition perpendicular to them. The relations are identical wdth 
those? which determine the electrical resistance of a conductor, the magnetic permeability 
taking the pla(?e of the electric conductivity. For example, for a straight bar of constant 
cross-section A and length I, through w'hich the flux lines are straight, parallel, and uni¬ 
formly distributed, the reluctance is 



(13) 


Note particularly that this formula for relu(;tance is applicable only under the special 
conditions just stated. Formulas for otlier cases are miudi more complex; see Douglas, 
.]. F. H., Reluctance of Irregular Magnetic Fields, Proc., A.I.E.E., 34, May, 1P15. 

Magnetic reluctance is not a constant quantity even for a given material and given 
fhix distribution, unless this material is non-magnetic. For all highly magnetic materials 
fi depends upon the magnetizing force and therefore also upon the flux density. It should 
also be noted that the magnetic reluctance does not represent a resistance ” in the semso 
of something which causes a dissipation of energy. 

Magnetic Permeance. T'he reciprocal of nnagnetic reluctance is called magnetic pcr~ 
meance. The permeance of a straight bar under the conditions spc(jiticd above is 


(P = 


I 


(13a) 


The permeability of a substance is, therefore, equal to. the permeance of a unit cube of 
this substance when the flux through the cube is parallel to four edges of the cube and is 
uniformly distributed over the section at right angles to these four edges. 

Magnetic permeance is analogous to electric; conductance, except that it is not a factor 
which affects the dissipation of energy in a substance. It does, however, enter into the 
expression for the energy stored in a magnetic; field in the same way that the electrostatic 
capacity of a dielectric is a determining factor in the expression for tlic energy stored in 
the electric field (sec p. 8 44, Art. 18). 

Kirchhofl’s Laws for the Magnetic Circuit. As already noted (equation 3) the total 
magnetic flux coming up to any surface in a magnetic field is always zero, provided a flux 
leaving a surface is considercMl as a negative flux coming up to that surface. This fact 
iney be rei)resented by tlu; formula 

- 0 (14) 

foe every surface in the field. Similarly, from the definition of magnetic potential drop, 
it ff>]lows that the total magnetic, potential drop around any closed circuit is zero, or that 
the total mmf a(;ting around any closed circuit is equal to the sum of the reluctance drops 
around that circuit, which may be rcxjresentcd by the formula 

( 16 ) 

These two equations are identical in form with those represtiiiting Kirchhoff’s laws for 
the electric carcuit. They are, however, not so easy to use for i)ra(;tical calculations, for 
the mngiu'tic flux is not confined to approximately g(;ometric.al lines like the currents in a 
network of insulated wires, but in general fills all space surrounding the coils which estab¬ 
lish the mmf’s; also, when there is iron or other magnetic material in the circuit, the 
permeability depends on the flux density and the previous history f)f the iron. (The dis¬ 
tribution of magnetic flux in and around an iron circuit is analogous to tlie distribution of 
current in and around an uninsulated mass of copper of the same* shai)e as the iron circuit 
immersed in a liquid having a conductivity about ecjual to that of carbon.) Only in the 
special case of a uniformly wound circular ring or toroid are the lines of induction confined 
?ntirely to an iron circuit; in general a certain number also exist in the air and in whatever 
other substances are in the vicinity of the iron circuit. 


12. ELECTROMAGNETIC INDUCTION 

Induction. When the current in a given electric circuit varies with time the mag¬ 
netic flux accompanying this current also varies with time, and, since this flux links the 
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current which produces it, an emf is induced in each turn of the circuit equal to the rate 
at which the flux through this turn is varying, and in such a direction as to oppose the 
change in the current. That is, an increasing electric current is always accompanied by 
a back emf due to the increase in the magnetic flux which accompanies this increase in 
current. 

Again, when an electric current decreases, its accompanying flux decreases and an 
emf is set up in the circuit tending to oppose this decrease, i.e., tending to keep the cur¬ 
rent from decreasing. This is analogous to the effect of inertia in ordinary matter. 

If the current in a given circuit is constant, but there is a variation with time of the 
permeances of the flux paths or of the number of turns linking a given flux path, an emf 
is produced in the circuit in a direction such as to tend to produce a current which would 
oppose the variation. 

These phenomena are known as induction. 

Coefficient of Self-induction or Inductance. In general, the coefficient L by which 

the rate of change of the current in any circuit must be multiplied to give the self- 

induced emf e is called the coefficient of self-induction or simply the inductance of the electric 
circuit. In general, then, the self-induced emf in an electric circuit is 


e = L% (IG) 

dt 

(li 

where L is the inductance of the electric cinaiit and — represents the change in the current 

per unit of time. Since ® ~ ^ equation 4c) where X is the number of magnetic link¬ 
ages between the electric cirimit and the flux established by the current i, the inductance 
may also bo defined by the relation 

I, = ^. (lOo) 


That is, the inductance is equal to the increase in the number of linkages per unit increase 
in the current. 

It should bo noted that e in equati^v.iioir is not the total induced emf, even of an isolated 
circuit, this being given by j 

(17) 

in which the first term is fr^^fehlf-induced emf, and the second term is an emf induced by 
motion. 

When the permeability of the magnetic, circiuit is independiMit of the (nirrent the induc¬ 
tance is also independent of the current, l or example, the expression for the inductaiKie 
of a coil which is riot in the vicinity of any ferromagnetic substance may be written 

(18) 

% 


where X is the total flux linkages corresponding to the current i in the coil. Since in this 
case X is directly proiiortioiial to i, L is at most a function of time and is independent of 
the value of i. Wlien (jvery flux lino is linked by every stream lino of electrics curnait, 
and the permeability of the entire magnetic circuit is independent of current. 



(18a) 


where N is the number of turns forming the electric circuit and (R is the reluctance of the 
complete magnetic (;ircuit. 

When the equation IS holds the total induced emf may be written 


e = 



(Iff) 


The practical unit of inductance is called the henry; for the relation between the henry 
and the abhenry and millihenry see Section III. 

Coefficient of Mutual Induction or Inductance. In general, the coefficient Mab by 

which the rate of change of the current iii a circuit B must be multiplied to give 

the electromotive force e induced by this current in another circuit A, is called the coefficient 
of mutual induction or simply the mutual inductance between A and B. See Fig. 4. In 
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general, then, the emf induced in any circuit ^ by a varying current ib in any other cir¬ 
cuit B is 




dib 

dt 


( 20 ) 


where Mah is the mutual inductance between A and B. The first letter of the double sub¬ 
script indicates the circuit in which the flux linkages are considered; the second, the cir¬ 
cuit in which the current is considered. 

It can be shown from the principle of the conservation of energy that the mutual induc¬ 
tance of a circuit A with respect to a second circuit B must be equal to the mutual induc¬ 
tance of B with respect to A, that is, Mah = Whence, the emf induced in B when 

the current in A increases by an amount dia is 


nr 

Since Ca = where \ah is the number of linkages between the circuit A and the flux 
through A due to the current ii, the mutual inductance may also be defined by the relation 


Mab = (21) 

oib 

Tliat is, the mutual inductance between two circuits A and B is equal to the increase 
in the number of magnetic linkages of the einuiit A per unit inftrease of the current in B, 
and vice versa. Wlien the permeability of the magnetic circuit is independent of the 
current the mutual inductance is also independent of the current and eijual to the linkages 
of A per unit current in B, and vice versa. When every flux lino linking both A and B 
is linked by every turn in A and every turn in B, then 


,, AirNaNh 


( 22 ) 


where Na and Nb arc the number of turns forming the circuits A and B respectively and 
is the reluctance of that part of the magnetic circuit through which the flux from A 


to B passes when there is current in one coil only. 

The units of mutual inductance are the same as those of self-indiictance. 

Instantaneous Potential Drop through a Coil. Consider a coil of wire which has a 
resistance r and an inductance L. Then when this coil contains no other source of emf 
than its ow'ii self-induced emf, the expression for the instantaneous potential drop through 
the coil is 


. , j di 

v=n+L- 


(23) 


where i is the instantaneous value of the current and — the increase in this current per 


unit of time. 

When th(;re is another coil near the first coil, and the two coils have resistances ri and 
T'i and self-inductances Li and L-y respectively, and a mutual inductance M, then the poten¬ 
tial drojis through them are respectively 


. , r di> . ^.dix 

= + !,,- +Jlf- 


(24) 


where i\ and io are the currents in the two coils in the same direction with respect to the 
magnetic circuit. These differential equations are perfectly general and can be applied 
to the solution of any circuit containing constant r’s, L’s and M’s regardless of the nature 
of the variation of any applied emf in the circuit. The solution of transient as well as 
steady-state conditions are obtainable from equations 24 as will be indicated later (see 
Art. 24 to 26). 

Skin Effect. A conductor of finite cross-section may be looked upon as made up of 
separate filaments each carrying its portion of the total current. When the same poten¬ 
tial gradient is established through all of the filaments of the conductor the exterior fila¬ 
ments are linked by fewer flux lines than the interior filaments. If the emf producing 
the potential gradient through the wire is an alternating one, the induced back emf in the 
interior filaments will be greater than in those nearer the surface. Since the potential 
drop is the same across all the filaments the resistance drops in the internal filaments is 
less than in the external ones. This can be brought about only by the current distribut- 
1—22 
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ing itself over the cross-section of the conductor in such a manner that the current density 
in the interior of the wire will be less than at the surface, i.e., the current is forced tOYv'ard 
the surface filaments or “ skin ” of the wire; hence the term skin effect is applied to this 
phenomenon. 

The self-induced emf depends not only upon the amount of flux set up but also upon 
the rapidity of its variation; hence the skin effect becomes more pronounced tlie greator 
the frequency of the impressed emf. It is also greater the larger the cross-secdion of the 
conductor, the greater its conductivity, and the greater its magnetic permeability. The 
skin effeiit also depends slightly upon the temperature since 
the conductivity changes with temperature. 

Leakage Inductance. In discussing the action of a 
transformer wliich consists of two electric cin;uits linking 
the same iron core, it is necessary to deal with the resultant 
flux due to the currents in both electric circuits or windings; 
the fluxes due to the two windings separately have no 
meaning. Referring to Fig. 12 , let represent that por¬ 
tion of the resultant flux due to the currents i\ and h in 
the two windings 1 and 2 , and let 0 i represent that part 
of the total flux which links 1 only and that part of 
the total flux which links 2 only. Lot Xi be the linkages between <f>\ and circuit 1, and X 2 
the linkages between 02 and circuit 2. Then 





— and L‘i 


X 2 


(25) 


are called the leakage inductances of the two windings respectively; the reluctances of the 
paths of 01 and 02 are practically constant since the air portion of these paths forms a 
greater part of the reluctance in each. 

Let be the current in winding 1 and the curnmt in winding 2 linking the flux path 
in the opposite direction to i\ (this is the actual relation in a transformer during most of 
the time), and let ci be the impressed emf across the terminals of the first or primary wind¬ 
ing and Ci the terminal emf at the terminals of the second or secondary winding when the 
current i-z is flowing. Then 


Cl = nti + Z/i' — - -f iVi - -j- 
dt dl 


d<f>r 

62 == A2 ~ r-it2 • 
dl 


,dli 

dl 


(26) 


where ri and r-i are the resistances of the two windings and Ni and N 2 are the numbers of 
turns in the two windings respectively. 

Comparing eejuation 26 with 24 and noting that Ci = t’l and e-i — — V 2 , and iz in 26 is 
taken in the opposite direction from iz in 24, it may be shown that 


Nz 

L/ = L, - M 
r Ai 


(27) 


Whence the leakage inductance of each winding is very much less than the total self¬ 
inductance of that winding. 

Energy of the Magnetic Field. Energy is required to estalilish a flow of electricity 
just as energy is required to set a column of water in motion, this “ energy of motion ” of 
electricity being analogous to the kinetic energy of a moving body. This energy of motion 
is most conveniently expressed in torm.s of the magnetic field which accompanies the flo^v 
of electricity or electric current; the mathematical expression for it may be put uito various 
forms. 

Magnetic Energy of a Single Electric Circuit, Permeability Constant. For example, 
consider a single electric circuit and the magnetic field which is established around this 
circuit when the currimt in it increases from zero to a value of 1. When the current 
increases by di the linkages increase by an amount dX in the right-handed screw direction 
with respect to the current. The electric energj' output of the circuit during this change 
is, from equation 4c, id\, which is also equal to the magnetic energy input into the mag¬ 
netic circuit which it links. Hence the total eriergj^ input into the magnetic circuit or 
magnetic field is 
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since l)y definition d\ ~ Ldi; sec equations 4c and 16. When the permeability is constant 
h is also constant, whence for constant permeability 

IK = !/:>/./- (20) 

This equation may also bo writleii 


W = 




(29a) 


where JF is the mmf ( —47r.V/ when the coil has X turns in a concentrated winding), (/? 
is the relii(rtan(!e of tlie ningnetie (‘ircuit, and <f> the total niagnetic flux. 

Since the impn^ssed mmf |>er unit length of a magnetic flux lino is eiiual to the magnetiz¬ 
ing force II, arid the flux p<>r unit areji periicndicular to tijis flux lino is equal to the flux 
density B, the energy jier unit volume of the magnetic fu‘id is 

HB piT IP 

r= - - _ = - = - (30) 

b;r Stt Stt/u 


These various formulas should be comiiared wit h the corrosponding formulas (p. 8-44) for 
el(‘ctrost{iti(! energy. 

Magnetic Energy of Two or More Electric Circuits, Permeability Constant. It can 
also be readily shown tliat. the total (‘iiergy required to establish ciinxuits li, J-i, etc., in 
several electric circuits linking one or more magnetic circuits of constant rchictanco is 
W - ii >Lih- 4- 4- 1/2/^a/r 4- . . . 

4“ Mvihh 4- 4 / 13 /i/a 4“ 4f2:{/2/;v 4" • • • (31) 

where the /.’s and 71/’s represent the self- and mutual iiulmdances rcsiioclively. This 
may also be written 

1 

^..0 (31a) 

*“ i 


where the summation is an algebraic one and includes every comiilete turn of the electric 
circuit, In b(4iig the current in the 7ith turii and </>n the magnetie, flux linking this turn in 
the right-handiHl screw direction with respect to the ennent. 

'The energy per unit volutne at any point in the magnetic field due to any number of 
electric- circuits is represented !)y equation 30, where H and B ar(> taken as the resultant 
magnetizing force and flux density respectively at this point. 

When the permeability is not constant the energy transferred to unit volume of the 
magnetic field due to any numbcir of (uirnnits is 



provided the magnetizing force H and the flux tlensity B are either in the same or directly 
opposite dinartions, as, for example, in a uniformly magniitized iron torus. To integrate 
this expression requires a kiiowlodgo of the rcl ilion bet ween B and //. Note also that, 
owing to tlie jdienomenon of magnctii! hystere.sis, part of the energy required to establish 
a magnetic field in iron or other magnetic subst ance is dissipated as heat and is not recover¬ 
able when the field disapiiears; therefore, only part <if the energy represented by this 
formula is “ stored ” in the field in a recoverable form. 

Hysteresis. When any completely ilemagnetizeil fc'rromagnetic snlistanco is sulijectcd 
to an increasing magnetizing forr;e H, a curve such as Fig. {) results. The dotted curve 
in Fig. 13 is also a representation of the phenomenon. Siicli a eurve is variously termed 
a rising characteristic, a virgin curve, or a neutral curve] iill these names are reserved for 
the special case of a magnetization curve of a dcraagnelizcd body. 

If from any positive value of II, the magnetizing force is dec-reased the flux density 
will also decrease, but not along the same curve as the original rising characteristic. For 
decreasing values of //, B is greater than for the e.orrospomling value on the rising charac¬ 
teristic. The magnetized body retains a part of its magnetization. It wall be noticed 
that, when the magnetizing force is reduced to zero, there is still a positive value of B, 
which is dependt'iit upon the maximum positive value of // on the rising characteristic, 
before II is decreased. The flux density wliicli remains w^hen II has been reduced to zero 
is called the residual magnetism and is in tlic nature of permanent or semi-permanent mag¬ 
netism. If now the magnetizing force is reversed (c.g., by reversing the direction of the 
current through the magnetizing coil) a value of li wall be found which will reduce B to 
zero. This value of H is called the coerciic force. By proceeding through a cycle of values 
for the magnetizing force—from zero to a positive maximum, to zero, to a negative maxi¬ 
mum, and back to zero—a loop of flux densities wall be obtained. Such a loop is called a 
hysteresis loop, and each substance is capable of having an infinity of different hysteresis 
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loops depending on the conditions of magnetization. During part of the magnetizing 
cycle the electric circuit is transferring energy to the magnetic circuit, and during the re¬ 
mainder of the cycle energy 
is retransferred from the 
magnetic to the electric 
circuit. When any fcrro- 
magnetii; substance is pres¬ 
ent in the magnetic circuit 
more energy is transferred 
to the magnetic circuit than 
is retransferred to the elec¬ 
tric circuit. The difference 
between these two amounts 
of energy is a loss and is 
dissipated as heat. Part of 
this loss is called the hys- 
teraaw Ions and is presum¬ 
ably due to friction accom¬ 
panying the change in ori¬ 
entation of the elementary 
magnets within the ferro¬ 
magnetic substance. It 
may be shown that the 
hysteresis loss per cycle per 
cubic centimeter in any 
magmdic substance dm? to 
a complete cycle of changes 
of the flux density arul the 
magnetizing force is ecjual 

to --- times the area of the 

iTT 

corresponding h y s t e r e s i s 
loop provided this loop is 
determined under such con¬ 
ditions that there is no 
mechanical motion and no 
change in the relative dis- 
trilaition of the lines of 
force. This relation is l)ased 
on the further assumption that unit distance on one scale represents one gauss and 
that unit distamn on tlic other scale represents one gilbert per centimeter. The following 
empirical fornuila is useful in deiermining hysteresis loss. 

te = ergs per eulhc centimeter per cycle (Ilfl) 

where 77 is a coefTicient depending ui>on the substance and B„i is the maximum flux density 
reached during a cycle. 

The power loss iier unit weight of magnetic material is given by 

Ph — watts per X)Ound (33a) 

where / is the frequency in cycles i»or .soc;oiid and k is a constant. 

Eddy Currents. Since a varying magnetic field induces an emf in every path which 
links the flux, such an emf will in general cause a flow of current in the magnetic materials 
composing the magnetic circuit. Such currents, called eddy-currents or Foucault currents, 
cause rP losses. Eddy currents can be distinguished from ordinary induced currents by 
the fact that they are due solely to the lines of force wdiieh pass through the sxiace occupicKl 
by the conducting mass. Ordinary induced currents are produced by lines of force which 
link the conductor but do not pass through the space occupied by the conducting mass. 
It is customary wherever possible to laminate magnetic cores in order to increase the 
resistance of the path of induced eddy eurrents. The eddy current loss in metal sheets 
is given by 

^2 

Pe = watts per cubic centimeter (34) 

where p is the resistivity of the material, a is the thickness of each sheet, / is the frequency 
of the eddy-currents, and B„i is the maximum value of the flux density during a cycle. 
Equation 34 holds provided (o) that the lines of force are i)arallel to the planes of the 



Fig. 13 
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laminations, (&) that the laminations are thoroughly insulated from each othjpr, and (c) 
that the thickness of each lamination is anall in comparison with its other dimensions. 
The combination of hysteresis loss and eddy current loss is called total core loss. 


13. MECHANICAL FORCES OF ELECTROMAGNETIC ORIGIN 


Mechanical Forces in the Magnetic Field. Experieiifo shows that all bodies in which 
an electric current exists, and all bodies in which a magnetic flux exists, exert in general 
mutual mechanical farces upon one another tending to produce a relative motion of these 
bodies such as will iiKTcase the energy of the magnetic field. Let / be the component of 
the force tending to move any body in the field in a given direction and let dW bo the 
increase in the energy of the field due to displacing the body a distance dx in this direction; 
then 


/ = 


dir 

dx 


(35) 


provided this displacement does not alter the existing mmf’s in the field. 

Similarly calling T tlie component of the toniue tending to turn any body in the 
fiehl about a given axis, and dW the increase in the magnetic energy due to the turning of 
the body through an angle da radians about this axis, then 


T = 


dW 

da 


(35a) 


provided this displacement does not alter the existing mmf’s in the field. 

L'Quations 35 and 35a also give the actual force and torque respectively during a 
clumge in position which does cause a change in the mmf’s in tin) fadd, provided dW is 
taken to represent the net increase in the energy of the field. This force and torque may 
diff(*r greatly from the steady-state force and torque. 

Force Produced by a Magnetic Field on a Coil Carrying a Current. When the magnetic 
flux, threading an electric circuit in the right-handed screw direction with respect to the 
current, increases l:)y an amount d4>, the energy output of the circuit is dw = NId<i), where 
N is the number of turns linked liy this increase in flux and / is the current in each turn. 
This is the energy input into the magnetic field. Whence if an increase in flux d<l> is pro¬ 
duced through the coil when it moves a distance d.r, the force acting on the coil in the 
direction of dx is 


/ = 


dx 


(3C) 


d</) represents the increase in the flux linking the coil in the right-handed screw direction 
with respect to the current in it or the number of flux lines which cut the coil as the result 
of its motion. Similarly, wlien the coil is so mounted that it can move only about a fixed 
axis, then the value of the torque tending to turn it about this axis is 


T 


= NI 


d<^ 

da 


(36a) 


where d<f> represents the increase in the flux linking the coil in the right-handed screw direc¬ 
tion with respect to the current in it when the coil turns through an angle a (in radians). 

From these relations it follows that a coil carrying an electric current, when in a mag¬ 
netic field due to any other agent (current or permanent magnet), always tends to take 
up that position in which it will embrace the maximum possible flux linking the coil in 
the right-handed screw direction with respect to the current in it. This accounts for the 
attraction of two parallel coils when they carry currents in the same direction, and the 
repulsion of two such coils w^hen tliey carry currents in ojiposite directions. This prin¬ 
ciple is useful in determining the direction of motion of the moving element in such devices 
as the electric motor, galvanometer, current balance, and electrodynamometer. 

Torque on the Coil When Its Plane Is Parallel to the Magnetic Field. When the coil 
is placed with its plane parallel to the flux lines due to some other agent (e.g., a permanent 
magnet or another coil carrying a cuneiit), the flux linking the ^ 

coil duo to this agent is zero; see Fig. 14. Let the two circles / 

represent sections of the two sides of the coil, its plane being 
perpendicular to the page; and let the dot in the left-hand 
circle indicate that the current is up through this side of the pjQ 14 

coil and the cross in the other circle that it is down through the 

other side. I^et li l)e the flux density of the field constant for each point along the flux 
line since the flux lines are parallel; let A be the area of the coil; and let <l> = jBA, that 
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is, 0 represents the total flux which would be produced through the coil by a uniform 
field of flux density B at right angles to it. Then the torque on the coil when its plane is 
imrallel to the field is 

T = N4>1 (37) 

This relation is useful in calculating the torque on the moving element of a galvanometer, 
ammeter, electrodynamometcr, wattmeter, etc. 

Average Torque on a Coil Rotating in a Magnetic Field. Consider a coll which is 
rotating with an angular velocity w about a fixed axis in a magnetic field due to some other 
agent (e.g., an armature coil rotating in the magnetic field produced by the current in the 
field coils). Let the current in this coil be constant and in the same direction with respect 
to the coil while the coil turns from the position in which it embraces the maximum flux 
in the left-handed screw direction to the position (a half revolution to a 2-pole machine) 
when it embraces this same maximum flux </> in the right-handed screw direction. The 
total change in the flux while the coil turns through this angle, tt radians in a 2-pole ma¬ 
chine, is 2<^, wdience the average torque turning the (;oil through this half revolution is 

2N 

T ^ (38) 

jr 

That is, the average torque is proportional to the prodiud of the current and the total flux 
per polo. When a commutator is provided to change the direc¬ 
tion of the current every half turn, the torque is in the same 
direction for a complete turn. 

Force on a Wire in a Magnetic Field. Consider a wire of 
length / forming part of a closed circuit. Fig. 15. Let B be the 
value of the flux density at the wire and / the current in the direc¬ 
tion indicated, and lot the lines representing the flux be perpen¬ 
dicular to the wire in the direct ion from the eye to the page. 

W^hon this wire moves a distamte dx to the left the flux threading 
the closed loop formed by the (dreuit is iniTeased by an amount 
d<t> = Bldx, whence the force aeding on the wire is (from equation 36): 

/ = BlI (39) 

Left-hand Rule. The relative directions of this force, the flux density B, and the 
current 1 may be conveniently determined by pointing the forefinger of the left hand in 
the direction of the flux and the middle finger in the direction of the current: then if 
the thunil) is held iierpcndicular to these two fingers it wall iioint in the direction in which 
the force tends to move the wire. Compare wdth the right-handed rule for emf. 

Force between Two Current-carrying Conductors. The mutual force between any 
two electric circuits carrying (•urrents ri and ia, due to the magnetic field of these currents, 
may be readily found by combining equations 31 and 35. This gives for the component 
of this force in any direction the value 

. . dM 

A = (40) 

where dM is the increase in the mutual indindanco betw'ocn the two circuits wdien one 
circuit i.s displaced a distama* dx wdth respect to the other, the distance dx being measured 
in the direction in wdiich it is W'ished to find (he comiionent of the force. In tins formula, 
ii and i-i are both to be con.sider(*«:l as positive when thej’' link the mutual flux in the same 
direction. From this relation follows the well-known fact that two coils, or conductors, 
carrying currents which are in the same direct ion attract each other, since when one coil 
is moved toward the other their mutual inductance increases. 

The mutual inducAiince of two long iiarallel wares when they are far apart relative to 
their diameters is 

M = 2nog,| (41) 

W’hcre D is their distance apart and I their length, lioth in centimeters. Hence, from 
equation 40 the force exerted by one of tw'o parallel wires on the other is 

/ = ^ dynes per centimeter (42) 

and is at right angles to the wares and in the plane formed by them. This formula is also 
approximately true for parallel conductors of any cross-section, provided they are far 
apart relative to the greatest dimension of their cross-section. When this condition does 
not hold, e.g., in parallel bus-bars close to each other, the formula for the force is much 
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more complex (see Dwight, H. B., Repulsion between Strap Conductors, EUc, World, 70. 
p. 522. Sept. 15, 1917). 

Forces on Magnetic Bodies in a Magnetic Field. In general, the reluctance of a 
magnetic field to the flux sot up by a given mmf depends upon the relative iiositions of the 
various magnetic bodies in the field with respect to one another and with respect to the 
electric circuit producing this mmf. When any magnetic body in the field is displaced 
the total reluctance wall, in general, be changed owing chiefly to the change in the dimen¬ 
sions of the air portion of the circuit. From equations 29a and 35 it can be shown that 
the force acting on any magnetic body in the field is in the direction of the flux lines thread¬ 
ing it and has the value 


/ 


Stt dx 


(43) 


(provided the mmf remains constant) where <i> represents the total flux threading the body 
and dCR represents the increase in the reluctance of the magnetic circuit corresponding to 
a displacement dx of the body in the direction of the flux lines. The minus sign in this 
formula indicates that the force is always in the direction in which ji motion of the body 
would decrease the reluctance of the circuit. In deducing this expression it is assumed 
that the permeability of each body in the field is constant. It can also be shown that to 
a close approximation the same formula holds for actual magnetic bodies, for which the 
permeability is not. a constant. 

The above relation accounts for the attraction of one magnet, for another when their 
unlike poles are nearer each other than their like poles, and the repulsion of two magnets 
w'hen their like polos are nearer than their unlike poles. It also accounts for the attrac¬ 
tion of iron or other paramagnetic substance by either iiole of a magnet or by either “ face 
of an electric circuit, and the repulsion of a diamagnetic substaiu'c by either pole of a 
magnet or cither face of an electric circuit. 


ELECTROSTATICS AND THE DIELECTRIC CIRCUIT 

14. ELECTROSTATIC FIELDS, POTENTIALS AND CURRENTS 

Electric Fields of Force. In any iiortion of a substance in which the electricity is 
acted upon by a forire tending to move it, there is said to be an rlectric field of force, or 
briefly an electric fidd. An electric field is also said to exist in any region of free space 
where a charge, if placed there, would have a force exerted upon it tending to move it. 

Intensity of an Electric Field. The inirnsiti/ of an electric field F at any iioint is defined 
as the forces exerted on a unit positive charge at this point lyy the agent or agents pro¬ 
ducing the field, i.e., liy the agent or agents Uaiding to move the charge. The direction 
of the field intensity, or the diniction of the field, is defined as the direction of the force 
acting on a positive cliargc at this point. A positive charge then moves or tends to 
move in the direction of the field, and a negative charge? moves or tends to move in the 
opposite direction. 

'Fhc unit of electric field intensity has not been given any special nariu?, but since it is 
of the same nature as emf per unit distance, the intensity at any point may be conveniently 
expressed as so many volts, abvolts, or statvolts per centimeter or per inch. See Section 
III. Hence (dectric field intensity is frequently called the potential, or voltage, “ gradient." 

Lines of Electric Force. Lines of Electric Intensity. A line drawn in an electric 
field in such a manner that its direction at each point coincides with the direction of the 
field at that joint is called a line of electric force. A line of force is usually a curved line, 
though in certain special castes it may be straight. Any number of such lines may be 
drawn in an electric field, but no two of those lines can intersect. The density of these 
lines, i.e., the number drawn through unit area perpendicular to their direction, may be 
chosen arbitrarily to represent the value of the field intensity at this area, and when so 
drawn are preferably called lines of electric intensity, as distinguished from flux and stream 
lines defined below'. The term lines offeree, however, is frequently used to designate any 
one of these three sets of lines, but this loose use of the term is likely at times to lead to 
much confusion. The term line of electric force will be used in this article to designate 
merely the direction of the field at any point; in any statement involving the density of 
these lines the proper one of the other terms will be employed. 

Electric Equipotential Surfaces. A surface drawn in an electric field in such a manner 
that it is perpendicular at each point to the line of force through that point ia called aa 



8-36 


ELECTKICITY AND MAGNETISM 


electric eguipotential surface. The electric intensity has no component along such a 8ur» 
face, and therefore no work is required to move a charge from one point to another over 
any path in such a surface. 

Emf’s and Differences of Potential. The work done by the field intensity F in moving 
unit positive charge around any closed path or circuit (Fig. 1) in an electric field is defined 
as the emf acting around this path. Emf is not a force in the mechanical sense but is 
work per unit (charge. The relation between emf E and field intensity F, where F is the 
magnitude of the vector F, is analogous to that between work and mechanical force, viz.: 

E — f {F cos 0)dl (1) 

*^0 

where dl represents an elementary length of the path, {F cos 6) the component of the field 

intensity along dl, and / represents the integral around this closed path. AVhen the 
•/o 

field intensity has the same value F at every jioint of a path and coincides in direction 
with the path at every point, the emf acting around the closed loop is 


E = FI (la) 

where I is the total length of the path. 

In Fig. 1 let the path from 1 to 2 be in the direction of the lino of force from 1 to 2, 
let En be an (unf whose source is between 1 and 2 and whose direction is from 1 to 2; 
then the general oxiiression for the potential drop from 1 to 2 is 


V,., = - En (2) 

If the field intensity along the path from 1 to 2 is negligible, then Viz Eiz', hence an 
emf in a given direction is equivalent to a negative drop of potential, i.e., is equivalent 
to an actual rise of iiotciiitial. Comiiaring eciuation 2 with 
equation 1 it is evident that the total drop of potential 
around a closed circuit is always zero. This relation is con¬ 
veniently expressed by the formula 

SF = 0 (3) 

which holds for every closed path or circuit. This is one 
way of stating KirchholT’s second law. Sec Art. 7, equa¬ 
tion 16. 

Voltage Gradient. Since from eiiuation 2 the mag¬ 
nitude of the field intensity F is equal in volts to the drop 
in voltage per unit length in the direction of F, the electric field intensity is also fre¬ 
quently called the voltage gradient. 

Flow of Electricity. Whenever an electric field is set up in a substance by any means 
whatever a displacement of the electricity in that substance always takes place, the nature 
of the displacement depending upon the nature of the substance. The positive electricity 
within the substaiuje is displaced or orientated in the direction of the field intensity and 
the negative electricity in the opposite direction, until an oiiposing force is set up w'hich 
just balances the fortu^s due to the inipre.ssed fi<*ld. In metallic conduction, the flow'^ of 
electrons in a direction opposite to the field constitutes the electric current. In electro¬ 
lytes there is a migration of ijositive ions in the direction of the field, and of electrons 
opposite to the direction of the field. It is believed that, in good insulat ors, actual migra¬ 
tion is negligible but that molecules of the substance are deformed and reorientated in 
such a manner .as to produce a momentary motion of positive electricity in the direction 
of the field, and of negative electricity opposite to the direction of the field. (See Art. 27 
and Art. 28.) 

The displacement of the electricity within a substance cannot be measured directly, 
but only in terms of some effect produced thereby. Tw'o effects w^hich always result 
when electricity is displaced are: (1) a magnetic field is established around the path along 
which the displacement takes place (but disappears wdien the electricity comes to rest); 
and (2) heat is developed in the path of the displacement. The magnetic field iiroduced 
by a displacement or flow of electricity is usually taken as the measure of the rate of flow, 
i.e., of the quantity of electricity displaced per unit time through a surface perpendicular 
to the direction of the displacement. This rate of flow is called the intensity of the electric 
current, or simply the electric current. 

A flow of positive electricity in one direction is equivalent magnetically to a flow of an 
equal amount of negative electricity in the opposite direction; hence the total flow along 
the given path is the sum of the positive electricity di8pla(!ed per unit time m one direction 
past a point in this path plus the negative electricity displaced per unit time past this point 
in the opposite direction. The direction of the electric current is taken as the direction 
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in which the positive electricity is displaced, and it is, therefore, the same as the direc¬ 
tion of the field intensity. 

Current Due to Varying Electric Field. When the electric field in any substani^e is 
varying, the total magnetic effect produced is found to depend not only upon the rate of 
displacement of the electricity witliin the substance, but also upon the rate of change of 
the electric field. In fact, a magnetic field is iiroduced around a path in free space along 
which the intensity of the electric field is varying. In dealing with varying electric fields 
it is found convenient to consider the variation of the field intensity as equivalent to an 
actual flow of electricity, and to take as the total equiv¬ 
alent electric current the flow of electricity which would 
Iiroduce the same magnetic field as that actually observed; 
the actual flow of electricity is in general loss than this 
equivalent current, but the difference is negli^ble except 
in substances which are good insulators. 

Continuity of an Electric Current. When a varying 
electric field is considered as equivalent to an electric 
current, it is found that the total equivalent current 
coming up to any point or surface in any network of Fia. 2 

circuits, no matter how complicated, is always equal to 

the total current leaving that point or surface, irrespective of the nature of the substances 
through which the currents arc constant or are varying. For example, in Fig. 2 , 

It 4- ii = in + ^*4 -f H (4) 

Or calling the currents coming up to any point positive, and the currentR leaving that 
point negative, the algebraiij sum of all the currents at any point in a network of circuits 
is always zero. This fundamental principle is conveniently expressed by the formula 

Xi = 0 (4a) 

which holds at every junction point both for variable and for continuous currents. This is a 
generalized form cyf Kirchhoff's first law. See Art. 7, equation 15. 

Stream Lines of Electric Current. Current Density. As a conseciuence of the con¬ 
tinuity of an electric current, the total current in any substance of any size or shape may 
be looked upon as made up of a number of small streams of electricity flowing side by 
side, the strength (quantity of electricity per second) of each stream being constant 
throughout its length. If the cross-section of each stream at any point is so chosen that 
each stream represents unit current (unit quantity per second), then the number of these 
streams crossing unit area of a surface perpendicular to their direction will bo equal to 
the current per unit area of this surface, or to the current density at this surfai^e. Each 
such stream may bo represented graphically by a line coinciding with its axis; such lines 
are culled stream lines. When the stream lines are drawn as des(;ribod their direction at 
any point gives the direction of the current at this point, and the number of these lines 
per unit area perjicndicular to their direction is equal to the current density at this point. 

For an insulated wire the stream lines are parallel to the axis of the wire, except in the 
immediate vicinity of its ends; in a long wire this non-uniformity at the ends is negligible. 
All the stream lines in an ordinary wire may also, in practice, be considered as coinciding, 
and the wire may, therefore, be treated as a geometrical line as regards external effects. 
However, for a short rod or strip (such as an ammeter shunt) connected in the circuit 
by wires attached to its ends, the stream lines are not in general parallel but diverge from 
one terminal and converge toward the other. 

Conduction Current and Displacement Current. Experience shows that, when an 
electric field is established in any substance, the total equivalent electric current set up 
depends ( 1 ) upon the value of the field intensity, ( 2 ) upon the rate of change of the field 
intensity, and (3) upon the nature of the substance in which the field is established. The 
current density <r at any point at any instant may in general be expressed by the relation: 

where F is the field intensity, 7 and k are coefficients depending upon the chemical nature 

and physical condition of the substances at the point in question, and ~ means the rate 

at 

of change with respect to time. The factor dir arises from the historical definition of the 
quantity k; see below. The total current may then be considered as the sum of the 
two components having respectively the densities 

0-1 = yF and 0*2 = ^ ^ (kF) ( 6 ) 

dir (U 
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The first of these components ( 0 * 1 ) is called the conduction current; the second o’( 2 ) 
is commonly called the displacement current. The term displacement current, however, 
is somethiiit; of a misnomer, for both components of the total current are probably due, 
in part at least, to a displacement of electricity. The conduction current is the only 
appreciable component in substances usually classed as conductors, and the displacement 
current is appreciable only in substances ordinarily classed as dielectrics. The conduc¬ 
tion current in a dielectric is usually small, though measurable; it is frequently called the 
leakage current. When the electric field in a dielectric is rapidly varying, the displace¬ 
ment current may be many times greater than the conduction or leakage current through 
the dielectrii;. 

Conductivity and Resistivity. The quotient of the density 0*1 of the conduction current 
by the field intensity F, i.e., tlic coefficient y in the expression cti — yF is called the con¬ 
ductivity or specific (;onductanco of the substance at the point in quiistion. Since in an 
ordinary conductor the displacement current is inappreciable, the conductivity of an 
ordinary conductor is also equal to the density of the total c.urrent divided by the field 
intensity; i.e., for a conductor 

<r = 7 ^ (7) 

where a represents the density of the total cairrent. Experience shows that for a given 
conductor at constant temiK^rature (and also at constant pn'ssure, in a gas) this coeffi¬ 
cient 7 is a constant irresiiective of the strength, distribution, or time variation of the 
current. The value of 7 for a dielectric, how’ever, is not in general a constant but depends 
upon the time variation of the field intensity. 

The above relation between cr and F may also be written 

F — per (7a) 

where p is the reciprocal of the conductivity 7 . The constant p is called the resistivity 
or specific resistance of the substance. Values of 7 and p for various conductors and 
insulating materials are given in Section XL For the units of conductivity and resistiv¬ 
ity, see Section III. 

16. DIELECTRIC FLUX 


Dielectric Flux and Dielectric Flux Density. As noted above, the displacement cur¬ 
rent through a dielectric at any point deiieiids upon the rate of change of the electric 
field intensity and ujion the nature of the dielectric. The density of this displacement 
current at any point may be expressed by the relation 


C.-2 = 


47r dl 


ikF) 


(8) 


whore F is the field intensity and k a coefficient depending upon the nature of the diidec* 
trie. The coeflicient k in this exi>re 8 sion is the so-called dielectric coejfficient or dideclric 
coTistant. 

The quantity kF, whose rate of change is c(jual to 47 r times the density of the displace¬ 
ment current, is called the dielectric Jlux density and may be represented by the symbol D. 
Then 

D = kF (9) 

The direction of the dielectric flux density is arbitrarily chosen to be the same as that 
of the electric field intensity F. Through any surface of area A at ea( 5 h point of which 
the dielectric flux density has a constant value D and is periicndicular to that surface, 
there is said to exist a dielectric flux equal to DA. The total dielectric flux through a 
surface may be represented by the symbol 

In general, the total dielectric flux through any surface is 

xk — J' D cos a d,s (10) 

where ds represents any elementary area of this surface, D cos or the component of flux 
density normal to the surfaces at ds, and J' the sum of all the products D cos ot ds for that 
surface. The total displaijemcnt current through this surface is then 


47r dt 


( 11 ) 


Lines of Dielectric Flux. The electric flux through any surface may be represented 
by lines drawn in the same direction as the lines of electrii; intensity, but of such a density 
that their number per unit area perpendicular to their direction at any point i.s equal to 
the dielectric flux density at thi.s point. The number of these lines cutting any surface 
is then oquaJ to the total dielectric flux through this surface. The ratio of the number 
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of flux lines through any surface to the number of lines of electric intensity through that 
surface is equal to the dielectric coefficient of the substance in which the field exists. 

Electric Charge and Dielectric Flux. Within any substance of uniform structure 
throughout, the dielectric flux lines are continuous lines; i.o., the iiuinber of these lines 
coming up to one side of a surface within such a substance is equal to the number of these 
lines leaving the other side of that surface. l<lxpcrience sliows that it is impossible to 
produce an appreciable dielectric; flux in those substances ordinarily classed as conductors; 
hence dielectric flux line's cannot i>ass through a good condindor, but terminate at its 
surface. lOvery dielee-trie; is a conductor to at least a slight extent, and on account of this 
fact not all the; dielee-tric flux lines coming up througli one dielectric to the surface of con¬ 
tact between this dielectric and another pass through the 
second dielectric, but some of them terminate at this 
surface. 

10 xi)erienco shows that, to establish an elec.lrit; fiokl in 
the di(;le(;tric around a conductor, ele(*tri(;ity must be (;on- 
ducted through the conductor to the surface of contact 
between the conductor and the dielectrit;. For t;xample, con¬ 
sider a good conductor in contact with a perfe<;t dielec- 3 

trie (l'''ig. 3); a momentary conduction current must flow 

through the conductor along the stream lines of the cf)nduf;tion current, represented by 
the dotted lines. While the field is being established (and thenifore varying), a displace¬ 
ment current is set up in the dielectric re<iuiring an equal conduction current in the con¬ 
ductor, and consequently times the rate of change of the dielectric Ilux (^) established 
Air 

in the dielectric must be equal to the conduction (uirreiit (f) fl-nving up to this surface 
through the conductor, i.e., 

J_ = • 

Air (It 

or = Air^ i cU = 4irQ, (12) 

where Q is the quantity of eletdricaty condueded througli the conductor to this surface. 

This rel.ation is a general one, viz., the total dielectric flux from any area A in the sur¬ 
face of a conductor is e([ual to Air times thv' total charge; on this area, llonce every flux 
line originates at a positively charged conducting surface and terminates at a negatively 
charged conducting siirfa(;(;, Air of these lines connecting each unit positive to each unit 
negative charge. 

The quantity of electricity condiictwl through a conductor when a momentary current 
is established through it, tjan lie measured readily by means of a ballislk; galvanometer, 
and consequently tin* dielectiic flux (equal to AwQ) may readily bo determined. 

Dii'lectric Ilux may be exiiressed in the same units as electric charge, viz., coulombs, 
statcoulombs, or abcoulombs; see Section III. 

Surface Density of Charge. When there is no current, in a conductor there can bo 
no eleirtric field within it (see equation 7) ; and therefore the surface of a conductor in 
whi<;h no current is flowing is always an eijuipotontiiil surface. Hence the lines of elec¬ 
trostatic intensity, in the surrounding dielectric, and thendore the dielectric; flux lines also, 
must leave or enter tins surface in a dire<*tion perpendicular to it. The dielectric flux 
density in the dielectric just outside a conducting surface in which there is no electric 
current is perpendicular to this surface and has the magnitude 

D = Attco (13) 

where (Tc is the charge per unit area of the surface at tliis xioirit, or the surface density of 
the f;harge. 

Dielectric Flux Density Due to a Number of Charged Conductors. It can be shown 
that, when any number of charged coiidiietors are surrounded by a uniform dielectric, 
the dielectric Ilux density at any point in the field may be expressed by considering each 
elementary surface having a charge q as producing at any point P at a distance r from 
q a flux density equal to ry/r^, in the <lirection of the line from q to P when q is positive 
and in the direction of the line from P to q when q is negative. The total flux density at 
P due to all the charges is then the vector summation 

D = S 4 r, (14) 

r~ 

in which r\ is a unit vector in the direction from q to P. 
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16. ELECTROSTATIC CAPACITANCE, CONDENSERS, AND 
INDUCTION 


Electrostatic Capacitance and Condensers. To establish a given dielectric flux 
through a given dielectric a certain difference of electric potential is always required. 
Consider any portion of an electric field (Fig. 4) between the two equipotential surfaces 
S and Si bounded laterally by a surface tangent at each point to 

a the flux line through that point. Let V be the drop of potential 
from S to jSi, and let ^ lie the dielectric flux through this region. 
When there is no source of emf between /S and Si the quotient 

S. ^' = 4Ty 

is defined as the electrostatic caj^acitance of this portion of the 
field. 

When the equipotential surfaces S and <S’i are the surfaces of 
two conductors, the two conductors and the dielectric between 
Fia. 4 them are said to form an declric condenser. When all the flux lines 

from one conductor end on the second conductor (e.g., when they 
are given equal and iipposite charges by connecting them respectively to the two terminals 
of a source of emf), then the flux from one to the other is equal to 4x4? where Q is the 
numeri(;al value of the total charge on either conductor. The capacitance of the con¬ 
denser may then be written 

c = I (15a) 


When there are several charged conductors in the field, the total flux from one con¬ 
ductor does not in general end on another single conductor, but some of tlic* flux lines 
from conductor 1 may run to 2, some to 3, etc. Let xj/n be that portion of the flux from 
any conductor 1 whi(^h ends on any other conductor 2 , and let Vvi be tlie drop of potential 
from 1 to 2 ; then the capacitance between conductor 1 and conductor 2 is 


Or, calling Qn that portion of the charge on 1 which is balanced by an equal and opposite 
charge on 2 , the capacitance between 1 and 2 is 


The unit of capacitance in the practical system of units is the farad, but as this is a 
very large unit, a unit equal to one-millionth of a farad, called the microfarad, is iLsiially 
employed. The egs electrostatic unit is called the statfarad, and the cgs electromagnetic 
unit the abfanid. See Section III. 

Potential Coefficients, Electrostatic Induction Coefficients. (-onsider any number of 
conductors 0, 1, 2 , 3, etc., cither (1) at a great distance from all other conductors or (2) 
completely surrounded by a hollow conducting shell, the inside surface of which is to be 
considered as one of the (conductors, say 0 , of the system. The electrostatic condition of 
such a system of conductors is uninfluenced by any electrostatic effects produced outside 
the system; it may therefore be called an dedroslaticaUy independerU system. 

Any conductor of an electrostatically indcipendent system may be (dioscn as a conductor 
of reference; let this reference conductor be designated as conductor 0 . Let 7 'io, iso, 
etc., represent the potential drop from 1 to 0, from 2 to 0, from 3 to 0, etc., and let qo, < 71 , 52 , 
Qs, etc., represent the charges on 0 , 1 , 2 , 3, etc. Then, if the relative positions of tlie various 
conductors and insulators in the field remain unaltered and the specific inductance capaci¬ 
tances of the various insulating materials between the conductors arc constant (not neces¬ 
sarily the same for each insulating material, however), the following relations hold for all 
values of the charges on and potential drops between conductors irrespective of how the 
conductors may be connected (provided the connecting wires arc of small cross-scction 
compared with the dimensions of the conductors): 


1^10 — -}- A\ 2 q 2 4 " AisQa "f- etc., 

Vjo = Ai 2 qi -f- A 2292 + ^.2393 4 “ etc., 

vsn = AisQi 4 - -42392 4" A .3393 4“ etc., 

9o = — (91 4- 92 4- 93 4- etc.). 


(15d) 
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where all the A *8 are constants depending upon the distances apart of the conductors and 
the nature of the insulating medium between them. The coefficients A in these equations 
may be called the potential coefficients of the system of conductors. 

The above equations may also be written: 

Qi — BnViQ + Ri 2 » 2 o + Bisv^o -f- etc., 

Q 2 — Bi 2 €iQ + B 22 V 20 + -^^23^30 + etc., (15e) 

93 = -613V10 + B'liVio + .B33V30 d* etc., 

9 o = — (91 + 92 4“ 93 4 - etc.). 


where the B’s arc also constants and may be expressed directly in terms of the potential 
coefficients A by solving the eciuations for 91 , 92 . 93, etc.. The constants B are called the 
electrostatic induction coefficients, and like the constants A are independent of how the 
conductors may be charged and of how they may be interconiiocted. The B's, may be 
expressed directly in terms of the normal and grounded capacitances of the various con¬ 
ductors. 

By the normal capacitance between any two conductors is meant the capacitance of 
the condenser formed by these two conductors when all the other conductors are connected 
to one another and to the conductor of reference, the two conductors of course being insu¬ 
lated therefrom. The normal capacitance between any two conductors of a system, say 
1 and 2, is then, from equation 15c 


B11B12 - 
Bn 4- B 22 4- 


(15/) 


When the arrangement of the conductors is perfectly symmetrical (as in a three-conductor 
cable). Bn == B 22 and the normal capacitance Ixitweeii 1 and 2 is 

C 12 = 1/2 (/hi - Bn) 05g) 

By the grounded capacitance of any conductor of a system is meant the capacitance of 
the condenser formed by this conduct or as one plate, and all the other conductors, including 
the conductor of reference, (connected together as the other plate. The grounded capaci¬ 
tance of conductor 1, say, is then, from equation 15g, 

Cig = Bn 

Tliat is, the electrostatic coefficient of self-induction of any given conductor is the same as 
the grounded capacitance of this conductor. 

Electrical Images. The distril)ution of charge upon conductors may often be found 
most simply by a method devised by Lord Kelvin. Let it be supposed that a charge -f 9 is 
placed in the neighborhood of an infinite conducting plane. There will be produced on 
tiie plane a charge density tr, which together with the charge 4-9 will produce a given dis¬ 
tribution of electric field intensity throughout the region. This field intensity can bo 
shown to bo equal to the field intensity which would be produced, in the absence of the 
conducting plane, by the charge 4-9 and a second charge —9 jilaecd at a position such that 
4-9 and — 9 are symmetric^al about the plane. The charge —9 is called the electrical image 
of the cliarge 4 - 9 . the name being suggested by the optical analogy. 

The capacitance of an ac.tual condenser formed by a wire and the earth (assuming the 
earth to be an infinite conducting plane jiarallel to the wire) is the same as the capacitance 
to neutral of the fictitious condenser formed by the wire and its image. 

Factors upon Which Capacitance Depends. The capacitance of a given portion of a 
dielectric depends upon (o) t?ie dielectric coefficient k, (b) the length of the dielectric flux 
lines through the dielectric, (c) the cross-section of the dielectric at right angles to the 
flux lines, and (d) the distribution of the flux lines over this cross-section (compare with 
electric conductance). In general, the capacitance of any portion of a dielectric bounded 
laterally by flux lines and at the ends by cquipotential surfaces (Fig. 4) can be expressed 
by the formula 

c = —” (I60) 

4jr J DtU 

where k is the dielectric coefficient, ^ the total dielectric flux through the given portion of 
dielectric, dl any elementary length along one of the flux lines, and D the component of the 
dielectric flux density in the direction of dl at this point, the integral being taken along the 
flux line from one end surface to the other. When the end surfaces are conductors charged 
with -LQ and —^ units respectively, then 

^ A:9 
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By the application of this fonnula the capacitance of various practical forms of con¬ 
densers may be calculated. It should be noted that the capacitance of a condenser de¬ 
pends upon the distribution of the dielectric flux (k being assumed constant), but not 
upon the absolute value of the flux; i.e., for a given dielectric and given distribution of 
flux the capacitance is a constant. In general, when any conductor or dielectric of a 
different specific inductive capacitance is placed in the electric field set up by the charged 
plates of a condenser, the distribution of the flux, and therefore the capacitance of the 
condenser, are altered. ^ 

p I (TCll 

Relation between Conductance and Capacitance. Comparing r = -- — and equa¬ 
tion 16o, it is apparent that, when the dielectric flux lines and the current stream lines 
have the same distriliution in any given region, the ratio of the conductance of this region 
to the capacitance of this region is ^wyjk, where k is the dielectric coefficient and y the 
conductivity of the material in this region. Hence the formulas for the capacitance and 
conductance of the dielectric between the plates of any shape or size of condenser differ 
only by a constant coefficient. That is, if C is the capacitance of any condenser, then 



(17) 


is the conductance of the dielectric between its plates. 

Charge and Discharge of a Condenser. To charge a condenser a difference of electric 
potential must be established between its plates. This may be done, as noted above, by 
connecting the two plates of the condenser respectively to the two terminals of any source 
of omf; see Fig. 5. If the dielectric has a very high resistance and the source of cmf has 



a constant value E, the current sot up in this circuit will continue only until a difference 
of potential equal to E has been established across the two plates of the (condenser, or 
until a charge equal to (U<J has been transferred from the negative to the positive platen of 
the condenser. The establiishment of the electric flux through the dielectric of the con¬ 
denser may be looked upon as setting up in the dielectric itself an opposing force analogous 
to the opposing force set up in a spring when it is compressed. When the opposing force 
just balances the inqircssiHl fonre a steady state is attained, just as the (compressing of a 
spring ceastes when the force producing the compression is just balanced by the opposing 
force due to the elasticity of the spring. 

When a condenser has thu.s Ix'eii charged, the wires connecting it to the source of emf 
may be removed and the condenser remains charged for .a length of time depending upon 
the resistance of the dielectric separating the plates; the higher this resistance the longer 
the time that the condenser rernain.s charged. If the plates arc moved apart they still 
retain their charges, one plaU^ a jxisitive charye and the other a negative charge, but the 
distribution of these ciiarges on the plahis will in general become altered. Experience 
show's that a meiiianical force is re(niired to separate the charged plates irrespective of 
whether or not they are coiiiuujted to the .source of emf. 

Wffien the two (diarged plates arc short-circuited by a ware, as shown in Fig. 0, a momen¬ 
tary current is established through the wire, and the electric field between the plates and 
the charges disappear. The quantity of electricity discharged through the wires is equal 
to the quantity of charge originally on either plate. A charged condenser, thendore, acts 
like a source of ('mf, the direction of this emf around the (nrcuit containing the condenser 
being in the dirccdioii through the condenser from its negative to its positive plate. A 
condenser wlien it is being charged may also be looked upon as producing .a back emf, 
that is, an emf opposing the emf which charges it. When a condenser is considered from 
this point of view only the (^inducting portion of the circuit is to be considered in af)plying 
Kirchhoff’s laws. When the condenser has an appreciable leakage its resistance must bo 
considered to be in parallel w'ith its cmf. 

Charging Current and Leakage Current. The displacement current through the 
dielectric of a e.ondenser is frecjuently called ihc charging current. The coiuliiction current 
through the dielectric is called the leakage current. Let C be the capacitance of the con- 
denstir, g the conductance of the dielectric, and v the voltage across the condenser; then 
the total current through the condenser is 


( 18 ) 
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where “ representii the rate of charge of v with time. The component gv of this current 


is the leakage current, and the component C is the charging current. 

at 

Capacitances in Series. When several capacitances * are connected end to end so 
that the same dielectric flux i>asses through each of them, they arc said to be in series. 
The total capaintance of any number of individual capacitances Ci, C 2 , C 3 , etc., connected 
in series is C where 


1 

C 


I 

C\ 




C, 


4-... 


(19) 


Capacitances in Parallel. When several (mpacitanecs are connected between the same 
pair of equipotential surfaces so that the same potential drop is established through each, 
they are said to be in jxiralle.1. When there are no emf’s in any of the circuits between the 
two equipotential surfaces the total equivalent capacitance of any number of capacitances 
Cl, Ci, Cs, etc., connected in parallel is 


C = Cl + C 2 + C 3 + . . . (20) 

Specific Inductive Capacitance and Dielectric Coefficient. From equal ion IGo it is 
evident that, when the capacitance of a given condenser is measured ( 1 ) with a dielectric 
A between the plates and (2) w’^ith some other dielectric B between these plates, then 
the ratio of the two capacitances is the same as the ratio of the dielectric, coefficients 
of the two dielectrics. The specific imlucHve capacitance of any dielectric is defined as the 
ratio of the (!apacitane.e of a condenser having this substance as its dielectric to the capaci¬ 
tance of the same condenser wdien air forms the dielectric between the plates. The specific 
inductive capacitance is, therefore, independent of the system of units employed. 

The cgs electrostatic system of units is based on the arbitrary choice of unity as the 
dielectric (joefficierit of free spai^e; hence, in this system the sp(’(;iri<.i inductive capacitance 
and the dielectric coefficient are nurnerically eiiual. In the egs electromagnetic system of 


units the dielectric coefficient of free space is not unity but reciprocal of 

the square of the velocity of light). In tlie practical system of units, when the centimeter is 


taken as the unit of length, the dicleidric coefficient of free space is Hence, call¬ 

ing K the specific inductive ca]>acitaiice of any dielectric referred to free space as unity, 
and k its dielectric coijffic.ient, then in the 


cgs electrostatic system 
cgs electromagnetic system 


k = K 
k = 


K 


0 X 10 "" 


Practical system (cm a.s unit of length) k = 


Values of the aijeeifie inductive capacitance of various insulating materials are given 
in Section 12. 


17. DIELECTRIC LOSSES 

Electric Absorption and Residual Charge. The value of the dielectric coefficient k 
of a given dielectric is not strictly a constant unless the dielectric is perfectly homogeneous. 
For such non-homogencous substaiures as glass, mica, rublier, paper, and cloth, the dielec¬ 
tric coefficient is found to depend upon the time of electrifi(;ation, i.e., upon the length 
of time that the voltage is applied, its value increasing w’ith tlie time of electrification. 
This phenomenon is sometimes described as electric absorption, the idea being that the 
charge from the plales of the condenser soaks into the dielectric, for an increase in the 
dielectric coefficient for a given impressed voltage means a greater (luantity of electricity 
conducted to th(* plates. This idea is also in accord with the experimental fact that when 
such a condenser is discharged by short-circuiting it with a wire. Fig. 0, the wire then 
being removed, a residual charge appears on the plates after a lapse of a few seconds. 

Dielectric Hysteresis. A phenomenon closely associated with electric absorption is 
the fact that when the electric field in a heterogeneous dielectric is caused to vary rap¬ 
idly an amount of heat is dissipated in the dielectric greatly in excess of that which can 
be accounted for in terms of its leakage resistance as determined by continuous-current 
measurements. This may be due in part to an actual increase in the resistance of the 

* Either condenBers, or dielectrics of different kinds, sizes, or shapes, in contact along equi¬ 
potential surfaces. 
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dielectric with the speed of variation of the field, or it may be due to a phenomenon analo¬ 
gous to magnetic hysteresis, i.c., to a lag of the dielectric flux density behind the electric 
field intensity. Whatever may be the cause of this extra loss of power for rapidly vary¬ 
ing fields, it is generally described as the loss due to “ dielectric hysteresis.” The heat 
developed is in many cases quite appreciable. 

Dielectric Strength. When an electric field is established by a charge on a conductor, 
and the intensity of this field is increased, corona forms in the dielectric at the surface of 
conductors, and if this field is further increased a point is reached at which the dielectric 
breaks down. Under some conditions (corona) the breakdown is not permanent but 
results in the acquisition of a much higher conductivity by the dielectric only while the 
voltage gradient is maintained above the critical value, the dielectric regaining its insulat¬ 
ing property when the field is reduced below this critical value. 


18. ELECTROSTATIC ENERGY AND MECHANICAL FORCES 


Electrostatic Energy. I'rom the general relation expressed liy eciuation 18, it is evident 
that when the potential difTerence between the plates of a condenser is increased from 
0 to V the energy input is 

If’ = I + I Cv dv (21) 

The energy represented by the first term on the right-hand side of this equation is dissi¬ 
pated as heat in the dielectric, but the energy represented by the second term, which, 
when C is constant, may be w’rittcn 

W=i/2CF (22) 

does not represent a dissipation of heat; this is a fact of experience. Moreover, when the 
condenser is diaitharged, by short-circuiting its plates with a wire, this same amount of 
energy 1/2 CV^ is transferred to the wire. Hence, the energy represented by 1/2 CV'-^ is 
said to be stored in the condenser, or preferably in the dielectric of the (ondonser, for the 
electric force F exists only in the dielectric. This stored ent»rgy is called the “ electro¬ 
static ” energy. It is analogous to the energy stored in a spring when the spring is com¬ 
pressed or stretched, Etiuation 22 may also be written 

= (22a) 


The electrostatic energy per unit volume of an electric field may be written 

^ DF _ I F- _ D'-_ 

Sir Sir SttA- 


(226) 


where k is the dielectric coeflicient, F the magnitude of the electric field intensity or 
potential drop per unit distance, and D tlie magnitude of the dielectric; flux demsity or 
flux iier unit area ijeriiendicular to the direction of the drop. 

It should be noted that ecpiations 22 to 226 arc; based on the assumption that k is a 
constant, inaependeiit of the value; of F. 'VN’Ken this condition does not hold, the energy 

required to establish the field is | Cv dv, the evaluation of wdiich depends upon the re- 

lation between C and v. 

Mechanical Forces in an Electric Field. Experience show^s that all bodies (conduc¬ 
tors or insulators) in an electric field exert, in general, mutual mechanical forces ux>on one 
another tending to luoduce such a relative motion as will decrease the energy of the 
field. Lot / be the component of the force lending to move any body in the field in a 
given direction, and let dW lie the increase in the energy of the field due to displacing the 
body a distance dx in this direction; then 


dx 


(23) 


provided this displacement does not cause a change in the existing electric charges in the 
field. As a consequence of this general relation it can be shown that every charged 
surface exerts a force of repulsion on every other surface charged with electricity of the 
same sign, and a force of attraction on every surface charged with electricity of the ojjpo- 
sitc sign. 

In the special case of the two conductors forming a condenser the force of attraction 
exerted by one conductor on the other is 

dC 
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where V is the p.d. across the condenser, C is the capacitance of the condenser, and dC 
represents the increase in the capacitance of the condenser when one conductor moves a 
distance dir away from the other. This relation results from the substitution of equation 
22 a in 23. For example, the capacitance of a parallel plate condenser is approximately 


C = 


AA 

4jrx 


where k is the dielectric coefficient, A the area of the smaller plate, and x the distance 
between the plates. Hence the force of attraction is 


/ 


V^A 


(24) 


ALTERNATING-CURRENT CIRCUITS 

19. GENERAL DEFINITIONS 

The definitions given below are applicable to currents, electromotive forces, potential 
differences, or any other function of time. They are the definitions recommended by the 
sectional committee on electrical definitions of the A.X.E.E. 

Periodic Quantities 

An Oscillating Quantity is a quantity which as a function of some independent varialile 
(such as time) alternately increases and decreases in value, always remaining within 
finite limits. 

A Periodic Quantity is an oscillating quantity the values of which recur for equal 
increments of the independent variable. 

The Period of a periodic quantity is the smallest value of the increment of the inde¬ 
pendent variable whiih separates recurring values of tlie quantity. 

A Cycle is the complete series of values of a periodic quantity which occur during a 
period. 

The Frequency of a periodic quantity, in which time is the independent variable, is 
the reciprocal of the period. 

The Angular Velocity of a periodic quantity is the frequency multiplied by 27r. 

An Alternating Quantity is a periodic quantity which has alternately positive and 
negative values. 

As Examples and to avoid repetition the following statements will be given in terms 
of electrii! currents. 

If a given current is represented by the equation 

i == /(O ( 1 ) 

and if the function /(/) has the ijroperty that 

/(/) = /(i + T) (2) 

in which T is a constant, then the current is said to be periodic in time and T is the period. 
If time is irioasurcsd in seconds then 1/7’ represents the number of periods per second and 
is usually denoted by /. The frequenej^ / may also be said to be the number of cycles per 
second. If, as often liapjiens, the current is expressible more simply as 

% = f{wt) (3) 

in which w is defined by 

/(oiO = fiU -f 2ir) (4) 

then the constant to, being equal to 27r divided by the period or 27r times the frequency, 
is the angular velocity as defined above. That is 

to = 27r/ - ^ (6) 

M aximum , Average, and Rms or Effective Values 

The Instantaneous Value of an alternating current is the value of the current at any 
instant. Instantaneous values of current, potential difference, and emf will be designated 
by small letters throughout this article, viz., i, v, and e. 

The Maximum Value of an alternating current is the numerical value of its maximum 
instantaneous value. Maximum values will be designated by capital letters with the 
subscript m. 
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The Half-period Average Value of a symmetrical alternating current * is the absolute 
value of the algebraic average of the values of the current taken throughout a half period, 
beginning with a zero value. If the current has more than two zeros during a' cycle, that 
zero shall be taken which gives the largest half-period average value. “ The expression 
for the half-period average of a symmetrical alternating current i (t) having a period T is 


= - C 

tJio 


^(0 (it 


(G> 


where to is chosen such that t(t) = 0 at to and lav is the largest value obtainable. 

The Rms or Effective Value. The square root of the means of the siiuares of the 
instantaneous values of an alternating current over a complete period is called the rms 
or the effective value of the alternating current. In specifying the value of an alternating 
current as so many amperes, tliis rms value is always meant unless specifically stated 
otherwise. In the same manner the square root of the mean of the squares of the in¬ 
stantaneous values of an alternating potential difference over a complete period is called 
the rms value of the alternating potential difference. When the value of an alternating 
potential difference is specified as so many volts, this rms value is always meant unless 
specifically stated otherwise. 

The reason for selecting this particular function of the instantaneous values of an 
alternating current or a potential difference as a measure of the current or the potential 
difference, is that the deflection of all instruments used in alternating-current measure¬ 
ments is a function of this rms value. Moreover, the avtirage jiowor dissipated as heat 
in a resistance, r, when an alternating current of rms value I flows through it, is 

Rms values will be designated throughout this arl-icle by capital letters without 
subscripts. The general expression for the rms value of an alternating current is 



and similarly for an alternating potential difference. 


Fonn Factor, Crest or Peak Factor, Deformation Factor 

The Form Factor of a syinmetri(;al alternating current is the ratio of the effective 
value of the current to its half-period average value. 

The Peak or Crest Factor of an alternating currcjit is the ratio of the maximum valuo 
of the current to its effective value. 

The Equivalent Sinusoidal Current of a given alternating current is a sinusoid having 
the same period and tlie same effective value as the given alternating (jurrent. 

The Deformation Factor of an alternating current is the ratio of the maximum value 
of the equivalent sinusoidal (uirrent to the maximum difference betweim the corresponding 
values of the current considered and the eijuivalent sinusoid, when the two are superim¬ 
posed in such a w^ay as to make this difference a minimum. 

Power, Power Factor, Volt-amperes, Reactive Power 

Power. Let r he th(> vahic at any instant of the potential droj) from any point 1 to 
any other point 2, and let i be the instantaneous value of the current from 1 to 2 at this 
same instant; then \he power input at this inst.ant is 

p — vi (8) 

When V and i are both positive (i.e., in the direction from 1 to 2, say) or when they are 
both negative, the power ini)ut is positive; but when v is positive and i negative, or vice 
versa, the power input is negative, i.c., there is an actual pow'er output. 

The average value of the iiroduei ri over a complete period for both v and i (or over 
any whole number of periods) is the average power input or output, usually called simply 
the power input or output (input when the average of vi is positive, output when the 
average of vi is negative), the word average being understood. That is, the average 
power input is 



T being the time for a complete period. 

Power Factor. Only in certain special cases (see below) is the average power input P 
equal to the product of the rms value V of the potential difference by the rms value I 

* A Byinmetrical alternating c|nantity is one of w'hich all values separated by a half period- 
have the same magnitude but opposite sign. The term half-period average has no meaning for 
alternating currents which are not symmetrical. 
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jf the current; it can never be greater and as a rule is less. The ratio of the average 
power P to the product of the rma value V of the potential difference by the rms value / 
of the current is called the power factor of the circuit between the terminals considered, i.e., 

p 

Power factor = 777 (10) 

K I 


When V is expressed in volts and 1 in amperes, then P must be in w’atts; when V is ex¬ 
pressed in kilovolts and I in amperes, P must be in kilowatts. 

Apparent Power. The product of the rms volts across the terminals of a circuit and 
the rms amperes through it is called the volt-amperes or apparent power taken by the 
circuit; this product divided by 1000 is called the kilovolt-ampere input. Or, when V is 
in volts and I in amperes 


Volt-amperes = VI 
VI 


Kilovolt-amperes = 


1000 


( 11 ) 

(11a) 


Reactive power has no ac.cepted definition when either the current or emf is non-sinu- 
soidal. For reactive power with sinusoidal currents and end’s see below. 


20. SINUSOIDAL CURRENTS AND VOLTAGES 

A Simple Sinusoidal Current (simple harmonic current) is an alternating current the 
instantaneous values of which are e<pial to the product of a constant and the sine of an 
angle having values varying linearly with time. Thus 

i = Ifn sin (cof 4 - 0) (12) 

where t represent,s time in seconds, measured from any arbitrarily chosen instant; I,n the 
maximum value of the current; co == 27r/ = "IirlT, w^here / is the frequency in cycles per 
second and T the jx'riod as a fraction of a second; and 0 a constant which depends upon 
the instant chosen as the zero of time. 

The quantity Im is often (tailed the amplitude of the sinusoidal current. 

The Phase of a ixwiodic current for a particular value of the independent variable ia 
the fractional part of a iieriod through which the independent varial)le has advanced, 
measured frcjiii an arbitrary origin. For a simple sinusoidal fmrrent, th(? origin is usually 
taken as the last previous passage through zero from the negative to positive direction. 
The phase angle is tiie angle obtained by multiplying the phase by 2% if the angle is to be 
<!X])r(;ss(‘d in radians, or l)y if the angle is to be expressed in degrees. 

In geiK'ral, when a sine-wave emf is impressed on a circuit llie resulting current is 
likewise a sine function of time (transient state ignored) having the same frequency, but 
the emf and current, do not reach their maximum values simultjineously. Let the current 
be represented by equation 12 and the voltage be given by 

V — Vni sin cot (13) 

where I is the time measured from the instant w’heii v — 0, and is increasing in the positive 
direction. The voltage reaches its maximum value when t ~ the current reaches its 

2ci) 

maximum value when t — — -—. Ilencc when 0 is positive the voltage or potential 

2a> CO 

drop roaches its maximum value O/w seconds after the current reaches its maximum, or 
the current reaches its maximum value 0 /co seconds before the potential drop reaches its 
maximum; w^hoii 0 is negative the ciiiTcnt reaches its maximum value 6 /co seconds after 
the liotonlial drop roaches its maximum. In the first case, the current is said to “lead’* 
the potential drop; and in the second, the current is said to “lag” the potential drop. 
The angle 0 is called the angular phase differcnco betw'een the current and potential drop. 

When the phase difforonce is zero the current and potential drop are said to Vjo “in 
phase”; when the phase difference is 7r/2 radians or 90° the current and potential drop are 
said to be “in quadrature”; when the phase differcnco is tt radians or 180° the current 
and potential drop are said to bo “in opposition.” 

Power and Power Factor. Let the voltage drop from terminal 1 to terminal 2 through 
any piece of apparatus be ?; = V 2 F sin (cot -f 6v), and the current from terminal 1 to 
terminal 2 be i = V'21 sin (wt -f- 6/), where V and I are the rms values and V2K and 
“^21 are the maximum values. Then the instantaneous power input is 

p ^ vi ^ VI [cos (Oo — Oi) — cos (2(i3t + 4- ^i)l 


(14) 
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A study of Fig. 1 will show the physical meaning of this expression. The average power 
input is 

P — VI cos {Bv — Bi) (14a) 

where (0^ — Bi) is the angular phase difference between the current and voltage. 

Putting B for this difference in phase, viz., B — B^ — Bi, equation 14a may be written: 

P — VI cos & (146) 

Whence the power factor of the load supplied to the apparatus is (from equation 10): 


cos B = 


VI 


(14c) 


Since with sine-wave currents and voltages the power factor is equal to the cosine of 
the angle which expresses the difference in phase between them, this difference in phase 
is frequently called the “power-factor angle.” If the wave shape is not a pure sine curve, 
the pow'er factor cannot be interpreted as the cosine of the phase difference, for phase 
difference has no definite meaning except in reference to sine waves; see definitions above. 
A non-sinusoidal voltage and current may both reach their zero values at the same in¬ 




stant, and in a sense may lie said to be ‘‘in phase,” but the power factor as defined by 
equation 10 may be far from unity. 

The Reactive Power in a circuit in wdiich a sinusoidal current is flowing is equal to 
the effective emf times the effective current times the sine of the phase difference between 
them. When the emf and current are in volts and amperes respectively the reactive 
power is in mrs. 

Vector Representation of Sinusoids. Consider any sine function 

i — Im sin cot 

The value of i at any instant may be represented graphii-ally, see Fig. 2, by the vertical 
projection (i.e., the vertical distance from Pi to OX) of a point Pi at the end of a radius 
OPi = Im which revolves * at a constant angular velocity co about a fixed point O, the 
angle cot being measured from the horizontal fixed line OX. Similarly, any other sine 
function 

K = Vm (w< + B) 

may be represented by the vertical projection of the point P 2 at the end of a radius 
()p., = also revolving about O with a constant angular velocity w, the angle between 
OPi and OP 2 , when the frc<iuency of both i and v is the same, remaining fixed in value and 
equal to the difference in phase 6 Ix^tween v and i. That is, v and i may be rejiresented 
by rotating vectors (q.v.). AMien v and ^ are of the same frequenc.y the relative position 
of the two vectors remains fixed. Similarly any iiumlx?r of currents and voltages of the 
same frequency may he represented by rotating vectors which remain fixed with respect 
to one another. 

Instead of referring the various rotating vectors to a fixed line OX, this line of refer¬ 
ence may also be considered as rotating with the same speed as the various vectors, or 
any one of the vectors mav lx? chosen as the line of reference, for example, the vector 
OP, in Fig. 2. The rotating vectors referred to this rotating line of reference are then 
fixed with respect to this line of reference, and the entire diagram may be considered as 
fixed, as in Fig. 3, the originally chosen fixed line of reference OX rotating in the opposite 
direction with an angular velocity co. 

Instead of making the vectors equal in length to the maximum values of the sine 
functions they may be chosen equal in length to their rms values. This merely introduces 

• Counter-clockwise rotation was adopted (1911) as standard by the International Electro¬ 
technical Commission. 
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a factor VT so that the instantaneous^^alue of the quantity which any rotating vector is 
considered to represent is equal to V2 times the perpendicular distance from the end of 
the vector to the fixed line of reference. 

Since the rms values and phase relations of sine-wave currents and voltages may be 
represented by vectors, sine-wave currents may be added in exactly the same manner as 
vectors arc added, and similarly for sine-wave voltages. To add any two sine-W'ave 
currents or voltages not only their effective values but also their phase relation must 
be known; the resultant of two alternating voltages of rms values and Fa is never 
the arithmetical sum of Fi and Fa, except when the tw'o voltages are exactly in phase, 
and similarly for alternating currents. 

In Fig. 3, considering 01 as equal to the rms value 1 of the current and OV as repre¬ 
senting the rms value F of the voltage, the vector voltage V may be considered as made up 
of two components, viz.: 

T'l = F cos 0 in phase with tlie ^^ector I 
V'ji — V sin 6 in quadrature with the vector I 

The average power corresponding to the component Fi = cos 0 is, from equation 146, 
Fi I = VJ cos 0, and is eijual to the total power corresponding to F and /. The average 
power corresponding to the component F 2 = V sin 
0, since tlie angle between the current and this 
component of the voltage is 90°, is equal to zero. 

The voltage component Fi = F cos 6 is therefore 
frequently called the “power” component of the 
voltage, and the component F 2 = F sin 0 is fre¬ 
quently called the “wattless” component of the 
voltage. These terms, however, are not recom¬ 
mended. It is preferable to refer to these two 
components as the in-phase and quadrature com¬ 
ponents respectively. The terms active and re¬ 
active components are also used. 

Similarly, the vector current I may be considered as made up of two components, viz.: 

1\ ^ I cos 0 in phase with F 
I 2 — I sin 0 in quadrature with F 

The first comfionent is called the in-phase component of the current and the second the 
iiuadraturc component of the current. 
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Fourier Series, Harmonics. It can lie shown that any siiiale-valued, periodic function 
(which fulfills certain matliernatical conditions always fulfilled l)y electric currents) may 
bo roprcHtuifed by a sum of sinusoids of which the frev^uencies form an arithmetical pro¬ 
gression. Hence any current i{t) can be written 


I 2t lit 

Ui) — Ao + sin I'tt - -j- A’l sin 27r -f- . . . + An sin Stt — -j- . . . 

t 2t nt 

-f Bi cos 27r — d- Bi cos 2x y, + . . . -f .Bft cos 27r y + . • • 

where the values of the coefficients A and B are given by the integrals: 



(15) 

(15a) 

(156) 


The series (15) is called a Fourier series. 

If an analytic expression for i(t) is available and if the integrations (15a) and (156) 
can bo performed, the terms of the Fourier series (15) may be written out. In practice 
the function i{t) will usually bo obtainable only in the form of a plotted curve and the 
evaluation of the A’s and i?'s must be carried out by graphical means. This process is 
called harmonic analysis. Various means of harmonic analysis have been devised, of which 
the Fisher-Hinnen method is perhap.s the most convenient in ordinary cases. See 
Pender's Handbook for Electrical Engineers. 
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If the terms involving the same frequencies are combined, and if ” = to, (15) may 
be written 

i'(0 = /i fcin {(t)t — Si) + Ji sin (2coi — ^ 2 ) + • • • + sin (ncoi — On) + • • • (It)} 

The term I\ sin (tof — B\) is called the fundamental, and the terms In sin {noit — 
are called hurnimdcs. The order of a harmonic is the ratio of the harmonic frequency to 
the frequency of the fundamental. Each harmonic is characterized by two constants, 
its nmiilitude In and the angle On- It siiouM be noted that this angle may be given in 
either of two ways; 

In sin {fioit — On) (17a) 

In gin n {oil — On') (17/i) 

In the first notation the angle On is taken relative to the period of the harmonic, whereas 
in the second notation the angle Ojf is taken relative to the jieriod of the fundamental. 
It follows that 

On = nOr' (IS) 

Rms Value of Non-sinusoidal Currents. The rms value of a non-sinusoidal currcMit 
can be obtained directly from eriuation 7, Art. 11), or if the rms values I\, 1 2 , 1 3 , etc., of the 
fundamental and harmonic.B are known thci rms value of the resultant current is 

I = ^J7T17TT,n~. (19) 

A like relation holds for the rms value of a non-sinusoidal voltage. Similarly, if for 
example a 25-cycl(? (‘mf, say Abr,. and a direid emf, say Eu, are acting in series in the same 
circuit, the rms value of the resultant emf of the combination is 

E = V/i',.; + ti/ 

The Power Corresponding to Non-sinusoidal Currents and Voltages may be computed 
as follows: 

IjCt 1 1 be the rms value of the fundamental of the current, Vi the rms value of the 
fundamental of tlie voltage, and 0\ the difTeremro in pluisc b(?twoen these two fundamentals, 
both being of the same freiiuency; let 1 2 , 1 2 . n.nd O 2 be the corresponding quantities for the 
second harmonic; let i;t, V'.i, and O 3 be the corresponding values for the third harmonii^, 
etc. 'I'lieii th<j average power is 

p — V’l/i cos 0i + V 2 I 2 cos O 2 + Viih cos 6z -f etc. (20) 

That is, each harmonic contributes an amount to the total power equal to the iiower it 
would develop were the other harmonics not jircstait. If, for example, the third harmonic 
is not present in the current wave, then this harmonic contributes nothing to the average 
power even though there may be a large third iuirmonic in the voltage* wave. Again, 
when a 25-cycle allernating emf Abj and a direct emf E,i are acting in aeries on the same 
circuit the power developed i.s the sum of tlui powers which each would rlevelop if they 
acted st'iiarately, but the resultant emf of the combination is not A ’25 + A\/, but, as noted 
above, '\'ErJ + E,{‘\ 


22. CURRENT AND VOLTAGE RELATIONSHIPS 


Electric Circuit Purameters. The following :ire restatements of i)rinci|)les given in 
foregoing articles; 

(a) d'he flow of a current i through a resistance R is alw'ays accompanied by a drop 
of electric juiteiitial. or voltage dro|), in the direction of this current, equal at each instant 
to the product of the resistance and the current. 

»V =- Ri (21) 

(h) The flow of a current i through a .self-inductance L is always accompanied by a 
voltage drop, in the dir<;ction of this current, eijual at each instant to the product of the 
inductaiue and the rate of increase of the current. 


VL 


rJf 

dt 


( 22 ) 


(c) The flow of a current ih through a conductor B which has, with respect to another 
conductor A, a mutual inductance M, is always accompanied by a voltage drop in the 
conductor A equal at ea<^h instant to the product of the mutual inductance and the rate ol 
increase of the current in the conductor D. 


®Af = 


d' 


(23) 
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The direction of the mutual inductive drop in the conductor A is such as to link in the 
right-handed screw direction the magnetic flux produced by the current in the conductor B. 

(d) The flow of a (displacement) current i through a capacitance C is always accom¬ 
panied by a time rate of change of voltage drop equal at each instant to the current 
divided by the capacitance. 


dvc i 
~di ~ C 


(24) 


The voltage vc is therefore equal to the integral of i/C from the instant at which vq 
was zero up to the instant under consideration 

rt i 

VC = I z,dt (24a) 

Jt(i ( 


Since the value of this integral is always zero at the lower limit, it is customary to omit 
the limits of integration and write simply 


VC = 



(24b) 


The quantities li, L, C, and M are called electric circuit parameters. 

Operative Impedance. Any portion of an electric circuit which contains a resistance, 
an inductance, or a capacitance, or which contains tw'o or more of these quantities, is said 
to offer an impedance to the flow of an electric current. 

The drop of electric potential through any portion of an electric circuit due solely to 
its resistance, inductance, and capacitance is calietl the impedance drop in this portion of 
the cinaiit. 

The impedance drop tlirough an impedance formed by a resistance R, inductance L, 
and capacitance C in scries, duo to the flow' of a current i through it, is 


The drop of potential 




idt 


n r 


(25) 


in any conductor A due to the mutual inductance.between A and any other conductor B 
is called the mutual impedance drop in A duo to the current ip in B. 

'rhe group of operations represented by the three terms in the right-hand member of 
25 is often represented by the single symbol Z. 

Z = H + L~ + Udl (25a) 

dl O 


The operator Z is referred to as the operative impedance of the portion of the circuit under 
consideration. 

The term operative mutual impedance is used when the mutual impedance drop is 
wiitten Z„ji, where 

Z„ = M 4 (25W 

dt 

It is customary in electric circuit theory to use the notation p — Thus Z defined 
nbovts is often written Z(p). 

Emf. Electromotive forcie has been defined as that projierty of a device which tends 
to produire an electric current in a circuit. It is convenient in electric circuit theory to 
narrow this definition to include only those sourctis of potential difference not defined as 
impedance drops. Making use of this restricted definition of emf, Kirchhoff’s second law 
is stated: “ The sum of the emf’s is, at any instant, equal to the sum of the impedance 
drops,” whereas making use of the more general definition this law is stated: ‘‘The sum 
of llie emf’s is at any instant equal to the sum of the resistance drops.” 

Impedance Equations for a Network. KirchhofTs second law applied to mesh 1 of 
Fig. 4 gives 

Zigiia + ^iziis + ^uiu + — €12 cn + cu + C15 ( 26 ) 

where the Z’s arii the operative imiiedanccs of the several branches which make up this 
mesh, the i'a are the branch currents, and the c’s are the emf’s, if any, in the respective 
branches of the mesh, the positive sense of each emf being taken as clockwise around the 
mesh. 

In terms of the mesh currents defined in Art. 7, the equation may also be written 
(^vi -r Zu "b “ Zi 2 i 2 — Zuiz — Z\\i^ — ZvSz = C 12 + ca d* €14 + cig (27) 
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This relation may be simplified by putting 


= /i 2 + ^13 + + - 2^16 (27 a) 

and ei = ci 2 -f ci3 -|- ei4 + 

Equation 27 then becomes 

Ziiii — Z]2?'2 ZrM — Zuu — — Cl (28) 


In this equation the operator Zn is the sum of the operative impedances of the several 


Mesh 2 



V = 


branches of mesh 1, and ei is the algebraic 
sum, in the clockwise direction, of ail 
emf’s in this mesh. 

If as many independent mesh equa¬ 
tions, of the form 28, as there are mesh 
currents in a given network, are written 
down, the set of equations can be solved 
for the various currents. Such equations 
are called the impedance equatioris of the 
network. 

Differential Equations in Terms of 
Quantity of Electricity. When capacitances 
exist in any of the meshes of the network the 
impedance equations contain some deriva¬ 
tives and some integrals. Equations of this 
type are more difficult to handle than true 
differential equations. It is often more con¬ 
venient therefore to express the relation 
shown by equation 28 in terms of tht 
quantity of electricity q. If we write 


then equation 28 becomes 


in which 


Z\\qi — Z'uq^ — Z'i 4<74 ~ ~ ci 

Z'rs = {Zrs ~ + Lrs 


(30) 

(31) 


Equation 30 is a true differential equation. 

Superposition. Linear dijTercntial equations are differential equations, such as the 
above, having coefficients which are constants, or which are functions of the independent 
variable only. They have the property that the sum of the solutions is also a solution. 
That is, if and :c 2 are two solutions of a given linear differential equation then xi + 
is also a solution of the given equation. 

Suppose the equation to be non-homogeneous, and let the non-homogoneous term be 
*4i. Call the particular solution of the etjuation corresponding to this condition xi. 
Now let the non-homogeneous term be given the value A t, the remainder of the equation 
remaining the same, and let the particular solution corresponding to this condition be x^. 
Then it can be shown that xj -f- is a solution of the equation when the non-homogeneous 
term is given the value Ai -f .42. 

The above princii>les jointly arc called the principle of superpos^ion. Electrical net¬ 
works in which this principle holds are called linear networks. 

Exponential Emf, Charge, Current, and Impedance. Derivatives and integrals of the 
simple exponential function bear simple relationships to the function itself. Further¬ 
more, any arbitrary function may be expressed in terras of a sum of exponential terms. 
For these reasons, and especially because the simple sinusoidal function is simply expres¬ 
sible as a sum of exponential terms, it is customary to formulate the solution of electric 
circuit problems in terms of exj>onential currents. 

It has been shown that, w^hen the parameters of a given network (the factors R, L, 
Jl/, and C) are constants, the electric charge equations for this network are a set of simul¬ 
taneous, linear differential equations with constant coefficients. The complete solution 
of such a set of equations is a sum of terms of the form 


q = Qt^e^ (32) 

where Q, g, and jS are constants, the values of which can be expressed in terms of the 
applied emf s, the parameters of the netw’ork, and the conditions which existed in the 
network at the time of application of the emf s. The solutions of the current equations 
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of the network may therefore likewise be expressed as a sum of the terms of the form 

i === / (33) 

The general forms (32) and (33) rarely occur, and so the usual case in which g = 0 
will be assumed here. In the exponential current 

i = 

the quantities I and are c ften called the initial value and the periodicity of the current 
respectively. 

I rom equation 25a the impedance drop corresponding to the current 
i = [ 

is v = Zi = + Lti+ I (34) 

The factor in the parenthesis is a constant for any given value of /3. That is, for a current 
of the form 1 the operative impedance 

^ = " + + 

reduces to the simple algebraic quantity 

ZOi) =H + dL + (35o) 

This quantity w’ill be referred to as the exponential impedance. 

From the above it is evident that an exi>oneiitial volt;ige drop is alw^ays associated 
with an exponential charge and current. 

23. STEADY-STATE SOLUTION 

Definition of a Steady State. 'Ihe c(niip!oto solution of a iion-hoinogeneous linear 
differential eejuation having constant coefficients, consists of a particular function which 
satisfies tlie given equation plus the most general solution of the homogeneous equation 
(see Section 11). 

In stable * electrical systems the charges and currents represented by the solutions of 
the homogeneous eejuations decrease rapidly with time. After a brief interval following 
the application of emf’s to such a system the currents and cfiarges are represented by the 
l)articular solutions of the non-homogenoous equations only. When this condition has 
been reached the system is sjiid to have attained a steady state. During the interval be¬ 
fore this condition is reached the system is said to be in a transient state. 

In linear electrical syst('ms the steady-state currents and usually the charges have the 
same wave form (i.c., are represented by time functions of the same type) as the impressed 
voltages. 

Sinusoidal Emf’s. A sinusoidal ernf given by 



e = V2E cos(w/. + 0 ) 

(36) 

may bo written as 

the sura of the two exponential components 



e' — E'tJ^^ 

(37) 

in which j = ‘V— 

e" = E^'e-M 

(37a) 

1 and in which 



E^ = A- EtJ<f> 

V2 

(37h) 


E" = —Ee-Ji* 
v'2 

(37c) 


In equation 30 the constant E is the rriis value of the omf, and co is its angular velocity. 

In electric (dreuit theory the i)hase differences between various quantities having the 
same frequency are of importaiuie. Since these differences in phase are independent of 
the instant at wdiich they are evaluated, it is customary to refer to the angle 4> (which is 
the phase angle when f = 0 ) as the phase angle of the emf. The two constants E' and 
E" in equations 37 are the initial values of the two exponential components of c, and jeo 
and (—jico) are the periodicities of the.se tw'o comi)ononts. Note that the two initial 
vames E' and E” are conjugate complex numbers,! and that the two periodicities jw 
and (—jeo) arc conjugate imaginarics. 


* For a definition of stability refer to Art. 25. 

t Complex numbers will be printed in bold-face type throughout this article. 
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Complex Number Solution. It can be proved that during steady state an exponential 
current having a given periodicity exists in a stable linear network when and only when 
there is impressed upon the network an exponential einf having the given periodicity. 

Each current which flows in a given network due to the application of a sinusoidal 
emf is therefore comiiosed of two exponential comjxinents, each due to one of the ex¬ 
ponential components of the sinusoidal emf. The superposition theorem states that 
these two components may be computed separately. 

Let the sinusoidal emf, given by equation 30, be applied to a mesh (say mesh 1) of a 
network, and consider the currents flowing due to the component c', equation 37. Each 
of these currents will be of the form 

4' ~ h' (38) 

and each self-impedance drop (see 35a) will have the form 

Zkkik' = P'A: + iwLfc 4- I h' (39) 

Mutual impedance drops will be of a similar form. Hence any one of the impedance 
equations such as 28 will contain the factor in every term, and this factor can be 
divided out. This results in a set of equations containing as unknowns the complex 
numbers representing the initial values of the exponential currents and as coeffieients 
the complex numbers obtained by putting p ~ jeo in the various operative impedances. 

7 'he initial value of the exponential current 4' flowing in the kih mesh may be written 

h' = Ak (40) 

The currents which flow in the network due to the other component e" of the sinusoidal 
emf will be of the form 

4" = (41) 

The initial values of those currents wdll be obtainiid from a set of complex number equa¬ 
tions in which every term is the conjugate of the corresponding term in the set of ecjua- 
tions for 4^ The initial value of any one of these currents, say 4", can be shown to be 
the conjugate of the initial value, 4 '. of the corresponding current, viz., 

4" - Ak t-jOu (42) 

The actual steady-state sinusoidal current flowing in the kih mesh due to the appli¬ 
cation of the sinusoidal emf to the finst mesh i.s the sum of the two exponential currents 
4 ' and ik'\ 

ik = 4' + 4" ” 2.4/; coaicot -f- Ok) (43) 

If, in solving the mesh e<iuations, the initial values 375 and 37c were replaced by tho 
values and then a new' value of Ak equal to ‘V'^2 times the value in equation 43 

would be obtained. Let this value be called Ik, i.e,, 

4 = ^'2 Ak (44) 

In terms of the quantity 4 the current ik is 

4 = ^'-ilk cos (wf d- 0 /j) (45) 

From the above we have the folk^w ing simple procedure for finding the steady-state (!ur- 
rents produced in a network by a group of sinusoidal emf’s of a given frequency: 

(a) Write the operative imi>edance equations 27 and 2 S described in Art. 22 . 

(5) Replace each emf in the riotwx)rk by a complex number having a modulus equal 
to the rni.s value of the given emf, and a phase angle equal to the phase angle of the given 
emf (when expressed in cosine form). 

(c) Replace the self- and mutual operative impedances of the several meshes of the 
network by complex numbers obtained by putting p — (Jeo), where w is the angular veloc¬ 
ity of the given .sinusoidal electromotive forces. 

(d) Reiilace eaih current in the network by an unknown complex number, and solve 
for these complex numbers. 

(c) The rms values of the various currents are the moduli of the corresponding com¬ 
plex numbers, and the phase angles of the currents (when expressed in cosine form) are 
the pha.se angles of these complex numbers. 

This method is know'n as the CAntiplex number method for alternating currents. 

The complex numbers obtained from the operative impedam^es are usually referred 
to as vector impedances or often simply as impedances. Although the term impedance 
is used for both the differential operator and the eomplex nunilier, the term used without 
qualification usually means the (romidex numlier. A still more general definition of 
impedance is given below. The algebra of complex numbers is treated in the section on 
mathematics. 
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Impedance, Admittance, Reactance, Susceptance. In previous paragraphs the terms 
operative impedance and vector impedance were defined. Although the term impedance 
is loosely used to designate either of these, the accepted definition of impedance is; The 
imt^edance of a portion of an electric circuit , to a completely specified periodic current and 
potential diffcrencic, is the ratio of the effective value of the potential difference between 
the terminals to the effective value of the current, there being no source of emf in the 
portivin under consideration. 

Impedance defined in this way is a real mimlicr which in a sinusoidal current and Amlt- 
age reduces to the modulus value of the vector impedance defined above. 

Adnnltance is defined as the reciprocal of the impedance. The vector admittance is the 
reciprocal of the complex number representing the vector impedamie. 

Impedance and admittance, as thus definetl, both dej»end upon the frequency and wave 
shape of the current. Impedance is expressed in the same units as resistance (e.g., ohms), 
and admittance in the same units as conductance (e.g., mhos). 

The reactance of a portion of a circuit for a sinusoidal eurreni, and lienee for any one 
of the frequencies of a periodic current, is the ratio of the quadrature eompoiient of the 
potential difTerence for a particuLir freejuemry to the value of the current for that fre¬ 
quency, there being no source of emf in the portion of the circuit under c(;.isideration. 

The atisccptancc of a portion of a circuit for a sinusoidal {lotential difference, and hence 
for any one of the frequencies of a periodic pot.ential difference, is the ratio of the (piad- 
rature f-omponent of the current for a particular frequency to the value of the potential 
difference for that frequency, there being no source of emf in the portion of the circuit 
undor consideration. 

From the definitions given above it may be shown that for sine-wave currents and 
voltages of a given fre(iuency the following relations hold for a ‘y portion of a circuit: 


Z — r A- jx 
Z = 





Y = 



T 




(46) 


where r == effective resistance, x = reactance (taken positive when inductive and nega¬ 
tive when cap.'icitive), g — effective conductance, h = suscor>tan(*,(‘ (taken positive when 
inductive and negative wlicii capacitive), Z — impedance, Y — admittance, Z = vector 
inipedaiK'o, and Y -- v<;e,tor admittaiico, all for the given portion of circuit. 

Vector Impedances in Simple Circuits. The vector impedances of the various circuit 
elements (x) a .sinusoidal current having .an angular velocity oj are: 


In a resistor Zr ~ R 

In an inductor — jicL 

In a capacitor Zc = = — j 

The mutual impedance in a device having mutual inductance is 

Zm — jwAI 

Th(« product (w//) or (wA/) corresponding to a self-ind.nctance L, or to a mutual in¬ 
ductance M, is (‘ailed the reactance of Ihi.s inductance at the angular velocity co. Similarly 

the expression-- corresponding to a capa(;itan<!c C is called the reaclancc of this capac- 

coC 

itance at the angular velocity co. Notx^ that the reactance of a eapacitanee Ls always 
negative. Tli(;.se statements are in .agreement with the previous definition of reactance. 

In gc'iKTal, then, the vector iinpcalance of any inosh, or the mutual vector impedance 
of any two meshe,s, may be written in the form 



Z =-r+jx (47) 

where r is the sum of the effective resistances and x is the algebraic .sum of the reactances 
of the several portions of the network which make up thi.s impedance. 

Tiie vector impedance (r + jx) may also bo (expressed in the form 

Z = Z/(9 
Z = Vr2 4- 


where 


(48) 

(48a) 
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is tbe modulus oi the complex number (r jx) and 


d = tan * 


(') 


( 486 ) 


is the phase angle of this complex number. 

In equation 48 the symbol Z is read “ at an angle of ” and has the same mathematical 
significance as tK Thus Z Z.0 is identical with.Zt^®. 

When two or more vector impedances Zi, Z% etc., are coiinec/ted in series, so that the 
same current / flows through each the total impedance drop through the group is 


V = ZxJ ZJ + .. . 


(49) 


- + Z2 + Za. . .) / 

hence two or more vector impedances in series are equivalent to a single vector impedance 
equal to the sum of the several impedances. 

When two or more vector impedances Z\, Z% etc., are connected in parallel, so that 
the voltage drop is the same for each, the total current through the group is 




(50) 


It is customary to express this law in terms of the vector admittances Fi, F 2 . 

Two or more vector admittances in parallel are equivalent to a single vector admittance 
equal to the sum of the several admittances. 

Calculation of Power. The average power in a circuit in which the current is i and 
the voltage drop is v is 

1 

P = - I xidt 
1 ./() 

With a sinusoidal current and voltage 


cos {(Jit d- 6v) and i — y/21 cos {id + Oi) 


this power is equal to P = VI cos {0^ — Oi) 

The vector voltage and vector current in this case are 

V = 

/ = 


of which the product is not the avenge power. The average x)ower is given by the real 
part of the product of the vector voltage by the conjugate of the vector current, 

P = real part of (F {1 (51) 

This may be exjiressed in terms of the components of the vector current and voltage as 
follows: 

Let F=Fi+yF 2 

/ - /i,+ y/2 

tlien P = Fi7i + F 2/2 (52) 


Complicated Circuits. The vector imi>edance efiuations described give the complete 
steady-state solution of any complicated electrical network. If there are n meshes in 
the network these equations are 

Z\\I\ ~ ZrJ'i — Znh ... — Zinin — 

— Znl\ + — Z>i:ih ... — Z^nln = E 2 

— Zull — Zzil-i + ^^' 33/3 ... — Z'irJn ~ Eti 
^\nln Z-inl'i. Z-^nl^ ^nyiln ~ En , 


which can be solved cither by successive substitutions or by the method of determinants. 
If the number of equations is small the solution by substitution usually results in less labor. 
If there are many meshes the method of determinants often results in a saving of time. 
These methods for solving algebraic equations in complex numbers are described in the 
section on mathematics. 

Resonance. It has been pointed out that the reactance of a circuit is positi\^e when 
it contains inductances only and negative when it contains caxiacitances only. The 
reactance under both conditions is a function of frequency. It is apparent therefore that 
the net reactance of a circuit containing both inductance and capacitance may vary 
through wide limits as the frequency of the current varies over a given range. If the 
resistance is small the current in a circuit for a given magnitude of potential difference 
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may be excessive at a particular frequency of the applied voltage. This phenomenon is 
known as reaotiance. More generally, resonance exists between one coordinate of a sys¬ 
tem, which is executing oscillations, and a periodic agency, which maintains the oscillations, 
when a small amplitude of the periodic agency produces in the system a relatively large 
amplitude of oscillation. 

Amplitude resonance exists when the resonance is such that any change in the period 
of the emf without changing its amplitude produces a decrease in the amplitude of the 
current. 

Natural resonance exists when the period of the applied emf is the same as the natural 
period of oscillation of the system. 

Phase resonance exists when the angular phase difference between the fundamental 
components of the current and the emf is 90“, 

The two simplest (jascs of resonance, called parallel resonanire and series resonance, 
occur when a capacitor and an inductor both having negligible resistance are connected 
in parallel and have impressed on them an emf having a frequency 


27rVLC 

With parallel resonance the current is zero; with series resonance the current is 
infinite. These are limiting values applicable when the resistances are zero. 


TRANSIENTS 

24. GENERAL EQUATIONS 

Definition of a Transient State. The (furrents in an electric circuit are said to be in 
a transient state in the in terval of time between a change in the emf or impedance condi¬ 
tions in the (urciiit and the establishment of a steady state (q.v.). During this interval, 
currents flow which usually dei^rease rapidly with time. Some transient currents persist 
for a comparatively long period of time. 

Natural Periodicities, Characteristic Determinant. In Art. 211 it was stated that 
steady-state exponential currents of a given periodicity could exist in a stable linear 
network only when there was impressed on the network an emf having the given perio¬ 
dicity. This is not true of transient currents. If there are no emf’s whatever applied to 
a network having n meshes the exponential impedance equations arc 


/i - ZvAfith - . 

■ - ^in(P)/„ = o' 

•^21 (p) h + ^22(P,)/2 — . 

. - ^2n(P)/„ = 0 

Al(P)Il - - . . 

' • + ^Tin(P)^n = 0_ 


The condition that this set of homogeneous equations be consistent (i.e., that the 
currents are not all zero) is that the determinant formed of the coefficients be zero. The 
values of ^ which make the determinant zero are the p(*riodicities of current which can 
exist in the network when no emf of a corresxionding periodicity is impressed on the 
network. 

These values of P arc called the riaiural periodicities of the network. The determinant 
coefficient will be (jailed the characteristic dderrninant of the network and will be written 
D(p). This determinant is a polynomial in p because each of the Z'h is a polynomial 
in P. Since each of the Z’s may be of second degree, the characteristic determinant may 
be a polynomial of the 2nth degree in P giving rise to 2n natural periodicities. 

Nature of the Roots of the Characteristic Determinant. The roots of the character¬ 
istic determinant arc usually real or complex; in some cases (for example, in an idealized 
network having no resistances) they may be pure iniaginaries. 

Since all the coefficients of the polynomial i)(P) are real numbers the imaginary or 
complex roots always occur in conjugate pairs. Thus if a given root has the value 

P* = aA: + jwt (2) 

one of the other roots will have the value 

Pa' ~ oct— jwi (2a) 

The roots may all have different values or some may be repeated. With repeated 
roots the form of the transient currents is different from that occurring in networks for 
which the characteristic determinant has no repeated roots. 
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Tho various natural periodicities will be denoted by 

Pl, P2, .... P^, , P.U 

where M is the total number of different values of tlie roots. If a given root, say the 
kthf is repeated ric times, then the factor (P — Pa) o(‘(;urs -}- 1 times in the expression 
for X>(P), hence the following equation expresses the characteristii; determinant as a func¬ 
tion of the roots: 

/)(P) = (P - Pi)"i^^ (P - ... (P - ... (P - Pif)""-"’ (3) 

Form of Transient Current, No Repeated Roots. When all the roots of the (iharacter- 
istic determinant are different, the current in, say, the w mesh will have a component 
with periodicity Pi and initial value /«,!, a component with periodicity P 2 and initial value 
Iw 2 , etc. The current in this mesh can therefore be written 

M 

iw^Ulwk (4) 

The initial values of Iwk dtipend upon the conditions which existed in the network at < = 0, 
as explained in the last paragraphs. 

If the conjugate jiairs of complex or pure imaginary roots be added together, sine or 
cosine terms result. The current in the w mesh can then be written 
.9 M 

iw = ^ fwk ^ Iwk e'‘k*cos(o}kt + Bh) (4c, 

A-=l 

in which s is tho number of real roots and M — sis the number of roots which are complex 
or pure imaginary. 

Form of Transient Current, Repeated Roots. It can be shown that the component of 
transient current in the v) mesh having the periodicity Pa, where Pa is a repeated root of 
the characteristic determinant, is 

iwk — Au/cO + twk\ f^k^ • . . + Iwkrjc ^ 

where is the number of times the root is repeated. Hence in general 

M 

iwk ~ ^ ^ Jwkg ^ (5> 

The initial values Iwkg depend upon the conditions which existed in the network 
at < = 0. 

Boundary Conditions. The character of tho time fuiKitions representing the transient 
currents were stated above, but the initial values of the exponential currents were luide- 
termined. The number of these initial values to be determined is always equal to the 
degree of the characteristic determinant 1>(P) multiplied by the nunilxir of mesh cuni'iits 
in the impedaiKic e(iuationH. Tliis number can never exceed 2n? where n is the number 
of mesh currents. The set of (filiations 1 provides a means of reducing this number; if 
in each eciuation the term involving a given current, say /a, be transferred to the right- 
hand side and the equations be considered as non-hom(jgeneous in (n 1) currents, then 
it is possible to find each of the (n-1) currents in terms of /a. This results in a reduction 
in the total number of undetermined initial values to the degree of the determinant Z>(P). 
Hence as many additional conditions as the degree of the c.hara(;teristi(; determinant 
must be specified in order to make the statement of the problem complete. Mathemati- 
colly the additional statements reijuired are called boundary condUioris and may take 
various forms. Physically thesi. additional statements n^present a specification of the 
condition of the electrical network at the instant of occurrence of the change which ini¬ 
tiated tho transient under coiisidi'ration. Practically it is convenient to specify the vari¬ 
ous charges and currents existing in the network at t = 0. Spetaal circumstances arise in 
which the number of charges and currents in the network may exceed the degree of D (^); 
a number etiual to the degree of I>(p) only may then be specified, the others being deter¬ 
mined by the impedance eiiuations. 

A particular set of boundary conditions which is of importance is that set which 
Bpecifies an electrical system initially without energy. They are called the equilibrium 
condUions, and a system for which they are applicable is said to be in efiuilibrium. 

Indicial Admittance. The current response in a mesh of an electrical network initially 
in equilibrium to a unit cmf applied to a pair of terminals in the given mesh is called the 
input indicial admittance, of the network at those terminals. Tlie current response in 
another mesh of the network under the same conditions is called the transfer indicial 
aamittance from the mesh in which the emf is inserted to the messh in which the current 
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is considered. The indicial admittance consists of a sustained or steady-state term plus 
a transient term, the boundary conditions for the transient term being those of eQuilib- 
rium. The indicial admittance has the important property that an expression for the 
total current (including both sustained and transient currents' which ifows in a network 
due to the application of an emf of any type whatever can be found when the indicial 
admittance is known. This expression, known as the Duhamel integral, is 



-X) Eji:\)d\ 


( 6 ) 


in which vdt) = the total c.urrent in the kih. mesh. 

Ej(t) = the emf impressed in the ith mesh. 

hjM — the transfer indicia! admittance from the jth mesh to the kih mesh. 

X — a variable of integration. 

Various means for obtaining the indicial admittance have been devised, some of 
which are: 

(а) Direct solution of the differential equations for the network when the emf is put 
equal to unity and equilibrium boundary conditions are imposed. 'I'his method is ex¬ 
tremely cumbersome in complicated (;ases, and indeed reduces to method {h). 

(б) Partial fraction expansioji method, so called because the method of its derivation. 


0 \ 




(7) 


in which the constants Bkg^^ are the constants in the partial fraction expansion 


where Aijifi) 
In equations 




(7o) 


is the cofactor corresponding to the ij clement of the determinant X>(P). 
7 and 7a 


M = the number of different valued roots. 


Tk — the number of times the /cth root is repeated. 
k, g = variables of summation. 

(c) Solution of the infinite integral equation 




.•%oo 

= I h{t) dt 
'h\ 


in whi(di Z(P) is the exponential impedance for any periodicity p. 

(d) Tlic operational method of obtaining a power series for h{t) ; if 


asymiitotic expansion of the form 


/(P) 

then the indicial admittance is given by 


^(P) 


_ V 
^ B'v 

\ 


h(l) = V 


Ont^ 

I 


in which the coefficients an have the same values as in equation 9. 


( 8 ) 


admits of an 


(9) 

(9a) 


25. CIRCUIT STABILITY 

Stable and Unstable Systems. Let a given djmamical system be supposed to be 
moving under the action of applied forces in some known manner described by a set of 
differential etjuations. If any small disturbing influences be applied to the system it may 
deviate only slightly from the previous condition of motion or it may depart from it 
further and further. If the deviation is slight the system is said to be dynamically stable^ 
otherwise the system is dynamically unstable. It is clear that a given motion might be 
stable for one type of clisturliancc and unstable for another type. The disturbance will 
be supposed to be general in nature so that the motion will be considered stable only if 
it is stable for all kinds of disturbances. 

An electrical network in wdiich currents flow under tlie action of applied emf’s may be 
stable or unstalile in the sense defined above depending upon the character of the param¬ 
eters of the network-. 
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Two over-coxnpoiinded diroct-current generators operating in parallel without an 
equalizer connection have the property that a disturbing influence which increases the einf 
of one machine slightly results ultimately in a considerable increase in emf and an unbal¬ 
ance of load which renders the system inoperative. Such a system is said to be unstable. 
Other examples of electrical systems which may be unstable are: electric arcs, vacuum- 
tube amplifiers or oscillators, alternators in parallel, discharges in gas-filled tubes, etc. 

In electric power systems protective equipment, which is designed to maintain con¬ 
tinuous operation, is always provided. When such equipment is actuated as the result 
of some abnormal condition, the system is electrically different before and after such 
device has performed its function. The differential equations are therefore changed, and 
a system which might have been unstable is often transformed into one in which no 
current or emf departs further and further from its normal value. The term stable is 
usually applied to a system which with its protective equipment will not be rendered inoper¬ 
ative by any small disturbance. For other special meanings ascribed to stability and not 
consistent with dyruimical stability see Electric Circuits and Electric Lines in Pender’s 
Handbook for Electrical Engineers. 

Method of Small Oscillations. I.ot the variables in the system of differential equa¬ 
tions describing a dynamical system be qu Q 2 , 93 , . •. 9n» and let the disturbances applied 
to the system be such that these variables are replaced by 

{qi -f <Si), ((22 + <82), . . . , (^fn + *Sn) 

The quantities <Si, S 2 , . . . , Sn are initially small since the disturbance was assumed to 
be small. A quantity is said to be small when it is in absolute value less than some quan¬ 
tity X which is such that its square may be neglected. 

If, after the disturbance, iSi, < 82 , . , . , Sn always remain small, the motion is stable, 
otherwise unstable. The investigation of the stability of a given motion by a study of 
the behavior of the »S”s has proved extremely fruitful. The method is known as the 
method of small oscillations. 

Criteria for Stability. An inspection of the time functions representing the transient 
currents in an electrical system indicates that the given system will be unstable if the 
characteristic determinant has: 


(а) Real roots which are positive. 

( б ) Conn)lex roots having positive real parts. 

(c) Pun? imaginary roots which are repeated. 

Certain criteria for the existence of any of the above wore deduced by Routh and 
later developed independently and in a somewhat different form by Hurwitz. These 
criteria are somewhat diflicmlt to apply in practice and arc applicable only to systems 
described by differential equations having constant coefficients. They are useful, how¬ 
ever, in electrical systems which are approximately linear and are valuable in various 
other dynamical systems, such as the dynamical system of airplanes. 

Test Functions of Routh and Hurwitz. Let the characteristic determinant be written 
in the form 

yj(P) = «„ P"* + a, P»‘-' + au P”-2 + ... + a„,_i P + Om 
then the conditions that there lx? no rtimplex root having a positive real part or a real root 
which is positive arc: ^ 


1 . A necessary but not sufficient condition is that all the a’s have the same sign. 

2. A necessary and sufficient condition is that the following tost functions all are 
positive when the equation i>(p) — f) is put in such form that ao is positive. 


T, = 
T2- 

Tz = 

T, = 


ai 





(10) 

a\ 
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and so on, until a determinant which is identically zero is obtained. The total number 
of test functions required is in general equal to the degree of A set of conditions 

which are often encountered in electric circuits can be shown to be sufficient but not 
necessary for the system to be stable. These conditions are: 

(a) All resistances, inductances, and capacitances are positive. 

(h) The total resistance in any mesh is greater than the sum of the mutual resistances 
of the given mesh with respect to the various other meshes. 

(c) The total capacitance in any mesh is greater than the sum of the mutual capaci¬ 
tances of the given mesh with respect to the various other meshes. 

(d) The product of the self-inductances in any two meshes is greater than the square 
of the mutual inductance between the two meshes. 


26. EXAMPLES OF SIMPLE TRANSIENTS 

Transient with Resistance and Inductance. '^I'hc cstal)li8hineut of a direct current in 
a coil having resistance r and inductance L due to the action of a constant emf E is of 
practical importance. Let the current in the coil at the instant of impressing the emf bo 
/». Then the current t seconds after closing the switch is 

i = * + (/o - ^ e-C/iX (11) 

/ E\ 

In equation 11 the term E/r is the sustained current and ( lo — ” is the tran¬ 

sient current. The ratio L/r is a measure of the time required for the transient current 
to become negligible; this ratio is often called the time constant <;r the circuit. 

If the current is initially zero the conditions are those of equilibrium, and if E is put 
equal to unity equation 11 becomes the indicial admittance. 

/l(<) = 1(1 _ €-(r/L)l) (12) 

r 

The short circuit current of a ceil which has resistance and inductance only and in which 
a current /o is flowing is given by e<iuation 11 .when E is put equal to zero: 

i = I,,e-ir/L)t (13) 

Transient with Resistance and Capacitance. The charging of a condenser of capaci¬ 
tance C through a resistor of resistance r due to the action of a constant emf E will be 
considered here. It is assumed that the conductance of the condenser and the inductance 
of the resistor are zero. I'he condenser is assumed to have a charge qo at the instant of 
closing the switch. The current t seconds after the switch is closed is 


‘-(f-K')' 


The charge on the condenser at the same instant is 

q-= CE + (qo - (15) 

The time constant of this circuit is rC, this product being a measure of the time re¬ 
quired for the transient current to become negligible. 

If the conditions of equilibrium are impo.sed, i.e., </o = 0, and if E is put equal to unity, 
equation 14 becomes the indicial admittance. 


The discharge of a condenser, initially charged to a potential Vo = qo/C, through a 
resistor is given by equation 14 when E is put equal to zero. The current is 

i = - lil (17) 

r 

The potential on the condenser at any instant is equal to the negative of the ri drop. 

V = (18) 

Transient with Resistance, Inductance and Capacitance in Series. If a single series 
circuit containing parameters r, L, and C is closed upon an emf E at the instant < = 0, 
and if the charge on the condenser is qo and the current through the circuit is /o at ^ = 0, 
the current t seconds after the switch is closed is 

[ Cl Of® “b w® "1 

— Jo H-— (go — CE) sin ut (19) 
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and the charge on the condenser is 

Jo — CE) 


5 = CE + ■ 


sinorf + (qo — CJ5)€'"«*coBftrf 


b which 


r 

2 Z 


(19a) 


(196) 




(19c) 


^LC 5 l * 

If the conditions of equilibrium are imposed (Jo = 0, go = 0 ) and E is put equal to 
unity in equation 19 the iudicial admittance is obtained 


6(0 = -^c- 

u)L 


sin (at 


( 20 ) 


The term appearing in equations 19 and 20 produces a decrease with time of the 
function which it multiplies; it is called the damping factor of the current or charge in 
« 7 hich it appears. The constant oj is the natural angular velocity of the network. This 
constant can have a real or imaginary value depending upon the relative values of 
1 r* 

7 -- and -rn • When the resistance is extremely small a may be negligible in comparison 
LC 4L* 

1 1 

with — and ta may be taken as value of to is called the undamped angular 

velocity of the circuit. If the resistance is increased, the amount of damping may be 
increased to such an extent that o) is zero. This condition is known as critical damping 
and is the borderline between oscillatory currents and non-oscillatory currents. If the 
resistance is increased further, over-damping results, to becomes imaginary, and the 
current and charge are represented by hyperbolic functions instead of by trigonometric 
functions of time. 


CONDUCTION OF ELECTRICITY IN SOLIDS AND FLUIDS 

By Carl C. Chambers 

27. CONDUCTION IN SOLIDS 

The Solid State. The solid state is characterized by the possession of a structure. 
That is, each atom or molecule in the solid state has permanent neighbors. Most of the 
physical properties of solids depend markedly upon the atomic arrangement in the solid. 
Therefore any satisfactory discussion of those physical properties must be based upon 
the structure of the solid state. By far the major part of solid matter is crystalline, 
where, by crystalline, we mean built up out of some fundamental unit which repeats 
itself identically at regular intervals jin thrc?e dimensions. 

The crystalline form of the solid state is divided into three classes: ( 1 ) the ionic form, 
which includes most inorganic salts and minerals, ( 2 ) the molecular form, which includes 
the organic crystals and a few inorganic 8 ul>stanccs, and (3) metals. 

In the ionic form of crystal structure, the crystal lattice points are occupied by the 
separate ions of the salt. For instance, in NaCl the Na ions are at certain points in the 
lattice and the Cl ions arc at other points to form the rocksalt crystal. In this class are 
included many salts involving radicals such as SO 4 ", CIOs", CO 3 ”, and NOs". In many 
of the complex minerals, such as silicates, the structure becomes very complicated, the unit 
cell often containing several hundred atoms. 

In the molecular form of crystal structure, the atoms are held together within the 
molecule by direct valence bonds (homopolar), and the molecules are held together by 
the relatively weaker bonds (van der Waals forces, etc.) to form the crystals. The low 
melting point of these solids is due directly to the fact that the crystal bonds are com¬ 
paratively weak. 

Metals differ from this last group by being made up of metallic atoms occupying the 
lattice points. These atoms are packed very close together, being held together by 
electrostatic fields due to the charges on the atoms arising from the loss of the valence 
electrons, and the concentration of these electrons between the positive ions. Those 
electrons easily move about within the crystal from atom to atom and arc to be identified 
with the so-called free dectrons. In general, the true metals are characterized by simple 
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unit crystal cells. Manganese is an exception to this generalization, having in one form 
68 atoms in the unit cell. So far as Mn is concerned it should be classed in crystal struc* 
ture with the intermetallic compounds (alloys) since it appears as four different kinds of 
atoms corresponding to manganese in four different states. In general, the intermetallic 
compounds are more complicated than the true metals. Those compounds always have 
fewer free electrons than there are valence electrons in the separate atoms. 

The structures of the borderline metals such as Se, Te, Sb, Bi are quite different from 
those of the true metals. In these substances the atoms are bound to one another in 
much the same way that molecules are held together. One atom can be considered as 
replacing a missing electron in the valence energy level of each of its nearest neighbors. 

There are but few non-crystalline solids. The various glasses now appear to be the 
only definite example of an amorphous solid. The atoms in these solids are held together 
in much the same way as in crystalline forms of the same material except that the bond¬ 
ing is so flexible that the bonding conditions can be satisfied without building up a regu¬ 
larly repeated structure. With respect to conduction of electricity, non-crystalline sub¬ 
stances are best treated as hquids. 

Theory of Conduction in Crystalline Solids. The general scheme which is used in 
describing the behavior of electrons in a crystal is that which is sometimes known as the 
" method of copies.” Each free electron is considered to move in the same field of force 
without interaction with the other electrons. This omission of any mutual interaction 
between the electrons is partially compensated for by supposing that the field in which 
an electron moves is that due to the ions at the lattice points, modified by a contribution 
equal to the average field produced by all the other electrons. When the all wable quan¬ 
tum states of energy of an electron in such a field have been determined, the electrons are 
supposed to be assigned to the various states in a manner governed by the temperature 
and in such a way that the Pauli exclusion principle (no more than (>iie electron occupying 
a given quantum state) is satisfied. 

Because of the jicriodic nature of the field in a crystal, certain energy levels must be 
excluded, so that there are very definite and finite? energy states allowable for the free 
electrons. According to wave mechanical theory in its simplest form, an electron moving 
in a certain direction with a velocity v has associated with it a sot of waves moving in the 

h 

same direction and having a wave length X = ’—, where k is Planck’s constant and m 

mv 

vs the mass of the electron. The motion of an electron in a field of force can bo studied 
by following the motion of a system of de Broglie waves; in particular, the scattering of 
the waves in a field of force, analogous to the scattering of light in a non-homogeneous 
medium, is interpreted as the probability that the eleijtron will travel in the direction of 
the various scattered waves. Thus, if the wave-length X is such that it satisfies a Bragg 
relation (see x-rays) with respect to the field of force (the periodic potential due to the 
crystal structure), then the waves are so greatly scattered or rc ’’eiited that they are really 
not propagated through the crystal at all. Thus an electron ith a momentum p = mv 
= /t/X, where X satisfies a Bragg relation in every direction, . aid not move about within 
the crystal. In general, it is found that these excluded »„.iergies form bands of finite 
width in the energy scale separated by bands of allowed energies. 

The difference between insulators and conductois is based upon the energy levels of 
these bands of prohibited states and on the number of electrons available. In an insulator 
all the energy levels in an allowed band are filled while no electrons are in the next higher 
allowed band. Thus no electron can have its energy increased unless the increase is of 
sufficie?nt magnitude to raise the electron energy above that of the forbidden energy band 
directly above the highest filled band. The application pf an emf to thc^iiaterial cannot 
raise the electron energy enough to make such a jump’ except for very narrow bands. 
In a true metal, because of the small size of the unit cell, the wave length X is very small. 
The forbidden bands are therefore at such high energy levels that the electrons do not 
fill the energy states in the lowest energy band so that all the electrons can bo considered 
as free. In alloys which are good conductors even though the unit cell is large, the con¬ 
ductivity is explained on the basis that the forbidden bands are so narrow as to be essen¬ 
tially non-existent. The presence of these bands explains the decrease in conductivity 
due to impurities in metals as well as the lower conductivity of alloys. In the so-called 
semi-conductors (q.v.) absorbed radiation (light) or heat causes electrons to jump over 
the forbidden band forming free electrons. In addition, after these electrons have left 
the lower energy band, the remaining electrons have a certain freedom of motion. 

On the basis of the theory, heat affects the conductivity by moans of two processes. 
First, it tends to increase the energy level of the electrons which in insulators and semi¬ 
conductors increases the number of electrons in the unoccupied hands. Second, it causes 
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an oscillation of the atoms about the lattice points, causing a departure from the periodic 
form of the field. This perturbation of the periodic structure splits the forbidden bands 
and tends to introduce new forbidden bands. Both these effects tend to decrease the 
resistance in insulators and semi-conductors where the forbidden bands are already of 
major importance. In metals the first has a negligible effect while the introduction of 
forbidden bands due to the second causes the resistance to increase with temperature. 

Quantitative calculations using this theory are very complex, but approximations 
applicable to metals, except at very low temperatures, have made the calculation of con¬ 
duction in metals reasonable. 

Conduction in Metals. Metals, as discussed above, are characterized by the fact that 
the free electrons can exist in practically any energy state from zero energy up to an energy 
wed above that ever reached by the electrons. Because of the finite volume of the metal 
the waves representing the electrons must have certain wave lengths in order to set up 
standing waves in the metal (if they were not standing waves the average resultant at 
any point would be zero). Thus the electron energies cannot take on a continuous set 
of values but can exist only in those energy states satisfying this condition. The statis¬ 
tical distribution in energy of particles satisfying this condition as well as the Pauli exclu¬ 
sion principle is called the Fermi-Dirac statistics. 

If the periodic variation of the field within the crystal is neglected, the resulting con¬ 
stant potential is such that, considering this potential as zero, the piece of metal is com 
ceived as a region populated with electrons obeying the Fermi-Dirac statistics and 
surrounded by a potential wall, the barrier. This barrier prevents the electrons from 
escaping from the metal. The Fermi-Dirac distribution function is 

^ _ 2 1 
^ ~ e(€-ir*)Ar 4- 1 


Wi 



where e is napierian base, < is the energy of the electron, k is Boltzmann’s constant, h is 
Planck’s constant, T is the absolute temperature, m is the mass of the electron, and n 
is the number of electrons per unit volume. When T is zero, / is either zero or 2//i®, 
depending on whether e is greater or less than Wi. Thus Wi is the maximum energy 
level occupied by an electron when all the lower energy levels arc filled. If Vm is the 
velocity of the electron in the maximum energy level, = Wi or 


m VStt/ 


The specific heat is obtained from any distribution law by integrating to find the 
total energy and differentiating this energy with respect to 7’. On the basis of a Max¬ 
wellian gas distribution, by Drude in the old theory of the eleijtron gas in metals, 

the specific heat was 3/2 .y e ^ich for w, of such a value to give reasonable conductance, 
was greater than the meaKSt<^^i total specific heat of the metal for most temperatures. 
But the specific heat of the aeryms alo^c agreed with the experimental specific heat. This 
was the notorious difficulty with the older theory. The new theory as presented here 
avoids this, since the specific heat of the electron gas is given by 

27rm (2irA:)2 t 

a value which is negligible compared with the specific heat of the atoms alone for all 
reasonable valui?s of T. v 

In order to find the conductivity of the metal, the change in the distribution function 
/ due to the presence of an electric field must be determined. This was originally done 
by Lorentz for the Maxwellian distribution in connection with the Drude theory. This 
method has been carried over into the new theory. 

The distribution function f{v) is isotropic, a function of v in magnitude only. Taking 
the electric field in the x direction, Lorentz postulated that the new distribution function 
could be approximated by 

/ = /o (v) + Vx g{v) (3) 


where /o(») is the distribution function without an applied field and g(v) is a function to 
be determined, depending upon the electric field, by the conditions that the total number 
of free electrons remain the same and that / should remain constant in time. The pos¬ 
tulated form (3) is clearly only an approximation argued to be valid since (3) differs only 
slightly from /o(i>). 

Since the energy of the electrons is increased because of the application of the elec- 
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trie field, there will be a distortion of the standing wave pattern within the metal. This 
causes definite permitted energy changes in the electron. Since these are difficult if not 
impossible to calculate, the classical idea of mean free path is borrowed to avoid this 
difficulty. Using the above conditions g(v) becomes 


leEdfo 


(4) 


where e is the charge on an electron, Z is the mean free path, and E is the electric field 
intensity. 

The current density is given by the number of electrons times their velocity in the 
direction of the current times the charge on an electron, or 


^oo ^00 

J = e I Vxfdw = c I g(v)dw 

*/— 00 */— 00 


( 6 ) 


where the single integral sign replaces a triple integral and dw = dvx dvy dvg. 
Substituting from (4) 

v/dMv) 

7n J-Q 


dv 


■ dw 


carrying out the integration 


or the conductivity is 


( 6 ) 


^ h \HirJ 

^ Stt eH /^\ H 
3 h \8x/ 

In an analogous manner the heat current (rate of flow of heat) is given by 

1 r" 

W — - rn I Vxh-g(v)du 
^ — 00 

g(v) is here calculated with the condition that J the electric current is zero. This condi¬ 
tion results in the presence of both an electric field and a rate of change of T in the direc¬ 
tion of the field. {Wi in equation 1 is a first approximation for the calculation of giv). 
Here it is nec(?ssary to use the second apiiroximation in order that W shall differ from 
zero.) Calculation of g(v) and integration gives for the heat current 


W = 


^ Ik^T /S?i 
9 


, dT , 


m. 


'dT\ 

}ix) 


(7) 


The coefficient of — is the thermal comluctivity, usually denoted by k. 
dx 

An important ratio, the Wiedermann-Franz ratio, is the ratio of the heat conductivity 
to the electric conductivity 

= 7.1 X 10-11 at T = 291® K (18® C.) 

This value agrees remarkably with the measured value for many metals. 

Thermionic Emission. A piece of metal has been pictured as a region of depressed 
potential in space, occupied by an electron gas obeying the distribution law given by 
equation 1. If the value of this depression of tlje potential Wa in energy units, only 
those electrons with a velocity component perpeadicular to Ae barrier corresponding to 
a kinetic energy greater than Wa can get over mie wall. /If the barrier is taken in the 
yz plane then those eleijtrons with a velocity sucjfi that I/ 2 M Vx'^ > Wa can get out of the 
metal. Let 1 / 2 ^ = Wa\ then the current fine to al| of the electrons escaping (the 

saturation thermionic current) is given by „ r 

i=2e(^yr 

\h / aoJ - 00 


eit- iVi)/kT 1 


Integrating, the current becomes 
. 47rcw 


ikT)h-(Wa-W0/kT 


( 8 ) 


provided that TFa is considerably greater than Wi. Experimentally Wa — Wi is the 
so-called work function which varies from 1 to 6 equivalent volts. If there are as many 
free electrons as there are atoms in the metal, Wi is about 6 volts. The experiments of 
Davisson and Germer indicate that IFi is such that there are twice as many electrons as 
there are atoms. 
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The constant A, when equation 8 is written 

i = A Th-(Wa- Wi)/kT (8a) 

is calculated on the basis of this theory to be 120.4 amperes per square centimeter per 
degree squared. The classical thermodynamic theory predicts half this value or 60.2. 

Experimentally several metals indicate that 60.2 is right while some are very much 
less and some are very much more, a few even greater than 120.4. In order to explain 
this variation in A, Fowler and Nordheim have postulated that the metal is not only a 
depression of potential but that it is also surrounded on its surface by a wall. That is, 
Wa is greater than IFo, the value of potential outside of the metal. They have shown 
that even though the energy of the electron is less than Wa, there is a certain probability 
that it would get out of the metal, and likewise even though the energy of the electron 
is greater than Wa there is a probability that it would not get out of the metal. Thus 
in the determination of equation 8 the integration must extend over all energies and the 
selection must be obtained by means of a probability function D(e) times the integrand. 

Photoelectric Effect. Photoelectric effect is explained in a manner similar to thermi¬ 
onic emission except that here the omitted electrons gain the energy necessary to traverse 
the barrier not by heat but from the absorption of a photon of light energy. The energy 
of each photon of frequency v is given by hv (see I^hotons). Thus any electron within 
the metal which absorbed a photon of frequency v W'ould have an energy e hv where 
€ was the energy of the electron before absorbing the photon. If the component of the 
velocity of this electron perpendicular to the barrier corresponds to an energy greater 
than Wat the electron will escape. For cold metals the maximum value of e is Wi. Thus 
the minimum frequency which will cause an electron to escape, the threshold frequency, 
hv min, is given by 

Wa — W i hv min 

In order to calculate the current for any given light it is necessary to know how and 
where the light is absorbed by the electrons as well as the probability that an electron 
having absorbed a photon will retain that energy until it gets to the barrier. This subject 
is too complex to treat here. 

Photoconductivity. Photoconductivity is the increase in the conductivity of a semi¬ 
conductor due to the incident light. Tliis phenomenon is attributed to the absorption 
of photons by electrons in one band cau.sing them to jump over the prohibited band into 
a free band in which they can freely move. Very little quantitative theory has been 
developed for photoconductivity. Experimentally, threshold frequencies have been de¬ 
termined indicating a width for the prohibited bands. 

Photovoltaic Effect. The photovoltaic effeirt is the development of an emf due to 
incident light at the boundary between certain scmi-conductors and metals. Although 
this phenomenon is probably in some manner connected with photoconductivity, no 
satisfactory quantitative or even qualitative theory has been presented. 

. Effect of Temperature on the Resistance of Metals. Equation 6 does not contain the 
temperature explicitly; however, both I the mean free path and n the density of the free 
electrons may vary with temperature. Measurements of the resistance show that it does 
vary with temperature. The resistance of a metal for small ranges can be written 

r = ro -f oiT 

where r© and a are independent of T, although a is not truly constant over wude ranges. 
In general, a increases with temperature, large changes being observed in the neighborhood 
of melting points. Idndeck finds that ra is (jonstant for metals. 

Roughly the resistance decreases as the absolute temperature or a little more rapidly 
than the femrierature. At temperatures in the neighborhood of 100° K and 200 ° K the 
curves of resistance versus temperature point toward a vanishing resistaniie at some tem¬ 
perature above absolute «ero. On continuing the curves below 100° K, it is found that for 
most metals ihey flatten out and approach some small finite resistance at absolute zero. 
With some metals, however, the ncsistancc curve begins to flatten out, but then at some low 
temperature it suddenly drop.s rapidly so that below this temperature the resistance is so 
low that a currciu set up in a coil would still be 2/3 of its initial value after a lapse of 
4 days. This phen\>menon is called supercomiuctivUy or su'praconducHviiy. It has been 
found that superconductivity is destroyed by too large currents. However, if after 
superconductivity is .so destroyed a magnetic field is set up to counteract the field due to 
the current in the cold wire, the wire again becomes superconducting. No accepted 
theory of conduction in metals fits this phenomenon. 

Conductivity of Alloys. Each component of an alloy contributes to the conducti\’ity. 
If the alloy is purely a mechanical mixture it.s conductivity is an additive property of 
the volume percentages of the components. Isomorphous mixtures have a conductivity 
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always less than that calculated from the mixture law, as would be expected from the 
general theory of conduction in solids. The formation of a solid solution is accompanied 
by considerable increase in resistance which also increases with concentration. The pres¬ 
ence of foreign substances always increases the resistance, for alloys of relatively high 
conductivity. The temperature coefficients of intcrmetallic compounds are about the 
same as for metals, but of solid solutions they are much less. The temperature coeffi¬ 
cients are sometimes used to determine the constitution of alloys. 

28. CONDUCTION IN FLUIDS 

Conduction in Liquids. The most important liquids from the point of view of electri¬ 
cal conduction are salts in solution. The theory of Arrhenius is the outstanding theory 
of conduction in such liquids (Trans, Farad, A'oe., 15, 10, 1910). According to Arrhenius, 
salts in solution are extensively broken up into ions. In very dilute solutions the number 
of ion pairs, which increases with dilution, is in many leases practically equal to the num¬ 
ber of molecules. With regard to the controlling factors in this ionization, there is no 
satisfactory theory. The current in such solutions is due to the actual migration of these 
ions. The question of the mobility of ions plays an important role but is too complex 
to treat here. 

'Ihe conductivities of pure liquids are very small, so small in fact that the presence 
of impurities is believed by some investigators to be the explanation of what conduc¬ 
tivity there is. 

Conductivity in Gases. A normal gas is supposed to consist, of moleeuies of the sub¬ 
stance distributed at random throughout the gas having a density of distribution small 
compared with that of either the liiiuids or the solids, 'rhese molecules dart back and forth 
within the gas in a chaotic manner, colliding and rebounding from one another. The 
activity depends upon the temperature, "^rhe separation between these molecules except 
at the instant of a collision, is very great compared with the dimensions of the individual 
molecules. At distances as great as a few thousandths of a centimeter from one of these 
molecules the molecule <;an l^c consitlered an olei^trically mnitral i)article. An electric 
field in such a gas would therefore cause a negligible drift of these molecules. 

If some of the molecules are broken up to form olcK’-trons and ions (ions are atoms 
or moloeulcs which have lost or gaiia^d one or more electrons) an elect,ric field would 
cause these partitdes to move through the gas. An electric field set up between two con¬ 
ducting electrodes, an anode and a cathode, the positive and negative e lectrodes respec¬ 
tively, causes the positive ions (ions which have lost electrons) to tend to move toward 
the cathode, and it causes the electrons and negative ions (ions which have gained elec¬ 
trons) to move toward the anode. These positive charges moving in one direction and 
negative charges moving in the opposite direction add to form a resultant positive current 
in the direction of motion of the positive charges. 

These charged particles collide with the other moleeuies of thfc gas or with other 
charged particles. At each of these collisions one of several results may occur, depending 
upon the circumstances under which the collision occurs. A charged particle colliding 
with a rnoiecule may rebound, continuing to be attracted as before; it may split the 
molecule into two separate ions; or it may knock an electron out of the molecule, result¬ 
ing in a new’ ion and a new molecule, or in an electron, the original ion, and a molecular 
ion. A charged particle colliding with a charged partiede of ojifiosite sign may recombine 
to fomi a neutral particle. The probabilities for these various procjosses are very compli¬ 
cated in ordinary discharges. 

Production of Electrons and Ions in Gases. A molecule is supposed to consist of the 
nuclei of the several atoms forming the molecule around which the atomic electrons or 
at least some of the atomic cleidroiis rotate in orbits liaving associated with each orliit a 
definite energy. In order for an electron in one jt thesis orbits to absorb energy it must 
move to one of the other orbits having a (jertain definite higher energy. Thus an elec¬ 
tron in an atom or molecule can absorb energy only in very definite quantities called 
quantums of energy. The eleidrons in normal molecules are in very definite and par¬ 
ticular orbits. Wlien one or more of these electrons have jumped into orbits of higher 
energy levels, the molecule is said to be in an excited state. If still more energy is ab¬ 
sorbed by these electrons they are freed entirely from the field of the molecule and become 
free electrons. Thus there is a definite minimum quantity of energy which will free an 
(ilectron from an atom or molecule in the normal state, that is, ionize it. The minimum 
energy is usually called the minimum ionizing potential since it is usually measured in 
terms of the potential difference through which an electron must move in order to acquire 
this minimum ionizing energy. 

The processes by means of which these electrons can be made to absorb this ionizing 
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energy may be divided into six classes: (1) ionization by electron impact, (2) photoioniza¬ 
tion, (3) cumulative ionization, (4) ionization by positive ion impact, (5) ionization by 
collisions of the second kind, and (6) thermal ionization. There are several other processes 
of ionization, which are not known to occur often enough to warrant their discussion. 

When electrons are emitted from the cathode in an electron tube by means of ther¬ 
mionic emission, photoelectric effect, or cold emission, they are accelerated toward the 
anode through the gas owing to the electric field. If before an electron collides with a 
molecule it moves through a potential greater than the minimum ionizing potential, 
there is a certain finite probability that when it does collide with a molecule that molecule 
will be ionized. This process of ionization is called ionization by electron impact. 

If a photon of light having a frequency such that hu is greater than the minimum 
ionizing potential collides with a molecule, there is a finite probability that the molecule 
will be ionized. For molecules of most gases the minimum ionizing potential is of such 
a value that only the shorter ultra-violet light and x-rays have a v great enough to cause 
ionization. This process is called photo-ionization. 

When an atomic electron absorbs only enough energy to raise the atom or molecule 
to an excited state, it could be ionized by means of another collision with a particle hav¬ 
ing less energy than the regular minimum ionizing potential. Thus it is possible for 
ionization to take place without even the minimum ionizing potential. This jiroiHiss of 
ionization is called cumulative ionization. Cumulative ionization does not occur as often 
as one would expect because an atom remains in the excited state for only a very small 
interval of time. The atom returns te its normal state, that is, having orbits of stable 
energy levels, radiating the resulting freed energy in the form ©f light. This is the proisess 
by which the light in a neon sign is produced. 

Ionization by positive ion impact is similar to the process of ionization by electron 
impact, the ions being first formed by means of one of the other processes of ionization. 

Ionization by collisions of the second kind is the name given to the collision, usually 
duo to their normal Brownian motion, of two atoms or molecules one or both being in 
the excited state. One atom returns to the normal state, the liberated energy being used 
to ionize the other atom. 

When the temiieraturc of a gas reaches several thousand degrees, the Brownian motion 
of the molecules may become great enough so that they ionize uiion collision. This form 
of ionization is supposed to occur in tlie sun and other hot stars. This process is called 
thermal ionization. 

In any of thc??o several ways, gases can lie made conductors. In fact, it is practically 
impossible to have a gas in whiith there are no ions. In the earth’s crust are many radio¬ 
active substaiKUiS giving off radiation having the .same characteristics as very hard x-rays. 
In addition to this, cosmic rays have been shown to be a major cause of residual ioniza¬ 
tion in gases. 

Recombination cf Ions. Ions, after having been produced in a gas, dart back and 
forth owing to theii Brownian motion, the electric field, and their own attraction for one 
another of opposite iharge. W hen two ions of opposite charge get near to each other they 
will tend to (jombine to form a neutral particle. This process of recombination goes on 
so fast in a gas that ii. order for there to be many ionized molecules, the production of 
ionization must go on at a correspondingly rapid rate. If the process for the production 
of ions is stopped, the gas soon loses all its ionization and is no longer in a conducting 
state. 

The Effect of Pressure on the Conduction in Gases. In a gas the electrons, ions, and 
molecules move between colh.^ions distances that are distributed at random from zero to 
a comparatively long distance. Very few go a long distance and very few go a short 
distance. The average distance that a particle moves without a collision is called the 
mean free pcUh. The mean free path gives a simiilc quantitative measure of the distances 
that a particle moves between collisioi.s. It is customary to calculate or measure the 
mean free path and then assume that all the particles move just that distance betw^een 
collisions. On this assumption a rough estimate of the electric field intensity necessary 
for ionization by electron and ion impact can be made. If E is the electric field intensity 
in volts per centimeter, I is the mean free path in centimeters, and V is the minimum 
ionizing potential in volts then E = V/l is the field intensity necessary to cause ioniza¬ 
tion. I is found to be practically inversely proportional to the pressure. At norma) 
atmospheric pressure, air has a mean free path of approximately 10~* cm. The values 
of other gases are of the same order of magnitude while V is of the order of 10 volts. 
Thus at pressures greater than a few millimeters of mercury the field must be large to 
produce ionization. At high vacuums (a small fraction of a millimeter) the free paths are 
so long that very little ionization takes place so that, unless electrons or ions come out 
of the electrodes, the gas (or vacuum) makes a good insulator. 
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Space-charge Effect. The velocity of drift of the ions through a gas is comparatively 
small. Therefore when even a small current flows the density of the charges of the ions- 
is great enough to affect appreciably the electric field due to the electrodes. These 
charges in the space between the electrodes arc called the sparse charge. Predictions of 
space charge are very complex so that the engineering of discharge tubes proceeds mostly 
by trial and error. 
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RADIATION, LIGHT, ACOUSTICS 
AND METEOROLOGY 


THEORY OF RADIATION 

By Ernst Weber 

1. FUNDAMENTALS 

Radiation is the transportation of energy through space; a detectable medium of 
transmission has not been discovered as yet. The assumption of an all-pervading other as 
the carrier of radiated energy has proved unsatisfactory; it is, however, not impossible 
that ether or some other medium, not yet known, does exist. 

The Nature of Radiation. At one time, all radiations were believed to be electro¬ 
magnetic waves of various wavelengths (see Art. 3). At present the corpuscular nature of 
radiation must be conceded, as many i)henomena can 1)0 explained only if the energy 
of radiation is associated with particles, like electrons or atoms (sec Art. 4). The wave 
and corpuscular points of view are now ))eing adopted alternatively as reejuired by the 
oc(;asion. The common basis of both aspects, the true nature of radiation, has not been 
estal dished. 

Radiation travels with a velocity v which depends on the medium through which it is 
propagated. Since the frequency p of radiation is dependent only on the source, it does not 
varj' with the medium. The ratio v/p = X is called the wavelength of radiation and de¬ 
pends like V on the medium. 

Fundamental Definitions 

Total Emissive Power is the time rate of total radiant energy emitted per unit area of 
the radiating body. It is measured in ergs per second per square centimeter or in watts 
per square <;entimotcr. 

Spectral Distribution of Emissive Power. The total emissive power of a body may 
bo composed of radiations of many wavelengths. The; graph of the emissive power as .a 
function of wavelength is called the spectral distrilnition of emission. This spectrum is 
continuous if emissive power is a smooth continuous function of wavelength, or discon¬ 
tinuous if emission oc(;urs only over small ranges of wavelengths. The discontinuous 
spectral distribution can have tlu? character of lines, if a sharp sehictivc radiation at certian 
wavelengths is evident, or of bands if maH.v lines .are S(.) (jlose th.at the* discontinuity is 
apparent only on a very large scale of wavelength. I'hc total emissive power is the 
integral of the spectral emissive pow^er over all w\avelength8 from zero to infinity, and is, 
of course, identical with the area under the spectral distribution c\irve. 

Monochromatic Emissive Power is the time rate of radiant energy emitted per unit 
area of a radiating body, at a particular w^avelength. It can l)C determined most con¬ 
veniently from the spectral distrilnition of emissive power as the ordinate at this particular 
wavelength. 

Intensity of Radiation is the amount of power transmitted through unit area perpen¬ 
dicular to the direction of propagation of radiation. 

Density of Radiation is the total radiant energy contained in unit volume. The 
radiation of the sun has an energy density at the earth’s surface of approximately 
4.3 X 10“^ erg per cu. cm. 

Absorption. Radiation of incident intensity Iq passing through matter of thickness 
B loses intensity according to the exponential law 

/ = /oC-"* (I) 

where g is called the absorption coefficient and has the dimension [g] = [L]“b The 
extinction coefficient, or index of absorption, is defined as the numerical parameter 

X 
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where X is the wavelength of radiation within the al)sorbing medium. Since the wave¬ 
length in vacuum is Xo = nX, where ?i is the index of refraction, another coefficient can be 
dehned as 

A; = n<c = ju (2a) 

2ir 

The use of the various definitions is not standardized, and many confusing statements have 
resulted. 

Absorptivity, A, is the ratio of absorbed energy to incident energy of radiation 
and is a pure numeric always less than unity. A perfectly absorbing body, -4 = 1, is 
usually referred to as a Mack hodu. 

Scattering is a particular kind of absorption whereby the radiation is diffusely reflected 
in all dire(;tions by the interaction with the inner structure of the substance and thus 
reduced in intensity in the direction of j^ropagation. 

Spectral Distribution of Absorptivity. The absor])tivity varies greatly with wave¬ 
length. I'he graph of absorptivity against wavelength gives the spectral distribution of 
the absorption characteristics of a particular substance, and can bo continuous (gradually 
changing) or discontinuous (seletdive). In case of discontinuous spectral distribution it 
can have the character of lines, if a sharp selective absorption at certain wavehuigths is 
evident, or of bands, if many lines arc so close that the discontinuity is apparent only on 
a very large scale of wav(*length. 

Mass Absorption Coefficient Md i» the absorption coefficient g divided by the density d 
of the absorl)ing substamio, nd = ii/d. Its unit is cm'^ per gram. 

Reflection. If radiation is incident upon a surface of a substance, part of it will 
enter the substarn^o, part of it will l)e turned back, reflected. If the surface is rough, re¬ 
flection will oc(Uir in all dirc(dions, and the radiation is Siiid to i>c diffusely reflected. If 
the irregularities in th(^ surfac^c are small compared with the wavelength, the radiation 
will be regularly rciflec.ted, i.e., the reflected radiation will propagate in a definite direction 
determined by the e(iuality of the angle of reflection and the angle of incidence. The 
angle of reflection is the angle which the outward normal to the surface makes with the 
direction of proi^agation of the refle(‘ted radiation; the angle of incidemje similarly is the 
angle whicdi the inward normal to the surfai^e makes with the direction of propagation 
of the inci<lent radiation. 

Reflectivity or the Coefficient of Reflection, /i, is the ratio of reflected to incident 
energy of radiation and is a pure numeric always less than unity. A perfectly reflecting 
body, li — is usually r(?f<}rred to as a perfect mirror. The reflecitivity depends upon the 
angle of incidence (sec Reflection) as well as ui)oii the wavelength. If for a particular 
wavelength R = 1 the reflecting body is sfiid to act like a perfect mirror at this wavelength. 

Total Reflection. If radiation comes from a medium of higher refractive index and 
enters a medium of lower refractive index, total reflection may occur, i.e., for angles of 
incidence larger than a certain critical value Be all the radiation is reflected; the critical 
angle is designated as the angle of total reflection. 

Lambert’s Law. If rtidiation falls perpendicularly upon a surface which reflects 
diffusely, the intensity of the reflected radiation varies approximately with the cosine of 
the angle made with the normal to the surface; for larger angles with the normal, tho 
approximation becomes i)oor. 

Transmissivity, 7\ of a body is the ratio of the intensity of radiation leaving tho 
body to the incident int(*nsity of radiation; it is a numerical value, and varies greatly 
with tho thi(;kness of the body ;ind wavelength. If, for any particular wavelength, T = 0, 
i.e., no radiation is transmitted, the l>ody is said to be totally opaque for this wavelength; 
if on the other hand T ~ 1, i.e., all the radiation is transmitted without loss of intensity, 
the body is said to be totally transparent for this wavelength. Obviously, tho sum of tho 
three characteristic numerics must always be equal to unity 

A + « + T = 1 (3) 

Refraction. Radiation changes its direction and velocity of propagation with tho 
medium in which it travels. The ratio of the velocity in vacuum to that in a medium is 
called the refractive index, or the index of refraction for that medium. It is a numeric 
always larger than unity and varies greatly with the wavelength. 

Refractivity is defined as the difference between refractive index and unity, n — 1. 
Like the refractive index, it varies with the wavelength. Specific refractivity is the quotient 
of refractivity of a medium and its density. 

Snell’s Law of Refraction. If radiation in one medium is incident upon the surface 
of another medium at an angle a, it will proceed into this medium with an angle 0 between 
the normal to the surface and the direction of propagation, is called the angle of refrac- 



9-04 RADIATION, LIGHT, ACOUSTICS AND METEOROLOGY 


tion, and the ratio of the sines of the two angles is the relative index of refraction of the 
second medium against the first 


n2i 


sin CL _ni 
sin ^ ni 


(4) 


The relative index of refraction is equal to the quotient of the absolute indices of refraction 
of each medium. 

Dispersion. The fact that the refractive index varies with wavelength is called 
dispersion of radiation. Polychromatic radiation (containing radiation of many wave¬ 
lengths) can 1)0 separated into its monochromatic components by utilizing the fact of 
dispersion (see Specrtroscopy). Historically, normal and anomalous dispersion are dif¬ 
ferentiated. The former covers the cases of increasing index of refraction with decreasing 
wavelength; the latter refers to the converse dependents. 

Diffraction. Tlie normal laws of refraction and reflection cease to be valid if the 
objects in the path of radiation are of a size comparal)le with the wavelength of the radia¬ 
tion. The peculiar disturbamje (aiused ])y such an object is called diffraction. A regular 
array of diffracting objects is usually referred to as a diffracting grating, and is used to 
determine the wavelength of the incident radiation. 


2. TYPES OF RADIATION 

The various types of radiation that are known can be grouped either according to 
their characteristics or according to their origin. The more important kinds of radiation, 
grouped according to their most evident nature, are briefly defined below. 

a. Wave Radiations 

Thermal Radiation is that radiation emitted by solids or liquids, whitdi depends only 
on the temperature of the substance. The spectral distribution of emissive power is con¬ 
tinuous (see Art. 12 ) and changes smoothly with temperature. Thermal radiation is 
thought to be produced entirely l)y the thermal agitation of atoms or molecules. 

Characteristic Line Radiation is omitted by gases and vapors if proijorly “ excited." 
Excitation may 0 (t(;ur in the flame (by thermal agitation), in electric arcjs or sparks, by 
boml)ardmont with electrons or atoms, and by ab 8 ori)tion of r.adiation of suitalilc wave¬ 
length. The si)e(dral distribution of emissive power in this case is dis(;oiitinuous and 
either of distinedi line character or in the form of bands (see .\rt. 10 ). 

X-Rays. The term x-rays is aoplied to the secondary radiation of a substance upon 
which high-speed electrons are impinging. I'ho energy distribution has the same character 
for all elements and consists of a continuous energy spectrum upon which is superim¬ 
posed a lino spectrum which in its details is characteristic of the element serving as the 
secondary emitter (see Art. 14). The very hardest x-rays i)roduced in the (;ourse of 
natural disintegration of radioactive substances arc called 7 -rays and show again a (har- 
acteristic line spectral distribution in energJ^ 

Fluorescence and Phosphorescence are the secondary emission of characteristic 
visible radiation if a substance is excited liy radiation of suitably shorter wavelength even 
without perceptible rise of the temperature of the emitter. In the case of fluorcs(ren(;e 
the secondary radiation ceases with the primary radiation; in the case of phosphore.scen(;e 
the secondary radiation persists for an appreciable time after the primary radiation hjiS 
been stopped. 

Cosmic Rays arc the extremely penetrating type of radiation which is supi:) 08 cd to 
originate in the interstellar spaces. Their exact nature is not yet explored, and various 
points of view are current. 

b. Corpuscular Radiations 

Electron Radiation is the emission of corpuscular electrons from the atoms or molecules 
of substances. As primary radiation, it may be caused by thermal agitation (thermionic 
emission, especially in electron tubes), l)y very high electric fields (cold emission, corona 
discharge, and cathode rays), and by the natural decay of radioactive substances (as 
/3-rays). As secondary radiation, it can be produced by ultraviolet rays and x-rays 
(photo-electricity), or by bombardment with high-speed ionized atoms or molecules. 

Positive Radiation is the cmis.sion of corpuscular positively charged particles from 
atoms or molecules of substances. If these particles have a small mass approximately 
corresponding to that of electrons, they are called positrons] as secondary radiation they 
are produced by bombardment of heavy metals with high-energy 7 -ray 8 or high-speed 
of-particles. Proton radiation is the emission of positively charged hydrogen nuclei with a 
mass approximately corresponding to that of the hydrogen atom; it occurs as secondary 
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radiation if substances are bombarded with high-spocd a-rays. a-rays are positively 
char;;<Mi particles identified as helium nuclei with approximately the mass of helium 
atoms; as i>rimary radiation they may be produced by the natural decay of the heaviest 
elements (radioactivity), by intense electric fields in the very low-pressure discharge tube 
(canal rays). As secondary radiation, they are the result of artificial atomic disintegration 
by bombardment with high-speed protons. 

Neutron Radiation ix the secondary emission of corimscular electricallj^ neutral par¬ 
ticles from atoms of substaii<*es if bombarded with ver> high-sp(‘ed ot-rays so as to produce 
artificial disintegration. The mass of the neutron corresponds approximately to that 
of the hydrogen atom. 


3. WAVE ASPECTS OF RADIATION 

Definition of Wave. The simplest tyiie of a wave is tlu* sinusoidal wave which is 
presented l)y any idienomenoii the intensity of which \aries sinusoidally witli time at any 
point in si)aec, as well as with distance at any jiarticular instant of time (see Fig. 1). The 
mathematical formulation for a one-dimensional (or jJane) waive is given by 

a = A sm (.r ± »/) (5) 

A 

This form is symmetrical in x and c/ so that the v.ariatinn in space and time is sinusoidal. 

A is the amiditude or crest value of the waive, X i.3 called the wavelength; if {x ± vt) — 

nX + where a is any integer .and </> any arbitrary quantity, the vu-ial)lo a iakea 

on the same values, thus dtanon- 

htratingits periodicity. The velocity 

with wdueh the wave proiiagates in P'''>v 

space is i\ the uiijicr sign denoting / ^ fa 

progression in the direction of the / 

negative .r-a\ib, the low'cr sign m tho ^—x - Tv-^ 

dllectioii ot the positive x-axis. - ^2 - 

V = v/\ ( 0 ) 

is the frequency of the local variation 
111 tune. 

More complox, yet periodic, waive Fm. 1. Deflation of a Wave. Distribution in 8pace 
forms can be obtained Ity.niialgebiaic ** FJirticular lustunt ol June, 

superposition of H(‘veral waives of dilferent parameters. Instead of plane wavi‘s, cylindrical 
or spherical waves can arise if the origin of the waves is a linear infinitely long emitter or 
a point source, respectively. 

Definition of Wave Packet. In dispensive meilia (s<‘e I)isi>ersion, Art. 1), the velocity 
of propagation of radiation is a function of the frequency, and is related to the velocity 
in \acuuin l>y v = chi, if n is the retractive index. The superposition of a number of 
waves wath iiiliiiitesimally diflerent freipioncies will, af a certain time t, give an absolute 
niaximum for a point x. It can be sliown th.at the progressing individu.al waves will super¬ 
impose at any other instant to give a maximum which appears to travel wath a velocity 
c 

V == - - , which is called the group velocity of the waive train. The more indirid- 

k 

uul waves are superimposed, the sharper will lie the maximum, and reversely. 

Longitudinal and Transverse Waves. The oscillation constituting tho radiation can 
be either in the direction of propagation or perpendicular to it. In material substancoa 
waves of both types are iiossilile; in vacuum only transverse waves are known. Radiation 
proper, w'hich does not need any specifically known medium for its propagation, is com¬ 
posed of transverse waves. 

The Electromagnetic Wave. The simplest case is the plane electromagnetic wave 
which IS progre.ssing in one direction and entirely homogeneous in all directions perpendic¬ 
ular to tho direction of propagation. It is «*haractcrized by tlie electric field vector E, 
the magnetic field vector H, and tho velocity of propagation v, which form a right-handed 
coordinate system (see Fig. 2). The wave is transversal, which means that both field 
vectors arc oscillating in time perpcndir-ul.arly to their direction of propagation. The 
velocity of propagation in any medium is given liy 


where c is the velocity of electromagnetic waves in v^acuum (identical with the velocity of 
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light); € and /u are the relative dielectric constant and magnetic permeability of the me¬ 
dium, respectively. 

The superposition of various plane electromagnetic waves leads to more comjilex forms 

of electromagnetic vibrations, and the theory 
can easily be extended to cylindrical and 
spherical electromagnetic waves. 

Characteristics of the Wave Nature 
of Radiation 

Certain phenomena can lie explained only 
if II wave nature of radiation is assunic*d. 

Interference is the property by which 
waves of the same frequency but tniveling in 
different directions superimpose in such a 
manner that they gi\e alternate regions of 
stationary high and low Uir /eroj intensities. 
In the ease of light, dark and light spots or 

n.j. 2. The rianc Mertron.agi.etic Wave <>■> « s.rcon. Intorfer- 

once eaii be jiroduced by dilYraetioii through 
narrow slits (Young, ISOl), reflection from minors umler different angles (Fresnel, IMl), 
dilTraction from ruled gratings (Howland, issri), and reflection fioni mirrors at different 
distances (Michelson, 1.S95). 'i’he interfereiiee iiatteriLS can serve to deteiniine the w’ave- 
length of the radiation, as was first done for light by Young m ISO . 'J'he most recent 
apiilieations were tht* continuation of the wave nature of electrons by l)a\is&on and 
Germer (1Q27), and of protons and helium atoms by O. Stern (IfK^O). 

Polarization. If radiation is a transvi'rse wave iihenomenoii the oseillalioiis may 
occur in any direction whatsoever. In the ease of jierfect syinmetry about tli(‘ diieetion 
of propagation, the radiation is said to be uiipolarized or natural. If the ost illations ( on- 
stituting the radiation occur in one yilane only, the radiation is said to lie ])hinv pnlartztd, 
and the plane of oscillation is called jilane of polarization, if the oscillations are uniformly 
rotating without change m am])litu(ie, the radiation is said to bo circularly jHilarizid, either 
left-handed or right-handed according to the diiectioii of rotation as setn by au ob- 
fierver. If the oscillations rotate and change in amplitude with the same period as they 
rotate, the radiation is said to be illiptically polarized, either left-handed or right-handed 
according to the direction of rotation as soon by an oliscrver. ('irculaily iioliirized 
radiation can be decomposed into two plane-polarized radiations at right angles to each 
other, of e<iual amplitude, and in quadrature time phases. Elliptic-ally polarized radia¬ 
tion can be decomiiosed into tw-o jilanc'-iiolarized radiations in the direction of tw-o con¬ 
jugate diameters with proper time phases. Plane-polarized radiation can be dc-composed 
into two oppositely rotating circularly jiolarized radiations. Any experiment establishing 
polarization of a radiation suggests transverse waxes. 

Velocity of Propagation in Different Media. From the laws of refraction (see Art. 1) 
it follows that the velocity of propagation oC waves in media should decrease whth increas¬ 
ing refracting index. This was first established experimentally by Foucault in ISuO for 
light radiation and therefore serves to support the xvave aspect of radiation in general. 



The Electromagnetic Spectnxm of Radiation 

Electromagnetic Theory of Light. Maxw’ell xvas the first to assume the identity of 
light and eloctromagnetie w’avc*s, and Hertz demonstrated it by showing the plieiioriieiia 
of reflection and interferem-e for short electromagnetic waves. Further experinicnts 
have shown that the state of polarization is determined by the properties of the field 
vector H which with the direction of propagation determiiu-s the plane of polarization. 
If the vector H is oscillating without changing direction, the electromagnetic wave is 
said to bo plane jiolarized; if it is rotating, the wave can be circularly or elliptically polar¬ 
ized (see Polarization, above). The photographic action of light is due to the electric 
field vector E. The index of refraction is identified with n = Vjju, where, of course, e 
and jtx, the dielectric constant and the m;ignetic permeability, have to lie chosen as variable 
with the wavelength in order to .account for the fact of dispersion. 

Bohr’s Model of Atoms. To account for the origin of the characteristic line radiation 
(spectra), Bohr assumed a model for the atom with the mass concentrated in the center, 
the nucleus, comiiosed of positive particles and a few “ nuclear ” electrons, so that a posi¬ 
tive charge Z-e results (c is the charge of the electron). This nucleus is thought to be 
surrounded by electrons m orbital motion w^here Z is the atomic number of the element. 
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In the permanent state the orbits of the electrons are definite ones, determined by the 
matrix quantum niles of Heisenberg and Born, or the sbitionary solutions of Schroeding- 
er’s wave equation. By one of various processes of absorption, the orbital elet'trons can 
be thrown transiently into certain wider orliits and on retur ning will emit an electro¬ 
magnetic wave of definite frequency v determined by 

hv = E 2 — El (8) 

where E‘z > Ei are the energy values connected with the two orbits marking the ends of 
the journey, and h is the ijuantum of action of Planck. The number of frecjuencies for an 
atom is finite, as are the number of possible energy states, so that the spectral lines can be 
described. This principle applies not only to the visible light, but equally well to ultra¬ 
violet, X- and 7 -radiation, as shown in Table I. 


TABLE I. The Electromagnetic Spectrum 

(From b. B. Loeb and A, S. Adarna: The Development of Physical Thoufilit, John Wiley & Sons, 
New York, 


Wavelength 

Range 

Source 

Name 

Name of Discoverer and 
Mt ans of Detection and Study 

00 to 100 cm 

Movements of electricity 
in large systems with ca¬ 
pacity and self-inductance 

Radio waves 

Predicted by Maxwell, dis- 
(uivered by Hertz 

lOOern to 0.022rm 

Electrical oscillations of 
minute systems, metal 
filings 

Vcr.v short electro¬ 
magnetic waves 

Nichols and Tear. Largo 
grati ngs, i n terf erometers, 

electrical detectors. Also 
Giagoliewa- Arkadiewa 

0.022 cm to 

7 X 10 f* cm 

1 

Osfullations or vibrations of 
cliarged atoithc or molecu¬ 
lar systems, ions in cry.s- 
tals or gas molecules; ro¬ 
tation of dipoles 

Infra-red or heat 
waves 

Rubens and Bayer. Paschen. 
Gratings and residual rays 

7 X 10 “5 cm to 

4 X 10 cm 

Tioosely bound outer val¬ 
ence electrons 

Visible light 

Prisms, gratings, interfer¬ 
ometers 

4 X lO^** cm to 

1.6 X 10cm 

Outer electrons more 

tightly bound 

Ultraviolet 

Sclniinarm and Lyman grat¬ 
ings 

1.6 X lO-r- cm to 
1.2 X 10 c cm 

Inner electrons of light 
atoms, or electrons in 
stripped light ntom.s or 
shells next to valemre, 
shells of heavy atoms 

Extreme ultraviolet 
or soft x-rays 

Millikan and Bowen. Vac¬ 
uum spectrograph and 
gratings 

1.2 X 10“® cm to 
1.6 X l0-« cm 

Interior electrons of ele¬ 
ments 

Very readily r>b- 
served by all 
methods 

Thibaud reflected from glass 
gratings at grazing inci¬ 
dence 

1.6 X 10 “3 CTVI to 
1.25 X 10-9 eiii 

Innermost electrons of 

atoms, shorter waves ap¬ 
ply to heaviest elements 

X-rays hard and 
soft, K and 1 
series 

Crystal gratings. Method of 
baue, Bragg and also from 
Ve = 1/2 flv] V CX. 

1.25 X 10 “9 cm to 
5.56 X 10-11 Cl,, 

Nuclear electrons. Latter 
are liardest ones from RaC 

T-rays 

Robinson, deBroglic, Ellis, 
Meitner. From 1/2 "• 

hv, V from magnetic fields 

? X 10-12 cm to 
? X 10 13 cm 

Possibly creation of nuclei 
of complex atoms in space 

Cosmic rays 

Absorption coefficients in wa¬ 
ter and air. Kohlhorster, 
Hess, Millikan, Estimated 
from absorption. May be 
neutrons or particles 


Debye’s Model of Molecules. The valence of an atom is determined by the number 
of electrons in the outermost electronic layer in Bohr’s model of atoms. Molecules 
formed with atoms of the same kind (polyatomic substances) or of different kinds (chemical 
compounds) in(;orporate their valence electrons into a stable new structure, which in 
general will show c(?rtain symmetries. Vibrations of the atoms within a molecule on 
account of absorption by thermal agitation, or rotations, give rise to radiation of relatively 
long wave-lengths, the thermal or infra-red radiation with a distribution of the frequencies 
in bands (band spectrum). 

Wave Nature of Matter. The attempts to exphun the interaction of matter and 
radiation led to the conclusion that any particle of mass m moving with a speed v can be 
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thought to be associated with a wave the frequency of which is given by the interrelation of 
energy: 

(0) 

V1 — (jj/ c)^ 

where h is the quantum of action of Planck and c the velocity of light in vacuum. The 
velocity of propagation of the wave is defined as 

V = cV® > c 

in order to satisfy the wavelength relatiim for radiation (10) 

Xp = V (11) 

but no physical meaning can bo attached to a velocity larger than the velocity of light 
in vacuum. 'I'he associated wave for (‘leetroiis has a wav(‘length siniiUr to those of very 
hard x-rays, and this has boon verified by interference experiments on crystals by (1. 1^. 
T'homsoii. 

Electromagnetic Spectrum of Radiation. Table I shows the completely closed range 
of electromagni'tie radiations from longest to shortest wavelengths with the supposed 
source's of radiation. 

4. CORPUSCULAR ASPECTS OF RADIATION 

A Corpuscle is defined as that wdiich possesses a momentum (as a vector quantity) of 
amount p — tHO and a kinetic energy IK = according to New'toniaii, or p — 

—- — - and Tf" = — — - - according to relativistic mechanics. Its presence 

VI - \ 1 - (/; 02 

becomes obvious by collisions with other jiarticles which can lie made visible in certain 
cases (Wilson’s cloud chamber). 

The Photon. Electromagnetic radiation transports energy in amounts which are 
integer multiples of fundamental quanta (hp). J^hnstein suggested that a quantum of 
radiation, hp, be considered as as.sociated with the characteristics of a corpuscle of velocjt.v 
c, the vi'locity of light m vacuum. Prom the ri'lativistic expression of eneigy (e(|ua- 
tion 9) it is seen that the mass oi a photon must apiiroaeh zi'ro as its velocity approaches c. 
The momentiiin of a photon is defined as p = hv c. 

The Photon Gas. There are as many distinct tyi>cs of photons as there are difTercnt 
wavelengths in the radiation spectrum. Radiation as a corpuscular phenorneium can 
then be treated with statistical methods similar tx) the kinetic theory of gases With the 
fundamental dilTeronco that the distribution m freiiuoucy v takes the place of the distrilai- 
tion in velocity of gas molecules: eai-h iihoton is assumed to have the same velocity c m 
vacuum. Eor statistical methods radiation j.s called the photon gas. 

Characteristics of the Corpuscular Nature of Radiation 

Rectilinear Propagation of Radiation. The most striking corpuscular characteristic 
of radiation is its proiiagation along straiylit lines so that definite shadows are c;ust. 
This led Newton to his corpuscular theory and initiated the whole field of geometrical 
optics (see Art. 5). 

Collision of Radiation and Electrons. If monochromatic radiation of quan¬ 
tum hp\ falls upon a scattering sidistancc, the secondary radiation from the substance is 
of longer wavelength than the iiieidont radiation, p^ < i;i. This can lie explained only if 
the photon colliding with an electron, or atom, loses some of its energy (its siieetl r cannot 
change) to the electron or atom which will bo a<-celerated and proceotl in a direetinii 
determined by the law of tlu* conservation of momentum. "JTie experimental evidence is 
due to A. H. (Nimpton, and the phenomenon is eoiisoiiuently named Compton efftet. 

If monochromatic radiation of <iuantum hp falls upon metals, electrons will be lilicrated 
with a kinetic energy given by the Einstein relation 

1/2 tuD- = hp — wo (12) 

where coo is the amount of energy necessary to free the electron from its surroundings 
within the metal, and is independent of the frequency of the incident light. This photo¬ 
electric effect is explainafiie only by assuming corpuscular collision of radiation and electrons 
according to the laws of (jonservatioii of energy and niomentum. 

Penetrating Power of Radiation. Einstein’s hypothesis attributes a momentum 
p s* hp/c, proportional to frequency p, to the photon, so that a radiation will be the more 
penetrating from the corpuscular point of view the shorter its wavelength is. This 
agrees well with experimental facts. It is customary to measure the penetrating power 
by the alisorption coefficient (see Art. 1) in a standard material. 
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The Corpuscular Spectrum of Radiation. The proportionality of momentum (cor¬ 
puscular aspect) and frequency (wave aspe(;t) of the photon leads to the same scheme of 
identification as Table I for the electromagnetic spectrum. 
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GEOMETRY OF RADIATION 

By Ernst Weber 


Geometry of radiation deals with “ rays ” which arc identi ’al with the directions of 
propagation of the electro-magnetic waves in the wave picture and with the paths of the 
photons in the (jorpuscular pi (dure of radiation. It is applic.ubit? only if the interaction 
of radiation and matter involves objects whose dimensions are large compared with the 
W}iv(;longths of the radiation considered. Thus, any problem of electromagnetic radiation 
from antennas can be treated hy the geometrical method if the olijects ( 5 an be considered os 
largo compared with the wavelength. Historically the first, and still the most important, 
aiiplication of the g(^ometric method lies in the field of optiiis, although with proper inter¬ 
pretation the results can be applied to any other type of radiation. 


6. PRINCIPLES OF GEOMETRICAL OPTICS 

The ray from the light source is called the incident ray. If light in air is incident 
upon a polished surface of a transparent medium part of it will be regularly reflected, the 
other part will enter th(^ medium. Referring to Fig. 1, the point of incidence P is the 
point where an incident ray strikes the surface of the medium. The jdane determined 
i)y the outside normal n to the surface at this point, and the incident ray, is called the 
plane of incidence, and the angle a which these two directions make is the angle 
of incidence. 

Laws of Reflection and Refraction. Both the reflected and refracted rays lie in the 
plane of incidence, on opposite sides of the surface of the medium. The angle y of the 
reflected ray with the outside normal, the angle of reflection, is eciual to a, 7 = a; tho 
angle /3 of the refra(;ted ray with the inside normal, the angle of refraction, is determined 
from the law of Snell 


where n is the relative index of refraction of the medium against air. n > 1 for all trans- 
p.‘irent media. For normal inciden(‘e and ri^gular optical behavior a = = 7 = 0, no 

deviation of the ray occurs. If a plane surface is totally reflecting it is called a plane 
iriirror. 

Real and Virtual Image. Referring to Fig. 2, if MN indicates the surface of a plane 
mirror, the rays issuing from the source P and striking the mirror at the x>oints A and B 
will be reflected and reach the eye as the rays C and 1). To the eye these rays will appear 
as coming from the point Q behind the mirror. Q is called the “ image ” of P and more 
specifically a virtual image because the rays C and D do not actually pass through Q and 
therefore (lannot be rcceiv(jd there on a screen and l)e made visible. A real image is, 
then, one that can be received on a screen and be made visible. 

Total Reflection. If light passes from a medium of large refractive index into one of 
small refra(!tive index, the relative index of refraction according to equation 1 becomes 
less than unity. The angle for which sin = 1 so that sin ac == n is called the critical 
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angle because no light enters the second medium. For angles a > Ug, the light is said 
to be totally reflected as there is no refracted ray. 



Fig. 1. Heflection and Refraction of a Ray Fio. 2. Virtual Image from a Plane Mirror 


Optical Distance of two points in a medium of refractive index n is the actual length 
of the path / covered by the ray between the two points multixilied by the value of the 
refractive index. If a ray passes through dilTereut media, the optical distance between 


any two points is the sum of the optical paths within each medium, S/iWj = S Oi. A 

i i 

surface is called aplanalic if for each of its points the sum of the optical paths to two 
fixed points has a constant value. 

FermaPs Principle. Using the definition of the optical distance, the laws of refraction 
and reflection can be expressed, ac<*-ording to Fermat, in a single principle: rays of light 
fund for that matter, of any radiation) travel along such lines that the optical distance 
between any two points of the rays is a minimum. 


6. SPHERICAI. MIRRORS AND LENSES 

Concave Spherical Mirrors (Fig. 3). A spherical mirror is concave if its center of 
curvature C is on the side from which the light is incident. Ry the general law of refieciion, 
a point source P will form a real imago at a point Q so that PCQ lie on a straight line. 



Fig. 3. Reflection from a Concave Spherical Fig. 4. Reflection from a Convex Spherical 
Mirror Mirror 


the optical axis, and that the angle of incidence is equal to the angle of reflection. Rays 
through the center C are reflected in themselves; rays parallel to the optical axis converge 
at a point F midway between (’ and M, the principal focus, or simply/ocas, of the mirror. 
If the distances are designated as MF = /, MP — p, and AIQ = q, the relation exists 

1/p + l/q = 1// (2) 

which holds for any position of P if p, </, and / are counted positive on the right-hand 
side and negative on the left-hand side of the mirror center M. For negative values of q 
the images become virtual. 

Convex Spherical Mirrors (Fig. 4). A spherical mirror is convex if the center of 
curvature C is on the side opposite to that from which the light is incident. The same 
relations hold as for the concave mirror, except that the focal distance / has negative 
values in accord.auco with the proper interpretation of equation 2. 
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Images Formed by Spherical Mirrors (Figs. 5 and G). The position of the image 0' of 
any point P' near but not in the optical axis of a mirror is found most expediently by the 
intersetition of two principal rays, the ray through the center of curvature C and the 
rejected ray through the focus F. Any object PP' perpendicular to the optical axis 



Fio. 5. Image Formed by a Concave Fia. 6. Image Formed by a C'onvex Spherical 
bpbericul Mirror Mirror 


will produce an image QQ' again vertical to the axis and of definite characteristics; 
'I'alilo 1 shows all the possibilities of position and character of images formed by spherical 
mirrors. 

Table I. Images Formed by Spherical Mirrors 

(Figs. 3 and 4) 


Mirror 

i’ofiition of Object {PP') 

P 

I’usition of Image {QQ') 

Q 

Character of linage 

Concave 

At « 

Between «> and C 

At C 

Between C and F 

At F 

Between F and M 

At Af 

At F 

Between F and C 

At C 

Between C and * 

At «> 

From “ behind M to M 

At Af 

Real 

Real, inverted, diminished 
Real, inverted, same size 
Real, inverted, inaguified 

Virtual, erect, magnified 
erect, same size 

Convex 

At » 

Jietween ® and M 

At M 

At F 

between F to ^f 

At M 

Virtujvl 

Virtual, erect, diminished 
erect, same size 


Thin Spherical Lenses. A lens is a portion of a refracting medium which is bounded 
by two spherical surfaces or by one spherical and one plane surfaije. The straight lino 
through the center of curvature of the two surfaces is called the axis of the lens. If one 
of the surfaces is a plane, then the axis is a straight line pcriicndicular to this plane and 



Bi- 

Plano- 

Convexo— 

Concavo- 

-Convex 

Concave 


1 

1 

3 


Fig. 7. Principal Sections of Spherical Lenses 



Fig. 8. Refraction by Thin Convex Lens 


going through the center of the spherical surface. Any plane through the axis is said to 
l>e a principal section of the lens; Fig. 7 shows the principal sections of the common types 
of lenses. 

Thin Convex Spherical Lenses (Fig. S). By the general law\s of refraction, a ray 
coming from the point source P in the axis of the lens will be refracted twice as it passes 
through the lens and form an image at the point Q. For thin lenses (largo radii of curva¬ 
ture) relation 2 will hold true if the distances p and q are measured from the nearest surface 
of the lens and if both arc taken positive when on opposite sides of the lens. / is the 
focal length and is defined by 

l//= (»- l)(l/r, - l/rj) (3) 

wdiere ri and arc the radii of curvature of the two surfaces, both taken positive if on 
the same side of the lens, and n is the refractive index of the lens. All rays parallel to 
the axis converge at a point F the principal focus, or simply focus, at a distance / from 
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the nearest surface. Rays passing through the optical center will not be deviated. For 
thin lenses the optical center can be approximately identified with the two points where 
the axis meets the surfaces of the lens. 

Thin Concave Spherical Lenses (Fig. 9). The same relations hold as for the convex 
lens, the only difference being that the focus is on the same side as the light source so that 

the rays, after passing through the lens, 
diverge; for this reason the concave lens 
is often called diverging lens. 

Images Formed by Thin Spherical 
Lenses (Figs. 10 and 11). The form of 
the image Q' of any point P' near hut 
not in the axis of the lens is found ap¬ 
proximately hut most expediently by 
the intersection of two principal rays, 
the ray through the optical center and 
the ray parallel to the axis, refracted through the focus. For the actual construction 
it suffices to consider the plane through the optical center and perpendicular to the axis 
as the refracting plane. Any o>>ject PP' perpendicular to the axis will produce an image 
QQ' again perpendiiailar to the axis and of definite characteristics; Table II shows the 
possible positions and characteristics of images formed by convex and concave lenses. 



Q F P 

{yftmage) (Focus; (Source) 


Fig. 9. Refraction by Thin Concave Lens 



Table II. Images Formed by Spherical Lenses 

_(Fikb. 8 and 9) 


Lens 

Position of Object 

Position of Image 

C^iaractcr of Image 



w - / 

Real 


1 2/ 1 < w < + « 

f <v <2f 

Real, inverted, diminished 

Convex 

u = 1 2/1 

V « 2/ 

Real, inverted, same size 

I/l <W<I 2/1 
u == 1/1 

2/ < u < » 

U = 00 

Ileal, inverted, magnified 


0 < « < 1 / 1 

— (/ < t) < — OO 

Virtual, erect, magnified 

Concave 

t/ = 4- 00 

0 < u < 4- « 

U = / 

9 < r < / 

Virtual 

Virtual, erect, diminished 


Spherical Aberration. The rays of light incident, for example, upon a spherical 
mirror, from a light source P (Fig. 3), form an image at point Q \ this is apj^roximately true 
if the angle between light ray and optical axis is small, bbr larger angles the image points 
occupy all the points on the axis lietween Q and At instead of meeting at a single point; 
an image line will be formed which constitutes the longitudinal spherical al)erration. 
If a screen is placed at point Q the reflected rays will, for the same reason, illuminate a 
oircular area instead of a shn-rp point images this is referred to as lateral spherical al)erra- 
tion. The same holds for all types of spherical mirrors and lenses. 

Chromatic Aberration. Since the refractive index varies with wavelength, the image 
produced liy white light from a convex lens, for example, will be, in fact, a superposition 
of many monochromatic images at slightly different foci. The yellowish green image is 
the brightest, and the one upon which the screen will be focused, so that the other images 
superimpose slightly out of focus and thus blur the resultant white image. This effect is 
known as chromatic aberration, and can be minimized by using several lenses instead of a 
single one. An arrangement which tends to refocus the monochromatic images into a sin¬ 
gle sharp image is called achromatic. Cliromatic al^erration is produced with any type 
of single lens. 

The Focal Length of a convex lens can most readily be determined on an optical bench. 
In front of a light source fine cross-wires are placed. The light, after passing through the 
lens, forms an image on a screen which is clearly focused. If p is the distance of the cross- 
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wires, q that of the screen, from the center plane of the Ions, then by equation 2 the focal 
lenKth can be computed. With a concave lens it is necessary to use a convex lens also. 
From the resultant focal length F and the known focal length / of the convex lens that 
of the concave lens, can be determined by 

1 // - 1 /F - l/f 


7. OPTICAL INSTRUMENTS* 

Magnification, increasing visibility of detail, is secured by bringing the image of an 
object nearer to the eye, or by any other means of increasing the visual angle which 
the object subtends. Vision with the unaided normal eye is, however, most distinct at a 
distance of 25 to 30 cm because the aiMroniinodating raechanisiii of the eye is unable to 
focus sharply on the retina points nearer than this. A magnifying optical system pro- 
du(!es in effect the required increase in the visu.al angle while forming an image (real or 
virtual) farther from the eye than the least distance of distinct vision. Often the arrange¬ 
ment is such that the eye views a virtual image at an infinite distanee, so that the muscles 
of accommodatiori may be completely relaxed. 

The Simple Microscope (Fig. 12 ). A single converging lens if placed closer to an 
object than the i)rincipal focal length produces an enlarged virtual image, which is seen 
on looking through the lens. The 
magnification produced is 1 + d/f 
for an eye -whose least distimeo 
of distinct vision is d. A simple 
plano-convex lens, with the plane p 
side toward llio eye, gives good 
images for magnification less than 
eight diameters, that is, with foiial 
lengths greater than about 3 cm. 

The image may be much im- 
lU’oved, especially where tlic mag¬ 
nification is corisidorablo, by the 
use of special com lunations of lenses 
designed to reduct' spherical and 
chromatic aberration so as to give 
a fairly large field of view apiirox- 
imately free from distortion and 
color. 

The Ramsden or Positive Eye¬ 
piece. (Fig- 13) consists of two 
converging lenses, usually plano¬ 
convex, with their convex surfaces 
facing each other, of o<iu;il focal 
length, and separated by 2/3 the 
focal length of either. A virtual 
image of the object or real image 
A is formed by the field-lens Li 
.at A'. The eye-lens La forms an 
image of this at infinity. This 
eyepiece is fairly, but not quite, 
achromatic. 
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Huyghens or Negative Eyepiece (Fig. 14). Two converging lenses, usually plano¬ 
convex, with the plane surfaces toward the eye, arc so arranged as to divide equally 
belwetm them the deviation produced on incident light parallel to and close to the axis. 
The field-lens Li has three times the focal length of the eye-lens La, and the two are sepa¬ 
rated by the difference in their focal lengths. Light whiidi if unhindered would converge 
at A is deviated hy L] to form an image at A\ of which L 2 forms an image at infinity. 
This eyepiece is highly achromatic and free from disturbing spherical alierration. 

For Measuring Microscopes and Telescopes in which the eyepiece is fitted with cross-hairs, the 
positive eyepiece is far more suitable than the negative because the image of the hairs being formed 
by both lenses is corrected for both chromatic and spherical aberration, and because the cross-hairs 
can be easily adjusted to suit different eyes by altering their distance from the eyepiece. 

The Compound Microscope (Fig. !.'») in its simplest form consists of two converging lenses. 
The objective Lj forms within the tube a real, inverted, magnified image A' of the object A. This 
image is viewed through the eyepiece L-i and further magnified. A microscope is usually fitted with 

♦ From the American Civil Engineers’ Handbook, by Merriman and Wiggin, 6 th Edition. 




9-14 RADIATION, LIGHT, ACOUSTICS AND METEOROLOGY 


either a Huyghene or a RaniBden eyepiece, according to the purpose for which it is to be used. The 
objective is also generally a combination of several lenses to overcome spherical and chromatic 

aberration while admitting as 



much light as possible. In micro* 
scopes of the highest power a drop 
of oil of cedar is placed between 
the slide and the objective; this 
is known as " immersion.” The 
smallest interval that can be op¬ 
tically resolved is about 0.00005 


mm, and the limit of resolution of 



the mi croBCopeis attained when the 
total magnification is about 1200. 

The Astronomical Refracting 
Telescope differs from the com¬ 
pound microscope in that the 
objective forms a reduced image 
of a distant object. The objective 
is generally a compound len.s con¬ 
sisting of a convex lens of crown 
and a concave leiLS of flint glass. 
A lluyghens or a Ramsden eye¬ 
piece is ordinarily used; but the 
best instruinents empiloy eyepieces 
embodying later improvements. 

The Terrestrial Telescope (I'ig. 
16) produces an erect image by an 
inverting system between the eye- 



Fig. 17 


Fig. 18 


piece and tlic inverted image formed by the objective. One form of inverting system consists 
of two converging lenses of equal focal length so placed that the inverted image A formed by the 
objective is at the principal focus of the lirst lens. An erect image A' is then formed at the principal 
focus of the second lens, and is magnified by an eyepiece. 

Galileo’s Telescope (Fig. 17) consist? of a convex lens h\ for objective and a concave lens L-t 
for eyepiece. The light from Li, converging so that if unhindered it would form at .1' a real, in¬ 
verted image of the distant object A, is iiitcreepted by 7/2 t^ntl rendered parallel or slightly divergent 
as if it came from A", which is a virtual, erect image of A. The use of the diverging eye-lens limits 
considerably the angular field of view. Ordinary tield-ghiBses and opera-glasses are Oalilean tele- 
Bcopes. 

The Prism Binocular (Fig. 18) secures the wide field of view that accompanies tlie use of a con¬ 
verging eyepiece, at the same time avoiding the inconvenient length of the ordinary ter.»'estrhd 
telescope. This is accomplished by employing fo^ir total reflections within two right-angled prisms 
to invert the image formed by the objective. Otherwise the construction is the same as that of the 
astronomical telescope. This prism construction permits a considerable shortening of the telescope 
by separating the prisms, since the light traverses the distance between them three times. In 
addition the stereoscopic effect due to binocular vision may be greatly increased by placing the 
centers of the objectives much farther apart than the pupils of the eye. The increuFcd held of 
view is obtained at a sacrifice of illumination. 

In Reflecting Telescopes the object lens is replaced by a concave mirror with parabolic surface. 
The mirror is of glass and coated wdth a thin film of either silver or aluminum. The parabolic 
surface of the mirror renders it completely achromatic and, therefore, of special value in astroromic 
photography. The first reflecting telescope was constructed by Newton, in 1670, and is known as 
the Newton Reflector. The largest reflecting telescope in actual use is at the Mount Wilson 
Observatory in California; it is 100 inches in diameter and 43 feet in focal length. A new reflecting 
mirror of 200 inches in diameter has just been completed and will also be installed at the Mount 
Wilson Observatory. 
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PHYSICS OF RADIATION 

By Erast Weber 

For elctitromagnetio radiation from resonating circuits and antennas, and thermionic 
emission, sec the volume Ekctrical CummunimlUm of this handbook series. 


8. PROPAGATION OF LIGHT 

The Velocity of Light* in vacuum is approximately 186,000 miles per second, and was 
first detenninod in 1675 by O. Rocmer, a Danish astronomer. Aceordiiij; to recent 
measurements liy Michelson (1926), the velocity of light in vacuum is 2.99790 ± 0.00004 
XIO’^' cm per sec, but a slight variation is suspected to take place. 

The Color of Light is determined by its spectral distribution. The range of visible 
light extends from about X = 3S0m/i = 3800 A (extreme violet), to about X — 7S0m/Lt = 
7800 A (extreme red). 

The Refractive Index of light varies considerably with wavelength, normally iieTeasing 
in value with dc(;reasing wavelength (normal dispersion). It is customary to give refrac¬ 
tive indices for yellow liglit of X = 5S9..3 m/x wavelength (bright radiation of sodium 
vai‘or) in order to facilitate comp.arisrm. For /ja.sv.s‘ the refractive index is not much dif¬ 
ferent from unity and varies only slightly with wavelength; ral)le I gives some repre- 
s<aitativc values. For liquids the refractive index lies between 1 and 2 and shows \ aria- 
lion with temperature as well as with wa\Tlength. Talile II gives some representative 
values. 

Table I. Index of Refraction of Gases 


(From Sniitbsonian Tables; reduced to 0° C and 700 mm llg, at Witvelength X == 589.3 ing, 
sodium light.) 


iSubstance 

Sym¬ 

bol 

Index of Hcfraction 

Substance 

Sym¬ 

bol 

Index of ICefraction 


Tl 2 

II 2 O 

O2 

1.000 132 

1,000 249 to 1.000 259 
1.000 271 

1.000 2926 

1.000 296 to 1.000 298 

Carbon monoxiile 
Carbon dioxide. . 
Sulfur dioxide. . . 
Benzene. 

CO 

(■O 2 

8 O 2 

C,illc 

1.000 346 

1.000 448 to 1.000 454 
1.000 686 

1.001 700 to 1.001 823 

Water vapor. 

t)xvgen. 

Air !. 

Nitrogen. 

N2 



Table II. Index of Refraction for Liquids 


(At 20° C and at wavelength X = r>S9..3 him, sodium light; various sources) 


Substance 

Symbol 

Index of 
Refraetitm 

Substance 

Symbol 

Index of 

Kef ruction 

\V' lit.pr 

H 2 O 

CallsOCaHs 
C’oHfiOH 
f'slltjOs 

1.^32 99 

Bfuizene. 

Cfillfi 

1. 501 

Kl.hyl pfher 

1.351 

Phenol. 

CcIIcOH 

Br 

1. 550 

Fthyl aleohol.... 
Cyleerin. 

1.361 

1.474 

Bromine. 

1.654 


Table III. Index of Refraction of Glass 

tFrom the Ibimlbook of Chemistry an<l Pliysics, lO.'i.'l) 


Variety of Glass 

Wavelength in Millimicrons 

361 

434 

486 

589 

656 

768 

1200 

2000 

Zinc crown. 

1.539 

1.528 

1.523 

1.517 

1.514 

1.511 

1.505 

1.497 

Higher dispersion crown. 

I . 546 

1.533 

1.527 

1.520 

1.517 

1.514 

1.507 

1.497 

Light, flint. 

1.614 

1.594 

1.585 

1,575 

1.571 

1.567 

1.559 

1.549 

Heavy flint. 

1.705 

1.675 

1.664 

1.650 

1.644 

1.638 

1.628 

1.617 

Heaviest flint. 


1.945 

1.919 

1.890 

1.879 

1.867 

1.848 

1.832 


Transparent Solids, if optically '•sotropic, refract regularly. The most important 
representative is glass, which has very marked dispersive properties in the visible range; 
this fact is utilized in prism spectroscopy. Table III shows the variation of the refractive 
index with wavelen.gth for various standard kinds of glass in general use for optical purposes. 


* The expression “light” is commonly used to designate monochromatic visible radiation 
(aciemific usage) or total visible radiatiou from a light source. 
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Transparent Crystals, if optically anisotropic, have, in general, different propagation 
properties in ail three space directions and therefore must be characterized by three prin¬ 
cipal refractive indices. They exhibit certain symmetries with respect to two definite 
crystallograidiic directions, called the optical axes; the crystals themselves are called 
optically biaxial. 

Certain tramparent crystals exhibit rotational symmetry with respect to a single 
crystallographic dire(;tion, cidled the optical axis; the (irystals themselves arc called 
optically uniaxial and must l)e characterized by two prin(;ipal refra(;tivc indices. The 
most widely known representatives are (luartz and Iceland spar. Very complete tables of 
the indices of refraction (!an be found in the International ( ■ritical Tables. 

Metals absorb as well as reflect light; in general, they are entirely opaque, except 
when used in very thin films. 'I'he optical behavior of metals is characterized by refractive 
index n, index of absorption K, and reflectivity R. The optical indices of metals are not 
directly measurable; they must he computed from the observation of changes of polariza¬ 
tion (see Art. 0) in the reflected light. In general, the metals show an apparent irregular 
and large variation of their optical indices with the wavelength of the in(;ident light; this 
has led to a theory of resonance of the conduction electrons. Table IV gives the optical 


Table IV. Optical Constants of Metals 

(At a wavelcngfh \ = 580.3 in/x; various souroos) 


M etal 

Sym¬ 

bol 

Index of 
Ilefrae- 
tion 
n 

Index of 
Absorp¬ 
tion 

K 

Reflee- 

tivity 

R 

Metal 

Sym¬ 

bol 

I ndex of 
Refrac¬ 
tion 
n 

Index of 
Absorp¬ 
tion 

K 

Reflec¬ 

tivity 

R 

AJmniriurri.. . 

AI 

1.44 

5.32 

0.83 

Nickel. 

Ni 

1.79 

1.86 

0.62 

Bismuth. 

IM 

1,90 

1.93 

0.65 

Silver. 

Ag 

0. 18 

20. 2 

0.95 

Copper. 

Cu 

0.64 

4.08 

0.73 

Steel. 

IJ 

1.28 

0.57 

Gold. 

Mereury. 

Au 

Hg 

0.36 

1 73 

7.70 

2.87 

0.85 

0.78 

Tungsten. . . 

\V 

3.46 

0.94 

0.54 


Table V. Diffuse Reflecting Power 

(For visible spectrum; various sources) 


Material 

Reflecting 
I'ower in 
Per cent 

Material 

Reflecting 
Power in 
l\.!r <!ent 

Cloth 


Paper —Contin ued 



81 


15 


44 


3 5 


25 

Black. 

5 

Blue woolen (salacine). 

15 

Pigment 



17.5 


27 


17 


3 


33 - 


52 


29 

lioad carbonate, PbCOs. 

90 


2 4 


66 


14 


52 

Black velvet. 

1.8 

Zinc oxide, ZnO. 

82 

Black woolen (salaeine). 

12 

Stone and minerals 


Green leaf (tulip tree). 

22 

Asphalt (pavement). 

15 

Tjii,rnph1n.nk (p.'iitif,^. 

3.2 

Mae.adn.m mad. 

12 

Paints 


Granolith (pavement). 

17 

White lead. 

75 

Bluestone (sandstone). 

18 

Zinc lead. 

69 

Limestone (Indiana). 

43 

Paper 


Brick, light buff. 

48 

Whito blottiTU'' . 

82 

darker. 

40 

Cheap wliite. 

70 

red. 

i 30 

Plight gray . 

73 

darker and glazed. 

23 

Medium grav . 

45 

FeJd.spar. 

1 39 

Dark gray. 

20 

Quartz (powder). 

81 

Pink... 

60 

Marble white, unpolished. 

53.5 

Buff . 

60 

Slate (dark clay). 

6.7 

Chocolate brown. 

20 




indices for a few metals at a wavelength X = 5sy.3 my (sodium light) as determined by 
Drude.* All metids show low reflectivity for ultraviolet, increasing values through the 
visible spectrum, and act as almost perfect mirrors for infra-red and longer wavelengths. 


♦ P. Drude, Wied. Annalen^ 1890, vol. 36, p. 885; vol. 39, p. 481. 
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Most common materials reflect diffusely. Table V gives the diffuse reflective power 
for the more important engineering materials. Rather complete tables of spectral reflec¬ 
tivity of pigments and transmissivity of dyes can be found in M. Luckiesh, The Basis of 
Color Technologj", Jourruil of the Franklin Institute, voL 1S4, p. 73, 1917; and M. Luo- 
kioeh, The Mcaavirement of the Transmission Factor, Journal of the Franklin Institute, 
vol. 1S6, p. Ill, 1918. 

9. POLARIZATION OF LIGHT 

Double Refraction and Polarization. The fact that optically uniaxial crystals propa¬ 
gate light selectively with respect to their optical axis can best be explained by the assmnp- 
tion of the polarization of light. As defined in Art. 3, a light wave is called plane polarized 
if the oscillations of each of the electromagnetic field vectors occur in a fixed plane. In 
the case of optically uniaxial (iiystals (in relation to which the concept of polarization was 
originally introduced), doulile refraction takes place; that is, an incident pencil of light, 
propagating in a direction other than the optical axis, is broken up into two pencils: the 
ordinary and the extraordinary “ ray,” both of which travel with different velocities 
within the crystal. The two resulting rays, on emerging, are plane polarized in two 
perpendicular planes. It- is customary to (;all " ordinary ray ” that ray which is plane 
polarized in the principal plane (a plane parallel to the optical axis and the incident 
ray); this ray is uniformly refracted in all directions and thus behaves like ordinary 
light. It is customary to call “extraordinary ray” that ray which is iilane polarized 
pi rpendicular to the priiicii)al plane; this ray is non-uniformly refracted, the refrac¬ 
tive index varying symmetrically about the optii^ai axis. The extraordinary ray 
thus behaves differently from ordinary light. Upon leaving the crystal, the two 
plane-polarized waves have, on account of their different velocities within the crystal, a 
phase difference 

. 2 Td , 

8 = —- (m - n-i) (1) 

where d is the length of the path within the crystal, X the wavelength in air, and rii and n* 
the refractive indiiica for the two rays in th(» directions of projiagation. ^Phe resulting 
light from a uniaxial crystal is, therefore, in general, eiliptically polarized. 

Production of Plane-polarized Light. Double refraction provides a means of producing 
I)lanc-polarized light from natural light by suppressing the ordinary ray, as for example, 
in a .Nicol prism. In the case of tourmaline the high value of alisorptivity for the ordinary 
ray naturally suppresses it so tluit the plane-iiolarized cxtraordin.ary ray remains. If 
light falls upon transparent substances at such an angle of iiKiidence that reflected and 
rc'fracted rays are perpendicjular to each other, the reflected light will be almost completely 
plane polarized (Brewster's law'). 

Photoelasticity. Isotropic transparent substances, if subjected to strain, become 
doubly refracting. Plane-polarized light, in passing through the sulistancc, is then decom¬ 
posed into two rays, polarized, respectively, parallel and perpendicular to the direction 
of stress. On account of their different velocities of propagation they suffer a relative 
phase difference, so that the light leaving the medium is, in general, eiliptically polarized 
(see Art. 3). The amount of the phase difference is proportional to the stress and the 
thickness of the medium, so that a stress anidysis can be performed. For practical pur¬ 
poses, models of the strueturc to be investigated are cut out of xylonite,* and sulijected 
to stre.sses proportional to those acting on the original. 

Optical Rotation. In many substances plane-polarized light experiences a rotation 
of the plane of polarization proportional to the length of the path within the substance. 
According to Fresnel, it is thought that the plane-polarized ray decomposes into two 
oppositely rotating circularly polarized rays which propagate with different velocities, so 
that they suffer a relative phase difference; on leaving the substance, they combine into 
a plane-polarized ray, the plane of polarization of which appears to be rotated with 
respect to that of the incident light. The specific rotivtion is measured in angular degrees 
I)er decimeter for liquids and solutions, and in angular degrees per millimeter in solids; 
it is called negative if the rotation is left--handed, and positive if it is right-handed, as 
seen by an observer. Substances exhibiting optical rotation are called optically active. 
Applications are found in commerce and medicine in the test for sugar. Instruments 
used to measure the optical rotation are called saccharimeters or polarimeters. Table VI 
shows the values of specific rotation of a few common substances at 20° C, for sodium light. 
Quartz shows a very m.arkod increase of the specific rotation with decreasing wavelength. 
Rather complete taljles can be found in the International Critical Tables, Volume 7. 

* Tuzi: A New Material for the Study of Photoclasticity, Set. Papers Ins. Phys. Chem. Res., 
Tokio, 7 (1927), p. 79. 
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Table VI. Specific Optical Rotation 

(At 20® C and X = 589.3 m/t, sodium light; various sources) 


Substance 

Specific 

Rotation 

Unit 

Solids: 

Quartz . 

+ 21.68 

Angular degrees per millimeter 

Sodium broniatc.. 

+ 2.8 

- 5.7 

Liquids; 

“ " “ decimeter 

Nicotine. 

- 162 

Turpentine. 

- 37 

“ *• •' “ 

Solutions:* 

Albumine . 

- 25 to 38 

.. <4 .4 <4 

Dextrose . 

+ 52.25 

44 4 . 4. 4 . 

Lactose . 

+ 52.4 

“ *' “ “ 

Levulose (fruit sugar) . 

- 87. 1 

4 4 4 , 1 * 4 * 

Maltose . 

+ 138.3 

,1 II II II 

Sucrose (cane sugar) . 

+ 66.3 

II 


* Solvent; water (1 g in 100 g). 


Magnetic Rotation. Opti(3ally isotropic substances, when exposed to a strong maKiietic 
field, rotate the plane of polarization of plane-polarized light. This is called the Fanulay 
effect after its discoverer (1845), and depends on the magnetic field intensity II. It is 
termed positive if the rotation o(;cura in the direction of the current which produces the 
magnetic field. The angle of rotation in angular minutes is given by 

6 — t.LH cos a 

where r is Verdet’s constant (see Table VII), I (centimeters) the length of the path of light, 
within the magnetic field of intensity H (oersteds), and a the angle which H makes 
with the ray of light. 

Table VII. Magneto-optic Rotation 

(At 20® C arid wavelength X = 589.3 rri/u, sodium light; various sources) 


►Substance 

Verdet’s 

Constant 

Remarks 

Solids: 

+ 0.0420 



+ 0 0172 


Liquids and solutions: 

Benzene. 

+ 0.0297 



+ 0.0107 


Ferric chloride. 

- 0.2026 

Aqueous solution, 1.4331 g per cm* 

" “ 1.6933 “ 

Ferrous chloride. 

+ 0.0025 

Sodium carbonate. . 

+ “0.0140 

•• " 1.1006 " 

W ater. . 

+ 0.0130 

Oases (at atmospheric pressure): 

Air. 

+ 6.83 X IO-« 


Carbon dioxide. 

+ 13.00 


Nitrogen. 

+ 6.92 


Oxygen. 

+ 6.28 



Kerr Effect. Transparent substances, when subjected to a strong electrostatic field, 
become doubly refracting. I’lane-polarizod light, in passing through the substance, is 
decomposed into two rays polarized in the direction of the electric field and perpendicular 
to it, resiioctively. On account of their different velocities of propagation, they suffer a 
relative phase difference, so that the light leaving the medium is in general elliptically 
polarized. A high-voltage condenser with liquid dielectric (preferably nitrobenzene), 
employing this electro-optical effect, is called a Kerr cell, and is of use in some phases of 
television. 


10. LIGHT SPECTROSCOPY 

The Visible Spectrum* is the graphic arrangement of the visible radiant energy against 
wavelength or frequency. The w^avelength is usually measuretl in millimicrons, 1 my 
= 10"^ cm, or in ang.stroms, lA = 10“* cm (practi(tally). Three different kinds of 

The term visible spectrum is uUo used to designate the band of colors constituting white light. 
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spectra are commonly distinguished: the emission spectrum, representing the spectral 
distribution of emissive power of a light source; the reflection spectrum, representing the 
spectral distribution of reflectivity of a regularly reflecting surface; and the absorption 
spectrum, representing the spectral distribution of the absorbing power of transparent 
substances. The best-known representative of the last type is the solar absorption 
spectrum, or the Fraunhofer lines, discovered in 1817. 

Spectroscopy. The spectral distribution of radiant energy composing light can be 
directly obsen^ed in a spectroscope. The most common type of spectroscope, first used 
by Newton (1666), utilizes the dispersion of light passing through a prism of glass (see 
Fig. 1). Later types of spectroscopes use the diffraction of light by fine gratings (Row¬ 
land, 1882), and the intorferonce 
patterns resulting from reflections 
by mirrors (interferometer by 
Michelson). A very high-power 
spectroscope, using an echelon 
grating (Michelson, 1898), has 
been particularly successful in 
finding the fine structure of spectral 
lines. Monochromatic radiations 
are located by comparison w'ith 
standard radiations. Table VIII 
gives a few of the wavelengths 
useful for the calibration of 
spectroscopes and their respective 
sources. I'hc primary standard for absolute wavelength measurements is the wavelength 
of the red cadmium line determined by llcnoist, Fabry, and l*crot (1907). as 6438.4696 
angstroms, and adopted internationally.* 


A (Refracting Edge) 



Fig. 1. r>isper.sion of White Light by ii Glass Prism 


Table VIII. Wavelengths for Calibration of the Spectroscope 

(Selected from U. A. Iloustoun, A Treatise on Light) 


Source 

W.avelength 

rriM 

C’olor 

(''orreaponding 
Fraunhofer 
Absorption liine 

Potassium nitrate on Pt wire in Bunsen flame... 
Lithium sulfate on Pt wire in Bunsen flame 
Hytlrogcn lirip^. 

\ 770.2 

1 766.8 
670.78 
656.28 

Red 

Red 

Red 

c 

Sodium bicarbonate on Pt wire in Bunsen flame.. 

Mercury arc . 

( 589.00 

1 589.59 
546.07 

Orange 

Green 

D, 

Di 

Thallium chloride on Pt wire in Bunsen flame.. . . 
Bydrogen vacuum tube (/3 line) .. 

535.07 
486.14 

Green 

Greenish blue 

F 

Hydrogen vacuum tube ("y line). 

434.04 

Indigo 

f 

(^adtniutii snark in air. 

396,84 

^'iolet 

H 


The Performance of a Spectroscope is judged by the brightness of the spectrum, which 
depends in the first place on the aperture of the instrument, i.e., the ratio of diameter to 
focal length of the collimator lens which is the convex lens between light source and 
prism or grating; and by the rcHohing power, which is the ratio of any given wavelength 
X to the smallest increment d\ that can be distinctly observed, i.e., X/dX. The resolving 
power varies with the wavelength and spectroscope; it is largest for diffraction and echelon 
gratings, where it can reach 250,000. 

Origin of Line Spectra. The most important part of spectroscopy is the one dealing 
with the line emissions or characteristic spectra of the various chemical elements. 
The occurrence of distinct freiiuencies of the emitted energy (lines) indicates a definite 
vibratory origin within the atom and is attributed to electronic oscillations of some rather 
vague kind (see Art. 3). The grouping of lines into series was first established empiri¬ 
cally for the hydrogen spectrum, and a formula was given by Balmer (1885), later 
generalized by Rydberg (1890) as 

" “ ((m, + /ii)* - (m + ^)») 

* The adoption of the wavelength standard as exactly 6438.4696 angstroms represente, in fact, 
an absolute definition of the unit angstrom which is slightly different from the practical definition 
lA » 10~8 cm as derived unit. It is, therefore, generally preferred to give wavelengths in milli- 
microns. 
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where is a universal constant, the Rydberg constant, and n are the wave numbers 
(number of wavelengths per centimeter) of the various lines of any one series obtained 
by letting m take all integer values from unity on. The constants jS and are charac¬ 
teristic for each individual series, and mi is a definite integer which determines the type 
of a series; thus mi = 1 gives the Lyman (ultraviolet), mi — 2 the Balmcr (visible), 
mi = 3 the Paschen, and mi = 4 the Brackett (the last two in the infra-red), series of the 
hydrogen atom. In general each spectral line can be either a singlet, if even with largest 
resolving power only a single line can be detected, or a doublet, triplet, up to octet. The 
whole series is then referred to as a multi plot series, its order being equal to that of the 
highest order line that occurs in the series. 

Energy Level Diagrams. For all elements the wave numbers of their characteristic 
line radiations can be brought into a form similar to equation 2 which was interpreted l>y 
Bohr (see Art. 3) as the difference of two definite energy terms. If multiplied by he 
{h = Planck’s constant, c = velocity of light in vacuum), equation (2) becomes 

hen — hvfg — TF j* TV s (3) 

where rr« is the frequency of the spectral lino. The energy terms can be computed from 
the known wavelengths of the radiations, and if arranged systematically, ascending from 
lower to higher absolute values of energy, the whole system of terms for an element is 
called its energy level diagram, which can be represented graphically. In the diagram each 
energy level is a ierm and lielongs to a sequence which is designated by a capital letter as 
iS (sharp), P (principal), D (diffuse), F (fundamental). The main terms of each sequence 
are differentiated by integer order numbers (the values m or mi in eiiuation 2) in front 
of the letter symbols; a superscript indicates the multiplicity of the sequence (determined 
by the highest order multiple in the sequence); and a subscript designates the component 
of the multiple within the main term. For example, 3^p2 ia the second component of the 
third main term of the principal sequence which is a quadruplet. "l"he spectral linos, 
then are given by transitions like 3‘‘P2 2^Di, the difference in the corresponding energies 

determining uniquely the frequency of radiation emitted according to equation (3). 
Empirical selection rules prohibit certain lines so that transitions are possible only between 
neighboring seijuences, and only if the changes of the subscripts are ± 1 or 0. 

Excitation of Line Spectra. Emission of the characteristic radiation occurs when 
electrons “ fall ” from higher to lower energy levels. For this to happen, atoms must 
first absorb energy and be “ raised ” to higlier energy levels, which can be done either by 
bombardment with high-speed electrons (arcs, sparks), irradiation with x-rays, resonance 
radiation (incident radiation of same frequency as omitted radiation), or by collisions with 
atoms of the same or other elements. 

Doppler Effect. A light source moving towards an observer with a relative radial 
velocity s appears to emit radiations of wavelength 



V 


where v "S the velocity of light and X the absolute wavelength emitted by the source 
(Doppler, 1843). Spectroscopic; identification of stars and planets reveals their relative 
velocities, .s, when the spectral lines are compared with earthly sources. At very low gas 
pressures the thermal velocity of molecules can also produce a Doppler effect. 

Zeeman Effect. Strong magnetic fields resolve the spectral lines of elements into a 
varying number (two to seventeen), of finer lines showing different states of polarization 
with, however, a typical struisturo for all lines, Zeeman (isyo) first discovered this effec^t 
and profiounded a simple theory. Quantum mechanics tries to explain it }:>y means of a 
magnetic moment resulting from assumed “ electron spins.” A similar effect occurs when 
observing absorption lines in a strong magnetic field. This effect is called the inverse Zee- 
man effect, and occurs in the sunspots, indicating vast magnetic storms. 

Stark Effect. Stark (1913) discovered that strong electric fields resolve spectral lines 
of various elemonfis into a vaiying mimlier of finer lines showing different states of iiolari/a- 
tion. The transverse effect upon different lines is different and depends either linearly or 
squarely on the field strength. A longitudinal effect (electric field parallel to light) has 
also been found. Explanations have been tried by assuming a change in the electrical 
potential energy of the orbital electrons. 

Raman Effect. Transparent substances, if illuminated with strictly monochromatic 
light, can exhibit in their spectnim in addition to the strong line of the incident frequency 
(the only one to be expected ac(!ording to the classical theory of scattering light) fainter 
linos of lower and higher frequencies (Raman, 1928). I'lie presence of the new frequencies 
is explained by assuming that light is f;omposed of photons which either lose energy to 
molecules or gain energy from excited molecules, as they pass through the substance. 
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11. ULTRAVIOLET RADIATION 

The ultraviolet spectrum extends from approximat^?l.y 380 m/u wavelength down to the 
softest x-rays. The longer ultraviolet rays, of vittd importance for organisms, are often 
called actinic rays. 

Absorption. Most optically transparent substances absorb ultraviolet radiation. 
Thus ordinary window glass does not transmit wavelengths shorter than approximately 
350 niM, whereas iiviol glass, 1 cm thick, stops transmitting at approximately 300 mp 
as do ordinary crown and flint glass. (Quartz 1 mm thick is transparent for ultra\'iolet ra¬ 
diation down to a wavelength X = 170 in/x, fluorite even to 100 m/u. One millimeter 
of air (at a pressure of TGOmm Hg) absorbs all wavelengths below X = 170m/x; the 
solar spectrum as measured on the surface of the earth stops at 250 m/u on account of the 
absorption by the air. 

Refraction and Reflection. The refractive indices of the ultraviolet-transparent 
glasses and crystals show normal dispersion. Metals are highly absorbing and have low 
reflectivity in the ultraviolet region. 

Spectroscopy of Ultraviolet. Since all glass absorbs ultra\dolet radiation to a con- 
sideral)le extent, prisms and lenses for ultraviolet spectroscopy must bo made of quartz 
or fluorite. In using quartz, correction must be made for the effects of double rcfratition 
and optical rotation. For spectrophotograijhic investigations of ultraviolet radiation of 
the shorter wavelengths, a vacuum spectrograph must be used ou account of the alxsorp- 
tion characteristics of air. Convenient sonnies of ultraviolet radiation arc cLctric sparks 
between metals; each metal has a definite and characteristic specitral line distribution, 
one of which can be used as a standard for wavelength measurements. The most efficient 
sourcie is the mercury-vapor arc. 

The ultraviolet spectrum can be made visilde by fluorescent screens or by photography. 

Fluorescence. Many organic substances in solution omit characteristic monochro¬ 
matic visible radiation, that is fluorescent, when illuminated by white light or ultraviolet 
radiation. These fluorescent 8iil)8t-ance8 strongly a!>sorb radiations in the near and 
extreme ultraviolet region. Hence, to explain fluoresc'enco, quantum theory assumes that 
this range will excite the electrons and raise them to high energy levels from which they 
may fall back in one or in several energy steps; in’ the latter case this gives rise to charac¬ 
teristic visible radiations. Table IX gives a few organic; substamua? exhibiting strong 
fluorescence (from Handbook of Chemistry and Physics, 1933). Inorganic gases and 
vapors, as well as crystals, show fluorescence under certain conditions. Much valuable 
information can be found in R. W. Wood’s Plij^sical Opti(;s. Practical use of fluorescence 
is made in luminous paints and in the analysis of paints, oils, and rubber, whereby impuri¬ 
ties in composition can be detected by differences in fluorescent properties. 


Table IX. Fluorescence of Organic Substances in Solution 

(From Handbook of Chemistry and Physics) 


Substance 

Solvent 

Wavelength (m^) 

Ck>lor 


Alcohol 

400, 430, 436 

Violet 


Water 

437 

Violet 


Alcohol 

460 

Blue 

Fluorescin. 

Water (alkaline) 

542 

Green 

Rhodaniin. 

Water 

> 554 

Yellow 

Kosine. 

Alcohol or water 

589 

Yellow 

Xaphthalin, red. 

Alcohol 

632 

Orange 

Resorcin, blue. 

Water 

650 

Red 


Phosphorescence. A number of crystals show persistent fluorescence, oven after the 
exciting source has been removed. Usually any prolonged luminescence of crystals is 
called phosphorescence;; however, a substance is truely phosphorescent only if small 
metallic impurities cause the storage of radiation energy. 

Photography. Light-sensitive emulsions of silver bromide in gelatin on glass are 
capable of forming pictures by chemical action. Certain very small sulfur-containing 
organic bodies present in the gelatin react with the incident light and upon “ develop¬ 
ment ” form centers for the reduction of silver bromide to metallic silver. Ordinary 
dry plates are light sensitive in the wavelength range of 220 to 500 m/x with a maximum 
of sensitiveness in the violet. Below 250 ra/n the gelatin begins to absorb strongly so that 
special plates are necessary. By utilizing fluorescence of organic substances in the various 
ranges of the visible spectrum, emulsions can be formed which are sensitive up to 720 m/a 
(known as verichromatic or panchromatic plates or films). 
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12. THERMAL (INFRA-RED) RADIATION 


Thermal Radiation is assumed to be produced by the agitation of the molecules or 
atoms of a substance and extends continuously over a wavelength range from a character¬ 
istic minimum frequency up to wavelengths in the far ultraviolet. It represents a con¬ 
tinuous energy distribution depending only upon, and being characteristic of, the tem¬ 
perature of the body. The term infra-red radiation refers to that part of the spectrum 
which extends from approximately 780 m/i up to the very shortest electromagnetic oscilla¬ 
tions produced in eleijtiii^ circ.uits. 

Kirchhoff’s Law, For any body in thermal equilibrium at a certain temperature T 
the ratio of monochromatic emissive power E\ to absorptivity .4x is the same fuiuition 
of wavelength, or in othcir words, every substance emits as iniich lieat radiation as it 
receives for any wavelength and temperature. 'r}ii.s law was deduced analytically by 
KirchhofT (1S(>()) and has been verified experimentally. 

Black-body Radiation. A blac;k body is ilefinod as being perfectly absorbing for all 
wavelengths, Ax = 1. In this case Kirchhoff’s law leads to {K\/A\)h = E\b, or the 
eharactoristie function of Kirchhoff is identical with the spectral distribution of cmis.si\ e 
power of a lilafik body. practical purposes, I.ummer and Pringshoim showed that 

the characteristics of the lilack liody are closely a{>proximated by a heated hollow sphere 
with blackened inner surface. Through a small hole in the surface of the sphere the 

internal state of radiation can lie ol)serv(;d 
with a bolomof or. 4'he experimental curve of 
the spectral distribution of black-body radia¬ 
tion is given in Fig. 2 for several absolute 
temperatures. 

Wien’s Displacement Law. The wave¬ 
length of the blaiik-body spcctnim at wlii(4i 
maximum radiation occurs for any particular 
temperature is connected with this temper¬ 
ature by the relation 

\mT = 2900 ix^K (4) 

formulated liy 'W'ien. With this law, Wien 
also showed that, given a spectral distribution 
of r.adiation energy for one temperature 7’i, 
the distribution curve for any other tiuuper- 
aturc T>i. can be constructed 

Spectral Distribution of Thermal Radiation. 
Introducing the concept of the “ quantum ” 
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Fig. 2. Spectral Energy Distribution of a 
Black Body. The Ordinates of the Curves 
B and C must be divided by ti and 50, respec¬ 
tively, in order to obtain the proper relative 
valutw. 


hp as B, definite fundamental unit of cncrfi:y associated with the frequency p, I’lanck 
(1900) formulated a theory of Idack-body radiation in which the various iiioJocules are 
considered as oscrillators having the same froquemy but difTereiit and integcfr multii)l(-.s 
of the energy unit. The monochromatic <‘missivc power obtained as the statistical average 
over the contributions of all the inoleculc.s is then given by the exponential form 

^^0 = (“) 


1 


where ci and arc uni\'ersal constants. I’kjuation 5 gives very accurately the experimen¬ 
tal curves obtained liy Liimrner and Pringshoim. bor very small values of (XT') tliis 
leads to Wien’s approximate expression for the spectra-l emissive power 

Exb ~ (M) 


which is much simpler to use and gives good approximation even for the maxima of the 
spectral curves, b’or very large values of (XT') equation 5 loads to liayleigh’s approximate 
form for the spectral emis.sive power 


Exb 


nT 

c.X^ 




which, again, is simpler to use than Planck’s form, 

Stefan-Boltzmann Law. Stefan showed empirically that for thermal radiation the 
total emissive power of a body varies with the fourth power of the absolute temperature. 
If two bodies of different temperatures exchange heat radiation, the rate of flow of energy 
per unit area from the higher temperature Ti to the lower T 2 is given by [cr* (Ti"* — T' 2 ^)l» 
where <r is the Stefan constant of radiation, a = 5.735 X 10“® erg per sec per sq cm per 
deg Kelvin to the fourth power. This law was tested experimentally by Lummer and 
Pringsheim over a range from 100 to 1300 deg cent, and found to hold accurately. 



PHOTOELECTRICITY 


9-23 


Optical Pyrometry. The temperature of glowing solids and vapors can be determined 
by using the radiation characteristitjs of a black body. In many cases the emitter can 
be considered approximately as a black body, so that Wien’s displacement law, equation 4, 
can be applied directly if \m is determined; or Stefan’s law can bo applied if a thermo¬ 
couple is used to measure the total radiation. In the ^dsible range, a photometer cali¬ 
brated in terms of known temperatiires may be employed. For emitters deviating appre¬ 
ciably from the l)lack-body chara(iteristics, corrections have to be made according to the 
method used. The tcmi>erature of the sun was found to be 0000 deg cent; that of the 
carbon arc crater, l)etw'een .‘1.500 and 4(M)0 deg cent. 

Measurement of Heat Radiation. Small energies, radiated for example by glowing 
bodies, can best l)e measured by a thermocouple which by the heat absorbed in the junc¬ 
tion generates a small thermal olectromotiA’o force indicated by a galvanometer. To 
increase the dellee.tioii, a ihvrniopile, a series arrangement of a number of thermocouples, 
can be used. The bolometer utilizes the increase of resistance of a thin blackened wire 
with the aljsorption of tlie heat rays; the wire forms one arm in a Wheatstone l)ridge. 
The radkmiclor measures the torque exorU^d when the heat rays fall upon small mica vanes 
in a k)w-prossure tul)C, the torcjue being produced by the uneciual pressures up on the 
two sides of the vanes. 

Transmission of Infra-red Radiation. Most kinds of glass do no! t^'finsmit wave¬ 
lengths longer than about 2.5/i; ejuartz will transmit up to 4 p and fluorite up to 11 /x. 
The best material for use in infra-r(?d spectroscopy is rock salt and sylvin, which transmit 
wavelengths up to IS /z. Metals show, in general, high reflectivity over the infra-red spec¬ 
trum, and act as almost perfect mirrors. 

Spectroscopy in the Infra-red. The spectral distribution of omis.sive power in the 
infra-red spectrum is best determined ])y bolometric or th< -Triocouple measurements. 
The rofraefling sysbun must use fluorite, or rock salt, in order to avoid .-ibsorption of the 
infra-red r.ays. 'khe calibration of the infra-red range is best luu’omplished by reference 
to the known absorption bands of water which extend beyond bg. 'rimgsten lamps or 
straight Nernst lamps serve as sources of infra-red 8i)ectra. lor photographic spoctros- 
coi)y si)ecially j^reparod plates are required. 

Residual Rays. Quartz, fluorite, and ro(‘k salt reflect certain wavelengths in the far 
infra-rod almost perfectly. If, therefore, he.ai radiation is reflec;ted several times from 
tlie surfaces of such crystals, all oiher radiations will 1)0 weakened considerably and 
almost pure monochromatic radiation remains, which is called renidual rays. 

13. PHOTOELECTRICITY 

Photoelectric Effect. When a metallic surface is illuminated by light (preferably 
ultra\ iolet), x-rays, or 7 -rays, electrons arc emitted from the surface. ’Their numlxu is 
strictly i)roportional to the inten.sity, their velocity is proportional to the frequency, of 
the iiKiident radiation. This phenomenon was discovered first by Hertz, and later by 
Hallwatdis, and i.^ often referred to as llallwachs' i'Jfect. 

Einstein’s Relation. If the photoelectric discharge is influenced by a supporting or 
counteracting potential, a definite negative stopping potential is found for each frequency, 
at whicdi no emission occurs however strong the intensity of the incident light may be. 
This indi(5ates that the frequency of the in<;idcnt light is an essential factor in the liberation 
of the electrons. Einstein (1905) propounded a theory of light quanta in analogy to 
Planck’s energy quanta of thermal radiation and proposed the relation 

V 2 = hv — j) (6) 

for the kinetic energy and thus the velocity of an emitted electron. The kinetic energy, 
therefore, appe;irs as the difference between the energy hv of the incident light quantum, 
h = 0.55 X 10"'^^ erg sec (Planck’s quantum of action), and the work function ?), i.e., the 
amount of energy needed to just force an electron from the metal; obviously p determines 
the stopping potential. The work p can be divided into one part co needed to detach an 
electron from the atom and, therefore, a fun(;tion of the position of the electron within the 
atom; and another part ?/ constituting the work to liberate the electron from the metal as 
a whole and, therefore, in close relation to Richardson’s work function for thermonionic 
emission (see Thcrmonics). E(] nation 6 has l^ecn found true even for incident x-radiation, 
the electrons liberated coming then from the inner shells of the atoms; consequently o> 
may now assume the most prominent part. 

Photoconductivity. When a serai- or non-conductor with an electrical voltage applied 
at its ends is exposed to light, either transverse or parallel to the direction of the electric 
field, its resistance is instantaneously lowered and an appreciable current will flow. The 
primary effect is a true photoelectric effect, following the relation of equation 6, but many 
superimposed secondary effects mask it. In general, photoconductivity refers to any 

1—24 
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phenomenon wherein light influences the conductivity of the substance. Selenium and 
zinoblende are the most striking materials exhibiting photoconductive properties. 

Photoionization. Many gases and vapors when illuminated by light of short wave¬ 
length, preferably from the ultraviolet, show marked ionization phenomena as a result of 
the instantaneous alisorption of photons. The vapors of the alkali metals lieing readily 
ionizable amplify the photoelectric effect normally present. 

Photoelectric Cells. The industrial utilization of the photoelectric and photocon- 
ductivc effects has resulted in various devices called photoeleiitric cells. In general, these 
cells are evacuated or gas filled and shielded from light except for a glass or (juartz window 
through which the incident radiation enters and falls upon a target substance; the resulting 
' photoelectric current is then indicated by a meter. According to the application of the 
cell, the window material can lie used to correct the light sensitiveness of the target sub¬ 
stance either to approximate that of the h\iman eye, or to restrict it to some definite portion 
of the spectrum. Such cells are used as intensity meters in illumination design, as pro¬ 
tective or active relays in power circuits, as regulating or governing devices, and in the 
transmission of pictures (television) and sound. Complete information is furnished 
by the catalogs of the manufacturing companies. 

Spectrophotometry. Photoelectric cells arc especially well adajited for comparative 
measurements of the spectral energy distribution of radiations, parthailarly in transmission 
and reflection spectra. Individual observation can be replaced by automatic recorders; 
color analyses as well as spectral line analyses are thus greatly facilitated. 

14. X-RAYS 

The X-ray Region in the electromagnetic spectrum extends from the shortest ultra¬ 
violet wavelengths at about 0.8 mg down to 0.008 mg. X-rays are essentially a secondary 
radiation produced when very high-speed electrons impinge upon a metallic target. They 
were discovered accidentally by Roentgen (189.5). 

Absorption of X-rays. X-rays are absorbed by all substances to a varying dijgree, 
depending upon wavelength and absorber. Usually a specimen of aluminum is taken as 
the reference standard for absorption measurements, and the mass absorption index 
of this specimen is used as a measure of the hardness of x-rays; the smaller gd, the harder 
the x-rays. A related measure is the penetration power giving the thickness of aluminum 
required to reducjc the intensity of x-rays to a definite fraction of the incident intensity. 
The mass alisorption cocfnci(.*nt shows very marked peak values for certain wavelengths 
which depend on the atomic numlierof the element and indicatearelatioii to thestriKvturcof 
the inner, more closely liound, electrons of theX, />, and M levels (see A-raySpectroscopy). 

Refraction of X-rays. The refractive index of most substances for x-rays is vt-ry 
slightly less than unity and shows in general normiil dispersion. The measurement of the 
refractive index is extremely difficult and is mainly based upon the critical angle for total 
reflection. In the region of the wavelengths corresponding to the characteristic line radia¬ 
tion of substances, x-rays show very distinct anomalous dispersion which can be used for 
examining the structure of matter. 

Ionization by X-rays. Quantitative measurements of x-ray intensities are in general 
based upon the ionization effects in air or gases. For this purpose special ionization cham¬ 
bers are used which give an indication of the rate of ionization produced by, and propor¬ 
tional to the intensity of, the x-rays. 

Photographic Action of X-rays. X-rays iiroduce in emulsions used for photographic 
purposes the same effects as ultraviolet light. On account of their relatively low intensity, 
the time of exposure is long, liut can be shortened considerably by using “ intensifying ” 
screens, usually coverings of fluorescent character. Since x-rays (;ast shadows, and by 
their penetrating pow^t^r render most substances transparent in varying degrees, photo¬ 
graphs can be made which reveal the inner structural outlines of organisms. This appli¬ 
cation of x-ray photography is especially valuable in the medical sciences as a fundiimental 
diagnostic help. 

Diffraction of X-rays. An x-ray passing through a thin cr 3 '^stal plate produces on a 
photographic plate a bright central spot in the direction of the incident ray surrounded 
by a regular pattern of spots of distinctly different intensities. This pattern changes 
with the relative orientation of x-ray and crystal plate and obviously is caused by the 
diffractive interaction of the crystal stnicture and the x ray photons. It is usually 
referred to as a Laue pattern and forms the basis of x-ray crystallography since its arrange¬ 
ment gives an indication of the internal structure of the crystals. 

Bragg’s Law. In order to explain the regularity of the pattern, Bragg assumed that 
each plane of atoms within the crystal individually reflects the x-rays, and he arrived at 
the relation = 2d sin 6 (7) 
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where n is a variable integer, X the wavelength of the incident x-rays, d the spacing between 
parallel atomic planes, and 0 the angle between an atomic plane and the incident x-rays. 
The angle B can be observed or computed from the distances between spots in the Laue 
pati/ern, so that etjuation 7 gives the relation between wavelength X and grating space d 
of the atomic planes. 

X-ra 3 ^ Crystallography. Bragg’s law provides the means of exploring the atomic 
str icturo of crystals liy ol)SCrvation of the Laue pattern. If the wavelength of the x-rays 
is known and the reflection angle B observed, equation 7 leads to values for d. From Laue 
patterns with the x-rays incident in normal directions to the principal crystallographical 
planes, the distances of all possible atomic planes can be computed and finally 
the arrangement of the chemical atoms can l>e constructed. In locating the atomic 
planes the Miller indices are used; those constitute a trij^lot of numl)or8 each designating 
the reciprocal of the intersects of the plane with a cartesian coordinate system. The triplet 
(2, 1,0), for example, defines all planes parallel to one whi(‘h intersects the a;-axis at one 
half, the //-axis at one arbitrary unit, and is parallel to the 2 -axis. Table X gives for vari¬ 
ous crystals the spacings between atomic planes parallel to the plane indicated, and also 
the expansion coefficient which takes into account the change of the spacings with tem¬ 
perature. The value for rock salt (a cubic crystal) is defined for the face parallel planes 
as 0.281400 m/z and is used as a primary standard for crystallographic measurements. 


Table X. Grating Spacings of Various Crystals 

(From X-rays in Tlurory and Experiment, A. H. Compton and S. K, Allison) 


Crystal 

Parallel to 
to Idane 

Grating 
Spacing in 
Angstroms 

Liiuiar Expansion Coetlicicnt 
(perpendicular to 
crystal plane) 


(’leavage 
Clcav’ ago 

3.029 

1 02 X 10 per deg cent 
3.78 X 10-6 “ “ 

Gypsum. 

7.579 

Mica. 

(’leavage 

I^riEUi 

9.928 

1.53 X 10-6 “ “ " 

Quart/... 

4,245 

1.04 X 10-6 •• “ 

Rock salt. 

(1. 0, 0) 

2 814 

4.0 X 10“6. 

Sugar. 

(I, C. 0) 

10 57 


X-ray Analysis of Materials. The Laue pattern and its variation as the Dobyo- 
Scherrer pattern for pulverized crystals are used in industry for testing and checking of 
materials including the study of temperature influences, elasticity, hardening, melting 
points, and so on. Radiographu refers to the industrial applications of x-ray photography 
and fluoros(!opy for detecting flaw.s, inhomogeneitie.s, yielding points in structural parts; 
to the investigation of inatorials under operating conditions; and to other uses. In art, 
the use of x-ray photographs permits the identification of true antiques, old paintings, and 
the like. 

X-ray Spectroscopy. If x-rays fall upon a solid substance, a characteristic secondary 
radiation is ol/served whicth has for each chemical element a definite energy spectrum, 
although being similar in form for all elements. The spe/dral distribution of the second¬ 
ary radiation can he investigated by utilizing Bragg's law (eciuation 7) if a crystal of 
known grating d is employed a.s analyzer. The intensity of the radiation can bo measured 
either wdth the iotiization chamber or l/y photography. Two types of spectra are dis¬ 
cernible, a characteristic lino spectrum and a coutimious si/ectrum. d’he line spectrum 
is due to electrons in the inner orl/its which by colli.sion with the incident x-ray photons 
are raised to outer orbits and in returning emit radiation of a particular frequency. The 
continuous spectrum is due to the absorption by atoms of x-radiation of insufficient 
amounts to raise their electrons to higher orbits. There is for any hardness of incident 
x-rays a definite critieal shortest wavelength at which the continuous spectrum abruptly 
ends. This wavelength limit constitutes the con\'erse to the photoelectric elTect, and the 
continuous spectrum is often referred to as the inverse photoelectric eifect. From the line 
spectra, energy Level diagrams can be deduced in the same way as in light spectroscopy (see 
Art. 10). ’Phe results of x-ray spectroscopy were instrumental in l>uilding up the nuclear 
models of atoms. 
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PHYSIOLOGY OF RADIATION 

By Ernst Weber 


16 . Vision 


The Eye. Radiation enters the eye through the cornea or outer co.-xting, penetrates 
the anterior chainlier (filled with aqueous humour), the lens, the posterior cham))or (filled 
with a gelatinous, vitreous humour), and is received on the retina, a network of fine fibers 
which transmit in some way the sensory impressions through the optical nerve to the 
brain w'here they are transformed into perceptions. The range of radiation leading to 
visual perception is from approximately 3S0 to 780 m^i. 'I’hc most sensitive point of the 
retina is called the yellow spot, and has a depression, the fovea centralis, whore vision is 
most distinct. To bring objects into such relative iiosition to the eye that they will be 
received at the fovea centralis requires a delii^ate adjustment apparatus wdiich is provided 
by the muscle fibers holding the eye. ]3eiiig a multirefrac-ting medium, the eye suffers 
from both spherical and chromatic aberration (see Art. 5). 

Fcchner’s Law. The sensation of light as produced by the eye varies logarithmically 
W’ith the intensity of the stimulus. This law, found by Fechner to hold true for most 
sensory perceptions, is an c.xcellent illustration of natural economy. 

Spectral Visibility. The visual sensation of the eye varies greatly with the wavelength 
of light, reaching a maximum at about 550 mu (yellow). If white light is used as a standard 
to be compared with the spectral monochromatic radiations, the relative intensity of 
w’hite light causing the same sensation as the spectral light is called the relative visihility. 
The spectral distrilnition of relative visibility is showm in Fig. 1, assuming the visibility 
of yellow-green light, X = 550 m/i, as 100 per cent. The visibility falls off very sharply 
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from this maximum and shows that essentially only the wavelengths between 480 and 
640 mu constitute the easily visible spectrum. 

Color Vision. The retina is composed of nervous fibers known as rods and cones, of 
which only the cones seem to be responsive to colors; the cones are, at the same time, 
fairly insensitive so that, at low in¬ 
tensities of light, colors cannot be 
distinguished (twilight vision). The ^ 
rods are more sensitive; they contain 
a light-sensitive substance, the visual 
purple, but apparently they cannot 
transmit color sensation. Perception 
of color is not instantaneous; of all 
the spectral colors the blue sensa¬ 
tions are most active, wliereas the 
green sensations are most sluggish. 

Purkinje Effect. At low inten¬ 
sities, before twilight vision is 
reached, there is a distinct shift of 
the maximum in the visibility curve 
(Fig. 1) towards a shorter wave¬ 
length ; this is known as the Purkinje 
effect. Thi.s shift of the spectral 
visibility curve tends to make color 
sensations variable quantities, and color photometry very difTn^ult. 

Theories of Color Vision. Two types of theories have been advanced to explain the 
facts of normal and alinormal (;olor sensitiveness of the eye. I'lio first typo of theory is 
due to Young and Helmholtz, and proposes the cxistem^e of three distimst inodes of response 
of the eye (corresponding to the three fundamental color sensations: red, green, and blue. 
Kach of these partial responses represents a definite spectral distribution, the perception of 
color being the superposition of the three partial responses; Fig. 2 indicates the partial 
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Fig. 2. Relative Excitation of the Three Primary Sensations 
by Monochromatic Liglit of Different Wave Lengths 

responses for each wavelength. This theory is capable of accounting very readily for 
the sptjcific typos of color-blindness known as red and green (iolor-lilindness. The second 
typo of theory initiated by Hcring is based upon antagonistic colors and associates chem¬ 
ical Imildiiig-up and Iireaking-down proc.esses with the sens.'ition of complementary colors; 
from this hypotln^sis it follows that coinfilementary colors cannot be seen at the same 
point at the same time. This theory readily aiHJounts for afterimages and contrast colors. 
It seems difficult accept any one theory exclusively. 

Saturation of a color is its degree of freedom from admixture with white light. Mono¬ 
chromatic radiation can be said to have a saturation of 100 per cent, and white light 
is of zero saturation. 

Hue is that proiierty of color by which the various spectral regions are characteristically 
distinguished. It is most easily determined by comparison with the spectral colors a.s 
blue, yellowish, and so on. Equal hues can still differ in saturation. Complementary 
hues produce white light when mixed. White can be said to have no hue. 

Brightness of a color is clo.soly related to its diffuse reflection factor, and can be 
classified accordingly. It is customary for artistic purposes to distinguish the values 
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of colors by their relative brightnesses. Table I gives the values of colors as suggested by 
Luckiesh. 

Table I. Scale of Color Values 

(From Light and Shade and Their Application, M. Luckiesh) 


Artist’s Scale 

Suggested Scale 

Artist’s Scale 

Suggested Scale 

Symbols 

Values 

in percentage 

Symbols 

Values 

Reflcctioii factors 
in percentage 

H 

Black 

d-lO 

l.L 

Low light 

50-60 

LI) 

L{jw dark 

10-20 

L 

Light 

60-70 

D 

1 )ark 

20 30 

HL 

High light 

70 80 

HD 

High dark 

30-40 

W 

White 

80-90 

M 

Medium 

40 50 





Tints are unsaturated colors of definitedy 


Green 



Violet 


Fio. 3. The Color Triangle; Point P has a 
Ratio of the Funduineulal SeiiHatiouH H : (r : V = 
9.7 : 0 : 11.5, a Saturation 58% and Yellow Hue 


recognizable hue. 

The Color Triangle (Fig, 3). The laws 
of color mixtures and rehitivo intensities 
can most readily lie visualized in the so- 
called color triangle. Any point within 
the triangle indicates by its relative dis¬ 
tance from the three fundamental colors 
in the apices the relative amounts of these 
fiind.amental colors. The resultant color, 
or hue, can be determined by drawing a 
line from the center (white) through the 
color iioint; where it intersects the triangle, 
the equivalent monochromatic wavelength 
can be read. The relative distance of the 
point on this line from the center gives the 
saturation in percentage. 

Analysis of Colors. An objective means 
to determine tlu^ spectral energy distribu¬ 
tion of light is provided by the spectral 
idiotoiiieter (Art. 10). Automatic methods 
hav(‘ been developed which are jiarticularly 
useful in color matching and mixing, 
and in determining the characteristics 


of illuminants and reflecting and transmitting media. 


16. PHOTOMETRY 
Definitions and Units 

Photometry deals with the measurement of light and in partiimlar with the caimcity 
of light to afTect the eye. All photometric methods and definitions therefore must take 
into consideration light sensations us produced in the eye. The following definitions are 
based upon the standards of the United States Illuminating I'lnginocring Society (lES). 

Luminous Flux, F, is the rate of flow of radiant energy evaliiat(*d with reference to 
visual sensation. Although defined as a rate of flow of energy, it may ])e regarded for 
photometric jiurposes as an entity. Lhe lunurn is the unit of luminous flux and is equal 
to the flux emitted in a unit solid angle by a source whose average candlepow^er (see 
below) throughout the unit solid angle is 1 candle. A source having a uniform candle- 
power in all diiections of 1 candle would emit 47 r lumens. 

Luminous Intensity, I, of a source of light in u given direction is the solid angular 
intensity of the luminous flux omitted hy the source in the direction considered when the 
flux involved acts, as far as computations and measurements are conoerned, as if it came 
from a point; mathematically it can be defined .as 1 = dh'/dw, where dco is the elemental 
solid angle. The unit of luminous intensity is the candle, and the term candlcpower is 
the luminous intensity expressed in candles. The international camllc as accepted by 
France, Plngland, and Ignited States is defined with referemre to the standard English 
sperm candle w'hich under specified conditions is said to have a luminous intensity of 
exactly 1 international candle. The hefner is the standard used in Germany; it is defined 
with referemje to a standard lamp of specified dimensions, burning amyl acetate or banana 
oil, and w^as invented in 1SS4 by Hefner-Alteneck, The value of the hefner is 0.9 inter¬ 
national candle. The Bureau of Standards uses as a primary standard a pentane lamp 
of specified dimensions which gives an intensity of 10 international candles. Other 
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standards have been proposed, but none seems reliable enough to warrant replacement 
of the pentane or Hefner-Alteneck lamps. 

Mean Horizontal Candlepower of a source is the average intensity in a horizontal 
plane normal to the axis of the source. The mean spherical candlepower of a source is the 
average intensity over all directions; if the luminous flux is known, the mean spherical 
candlepower can be computed by dividing the flux by 47 r. 

Mechanical Equivalent of Light.* The luminous equivalent of radiation at maximum 
visibility (at X = ooo nip) is defliied by 

1 lumen = 0.001 Ibfl watt 
1 w alt ~ 0()8 lumens. 

Illumination at a given point of a surface is the luminous flux incident on the surface 
at this point; mathematically it can l)e defined as E = dF/dS, where dS is the surface 
elennuit receiving th(‘ flux elennmt dF. A point source, giving a uniform luminous intensity 
] in a (aTtain direction, sets up through the small surfac^e dS perpendicular to this dire(!tion 
and at a distance R from the source the elemental flux dF = Juiw, since the surface 
element is </*S = R^'dw, it follows that F — l/R~ (inverse square law). The units of 
illumination depend on the reference area chosen and are called lux for 1 lumen per square 
meter, Joot-candlc for 1 lumen per S(iuare foot, and phot for 1 lumen per 8<|uare centimeter. 
The interrelations of the various units are shown in Table II. 


Table 11. Interrelations between the Units of Illumination 


1 Unit ia to 

l.UX 


Phot 

Milliphot 

1 lux. 

1 

0.092'. 

10-4 

10-1 

1 foot-ctuidlc. 

10.76 

1 

0.001076 

1.076 

I phot. 

10^ 

929 

1 

103 

1 niilliphot. 

10 

0.929 

10-^ 

1 


Brightness of a surface element dS is defined as the quotient of the luminous intensity 
produced l)y the surfa(!e clcnuait divided by the area as projcttiisd into the direction normal 
to the lino from the observer to the surface element; mathematically it is defined as 
h — dI{0)/<lS‘Vi)ii 0, where dl{6) is luminous intensity in the direction 0 and 9 the 
angle bet ween the iionnal to dS and the line from dS to the observer. I'lie unit of l)right- 
ness is the (;aiidlo per square ct*ntimet(‘r. For perfectly diffusing surfaces the average 
hrightness or flux brightness is used as a more convenient iiKjasuro; it is defined as the 
total diffuse luminous flux emitted by one side of a surface element dS divided l.)y dS, 
.‘Mid its unit is the lainhrrt which is equal to tt candles per srpiare contimoter. A more 
practical unit is the niillilainbert. For interrelations of the various units see Table III. 


Table III. Interrelations between the Units of Brightness 


1 Unit is equal to 

(’:it>dlc 
per sq cm 

I.umen 
per 8<i cm 
per Htcradian 

Candle 
ptyr sq. in. 

Lambert 

Milli- 

lainbert 

1 candlu per sq cm. 

1 

1 

6.4516 

3.1416 

3141.6 

1 lumen per aq cm per stcrfidian. . 

1 

1 

6.4516 

3.1416 

3141.6 

1 candle per sq in. 

0.1550 

0.1550 

1 

0.4869 

486.9 

1 liirnbert. 

0,3183 

0.3183 

2.0538 

I 

1000 

1 millilaru})ert. 

0.3183 X 10-3 

0 3183 X 10-3 

0.0020538 

0.001 

1 


Lambert’s Laws. A perfectly diffusing surface receives an illumination or emits a 
luminous intensity (by reflection or true emission) which varies with the cosine of the 
angle between the normal to the surface and the direction of the incident or emitted 
(reflecited) ray; for perfecrtly diffusing surfa(;es the illumination and lirightiie.is are there¬ 
fore (jonstani under all angles of observation. These cosine laws of inc;idence and emission 
are only ajiproxirnately true for the practical substances so that in measurements of 
illumination or brightness the angle of observation always should be stated. 

Instruments and Methods 

Equality and Contrast Methods. Most photometric instruments compare an unknown 
light source with a known light source either simultaneously (comparison) or, by means 
of a third light source, alternatively (substitution method). To oliservo the equivalence 
of two sources either an equality method can be employed in which the two sources 


* II. E. Ives, Journal Optical Soc. of America^ vol. 12, p. 75, 1926. 
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illuminate different parts of the same surface, the adjustment being made for equal bright¬ 
ness, or a cmitrast method (;an be used in which four fields are observed, two receiving 
light from one source and the other two from the other source, an absorbing medium 
decreasing the flux received on one field in each instance, and adjustment being made for 
equal contrast. The special type of table upon which most photometric measurements 
are made is called a photometer bemdi. 

Bunsen Photometer. A piece of white paper with a grease or wax spot in its center 
is held between the two sourcres of light being compared. The relative distaiKjes between 
paper and sources are adjusted until the paper presents uniform brightness. If the 
luminous intensities of the two light sources are Ii (known) and 1 2 (unknown), and the 
distance for observation from one side of the paper r\ and r 2 , from the other side of the 
paper r'l and r '21 then the unknown intensity follows as 


I 2 = h 


T‘l r '2 

ri r'l 


( 1 ) 


The advantages are simplicity and cheapness; the error may, however, be as great as 
5 ijer cent or more. 

Lummer and Brodhun Photometer. The most essential part is the cube, a combination 
of two rectangular prisms so fitted together that the light reflected by mirrors from the 
two sources <;an bo cither compared for equality or adjusted for equal (!ontrast. (,'ali- 
bratod filters may be used to adjust the light intensities. The accuracy is ^ery high, 
about one-half of one per cent, and is considered the highest obtainable accuracy in 
photometric work. 

Illuminometers. These are small portable photometers, usually employing some form 
of Tjummor and Brodhun cul)e and having a small built-in electric; lamp with eitlun’ adjust¬ 
able distance, or filters, or ])oth. On a test screen the light from the known source is 
compared with either the light incident on a surface (illumination) or the liglit emitted 
by a surface (brightness). American designs arc the Sharp-Miliar and the Maclicth 
type, based ujdoii the original Weber illuminometer. Care must be taken to shield prop¬ 
erly and to avoid errors on account of deviations from the cosine laws. 

XJlbricht Sphere. To measure the mean spherical candlcpower, the Ulbricht sphere 
has come into predominant use. It consists of a large hollow sphere, coated with highly 
reflecting paint on its inner surface and having a window of transparent glass. 'Fhe 
brightness of this window, shielded from the direct light of the source at the center of 
the sphere, is proportional to the mean spherical candlepowcr of the source and can be 
determined by an illuminometer. 

Color Photometry. M<;thods have been devised which try to eliminate the influence 
of color in photometric work. The flicker photometer of Hood is perhaps the most useful 
means of utilizing the fact that two <;olored surfaces, if presented in quick alternation, 
appear colorless and thus permit a <;omparison of illumination. The most objective 
method is suggested by spe(;trophotometry, which, however, does not yield results imme¬ 
diately useful in photometry because the relative visibility of the human eye is not taken 
into account. 

Colorimeters arc instruments for the measurement of the hue and the saturation of 
colors. Trichromatic colorimeters mix the three fundamental sensations by means of 
glass filters in order to match the color to be determined; the hue and saturation can 
then be (;omputed from the color triangle (see Art. 1.5). Monochromatic colorimeters first 
determine by coinp.arison with the spectral colors the dominant hue of the unknown 
color and then mix it with white light until the proper saturation is obtained. 


17. ELEMENTS OF ILLUMINATION 
Artificial Light Sources 

Artificial Light Sources. There are four distinct groups of light sources in common 
use for artificial lighting: the incandescent electric lamps, almost the exclusive illuminant 
in cities and wherever electricity is available under economic conditions; the illuminating 
gas and other flame sources where electricity is not economically available; the arc lamps 
mainly for special purposes; and the vapor lamps which have recently come into more 
prominent use for public lighting on account of their higher economy. 

Luminescence and Incandescence. Radiation of energy can be produced thermally 
(incandescence), or by atomic or molecular excitation (luminescence). In the first case 
(incandescent lamps and flames) a continuous spectrum is usually produced which extends 
far beyond the visible range and thus seriously influences the efficiency. In the second 
case (arcs and vapor lamps) characteristic line radiation is produced which has sharply 
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distinct color features; this radiation is particularly applicable for decorative and adver¬ 
tising lighting but has little value for ordinary illumination, except when properly cor¬ 
rected Ijy mixed color radiations. 

Luminosity Curves. Fig. 4 gives the spectral energy distribution curves of the common 
illuminants over the visible range. From the spectral distribution of radiated energy 
the luminosity curves for the various 240 
illuminants can be obtained if ffir each 
wavelength the rclati\'e energy is mul¬ 
tiplied with the respective value at the 
same wavelength of the relative visibility 
curve from Fig. 1. The luminosity 
curve is the most important charac¬ 
teristic of illuminants as it shows grai>h- ^ 
ically the distribution of optically useful ^ 
energy. Unfortunately no single illu- iS 
rninaiit is known to give an energy 
radiation just within the visilile range « 
and distributed similarly to the sun’s u 
spectral energy distribution, which it is 
dosirafile to obtain since the maximum 
of the energy radiation of the .sun almost 
coincides with the point of maximum 
visiliility at X = 556 m/u. The devia¬ 
tions of the energy distribution of mo.st 
ordinary illuminants from the energy 
distrilnition of the sun account for Wavcii^ncth in mfi 

their “color defects”; these can be Fia. 4. Spectral Distribution of Radiant Energy in 
corrected with sacrifices in O(!onomy. Some C^ummon Illuminants 

Luminous Efficiency. A ccunparison of the luminosity curve with the total radiation 
energy si)ectrum reveals the loss of radiation for optical purposes. It is customary to 
de.signate the ratio of the total luminous radiation in lumens to the total energy radiation 
in watts as luminous efficiency. Talile gives a few selected values of luminous effi¬ 
ciency for the common illuminants and in addition those for the sun and the black body 
as a matter of comparison. Since the mochaiiical equivalent of luminous radiation 
(see Art. 16) is 66S lumens per watt, it is readily seen that the luminous eflituency of all the 
common light sources is extrenudy low and even for thcj sun not comparable with accus¬ 
tomed efficiency values in other fields of engineering. 

Brightness of Light Sources. Table IV also gives the values of the brightnesses of 
various illuminants as (Kunpared with those of the stm and the blaek body. 

Table IV. Luminous Efficiencies and Brightnesses of Light Sources 

Light Source 

Sun, outside of earth's atmosphere. 

at liorizon. 

Clear sky (average). 

Black body at 6500'’ K. 

at 4000° K. 

Electric arcs 

searchlight arc. 

crater of carbon arc. 

mercury-vapor arc (glass). 

Incandescent electric lamps 

1000 watts, gas-filled tungsten. 

500 w'atts, gas-filled tungsten. 

100 watts, gas-filled tungsten. 

40 watts, vacuum tungsten. 

tantalum (2 watts per candle). 

treated carbon (3. I watts per candle) 
untreated car bon (4 watts tjpf candle!' 

Characteristics of Electric Incandescent Lamps. The characteristic curves of incan¬ 
descent lamps give the variation with voltage of the light output in lumens, the efficiency 
in lumens per watt, the power input in watts, the current in amperes, and the resistance 
in ohms, taking all the values as 100 per cent at rated voltage which also is considered as 


Hriglitncss Luminuus P)fficiency 

(candles per S(i cm) (luinons per watt) 

200,000 too 

600 

0.4 

294,000 90 

24,350 52.2 


50,000 to 70,000 
16,000 

2.3 14 


!,210 

20.0 

1,000 

18. 1 

579 

12.9 

203 

10.0 

53. 1 

5.0 

70.6 

3.4 

54 9 

2.6 
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100 per oent. These characteristics can, with a reasonable degree of approximation^ be 
brought into the exponential form 



where Qi and Q 2 are any two values of the characteristic quantities, and Vi and Fo the 
corresponding voltage values. The exponent-s a vary with the lamps as well as with the 
characteristic quantities. I'or ordinary tungsten lamps a 10 per cent voltage variation 
will cause about 35 per cent variation in light output (lumens), and about 15 iier cent 
variation in the power input (watte). The changes are much larger for carbon lamps 
which have, however, the advantage of high cold resistance so that there is no initial tran¬ 
sient rush of current as in all-metal-filament lamps. The efficiency is highest for tung¬ 
sten lamps, reaching about 11 lumens per watt for the medium 60-watt lamps at 120 
volts as compared with only 3.5 for the treated carbon lamp of equal size. The average 
life jrating of the metal-filament lamps is 600 to 1000 hours, the higher values being for 
tungsten lamps, as compared with 2000 for carbon-filament lamps. 

Principles of Good Lighting 

Requirements of Good Lighting. Good lighting must have the following characteris¬ 
tics: it must lie adequate, that is, it must provide sufficient illumination at the places 
needed; it must avoid glare; it must make use of lighting fixtures which properly diffuse 
and direct the light; it must employ light sources of suitable color and steadiness. Fre¬ 
quencies of 25 cycles per second and less in a-c systems are generally not suitable for good 
lighting as the constant flicker is very tiring for the eyes. 

Glare is the discomforting effect of ill-directed light. It can be caused either by 
excessive luminous flux entering the eye from a large light source at a relatively small dis¬ 
tance, by excessive brightness of a light source in the field of view as unshaded electric 
lamps or flames, or by excessive contrast in brightness between light source and surround¬ 
ings as reflections from metals and polished surfaces or dark ceilings and walls. Glari; is 
not only uncomfortable but also injurious to the eye if exposure is prolonged. It is espe¬ 
cially important to avoid glare under working conditions. The best means to avoid glare 
is obviously to eliminate its causes liy using indirect lighting, direct lighting from large dis¬ 
tances, or properly designed diffusers, and by painting the walls and ceilings in light colors. 

Diffusion of Light. Substances which transmit light but in diffused form are called 
translucent. Diffusely transmitted or reflected light is “softer” than regularly trans¬ 
mitted or reflected light and more comfortable to the eye. Good lighting employs properly 
diffused light as obtained either by placing diffusing materials in front of clear glass lamps 
or by using translucent glass bulb lamps of the frosted or white type; the reduction of the 
intensity of light is approximately between 5 and 15 per cent, the higher reduction being 
for the white glass Imlb. 

Directive Reflection of Light. To direct light to the places where it is needed, reflectors 
of either metallic or enamel type are used. It is convenient for non-commercial lighting 
to combine reflection and diffusion; for this purpose porcelain enameled steel or mat sur¬ 
faces of white paint should be used which have a diffuse reflection factor of about 0.6 to 
0.8, the higher factors for paints. Metallic coatings on the bowls of lamps are used in 
indirect lighting to enhance the light flux thrown on the ceiling; silver has the highest 
reflection factor (0.92) but deteriorates very rapidly, whereas chromium, tin, or aluminum 
with reflectivities of 0.65 to 0.62 are more duralile and therefore to be preferred. To pro¬ 
vide economical indirect lighting the ceiling should be of white plaster which has a diffused 
reflection factor of 0.90 to 0.95 when new, or 0.80 to 0.85 when old. It must be observed 
that all the energy not reflected by a reflector is absorbed by it and tends to raise its 
temperature. It is also important to know the angular distrilnition of the reflected light 
intensities in order to shape the reflectors properly; this is usually determined by measure¬ 
ment with photometers. Tables and figures can be found in F. Ik Cady and H. B. Dates: 
Illuminating Engineering, John Wiley & Sons, 1928, p. 300 ff. 

Reflection from Walls. It is important to consider the wall finish and its influence 
upon the lighting characteristics of a room. The various colors have different reflectivities, 
usually higher for the lighter and lower for the darker tones. Surfaces with reflecti\dties 
less than 0.50 usually appear agreeable if in mat finish. Table V gives the reflectivities 
of various colored surfaces (see also Table V, page 9-16, for the diffuse reflectivities of 
various materials). 

Recommended Illuminations for Various Purposes. To have adequate illumination 
at the point at which the eye is directed most of the time, certain recommendations are 
made by the various factory codes which can be found in the publications of the American 
Engineering Standards Committee. It is the generally accepted recommendation to use 
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Table V. Reflection Factors from Colored Surfaces 

(For illumination by Mazda lamps) 


Reflection 
Factor in 
Per Cent 

Colors of Surfaces 

80 to 75 

Ivory white 






75 to 70 

Ivory 






70 to 65 

Bright yellow 

Light gray 





65 to 60 


Lichen gray 

Buff 

Latin green 



60 to 55 


Silver gray 

Tan (Ivory) 


Paie azure 







w'hite 


55 to 50 


Medium gray 

Buff stone 



Shell pink 

50 to 45 


French gray 


Light green 


Pink 

45 to 40 


Darker gray 


Bright sage 

Pale azure 


40 to 35 



Light brown 


Light blue 


35 to 30 





Sky blue 


30 to 25 



Tan 




25 to 20 


Dark gray 

Brown 

Olive green 



20 to 15 


Dark gray 

Cocoanut 

Forest green 


Cardinal 




brow'll 



red 


50- and 60-watt lamps in homes and in low-ceiling offices in order to insure adequate 
illumination for general purposes. Table VI gives a selected list of recomniended values 
for illumination. 

Table VI. Recommended Values of Illumination 

(Standards set by the various codes sponsored by the American Engineering Standards Committee) 


Space 


.Vuditorium. 

Cars (railway).•. 

Club rooms: lounge. . 

reading room. 

Drafting rooms. 

Gymnasium: shower and locker rooms. 

swimming pool. 

exercising floors. 

Halls. 

Hotels: lobby. 

dining room.. 

writing room. 

corridors, stairways. 

Libraries: reading room. 

stack room. 

Offices: close work. 

no close work. 

file and other rooms. 

Schools: auditorium. 

corridors. 

laboratories. 

classrooms, library, study rooms. 

drawing rooms. 

W alks. 

Factories: roadways, yard thoroughfares. 

storage spaces. 

where discrimination is not essential. 

where slight discrirnimation is essential. 

where moderate discrimination of detail is essential. 

wdiere close discrimination of detail is essential. 

where discrimination of minute del nil is essential*. 


Illumination (foot-candles) 

Recommended 

Minimum 

5 

3 

8 

5 

5 

3 

12 

8 

25 

15 

6 

4 

8 

5 

12 

8 

3 

2 

8 

5 

6 

4 

12 

8 

3 

2 

12 

8 

6 

4 

15 

10 

10 

8 

6 

4 

8 

5 

5 

3 

12 

8 

12 

8 

25 

15 

0.5 

0.1 

0.02 

0.25 

0.5 

1 

2 

3 

5 


* See special codes for special purposes. 


13. THERAPY OF RADIATION 

All radiations of the electromagnetic spectrum have boon found useful for therapeutic 
puri)oses. The physical properties of the radiations are to be found under Physics of 
Radiation, page 9-15. 
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Infra-red Radiation 

Physiological Action. Infra-red radiation produces heat (Art. 12) when absorbed by 
organic tissues, which, in general, show more or less selective absorptivity. In the visible 
range most of the radiation is absorbed by the skin and the superficial layers of flesh; 
for deep therapy, wavelengths in the range from 700 to 1.500 ni/x (near infra-red; prove 
most penetrating, the skin being apparently more transparent for these wavelengths. 
Beyond 2 m, the longer the wavelength the less penetrating will be the radiation. The 
heat produced by infra-red radiation has decided thereapeutic effects on arthritis, frac¬ 
tures, and internal injuries and acts stimulatingly on the muscles and tendons. 

Sources of Infra-red Radiation. The natural and most efficient source for infra-red 
therapy is the sun. Next come the gas-filled tungsten lamps glowing at about ,3000 dog 
K which give off very high radiation energies in the near infra-red. Carbon lamps at 
lower temperatures and other glowing sources and flames have characteristii; radiations 
with band spectral energy distrilmtions of varying widths and locations; they are in gen¬ 
eral less efficient than tungsten lamps. 

Ultraviolet Radiation 

Physiological Action. Ultraviolet radiation (Art. 11) is highly stimulating and seems 
of utmost importance for organic life; the wavelength range from 300 to 400 ni/x constitut¬ 
ing the shortest-wavelength part of the daylight spectrum and often referred to as “actinic 
rays” is of particular practical value. Shorter wavelengths also have decided therapeutic 
effects on human beings; they are, however, easily absorbed l>y air so that proper c.'ire has 
to be taken to use non-absorbing materials in the path of the rays. Wavclengths at about 
280 m/i are supposed to lie injurious to organisms and should l>e avoided in therapeutic 
uses. In the range from 200 to 300 m/i ultraviolet radiation is highly germicidal and is 
used practically for the sterilization of food and water supplies. I'ltraviolet thera{>y is 
entirely superficial, is absorbed by the skin, and produces the tan or sunburn. It is 
important to time the exposure to ultraviolet radiation and to increase the exposure 
gradually from very short intervals to not more than about one-half hour depending on 
the strength of the source and its spectrum. 

Photochemical Actions. Industrially the strongly actinic effects of ultraviolet radia¬ 
tion are utilized in chemical proiresses of ))leaching, vulcanizing, and so on. The more 
recently found food vitamins which are essential for health and the proper performance of 
biological functions are influenced by ultraviolet radiation, and their production can be 
stimulated by short-time irradiations. In particular, vitamin D, known to possess anti¬ 
rachitic qualities, is produced industrially in this wjiy. 

Sources of Ultraviolet Radiation. Again the most important source is natur.al sun¬ 
light. Artificial so^irces are provided by the pure carl Kin arcs; the lilue and white Imrning 
arcs have slightly different characteristic line radiations in tlio ultraviolet region. The 
most important source for therapeutic uses is, however, the high-pressure mercury-arc 
lamp which produces very strong line radiations in the near ultraviolet—the most active 
range; high-power mercury arc lamps use water cooling to reduce the heating effects. 

X-radiation 

Physiological Action. X-radiation is injurious to most organic tissues but can be 
utilized, if properly directed, to destroy malignant internal growths as well as to cure 
skin diseases. It is the most widely used weapon in non-surgical medical treatment. 
The penetrating power of x-rays depends on the voltage of the x-ray tulies; their destroying 
action, on the voltage and the time of exposure (dosage). Over-exposure causes very 
severe burns lasting for a disproportionately long time; great care has to be taken to 
avoid even slight burns. 

Sources of X-rays. The Coolidge vacuum x-ray tube with an applied voltage of 
10 to 100 kv is the most commonly used source of x-rays; voltages up to 220 kilovolts 
are used if particularly high penetration power is desired. For production and properties 
of x-rays see Art. 14. 

Dosage of X-rays. The energy of x-rays can be determined by ionization measure¬ 
ments (see Art. 14). A unit of x-ray energy has Iieen defined from ionization measure¬ 
ments, the int(rnatiorial Roent^tm, which is equal to that quantity of x-radiation which 
produces in a standaidized ionization chamber under normal conditions (0 deg cent and 
7G0 mm Hg) an indication of 1 ele(!trostatic unit of charge. Dosage meters are available 
which give a visual indication of the ionization produced by the x-rays. With the 
dosemeter, when inserted in the x-ray apparatus, there is if ten connected an automatic 
switch which controls the time of exposure so as to make it independent of human action. 
On account of the danger of burns, x-ray treatment should never be administered except 
by properly trained persons. 
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ACOUSTICS 

By R. B. Lindsay 

19. NATURE OF SOUND 

Sound, from tho physical point of view, consists of conipressional disturbances produced 
and proi)aj;ated in solid or fluid media. This includes not only those disturbances which 
are ultimately (by transmission through the air) audible to the individual but also a 
large field of disturbances (supersonic, etc.) which arc outside the range of audibility and 
are rendered evident to the senses in other ways, e.g,, by touch, etc. Tho whole field is 
usually knovm by the name acoustics. 

Consider a metal bar which is struck with a hammer. Originally all parts of the bar 
are at rest with respect to one another; erjnilibrium exists. The impact of the hammer 
upsets the equilibrium and sciueczcs a portion of the bar }>y producing a relative displace¬ 
ment. (Note that if the bar were rigid it would have to move as a whole—but no material 
medium is rigid.) The motion of the “squeeze” along the rod constitutes what is called 
a compressional wave. If the rod is in air some of the motion is communicated to the air 
in its neighborhood and a compressional wave in air results. 

The study of acoustics is concerned with the production of such disturbances, their 
propagation, and their absorption. It must be remembered that the displacements from 
equilibrium involved here are usually very small. In particular in the case of harmonic 
or sinusoidal sound waves in air the maximum fractional change in density due to the 
passage of the waves having tho intensity of conversational speech is of the order of 
10”^ and the maximum corresponding change in pressure (tho so-called excess pressure) 
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is about 1 dyne per sq cm. A comprcssional wave of the same intensity in a metal like 
platinum at ordinary temperature will correspond to a maximum change in stress of 
about 370 dynes per sq cm but the corresponding fractional change in density is only 
of the order of 10“’®. The solid is of course much less compressible than the gas. The 
displacement velocities involved in such displacements are also ordinarily very small, 
varying from 10“^ cm per sec for plane waves in gases to about 10“® cm per sec for similar 
waves in solids. This velocity, however, must not be confused with the velocity of 
propagation of the sound wave itself, which may be very large (see Art. 20). 

General Properties of Sound Waves. For practii^al purposes the most important 
type of wave is the simple harmonic or sinusoidal. A snap-shot picture of a pl.ane wave 

of this character progressing in the x direction is 
symbolized in Fig. 1 where a iiart of such a wave 
is shown. The ordinate measures the displacement 
I which is being propagated. The maximum ordinate, 
A, is called the amplitude of the wave. A positive 
maximum is said to correspond to a crest, a nega¬ 
tive one to a hollow The distance between two 
successive maxima is the wavelength, designated by X. 
The wave propagation corresponds to the motion of the whole figure to the right along 
the z axis with a velocity c. Mathematically such a situation can be symbolized by 



^ = 4 sin -- {cl — x) 


( 1 ) 


It may bo noted that either the sine or the cosine may be used. The number of complete 
wavelengths which pass a given point per second is the frequency of the wave, usually 
denoted by p and referred to in cycles or cycles per second. The relation 


X 


c 

V 


( 2 ) 


is fundamental in the theory of harmonic waves. Written in terms of frequency 

^ = A sin (co< — kx) (3) 

in which w = 27rv and k — oi/c — 2v/\. This form is often preferred because of its 

2t 

greater simplicity. The quantity ^ {ct — x) — wt — kz is called the phase of the wave. 

A 

Types of Waves. The wave symbolized by equation (1) is called a plane wave because 
the displacement at a given time and value of x is the same over the whole plane through 
this point perpendicular io the z axis, or, as is sometimes said, all points in this plane are 
in the same phase. Using still another common phraseology the wave front of the wave 
is a plane. Another type of wave of great value in acoustics is the spherical w^ave in 
which the wave fronts are spheres. Such a wave results when a disturbance takes place 
at a point in a hoinogeiuKius medium and spreads in all directions from this point as 
center with the same v<;locity. Far away from the source a small portion of the wave 
front may be (;onsidcred a plane. 

Although sound waves have been considered as comprcssional waves in a material 
medium, it is quite possible for other types of elastic waves in solids to give rise to acoustic 
waves in air. Thus the transverse waves in strings, membranes, plates, and rods are of 
importance in sound. These will be mentioned later in Art. 2fi. 

The progress of a sound wave in air can be made visible by a method due to Foley. 
(Physical Review, vol. 35, 373, 1912.) The wave sent out by a spark discharge is photo¬ 
graphed ill the light of another suitably limed spark, the excess density produced by the 
passage of the wave providing enough change in the refractive index of the air to register 
on the photographic plate. This method is valuable in the picturization of the reflection, 
refraction, and diffraction of sound. 


20. VELOCITY OF SOUND 

The general expression for the velocity of a comprcssional wave in a deformable 
medium is 



where dp is the change in pressure accompanying the change dp in density. Since the 
compressions and rarefactions accompanying the propagation of sound through a gas 
are adiabatic, the relation between pressure p and volume V is the well-known one 
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pV^ = constant (7 being the ratio (Cp/c„) of specific heat at constant pressure to that at 
.constant volume), and equation (4) l^ecomes for a gas 



(5) 


In the case of air, for example, for /> = 1 atmosphere = 1.01 X 10^‘ dynes per sq cm and 
p = 0.001205 gram per cii cm at 20 deg cent and 7G cm of Hg and 7 == 1.403, c = 344 
meters per sec in good agreement with the experimental value. 

The Velocity of Sound in a Perfect Gas is indei)ondent of the pressure. This is prac¬ 
tically true of all real gases, although a slight increase is observed with pressure of the 
order of 50-100 atmospheres (sec International C'ritii^al Tables, Vol. VI). The temper¬ 
ature dei)endenco is obtained from equation 5 }>y the use of the general gas equation, 
which for a perfect gas is pV — RT, T being the absolute temperature and R the gas 
constant. Thus the velocity at any temperature / degrees centigrade in terms of the 
velocity at 0 deg cent is given by the formula 


C( = + //273 fO) 

For air in the neighborhood of 0 deg cent and room temperature the increase in c is about 
0.01 meter per sec per degree centigrade. The velocity of sound for giises is always 
lowered slightly by (ionfiiiement in a tuln?. 

The Velocity of Sound in Air depends slightly on the preseia^e of water vapor. Thus 
for saturated air at 20 dog cent, and standard pressure, c is about 0.40 pe. cent greater 
than for dry air at the same tempi'rattirc and pre.ssurc. 

bor velocity of sound in a liquid equation (4) takes the form 


c 




(7) 


w4iere E is the bulk modulus or coeffHaent of volume ekistiraty, and in the alternative form 
K is the compnissibility. lioth E and p (k^pend on the temperature and pressure, l>ut 
since the equation of state of liijuids is not known in general form the preinse temperature 
ami pressure dopendenco of c in this case can .be described only l)y empirical formulas 
relating to specific substances. The \'0locity of sound in liquids is almost uniformly 
gr(jater by a factor of several times than the velocity in gases, tlio one notable exi^eption 
being hydrogen where c at 0 deg cent is 1270 meters per sec. In general, aqueous solutions 
hMV(‘ liiglier c than water. 

The Velocity of Sound in Solids is given by the formula. 


c 



E + iM/3 

P 


( 8 ) 


in which p is the shear modulus or rigidity of the solid. For the case of compressional 
waves in long narrow rods equation (8) must be replaced by 


c 



(9) 


y lieing Young’s modulus. For a large numlier of solids the former velocity is greater 
tlian the latter by roughly 10 i>er cent. It is interesting to note that the velocity of trans¬ 
verse waves (i.e., flexural or torsional) in a solid is given by c = Vp/p, which is less than 
the value from eijuation K for any given solid under the same comlitions. In general 
the velocity in metallic solids exceeds that in non-metallic solids, although glass, marble, 
and some varieties of wood are decided exceptions. In the latter case the velocity 
naturally doiKiiids considerably on the relation of the direction of the sound propagation 
with respect to the grain of the wood. Few data are available on the direct measurement 
of the velocity of sound in crystals, metallic or otherwise. 

Change of Velocity with Frequency. Equation (4) would indicate that the velocity 
of sound is independent of the frequency. This is found to be approximately true for 
sound in gjises. Pierce * found, however, that the velocity of sound in air at 0 deg cent 
varies from 332.45 m per sec at 41,009 cycles per sec to 331.64 m per sec at 1,479,900 
cycles per sec. This is for entirely unconfined air. The velocity of sound in liquids is 
slightly dependent on the frequency but the chfingc is small, that in water being a decrease 
of only 5 per cent as the frequency ranges from 40,000 cycles to 600,000 cycles. The varia¬ 
tion with frequency of sound velocity in solids has not yet been studied thoroughly enough 
o state conclusive results. 


* Proc. Am. Acad. Arts and Sci.^ vol. 60, p. 271, 1925. 
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When gases and liquids are confined in tubes the decrease in velocity due to viscosity 
may be considerable. This is also a function of the frequency, the change here growing 
smaller as the frequency increases (see Art. 24). 

Since a sound wave is propagated through a material medium, the sound velocity de¬ 
pends on the large-scale motion of the medium. Hence in the free atmosphere the velocity 
is considerably affected by wind currents. 

Wave Length of Sound Waves. A harmonic wave with frequency 256 cycles per sec 
has a wavelength in air at 20 deg cent of 1.34 meters. In water at the same temperature 
the wavelength is 5.70 meters, and in a brass rod, 13.7 meters. The influence of the change 
in velocity with the nature of the medium is evident. 

Doppler Effect. When a source of sound moves relatively to an observer, a phe¬ 
nomenon occurs which is known as the Doppler effect. Consider a stationary observer 
at Fig. 2 (i.e., stationary with respect to the air), with the sound source at A emitting 

waves of frequency v moving towards him 

^_2__§ with velocity » whii^h is assumed less than c, 

2 velocity of sound in a stationary medium. 

Since the frcqiiem^y of the souriie is v, this is 
the number of waves sent out in 1 sec while the source is moving from A to C. Those 
waves will strike the ear of the observer within 1 — v/c seconds. Consequently the fre¬ 


quency of the sound as he will observe it is not v, but 

/ V 


( 10 ) 


1 v/c 

Otherwise expressed, there is an apparent increase in the pitch. This is easily observed 
when a train with whistle blowing approaches one, and is even more commonly noted with 
approaching automobiles. 

When the source recedes from the observer, fewer waves are received per second and 
the apparent frequency, v", is lower than the true frequency. Then 

*'" = 70 ^ ( 11 ) 

1 + Vj c 

The situation is similar though not identical when a moving observer approaches or 
recedes from a stationary sourije. Here the observer, so to speak, goes to meet or runs 
away from the waves, reapeidively. Analysis shows the relations between apparent and 
true frequencies, for approach and recession, respectively, to be: 

V* — v{\ v/c) (12) 

v" = 1/(1 — v/c) (13) 

The velocity v may be larger than c, resulting in the “ bow ” wave, characteristic, for 
example, of the flight of a rifle bullet through the air. 


21. REFLECTION AND REFRACTION 

The concept of an acoustic wave travelihg forward steadily in one direction or spreading 
outward from a single source is a highly idealized one. Actually all acoustic waves move 
in bounded media and wherever boundaries arc encountered the phenomena of reflection 
and refraction occur resulting in more or less complicated wave jiatterns. 

Reflection. As a simple illustration, suppose that a plane wave of sound progressing 
to the right meets a rigid wall parallel to the wave front. Reflection takes place, i.e., the 
space to the left of the wall is now occupied by a wave moving toward the left as well as the 
original wave moving toward the right. Symbolically the disturbance may be represented 
by 

^ = A sin {cot — kx) + B sin {cot + /ca: -f- C) (14) 

where the term with the plus sign before the kx represents the reflected wave, A and B are 
the amplitudes of the two waves respectively, and c is the phase change that accompanies 
reflection, f can be shown to be zero when a plane wave of sound is reflected in going 
from an acoustically rare to an acoustically dense medium, from air to a rigid wall, for 
example. When the sound is reflected in going from a dense to a rare medium, e.g., water 
to air, the change of phase is tt. It is to be understood in this result that the positive 
direction of particle displacement is always in the direction in which the wave is being 
propagated. 

The Acoustic Density is measured by the product of the ordinary density and the 
velocity of sound in the medium. This quantity is called in technical acoustics the 
specific acoiLstic resistance * for a plane wave (see .\rts. 23 and 33). 


* See bibliography, page 9-54, references 8, 10, and 13. 
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Echo. When sound in air is reflected from a large wall or barrier the result is known 
as an echo. This will l)e recognized as a distinct sound if the reflecting surface is sufficiently 
far away from the observer so that the original sound has died down by the time the 
reflected wave reaches him. 

Rev'erberation. If a multitude of echoes follow on each other at verj'^ short time 
intervals the result is knowm as reverberation. This is observed in large closed spaces and if 
the walls and other objects in the room are not sufficiently absorbing cjin constitute a 
serious impediment to hearing in halls (see Art. .32). 

Reflecting Surfaces and Media. If the surface dimensions are large compared with 
the wavelength of the sound, the incident plane wave beam will l)e reflected approximately 
as such; but if the dimensions are small compared with the wavelength the reflected sound 
will be scattered in all directions. In the former case the sound that might l)C scattered 
outside the l)eam is nullified by the interference of the reflected waves (i.e., the cancelation 
of the crest of one wave by the hollow of another) from \ arious parts of the reflector. This 
interference is no longer materially operative when the reflector is small. It thus turns 
out that plane reflectors exercise a selective action. 

Sound waves can also be reflected in other typos of mirrors, e.g., parabolic, in which 
if a point source of sound is placed at the focus the refleerted sound will consist largely of 
plane waves with wave front normal to thc! axis of the mirror. Owing to tne relatively 
large wavelength of audible sound in air the focusing of sound in such a mirror is not very 
precise. The situation is even worse in licjuids. 

Reflection occurs not only when a sound wave encounters tlie boundary V>etween two 
media but also when sound passing down a tube meets an abnijit change in area. The 
fractional sound energy (see Art. 27) reflected compared with the incident energy can be 
readily computed * and turns out to be 



where Si and S 2 arc the two areas of cro.?s-section in question. It is usually assumed for 
elementary purposes (Art. 20) that when a plane wave of sound passing through a tube is 
incident on the open end, the reflec^tion is complete. This of course is not entirely true 
since some radiation takes place. 

Oblique Reflection. The discussion of reflection so far has been confined to the case 
where the inciident sound wave front is parallel to thc reflecting surface. In unconfined 
regions, of course, oblique incidonc-c is nK)re common. Reflection tlien follows the optical 
law; the angle of reflect ion equals thc angle of incidence. The ratio of the sound energy 
per square centimeter per second reflected to that incident is * 

( ~ fl2/cOt 0l Y 
\p2/pi “h cot ^2/cot OiJ 

where pi and p2 are the mean densities of the two media respectively at the lioundary of 
which the reflection takes place, and 0i and O 2 are the angles of incidence and refraction 
resi)ectively. 

Refraction. With oblique incidence there also occurs transmission into the second 
medium accompanied by l>onding of the wave front, i.e., refraction. The law of refraction 
is the same as that of Snell in optics, namely, 


sin 0i _ n 
sin O 2 ct 


(17) 


Very good illustrations of the refraction of sound are provided by transmiission through the 
atmosphere in which a temperature gradient and winds exist. A wave traveling from a 
region of high temperature to one of low temperature has its front bent toward thenonnal. 
Actually there are usually no sharp boundaries and the bending is a niore or less con¬ 
tinuous process. The iiKjreased range of sound in still air when thc temperature gradient 
is negative, i.e., cold air near thc ground and warmer air higher up, is to a considerablo 
extent accounted for by this refraction. Acoustic mirages have the same source. Refrac¬ 
tion also takes place when sound passes through a region where the wind velocity ia 
clianging from place to place. This is culled convective refraction, and it is well to 
note that thc wave front is then no longer normal to the ray as it is in a stationary 
medium. 

Reflection and refraction play a considerable role in the scattering of sound in the at¬ 
mosphere, which is found in general to be greater for high frequencies than for low. 


* See bibliography, page 9-54, reference 13. 
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22. DIFFRACTION 

Effect of Rigid Obstacles. When sound in passing through a medium encounters a 
more or less rigid obstacle in addition to reiflcction and refraction there results diffraction, 
i.o., the bending of the sound waves around the obstacle. Here the situation is precisely 
analogous to the l)£diavior of light waves in passing the edge of an obstacle. Acoustical 
diffraction accounts for our ability to hear sound around a corner and at the same time 
for the difficulty of produtdng sharp acoustic shadows with ordinary audible sounds; 
the sound waves with their greater length are able to bend more than the very much shorter 
light waves. The reception of sound by the individual auditor is largely conditioned t)y 
the diffraction caused l)y the human head. A careful study has been made of this, for the 
effect both on speech and on hearing. It is found,* for example, that for a point source 
on a rigid sphere there are two directions of maximum intensity, one directly in front of 
the source and the other directly behind the sphere, the latter intensity being naturally 
the smaller of the two. I’he intensity falls to a minimum in a direction afiproximately 
at right angles to that, of maximum intensity. The angle increases with increasing fre¬ 
quency of sound and the magnitude of the minimum intensity decreases as the friiQuency 
increases, i.e., short-wavelenglh sounds do not so readily bend around the spherical obsta¬ 
cle. 1' or a given frequency the variation in intensity around the obstacle is greater near 
than far from the sphere. 

A similar discaission can be given for a sphere having two sound receivers on the oppo¬ 
site ends of a. diameter (e.g., the head with the two ears). It turns out that the intensity 
of an outside source of sound at the sphere is greatest when the line joining tluj two receiv¬ 
ers is diro(!ted towiird the source and least when the line is perpendicular to tlie source 
direction. Here again for given source distan(;c the difference is more marked for short 
waves than for long and for a given wa\ olongth more marked at short distances than long. 

These re,suits have an immediate application in respect to tht? human head and to 
sound-receiving instruments like microphones for mapping the distrilmtion of sound 
intensity in a room. The diffraction of sound due to the presence of such instruments 
can thus be compensated for theoretically. 

Scattering. The special phenomenon of diffr.action by an obstacle of dimensions much 
smaller than the wavelength is known as Rayleigh .•^caUtring. Here the sound is scattered 
in all dire(!tions and its intensity varies inversely as the fourth iiower of the wavelength, 
analogously to light scattering. “Harmonic” echoes are due to this type of scattering. 
When a compound musical note is sounded near a group of obstacles like a grove of trees 
the intensity of the octave is raised above t,hat of the fundamental by tlie strattering. 

I\'hen sound emerges from an opening, diffraction jirodufres in g(*n(;ral a scattering in 
all directions. If the frequency is very high this effect is mu(;h reduced and a more or 
less sharp b(‘ani of sound resiilts. This suggests the use of supersonic waves in signaling 
(see Art. 20). 

Diffraction i.s also important in the use of baffle plates in soiiu^ loud speakers. The 
actual calculation of the diffracting effect of such plates is extremely complicated. 


23. INTENSITY OF SOUND 

Definition. The propagation of sound waves involves the transfer of energy, and it 
is this idea which is expressed in the concept of acoustic; intensity, w'hich is the average 
rate of ffow of energy per unit area normal to the; direction of propagation. Care must 
bo taken to distinguish between inten.sity and loudness. The former is a purely physical 
quantity, whereas the latter is a physico-psychological one. We shall discuss it further 
below. At the moment consider merely the intensity. It can be shown that the intensity 
7 of a plane or spherical wave (the two predominant types) is given most simply by 
the formula 

/ = 1 (IS) 

2 poc 

where pmax = maximum excess pressure, po = average density, and c = velocity of the 
wave. The quantity pvtC is the specific acoustic resistance of a plane wave. For a given 
Pmaxi a large acoustic resistance means a small intensity, and vice versa. This has con¬ 
siderable bearing on all acoustic transmission problems, e.g., sound proofing and reduction 
of noise (see Art. 33). 

For a sound wave in air at 20 deg cent and 76 cm of Hg the intensity of ordinary con¬ 
versational speocli (with 7)max = 1 d>Tie per cm*) is approximately 1.21X10“® watt per 


* See bibliography, page 9-64, reference 13. 
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cm* *== 1.21 X 10”® microwatt per cm*. Interestingly enough it develops that the ear is 
feensitive to sounds of intensity as low as 4 X 10”^*^ microwatt i.>©r cm*. It should lie 
noted that the frequency does not enter (ItS) explicitly. On the other hand, if the intensity 
is expressed in terms of displacement amplitude instead of pressure, the frequency v is 
necessarily inA^olved, equation (18) being repla<?ed by 

I = b'2Pocai*^'-ma>: (10) 

with Smax “ maximum displacement and to = 27rp. For constant amplitude the intensity 
thus varies as the square of the frequency. Hence for supersonic waves of rofisonable 
amplitude the intensity can become rehxtively very large; e.g., for v — oOO.OOO cycles 
per sec in air and ^max = 10“^ cm, 1 = 2.07 X 10^‘ ini<*rowatts jior ('in*. For acoustic 
instruments which record pressure changes, equation (18) is the more useful one. For 
others, (‘(juation (19) is cmiiloyod. 

The Measurement of Intensity in absolute units is now largidy rtqilaced by the logarith¬ 
mic unit, the hd, which is of particular advantage in denoting the relative levels of intensity 
of several sounds. 'I'he difference in intensity of two sounds whose absolute intensities 
are 1\ and ia respectively is a bels, where 

a — iogiol2/7i (20) 

More commonly the drcihcl (dh), which is one-tenth of a bcl, is used. To illustrate, if 
one calls an average excess pressure of 1 dyne per cm* (strictly this is the root-mean-S(iuare 
value whi(ih = 0.707 ptnux) the normal level for ordinary spetM h, the threshold of audi- 
l)ility has a minimum lying al>out 70 db below this level, and the thr(‘sht>ld of feeling 
(i.e., where hearing is painful) has a maximum lying about 70 db above this level. Wo 
may think of audible sound therefore as lying in a mtiximum range of some 140 db.* 


24. INFLUENCE OF THE MEDIUM ON THE 
PROPAGATION OF SOUND 

Spherical Waves, l^horn a point source, sound spreads in a perfectly homogeneous 
meditim in the form of a splierical wave, the mathematic.il expression for the diaplatjemeiit 
in a haniionic wave of this kind being 

^ = -- sin {o3t — kr) (21) 

r 

From equation (19) it is seen that the intensity of such a wave is given l^y the expression 

J, = i/2P(.t’co2 J2/V' (22) 

i.e., the intensity falls ofT inversely as the aciuarc of llie distance from the source. This is 
in contrast to a jilane wave (s<>e eiiuation 3), for which the intensity is imlependent of 
distance. The diminution of intensity of a spherical wave is a purely geometrical phe¬ 
nomenon—as the wave spreads in all direevtions, th(‘ same amount of energy at any instant 
flows across spheres of larger radii, xvhose surfintes intu’case as the square of the radii. 
In addition to this gcometric;d decrease in intensity with distance! all material media act 
to dissipate acoustic energy and so decrease intensity by absorption. 

Causes of Sound Absorption in Fluid Media 

Viscosity acts to retard the relative motion of adjacent layers of the medium, and so 
adds a damping force to the clastic restoring for(!e normally present. The effect is to 
produce an exponential decrease in displacement amplitude with distance; i.e., the ampli¬ 
tude A must be multiplied liy c""’’ where c is the Naperian Ilmsc (= 2.71828. . .) and 
c®. fjL, the coefficient of viscosity for air at 20 deg cent, is approximately 
18 X 10~ ' gram per cm jier see and for water at 20 deg cent is 10 gram per cm per sec. It 
will be oliserved that the damping coefficient increjuses with the square of the frequency. 
J’or (0 = loot) in air, a — 0.24 X 10“®; i.e., a w-ave in air (‘ould proceed a distance of 
about 4000 km without having its amplitude reduced to more tlian l/r as far as viscosity 
is concerned. This is a very slight effect and hardly oliservable ex(!Cpi at high frequencies. 
The effect is much more marked when the medium is confined as in a tube, for here the 
fluid tends to stick to the walls. For a tube whoso diameter is large comjiared with 

V8ir*g/poco the theory f again indicates exponential damping with a = where 

ac ^2po 

a = radius of the tube. For a tube of radius 1 cm and co = 1000, a — 2.5 X 10”^ for 
air at 20 deg cent. Associated with the absorjition is a decrease in the velocity of sound 

* Sec bibliography, page 9-54, reference 19. 
t See bibliography, page 9-54, references 9 and 13. 
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which in the instance just cited is theoretically 0.86 per cent. Actually both the absorp¬ 
tion and the decrease in velocity depend on the material of the confining tube and are 
greater in practice than the theory predicts. _ 

the viscous absorption is natu- 


, where po is the average value of the 


For capillary tubes, i.e., where a < < VHit* /x/po u), 

rally very much greater, the value of a being - \ —, 

a ^ Vo 

fluid pressure in the tube. Here the waves are very rapidly damped out, with a having, 
for moderate frequencies, values in the neighborhood of 10 to 100. This accounts for the 
large absorption of sound in carpets and other materials with small interstices.* 

The effect of viscosity is enhanced by the conduction by the vibrating gas or liquid 
of the heat produced during the compressions accompanying the ptissage of the wave. 
The order of magnitude hero is the same as that involved in viscosity damping. 

Changes in Physical Properties. In the actual propagation of sound through such 
media as the atmosphere and the sea the numerous cihanges in the physical properties of 
the medium duo to temperature, etc., produce by reflection, refraction, and diffraction a 
damping of a directed lieam which is much more pronounced than that due to either of 
the causes just mentioned. 

Recently it has IxHm found by Knudsen t that the absorption of sound in air depends 
on temperature and humidity in a c,hara(;teristic manner. Thus the absorption coefliciciit 
per centimeter («) for air at 20 deg cent and for a frequency of 1500 cycles per sec has a 
maximum value of 10 ~^ at a relative humidity of 10 per cent. For a frequency of 10,000 
cycles per sec the maximum is about 6.5 X 10~^ and occurs at a relative humidity of 
about 18 per cent. Those figures are of course much larger than those theoretically j rc- 
dicted on the basis of viscosity absorjjtion. It has been e8tal)lished that this absorption 
is due almost entirely to the energy transfers between the oxygen molecules of the air. 
This opens up a new field for the study of sound absorption. 


26. VIBRATING SYSTEMS AS SOURCES OF SOUND 


Free Oscillations. Most vibrating systems do not oscillate as a whole but are the 
scat of more or loss complicfited wave patterns. For the sake of simplicity, however, it is 
often convenient to think of sucdi bodies as if they moved as a whole. Thus a membrane 
in which the amplitude at the center is greater than that elsewhere may often conveniently 
be assumed to oscillate like a piston moving to and fro. The same is true of the air in the 
opening of a Helmholtz resonator. 

The vibration of a body conceived from this point of view is governed by vrhat may bo 
called its “ elements,” viz., its inertia (measured by masu), stiffriass (elastic restoring factor), 
and dissipative resistance (damping factor). The stiffness is defined analytically as the 
restoring force x^er unit disxilacemcnt; the resistance is the damping force x)er unit velocity. 
These are the analogs of inductance, capacitance (strictly recipro(!al of capacitance), and 
resistance, resi)ectively, in an oscilLating ele(;tric circuit. A knowledge of these elements 
is sufficient hi des(!ribo com}iletely the behavior of the system if disturbed from oquililirium 
and thereafter left to itself. Under sucrh eircumstanccs the system is said to be free. 

Let m denote the mass, / the stiffness, and H the damiiing factor of the system. It 
turns out that a disturbance from equilibrium will lead to oscillations if and only if t 

R^/4m^ < f/m (25) 

and the frequency of the oscillation is 


,, = _L 

^ 2 t ^ ni 


(24) 


If the damping factor is small enough so that the left side of the inequality (25) is very 
much smaller than the right, the free or natural freciuency is approximately 



(25) 


As an illustration consider a membrane (e.g., a telephone diaiihragm) w^hich when replaced 
by an equivalent piston has 

m = 0.50 gram, / = 2.5 X 10^ dynes per cm 


R = 250 dyne sec jicr cm 

Then — 6.25 X 10^ sec”®, while f/m = 5 X 10^ sec”®, so that in equation (24) 


* See bibliography, page 9-64, references 9 and 13. 

t J. Aeons. iSoc. Am., vol. 6, p. 199, 1935; Scienre, vol. 81, p. 678, 1935. 
j See bibliography, page 9-54, references 7, 9, and 11. 
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vf 1124.6 vibrationa per sec whereas equation 25 gives 1125.4 vibrations per sec, the 
difference being negligilile for most practical parposos. 

Although the effect of the damping on the fre(|ueney is very small, the amplitude of 
the harmonic oscillation dies away exponentially; i.e., the displacement ^ may be written 

i = 008 (2iro/ f + B) (2C) 

where A = initial amplitude and B — initial ph:vse. 'I'he amplitude decreases to A/c = 
0.37 A in the time l' = 2m./li, which in the aliove illustration is 1/ 250 8e(^ All free 
{ihysical oscillations are damped, the damping arisiiig from a variety of factors, such as 
internal viscosity of the vibrator, viscosity of the medium, or energy communicated to 
the medium by the \’ibrator and carried away in the form of radiation. 

Forced Oscillations. Mon* int(*resting and important than free oscillations are those 
imposed on the system by an external h.armonic for(a\ e.g., the fluctuating magnetic field 
in the telephone diaphragm. If the fretiueiicy of the foi ce is = a?/ 27r and its amplitude 
is Fo, the displacement is * 

^ = F(\/u 3Z'COS (cot — a) (27) 

where Z = ^ (mio — / and is defined as the 7ncchamcalin} peclancc oi the system 

(cf. analogy to electrical impedance). The quantity a is the phase dilTereiice between 

the force and displacement and eijuals tan~'-;—. The displacement velocity is usu- 

, mco — f/(o 

ally more important. Denoting *his by ^ we hav’^e 

k ^ Fo/Z‘co» (cot - (28) 

_ 171(0 — f ' (O 

where 8 — tan ’- jf — = phase difference between force and velocity (o + /3 = 90°). 

It is seen that the magnitude of both ^ and ^ depends on the impedanci?; a large impedance, 
other things lieing eipial, corresponds to a small disiilacement, and vice versa (ef. tho 
alternating-current analogy; current == emf -4- impedance). 

(0 ^ / 

The impedance is a minimum for p — - - — -- \ . This is called the resonance 

2jr . 2t ^ rn 

frequency. For systems with small damping it coincides effpctic(‘ly with the free oscalla- 
tion frequency. Phy.sically this means that a system wall vibrate most vigorously if sul)- 
jc(^tcd to a harmonir! force with fretpieiK^y eipial to its owui natural fro<}uency. .\t reson¬ 
ance the fore.e (contributes energy to the system at maximum a\'erage rate and the system 
itself dis.sipatc3 energy at an oriual rate: if a vibrating tuning-fork is held over the open 
end of an air column in resonance with the fork, the air in the tube vibiates vigorously and 
the note is much reinforced; at the same time tho fork more rapidly uses up its original 
store of energy and conu^s to rest sooner than it otherwise would. Examples of resonaric.e 
are at hand throughout aicoustiical phenomena, as w'oll as in viliration phenonKuia in general. 

The damping exercises an imixirtant influence on rtcsonance; if the damjiing factor is 
small tho res]>onsc of the system at re.sonance is great but the tuning is sharj); that is, tho 
response drops rapidly as the frequency of the force is altered from the resonance fre¬ 
quency. On the other hand, large damping leads to a smaller resonanc.e response hut a 
broader peak and more diffuse tuning. The same effect is well known in electriical oscil¬ 
lating (circuits. 

A good illustration of such a vilirating system as we have lieen considering i.s a Helm¬ 
holtz resonator which consists of an enclosure usually but not, necessarily spherical in shape 
communiccating with the outside liy mc^ans of a small orifirce. The mass of the system 
is the nia.ss of the air in the opening which vilirates under external influence against the air 
cushion providi^d by the air in the enclosure or resonator chamber, the latter supplying the 
stiffness of the system. The damping comes mainly from the radiation of sound into the 
surrounding medium. The resonance frequency is t 



in which c = velocity of sound in air, V = volume of the resonator chamber, and Co == a 
quantity with dimensions of length called the conductivity of the opening. It is rather 
difficjult to compute b\it is of the order of magnitude of the diameter of the orifice. 

Kesonators have many practical uses, among them being tho construction of sensitive 
sound detectors and instruments for the measurement of sound intensity (sec Art. 34). 


* See bibliography, pnge 9-M, references 7, 9, 11, and 13. 
t See bibliography, page 9-54, references 7 and 13. 
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26. SPECIAL VIBRATING SYSTEMS 


Vibration of Strings. If a string with line density (mass per unit length) p and 
stretched with tension r is pulled aside from its equilibrium position and let go, a transveme 
wave travels along the string with velocity * 


V — 



(m 


If the string is of finite length I and is fastened at both ends so that no motion is possible 
there, it turns out that the string is the scuit of waves in both directions which combine to 
form standing tvaves of only certain frequencies, viz., 


V — 



( 31 ) 


where n is any integer. Tliesc allowed values (jf p are the dvaracieriMic or Jialural fre¬ 
quencies of the stretched string. //. = 1 corresponds to the fundamental, and n — 2, 3, 4 
... to the su(;c(^ssive harmonics or overtones. By the imposition of a harmonic force the 
string can, of counso, l)e for<!ed to vil)n4tc with any frefiuenoy, but rrmynanca (Art. 2.'!)) 
ensues when the freqiieiK^y of the force coincides with one? of the set (cciuation 31). When 
a string vibrates W’ith one of its characteristic frequencies, it is said to bti in a character'stic 
mode of oscillation. Each mode is also characterized by the i>resencc of certain points 
where no motion ever takes ijluce: these are the so-called nodal points or nodca in distinc¬ 
tion to tin; pla<!es of maximum disturbance or loops. Eig. 3 indicates the first three char- 
acteristift modes of vibration of a stretched string. The full lino in each sketch represents 
the undisturbed position of the string; the dotted and dashed lines rei)re8ont the extreme 


N 



L 


Nt- 


-AN Nt- 


' / V 

/n\ / 


Fio. 


positions assumed liy the string. Nodes and loops are indicated by N and L respectively 
Of course the ends are, strictly speaking, nodes by virtue of the fastening. Obviously the 
distance bf^tweon siKJcessive nodes is one-half wavelength (see equation 2 in connc(!tion 
with e(]uation 31). 

String Instruments. The most important acoustical application of the vibration of 
strings occurs in musical instruments. Here strings may bo vi])rated ])y plucking (harp), 
by bowing (violin), or by striking with a hammer (pijuio). If a string is plucked at one 
of its possiliie nodes, the corresponding harmonic or harmonics wiii oc absent. This is 
known as Young’s law: thus plucking at the center removes ail harmonics of ovim order. 
In any event the higher harmonics are relatively weak in the plucked string. The theory 
of the struck string has not been completely worked out. Much depends on the iirocii^v* 
manner and duration of the blow. But Young’s law is again true and is utilized to mini¬ 
mize the harmonics above the sixth. The same is true of the bowing of the violin string. 
No matter how a string is excited, much of the effect depends on the presence of resonating 
surfaces and air spaces. 

The Vibrations of Air Columns (e.g., organ pipes) are rnM,thematically quite analogous 
to those of strings. Here, to lx? sure, the characteristic frequencies depend on 
whether both ends of the tube are open or only one. If both ends are open the 

VC 

natural frequencies * are -- (c = velocity of sound in air); if only one end is open they are 
(2n + l)c 

- — -. The difTerence comes from the fact that the wave pattern must have a node 

4f 

at the closed end of the tuViO while it has a loop at the open end. The values cited are not 
quite correct, for radiation from the open end has been neglected. To take account of this 
the length, /, in the formula must bo slightly increased. 

Quality. It is the combination of harmonics in the vibration which gives the sound 
radiation from such a system its characteristic quality (see Art. 31 on the analysis of 
musical sounds); it is this which distinguishes sounds of essentially the same frequency 
or pitch produced by different systems (e.g., \nolin and flute). 

Membranes and Diaphragms. For the practical production of sound, circular mem¬ 
branes and diaphragms are of the utmost imi)ortance. A membrane is supposed to be 


* See bibliography, page 9-54, references 9 and 11. 
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perfectly flexible, i.e., to possess no rigidity, and many of the diaphragms used in sound 
generators more nearly approximate plates. The mathematical details in either instance 
are too difficult to give here. A circular membrane of radius o clamped around the 
periphery has a very complicated set of characteristic frequencies. The simplest of these 
corre8p<Hid to vibrations symmetrical about the center and have frequencies given approxi¬ 
mately by 


0.77- 


1.7G- 


2.70 ± 


(32) 


where c = velocity of flexural waves in the meml»rane = r/p, in which t = superficial 
tension or force per unit length in the membrane and p = mass per unit area. It will 
l>e noted that the harmonica bear no integral multiple relationship to one another, dilTering 
thus from the harmonics of the string and air column. Correai)onding to the nodal points 
of these systems, the membrane has a set of nodal lines which in symmetrical vilirations 
are concentric circles. In the higher modes of vibration there also exist nodal diameters. 
The situation for vibrating plates is oven more involved and the wave patterns more 
complicated, although the characteristic frequencies have be(*n computed in special 
instances. As has been intim.ated in Art. 25, the tendency in practical work is to operate 
with the equivalent piston vilirator. 

Energy Radiation. In practical acoustics an important feature of vibrating systems 
is the rate of energy radiation into the surrounding medium, and in particular the efficiency 
of the system as a radiator, viz., the ratio of the radiation output to the input. It can be 
shown that the average rate of radiation of frciiucuicy a>/ 27r from one side of a diaphragm 
into a semi-infinite medium of density p is 

1 03^ * 

(33) 

4 c 

where a is the radius of the equivalent piston and is the maximum displacement velocity. 
Hero c is the velocity of sound in the medium. The efficien(;y of telephone diaphragms is 
rather low (‘xcicpt at the resonance frequencies. The Fessenden oscillator * for under-water 
sound signaling has, however, an efficiency as high as 50 per cent at an output of 500 watts. 
The output of all sources is very largely conditioned by the type of acoustic (coupling used: 
a diaphragm placed in the throat of a horn will have a larger output for the characjteristic 
frequencies of the horn, since the resonance primaplo comes into play. 


27. TRANSMISSION THROUGH TUBES 

Many important acoustic prolilems involve the transmission of sound through tubes; 
for example, speaking tubes, horns for the production and amplification of sound as well 
as for its reception, stethoscopes, special types of acoustic filters, and apparatus for the 
measurement of acoustical intensity and impedance. 

Effect of Length. If a plane sound wave produced by a diaphragm or other source 
is led into a cylindrical tube, the wave form will depend in the first place on t.h(' length 
of the tiilHj. If the tube is short, the reflected wave from the end of the tube away from 
the source will combine with the direct wave to form a more or less complicated pattern; 
if the tube is very long the reflected wave may be largely damped out and a wave traveling 
effectively in one direction results. 

Change in Cross-section. Consider a wave traveling in one direction and note what 
happens to it when the size of the tube is altered.* At A, in Fig. 4a, the wave coming 


Cd (c) 

Fia, 4 

from the left encounters an abrupt increase in cross-section. In Art. 21 it was noted 
that reflection ensues so that to the left of A there are waves in both directions. The 
Wave that goes across A is therefore weakened in intensity and indeed by an amount 
which depends on the ratio of the cross-sections (formula 15). The ratio of the total energy 
flow (watts) in the transmitted wave to the right of the boundary to that in the incident 
wave may be called the power transmission ratio and will be denoted by Pr- There is no 
change in pha.se of the transmitted wave. Incidentally Pr is the same in either direction. 


* See bibliography, page 9-64, reference 13. 
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The loss in intensity can be very much mitigated by the use of a connector joining the 
two tubes so as to make the change in dimensions less abrupt; the longer the connector 
the greater is Pr. 

In Fig. 4h, again, a plane wave coming from the left meets an expansion of finite length 
which joins the main line. In Fig. 4c the analogous case of a constriction is illustrated. 
Calculation and experiment indicate that Pr in both examples is a function of the fre¬ 
quency, l)cing fairly close to unity for low frequeiKdes but becoming very small for a 
considerable range of high frcciuencies, then rising and falling again in a scries of alternate 

I>eaks and hollows, as in Fig. 5. Such a 
structure is said to be selective, ('hange 
in phase of the transmitted wave is also 
involved. ^I’liis has important applic.aliori 
to the pinching of a sound tube in order to 
control intensity. 

ZT _Orifices or Side Openings. Another 

PiQ 5 important case of transmission is that 

through a tube containing one or more 
orifices in the side. ^I’he physicnil cfTect of the opemings is to cut down the transmission 
by prodmung refl«‘c.tion due to the inertia of the air in the orifices; each one is a 
boundary between the confined air in the tube and the much larger mass of unconfmefl 
air outside. Of course then? is some actual radiation of sound from the openings, but 
contrary to what might at first 1)C supposed this i.s les.s than the inertia effect. Viscous 
damping in the openings also v)lays aft insignificant rbh? unless they are very narrow. 
(Calculation ami <'xi)orinient indicate that Pr is small for low frequencies and rises as the 
frequency itjcroases. If more than one hole is used, as their numl)er (they are assumed 
to be evenly spac(*d) incroiises, J\ for low frequency decreases until finally no sound 
passes through the tul)e up to a certain frecjuoncy: it acts as a high-frcciueney-pass acoustic, 
filter (sec the schematic diagram in Fig. (ia.*) 



UO High-pais Filter (t) Low-pacs i illuf 

Fig. 6 


It is seen that all the transniission j)robloms discussed so far in this section involve 
acoustic filtration to a certain extent. The same is true of a HelmholU resonator placed 
over an orifn^e in the side of a tubt‘. Here, as might be expected, Pr is reduced materially 
only in the neighlK)rhood of the resonance frequency of the resonator. If, howtjver, one 
attaches a whole seri(?8 of resonators to evenly spaced openings (h'ig. (ih), the resulting 
stnicture is found to act as a low-pjiss filter: i.c., Pr is different from z(*ro up to a c,ertain 
frequency dependent on the dimensions of the various parts; it then falls to zero and 
stays so for a (;onsiderable frequency interval. It then rises again and transmission and 
attenuation bands succeed each other iil a way whi(di can be predicted theoretically. 
The use of more elaborate side branch attachments permits the constnictioii of filters 
having transmission bands at any desired fre(iucncy and of any 
desired frecpiency range. 

The Stethoscope. Another important instrument which is 
essentially an acoustic; filter is one form of the stethoscope (see ^ 

F’ig. 7) consistin'; of a thin air <;haraber with a broad base of hard 
rubber or other solid Bul>stiince.t Sound is incident on A from 
the left; some of it pa.sses through the base (which may vi})rate 
as a whole if it is thin, or act iis a genuine transmitting medium 
if it is thick) and then through the air ehamlier to B where more reflection takes 
place and a final transmitted wave progresses up the narrow tube. The theory is 
too complicated for presentation here. An illustration will suffice. Consider the 
stethoscope immersed in water. Assume that the ratio of the area of cross-section 
at A to that at B = 225 and that the thickness of the chamber is O.il mm; 
then at ~ 750 cles per sec Pr ~ 0.13. This contrasts with Pr — 0.0012 for the 
ordinary power transmission ratio going directly from water to air without chajige in 
tube cross-section. It must be emphasized that this type of stethoscope is highly 
selective. For medical purposes, small conical horns are now being used extensively 
(see Art. 2S). 

* See bibliography, page 9-54, references 8, 10, and 13. 

t Sec Vnliliography, page 9-54, reference 1.3. 
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28. HORNS 

The horn occupies a significant place in the discussion of acoustic transmission.* 
Strictly speaking, any tube of finite length may be a horn. Howe'er, it is usual to restrict 
the term to tubes of varying cross-section. 

The Principal Types are shown diagrummatically in Fig. 8, where (a) represents a 
conical horn in which the area of cross-section <S = Sq (x denoting the coordinate dis¬ 
tance along the horn axis 
from some chosen origin and 
,So the cross-se(dional area i 
for unit a); {h) lepresents ^ 

an exponential horn with 
S — where m is a 

parameter governing the 
flare (this horn has the 
property that the area S is the 
geometric mean of the areas at the same distance on either side of S ); (c) represents a 
parabolic horn in which S = ^Sox. There are other types of flaring horns but their 
properties are very similar to the exponential variety. 

The Horn as a Receiver of Sound. If the horn were not there, little difference in the 
intensity of the sound would be noted at the points A and H. However, with the horn 
in place, and sound directed toward the large end, there is considerable increase in the in- 
feusity at the throat (i.c., the sraali end) over the intensity at B witli tio horn inesent. The 
ratio of these intensities is the intemUu amplijimtion (I.A.) of the horn and a measure of 
the horn’s utility as a recei\'er. The mathematical theory by wdiich this quantity is corn- 
I)utcd is complicated, and it must bo made clear that the qualitati\'o idea of the horn’s 
“concentrating” the sound l\v refliMdion from the walls, etc., is (aiife inadequate except 
at high frequencies. I’he action of a horn like that of any air column is mainly dependent 
on remnance characteristhis. This is clearly shown in the fact that when I.A. for a conicjal 
horn, for example, is plotted as a function f)f freciuency, it shows a niiml)er of i>eak8 and 
hollows, the peaks corresponding to the nisoiiam^e fretiuencies of the horn considered as a 
^•ibrating air column. 

"J’his selectivity is most marked in the (jonioal horn. The paral)olio horn gives a much 
more uniform response and is l)eing widely used in connection with sound-mot-ion pictures. 
The exponential horn, other things lx*ing e(|ual, gives the largest I.A. and is often used in 
loud-speaker units for public-address sysbun.s. 

The Horn as a Transmitter. A good receiving horn is a good transmitting horn. 
Naturally the behavior always depends on the acoustical atta(diments. In general, how¬ 
ever, the resistance component of tlie impedance (Arts. 211 and 25) of the horn at the 
throat is the best criterion of the liorn’s action. This is greater for flaring horns than for 
conical horns of similar dimensions. 

d'he use of horns in musical in.stnimcnts is well known. Recently large exponential 
horns have proved valuable in the acoustic: detection of aircraft. 

29. SUPERSONICS 

Considerable interest has been displayed during the i)aHt two decades in the use of high- 
fretiuency, inaudible sound in under-water signaling, for supersonic waves arc not so easily 
diffracted as audible waves and hence can be directed more or less in a l)eam. Moreover, 
high-frequency sound oscillators have a much higher radiation efficiency than low- 
fre(juency ones; i.e., much more of the energy of the oscillator actually goes into radiation. 
For signaling, frequencies of 50,000 to 100,000 h.ave been employed. The effective damp¬ 
ing increases with the frequency and hence i)rechide.s the use of much higher fre(jueiicie8. 

Sources. A widely used source of supersonic radiation is the quartz oscillator (first 
used for signaling purposes by ].angevin in France during the Creat War). Quartz like 
some other asynmietrie crystals (notably Rochelle salt) when subjected to stress becomes 
electrically polarized. Thus if a slab of (puartz cut parallel to the optic axis is inserted be¬ 
tween two metal plates connected to an a-c circuit, th<i slab will oscillate with the impressed 
alternating cmf, the oscillations l)cing p.articularly vigorous at resonance. 

Another source of supersonic weaves is the magnctoHtriction oscillator developed by 
Fierce.t When a rod of magnetic material is magnetized it changes its length; when 
placed in an oscillating magnetic field mechanical vibrations are thus set up with the fre¬ 
quency of the field. 

* See bibliography, page 9-54, references 8, 10, and 13. 
t Proc. Am. Acad. Arts and Sci., vol. 63, p. 1, 1928. 
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Other Uses. In addition to their use for signaling, supersonic waves have been 
studied for their physical, chemical, and biological effects. Wood and Loomis * have pro¬ 
duced sound waves of fre( 4 uency alwut 300,000 cycles and with very high intensity, in 
some cases reaching a radiation pressure of 3000 dynes per cm®. When the vitirations are 
communicated to liciuids stable emulsions are often formed, e.g., mercury in water. These 
waves have also been used in the measurement of the velocity of sound in liquids (see 
Art. 20;. 

30. PHYSIOLOGICAL ACOUSTICS 

Physiological acoustics conipris(?s all the acoustical phenomena associated with the 
reception of sound l)y the ear and t in; production of si>ecch sounds. 

The Human Ear consists of the auricles or pinnae, the canal with the eardrum at 
the end of it, the middle ear with the three little bones or ossicles, and the inner car with 
the liquid-hlled cochlea containing the basilar membr;me which is presumably the seat of 
the auditory process. Hound ])aHsing through tlie c;anal is communicated to the inner ear 
via the drum and ossich^s. llie actual mechanism of audition is still a subject of much 
investigation, and there are several theories of hearing, the chief of which is still that of 
Helmholtz which assigns resonance characteristics to the filxirs in the })asilar membrane.t 

Intensity and Loudness. As explained in Art. 23, the ear is sensitive to sounds of 
intensity as low as 4 X 10“^" microwatt i)er cm- and the threshold of feeling as well as that 
of ainlibility are both functions of fmiuency or pitch (the physiological interpretation 
of frefiuemw). For most normal persons the frequen(;y range of audibility runs from about 
20 to 10,000 cy(4(‘S per sec;. A few i)(*ople (;au hear up to 20,000. Tlic work of k’l(;tchc;r 
should be (;onsult(!d for details. The eonneertion between intensity and londnc'ss is a 
matter of some interest: the former is a purely physical ciuantity (Art. 23); the latter is 
physiological. The gcuieral law' (;onnec;ting the two is a specdal casc^ of the so-callc‘d 
Weber-b’echn(;r psycdiophysicul law' thiit ecpial inctroments of sensation (;orrospond to 
equal incroinents in the logarithm of thc^ stimulus. This mak(*s it particularly cronvenient 
to use tVic; decibel notation (Art. 23) for loudnc'ss. Thus the diffcTcncje in the loudness level 
of two sounds of physical intensity /i and l-iUz > I\) respocjtivcly is 

L — lOlog/s/Zi (31) 

in decabels. The relation is (;omplicated l^y dilTercuices assoniat ed with pitch. Wo cannot 
go into the; discnission of t-hc; loudness of complex tones. 

Frequency. To every frequency corresponds a minimum perceptible intensity dif¬ 
ference;; e.g., for a .sound or sensation level of 50 db above the audil)le threshold, A//7 — 
0.10. 'rhere exists a similar mininium perceptible pitch ciifTorcnce, wliicdi varit*s from 0.r> 
cycle per sot; at 50 cycles to 9 eyeles i>er sec at 3000 cycles i)er see. l’’or further details, t he 
work of Knudsen should be; consulted. 

Beats. The presentation simultaneously to the car of tw'o sounds of definite frequencies 
vi and V‘i leads, when the tw’o sounds an‘ of approximately the; same intou.sity and rj and v-i 
do not differ too inu(;h, to the well-known phenomenon of beats. Even whcni the sounds 
differ widely, a “difTercmcre” tone of frequency vt •— v\ is hoard, and w'hat at first sec'ins 
more remarkable, a summation tone of frc'ciuency vy v-i together with various linear 
eombinations of these frequencies. The explanation ha.s lieen sought in the fac;t that the 
eardrum is an asymmetrical vi})rator, i.c., that the disphn^emeiit for given excess pressure 
is not the same in the positive as in the* neg.ative dire(;tion. 

Sound Direction. One of the most striking jispects of hearing is the localization of 
the direction of a source of sound. The listening individual tends to turn so that this 
direction is tin; i)erpendicular bisector of the line joining the two ears. Presumably tw'O 
distinct effects are involved: hinaural hitcnsiti/ and the innaural phaye effects respect¬ 

ively. + If the phase is the same at both oars a variation in intensity about the head wall 
produce an angular dis])lacement of the apparent source of sound. Tiowover, this is very 
uncertain and for many ol)servers the effect fails to exist at all in frequency regions where 
localizal>ility still persists. On the other hand, if the intensity is maintained constant 
and the phase is varied, the apparent shift ab<»ut the heiid persists for all freiiueneies for 
which tests have Ik'cii made, although observers differ considerably on the upper limit 
(about 1300 for most people). 

The Origin of Speech is found in the currents of air which are forced by the lungs 
to piiss through the vocal passages exciting to vibration the so-called vocal cords in the 
larynx and then passing through the cavities of nose and throat. The functions of tong^.io 
and lips in the formation of sounds must not be forgotten, of course. The w'hole mccha- 


* Phil Mag., vol. 4, p. 417, 1927. 

t See bibliogr.aphy, page 9-54, references 16, 19, 27, and 41. 
t See bibliography, page 9-64, references 13, 16. 19, and 27. 
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nism is too involved for description here, and reference should be made to Fletcher’s very 
complete discussion. 

The Flow of Energy in Speech varies greatly from one individual to another and in a 
given individual from one sound to another. Thus for a single speaker the average intensity 
involved in a certain syllable may be of the order of 100 microwatts per cm^ while the 
peak intensity in the same syllalile may be as high as 2000 microwatts per cm*. Nat¬ 
urally, these figures dei)end on the point in front of the mouth where nujasurements are 
made, sim^e the intensity falls olT \\ith distance. It has lieen found that the average 
intensity in normal speech is about 7 microwatts per cm* at a point 0 cm from the mouth. 
Among speech sounds the vowels rank highest in energy content, the semi vowels next, and 
consonants lowest. 

The work of D. C. Miller has made it clear that the peiailiar quality of vowel sounds 
dej)ends on certain frequency regions regardless of the fundamental pitch used. Thus the 
qu.'ility of the vowel ?/ (the vowel sound in “pool”) depends essentially on a Jow-frequency 
component in the neighliorhood of 100 cycles per sec and a high-freiiuency around 800 
cycles p(‘r sec. Corresponding figures for long e (the vowel sound in “team”) are 375 and 
2400. C'ompletc tables are given in l’'letch(T’s lx)ok. 

Articulation. By the use of electric and acoustic filters, certain frequency ranges 
can l»e eliminated from speech and the effect on articulation studied. By articulation is 
understood the iierijentage of intelligible syllables in a selected list. The results may bo 
summarized as follows: (a) frequencies above 1.550 cycles per set; are just as important 
for articulation as those below; specifically by using only freiiuencies aliove ir only fro- 
<]neucies lielow this value an articulation of 65 per cent results; (h) the elimination of all 
frequencies below 1000 cycles per sec results in an articulation of 86 fier cent; (c) the elimi¬ 
nation of all above 1000 (jyclcs per sec, an articulation of 40 per cent, (d) the elimination 
of all freiiuencics below 1000 yields the same articulation as the elimination of all frequen¬ 
cies above 3000. With music the elimination of the low frequeiK^ies rerulers it thin and 
metallic, and cutting out the high fretiuemtics makes it fuller and, so to speak, thicker 
(H. Fletcher, Speech and Hearing). 

31. MUSICAL SOUNDS 

A Musical Sound may be defined as a single sustained sound of definite pitch or a 
composite of such sounds havdng frequencies related to each other l>y simple integral 
ratios. The frequencies used cover practically the whole audible range (Art. 30). Tlie 
intensity of musical sounds is in general much greater than that involved in speech. For 
principal sources of musical sounds, viz., strings, organ pipes, membranes, and horns, see 
Art. 26. 

Characteristics Which Distinguish Music from Other Sound. Musical sounds are 
seldom simple; they usually are composittjs of several sounds, viz., the fundamental or 
note of lowest frequency and the overtones or harmonics with freiiuencies which are inte¬ 
gral multiples of the fundamental. This implies that any complex tone can be analyzed 
into a set of harmonic components (often called partials): Ohm's acoustical law. Tho 
quality of a comiilcx tone depends on the number and relative strength of tho various 
harmonics or partials and does not depend on their differences in phase. The early work 
on the analysis of complex sounds was due to Miller * using the phonodeik and mechanical 
analyzers. More detailed studies have recently lieen made at the Bell Telephone I.abora- 
Viries, and complete acoustic spectra of many instruments have been obtained using elec¬ 
trical analyzers and filters.t 

The Basis of Musical Scales is found in the fact that the car recognizes as pleasing 
combinations of simple tones whose frequencies arc in the ratio of small whole numbers. 
These are the so-called consonant intervals t (a musical interval is the ratio of the two 
frequencies concerned), and the principal ones are: octave, 1:2; fifth, 2 : 3; fourth, 
3:4; major third, 4:5; minor third 5:6; major sixth, 3 : 5, minor sixth, 5 : 8. As the 
numbers become larger, dissonance results; the interval 7 : 8 is recognized as dissonant. 
It is probable, however, that the range of accepted consonance can be increased by custom 
and education. 

The Ideal Musical Scale would consist of a set of simple notes in approximately equal 
steps and including only consonant intervals. This has never been achieved exactly in 
practice. The two most important scales, the consonant diatonic and tho equally tem¬ 
pered scales, are indicated in the accompanying table. 

* See bibliography, page 9-54, reference 2.3. 

t See bibliography, page 9-54, reference 19. 

{ See bibliography, page 9-54, reference 3. 
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Table I. Musical Scales 


Note 

C 

D 

E 

F 

G 

A 

B 


256 

1 

288 

9:8 

320 

5:4 

341 1/3 
4:3 

384 

3:2 

426 2/3 
5:3 

480 

15:8 

Interval with C.... 

Frequency on equally tempered scale 

256 

287.4 

322.6 

341.8 

383.7 

430.5 

483.2 


Most of the notes on the scale fonn consonant intervals with each other, but the steps 
are decidedly unequal, so that in using it one cannot play in any key at will; i.e,, the 
frequencies bearing the same relation to D as those in the scale bear to C are not all found 
in the list, and hence to play in the key of D would involve introducing extra frequencies. 
This complicates matters considerably, hence in the piano the eiiually tempered scale is 
used. This has 12 intervals in the octave: the individual notes are C, D, D^, E, F, 
Fit. G, Git, A, Ait, 11, C. (Not all those arc listed in the table.) The interval between 
each successive pair of notes is 2 M 2 = 1.05940, and therefore music can be played in 
any key with this scale. There are no exactly consonant intervals, but apparently the 
defects are too slight to be observed by most people. 

Musical Pitch Specification has been very variable, and various standards have been 
used within the history of modern music. The classical pitch of Handel and Mozart 
assigned a frequency of 422 cycles per sec to A w’hereas the modern “ American concei t 
pitch ” uses 440 for the same note. I'he modern “ international pitch ” assigns 435 
cycles per sec to A. In the equally tempered scale this gives middle C a frequency of 
258.65 cycles per sec. 


32. ARCHITECTURAL ACOUSTICS 


The first important cxperimonts on the acoustical properties of rooms were carried 
out by W. C. Sabine in Garnbridge, Massachusetts, in the last decade of the nineteenth 
century. He was apparently the first to realize the importance of reverberation in its 
relation to the amount, of alisorbing material present. 

Sound Absorption and Reverberation. When a sound is produced in a closed space, 
if the walls were iierfect reflectors there would be no diminution in the intensity and if 
the production of sound continued the total energy wo\ild therefore increase indefinitely. 
Actually, however, the sound is absorbed not only by the air but also and primarily by 
the walls and other furnishings, so that a given amount of energy is dissiiiatcd in a certain 
time. Technically the reverberation time is that which elapses after the stopping of a 
sustained note having one million times the minimum audible intensity and the resulting 
reverberant sound has droppcti to the audible threshold. The relation between this time, 
T, in seconds and the dimensions of the room is given approximately for moderate-sized 
and not too greatly absorbing halls by the formula* 

T = 0.049 V/a (35) 

in which V — volume of the room in cubic feet, and a = total absorbing power of the 
walls and materials in the room. This latter quantity represents the average fraction of 
the incident sound energy per unit area which is not thrown back into the room (i.e., 
average alisorption coefficient) multiplied by the total surface area exposed. It is calcu¬ 
lated by multiplying the alisorption coefficient for each particular article by its area and 
summing over the whole are.a. Thus, denoting by ai the alisorption coefficient for a 
certain group of similar articles with area .Si, the totjil absorbing power is 

a — 2ai Si = a S 

where the sum is taken over all the absorlang imitcrial. The quantity a is called the 
average absorption coefficient, and S is the total surface. 

Saliinc’s experimental measurements of T for most of the auditoriums which he tested 
were in rather good agreement with equation (35). In particular the precise shajic of 
the room (liarring such things as deep recesses, etc.) does not seem to affect T. Sabine’s 
experiment.al rnetliod wjis sinqily to start and stop an organ pipe and measure the time 
for the decaying sound to become inaudible. 

Recent work on reverberation indicates that Saliine’s formula (equation 35) is unsatis¬ 
factory for very large halls or rooms where the absorption is very great, i.e., w’here a is 
greater than 0.5. Eyriiig t has recently derived a more general formula, viz., 


T 


0.05 V 

S log (1 ~ a) 


(36) 


♦ See bibliography, page 9-54, reference 33. 
f/. Acous. Hoc. Am. vol. 1, p. 217, 1930. 
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This asrees with Sabine’s quite closely for « small but departs from it considerably when 
a is larKor than 0.5. Eyring’s formula checks rather well with experimental determinationif 
for “dead” rooms. Other methods of averaging lead to still different though analogous 
formulas. Thq whole question is at present somewhat unsettled. For example, the 
alwve formula does not take into account the absorption of sound in the air of the room, 
which further reduces T. 

It is clear that, if sufficient intensity of sound is secured, the most important single 
factor in the satisfactory acoustical use of a room is the reverberation time.* If it is too 
great, any given sound like a spoken syllaldc or miLsii^al note will take so long to build 
up and deiiay that speech becomes inarticulate and music blurred. A short reverberation 
time greatly increases articulation. Of course too short a time gives the impression of 
acoustic “deadness,” particularly with music. In general a larger value of T can be 
tolerated for music than for speech; hence it is easier to set an optimum value in the 
latter case. Knudsen has made the most complete tests of this matter. He has found, 
for example, that the optimum T for rooms with volume aliout 1100,000 cu ft (without 
audience) is alxjut 2.75 sec. In general, fur a given T, the articulation is greater for vowels 
than for consonants. The figures depend on the size of the room. For smaller halls of 
volume up to 40,000 cu ft to be used for both speech and music, a period of alKiut 1 sec 
is indicated. 

Absorption Coefficients. For a room of given size the control of T rests with the 
absorfitioii. The unit commonly used is 1 sq ft of open window, which is effectively a 
perfect absorber. Ihc absorption coefficient ai for any particular material is then defined 
as the ratio of the absorbing power of 1 sq ft of the substance to that of 1 s ; ft of open 
windows. The measurement of absorption has l>ecn carried out by a number of methucls. 
The following table gives some typical values.t H is of interest to note that some sub¬ 
stances show highly selective absorption, in iiarticular the high absorbers. 


Table II. Sound-absorption Coefficients 


Material 

Sound- 
Absorption 
Coefficients 
Frefjucneies 
128 512 2048 

Weight 

Composition 

Thicknesses 

Stock Sizes 

Acousti - Celo- 
tex, Single 
B, G/s in. 

0.11 0.45 0.68 

13 oz per 
sq ft 

C’ane liber tile per¬ 
forated with 441 
holes per sq ft 

Vs in. 

13/16 in. 

I 1/4 in. 

6 in. by 12 in. 

12 in. by 12 in. 

12 in. by 24 in. 

Acoustic Flex- 
felt 

0.27 0.56 0.68 


Hoek wool fcIttM.! bt;- 
tweeii metal net¬ 
ting and stueco lath 

Required 

thickness 

4 ft by 4 ft 

4 ft by 8 ft 

Acoustone I /2 
in. 

0.48 0.59 

1 1/4 lb. 
per .sq ft 

Artificial stone fila¬ 
ments bonded to- 
getfier in tile form 
in a large variety of 
shapes and colors 

1/2 in. 

3/4 in. 

1 in. 

6 in, by 6 in. 

6 in. by 12 in. 

12 in. by 12 in. 

9 in. by 18 in. 
Special sizes up 
to 24 in. by 36 
in. available 

Akoustolith 
Plaster 1/2 
in. 

0.21 0.29 0.37 


I .ight-weight plastic 
material 

Applied 1/2 

in. in thick¬ 
ness over 
usual 
ground 
coats 


Akoustolith 

A, Tile, 1 in. 

0.14 0.48 0.83 

About 4 Ib 
()er sq ft 

Artificial stone 

1 ill. 

1 1/2 in. 

2 in. 

3 in. by 16 in. 

4 in. by 8 in. 

5 in. by 10 in. 

12 in. by 12 in, 

8 in, by 16 in. for 
1-in. thickness 

balsam wool 

1 in. 

0.15 0.52 0.66 

320 lb per 

1000 sq 
ft 

Balsam wool mat 
covered one side 
with a Kraft paper 
liner, other side 
w'ith fireproof cloth 
mesh 

1 ill. 

Packed in rolls 
34 in. wide, con¬ 
taining 124 sq 
ft 


* See bibliograjihy, page 9-54, referenree 22, 2ft, and 35. 

t Selected values from Knudsen’s Arc hitectural Acoustics (John Wiley and Sons, 1032). Used 
by special permission. For more complete list of data, reference shoulu be made to the original 
table, probably the most complete in existence. 
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Table 11. Sound-absorption Coefficients —Continued 


Material 

Sound- 
Absorption 
Coefficients 
Frequencies 
128 312 2048 

Weight 

Composition 

Thicknesses 

Stock Sizes 

Fir-Tex, 1 in. 

0.32 0.39 0.41 

1.2 lb per 
sq ft 

Made from Douglas 
fir. Contains about 

10 per cent of bark; 
0.1 iicr cent resin 
for fiber water¬ 
proofing set upon 
fiber by 0.1 per 
oeiit alum solution 
giving considerable 
fireproofing 

1 in. 

I 1/2 in. 

12 in. by 12 in. 

Insulite Acous- 
tile, I'ype 37 

0.21 0.38 0.46 

750 lb. per 

1000 sq 
ft 

Wood fiber fabri¬ 
cated into tiles 

8/4 in. 

Sizes range frtun 

6 in. by 6 in. up 
to 24 in. by 24 
in. 

KalitcNo. 102, 

8/4 in., on 
metal luih 

0.37 0.40 0.53 

About one- 
half of 
ordinary 
plaster 

Made of graded sizes 
of a special pumice 
mixed with a gyp¬ 
sum binder. The 
inherent porosity 
of the pumice to¬ 
gether with the 
method of mixing 
gives a plaster with 
many communicat- 
ting channels. Cal¬ 
cined gypsum 
(CaS 04 *l /2 II 2 O), 
34.85 per cent; pum¬ 
ice 60.33 per cent 

Can be ap¬ 
plied in 
thicknesses 
of 1 / 2 . 3 / 4 , 1 
in. 


Macoustic 
plaster, 
atitipled to 
depth of 1/0 
in. 

0.12 0.31 0.58 

2 lb. per 
sq ft 

A fibrous plaster 

Applied 1/2 
in. 


Masonite 

0.18 0.32 0.33 

700 Ib per 

1000 sq 

Made chiefly of long- 
leaf pine and south¬ 
ern gum 

7/10 in. 

4 ft by 1 2 ft 

Hockoustile 1 
in. 

0.18 0.57 0.72 

1.5 lb per 
sq ft 

Rock wool product 

1 in. 

6 in. by 12 in. 

12 in. by 12 in. 

Babinite 

0.34 0.49 

2 to 3 lb. 
per s(| ft 

Gypsum l);ise plaster, 
'Nostippling orepe- 
ciul art in applica¬ 
tion retiuircd. No. 
38 is a special hu¬ 
midity - resisting 
inatcrial, utilizing 
a hydraulic binder, 
for the acoustical 
treatment of nata- 
toria and similar 
humid rooms 

.Applied in 
two coats, 
about l/ 2 in. 


Silent-Ceal 

0.29 0.68 0.75 

3 lb. per 
s<i ft 

Rock wool fill; spe¬ 
cial metal furring: 
No. 20 gage per¬ 
forated metal pri¬ 
mary membrane; 
fabric secondary 
njembrane 

1 determined 
by rc<iiiire- 
ments of 
job 


Transite tile, 

1 in. 

0.19 0.81 0.72 

3 lb. per 
8(1 ft 

1 in. sound-absorbing 
block faced with 
perf orat ed Transi te 
3/16 in. asbestos pa¬ 
per 

1 3/16 io* 

6 in. by 6 in. 

12 in. by 12 in. 
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Sound Proofing has become a significant branch of architectural acoustics. When 
sound strikes a wall, part is reflected and part- is absorbed in the true sense of being ulti¬ 
mately dissipated into heat. Another part passes through the wall in the form of com- 
pressional waves. Finally some of the incident sound energy causes the wall to vibrate 
as a whole, and it is indeed in this way that most of the sound energy gets across the wall 
into the room space on the other side. This suggests that to prevent sound transmission 
from air to air through walls they should be made as rigid as p)ossible. On the other 
hand, rigidity facilitates wave transmission through the walls and flooring of sounds 
originating there, so that the problem of complete sound proofing is somewhat complicated. 
The use of double wails w’ith a fairly wide air space is of considerable help, as is also the 
use of inner floors floating on insulating material resting in turn on the main structural 

33. NOISE AND ITS PREVENTION 

Noise. Previously the scientific definition of noise was any sound or set of sounds 
having no definite piitc-h or pitch (romp)onents. At the present time it would be p^erhaps 
fairer to consider as noise any disturbing sound, regular or otherwise. For some people, 
a large amount of radio “ music ” is quite definitely noise. The endeavor is now under 
way to study very thoroughly the effect of noise in all forms on the individual, pjarticularly 
with resp)ect to fatigue and the lowering of mental and motor efficiency. No safe general¬ 
izations are yet at hand, though it is widely believed that city noise is ultimately harmful 
to man (A. H. Davis, Modern Acoustics). 

Noise Measurement. In order to study noise it is necessary to measure its intensity 
(e.g., by means of a micropihone coupled wnth some kind of amplifier systeiii), its wave 
form (by oscillographic observation), and the distrilmtion of energy among the various 
(!omp)onent frequencies. One difficulty encountered is the fact that p)hy8icAl intensity 
must lie translated into pihysiologieal loudness, i.e., one must use a noise meter which 
closely simulates the response of the ear. 

In the use of noise meters the usual pilan is to vary the intensity of a standard note 
until it is judged subjectively to be of the same loudness as the noise being measured, 
'riie level of the sound in decibels (db) above the audible threshold is then taken as a 
measure of the noise. The results in all cases depiend more or less on the frequency. 
Thus the average street noise may run from 10 db.at SOOO cycles per sec to 35 db at 1000 
c.ycles per sec. At a particularly noisy corner of a busy (;ity, the level may reach 50 db 
(Fletcher). A boiler factory in operation runs from 05 to 100 db (Davis). In a quiet 
residence the figure should not be al)Ovc 15. These last values arc averages over a con¬ 
siderable range of frequency. Of course there is fluctuation with time. 

For the important effect of noise on speech articulation the work of Fletcher should 
be consulted. 

In the Reduction of Noise from Machinery, which is probably the largest single source 
of indoor noise and much outdoor noise as well, the general principle is the i>revention of 
the transfer of vibrational energy to surfaces large enough to communicate this energy 
to the air in the form of acoustical radiation. In general, the amount of sound given to 
the air directly by the moving piarts is negligible compared with that due t-o the vibration 
of the supports and foundation. It is therefore desiraljle as far as possilde to insert 
lietwcen moving parts and supports material of very difTercnt specific acoustical resistance 
(see Art. 23) from either. The material should also have as large a damping coefficient 
as possible. 

For a very complete discussion of the possibility of noise prevention in large cities, 
reference should lie made to City Noise, i)ublished Ijy the Noise Abatement Commission, 
Department of Health, New York, 1930. 

34. CERTAIN ACOUSTICAL INSTRUMENTS 
AND MEASUREMENTS 

The measurements of leading importance in acoustical vrork are those of the intensity 
of sound and acoustic impedance. 

The Rayleigh Disk. The classical method for measuring intensity is that employing 
the Rayleigh disk.* This is a small thin disk of glass about V 2 i^i diameter suspended 
l)y a quartz fiber so that its plane faces are vertical. When such a disk is immersed in a 
sound beam it tends to set itself so that its plane is normal to the direction of particle 
displacement. The sound wave thus exerts a torque on the supporting fiber which can 
be measured by the angular deflection of the disk. Theory indicates that this torque 
depends on the mean square of the particle velocity in the sound wave. It is therefore a 
measure of the intensity (Art. 23). 


* See bibliography, page 9-54, references 8 and 13 
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Webster’s Phonometer is another intensity^measuring instrument consisting of a 
tunable cylindrical resonator with a diaphragm mounted in its mouth.* This diaphragm 
is tuned to resonance with the sound whose intensity is to be measured by changing the 
tension in the wires supporting it. The diaphragm vibrates under the action of the air 
vibrations produced by the sound in the mouth of the resonator, and the motion of the 
diaphragm causes rotation of a small concave mirror from which light is reflected. The 
displacement amplitude of the diaphragm is proportional to the pressure amplitude of 
the sound at the diaphragm, and hence the intensity can be computed from equation (18). 

The Hot-wire Microphone. A hue platinum wire heated to red heat and exposed to 
a fluctuating current of air in the neck of a resonator suffers a decrease in resistance 
which is proportional to the mean square particle velocity and hence to the intensity of 
the sound. This arrangement is called the hot-wire microphone.* 

It is of interest to note the important role played by the resonator in the last two instru¬ 
ments mentioned. 

Of the Electroacoustical Methods of measuring intensity only two can be mentioned; 
the condenser microphone and the ribbon microphone.! The former consists of a thin 
stretched circular diaphragm fastened about the periphery and attracted toward a metal 
plate l)y means of a static electric charge. When sound wav^cs impinge on the diaphragm 
they alter the capacity of the system and hence produce a small alternating current in the 
circuit of which the diaphragm and plate are a part. This current is amplified and usi‘d 
as a measure of intensity on proper calibration. The great advantage of the instrument, 
is its remarkably uniform sensitivity over a wide range of freijuencies. 

The ribbon microphone consists of a light metallic ribbon suspended in a magnetic 
field and exposed to air vibrations on both sides. The vibrations of the riblxin produced 
by an incident sound wave lead to the induction of an emf corresponding to the oscillations 
in the wave. This instrument has the advantage of possessing directional characteristics, 
a property not possessed by the condenser microphone and other pressure-operated instru¬ 
ments. 

The Measurement of Acoustic Impedance has recently become of importance as a 
moans of estimating the performance of aijoustio apparatus such as horns (Art. 28). 
Reference should bo made to the literature. 
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METEOROLOGY* 

By Edgar W. Woolard, R. J. Martin, and H. L. Dry den 


36. SIGNALS OF UNITED STATES WEATHER BUREAU 


Flag Signal for eold wave wnrning is shown in Fig. 1. 

Storm and Hurricane Warnings are given by the flags in Fig. 2. 

A red flng with a black center indicate* that a storm of marked violence is expected. The 
pennants displayed with the flags indicate the direction of the wind; red, easterly (from northeast 
Ut south); w’hite, westerly (from southwest to north). The pennant 
above the fl.jg indicates that the wind i.s expected to blow from the 
northerly quadrants; below from the southerly quadrants. 

Two red flags with black centers, displayed one above the other, 
indicate the expected approach of a tropical hurricane, or of one of those 
extremely severe and dangerous storms which occasiomdly move across 
the Lakes and northern Atlantic coast. 

Wind Pressure on FDgs. Tests at the U. S. Navy Yard, Washington, 

D. C., using the largest flags that could be handled in the wind tunnel, 
form the basis for an empirietd formula for determining the pressure of wind on flags, for use in 


te 


Colot Key 

□ white 
III Black 


Fi«. 1 


N.C.Winds S.E.Winds N.W.Winds S.W.Winds Hurricane 



Fia. 2 


Color Key 
I I White 
in Black 


Red 


designing flagpoles. Two sizes of flags were used—one 3 by 6 I /2 ft and the other 2 I /2 by 41/4 ft 
—and velocities varying from 20 to 60 miles per hour were applied. The following formula was 


* Articles S.'S to 41 by Edgar W. Woolard and R. J. Martin of the U. R. Weather Bureau and 
Article 43 by H. L. Drvden of the Bureau of Standards; revised from material previously prepared 
for Merriman's Civil Engineers’ Handbook. 
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found to represent the results, the constant varying but slightly with size of flags, being less for the 
larger flag: r . 0.0003A » 

in which R is the resistance in pounds, A is the area of flag in square feet, and V is the velocity of 
wind in miles per hour. This formula is for steady wind pressure. It was not found practicable 
to measure the forces produced by wind gusts. 

36. LOCAL WEATHER PREDICTIONS 

The wind and barometer indications for the United States are generally summarized 
in Table 1 (E. B. Garriott, U. S. Dept. Agriculture). 

Table I. Wind and Barometer Indications_ 

Character of Weather Indicated 

Fair, with slight temperature changes, for I to 
2 days 

Fair, followed within 2 days by ruin 
Warmer, with rain within 24 to 36 hours 
Warmer, with rain within 18 to 24 hours 
Continued fair, with no decided temperature 
change 

Slowing rising temperature and fair for 2 days 
Rain within 24 hours 

Wind increasing in force, with rain within 12 
to 24 hours 

Rain in 12 to 18 hours 
Increasing wind, and rain within 12 hours 
In summer, with light winds, rain may not 
fall for several days. In winter, rain within 
24 hours 

In summer, rain probable within 12 to 24 
hours. In winter, rain or snow, with increas¬ 
ing winds, will often set in when the barom¬ 
eter begins to fall and the wind sets in from 
the NE 

Rain will continue 1 to 2 days 
Rain, with high winds, followred, within 36 
hours, by clearing, and in winter by colder 
Clearing within a few hours, and fair for 
several days 

Severe storm imminent, follow'cd, within 24 
hours, by clearing, and in winter by cohler 
Severe northeast gale and heavy precipita¬ 
tion; in winter, heavy snow, followed by a 
cold wave 
Clearing and (bolder 

As a rule winds from the oast quadrants and falling barometer indicate foul weather; 
and winds shifting to the west quadrants indicate clearing and fair weather. The rapidity 
of the storm’s approach and its intensity are indicated by the rate and the amount in the 
fall of the barometer. 

The indications afforded liy the wind and the barometer are the best guides for deter¬ 
mining future weather conditions. As low barometer readings usually attend stormy 
weather, and high barometer r(?a(lings are generally associated with clearing or fair weather, 
it follows that falling baroinet(?r indicates precipitation and wind, and rising barometer 
fair weather or the approach of fair w’^eather. As atmospheric areas of high l;>arometer and 
areas of low barometer arc, by natural laws, caused to assume circular or oval forms, the 
wind directions with reference to areas of low barometer in the northern hemisphere are 
spirally and contraclockwise inward toward the region of lowest atmospheric pressure, 
as indicated by readings of the liarometer. The areas of liigh barometer, on the contrary, 
show winds flowing spirally clockwise outw'ard from the region of highest barometric pres¬ 
sure in the northern hemisphere. 

The wind directions thus produced give rise to, and are responsible for, all local weather signs. 
Thezouth winds bring warmth; the north winds cold; the east winds, in the middle latitudes, indi¬ 
cate the approach from the westward of a low-barometer, or storm, area; and the west winds show 
that the storm area has passed to the eastward. The indications of the barometer generally forerun 
the shifts of the wind. This much is shown by local observations. 

During the colder months, when the land temperatures are below the water temperatures of the 
ocean, precipitation will begin along the seaboards W'hcti the wind shifts and blows steadily from the 


Wind 

Direction 


Barometer Reduced to Sea Level 


30.10 to 30.20 and steady. 


SW to NW. 30.10 to 30.20 and rising rapidly 
SW to NW. 30.10 to 30.20 and failing slowly 
8W to NW . 30.10 to 30.20 and falling rapidly 
SW to NW. 30.20 and above and stationary 


SW to NW. 30.20 and above and falling slowly 
S to SE. . .. 30.10 to 30.20 and falling slowly 
S to SE. ... 30.10 to 30.20 and falling rapidly 


SE to NE. . 30.10 to 30.20 and falling slowly 
SE to NE 30.10 to 30.20 and falling rapidly 
E to NE. . . 30.10 and above and falling slowly 


30.10 and above and falling rapidly 


SE to NE. . 30.00 or below and balling slowly 

SE to NE. . 30.00 or below and falling rapidly 

S to SW.... 30.00 or below and rising slowdy 

S to E. 29.80 or below and falling rapidly.., 

E to N. 29.80 or below and falling rapidly.., 


Going to W I 29,80 or below and rising rapidly 
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water over the land without regard to the height of the barometer. In such cases the moisture in the 
warm ocean winds is condensed by the cold of the continental area. During the summer months, 
on the contrary, the onshore winds are not necessarily rain winds, for the reason that they are cooler 
than the land surfaces and their capacity for moisture is increased by the warmth that is communi¬ 
cated to them by the land surface. In such cases thunderstorms commonly occur when the ocean 
winds are intercepted by mountain ranges or peaks. If, however, the easterly winds of summer 
increase in force, with fulling barometer, the approach of an area of low barometric pressure from 
the west is indicated and ruin will follow within a day or two. 

From the Mississippi and Missouri valleys to the Atlantic coast, and on the Pacific coast, rain 
generally begins on a falling barometer, whereas in the llocky Mountain and Plateau districts, and 
on the eastern Rocky Mountain slope, precipitation seldom begins until the barometer begins to 
rise, after a fall. 

Table II. Temperature in the United States 

Prepared by the Weather Bureau, I'. S. Department of Agriculture_ 


Temperature F 

Mean 

Extremes 

d 

ei 

•-J 

July 

j Highest 

Vi 

C‘ 

sf 

o 


Mich.... I 

Minn... . | 
Miss. 

Mo.I 

Mont. 


Birmingham.. . 

45 

80 

107 

M obile. 

52 

81 

103 

Flagstaff. 

26 

64 

93 

Phoenix. 

51 

90 

119 

Yuma. 

54 

91 

120 

Fort Smith.. . . 

40 

82 

108 

Little Rock . , . 

41 

81 

108 

Fresno. 

46 

82 

115 

Los Angeles. . . 

55 

70 

109 

Sacramento. . . 

46 

73 

114 

San Diego. . . . 

54 

67 

110 

San Francisco. 

50 

58 

lot 

I^enver. 

30 

72 

105 

Grand June... . 

24 

78 

105 

Pueblo. 

30 

74 

104 

New Haven. . . 

28 

72 

101 

Washington. . . 

33 

77 

106 

Jacksonville.. . 

55 

82 

104 

Key West. 

70 

84 

100 

Pensacola. 

52 

81 

103 

T ampa. 

60 

81 

98 

Atlanta. 

43 

78 

103 

Augusta. 

47 

81 

106 

Savannah. 

51 

82 

f05 

Boise. 

30 

73 

121 

C'airo. 

35 

80 

106 

Chicago. 

24 

72 

105 

Springfield. . . . 

26 

76 

108 

Indianapolis.. . 

28 

76 

106 

Des Moines. . . 

20 

75 

no 

Dubuque. 

19 

74 

106 

Keokuk. 

25 

77 

no 

Dodge City. . . 

29 

78 

109 

Wichita. 

31 

79 

109 

Louisville. 

34 

79 

107 

New Orleans.. . 

54 

82 

102 

Shreveport.... 

47 

83 

110 

Portland. 

22 

68 

103 

Baltimore. 

34 

77 

105 

Boston. 

28 

72 

104 

Detroit. 

24 

72 

105 

Marquette. . . . 

16 

65 

108 

Port H uron . . . 

22 

69 

104 

Duluth. 

8 

64 

99 

St. Paul. 

13 

72 

104 

Vicksburg. 

48 

81 

104 

Kansas City... 

28 

78 

ni 

St. Louis. 

31 

79 

110 

Springfield.... 

34 

77 

106 

Helena. 

20 

66 

103 


- 10 
- 1 

Mont... 1 

-25 

12 

Neb. ... 1 

22 

Nev. 

-15 

{ 

- 12 

N. C.... 

17 

1 

28 

N. D. 

17 

N. H. 

25 

27 

N. J.... { 

-29 

N. Mex. . . 

-21 

( 

-27 


- 15 

N. Y. . . \ 

-15 


10 

{ 

41 

1 

7 

Ohio. ...i 

19 

1 

- 8 

Okla. 

3 

Oreg. 

8 

f 

-28 

Pa.4 

- 16 

1 

-23 

R. r. 


Kahspeii... 
Miles City. 


W'imicTmu c: 
Charlotte . 
lIattera^ 
Wilmington 
Bismarck . . 
Concord. . . 


-24 S. C_ 

-32 

-27 Teiin.... 


27 - 

-25 

-41 Wash.. 
-41 

-42 Wyo... 


. . Santa Fe.... 

( Albany. 

Binghamton.. 

1 Buffalo. 

N. Y. City.. . 
^ Oswego. 

{ Cincinnati... 
Columbus... . 

Toledo. 

. Oklahoma. . . 

. Portland. 

( Erie. 

Phila. 

Pittsburgh. . . 

. . Block Island. 

. Charleston.. . 

{ Huron. 

Yankton. 

{ Chattanooga. 
Memphis. . . . 
Nashville.... 

{ Abilene. 

Amarillo. 

El Paso. 

Galveston... . 
Sail Antonio.. 
. Salt Lake City 
. Burlington.. . 

{ Lynchburg.. . 

Norfolk. 

I Seattle. 

■! Spokane. 

I Walla Walla.. 

f Elkins. 

I Parkersburg.. 

{ La Crosse.... 

Milwaukee... 

■ . Cheyenne.. . . 


Mean 

Extremes 

Jan. 

July 

Highest 

Lowest 

20 

t>4 

101 

-34 

14 

73 

11 i 

-49 

23 

73 

108 

-35 

22 

77 

111 

-32 

29 

71 

108 

-28 

41 

78 

103 

- 5 

47 

78 

93 

8 

46 

79 

103 

5 

8 

70 

108 

-45 

22 

68 

102 

-35 

32 

72 

104 

- 9 

34 

73 

100 

- 7 

29 

69 

97 

-13 

23 

73 

104 

-24 

24 

70 

99 

-28 

25 

70 

97 

-20 

31 

74 

102 

- 13 

24 

70 

100 

-23 

30 

75 

108 

- 17 

29 

75 

104 

-20 

26 

73 

103 

- 16 

36 

81 

108 

-17 

39 

67 

104 

- 2 

27 

71 

97 

- 16 

33 

76 

106 

-II 

31 

75 

103 

-20 

31 

68 

92 

- 6 

50 

81 

104 

7 

11 

72 

111 

-43 

17 

74 

108 

-36 

41 

78 

104 

- 10 

41 

81 

106 

- 9 

39 

79 

106 

-13 

44 

83 

110 

- 6 

35 

77 

106 

-16 

45 

81 

113 

- 5 

54 

83 

101 

8 

52 

84 

107 

4 

29 

76 

105 

-20 

19 

70 

too 

-29 

38 

78 

105 

- 7 

41 

79 

105 

2 

40 

63 

98 

3 

28 

69 

108 

-30 

33 

74 

113 

-17 

30 

70 

99 

-28 

32 

75 

106 

-27 

16 

73 

'104 

-43 

21 

70 

104 

-25 

26 

67 

100 

-38 



























































































9-58 RADIATION, LIGHT, ACOUSTICS AND METEOROLOGY 
37. WEATHER OBSERVATIONS 

Mean Temperature. When maximum and minimum readings of temperature are 
taken, the mean of the two may be taken as the moan temperature of the day. The mean 
of all the daily means in a month is the mean temperature of the month. When a recording 
thermometer is used the area lietwccn the curve and an axis of abscissas is to be divided by 
the length of that axis in order to oljtain the mean temperature for the elapsed time. 

Rainfall. The rain gage used by voluntary observers consists of a cylindrical receiver 
8 in. in diameter which has a funnel-shaped bottom that discharges into a tube 2.53 in. in 
diameter. The cross-section of tube is one-tenth that of the receiver, and hence height 
of water in tube is ten times as great as actual rainfall. The depth in the tube is measured 
by a stick which is so graduated as to read the true rainfall in inches. The tube is 20 in. long 
so that a precipitation of 2 in. or less can be measured without emptying it. 

Self-registering rain gages are used at main stations of TT. S. Weather Bureau. Snowfall is 
caught, melted, and then measured; roughly 10 in. of snow’ make 1 in. of water. A rain gage at the 
top of a building gives a less rainfall than one on the ground. 

Voluntary observers of the Weather Bureau record maximum and minimum temperature, precipi¬ 
tation, wind direction, general character of day, and miscellaneous phenomena such as halos, dates 
of frost, hail, sleet, auroras, and tornadoes. The general character of the day is recorded “ clear ” 
when the sky is 3/10 or less obscured, “ partly cloudy ” when from 4/10 to 7/10 is obscured, and 
“ cloudy ” when more than 7/10 is obscured. 

38. RAINFALL AND EVAPORATION 

Table III. Evaporation__ 


Place 

Position of Pan 

Diameter 
of pan, 

Annual 

Evaporation, 

in. 



2 

164.50 



4 

108.65 



4 

106.45 



6 

119.33 



6 

107.81 



6 

103 55 



6 

125.53 



4 

67.96 

Hermiston, Ore.| 


4 

68 05 


3 

97 29 

Granite Hoef, Ariz.| 

Floating in 8alt River. 

1 ^ 

97.74 

On ground. 

4 

115.18 

California, Ohio. 

Floating in reservoir. 

4 

45.99 

Birminghain, Alfl.1 

Floating in reservoir. 

4 

51.74 

D'lt-fh Flaln, Nf»h. 

A few miles from Alitchell. 

4 

65.67 

Deer Flat, Idaho.|' 

On raft near water edge. 

On ground of embankment. 

4 

3 

77.43 

79.00 

Dfc . 

Floating in borrow pit. 

4 

53.45 

Mov . 

Floating in "canal. 

4 

53.65 

Luke Tahoe, (^alif. 

2 ft above water. 

4 

42.21 

p.lejiliaiit Biitt.p, N. Alex. 

Near Rio Grande River. 

4 

86 95 

Carlsbad, N. Mex.| 

In the city. 

4 

107.25 

In an alfalfa field . 

4 

94. 35 

T^ake Avalon, N. Alex. 

A few miles from Carlsbad. 

4 

94.51 


The evaporation from a pan 2 ft in diameter is about 75 per cent, that from a pan 4 ft in diamrt(‘r 
is about 50 per cent, and tliat from a pun 6 ft in di.ameter is about 30 per cent greater than the 
evaporation from a large pond or lake. The above figures may be rrmghly corrected by using these 
percemtages; thus, at Birmingham, Ala., the true annual evaporation is 34.50 in. 

The U. S. Weather Bureau muiniuins at selected locations hook gage measurements of evapora¬ 
tion hisses from cylindrical pans 10 in. deep and 4 ft in diameter, exposed on wood frames, bottom of 
pans 1 in. above the ground, generally on level ground, and in full sunshine. Detailed description 
published in Monthly Weather Review, December, 1016, or in Circular L, Instrument Division, 
Weather Bureau, No. 559. From comparisons available, it appears that losses from bodies of 
water of considerable area are 50 to 60 per cent as great as from pans exposed as above. 7'he records 
are published in detail in the reports issued by the state section directors of the U. S. Weather 
Bureau, and in the Annual Reports of the Chief of the Weather Bureau. 

Measurements of Evaporation are made by placing water-tight pans at the level of 
the ground and noting daily the variations in depth, together with the rainfall. On a water 
surface similar measurements may Iw made by floating Ixixes. It is found that the evap¬ 
oration from large water surfaces is less than that from pans, that it is greater in dry 
and desert regions than in cultivated ones, that it decreases as the humidity of the air 
increases, and that it increases with the temperature of the air and the velocity of the wind. 
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In the North Atlantic states the annual evaporation from land surfaces is, on the avera|j:e, 
Blx)ut 40 per cent, and that from water surfaces is about 60 per cent of the annual rainfall. 
In low and level localities these percentages are decreased; for high regions and steep slopes 
they are increased. In some arid localities west of the Rocky Mountains nearly all the 
rainfall evaporates from land surfaces, and the evaporation from water surfaces may bo 
several times as great as the rainfall. 

Experiments made in 1909-10 by the U. S. Department of Agriculture gave the figures 
listed in Table III for the annual evaporation at twenty places in the United States, the 
evaporating pan being at or very near the surface of the ground or water. 


Table IV. Maximum Intensity of Rainfall 


Station 

Inches per Hour fnr 

Station 

Inches per Hour for 

5 

min 

10 

min 

60 

min 

5 

min 

10 

min 

60 

min 

Bismarck, N. 1'). 

9.00 

6.54 

3.07 

Chicago, 111. 

6.00 

5.46 

2.30 


7 32 

6 06 

2 60 


10 20 

8 82 

5 31 


9 24 

7 20 

3 66 


6 84 

4 86 

2 25 


6 36 

5 16 

2 10 


6 30 

6 12 

2 31 

Kansas (’itv, Mo. 

9 60 

6 96 

4.79 

Norfolk, Va. 

7.96 

6.30 

2 72 

Washington, D. . 

9, 24 

7.26 

3.42 

Cleveland, Ohio . 

6.60 

4 74 

1.88 

Jacksonville, Fla. 

9 36 

7.20 

3. 13 

Atlanta, Ga. 

8 28 

6.72 

3.23 

Detroit, Mich. 

10. 32 

8.40 

3.09 

Key West, Fla. 

7,80 

6 . 18 

4.30 

New York (!^ity. 

9.00 

7.56 

2.48 

Philadelphia, Pa.. 

7.80 

6.06 

3.81 

Boston, Mass . 

6 60 

5.46 

1.60 

St. Louis, Mo . 

7,08 

6.24 

3.47 

Savannah, Ga. 

8.64 

6.72 

3.56 

Cincinnati, Ohio. 

6.60 

5.76 

2.08 

Indianapolis, Ind. 

9.96 

6.48 

2.68 

Denver, Colo. .... 

10.92 

8 . 16 

2.20 

Memphis, Term; . ... 

9.36 

7.62 

3.25 

Duluth, Minn. 

6.72 

5.82 

3,27 


This table has been conipiled from all the available records at stations of the U. S. Weather 
Bureau which are equipped with self-registering rain gages. 

39. SPEED OF WINDS IN THE UNITED STATES 


U. S. Weather Bureau records of the average speed of wind in miles per hour at selected 
stations, and t he highest sjieeds ever reriorted for a period of 5 minutes, are given in Table V. 

The Beaufort Scale is used by seamen. In Table V the corresponding velocity per hour 
in statute miles and in nautical miles is added. 


Table V. Wind Velocities 


Station 

Aver¬ 

age 

High¬ 

est 

Station 

A V cr- 
age 

High¬ 

est 


10 

51 

Louisville, Ky. 

9 

58 


8 

59 

J..ynchl)urg, Vn. 

5 

48 


10 

47 


9 

58 


10 

51 


6 

47 


10 

60 

Montgomerv, Ala. 

7 

41 


6 

43 

Moorhead, Minn. 

10 

56 


14 

60 

Nashville, Tenn. 

9 

58 

BulTalo NY . 

15 

73 

New Orleans, T^a. 

8 

66 


7 

42 

New York, N. Y. 

15 

94 


8 

50 

North Platte, Nebr. 

9 

73 


11 

65 

Omaha, Nebr. 

9 

51 


8 

43 

Palestine, Texas. 

7 

47 


13 

60 

Philadelphia, Pa. 

10 

68 

Denver r^nln ... 

7 

53 

I’ittsburgh, I*a. 

10 

56 

l)pt,rnit. 

12 

67 

Portland, Me. 

V 

48 

1 )nfl£ris T^flTl - - . . 

13 

56 

Red Bluff, Calif. 

7 

46 

Diihiiqiie Iftw'i . 

7 

47 

Rochester, N. Y. 

9 

60 

Diilnth, jVfinn . 

12 

60 

St. Louis, Mo. 

1 1 

62 

Eastpnrt Me . 

10 

58 

St. Paul, Minn. 

9 

78 

El Paso, Texas . 

10 

58 

Salt Lake Citv, Utah. 

8 

53 

Fftrfi A |•]r 

7 

57 

San Diego, Calif. 

7 

43 

Galveston, Texas . 

11 

71 

San Francisco, Calif. 

9 

50 

llavra, Mnnf-. . 

9 

57 

Sante F6, N. Mex. 

7 

42 

Helena, Monf. . 

8 

54 

Savannah, Ga. 

9 

68 

Huron, SO . 

11 

56 

Spokane, Wash. 

6 

41 

Jacksonville, Fla . 

9 

58 

Toledo, Ohio. 

I i 

65 

Kansan M^' . 

11 

57 

Vicksburg, Miss. 

7 

49 

Keokuk, Iowa . 

9 

49 

Washington, 1). C. 

6 

53 

Knoxville, Tenn. 

7 

59 

Wilmington, N. C. 

9 

51 
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Table V. Wind Velocities —Continued 



Velocity 

Intensity of Force of Wind, Beaufort’s Scale 

Statute Miles 
per Hour 

Nautical Miles 
per Hour 

0. Calm. Full-rigged ship, all sail set, no headway.. 

0 to 3 

0 to 2.6 

1. Light Air. Just suflicicnt to give steerageway- 

8 

6.9 

2. Light Breeze. Speed of 1 or 2 knots, “ full and by ” 

13 

11.3 

3. Gentle Breeze. Speed of 3 or 4 knots, " full and by ” 

18 

15.6 

4. Moderate Breeze. Speed of 5 or 6 knots, “ full and 
by ”. 

23 

20.0 

5. Fresh Breeze. All plain sail, ” full and by ”. 

28 

24.3 

6. Strong Breeze. Topgallant sails over single-reefed 
topsails. 

34 

29.5 

7. Moderate Gale. Double-reefed topsails. 

40 

34.7 

8. Fresh Gale. Treble-reefed topsails (or reefed upper 
topsails and courses). 

48 

41.6 

9. Strong Gale. Close-reefed topsails and courses (or 
lower topsails and courses). 

56 

48.6 

10. Whole Gale. Close-reefed main topsail and reefed 
foresail (or lower main topsail and reefed foresail) 

65 

56.4 

11. Storm. Storm staysails. 

75 

65. I 

12. Hurricane. Under bare poles. 

90 and over 

78.1 and over 


The words " intensity ” and “ force,” used in connection with this scale, have no direct relation 
to pressure, but refer to speed or velocity. 


40. BAROMETRIC OBSERVATIONS 


Whenever pressure is specified in terms of the height of a column of mercury, it is 
always tacitly understood that it is the height the column balancing the pressure would 
have under ‘‘standard conditions,” that is, at 0 deg cent, and where g has the standard 
value “ 980.605 cm per sec per sec adopted by the International Committee of Weights 
and Measures. In all cases where the mercury column (if of average barometric height and 
at ordinary atmospheric tcmiierature) is to lie read closer than 2 or 3 mm (O.l in.) one 
or more of the corrections described below must be made or the accuraijy of the reading 
will be imaginary. 

Corrections. Lot I be the height of the mercury column as read at t degrees centigrade 
with a scale correct at /o degrees centigrade whose coefficient of linear expansion is (3. l;et 
<f> be the latitude and // the elevation in meters alxive sea level. 

(1) Temperature of the Mercury. Subtract 0.000182 It. 

(2) Temperature of the Measuring Scale, Add {t — tQ)l. For brass fi = 0.000019; for glass 
fi « 0.000008. If, as is usual, the scale is correct at 0 deg cent, the complete correction, (1) and (2), 
for the expansion of both the mercury and the scale may be made by subtracting from the observed 
reading (0.000182 — fi) It, which gives 

0.000163 It for a brass scale, and 
0.000174 It for a glass scale. 

Under ordinary conditions the correction may amount to as much as 4 mm. 

(3) Capillary Depression in a Cistern Barometer. Add to the reading of the top of the meniscus 
the amount given in the table below corresponding to the internal diameter of the tube and the 
height of the meniscus. This somewhat uncertain correction can be avoided by using a tube at 
least 25 mm in diameter. 

Table VI. Capillary Depression of Mercury 

(After Mendel6eff and Gutkowsky. Kohlrausch, 19101_ 


Height of the Meniscus in Millimeters 


Diameter 

0.4 

0,6 

0.8 

1.0 

1.2 

1.4 

1.6 

1,8 

mm 

mm 

mm 

mm 

mm 

mm 

mm 

mm 

mm 

4 

0 83 

1 22 

1 54 

1 98 

2 37 




5 

0 47 

0 65 

0 86 

1 19 

1 45 

1.80 



6 

0.27 

0.41 

0. 56 

0.78 

0.98 

1.21 

1.43 


7 

0 . 18 

0.28 

0.40 

0.53 

0.67 

0.82 

0.97 

1.13 

8 


0.20 

0,29 

0.38 

0.46 

0. 56 

0.65 

0.77 

9 


0. 15 

0.21 

0.28 

0.33 

0.40 

0.46 

0.52 

10 



0. 15 

0.20 

0.25 

0.29 

0.33 

0.37 

11 



0 . 10 

0. 14 

0. IB 

0.21 

0.24 

0.27 

12 



0.07 

0 . 10 

0. 13 

0. 15 

0 . 18 

0. 19 

13 



0.04 

0.07 

0 . 10 

0.12 

0. 13 

0. 14 
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(4) Pressure of the Mercury Vapor. This causes a slight depression at high temperatures, but 
is less than 0.01 mm under 40 deg cent. 

(5) Variation of weight with Latitude and Elevation. Multiply by g/go (1 — 0.0026 cos 
20 — 0.000 000 2 11), the local height obtained by applying the above corrections to the reading. 
The correction for elevation is only 0.1 mm at 700 m, but the correction for latitude may amount to 
as much as 2 mm. 


Table VII. Mean Barometer Height h at an Elevation of H Meters 
above Sea Level (Kohlrausch) 

_Air at 10 deg cent (.">0 deg fahr) hp = 760 mm._ 


H = 

0 

100 

200 

300 

400 

500 

600 

700 

800 

900 

1000 m 

b - 

760 

751 

742 

733 

724 

716 

707 

699 

690 

682 

674 mm 

H = 

1000 

1100 

1200 

1300 

1400 

1300 

1600 

1700 

1800 

1900 

2000 m 

b = 

674 

666 

658 

650 

642 

635 

627 

620 

612 

603 

398 mm 


The international rneterological formula for reducing height b of mercurial barometer at t deg 
cent and latitude 0 to height at 0 deg cent and latitude 45" is 


1 7 . 1 I. I //U ~ *78 

log« Oq = loge 0 -f-... . I— — I. 

(18,420 + 07.5 t + 0.003 i/)(l + 0.0026 cos 20) 

41. HUMIDITY 

There is always present in the atmosphere a greater or less quantity of invisible water 
vapor, mixed with the other gases. The absolute humidity is the mass oi water vapor 
present per unit volume; and the gas pressure which this water vapor is exerting is called 
the vapor pressure. The ratio of the actual absolute humidity t< the maximum quantity 
of w liter vapor that could be present at the existing temperature is the relative humidity. 
By means of suitable tables, the relative humidity may be com puled from the difference 
lietween simultaneous readings of an ordinary thermometer and a thermometer with a 
w'etted and amply ventilated bulb. The temperature at which the actual absolute humidity 
would bo the maximum possible—i.e., the temperature at which the existing quantity of 
water vapor would produce saturation—is called the dew poitd. 


Table VIII. Annual Means of Relative Humidity and Precipitation for Many Years 


Stations 

Annual 
Percent¬ 
age of 
Relative 
Humidity 
at 8 A.M. 
75 th 

Meridian 

Time 

Annual 

Amount 

Precipi¬ 

tation, 

in. 

Stations 

Annual 
l^ercent- 
age of 
Relative 
Humidity 
at 8 A.M. 
75th 

M eridian 
time 

Annual 

Amount 

Precipi¬ 

tation, 

in. 

\\a 

JMriTiingham. 

79 

53. 18 

j Cairo. 

80 

40.72 



84 

61 61 


76 

32.86 


1 Flagstaff. . . . 

•+• 

22.80 

1 Springfield.. 

80 

36.45 

Ari:'. . 

Phoenix. 

57 

7.78 

Tnd.Indianapolis. 

77 

39.90 


^Yuma. 

60 

3 47 

iDes Moines. . 

80 

32.04 


Fort Smith . . 

80 

38.85 

Iowa.< Dubuque. . . . 

79 

32.90 


TJttle Rock. . 

80 

48.38 

1 Keokuk. 

78 

32.64 


Fresno. 

73 

9.39 

Knn (Dodge City.. 

79 

20.51 


Los Angeles.. 

77 

15.23 

1 Wichita. 

78 

30.24 

Calif. 

S.acrameiito. . 

82 

17.95 

Ky.Louisville... . 

76 

43.26 


San Diego. . . 

80 

10 30 

(New Orleans. 

83 

57.46 


San Francisco 

86 

22.02 

( Shreveport.. . 

83 

43.37 



64 

14.05 

Me.Portland. 

75 

41.94 

Col 


64 

8,83 

Md.Baltimore... . 

72 

42.56 



66 

11.67 

Mass.Boston. 

73 

40. 14 



74 

45.53 

J Detroit. 

79 

32.05 

D. C. 

W.asinngton.. 

74 

42. 16 

Mich...... < Marcpiette.. . 

78 

32.47 


Jaeksonville.. 

83 

49.74 

1 l*ort Huron.. 

81 

28.93 

F1:l J 

Key West.. .. 

78 

38. It 

Minn 1 . 

83 

27.94 


Pensacola.... 

81 

57.85 

^ .{ St. Paul. 

80 

27.24 

1 

. Tnmpn. 

85 

49.36 

Miss.Vicksburg. . . 

82 

51.93 


f Atlanta. 

78 

48.27 

f Kansas City . 

77 

37.11 

Ga.1 

Augusta. 

82 

44.90 

Mo.-I St. Louis.... 

76 

37.44 


1 Savannah.. . . 

77 

47.23 

I Springfield... 

81 

41.78 

Idaho. 

. Boise. 

70 

13 10 

Mont.Helena. 

68 

13.63 


* Not Computed 
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Table Vni. —Continued 




Annual 




Annual 




Percent- 




Percent- 




age of 

Annual 



age of 

Annual 



j Relative 

Amount 



Relative 

Amount 

Statioas 

Humidity 

Precipi- 

Stations 

Humidity 

Precipi- 



at 8 A.M. 

tation. 



at 8 A.M. 

tation, 



75th 

in. 



75th 

in. 



Meridian 




Meridian 




Time 




Time 


Mont.1 


81 

15.02 

R. I. 


80 

41.30 

Miles City. . . . 
N Platte_ 

79 

13.79 

S. C. 

.Charleston,. . . 

79 

45.22 

Neb.1 

81 

18.39 

S. D.! 


82 

20.65 


1 Yankton. 


78 

27.77 

1 

80 

25.30 

Nev. 

. Winncmucca. . 

67 

8.54 


Chattanooga. . 

79 

51.61 



78 

46 05 



78 

47.72 

N. C.J 


81 

52.97 


Nashville. 

80 

47.20 


1 Wilmington. . . 

81 

46 93 



75 

25 17 

N. D. 

81 

16.34 



76 

20.99 

N. H. 


79 

37.51 

Tex. 

El Paso. 

54 

9, 16 

N. J.j 

: Atlantic City. 

80 

40.56 


Galveston. 

84 

44.77 

Cape M ay. . . . 

* 

40.75 


San Antonio... 

82 

27.18 

N. Mex_ 


60 

14.27 

Utah. 

. Salt Lake City 

60 

16. 13 


Albany 

78 

34 . 58 

Vt. 

. Burlington.... 

77 

31.61 


Binghamton.. . 

80 

34.58 

Va.1 

f T..ynchburg.... 

76 

40. 53 

N. Y. 

Ttiiffalo . 

78 

36.00 

[ Norfolk. 

79 

44.09 


N. Y. City_ 

Oswego . 

74 

42.99 


f Seattle....... 

87 

34.03 


79 

35.21 

W ash.■ 

{Spokane. 

77 

16.62 


Cincinnati.... 

77 

38. 55 


1 Walla Walla... . 

71 

17.01 

Ohio. . . . * 

Columbus. 

79 

36.34 

W^ Va. . . . j 

[ Elkins. 

85 

44.93 


Toledo. 

78 

32.03 

i Parkersburg., . 

80 

39.41 

Okla. 

.Oklahoma City 

80 

31. 15 

W’lo ] 

f La Crosse. 

82 

30.81 

Oreg . 

.Portland. 

85 

41.62 

v> IS.j 

t Milw'aiikee.... 

78 

30. 08 


( V.rie . 

75 

36.93 

W'vo . . 

. Cdieyenne. 

66 

14.99 

Pa. 

1 Philadelphia... 

74 

40.41 




1 Pittsburgh. . . . 

77 

36 17 






* Not Computed 


42. PROTECTION AGAINST LIGHTNING 

The followinK discussion and niles have been abstracted from a Safety Code for Protec¬ 
tion against Lightninjj; wiiich has been prepared for the American Engineering Standards 
Committee under the siionsorship of the National Bureau of Standards and the vVmericaii 
Institute of Eleidrical Engineers. The mati'rial included here is intended to indicate the 
general principles to bo followed. For details as to materials and methods reference should 
be made to the Code. 

Protection of Btiildings and Miscellaneous Property 

Fundamental Principles of Protection. The fundamental theory of lightning protection for 
buildings is to provide means by which a discharge may enter or leave the earth without passing 
through a non-conducting part of the strueturc, as for example, parts which are made of woo<l, 
brick, tile, or crmcrete. Damage is cause<l by the heat and mechanical forces generated in such non¬ 
conducting portions by the discharge, whereas in metal parts the heat and mechanical forces are 
known to be of negligible effect if the metal has sufficient cross-sectional area. There is a strong 
tendency for lightning discharges on structures to travel on those metal parts w'hich extend in the 
general direction of the discharge. Hence, if metal parts are provided, of proper proportions and 
distribution, damage can be largely jireveuted. However, because lightning has such a wide range 
of characteristics, it is difficult to provide any practicable moans w'hich will afford absolute protec¬ 
tion under all conditions, although the degree of protection afforded by present practice is high 
if the installation is properly made. 

The required condition that there be a metallic path for the part of the discharge which is 
intercepted is met moat fully by a grounded metal or metal-covered structure which pre.sents what 
might bo thought of ns an inHnite number of parallel conductors from the uppermost part of the 
structure to earth. It is substantially met by a steel-framed structure, which, though faced with 
brick, terra-cotta, or other buihling material, usually has, or at relatively small cost can be equipped 
with, a sufficient number of metal terminals or receiving points on the upper portions which connect 
with the frame to protect it thoroughly. 
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For a Btruoture which is built wholly or partly of non-conducting materials, one of the best de¬ 
fenses against direct hits by lightning is to surround it with a ring of grounded metallic masts or 
poles of sufficient height. Or, if the structure is not large, a single mast ferected nearby may be suffi¬ 
cient. Experiments have indicated that, under certain assumed test conditions, such a vertical 
ooiuluctor will generally divert to itself all direct hits w’hich might otherwise fall within a cone- 
shaped space of which the apex is the top of the conductor, and the base a circle of radius two to four 
titiics the height of the conductor. This agrees with theoretical deductions. Incidentally, any 
metallic structure, or adequately protecte<l structure, will function in the same manner as a mast. 
Thus a tall steel windmill or water-towrer or rodded steeple will tend to protect nearby structures of 
lesser height, although before relying upon such protection care should be taken to see that the 
structure lies well within the cone-shaped space nitiiitioned above. 

Cienerally, however, on ac(!ount of architectural considerations, the mast type of protection is 
not feasible. More suitable protection is jirovidcd by the installation of lightning conductors. Here 
the required conditions of protection are closely approximated by placing air terminals or receiving 
points on the uppermost parts of the building, wdth interconnecting and grounding conductors 
attached to the building itself. By this means a relatively small amount of metal properly propor¬ 
tioned and distributed is made to afTord a satisfactory degree of pn>tection and at the same time, if 
necessary, to afford a miniiimrn of interference wdth the contour of the structure. It should be 
stilled, however, that this type of protection is to be considered only for structures in which very 
small induced sparks do not present an appreciable element of danger, us they do in oil tanks, cotton 
warehouses, and iiowdcr-storage houses. These require much more elaborate precautions to insure 
their safety than do the general run of buildings. 

When tiesigning and installing a system of protection of the lightning-rod type the following 
principles should be followed: 

(a) The structure sliould be examined and all points or parts most likely to he struck by lightning 
should be noted, with the view of erecting air terminals thereon for the reception of the discharge. 
The object is to intercept the discharge immediately above the parts likely to be struck rather than 
to attempt to divert it in a direction it js not likely to take. The receiving points should be placed 
high enough above the structure to obviate danger of fire from the arc; the mure intlammable the 
roof material the higher the points should be placed. 

{b) Conductors sliould be installed w'ith the view of ofTering the least possible obstruction to 
the passage of a stroke betw’een air terminals and ground, d'ho most direct path is in general the 
best, and there should be no sharp bends or loops for the lightning to jump across. The obstruction is 
practically inversely as the number of widely separated paths, so from each air terminal there 
should be at least two paths to ground and more if practicable. The number of paths is increased 
and the obstruction lessened by connecting the conductors to form a cage enclosing the building. 

(c) When a stroke is about to take place to earth the surrounding surface of the ground for a 
radius of several miles carries an electric charge. As the di.scharge takes place this surface charge 
moves radially toward the ground end of the air path, forming an electric current in the ground. 
Near the point where the discharge enters the ground the current density becomes high, and if the 
How takes place through the foundation wall of a building damage may result. Ground connections 
should therefore be distributed more or less symmetrically about the circumference of a structure 
rather than grouped on one side. With ground connections properly distributed the current will be 
collected at the outer extremitios and a flow underneath the building minimized. In every case, for 
the foregoing reason, at least tw'o ground connections should be made at opposite extremities of 
the structure. Satisfactory ground connections are made in the majority of cases by extending the 
rod into the earth to a distance of 6 to 10 ft. Driven rods or plates may be used as alternatives. If 
there is a water pipe nearby connection should be made to it. 

(r/) If a lightning conductor system is placed on a building within or about which are metal 
objects of considerable size within a few feet of the conductor, there will be a strong tendency for 
sparks, or sideflashes, to jump from the conductor to the metal at its nearest point. To prevent 
damage an interconnecting conductor should be provided at all places where sideflashes are likely 
to occur. 

{(’) Within buildings where metallic objects may be liable to a dangerous rise of potential due to 
a lightning flash, the metal, if not interconnected with the lightning-rod system, should under some 
circumstances be independently grounded. 

(/) Since a lightning conductor system as a general rule is expected to remain in working con¬ 
dition for long periods with little attention, the mechanical construction should be strong and the 
materials used such as to offer high resistance to corrosion. 

(^) The minimum permissible weight of copper conductor for all ordinary buildings is 187 I /2 
lb per 1000 ft. The foregoing general principles are emboclied in the detailed specifications men¬ 
tioned at the beginning of this article, which correspond to the approval requirements of underwrrit- 
ers’ laboratories. An approved lightning conductor, therefore, will meet the requirements of the 
Safety Code. 


Protection of Structures Containing Inflammable Liquids 
and Gases from Lightning 

Lightning is responsible for a majority of the tank fires of the petroleum industry. In a Report 
on Records of Oil Tank Fires in the United States, 1915-1925, published by the American Petroleum 
Institute, it wras stated that lightning eaused 55 per cent of the fires recorded. 

1. Reduction of Damage. Certain types of structures used for the storage of inflammable 
liquids and gases are essentially self-protecting. Protection, of a greater or less degree, may be 
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-MCUTod for others through the installation of various types of protective equipment, such as screens, 
rods, or protective towers, and by other means. 

t. Fundamental Principles of Protection. Protection of structures and their contents from 
lightning involve the following principles. 

(a) The storage of inflammable liquids and gases in all-metal structures essentially gas-tight. 

(b) The use in all necessary breathing vents of efficient flame arresters. 

(c) The maintenance of containers in good condition, so far as potential hazards from electrical 
discharges are concerned. 

(d) The avoidance, so far as possible, of the accumulation of explosive mixtures, in and about 
such structures. 

(e) The avoidance of spark gaps in metallic conductors or between metallic conductors at points 
where there may be an accumulation of explosive mixtures or an escape of inflammable vapors or 
gases to the air. 

(/) In connection with structures not inherently self-protecting, the establishment of cones of 
protection through the use of grounded screens, rods, or towers, or the equivalent. 

(g) The location of structurel containing inflammable liquids and gases not inherently self- 
protecting, in positions of lesser exposure with regard to lightning. Thus elevated positions should 
be avoided. 


43. WIND PRESSURE ON STRUCTURES 

Windstorm Damage. According to the statistics of one of the large insurance com¬ 
panies * well over one-half of the total windstorm damage is caused by the high winds 
that accompany ordinary storms and thunder-storms. Much of the loss is directly 
attributable to the omission of anchorage of buildings to foundations, of roofs to the walls, 
to inadequate fastening of tiles and other roof coverings, and to similar neglect of good 
practice in construction details. It is not customary to design such details for 
definite wind loads, and aside from exceptional cases any reasonable provision giA^es amide 
strength. 

Protection against very severe storms can be accomplished only by adequate engineer¬ 
ing design of the whole structure. 

Wind Velocity Measurement. When it is desired to design a structure to withstand 
high winds, great difficulty is experienced in determining the maximum wind velocity to 
which the structure will bo exposed. The records of the Weather Bureau give the maxi¬ 
mum average velocity indicated for a 5-min period, known as the maximyrn, and the 
velocity of the fastest mile, known as the extreme. At 100 miles per hour average velocity 
the extreme velocity is really the average over a period of 36 sec. The maximum gust 
velocities are known to be much greater. What then shall be the speed for which the 
design is to be made? 

When the records at any one place are examined, it is found that the high velocities 
occur very infrequently. Therefore for sui^h structures as telephone or power lines an 
attempt is made to balance the cost of replacement against the cost of insurance. In 
other words, it is cheaper to rebuild occasionally than to build the structure strong enough 

initially to withstand the maximum wind speeds. In 
buildings and other structures the element of human 
safety enters and the considerations of ciost arc not 
the only ones. Yet so far as tornadoes are con¬ 
cerned, it is usually felt to be impracticable to build 
strong enough to withstand the maximum speeds. 
The cost of insurance is far less than the increased 
construction costs. 

Robinson Anemometers. Prior to January 1, 
1928, the official Weather Bureau instrument was a 
Robinson-t 3 T>e cup anemometer with a 4-cup driving 
unit (Pig. 3). The readings of this instrument were 
usually published without correction. Because of 
the large errors of that instrument at high speeds 
a change was made on January 1, 1928, to a 3-cup 
unit which had smaller errors. Beginning January 1, 
1932, corrections for instrumental errors were applied 
Pjq 3 to the data before publication, and no single type of 

instrument was considered as standard. At the 
present time an extensive investigation of anemometer design is in progress to develop a 
type of instrument having small errors. 



* Aaaociated Factory Mutual Fire Insurance Co., Boston, Mass. Handbook on Windstorms. 
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Table IX. Indicated Wind Speeds by Robinson Cup Anemometers 


True Speed, 
miles per hour 

Indicated 
Speed, Old 
4-cup Standard 

Indicated 
Speed, 1928 
3-cup Standard 

True Speed, 
miles per hour 

Indicated 
Speed, Old 
4-cup Standard 

Indicated 
Speed, 1928 
3-cup Standard 

5 

5 

5 

60 

78 

63 

10 

11 

10 

65 

85 

68 

15 

17 

15 

70 

91 

73 

20 

23 

20 

75 

98 

79 

25 

30 

25 

80 

105 

84 

30 

37 

31 

85 

112 

89 

35 

44 

36 

90 

118 

95 

40 

50 

41 

95 

125 

100 

45 

57 

47 

100 

132 

105 

50 

64 

52 

105 

138 

III 

55 

71 

57 

1 to 

145 

116 


Note, "^"allies above a true speed of 75 miles per hour are extrapolated, but are probably cor¬ 
rect to the precision given, namely, 1 mile per hour. 


Pitot Tubes. The .standard instniinont adopted by the National Bureau of Standards, 
National Physical Laboratory, and other scientific organizations for the measurement of 
air velocities is a IMtot-static tube of proper design. The in.strunicnt consists of an open 
tube facing into tlie wind and a concentric tube closed to the air stream except for several 
small holes drilled radially and sufficiently far from the nose that the air flows by smoothly 
when the tube is in line with the wind direid.ion. A pressure gage is used to measure the 
difference in the pressure lictwcon the two tubes. The second tirbe gives the static pres¬ 
sure, i.e., the prevssure that would be shown by n gage moving with the air. The first gives 
the static pressure plus the increased pressure produced by red'icing the velocity to zero 
at the mouth of the tube. The differential pressure is V 2 where d is the density of the 
air and V the wind sjieed, and is known as the velocity preasure. Pitot-static tubes of 
poor design usually indicate a higher pressure because of a failure to give the true static 


Table X. Wind-velocity Pressures 


True 
Wind 
Speed, 
miles per 
hour 

Velocity 
Prcvssuro, 
lb persq ft 

True 
Wind 
Speed, 
miles per 
hour 

Velocity 
Pressure, 
lb per sq ft 

True 
Wind 
Speed, 
miles per 
hour 

Velocity 
I*res8ure, 
lb per sq ft 

True 
Wind 
Speed, 
miles per 
hour 

Velocity 
Pressure, 
lb per sq ft 

5 

0,06 

35 

3. 13 

65 

10.80 

95 

23.08 

10 

0.26 

40 

4.09 

70 

12.53 

100 

25.57 

15 

0. 58 

45 

5. 18 

75 

14.38 

105 

28. 19 

20 

1.02 

50 

6.39 

80 

16.36 

110 

30.94 

25 

1.60 

55 

7.73 

85 

18. 47 

115 

33.82 

30 

2.30 1 

60 

9.21 

90 

20.71 

120 

36.82 


Note. The formula becomes - if the pressure is measured in pounds per square foot and 


the density in pounds per cubic foot. 


pressure. Values of the vehx^ity pressure at various wind speeds are given in Table X 
above for an air density of 0.07G51 lb per sq ft corresponding to 15 deg cent, 760 mm Hg. 
The dimensions of several 
standard Pitot tubes, which 
may be used without calibra¬ 
tion if the supporting liracket 
is at least 20 diameters be¬ 
hind the static holes, are 
given in the figure. 

Dines Tube Anemometer. 

The laboratory standard Pitot 
tubes arc not suitable for 
use in field measurements of 
wind velocity but an instru¬ 
ment of this general type is 
in occasional use, namely, the 
Dines tube anemometer. In 



Dimensions in mm 
-Bureau of Standards 

PlG. 4 


C-N.A.C.A. 


this instrument, the impact tube is kept pointed into the wind by means of a weather 
vane while the static tube is vertical. Because of this arrangement of the statio tube a 
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calibration factor is necessary and it has recently been shown that the factor depends to 
some extent on the wind direction and on the exact constructional details of the instrument.* 

The pressures developed are transmitted to a float or diaphragm whose motion is 
recorded by a pen on a chart. Gusts are shown in the records, and average velocities 
over comparatively short intervals of time can be estimated by a consideration of the 
inertia effects. 

Electrical Anemometers. Recently several instruments giving an indication and 
record of wind velocity have been developed. They (;onsist of an electric generator driven 
by either a 4-cup or 3-cup Robinson anemometer wheel. The voltage is indicated or 
recorded, the scale being gradiiatetl in terms of wind velocity. Gust velocities are indi¬ 
cated and can l>e evaluated for comparatively short time intervals by a consideration of 
the inertia effects. 

Bridled Cup Anemometer. Still another type of instrument for field indication of 
wind velocity is the bridled cup anemometer, availal)le in an instrument devclor)ed by 
Julien P. Friez. A multi blade tiirl>ino wheel is rotated against a spring system to a posi¬ 
tion of equilibrium such that the spring torque ba’ances the wind toniue on the wheel. 
The spring system is arranged to give a uniform wind velocity scale on the indic^ating dial. 

Interpretation of Records. The only records available in sufficient quantity to be of 
any service to the engineer are those of the Weather Bureau for the maximum velocity over 
a 5-min period and the velocity of the fastest mile. The use and interpretation of these 
records in connection with any particular engineering project must be left to the judgment 
of the engineer in charge. If it is desired to Imild so strong that the structure will not fail 
under any possible tarcumstances, it is believed that the design should be made for a wind 
speed of ITiO miles per hour. 

It is commonly believed that the natural gusty wind imposes severe racking stresses 
which are greater than those imposed by a steady wdnd of the same speed. This is prob- 
aljly tnio only in rare instances, for most of the puzzling effects of high winds in lifting 
roofs, causing walls to fail outwards, etc., are readily explained by the nature of the pres¬ 
sure distribution in a steady wind. 

Design Practice. The current practice of most structural engineers is to consider 
neither the shape of the structure, the nature of the exposure, nor the probable maximum 
wind velocity. All these variable factors arc lumped together in a design wind load of 
usually 20 to 30 lb per sq ft. In addition, the usual factors of safety for the material are 
often waived, and the allowable W'orking stresses increased 25, 50, or even 100 per cent— 
a procetlure dc8cril)cd by Fleming t as giving an intellectual assent to the theories of the 
textbook and ignoring them in actual practice. It would seem to be more logical to retain 
the same working stresses and to design for a properly selected wind velocity. To that end 
wo attempt to give experimental data knowm to apply with sufficient a(*curncy for design 
purposes on the w'ind pressures on various engineering structures, b rorn these data the 
wind load actually encountered at a selected wind velocity may IjC computed. 

Method of Giving Wind Pressure Data.t The nature of the reaction between the 
wnnd and an ol^stac^le to its progress is extremely complicated. Two characteristic's should 
l>e emphasized. First, the reaction consists of a surface distrilnition of pressure, and the 
representation of the action by a single resultant forc;e or by an average wind pressure is 
only a convenient device useful for certain purposes. Second, when there is no wind there 
is a distribution of pn?8surc over the surface due to the normal atmospheric pressure of 
approximately 14.7 lb per sq in. The effeett of the wind is a modification of this normal 
pressure, at some points an incrc^ase, at others a dec-irease, in pressure. The magnitude of 
these changes is only a small percentage of the normal atmospheric pressure, and the 
words “ suction ” or “ vacnium " as commonly used in this connection do not imply any 
large change in density or pre.s8ure. The changes are usually less than 2 per cent of the 
normal atmospheric pressure (0.3 lb per sq in. or 42 lb per sq ft). 

The maximum increase in pressiire produced by the wind is equal to 1/2 dV^, where d 
is the density of the air and V the wind speed. This pressure, usually termed the velocity 
pressure or impact pressure, is indicated by a Pitot-static tube of standard design. Values 
have already l>een given in a preceding table. 

It is found convenient to express all ol)Scrved pressure differences including the average 
wnnd pressure as ratios to the velocity pressure. Although the maximum increase in 
pressure is equal to the velocity pressure, i:)re8sure decreases of greater amount often occur 
and the force re.sulting from the surface distribution over a structure is freq\iently greater 
than the velocity pressure times the projected area. We may regard the ratio, or coeffi¬ 
cient as it is sometimes called, as a shape factor. Thus if the shape factor is 1.5, we may 

* Annual Report of the National Physical Laboratory, 1926, p. 217. 

t Wind Pressure on Structures. Robin Fleming (Engineering News Co., 1915). 

J From Sci. Paper 523, Bureau of Standards. 
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readily find the average pressure at any wind speed by multiplying by 1.5 the velocity 
pressure taken from the table. 

l^he shape factor for a thin square flat plate normal to the wind is 1.12, and therefore 
the wind force on such a plate is 1.12 times the velocity pressure times the area. On an 
infinitely long thin rectangular plate the shape factor is 2.0. Other values are given later. 

In the above examples the shape factor is very nearly independent of size or wind speed. 
In general, the shape factor depends to some degree on the size and speed, the variations 
being said to be due to scale effect. For lx)die8 with flat surfaces and sharp edges, the S(^alo 
effect is in general so small as to be negligible for the present purpose. For spheres and 
cylinders the variation is great, and critical regions of speed and size occur where the shape 
factor decreases very rapidly. In these cases it is difficult to predict the average pressure 
on a full-scale structure from model tests. The important practical structure of this type 
is the tall (diimney. 

It should be especially emphasized that no single value of the wind iiressuro is applica- 
ble to .all types of structures for a given wind velocity. The variations in shape factor are 
sufTiciently large to demand individual treatment. 

Flat Plates, Signs, etc. The shape factor for a thin flat plate depends on the ratio of 
length to breadth. With the wind normal to the plate, the shape factor varies from 1.12 
for a square or round plate to l..'k> for a rectangular plate of length-breadth ratio equal to 
6. The wind force also varies with the angle of the plate to the wand. The direction of 
the resultant force is very nearly at right angles to the plate, and if the force is expressed 
as .an average iiressure over the area of the plate {not projected normal to the wind), the 
maximum shape coefficients observed are 1.75 for a siiuare plate, 1.00 for a rectangular 
plate of length-breadth ratio eiiual to 3 and 1.34 for a rectangular plate of length-lireadth 
ratio equal to 6. The detailed values for several angles to the wuid are given in Interna¬ 
tional Critical Tables, Vol. 1, p. 406. For approximately square signs, a shape factor of 
1.75 should 1)0 used. For rectangular signs, the factor may be reduced as indicated by the 
alx)vo values. 

Structural Shapes, Bridge Trusses. The shape factor for a very long thin flat plate 
is 2. In attempting to apiily this value to built-up structures such as bridge trusses or 
radio towers difficulty is experienced ow’ing to shielding. Experiments on built-up mem-; 
bors have lieen pulilishcd in ICrgcbnissr der aerodynamischen V(rsuchmiialali zu GoUingen, \ 
Vol. Ill, 1927; and experiments are in i)rogress at the National l^hysical Laboratory of 
Great Britain. Reference should be made to the original publication for details as to 
the variation of the shape factors with angle. 

On simple structural steel shapes such as angles, I beams, and built-up columns, the 
wind pressure is referred to the product of the length of the solution by the greater dimension 
of the cross-section. The resultant force is resolved i)arallcl to this dimension and per- 
pendiiiular to it, and two shape factors are given. We consider here only the shape factor 
for the (X)rnponent i)en)endicular to the greater dimension of the cross-section; i.c., the 
component giving the highest .slre.ss. The maximum values oliserved ranged from 1.6 to 
2.2., usu.ally being aliout 2 and occurring when the wind was normal to the face of greater 
area. We may therefore conclude that a safe value for i.solated structural steel shapes is 2. 

A number of model bridge trusses were tested. \Mion used singly, the shape factors 
were from 1.4 to 1.6 referred to the projected area of the truss. When two trusses were 
placed one behind the other with wind normal to the jilane of the truss, the shape fa(*tor 
for the front truss was from 1.4 to 1.0 for all positions of the rear tnjss, and for all models, 
whereas that for the roar truss varied, with the distance apart from 0.0 to 1.2, depending 
on the ratio of open to closed area. 

Further experiments were made on one" model at a given spaising (2.75 times the 
vertical dimension of truss) liy varying the wind direction in both horizontal and vertical 
directions. Variation in the vertical plane is most important, the shielding effect disap¬ 
pearing at an angle of 15 deg. 

A further experiment was made on a model consisting of two trusses spaced a distance 
equal to the maximum vertical diimmsion of the truss with floor between. In this case the 
shape factor referred to the area of one truss reached the value 1..S5, and at varying angles 
in the vertical plane a large lifting force w^as found. Bridges across deep canyons or in 
other locations wdiere variations of the wind direction in a vertical direction are possible 
may need some provision to take care of possible lifting forces. 

The most re(;ent and authoritative data on the wind pressure on open frameworks are 
contained in the paper Winddrmjk auf vollwandigo Bauwerke und Gitterfachwerke, by O. 
Flaihsbart, published in the first volume of MemoircH dc Vaanociation internationale des 
ponta ct charpentes, Zurich, 1932. The shape coefficient of a single truss of a given perimeter 
was found to be a function of the solidity ratio, i.e., the projected area of the individual 
truss members divided by the total projected area within the perimeter of the framework. 
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The coefficient is approximately independent of the distribution of the individual members. 
Flachsbart proposed for design purposes a coefficient of 2.0 for solidity ratios between 0 
and 0.2, 1.8 for those between 0.2 and 0.3, 1.6 for those between 0.3 and 0.9, and 2.0 for 
those between 0.9 and 1.0. 

For two frameworks, one behind the other, at distances of the order of the width of the 
framework, the shape coefficient to be applied to the area of one truss is as follows: 

Solidity Ratio Shape Coefficient 

0.1 3.6 

.2 2.7 

.3 2.4 

.4 2.2 

.5 2.0 

In any large project where wind forces are an important item, wind-tunnel tests of a 
model will more than pay their cost. 

Buildings, Skyscrapers. For tall buildings of usual proportions it appears that a 
shape factor in the neighborhood of 1.5 is required.* For slender towers the factor probably 
approaches 2.0 as for a long prism. For buildings of approximately cubical form, the factor 
is from 0.8 to 1.0. As is true for bridge structures, model tests are justified in important 
projects. Otherwise an estimate should be made from the known shape factors given in the 


table below: Cube. 0.8 

Thin square flat plate. 1.1 

Prism 1 by 1 by 3...1.5 

V cry long prism. 2.0 


Frequently questions arise as to the strength of individual walls. Here the load depends 
on the pressure in the interior of the building which in turn depends on the number, si/e, 
and location of openings. It seems probable that in many cases the average pressure on a 
wall may equal twice the velocity pressure. The average pressure over small areas may 
roach three times the velocity pressure. It should especially be noted that the force may 
be in either direction depending on the pressure witliin the building, and the outward 
collapse of walls in high winds is readily explained without the necessity of assuming a very 
low barometric pressure. 

Roofs. The force on a roof also depends on the pressure within the building, which is 
somewhat indeterminate. The distribution on the outer surface is such as to give ordi¬ 
narily a lifting force provided the pitch of the roof does not exceed 30 dog. There seems 
to be no occasion for providing for a wind load acting downward on the roof under these 
conditions. There is every reason to provide for sulistantial lifting forces which are 
present even when the wind docs not penetrate beneath the roof covering. If the interior is 
not subject to the full velocity pressure through broken windows or otherwise, the upward 
loading is of the order of 0.7 to 1 times the velocity pressure. Under special circum¬ 
stances, such as in a facjtory-type building with windows broken on the windward side, the 
loading may reach twice the velocity pressure. The roof should accordingly be securely 
anchored to the walls and the walls in turn to the foundations. 

When the pitch of the roof exceeds 30 dog, regions of increased pressure appear as 
shown by the experiments of T. E. Stanton (Proc. Inst. C. E., London, 156, 1903-04, p. 7S). 

A large number of measurements of wind pressure on roofs and buildings were pub¬ 
lished in Jahrbuch der deuischen Gescllschaft fur Bauingenicurwcscn^ 1927, p. 87. 

Volume 97 of Engineering News-Record contains analyses of the effects of the Florida 
hurricane of 1926 which show that pressures of 55 to 65 lb per sq ft were attained. The 
wind velocity was independently estimated as 132 miles per hour, which would give the 
observed pressures on structures having a shape factor of 1.5. 

Additional model experiments on an approximately cubical structure are given in 
Volume 100, No. 13, p. 50S, by Professor Dawley of the Kansas State Agricultural College. 
These give shape factors from 0,7 to 0.85, depending on the presentation of the model 
to the wind and the presence or absence of windows and doors. 

Chimneys, Standpipes, Gas-holders, Flag Poles, Transmission Lines. If the product 
of diameter in feet by wind speed in miles per hour is less than about 40, the shape factor 
for cylindrical stnictui*es may be taken from the Talile XI. 

The flow alxiut cylinders in this region in a steady wind is very definitely periodic, the 
frequency in cycles per second being equal to about 0.3 times the ratio of the wind speed 
in miles per hour to the diameter in feet. Care should lie taken that the natural period of 
vibration of the structure does not correspond to the above eddy frequency at high wind 
speeds. It is understood that in some cases transmission lines have been observed to 


* Scientific Paper 523, Bureau of Standards. 








WIND PRESSURE ON STRUCTURES 9-69 

vibrate (in segments) with the eddy frequency and under certain conditions cause 
fatigue failures. 

When the product of diameter in feet 
by wind speed in miles per hour exceeds 
40, the shape factor is found to decrease 
to a comparatively low value. Experiments 
on full-scale cylinders in a natural wind 
indicate a value as low as 0.3 to 0.4. The 
flow is no longer definitely periodic but is 
very irregular and often unsymmetrical. 

Sufficient information is not available to 
justify such a radical reduction in the shape 
factor. Until the flow alxDut large cylinders 
is fully understood ,it is recommended that the same shape factors be used as for small cylinders. 

In transmission lines, the problem of shielding again appears siiuie individual wires are 
near each other. It is common practice to compute the wind force not on the actual wire 
but on the wire assumed coated with ice 1/2 in. in thickness. The shielding depends on the 
spacing of the wires, and on the wind speed. With a spacing of aliout 1 ft, the force on the 
shielded wires is about 50 per cent of that on the front unshielded wire. The factor for an 
unshielded wire may be taken from the table alxivc. 

If the wind blows at an angle to a single wire, the force remains nearly normal to the 
wire and the m.agnitude of the force falls off approximately as the stiuare of the sine of the 
angle of the wire to the wind- 

General Remarks on the Choice of Shape Coefficients. It has been assumed in the 
foregoing treatment that the winds of high velocity might come from any direction, and 
only the maximum shape coefiiidents are given. Under certain sperdal conditions it may 
be found that high winds are likely to prevail only from certain directions. Some further 
study than that given here is then necessarj'. 

In any extensive constniction where wind loads arc an imixirtant factor, the shape 
factor should be determined by wind tunnel experiments on a model. 

Air Resistance of Automobiles. The observed shape coefficients found for automobiles 
of conventional design vary from about 0.75 to 1.35* depending on the exact shape. 
Special streamline automobiles and ra<ung cars have l>ecn designed for which the shape 
coefficient is as low as 0.2. The area to whicdi the shape coefficients apply is the area of 
projection on a plane normal to the usual direction of motion. 

An average value is of doubtful service since in most cases the resistance of a particular 
automobile is desired for certain specified conditions of car speed, wind speed, and wind 
direction. This is most readily found by wind tunnel experiments on a model, since full- 
scale conditions are not easily controlled. 

The effect of natural winds is an important one, especially as tljc speed of the car 
approaches or exceeds 100 miles per hour. Lateral forces, lifting for<i<‘s, and turning 
moments become of apprecia])le magnitude. Some exiioriments descril ed in Research 
Papers 591 and 740 of the U. S. Bureau of Standards show that a streamline model may 
maintain its advantage of a lower resistance to motion as (;ompar(id to (;onventional model 
up to relative wind angles of 40 deg. The lateral forces arc also less for the streamline 
model. The vertical lifting forces do not differ much for relative wind angles up to 40 deg. 
However, the turning moments, which tend to produce skidding, are considerably greater 
for the streamline model. 

Air Resistance of Trains. A few papers have appeared on the determination of the air 
resistance of trains.! It appears from the experiments of Goss that the shape factor for 
an isolated car is about 0.5, applied to the area of projection normal to the usual direction 
of motion. For the first car in a train the factor is about 0.4, second car al)OUt 0.036, 
other intermediate cars about 0.04, last car 0.1. 

The French experiments were carried out on a train consisting of locomotive, tender, 
and two cars, the dimensions of which are not given. The coefficients appear to lye of the 
same order of magnitude as those found by Goss, except for the intermediate car. Those 
interested should consult the original papers for details as to the shapes of the cars. 

No information is available on the effect of angle of the train to the relative wind. 
It seems probalile that as with automobiles a comparatively small side wind will introduce 
a fairly large side force. 

* Public Roads, vol. 6, No. 9, Nov. 192.5, p. 203. Zeitschrift filr Flugtcchnik und Moiorluft^ 
achiffahrt, vol. 15, 1024, p. 22; also 13, 1922, p. 201. Motorwagen, vol. 26, 1923, p. 365. 

tW. F. M. Goss, Atmospheric resistance to the motion of railway trains, Proc. Western Ry, 
Club, vol. 10, p. 347, 1897-98. Ch. Maurain, A. Touissant, and R. Pris, M^sure de la resistance de 
I'air BUT le materiel des chemins de fer. Comp. Rend,, vol. 177, p. 308, July, 1923. 


Table RI. Shape Factors for Cylindrical 
Structures 


Ratio of 
Length to 
Diameter 

Shape 

Factor 

Ratio of 
Length to 
Diameter 

Shape 

Factor 

1 

0.63 

10 

0.83 

2 

0. 69 

20 

0.92 

3 

0.75 

40 

1.00 

_5_ 

0.74 

Infinite 

1 20 
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CHEMISTRY 


GENERAL CHEMISTRY 

1. CHEMICAL ELEMENTS 

Atoms. All forms of matter may be decomposed by the proper choice of conditions 
of treatment to ultimate units upon which the modern science of chemistry is based. 
These are known as atoms. These ultimate units cannot then be further reduced by the 
conditions of temperature, pressure, electrical voltage, etc., ordinarily available. 

Ninety-two kinds of such atoms, variously combined and associated, constitute the 
building blocks of the material universe. 

Elements. A substance composed of a multitude of a single kind of atom is known 
as an dement. There are thus ninety-two elements, named and classified in Table 1. 
All the atoms of an element may be considered to lie identical with respect to mass and 
Other properties. For convenience the names of these elements have all been abbreviated 
to symbols, as H for hydrogen, O for oxygen, etc. 

Table I. The Chemical Elements ^ 

In the following table, in every case the atomic number is given as well as the atomic weight. 
The atomic weights are those of 1934. 


Name * 

Symbol 

Atomic 

Number 

Atomic 

Weight 

Nature 


Ac 

89 




A1 

13 

26.97 


Antimony (stibium). 

Sb 

51 

121.76 



A 

18 

39.944 

Inert gas 



33 

74.91 

Barium. 

Ba 

56 

137.36 



Be 

4 

9.02 



Bi 

83 

209 00 

Metal 


B 

5 

10.82 



Br 

35 

79.916 

Litjuid 


Cd 

48 

112.41 

Calcium. 

Ca 

20 

40.08 


Carbon. 

C 

6 

12.000 

Metalloid 


Cp 

71 


Ct 

72 




Co 

58 

140.13 



C’s 

55 

132.91 


Chlorine. 

Cl 

17 

35.457 

Gas 

Chromium. 

Cr 

24 

52.01 

Metal 

Oobalt . 

Co 

27 

58.94 

Metal 

Colunibium (niobium). 

Cb 

41 

93.3 

Metal 

Copper (cuprum). 

Cu 

29 

63.57 

Metal 

Dysprosium. 

Dy 

Er 

66 

162.46 

Metal 

Erbium. 

68 

165.20 

Metal 

Europium . 

Ell 

63 

152.0 

Metal 

Fluorine. 

F 

9 

19.00 

Most active gas 
Metal 

Gadolinium. 

Gd 

64 

157.30 

Gallium. 

Ga 

31 

69.72 

Metal 

Germanium. 

Ge 

32 

72.60 

Metal 

Glucinum (same as boryllivim). 

G1 

4 

Gold (aurunt). 

An 

79 

197.2 

Metal 

Metal 

Inert gas 

Metal 

Hafnium (celtium). 

Hf 

72 

178.6 

Helium. 

He 

2 

4.002 

Holmium. 

llo 

67 

1 

163. 5 

Hydrogen. 

H 

1.0078 

Lightest gas 
Metal 

Indium. 

In 

49 

114.76 

Iodine. 

I 

53 

126.92 

Metalloid 

Iridium. 

Ir 

77 

193.1 

Metal 


* Names of the more abundant elements are in bold-face type. 
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Table I. The Chemical Elements—Continued 


Name ♦ 

Symbol 

Atomic 

Number 

Atomic 

Weight 

Nature 

Iron (ferriim).. 

Fe 

26 

55.84 

Metal 

Krypton. 

Kr 

?6 

82.7 

Inert gas 

Lanthanum.. 

La 

57 

138.92 

Metal 

Lead (plumbum). 

Pb 

82 

207.22 

Metal 

Lithium. 

Li 

3 

6.940 

Metal 

Lutecium (cassiopeium). 

Lu 

71 

175.0 

Metal 

Magnesium.1 

Mg 

12 

24.32 

Metal 

Manganese. 

Mn 

25 

54.93 

Metal 


Ma 

43 



Mercury (hydrargyrum). 

Ilg 

80 

200.61 

Metal 

Molybdenum. 

Mo 

42 

96.0 

Metal 

Neodymium. 

Nd 

60 

144.27 

Metal 

Neon. 

Ne 

10 

20.183 

Inert gas 

Nickel. 

Ni 

28 

58.69 

Metal 


Nb 

41 




Nt 

86 



Nitrogen. 

N 

7 

14.008 

Gas 

Osmium. 

Os 

76 

191.5 

Metal 

Oxygen. 

0 

8 

16.000 

Gas 

Palladium. 

Pd 

46 

106 7 

M<jtal 

Phosphorus. 

P 

15 

31.02 

Metalloid 

Platinum. 

Pt 

78 

195.23 

Metal 


Po 

84 

(: 10 


Potassium (kalium). 

K 

19 

39.096 

Metal 

Praseodymium. 

Vt 

59 

1^0 92 

Metal 


Pa 

91 



Radium. 

Ra 

88 

225.97 

Metal 

Radon. 

Rn 

86 

222. 

Emanation 

Rhppiiim. 

Re 

75 

186.31 


Rhodium. 

Rh 

45 

102.91 

Metal 

Rubidium. 

Rb 

37 

85.44 

Metal 

Rutheiiiuir. 

Ru 

44 

101.7 

Metal 

Samarium. 

Sin 

62 

150.43 

Metal 

Scandium. 

Sc 

21 

45. 10 

Metal 

Selenium. 

Se 

34 

78.96 

Metalloid 

Silicon. 

Si 

14 

28.06 

M etulloid 

Silver (argentum). 

Ag 

47 

107.880 

Metal 

Sodium (natrium). 

Na 

11 

22.997 

Metal 

Strontium. 

Sr 

38 

87.63 

Metal 

Sulfur. 

S 

16 

32.06 

Metalloid 

Tantalum.. 

Ta 

73 

181.4 

Metal 

Tellurium. 

Te 

52 

127.61 

Metalloid 

Terbium. 

Tb 

65 

159.2 

Metal 

Thallium. 

T1 

81 

204.39 

Metal 

Thorium. 

Th 

90 

232.12 

Metal 

Thulium. 

Tin 

69 

169.4 

Metal 

Tin (stannum). 

Sn 

50 

118.70 

Metal 

Titanium. 

I'i 

22 

47.90 

Metal 

Tungsten (wolfram). 

W 

74 

184.0 

Metal 

Uranium. 

U 

92 

238.14 

Metal 

Uranium-Xa (isotope of protoactinium) . 

UX 2 

91 

(234) 


Vanadium. 

V 

23 

50.95 

Metal 

Xenon. 

Xe 

54 

131.3 

j Inert gas 

Ytterbium. 

Vb 

70 

173.04 

Metal 

Yttrium. 

Y 

39 

88.92 

Metal 

Zinc. 

Zn 

30 

65.38 

Metal 

Zirconium. 

Zr 

40 

91.22 

Metal 


* Namea of the more abundant elements are in bold-face type. 


Molecules. The reactions of the elements are the result of the reactions of the con¬ 
stituent atoms. Combinations of atoms are known as molecules, which are the ultimate 
units obtained by physical division of compounds. Compounds are the products of the 
combination of two or more elements. The symljol H may be taken to represent either 
the element hydrogen or a single hydrogen atom. Similarly, O may represent either the 
element oxygen or a single oxygen atom. The formula H 2 O, which represents a molecule 
of water, indicates that such a molecule consists of two at^ms of hydrogen and one of 
oxygen. Atoms and elements are thus represented by symbols; molecules and com¬ 
pounds, by formulas. 
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Most of the gaseous elements, at ordinary temperatures, are diatomic, i.e., their 
molecules consist of two atoms. Thus we have the formulas: H 2 , O 2 , CI 2 , Br 2 , No, etc. 

Reactions. Formulas, representing' compositions, may be combined into chemical 
eguationa representing reactions. Thus 2 H 2 -f 02-^ 2 H 2 O. This is an abbreviated 
statement of the fact that two molecules of hydrogen may, under favorable conditions, 
react with one of oxygen to yield two molecules of water. The hydrogen and oxygen are 
called reoA^tants; the water is called the -product. It will be observed that the number of 
hydrogen and of oxygen atoms in the reactants is equal to the number in the product. 
The equation is then said to be balanced. All true equations must be balanced since matter 
can neither be created nor destroyed, in accordance with the La-w of Conservation of 
Matter. 


2. CHEMISTRY OF WATER 

A Molecule of Water, corresponding to the formula H^O, consists of two atoms of 
hydrogen with an atomic weight of 1.008 and one of oxygen wdth an atomic weight of If). 
The proportion of the constituent elements by weight is therefore approximately one- 
ninth hydrogen and eight-ninths oxygen. 

Water may be formed according to the reaction 2 H 2 + O 2 —> 2 H 2 O by the spontaneous 
reaction of hydrogen and oxygen in .a g.aseous mixture. The (combination occurs with 
explosive violence upon the application of a small spark or flame. Decomposition of 
water into its constituents can be accomplished only by the application of considerable 
energy by the passage of an electric current through the liquid. Pure hydrogen is then 
liberated at the cathode or negative electrode, while pure oxygtm gas is liberated at the 
anode or positive electrode. This is the reverse reaction of that of combination, in which 
r61es of reactants and products are interchanged. 

Decomposition. Certain very active metallic elements displace one of the two hydro¬ 
gen atoms in the water molecule. 

2Na -h 2H..O 2NaOH + H 2 I 

2K + 2 H 2 O 2KOH + H 2 I 

These elements, sodium and potassium, react with water very vigorously to liberate 
hydrogen. The jiroducts other than hydrogen are sodium hydroxide and potassium 
hydroxide, respectively. These dissolve and remain in solution in the excess of water. 
Other metallic elements such as liarium, calcium, magnesium, etc., displace hydrogen 
similarly from water, though loss vigorously in the order given. 

Other, less active, metals such as iron, displace hydrogen from water only when in the 
form of steam at high temperature. 

3Fe + 4 II 2 O FC 3 O 4 + 4 H 2 (2) 

In this case, an oxide, magnetic iron oxide, is formed. 

Hydroxides. Oxides of some of the metallic elements combine with water wdth gre.at 
avidity. The products are hydroxides. 

NaoO -f II 2 O —> 2N.a(5H (sodium hydroxide) 

K 2 O + II 2 O 2KOH (potassium hydroxide) 

CaO -f H,0 -> Ca(OH )2 (calcium hydroxide) 

BaO + H 2 O —> Ba(OII )2 (barium hydroxide) 

Hydrates. Many salts combine with w'atcr to form hydrated compounds. Thus 
CUSO 4 + 5H.>0 CUSO 4 -51120 1 

Al2(SO.03 + I 8 H 0 O Al2(S04)3-18H20 [ (4) 

CaCla + fdi^O CaCla-hHiO J 

Such compounds are called hydrates. The special method of writing their formulas is to 
be noted. It indicates that the water they contain is loosely bound and may l^e readily 
removed by the application of heat. Often the number of molecules of water which a 
hydrate contains depends upon the temperature of its formation and the availability of 
the water. At sufficiently high temperatures all are reduced to the anhydrous condition. 

Oxides of aluminum, iron, and the hea\’y metals are more stable and combine with 
water much less readily. 

Acids. Oxides of non-metallic elements also combine readily with water. The 
products are acids. 

NoOs + HjO —► 2 HNO 3 (nitric acid) 

P 2 O 6 + 3 II 2 O 2 H 3 PO 4 (phosphoric acid) 

SOa -f H 2 O —♦ H 2 SO 4 (sulfuric acid) 


(5) 
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3. VALENCE, IONIC DISSOCIATION, AND ATOMIC 
DISINTEGRATION 

Atomic Forces. Modern theory recognizes that the forces ^vhich bind atoms into 
molecules are electrical in character, and are the forces of attraction of unlike charges. 

Positive and Negative Valence. Atoms, or groups of atoms, which have a tendency 
to gain electrons are said to be acidic in character; atoms, or groups of atoms, which tend 
to lose elections arc said to be basic. The. non-met.als arc acidic, the metals basic. The 
numlier of elecdrons which a non-metal may gain is called its negative valence; the number 
of electrons wdiich a metallic, atom may lose is called its positive valence. 

Oxygen with a negative valence of two may combine with two atoms of hydrogen with 
a positive valence of one to form H^O. The nile is that the sum of the positive valences 
in a stiible inorganic substance must etiual the sum of the negative valences to give 
molecules which are electrically neutral. Thus in potassium dichromate, K 2 Cr 207 , 
potassium has a positive valence of one, chromium a positive valence of six, and oxygen a 
negative valence of two. The sum of the positive valences is 2X14-2X6=* 14; 
the sum of the negative valences is 7 X 2 = 14. In sulfuric acid, H 2 SO 4 , hydrogen has a 
positive valence of one, sulfur a positive valence of six, and oxygen a negative valence of 
two. The sum of the positive valences is2Xl-|-lX6«8, and the sum of the negative 
valences is 4 X 2 == 8 . In this way a knowledge of valence may \xi very helpful in the 
writing of formulas. 

Ions. Many inorganic compounds dissociate in aqueous solutions Into positive 
elements or groups of elements and an equal number of negative elements or groups of 
elements. The ultimate units of these dissociation products differ from ordinary atoms or 
groups of atoms in that they cjirry units of positive or of negative electricity; they are 
called ions. Such solutions are capable of conducting an electric current and show a 
number of other electrical manifestations which will be treated in the seiition on Kle<^tro- 
cheniistry. '.rhe subjecd- of ionic dissociation is very important for the reason that the 
jiroperties of these solutions are equivalent to the summation of the properties of the 
constituent ions, which serves to simplify their treatment very consideral>ly. 

Isotopes. Modern theory assumes that atoms consist merely of configurations of 
positive and negative electric charges and that their properties, and thus the properties 
of the elements, depend upon these configurations. The simplest of thesis is that of the 
hydrogen atom, w hile all the heavier atoms are supposed to consist merely of multiples of 
this fundamental atomic unit. This is confirmed by the observation that the atomic 
weights of most of the elements are approximately integers. Those which appear to 
deviate from this rule have, in many cases, been shown to be mixtures of two or more 
so-called isotopes whose atomic weights arc, in fact, integers. Isotopes are simply varia¬ 
tions of an element, identical in every property except in those depending upon their 
atomic weights. 

Many isotopes are known, anti more are constantly being discovered and isolated. 
Those of greatest present interest are of the element hydrogen, which has been found to 
contain three. Inasmuch as the atomic weights of isotopes differ by integral values, and 
since the atomic weight of the simplest and most abundant isotope of hydrogen has an 
atoraii; weight of approximately one, the second isotope is twice as heavy, so that here the 
differeiieo in behavior between isotopes is greatly accontuated. It is for this reason that 
so much interest has been dev^oted to this subject. The siicond hydrogen isotope is found 
in comparatively minute amounts accompanying the first; its concentration entails such 
a great amount of effort that it is, at present, very expensive. The third hydrogen isotope 
has not as yet been isolattid but is known to exist on the basis of evidence obtained from 
the so-called mass spectroscope. Efforts to effect its concentration have already met with 
considerable success. 

Heavy Water. The second hydrogen isotope combines with oxygen to form water 
having a molecular weight of 20 —so-called heavy water —as compared with 18 for ordinary 
water. This “ heavy water ” is actually present in small concentrations in natural waters 
and may be concentrated by selective decomposition such .as may be produced by elec¬ 
trolytic decomposition, a method which has been the subject of numerous refinements. 


Table IT. Formula for Different Waters 



Atomic Weight 
of Hydrogen 

Formula 

Atomic Weight 
of Water 

Ordinary water. 

1 

H 2 O 

18 



Heavy water. 

2 

DoO 

20 
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Radioactivity and Atomic Disintegration. Although the elements are ordinarily 
stable against decomposition, certain of the heavier ones change spontaneously. Thus 
the element radium changes gradually into lead accompanied by the emission of rays 
which are common to all radioactive substances. The so-called alpha-rays are known to 
be doubly charged atoms of helium, the beta-rays electrons, and the gamma-rays arc 
radiations similar to light but of much shorter wavelength. The alpha-rays are positively 
charged while the beta-rays arc negative, an observation which indicates that matter is 
fundamentally electrical in nature. 

The alpha- and beta-rays consist of material particles at high velocities. Similar rays 
have been artificially induced by purely electrical means. By the impact of such particles 
on otherwise stable atoms, elements have been transmuted, a feat which was long deemed 
impossible. 

4. ACIDS, BASES, AND SALTS 
Acids 

The Simplest Acids, and those which typify in many respects the properties of acids in 
general, are those of the halogen elements: fluorine, chlorine, bromine, and iodine in simple 
combination with hydrogen, represented by the formulas H 2 F 2 , HCl, HBr, and HI. The 
most common of these is HCl, known as hydrogen chloride or hydrochloric acid. This 
substance may be produced from its constituent elements by introducing a flame into a 
gaseous mixture of hydrogen and chlorine or by exposing the mixture to light. 

Hydrochloric Acid is very soluble in water, in which it undergoes ionic dissociation 
according to the following equation; 

HCl H+ 4- Cr (6) 

the positive and negative signs indicating electric charges. This reaction goes practically 
to completion, for which reason hydrochloric acid is known as a strong acid. 

The Acid Character of a Solution is due solely to the i)resence of hydrogen ions, H^. 
Perhaps the most characteristic and distinguishing property of solutions of acids is the 
sour taste which may be regarded as the taste of hydrogen ion. Hydrosulfuric aedd, or 
hydrogen sulfide, H 2 S, is an example of a very weak acid which dissociates only very 
slightly, and which manifests the properties of acids very sparingly. Other acids which 
are even weaker, and a great number of intermediate strength, are known. 

Sulfuric Acid is an example of an acid which may dissociate to furnish two hydrogen 
ions for each molecule. 

II 23 O 4 2H+ + SO 4 — (7) 

Tile SO4 group which furnishes the SO4 ion (doubly charged) is called a radical, and is 
bivalent. A radical is a group of atoms w'hich is found in a series of compounds and which 
gives them a characteristi(; ijroperty common to them all. Phosphoric acid, H3PO4, 
may furnish three hydrogen ions, and contains the trivalent radical PO4. 

Bases 

Sodium Hydroxide, together with other hydroxides, are called bases. They dissolve 
in water to yield alkalis, or alkaline solutions, ionizing as follows: 

NaOH Na+ + OH* (8) 

The monovalent radical Oil thus yields the OH~ ion which is as characteristic of 
alkalis as H^ is of acids and which gives alkaline solutions a soapy feel and an alkaline, 
or caustic taste. 

Calcium Hydroxide, Ca(OH) 2 , is an example of a base which may furnish two hydroxyl 
ions per molecule. Trivalent and higher bases are generally very insoluble, and are 
therefore only weakly alkaline. 

Neutralization 

If an acid solution, containing hydrogen ions, is mixed with an alkaline solution, con¬ 
taining hydroxyl ions, the two react with considerable evolution of heat. For the case 
of sodium hydroxide and hydrochloric acid, the following series of equations indicates the 
reaction: 

NaOH Na+ -h OH" 

4- 

HCl ?:± cr -b H+ (9) 


Thus the hydrogen and hydroxyl ions react to form water which is identical with the 
solvent. The solution thus contains only sodium, Na*^, and chloride. Cl", ions if the acid 
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and base are in equivalent proportions. Upon evaporating the solution, these ions com¬ 
bine to form solid, crystalline sodium chloride. 

Na**" + Cl~ —♦ NaCl (common salti> (10) 

If only the initial reactants and the final product are considered, omitting the ionic inter¬ 
mediates, we have 

NaOH + HCl NaCl + H 2 O (11) 

This molecular equation is the more concise, and is generally used for that reason. The 
ionic equations, however, indicate the true course of the reaction. 

This process is called neutralization for the reason that the acid and basic properties 
truly neutralize one another unless there is an excess of one or another of the reactants, in 
which cases the neutralization is only partial. The acid and the base owe their properties 
to hydrogen and to hydroxyl ions, neither of which are present in the resulting salt typified 
by sodium chloride. A large number of salts are known, some of which will be discussed 
below. 

Calcium hydroxide, Ca(OH) 2 , each molecule of which is capable of neutralizing two 
of HCl, is known as a diacid base. Similarly aluminum hydroxide, Al(OH) 3 , ia a triacid 
base, etc. Sulfuric acid, H 2 SO 4 , is a dibasic acid, while phosphoric acid, H 3 PO 4 , is a 
tribasic acid. 

Reversibility 

Many reactions of chemistry are reversible, i.e., the products may l^ecome reactants 
so that the process moves backwards. Equilibrium will bo attained when the forward 
and backward reactions progress at the same rate so that the proportions of the substances 
involved do not change with time. In the ionization of hydro.gen sulfide to hydrogen 
and hydrosulfidc ions. 

H 2 S ±qf 11+ + HS- (12) 

the double arrow indicates the reversibility. The tendency to react in the forward 
direction will be proportional to the concentration of H 2 S; the tendency to move back¬ 
wards will be proportional to the concentration of H+ and also proportional to the con¬ 
centration of HS”. Thus we have: 

Forward tendency =» Ki (II 2 S) (12a) 

Backward timdency = Ki (II+)(HS”) (126) 


where the parentheses indicate numerical concentration of the substances included therein 
in any convenient units. For convenience in calculations of this sort the unit generally 
employed is the mol per liter. The mol is simply the molecular weight expressed in 
grams. For example, a mol of hydrogen (H 2 ) gas would be 2 grams; a mol of oxygen (O 2 ) 
gas 32 grams. A mol of any substance contains 6.06 X 10 “® molecules, so that it is a 
practical unit proportional to the number of molecules. 

At equilibrium the forward and backward tendencies in the above equation must be 
equated. 

Az (H+)(HS)” 1 

(H+)(nS-) K, ^ [ ( 13 ) 

(HjS) A', J 

where Kiss, constant known as the dissociation constant. If this constant is determined 
experimentally we have a mathematical equation from which we may determine the con¬ 
centrations of reactants or products under any given conditions. This is an example of 
the so-called Law of Mass Action. 

The second stage in the ionization involves the reaction: 

HS” 1 =? 11+ -h S" (14) 

from which the equilibrium equation 15, may be derived: 




(HS-) 

By multiplying equation 13 by equation 15 
(H+)2(S-') 


(H 2 S) 


- KK' = J?" 


( 16 ) 


which is the equation for the complete ionization 

H 2 St:? 2 H+-f S- (17) 

Thus it is seen that the factors which affect, and the equations which represent, a chemical 
equilibrium are independent of other intermediate equilibria. Equation 16 indicates, 
among other things, that the ionization of a typical weak acid, hydrogen sulfide, is repressed 
by increasing (H+) through introduction of a strong acid such as HCl. 
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Hydrolysis 

An important application of these principles is in the hydrolysis of certain salt solutions. 
To illustrate, a solution of sodium sulfide, Na 2 S, will ionize to 2Na‘^ + S . Water also 
dissociates very slightly into hydrogen and hydroxyl ions. 

-f OH- (18) 

The equation which describes this dissociation quantitatively is similar in form to that of 
the dissociation of hydrogen sulfide. 


(H+)(OH-) 


= ^H20 


(19) 


(H 2 O) 

In fairly dilute solutions the concentration of the water (H 2 O) does not change appreciably 
in percentage with small variations in the concentrations of dissolved substances so that 
it is usual to assume that it is a constant. The above then becomes 


(H+)(OH-) = K'mo = 10-’^ numerically (19a) 

The hydrogen ions formed by the dissociation of the w'ater may combine with the sulfidti 
ions of the sodium s\ilfide to foim hydrosulfide ions described above. The equation for 
the equilibrium which may thus be established is 

^ = A"hs- = 1.2 X 10-“ (20) 


Combining the two e(iuations we have 


(OII-)(HS-) Ah20 _ 

(S-) -AW"®-® 

which is the dissociation equation for the reaction 

S— + H 2 O HS- + OH- 


or as a mole(?ular equation 

NazS H- H 2 O NaHS + NaOH 


( 21 ) 

( 22 ) 


This reaction is the reverse of neutralization, and is called hydrolysis. It represents the 
dissociation of a salt to an acid (or acid salt) and a base. Only salts formed from a weak 
acid, or a weak base, or both, hydrolyze appreciably. A salt of a weak acid and a strong 
base hydrolyzes to an alkaline solution; a salt of a strong acid and a weak base hydrolyzes 
to an acid solution. 

and Acidity 

The equation for the dissociation of water 

(H+)(OH-) = Aion = 10-1* (23) 

exprtissos the interdependence of hydrogen- and hydroxyl-ion concentrations in aqueous 
solutions. These vary over such a wide range that their logarithms rather than their 
absolute values are employed. Taking logarithms of lioth sides. 

-log (H+) -log (OH-) = 14 (24) 

The negative logarithm of hydrogen-ion concentration, —log (H"^), is called the pH and 
is a measure of acidity. The lower the pH the higher is the acidity or the lower the 
alkalinity. If the pH is 7 the hydrogen- and hydroxyl-ion concentrations are equal and 
the solution is neutral. This is the case in pure water or in solutions of neutral salts 
which do not hydrolyze appreciably. Solutions having a 7 >H lower than 7 are acid; 
those having a 7 >H higher than 7 are alkaline. As an example, a hydrogen-ion concentra¬ 
tion of 10“'’ mol per liter corresponds to a pH of 5. The ydl of a solution may be measured 
by certain organic indicators which change in color according to the acidity or alkalinity; 
also by means of certain electrode potential methods and others of lesser importance. 


6. SOLUTIONS AND RULES FOR SOLUBILITY 
SolubHity and Saturation 

The above treatment is valid only for weak acids. Similar equations will now be 
derived which are quantitatively valid only for difficultly soluble salts. 

Calcium sulfate, (CaSOi), in contact with water will dissolve according to the following 
equation: 

Solid CaS 04 ^ Ca++ + SO 4 — (25) 

The reversibility of the reaction indicates that the dissolved salt tends to precipitate back 
to the solid phase. At equilibrium the two tendencies will be equal and the solution will 
then be said to be saturated with respect to the salt. 
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Table III. Solubilities of Certain Salts in Water at 18° (Professor Alexander Smith)* 



K 

Na 

Li 

Ag 

Ba 

Sr 

Ca 

Mg 

Zn 

Pb 

n 1 

32.95 

35.86 

77.79 

O.O3I6 

37.24 

51.09 

73.19 

55.81 

203.9 

1.49 


3.9 

5.42 

13.3 

O.O4IO 

1.7 

3.0 

5.4 

5.1 

9.2 

0.05 


65.86 

88.76 

168.7 

O.O4I 

103.6 

96.52 

143.3 

103.1 

478.2 

0.598 

nr 1 

4.6 

6.9 

12.6 

0.066 

2.9 

3.4 

5.2 

4.6 

9.8 

0.02 


137.5 

177.9 

161.5 

0.0635 

201.4 

169.2 

200 0 

148.2 

419.0 

0.08 

^ 1 

6.0 

8.1 

8.5 

O.O7I 

3.8 

3 9 

4.8 

4.1 

6.9 

O.O22 

F \ 

92.56 

4 44 

0.27 

195.4 

0.16 

0.012 

0 0016 

0 0076 

0.005 

0.07 


12.4 

1.06 

0.11 

13.5 

0.0292 

0.001 

O.O32 

O.O2I4 

0.085 

0.003 

\ro. 1 

30.34 

83.97 

71.43 

213.4 

8.74 

66 27 

121.8 

74.31 

117.8 

51.66 


2.6 i 

7.4 

7.3 

8.4 

0.33 

2.7 

5.2 

4.0 

4 7 

1.4 


6.6 

97.16 

313.4 

12.25 

35.42 

174.9 

179.3 

126.4 

183.9 

150.6 


0.52 

6 4 

15.3 

0.6 

1.1 

4.6 

5.3 

4,7 

5.3 

3.16 

UrOn 1 

6.38 

36.67 

152.5 

0.59 

0.8 

30 0 

85.17 

42.86 

58.43 

1.3 


0.38 

2.2 

8.20 

0.025 

0.02 

0.9 

2.3 

1.5 

1.8 

0.03 

10- 1 

7.62 

8.33 

80.43 

0.004 

0.05 

0.25 

0.25 

6.87 

0 83 

0 002 


0.35 

0.4 

3.84 

O.O3I4 

0.001 

0 0257 

0.007 

0.26 

0 02 

0 043 

on { 

142.9 

116.4 

12.04 

0.01 

3.7 

0.77 

0 17 

0 001 

O.O45 

0 01 

18.0 

21.0 

5.0 

0.001 

0.22 

0 063 

0.02 

O.O32 

0 O45 

0.084 

S().I 1 

11.11 

16.83 

35.64 

0.55 

O.O323 

[ o.on 

0.20 

35 43 

1 53.12 

0.0041 

i?U4 1 

0.62 

1.15 

2.8 

0.020 

O.O4IO 

O.O36 

0 013 

2.8 

3.1 

0 0813 

r'rO;! < 

63.1 

61.21 

111.6 

0.0025 

O.O338 

0.12 

0.4 

73 0 


d Oil 


2.7 

3.30 

6.5 

O.O3I5 

! O.O4I5 

0.006 

0.03 

4.3 


0.065 


30.27 

3.34 

7.22 

0.0035 

: 0.0086 

0.0046 

O.O356 

0 03 

O.O36 

0.0815 

V 2'''4 1 

1.6 

0.24 

0.69 

O.O32 

O.O338 

0.0.326 

0 O443 

0.0027 

0 0;4 

0 065 

('()- 1 

108.0 

19.39 

1.3 

0.003 

0 0023 

0.0011 

0.0013 

0 1 

0 004? 

O.O3I 

'■ '-'3 i 

5.9 

18 

0 17 

0 O3I 

0 O3II 

0 O47 

0 O3I3 

0 01 

OO33? 

0 O43 


* Previously published in Mining Engineers’ Handbook, by Robert Peelc. 

The upper figure of each pair is the number of grains of the anhydrous salt held in solution by 
100 cc of water; the lower is the molar solubility, i.e., the number of rnols (molecular weight ex¬ 
pressed as grams) contained in 1 liter of saturated solution. The numbers for small solubilities 
iiave been abbreviated; thus 0.064 — 0.(MK)0004. 

Solubility Product 

It may be assumed that the tendency of solid calcium sulfate to pass into solution as 
calcium and sulfate ions is constant, sima? it depends only upon t.he (character of the solid 
salt. The reverse tendency to precipitate solid calcium sulfate from the solution may be 
assumed to be proportional to the concentrations of the ions taking part in the reaction. 
Thus 

CaS 04 —> C)a^‘^ + SO 4 Forward tendency = iCi a constant 

Ca'‘ + SO 4 CaS 04 Backward tendency = Kz (Ca"‘^'^)(S 04 ) (26) 

When the solution is saturated with (uilcium sulfate the reaction is in a state of equi¬ 
librium, and we may equate the two, obtaining 

Ai = K2(Ca++)(S04—) (27) 

or (Ca++)(S 04 — ) = A'l/A'z = A'boI = 2.25 X lO”* 

where Ksoi is called the solubility product constant. 

The constancy of the product of the two ion concentrations at equilibrium would 
indicate, for example, that calcium sulfate would l)o considerably less soluble in sodium 
sulfate solution than in pure water sincie an increase in (SO4 ) must bo accompanied by 
a decrease in (Ca"^"^). 

r or the case of the soluliility of calcium sulfate in pure water it will be noted that each 
mole(;uIe of salt that dissolves yields an ion of calcium and an ion of sulfate. Hence the 
calciurn-ion concentration expressed in mols per liter (Ca"*’^) must be equal to the sol¬ 
ubility of the salt in mols per liter. The same applies to the sulfate-ion concentration. 
The solubility-product constant is therefore equal to the square of the solubility in mole 
per liter for the simple type of salt exemplified by calcium sulfate. 

Solubilities arc generally expressed in grams per liter or grams per 100 grams of water. 
Tor purposes of calculations of (complex solubility relations these should always be con¬ 
verted to molttl units as will be explained in greater detail under the title Chemical 
Calculations. (Sec p, 10-10.) 


Precipitation 

If a solution contains ions of a salt and the product of their concentrations in mols 
per liter exceeds the solubility product as calculated, precipitation must occur until 
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finally the product of the concentrations of the ions which remain equals the computed 
constant. It has been shown that the solubility product of calcium sulfate 

(Ca++)(S 04 -“) = KboI = 2.25 X 10 *-^ (28) 

We now ask what will be the amount of calcium sulfate precipitated per liter of solution 
upon the addition of sulfuric acid sufficient to produce a concentration of 0.1 M (0.1 mol 
per liter). 

Since the quantity of sulfuric acid is large compared with the small amount of calciuir. 
sulfate present, we may assume that the sulfate-ion concentration is 0.1 (SO 4 ). Sub¬ 
stituting this value in the above equation we find that the concentration of calcium ion 
after precipitation is 2.25 X 10~^/0.1, or 2.25 X 10“® mol per liter. The amount present 
in a saturated solution in pure water is 1.5 X 10“2mol per liter, as shown in Table III. 
The amount precipitated is therefore the difference of the two, or 0.015 — 0.0000225, 
which is equal to 0.0149775, so that all but a very small quantity of the salt is precipitated 
by the sulfuric acid. 

It sometimes happens that, owing to complex ion formation, the true ion concentra¬ 
tions are difficult to compute. Another difficulty may arise in the application of the 
principle to very soluble salts, in which case it may not be truly valid. Finally it is to bo 
observed that in some cases a precipitate may be formed in a colloidal state so that it may 
not be observed, the solution remaining clear. These difficulties do not, however, destroy 
the usefulness of the method, which may constitute an important tool in the calculation 
of solubilities of salts in solutions of specified comi)osition. 

6. CHEMICAL CALCULATIONS 

Percentage Composition by Weight. In Table IV the molecular weight of calcium 
phosphate, Ca 3 (P 04 ) 2 , is given as 310.28. With the atomic weights given in Table I, 
the percentage composition of the compound may be calculated as follows: 


Ca. 3 X 40.08 310.28 = 38.7% 

P. 2X 31.02 -h 310.28 = 20.0% 

O. 2 X 4 X 16 -i- 310.28 = 41.3% 


100 . 0 % 

To Determine the Formula from Analysis, divide the percentage of each element by 
its atomic weight and determine che lowest integer ratios between the quotients. Thus, 
in the above example, 

38.7 . 20.0 41.3 _ 3 . . . g 

40.08 ‘ 31,02 '16 

Computations from analysis will not always work out with mathematical precision. 
Elements, however, always combine in simple proportions represented by whole numbers. 

To Determine the Weight of a Substance Consumed or Produced in a Reaction. 
The unit of mass used in cliemical calculations is the mol. If the data of the problem are 
specified in grams, the gram-mol is the jjroper unit. This is equal to the molecular weight 
in grams. Given ^ grams of a substance, this will be equivalent to Ji/M gram-mols, 
where M is the molecular weight. 

Example. A high-grade phosidiate rock containing phosphate equivalent to 85 per 
cent of “ bone phosphate,” Ca 3 (P 04 ) 2 , is treated with an excess of sulfuric acid which 
converts 95 per cent of the phosphate to phosphoric acid. How much phosphoric acid 
would be produced from 100 grams of rock? The reaction (for purposes of calculation) is 
Ca 3 (P 04)2 -f 3 H 2 SO 4 2 H 3 PO 4 + 3 CaS 04 

The balanced equation shows that one mol of calcium phosphate may bo converted to 
two mols of phosphoric acid. One hundred gram** of rock contain 100 X 0.85 X 0.95 = 
80.75 grams of converted Ca 3 (P 04 ) 2 . 

Molecular weight of Ca 3 (P 04)2 is 310.28. 

80.75/310.28 = 0.260 mol of Ca 3 (P 04)2 yielding 0.260 X 2 == 0.52 mol of H3PO4 of 
molecular weight 98.06, which is equivalent to 0.520 X 98.06 = 51.0 grams of phosphoric 
acid. 

Thus 100 grams of rock will be converted to 51.0 grams of phosphoric acid. The 
units used are immaterial. Thus 100 lb of rock w-ould yield 51 0 lb of acid, and 100 tons 
would yield 51.0 tons. For convenience in industrial calculations, the pound-mol or 
molecular weight in pounds is often used instead of the gram-mol The principles involved 
are the same. 

Gas Calculations. (Sec also Art. 16, Chemistry of Gases.) The weight of a unit 
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volume of a perfect gas varies directly 
temperature. 

V)1 

— a 
11)2 


as the pressure and inversely as the absolute 

•ftxll 


Table IV. Composition, etc., of More Important Industrial Compounds* 


Name 

Formula 

Mol wt 

Spgr 

Name 

Formula 

Molwt 

Spgr 

Acetic acid. 

HCsIIaOa 

60.03 

1.06 

Magnesium carbonate.. 

MgC^Os 

84.32 

3.04 

Alcohol (grain). 

C-iHa-OH 

46.05 

0.785 

“ sulf (epsom salt) 

MgS04-7 H 2 O 

246.50 

1.68 


CHa-OH 

32 03 

0 791 


MnOa 

86.93 

5.03 

Alumina. 

AI 2 O 3 

102.2 

3.86 

Mercuric chloi (eorro- 

Alum, ammonium. 

Al2(S04)3- 

906.95 

1 64 


HgCIo 

271 52 

5 40 


(NHi),>S04- 



Nitric acid. 

m(h 

63.02 

1.53 


24 IloO 

i 


Phosphoric acid. 


80.05 

2.30 

“ , potassium. 

Al2(S()4)8- ! 

949.06 

1.76 

Potassium carbonate 

Kit Or 

174.23 

2.04 


K2S04-24H20 



(iKitash) 

2 H 2 O 




NH 4 OH 

35 03 

0 ^ 

Potassium chlorate. 

KClOs 

122,)6 

2 34 

Am chlor (sal-ammoniac) 

NH 4 CI 

53.50 

1.52 

“ chloride. 

Kt'l ” 

74.56 

1.99 

Ammonium nitrate. 

NH 4 NO;, 

80.05 

1.73 

“ chromate,.,. 

K2(>()4 

194.20 

2.73 

‘ * sulfate. 

(NH4)2S04 

132.14 

1.77 

“ cyanide. 

KC'N 

65.11 

1.52 

Arsenious oxide (white 




“ fcrricyanidc 

K3Fe((’:N)B 

329.20 

1.81 

arsenic). 

As 40(5 

395.84 

3.74 

“ ferrocyanide 

KjFefCNe)- 

422.35 

1.85 

Barium carbonate. 

Ba (-03 

197.37 

4.27 


3 H 2 O 



“ Bulf (biano fixe).j 

BaS ()4 

233.44 

4.40 

“ hydroxide 

KOH 

56.11 

2.04 

Boric acid. 

H 3 BO 3 

62 02 

1.43 

(caustic ixitash) 




C^alcium acetate (ucet of 

Ca(C2U302)2' 

176.13 


“ nitrate (salt- 

, KNO 3 

101.11 

2.10 

lime) 

H 2 O 



IHiter) 




Calcium carbide. 

CaC 2 

64.07 

2.22 

“ jiermauganatc 

KMn04 

158.03 

2 70 

“ carbonate. 

CaCOs 

100.07 

2.85 

“ sulfate. 

K2^^^4 

174.27 

2.66 

“ oxide (quicklime) 

(^aO 

56.07 

3.30 

Silver nitrate (lunar 




‘ ‘ hydroxide 

Ca(OH )2 

74.09 

2.08 

caastie). 

AgNOa 

169.89 

4.35 

“ (slaked lime) 




Sodium Ixirate (Ixirax).. 

Na2B407- 

382.16 

1.69 

‘ ‘ phosphate 

Ca3(P04)2 

310.28 

3.18 


IOH 2 O 



(phos of lime) 




“ carl»onate (soda) 

Na 2 ( ’O 3 

106.00 

2.47 

" sulf (anhydrite) 

CaS ()4 

136.13 

2.96 

“ bicarbonate., . 

NallCOs 

84.01 

2.20 

Calcium sulf (gypsum) - - 

CaS 04-21120 

172.17 

2.32 

“ chloride (salt)., 

NaCl 

58.46 

2.17 

** (plaster iwiris) 

CaS 04 -l/ 2 H 20 

145.14 


“ cyanide. 

Na(’N 

49.01 


Carlx)ri tetrachloride.... 

CCI 4 

153.84 

1.58 

“ hydroxide 

NaOH 

40.01 

2.13 

“ disulfide. 

CS 2 

76.14 

1.29 

(caustic soda) 




Cupric arsenite (paris 




“ nitrate? (Chile 

NaNOa 

85.01 

2.27 

green). 

CuHAsOa 

187.54 


saltfx-ter) 




Cupric oxide. 

CuO 

79.57 

6 37 

“ silicate, (water 

Na2Si4C))) 

303.20 


‘ ‘ sulfate (bluestone) 

CuS04-5H20 

249.72 

2.28 

glass) 



Ferric oxide. 

l'\i203 

159.68 

5.18 

“ sulfate 

Na 2 S 04 • 

268.18 


Ferrous oxide. . 

Feb 

71.84 


(GiaiilHT salts) 

1 7 H 2 O 



’ ‘ sulf (copfieras).. 

FeS 04 -71120 

278.02 

1.90 

“ Bulfib?. 

Na2S03-7H?0 

252.18 

1.59 

Hydrochloric acid. 

HCl 

36.47 1 


“ thiosulfate. 

NaavSsOs-SHoO 

248.22 

1.73 

Hydrogen periiYidi* 

H 2 O 2 

34.02 


Sulfur dioxide. 

S ()2 

64.07 


l.cad acetate (sugar of 

PIj(C2H302)2- 


2.50 

Sulfuric acid. 

H 2 S ()4 

98.09 


lead) 

3 H 2 O 

379.20 j 


Tartaric acid. 

H2<UH406 

150.05 

1.75 

Lead carbonate (white 

2 PbC 03 - 

775.31 


Tin chloride. 

SnC:i4 

260.84 

2.28 

lead) 

Pb(0H)2 



Vanadium oxide. 

V..06 

182.00 

3.36 

Lead monoxide (litharge) 

PbO 

223.10 ^ 

9.37 

Zinc chloride. 

ZnClo 

136,29 

2.91 

oxide (red lead)... 

Pb304 

685.30 

9.10 

“ oxide (zinc white). 

ZnO 

81.37 

5.78 

sulfate. 

PbS04 

303.17 

6.23 

“ sulfate. 

ZnS 04-7 HoO 

287 55 

1.97 


♦ Previously published in Mining Engineers’ Handbook, by Rob(?rt Peelc. 


Table V. Weights of Common Gases 


Name 

Chemical 

Symbol 

Relative 

Weight 

Air - 1 

At 760 mm 
Hg, 0° C; 
kg per cu m 

At 29.92 in. 
Hg. 32‘» F; 
lb per cu ft 

Air. 

0 -f 4N 

1.00000 

1.2932 

0.08072 

Oxygen. 

0 

1.1056 

1.4298 

0.0893 

Hydrogen.. 

H 

0.06926 

0.08957 

0.005592 

Nitrogen. 

N 

0.97137 

1.25615 

0.07841 

Carbon monoxide. 

CO 

0.9569 

1.2344 

0.07706 

Carbon dioxide. 

CO 2 

1.52901 1 

1.9774 

0.1234 

Methane. 

CH4 

0.559 

0.727 

0.04539 

Sulfuretted hydrogen. 

H 2 S 

1.177 

1.522 

0.09501 

Ammonia. 

NH* 

0.5967 

0.7697 

0.04805 
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The volume of a given weight of gas varies inversely as the pressure and directly as 
the absolute temperature in accordance with the law. 

pV = nUT (30) 

where p is the pressure, V is the volume, n is the nmnber of mols, R is the gas law constant 
and T is the absolute temperature. 

Example. If 1000 cu ft of air at 25 deg cent and 14.7 11) per sq in. of pressure are 
compressed to 50 lb per sq in. and heated to 350 deg cent, what will be the volume occupied? 

For use in gas calculations, the temperatures must lie converted to the absolute scale 
by addition of 273.2. Thus 25 deg cent is equivalent to 298.2 deg abs, while 350 deg cent 
is equivalent to 623.2 deg abs. From equation 30, 


V2 


nii Ti P 2 


623.2 1^ 

298.2 ^ 50 ^ 


1000 = 614.4 cu ft 


INDUSTRIAL CHEMISTRY 


It is useful, in discussing the compounds of the elements, to make systematic classi¬ 
fication into certain families the members of which show many similarities. The following 
groups of elements will be discussed (hydrogen and oxygen have already been considered): 

1. The alkali metals, sodium, potassium, lithium, cesium, and rubidium. 

2 . The alkali earth metals, calcium, strontium, and barium. 

3. Magnesium, zinc, cadmium, and mercury. 

4. Copper, silver, and gold. 

5. Rhodium, rhuthenium, platinum, palladium, osmium, and iridium. 

6 . Aluminum. 

7. Iron, nickel, and cobalt. 

8 . Chromium and manganese. 

9. Lead, tin, and titanium. 

10. Nitrogen, phosphorus, arsenic, antimony, and bismuth. 

11 . The halogens: chlorine, bromine, iodine, and fluorine. 

12. Sulfur, selenium, and tellurium. 

13. Carbon, boron, and silicon. 

Only those substances and reactions which are of industrial importance, or w^hich 
throw a useful light on industrial processes, are treated. ’^I’he formulas for the various salts 
are included. Those formulas show the water of hydration contained in the materials as 
they arc usually shipped and marketed. 3'he formulas of minerals are the nominal for¬ 
mulas generally acceiited and do not indicate small quantities of elements considered 
“ impurities.” 


7. THE AI^KALI METALS 
Sodium 

The most abundant of the alkali metals is sodium, which is found as the chloride, 
sulfate, nitrate, and carbonate in commercial deposits. 

Sodium Chloride (NaCl), or common salt, is obtained as the mineral halite or as a 
constituent ornatural brines. It is, directly or indirectly, the starting material for almost 
all industrial chemicals which contain sodium or chlorine. 

Sodium Sulfate (Na 2 S() 4 ) is obtained from the minerals mirabilite and glauberite. 
but chiefly as a by-product from the manufacture of hydrochloric acid. By heating 
concentrated sulfuric acid with sodium chloride a reaction takes place in two stages. 

H,S 04 + NaCl NaHS 04 + HGl (1) 

The sodium bisulfate thus formed then reacts wdth additional sodium chloride to 
produce more hydrochloric acid and sodium sulfate. 

NaHS 04 4- NaCl -> Na 2 S 04 + HCl (2) 

Sodium Bisulfate (NaHS 04 ) is an intermediate product in the formation of sulfuric 
acid. Commercially, the most important source is from the manufacture of nitric acid 
from soda niter, which is treated with sulfuric acid and heated to distil the nitric acid 
which is formed. 

NaNOa + H 2 SO 4 NaHS 04 + HNO 3 (3) 

Unlike the reaction for the manufacture of hydrochloric acid, this reaction stops at the 
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bisulfate stage so that large quantities of sodium bisulfate, called niter cake, are produced 
as a by-product, and may be used to manufacture hydrochloric acid from sodium chloride. 

Sodium bisulfatc is an example of an acid salt which may be formed from a jiolybasic 
acid by jiartial neutralization so that the metallic element replaces only a part of the avail¬ 
able hydrogen. 

Sodium Bicarbonate (NaHCOa) along with sodium carbonate occurs in soil and in 
certain lakes. It is made industrially by the Solvay process, in whic^h a solution of sodium 
chloride is saturated w'ith ammonia and carbon dioxide gases. The ammonia and carbon 
dioxide form ammonium bicarbonate which ionizes. 


NallCOa + NH4CI 


(4) 


NH3 + CO2 -f H2O NH4+ + IlCOa-l 
NaCl -> Na-* -r Cl" j 
We have thus a solution containing four ions. On cooling, sodium bicarbonate, which is 
the least soluble salt which might be formed, precipitates out. Ammonium chloride, 
NH4CI, may then be obtained by evai>oration of the solution and sold as sal ammoniac. 
Sodium Carbonate (NaoCOa) is obtained by heating the bicarbonate. 

2 NaIIC 03 NaaCOa + CO 2 + H 2 O (5) 

Sodium carbonate is the salt of a strong base and a w'oak acid, so that its solut.ions are 
moderately strongly alkaline and it is useful wherever a cheap, moderately strong alkali 
is needed. Solutions of the bicarbonate are w'cakly alkaline. 

Disodium Phosphate (Na 2 HI* 04 -I 2 II 2 O) is manufacitured in a way which will cxem- 
lilify this use of sodium carbonate. A solution of phosphoric acid is partially neutralized 
to form an acid salt. 


H3r04 + Na^COa -> Na2HP04 d CO 2 + H 2 O (6) 

Disodium Phosphate hydredyzes fo some extent in solution and is slightly alkaline. 
It ia used extensively in the textile industry. 

Trisodium Phosphate (Na 3 P ()4 * I 2 H 2 O) is strongly .m 1 kali no and can be formed only 
by the action of a strong alkali, caustic soda, on a solution of disodium phosphate. 

Na 2 lIP 04 -h NaOH Na 3 P 04 + H 2 O (7) 

Sodium Hydroxide (NaOH), or caustic soda, is made commercially by suspending 
slaked lime in a solution of sodium carbonate. 


NaaCOa + Ca(OH )2 CiiCCh + 2 NaOH ( 8 ) 

The calcium carbonate is less soluble than the lime so that the reaction goes almost to 
completion. The precipitate is filtered, and the solution evaporated to give solid sodium 
hydroxide. The electrolytic process for m.aking caustic soda will lie discussed under 
Electrochemistry. 

Sodium Nitrate (NaNOs), called soda niter or saltpeter, is found in deposits in Chile. 
It is used for the manufacture of nitric acid and niter. 

Sodium salts, as well as the salts of the other alkali metals, are strongly ionized in 
solution. The metfil ions of this family arc colorless and very stable? in aqucjous solutions 
so that the properties of these solutions are primarily those? of the non-motallic ion or ions. 
These metals show a valence of unity in all their compounels. 

The metals themselves are of very low density and have a lirilliant metallic luster 
when a fresh surface is cut. They form compounds with all the non-metals and react 
with most of the elements spontaneously as well as with many compounds. They oxidize 
readily in the air to form the oxides Na 20 , K 2 O, etc., and must therefore he kept under 
mineral oils. They ignite in the atmosphere to form peroxides such as Na 202 . This 
I>eroxide appears to violate the rules of valence, but it is lielieved to have a structure 
Na—O—0—Na, the oxygen atoms being joined, and thus canceling two of their available 
valences. Compounds of this kind are not generally very stable, except organic com¬ 
pounds, which belong to another realm of chemistry. 


Potassium 

Potassium is widely distributed in nature, particularly in the form of silicates, ortho- 
clase, muscovite (mica), and leucite, and the products of their decomposition such as the 
clays. 

Commercial deposits are comparatively few. In certsin localities such as Stassfurt, 
Germany, there has been a deposition from sea w'.ater together with sodium and mag¬ 
nesium, in the minerals carnallite, kainite, and sylvite. Limited deposits of niter are 
found in Chile and elsewhere. Other sources are alunite and certain brines. 

Potassium Chloride (KCl) is obtained from sylvite (KCl), carnallite (KCl*MgCJ 2 * 
6 H 2 O), and kainite (KCl •MgS 04 - 31120 ). It is used as a source of other potassium 
compounds. 
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Potassium Nitrate (KNO*) is manufactured from the chloride by reaction with sodium 
nitrate. The two salts are dissolved to saturation, and the solution cooled. Under the 
conditions, potassium nitrate is the least soluble combination of the four ions, and crystal¬ 
lizes out. 

It is an important constituent of fertilizers, supplying both the potassium and the 
nitrate which are important plant foods. It is also used as a constituent of gunpowder. 

Potassium Carbonate (KCO 3 ) is similar to sodium carbonate, and is made by the 
leaching of the ash residues of plants such as kelp. 

Potassium Hydroxide (KOH) is made by a process similar to that of the manufacture 
of sodium carbonate. It is similar in its properties to sodium hydroxide and is seldom 
used because of its greater cost. 

Potassium Sulfate (K2SO4) is obtained from the minerals kalinitc (KA 1 (S 04 ) 2 -H,. 0 ), 
and alunite |K[A 1 ( 0 H 2 )] 3 (S 04 ) 2 - 3 H 20 |. It is useful as a constituent of fertilizers. 

Lithium, Cesium, and Rubidium 

The Other Alkali Metals are found only in very limited deposits and are of minor 
importance. 

8. THE ALKALI EARTH METALS—CALCIUM, STRONTIUM, 
AND BARIUM 

Calcium 

Calcium salts arc widely distributed in nature. The most important source is lime¬ 
stone, which is composed (;hiefiy of the mineral calcito. 

Calcium Oxide (CaO), or (juicklimc, is produced by heating limestone (CaCOs) in 
vertical kilns. 

CaCOa CaO -f CO 2 (9) 

It is a white, amorphous solid which reacts vigorously with water to form calcium hydrox¬ 
ide [Ca(OH) 2 l, or slaked lime. Thus 

CaO -1- H 2 O Ca(OH )2 (10) 

This reaction is used in the making of mortar. In the setting of mortar there is an evapora¬ 
tion of water and a reaction with the carbon dioxide of the air. 

Ca(OH )2 + CO 2 CaCOs + H 2 O (11) 

The calcium carbonate sets to a solid mass. 

Calcium hydroxide is soluble in water to a very limited extent. More concentrated 
mixes are prepared by meidianically suspending excess lime in a saturated solution. 
Such a preparation is called milk of lime. This is the cheapest alkali and one that finds 
considerable application. 

Calcium Sulfate (CaS 04 ' 2 H 20 ) is widely distributed in nature as the mineral gypsum. 
When gypsum is heated at 150 deg cent it is converted to plaster of paris. 

2CaS04• 2 H 2 O t::; (CaS04)2• H 2 O + SllaO (12) 

When water is added to jjilaster of purls, gypsum is formed by hydration, a reversal of the 
above reaction, while the paste dries and expands slightly, thus filling in the details of 
casts as it sets to a hard mass. 

Calcium Hypochlorite (CaOCli), or chloride of lime, is prepared by passing chlorine 
gas over slaked lime. 

Ca(OH )2 + CI 2 CaOCla + H 2 O (13) 

The reaction is reversible so that chloride of lime, otherwise known as bleaching powder, 
is used as source of frin; chlorine, which is an active bleaching agent. 

Calcium Bicarbonate [Ca(H 003 ) 2 ! is formed by treating a suspension of the highly 
insoluble carbonate in water with carbon dioxide. The bicarbonate is very soluble, and 
the above reaction explains its presence in natural waters which flow over limestone 
deposits. 

CaCOa + CO 2 -f H 2 O Ca(HC 03)2 (14) 

When a solution of the bicarbonate is boiled, carbon dioxide is driven off and the above 
reaction is reversed. 

Temporary Hardness in water is due to the presence of considerable amounts of cal¬ 
cium and magnesium bicarbonates. These react with soaps, which are the sodium and 
potassium salts of certain organic acids, to give insoluble calcium and magnesium salts 
which will not produce the desired suds nor have the desired cleansing properties. Tempor¬ 
ary hardness may be removed, as has been noted, by simple boiling which precipitates the 
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insoluble carbonates (hence temporary) or, more conveniently, by treating the water with 
an alkaline substance such as liihe or caustic soda, 

Ca(HC08)2 + Ca(OH )2 2CaC08 + 2 H 2 O 
Ca(HC 03)2 4- 2NaOH CaCOs + Na2C08 + 2 H 2 O 
with similar reactions for the magnesium. It will be observed that, if lime is used, it 
should not be added in excess since soluble calcium hydroxide will produce additional 
hardness. 

Permanent Hardness is hardness in water that cannot be removed by boiling. It is 
due to the presence of small amounts of calcium sulfate, which is slightly soluble, or mag¬ 
nesium sulfate. Permanent hardness may be removed by treatment with sodium car¬ 
bonate. 

CaS 04 + NaaCOs-^ CaCOa + NaoSO* (16) 

Magnesium sulfate reacts similarly. 

Ordinarily water contains both permanent and temporary hardness, in which case 
sodium hydroxide may Iks used to produce sodium carbonate by reaction with the bicar¬ 
bonates, and this in turn may precipitate the permanent hardness. An alternative 
would be to use a combination of lime and sodium carbonate in the proper proportions. 

Water-softening compounds which are sold are, in general, to be avoided since each 
water requires a specific! treatment wliich must be determined from its analysis. 

Certain minerals and artificial insoluble substances called vvrmutiiH have the property 
of removing calcium and magnesium ions from solution, and replacing them with harmless 
sodium ions. Both temporary and permanent hardness may bc^ removed in this way. 
The jiermutit may afterwards be reactivated by treatment with sodium crhloride brine 
which reverses the process. 

Calcium Carbonate (CaCOa), besides being the <!hief constituent of limestone, is the 
basic material of marble, alabastA^r, pearl, coral, shells of marire animals, and chalk. 
The last is used both as the natural and as the artificially precipitated calcium carbonate 
in the pigment whiting which finds uses in the paint and paper industries. 

Strontium 

Strontium is similar in its properties to calcium*. It is found in the minerals strontianite 
(SrCOs) and celestite (SrSO^). The chief application of strontium is in the sugar industry, 
in which its salts are used to precipitate the sugar from molasses, and in medicinal pre¬ 
parations. 

Barium 

Barium is mined in considerable quantity, particularly for the pigment industry. 

Barium Carbonate (BaCOa) is found as the mineral withcrito. 

Barium Sulfate (BaSO^) is found as barite which is ground to i>roduce a cheap white 
pigment. Precipitatinl barium sulfate is mu<!h finer and therefore more useful for this 
purpose. 

Barium Sulfide (BaS) is made by heating barite with coke (carbon). 

BaS 04 + 4C-^ BaS -f 4CO (17) 

A solution of the sulfide, together with one of zinc sulfate, pre(!ipitates a mixture of barium 
sulfate and zinc sulfide, called lithojmne, a white (!omposite pigment. 

BaS -h ZnS 04 -> ZnS -f BaS 04 (lithopono) (18) 

Barium sulfate is also used in mixtures with titanium dioxide in pigments sold as 
Titanox B. 

The pure alkali earth metals are similar in appearance to the alkali metals, and are 
only slightly less reactive. They are bivalent in all tlicir compounds and give colorless 
ions. 

A MAGNESroM, zme, CADMroM, AND MERCURY 
Magnesium 

Magnesium is obtained chiefly from salt brines containing magnesium chloride. It 
also occurs in dolomitic rock, which contains the mineral magnesite (MgC08*CaC08), 
and in many silicate rock formations. 

Magnesium metal is very active at elevated temperatures or when in a finely divided 
condition. In the massive state and near room temperatures, however, the metal is so 
stable that it forms the basis of an important series of structural alloys. 

Magnesium Oxide (MgO), or magnesia, is obtained similarly to calcium oxide by 
calcination of the carbonate. It is used as an insulating material and in some cements. 
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Magnesium Sulfate (MgS04*7H20), or Epsom salt, is soluble salt produced by treating 
the carbonate with sulfuric acid. Uses are in tanning, dyeing, and soap-making. 

MgCOs + H 2 S 04 -^ MgS 04 + CO2 + H2O ( 19 ) 

Zinc 

The important zinc minerals are sphalerite, smithsonite, willemite, zincite, franklinite, 
and calamine. 

Zinc Sulfide (ZnS) is found as the mineral sphalerite. This ore is generally converted 
to the oxide by roasting. 

2 ZnS + 3O2—► 2 ZnO + 2SO2 ( 20 ) 

The sulfur dioxide liberated is converted to sulfuric acid, which is a by-product. 

Pure zinc sulfide is wliite. It is made by treating a solution of zinc sulfate with hydro¬ 
gen sulfide or an alkaline sulfide. 

ZnS04 4 - H2S ZnS + H2SO4 (21; 

The reaction is reversible, so that care must l:)e exercised to prevent the sulfuric acid 
(or hydrogen ion) from becoming too concentrated. The pure white sulfide is used as a 
pigment. With barium sulfate it is sold as lithopone, already discussed under barium 
sulfate. 

Zinc Carbonate (ZnCOa) is obtained as smithsonite or calamine. It is converted by 
heat to the oxide. 

ZnC03-> ZnO + CO2 ( 22 ; 

Zinc Oxide (ZnO) is obtained as the mineral zincite or by roasting the sulfide or car¬ 
bonate. When heated with powdered coal it is converted to metallic zinc vapor whidi is 
condensed to the molten metal. 

ZnO + C Zn + CO ( 23 ) 

If the zinc vapor is suddenly chilled in the absence of air it is precipitated as zinc dunt, 
a blue metallic powder which is used as a paint pigment. If the vapor is burned in air, a 
pure form of white oxide is obtained wliich is sold for pigmenting paints, enamels, rublicr, 
etc. 

2Zn 4- 0 >-^ 2ZnO ( 24 ) 

Zinc Sulfate (ZnS04‘7Il20) is obtained by treating sphalerite with dilute sulfuric acid. 

ZnS 4 - H2SO4 ±:> ZnS04 4 - H2S ( 25 ) 

The salt may then be crystallized from the solution. 

Zinc Hydroxide (Zn(OH)2] is precipitated as an insoluble gelatinous precipitate by 
treating zinc salts in solution with an alkali. 

ZnS04 4 - 2 NaOH Zn(OII)2 4 - Na2S04 ( 20 ) 

An excess of alkali redissolvi’is the hydroxide, forming a sodium salt—sodium zincate. 

Sodium Zincate (NaaZnOa) is thus obtained 

Zn(OII)2 4 - 2 NaOH-^ Na 2 Zn 02 4 - 2H2O ( 27 ) 

It will be observed that zinc hydroxide, which generally shows basic characteristics, nuiy 
under alkaline conditions act as an acid. Hydroxides which have this property are 
called amphoteric. They include the hydroxides of zinc, aluminum, tin, titanium, and 
others. 

Metallic zinc itself reacts w’ith alkali to form the zincate 

Zn + 2 NaOII-> NazZnOa 4 * H2 ( 28 ) 

All the metals which form amphoteric hydroxides are thus attacked by both acids and 
alkalis. 

Cadmium 

Cadmium is obtained along with zinc from most of its ores. Its compoiinils are very 
similar to those of zinc except that the hydroxide is not amphoteric. It forms the insoluble 
yellow sulfide (CdS) whi(!h finds application as a pigment. 

Both zinc and cadmium are bivalent in all their compounds, and form colorless ions 
in solution. 

While both zinc and cadmium metals are quite active, they form coatings of oxides 
when exposed to the air, which help to resist corrosion under most conditions. Iron 
coated with zinc is called galvanized. Cadmium is even more corrosion-resisting than zinc. 

Mercuiy 

The principal source of mercury is cinnabar. 

Mercuric Sulfide (IlgS) is found as cinnabar. It is obtained in pure form by precipi- 
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tation from solutions of mercury salts treated with hydrogen sulfide or alkali sulfides. 
This reaction is similar to the precipitation of zinc and cadmium sulfides. 

Metallic Mercury is obtained readily by roasting cinnabar. 

HgS -i- 02-^ Hg -H SO 2 (29) 

The mercury is volatilized and coiidenaed as the heavy metallic liquid, quicksilver. It 
dissolves all the common metals except iron, platinum, and nickel as amalgams. 

Mercairy forms two series of salts corres|>onding to valences of one and two. The 
monovalent compounds are called mercurous salts; the bivalent are called mercuric. 

Mercurous Nitrate [llgCNOs) *2H.>()j and mercuric nUratc (HgCNOs)^] are formed by 
treating metallic mercury with hot nitric acid. If an excess of mercury is present the 
mercurous salt is formed; in the presence of excoss nitric acirl, the product is mercuric 
nitrate. Meremrous nitrate may be* formed by adding mercury to a solution of mercuric 
nitrate. 

Mercuric Fulminate [Hg(0NC)2l obUiined by the action of mercury >vith nitric acid 
and alcohol. It is used as a detonator. 

Mercuric Sulfate (HgSO^) is obtained by the reaction of mercury with hot sulfuric acid. 

Hg + 2H.>S04-> ngS04 + + 2 H 2 O (30) 

Mercuric Chloride (HgClo), or corrosive sublimate, is obtained by the sublimation of 
mercuric sulfate with salt. 

IIgS 04 + 2Naa HgCla + Na 2 .S 04 (31) 

Mercurous Chloride (IlgCl), or calomel, is produced by subliming mercuric chloride 
and mercury. 

HgClo + 2HgCl (32) 

10. COPPER, SILVER, AND GOLD 
Copper 

Copper is found as native copper, covellite, (;haicocite, bornite, chalcopyrite, onargite, 
tetrahedritc, cuprite, malachite, azuritc, and chrysocolla. Coi)per is similar to moremry 
in that it forms two series of salts corresi^onding to valences of one and two. These are 
termed cuprous and (aipric. 

Cuprous Sulfide (Cu-iS) and cupric sulfide (CuS) are found as chalcocite and covellite 
respectively. They are roasted to give the oxides, 

CulhS -f 02-^ CU 2 O d- SO 2 (33) 

the sulfur dioxide being converted to sulfuric acid. The complex sulfides bornite (Cu 6 FeS 4 ) 
and chalcopyrite (CuFeSo), and the arsenious and antimonijil sulfides enargite (Cu 8 A 8 S 4 ) 
and tetrahedritii ( 0118 ^ 1 ) 2 ^ 7 ), are treated similarly. 

Cuprous Oxide (CU 2 C)) and cupric oxide (CuO) are obtained as cuprite (CU 2 O) and, 
along w'ith impurities, by the roasting of the sulfide ores. J^y complex metallurgical 
operations they are converted to impure, or blister, coi>i)er whii^h is refined eloctrolytically. 
(See Electrochemistry.) 

Cupric Sulfate ((i; 5 uS 04 - 5 H 20 ) is prepared by allowing dilute sulfuric acid to react 
with pure copper in the iirescncc of air. 

2 Cu + 2 H 2 SO 4 + 02-^ 2 CUSO 4 + 2 H 2 O (34) 

It may be crystallized as commercial blue vitriol. 

Cupric Hydroxide [Cu(OH) 2 ] is formed by adding an alkali to a solution of a copper 
salt. It is a blue, gelatinous precipitate. 

CUSO 4 + 2 NaOH-> Cu(OH )2 + Na 2 vS 04 (35) 

Cupric hydroxide is dissolved by ammonium hydroxide, giving a deep blue solution, 

Cu(OII )2 + ONH 40 H-^ Cu(NH 3 )e(OH )2 + 6 H 2 O (36) 

The cuprammonium hydroxide is practically completely ionized. The blue color is that 
of cuprammonium ion. Such solutions are used to dissolve cellulose for the manufacture 
of a kind of artificial fiber. 

The above reaction, in which a complex ion is formed, differs from the process of solu¬ 
tion of the amphoteric hydroxides ina.smuch as it is specific for the particular alkali, 
ammonium hydroxide. Sodium hydroxide, which is a stronger alkali, does not dissolve 
cupric hydroxide. Other metallic hydroxides, such as cuprous, zinc, iron, nickel, chro¬ 
mium, tin, silver, and titanium, also form complexes with ammonia. Only those of cuprous 
and silver, however, of the common metals are as stable as that of cuprammonium ion. 

We have already described the acid salts sodium Vnsulfate and disodium phosphate 
which are formed by partial neutralization of polybasic acids. In a similar way basic 

.—120 
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salts may be formed by partial neutralization of polyacid bases. Basic carbonates of 
copper are found as the minerals malachite [Cu2(0H)2C08l and azurite [Cu8(0H)2(C08)2l. 
These are leached with dilute sulfuric acid to form solutions of the sulfates. 

Cu2(0H)2C08 + 2H2SO4—♦ 2CUSO4 + 3H2O H" CO2 ( 37 ) 

The copper is then recovered from the impure solution by electrowinning. (See Electro¬ 
chemistry.) Copper and other metals which form gelatinous hydroxides tend to form 
basic salts of such great complexity and of such variety that their compositions appear to 
be indefinite. The hydroxides themselves, when precipitated from solutions of the sul¬ 
fates, generally carry considerable sulfate in the precipitate, the amount depending on 
the conditions which prevail. These precipitates may therefore be considered to be com¬ 
plex basic salts although it is more usual to consider them as hydroxides with “ con¬ 
taminating ” or “ absorbed ” acid radicals. 

Cuprous ions are colorless in solution; cupric ions are colored blue. 

Silver 

Silver occurs as the native metal and as the minerals argentite, hessite, proustite, 
pyrargyrite, stephanite, and cerargyrite. It is commonly found in association with lead, 
zinc, copper, nickel, and gold ores and is obtained as a by-product from the smelting and 
refining of these metals besides being recovered fr{>m the high-silver ores. 

In the smelting of lead ores, zinc is added to the molten lead and forms an immiscible 
liquid which floats. The silver, being more soluble in th(i zinc than in the lead, is extracted 
into the upper layer w'hich may then be drawn off and the zinc vaporized from the dis¬ 
solved silver. Silver is also obtained as a sediment in the electrolytic refining of copper 
and zinc and may be recovered from the “ mud.” (Sec Electrochemistry.) Native silver 
is soluble in mercury, with which it forms an amjilgam. Ce^rtain ores arc treated in this 
way, the mercury being afterwards removed from the silver by distillation. 

Silver Sulfide (Ag2iS) is found as the mineral argentite from which the silver is usually 
recovered by cyaniding. (Sec below.) The same applies to the tclluride hessite (Ag2Te), 
and to the arsenious and antimoniid minerals proustite (AgaAsSa), pyrargyrite (AgsSbSa), 
and stephanite (Ag6SbS4). 

The pure sulfide, a gelatinous black precipitate, is obtained, as are the sulfides of copper, 
zinc, mercury, etc., by treating a solution of a silver salt wdth hydrogen sulfide or an 
alkaline sulfide. 

Silver Nitrate (AgNOg) is obtained by treating silver with hot, strong nitric acid. 

3 Ag + 4 IIN 03 -> SAgNOa + NO -f 2H2O (. 38 ) 

The nitrate is soluble, and may be crystallized from the solution. Its chief uses are in 
photography and medicine. 

Silver Chloride (AgCl), silver bromide (AgBr), and silver iodide (Agl) are highly 
insoluble salts prepared by treating solutions of silver nitrate with solutions of chlorides, 
bromides, or iodides. They are precipitated in liighly dispersed form in gelatin for use in 
photographic i)late 8 , film, and paper, and for medicinal preparations. The cliloride is 
found as the mineral cerargerite; the othejr two halides occur in rare deposits. 

Silver chloride and silver bromide dissolve in ammonium hydroxide to give the com¬ 
plex ion Ag(NH3'^)2“ similar to the cuprammoniurn complex. The iodide is so highly 
insoluble that it does not dissolve. Solutions of thiosulfates and of cyanides, however, 
dissolve even the iodide and the sulfide, which is not affected by ammonia, to give the 
complex ions Ag(S 2 ( 33 ) 2 ~ and Ag(CN)2"’. It is for this reason that sodium thiosulfate, 
or hypo, is used in photographic fixing baths to dissolve silver salts, while sodium cyanide 
solutions arc used to dissolve sulfide and complex ores of silver in the process of cyaniding. 

Silver is monovalent in all its compounds and forms colorless ions. It is a very unre- 
active metal, and its salts are decomposed to the metal when exxK)sed to light or consid¬ 
erable heat. 

Gold 

Gold is found chiefly as the native metal but also as the complex gold and silver tel- 
lurides, sylvanite and calaverite. It is obtained as a by-product, along with silver, from 
copper, load, zinc, and nickel smelters and refineries. 

Gold forms two series of compounds corresponding to valences of one and three, but 
none of the simple salts are stable. It forms the same cyanide complex as does silver. 
Au(CN) 2“, and is recovered from its ores by cyaniding as well as by amalgamation. The 
metal is even less reactive than silver. It is insoluble in the mineral acids as are the other 
metals, but dissolves in a mixture of nitric and hydrochloric acids, called agfua regia, to 
form the complex chlorauric ion AuCh". 
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11. RHODIUM, RUTHENIUM, PLATINUM, PALLADIUM, 
OSMIUM, AND IRIDIUM 

These metals are extremely inert toward chemical attack. All except rhodium and 
iridium, however, are dissolved by aqua regia, a mixture of hydroeliloric and nitric acids, 
forming soluble complex chlorides. Platinum in specially prepared forms is useful as a 
catalyst in many chemical processes, sulfuric acid manufacture by the contact process 
being the most important. 


12. ALUMINUM 

By far the most important source of aluminum is the mineral bauxite. Gibbsite and 
aluiiite arc also used, while cryolite is chiefly important as a flux for bauxite in the elec¬ 
trochemical manufacture of the metal. Aluminum is an important constituent of clays and 
many rocks. 

Aluminum Oxide (AI2O3) is found as the hard mineral corundum used as an abrasive, 
and in the hydrated form as bauxite. 

Aluminum Sulfate [.\l2(S04)3-I8H2O] is manufactured by the reaction of strong sul¬ 
furic acid and bauxite. 

AI 2 O 3 -f 3 H 2 S 04 -> Al 2 (S 04)3 -b 3B jO (39) 

It is used in water purification, mordanting, paper-making, and fire-proofing cloth. 

Alum [K 2 S 04 -A 12 (804)3*241120] is typical of a largo group of complex salts called 
alums. It is readily crystallized from a solution containing iiotassium and aluminum 
sulfates. Its importance is due to the fact that, owing to its per:’‘ci crystallization, it is 
readily prepared in a very pure form, whereas the other aluminuui salts are usually con¬ 
taminated and are not com])Ietely soluble in water. It is prepared by the addition of 
potassium sulfate to a solution of aluminum sulfate. It is used in mordanting and for 
photographic fixing baths as well as in baking powders and other products. 

Sodium and ammonium may replace potassium in alum, giving sodium and ammonium 
alum, respectively. 

Aluminum Hydroxide [Al(OH)3], or a basic salt, is formed as a gelatinous white pre¬ 
cipitate when aluminum salts are treated with alkali. It is precipitated in drinking 
water from aluminum sulfate or alum, to coagulate the suspended matter and thus produce 
a clear liquid. It is amphoteric, forming aluminates which are, in the case of the alkali 
metals, soluble. 

A1(0H)3 -b NaOII i::? NaA102 + 21120 ( 40 ) 

The aluminates of calcium and magnesium are important constituents of jiortland 
cements. 

Aluminum metal itself is prepared electrolytically from bfiuxite. (See Electro¬ 
chemistry.) It is quite reactive but forms an inert protective coating of aluminum oxide. 

Aluminum is trivalent in all its compounds and forms colorless ions. 


13. IRON, NICKEL, AND COBALT 
Iron 

Iron occurs in the minerals pyrrhotite, pyrite, marrasite, magnetite, hematite, limonite, 
and copiapite, besides being present in all silicate rocks. 

Iron forms two series of compounds, corresponding to valences two and three, called 
ferrous and ferric. 

Ferrous Oxide (FeO) and ferric oxide (Fe203) result from the rusting (oxidation) of 
iron. Ferric oxide is found as the mineral hematite; a combination of the two oxides 
occurs as magnetite (FeO-FeoOs). The oxides are heated in a blast furnace with coke to 
3 deld metallic iron (pig iron). 

FeOa + 3 C -> 2Fe -f 3 CO ] 

FeO + C Fe -f- CO f 

Ferrous Carbonate (FeCOs) is found as the mineral siderite. Under heat it decom¬ 
poses to ferrous oxide which may lie treated with coke to give the metal. 

FeCOs-H-FcO + CO2 ( 42 ) 

Sulfides of Iron are found as the minerals pyrrhotite (FeiiSi2) (composition variable)* 
pyrite (FeS2), and marcasite (FeS2). These substances are not true salts and do not 
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conform to the usual rules of valence. They are roasted to give iron oxide and sulfur 
dioxide which is converted to sulfuric acid. 

2 FeS 2 + 602 -^ 2 FeO + 4 S 02 ( 43 ) 

Some ferrous sulfate is also formf 3 d inadvertently in the process. 

Ferrous Sulfide (FeS) is precipitated as are the sulfides of zinc, copper, etc., by treat¬ 
ment of a solution of a ferrous salt with hydrogen sulfide or a soluble sulfide. In this 
form it is a black gelatinous substance. It is also formed by direcit reaction of its ele¬ 
ments under heat. 

Ferrous Sulfate (FeS04 - 7H2O) is produced as a by-product of many industrial processes 
such as the pickling of steel and the manufacture of titanium oxide pigments. It is used 
in Witter treatment, being cheaper than aluminum sulfate, and as a source of electrolytic 
iron. Solutions of the salt oxidize slowly in the presence of air to ferric sulfate, provided 
excess of sulfuric acid is present. Otherwise a basic ferric sulfate is formed. 

4FeS04 4-02 + 2 H 20 -> 4Fe(0H)S04 ( 44 ) 

Ferric Sulfate Fe2(S04l3‘9H20 is reduced to ferrous sulfate by hydrogen sulfide in 
solution. 

2 Fe+++ + H2S ±1; 2 Fe++ + 2 H -^- + S ( 45 ) 

If the acid (or hydrogen-ion) concentration is not too high, ferrous sulfide is precipitated, 
and ferric sulfide can never be obtained- Ferric sulfate is similar to aluminum sulfate 
in forming alums such as ferric ammonium sulfate 1(NH4)2S04* 1*02(804)3-241120]. Both 
ferrous and ferric ions form stable cyanide complexes, the former giving ferrocyanide 
Fe(CN )8 , the latter ferricyanide Fe(CN )6 . 

Potassium Ferrocyanide [K4Fe(CN)6] is made by heating scrap iron and i)otassium 
carbonate with nitrogenous organic compounds such as slaughter-house wastes. The 
mass is then leached with water, and the solution evaporated until the potassium ferro¬ 
cyanide crystallizes out. 

Potassium Ferricyanide [K3Fe(CN)ol is produced by treating a solution of potassium 
ferrocyanide with chlorine. 

2K4re(CN)6 -f Ch-* 2K3Fe(CN)6 + 2KC1 (40) 

Ferric Ferrocyanide [Fe4l Fe(CN) 6 ) 3 ] and ferrous ferricyanide [Fe3(Fc(CN)6l2] are 
insoluble blue salts which give colloidal, or highly dispersed, suspensions. The former is 
Prussian blue; the liitter Turnbull’s blue. Prussian blue is used as a paint pigment. 
Mixed with the yellow lead chromate it forms a green pigment known as chrome green. 

Metallic iron is highly reactive but tends to form an oxide film w^hich is protective 
under certain conditions. Its proi>orties are markedly affected by impurities and alloying 
constituents. 

Ferrous Hydroxide [Fe(OII)2] and ferric hydroxide [Fc(OH)3] are formed as gelatinous 
precipitates by treatment of solutions of iron salts w’ith alkalis. The former is pale green, 
the latter brown. 

Cobalt and Nickel 

These metals are found as liimaeite [iCo-Ni)384], cobaltite (CoAsS), smaltito f(Co* 
Ni)As2], millerite (NiS), i)entlanditc [(Fe*Ni)Sj, niccolite (NiAs), and garnierite 
[H2(Ni-Mg)8i()4H20]. 

Both cobalt and nickel arc similar to iron in forming bivalent and trivalont compounds 
(cobaltous and cobaltic, nickclous and nickelic). Both also form cyanide complexes. 

Both metals behave similarly to metallic iron, and form even more stable protective 
films. They arc obtained clectiolytically. (Sec Electrochemistry.) 

14. CHROMIUM AND MANGANESE 
Chromium 

The chief ore of chromium is chromite (FeO-Cr203), which is very similar to magnetite 
(FeO-FejOs). 

Sodium Chromate (Na2Cr04-IOH2O) is produced by the reaction of chromite with 
lime and sodium carbonate. 

4(FcO-Cr203) -f SNaaCOs + 8Na2Cr04 + 4 FeO 8CO2 ( 17 ) 

The lime keeps the m.ass porous and forms some calcium chromate. The mass is then 
leached, and the calcium chromate reacts with the excess of sodium carbonate to form the 
insol\ible calcium carbonate and additional sodium chromate. 

Sodium Dichromate (NaaCraOr ^HaO) is formed -when the solution of sodium chromate 
prepared as described above is acidified with sulfuric acid. 

2NaaCr04 -f H 2 S 04 -> NaaCraOr + Na 2 S 04 -f HaO (48) 
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By analogy with the salts of other polybasic acids, an acid salt NaHCr04 might be 
expected. Such a compound is not stable, however, and decomposes immediately to the 
di chromate 

2NaIICr04 NasCroOr + H2O (49) 

The <lichromate may therefore be considered a. dohydrate<i acid salt of chromic acid. 
That the dichromatos are essentially acid salts may })e seen from the fact that a solution 
of the dichromate is converted by alkali to the neutral I'hromate. 

NaaCraOr + 2NaOH-^ 2Na2Cr04 d H .O ( 60 ) 

Sodium di chromate is more readily crystallized from the solution than the chromate, and 
is formed for that reason. 

The tendency of acid salts of chromic acid to dehydrate is further manifested by 
the behavior of the acid itself which is alw^ays obtained as the anhydride. 

Chromic Anhydride (CrOa), usually called chromic aciti, i.s formed by the treatment of 
sodium dichromate with concentrated sulfuric acid. 

NaaCroO: + H2804~> NaaSOi + 2Cr03 + HoO (61) 

The anhyrlride separates in the form of red needles. It is used in chromium pl.nting. 

Oxidation and Reduction. Cliromium differs from the other metals studied thus far 
in forming an acid, although it wall lie remembered that the hydroxides of some of the 
other metals are amphot(*rir, sharing acidic and basic (jualitics. 

The essentially metallic, and hciu!o base-forming, character of chromium is shown by 
the fact that the chromates and dichromatos are not very stable but tend to pass to 
chromic and chromous salts. Thus sulfurous acid, formed by passing sulfur dioxide into 
w'atcr, converts the dichromate to chromic sulfate. 

NaaCrgOT + SSOa 4- Cr2(f^Oi)z + NaaSC;.! i- H^O (62) 

In this reaction the valence of chromium drops from six to three, while tluit of the 8ulf\ir 
in the iS02 passes from four to six. The diminution of positive (or increase of negative) 
valence of an element is (Sidled reduction, and iii(*reasc* of xiositivo (or decrease of negative) 
valence is called oxidation. The two always occur simultaneously. A substance such 
!is sodium dichromato wliich tends to oxidize another is called an oxidizing agent; sulfur 
dioxide w'hich tends to reduce dichromato is called a reducing agent. 

In a restricted sense, oxidation is sometimes used to imply the addition of oxygen to a 
substance, and reduction its removal. The more gencrtil case, however, may or may not 
involve oxygen either as a product or reactant. 

A largo number of reducing agents arc available which may replace the sulfur dioxide 
in equal ion 52 . 

Chromic Sulfate [Cro(804)3] is prepared industrially by the reduetion of sodium 
dichromatc in solution with reducing agents such as sulfur dioxide, starch, sugar, glucost>, 
and others in the presence of excess sulfuric acid. Altliough it is quite soluble, it does not 
crystallize readily in jnire form so that it is generally used in solution along with its oxi<la- 
tion products. »Such solutions are used in tanning and in the mordanting of textiles. 

Chromic salts in which the chromium has a valence of three are very similar to ferric 
salts. Chromic; hydroxide is alsci very similar to ferric hydroxide althougli somewhat 
amphoteric, forming cliromites with strong alkalis. Like aluminum and iron, chromium 
salts form w'ell-crystallized alums. 

Chromium Acetate [Cr(C2lT302)3] is a particularly good mordant formed by reducing 
sodium dichromato in the pn^sence of acetic acid. 

Chromic Oxide (Cr^Os) is formed by healing sodium dichromato with coke. It is 
used as a green pigment, knowni as chrome oxide green. 

Chromium also forms a scries of chromous salts similar to the ferrous salts, in which 
the chromium is bivalent. Chromium forms ammonium and cyanide complexes and 
highly complex basic salts, particularly w'ith sulfate. Ow'ing to the fact that simple 
chromic ions are rarely obtained, chromic salts are either green or violet, depending upon 
the conditions of preparation. 

The metal itself is very resistant to corrosion, and is used as a thin protective or 
decorative coating on plate. 

Manganese 

Manganese is found as pyrolusite, psilomolane, manganite, rhodocrosite, and rhodonite. 

Manganese Dioxide (Mn02) is found chiefly as the mineral pyrolusite and, more 
sparingly, as psilomolane, a more impure form. It is important as a source of manganese 
for steel alloys and for the manufacture of other compounds. A very important direct 
use is in the manufacture of dry cells. Manganese dioxide has weak acidic properties, 
forming manganites with strong alkalis. It is a fairly strong oxidizing agent. 
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Potmssium Permangaxuite (KMn04) is formed by treating pyrolusite with a boiling 
solution of potassium hydroxide and potassivim chlorate. 

2 Mn 02 + KClOa + 2KOH 2 KMn 04 + KCl + HjO ( 63 ) 

The solution is evaporated and the residue fused. Under these conditions the reaction 
does not go to completion since some potassium manganate (K2Mn04) is also formed. 

The fusion mass is leached and further oxidized with chlorine. Potassium perman* 
ganate crystallizes in metallic crystals which dissolve readily to give a purple solution 
(color of permanganate ions). Permanganate in solution is similar to dichromate in its 
strong oxidizing power. 

Manganese forms manganous salts in which the element is bivalent, and manganic 
salts in which it is trivalent. These are similar to ferrous and chromous, and ferric and 
chromic salts. The manganous compounds are readily oxidized by the air to the more 
stable manganic forms. 

16. LEAD, TIN, AND TITANIUM 
Lead 

Lead is obtained chiefly from galena, but also from anglesite, pyromorphite, and 
cerussite. 

Lead Sulfide (PbS) is found as galena. It may also be precipitated as a black gelati¬ 
nous precipitate by treating solutions of lead salts with hydrogen sulfide or soluble sulfides. 
Galena is roasted under carefully controlled conditions to react as follows: 

2 PbS + 302 --+ 2 PbO -h 2SO2 
PbS + 202 -+ PbS 04 
2PbO -i- PbS-+ 3 Pb -f SO2 
PbS 04 + PbS-+ 2 Pb + 2SO2 
Molten lead is the final product. The sulfur dioxide is converted to sulfuric acid. 

Lead is higlily resistant to most types of corrosion and is used for pipes, chemical 
equipment, etc. 

Lead Oxide (PbO), or litharge, is formed by heating lead in a strong blast of air. It is 
used in glass-making and as a source of lead salts. The corresponding hydroxide [Pb(0H)2] 
is amphoteric, forming plumbitcs. 

Minium (Pba04), or red lead, is formed by heating litharge in a blast of air at 600-700 
deg fahr. It is used as a red paiiU/ pigment. 

Lead Dioxide (Pb02) is formed by treating red lead with nitric acid. It is essentially 
acidic, forming salts known as plumbates. Minium may be regarded as lead plumbate 
(Pb2Pb04). 

Lead Carbonate (PbCOs) is found as cerrusitc. The basic salt known as white lead 
and corresponding approximately to the formula Pb3(0H)2(C03)2 although the composi¬ 
tion is variable, is formed by the corrosion of lead in carbon dioxide, acetic acid being 
added to aid in the iirocess. Wliite lead may also lie formed by treating a solution of lead 
acetate with carbon dioxide, and also electrolytically. It is used as a white paint pigment. 

Lead Sulfate (PbS04) is found as anglesite. It is precipitated by the mixture of solu¬ 
tions containing lead and sulfate. By the complete roasting of galena ore a product is 
sublimed which is ctilled sublimed white lead, and which contains lead sulfate, lead oxide, 
and a small amount of zinc oxide. 

Lead Acetate [Pb(C2H302)2] is made by treating litharge with acetic acid. It is the 
only common salt of lead, beside the nitrate, which is readily soluble. 

Lead Nitrate lPb(N03)2] is formed by treating litharge with dilute nitric acid and 
evaporating the solution. 

Lead Chromate (PbCr04), or chrome yellow', is formed as a yellow precipitate when a 
solution of lead nitrate or acetate is treated with one of sodium dichromate. It is used 
as a pigment. A mixture of chrome yellow and Prussian blue is sold as chrome green. 

Lead may have valences of one, tw'o, or four. Its ions are colorless. 

Tin 

Tin is obtained chiefly from the mineral cassiterito. 

Stannic Oxide (Sn02) is found as cassiterito. The ore is heated with coke to produce 
the metal, which is highly resistant to corrosion and is therefore used to coat tin cans. 
Tin forms two series ol salts, corresponding to valences of two and four, called stannous 
and stannic, respectively. 



SnOz -f 2C~+ Sn -f 2CO 


(66) 
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Stanaic Chloride (SnCU) is formed by the reaction of chlorine gas and tin. It is a 
rather volatile liquid which fumes strongly in moist air. It is used as a mordant. 

Stannous Chloride (S11CI2) is formed in solution by treating stannic chloride with 
metallic tin. It tends to pass to the stannic form and is thus an active reducing agent. 
It is used as a mordant. 

Stannic Sulfide (81182) and stannous sulfide (8nS) are among the most insoluble of 
the sulfides. They are formed by treating solutions of the tin salts with hydrogen sulfide 
or a soluble sulfide. Stannic sulfide is soluble in solutions of soluble alkaline sulfides. 
Stannous sulfide is soluble in polysulfide solutions. Complex salts are formed. 

Titanium 

Titanium is very abundant in nature, being obtained from deposits of ilmenite and 
rutile. 

Titanium Dioxide (Ti02) is found as rutile. As a white pigment material it is obtained 
from solutions of titanium sulfate. Such solutions hydrolyze when boiled and yield a 
basic sulfate which, when calcined, is converted to the oxide. The corresponding hydrox¬ 
ide (titanic acid) is amphoteric. 

Titanium dioxide is marketed as a high-grade white pigment with extremely high 
covering power and whiteness. It is obtainable in mixtures with “ fillers ” such as barium 
sulfate and calcium sulfate. 

Titanium Sulfate [Ti(8C4)2l is obtained by treating ilmenite or rutile with strong 
sulfuric acid at elevated temperatures. The iron in the minerals is simultrneously con¬ 
verted to ferrous sulfate. Normal titanium sulfate cannot be isolated by crystallization 
to any definite composition. Titanyl sulfate (Ti()8()4) does, however, crystallize very 
well and may be dissolved to form solutions of basic sulfate. 

Titanium Chloride (TiCU) is produced by treating ilmenite ore with dry chlorine gas. 
It is a volatile liquid similar to stannic chloride, and it fumes in the presence of moist air* 
It is used as a material for the formation of smoke screens and as a mordant. 

Titanium also forms titanous salts in which the element is trivalent. Titanous ion io 
a strong reducing agent tending strongly to pass to the titanic state. Titanic salts in 
solution are colorless to amber. Titanous salts arc violet. 

16. CHEMISTRY OF GASES 

The metallic elements and their compounds, with but rare exceptions, do not exist in 
the gaseous state at ordinary temperatures. Among the non-met»ils, however, numerous 
substances, both elements and compounds, are gjiscous. 

Kinetics 

The molecules in a gas are supposed to lie in rapid random motion with negligible 
forces of attraction or repulsion among them. As a consequence a gas may occupy any 
size or shape of container. Compression of a gas merely results in crowding the mole¬ 
cules; expansion does the reverse. Temperature is measured by the mean energy of 
trarislatory motion of the molecules; pressure is the result of the incessant bombardment 
on the containing walls. The fundamental assumption in the chemistry of gases is that 
the pressure and temperature depend only upon the number of molecules in a unit of 
volume and upon their mean energy. They do not depend upon the chemical nature. 
If temperature and pressure arc given certain fixed values, the number of molecules in a 
unit volume is the same for all gases. This is Avogadro's hypotfmis. The unit of volume 
which is generally taken is 22.4 liters since that volume of hydrogen weighs 2.016 grams, 
that volume of oxygen weighs 32 grams, and that volume of any substance is the molecular 
weight in grams. Vor this reason 22.4 liters is called the gram-molecular volume. It 
contains 6.06 X 10 ^® molecules at standard conditions of any gaseous stibstance. Stand¬ 
ard conditions are when temperature and pressure are 0 deg cent and 760 mm of mercury, 
respectively. 

Gas Laws 

One of the most important consequences of this assumption is that the volumes of 
gases taking part in a reaction are proportional to the number of molecules involved. 
Thus at constant temperature and pressure 

2CO -h 02-> 2CO2 

2 V 4 - 2 V {V =» volume) ( 56 ) 

expresses the reaction of carbon monoxide gas with oxygen. Two volumes of carbon 
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monoxide combine with one of oxygen to yield tw'o of carbon dioxide. This rule applies 
even though one or more of the reactants or products may not be gaseous. Thus 

C -{- O2—► CO2 

12 grams + IV—* IV ( 67 ) 

indicates that, in the burning of carbon, one volume of oxygen is required for every one of 
carbon dioxide produced. 

2H2 4 - 02 -^ 2H2O 

2 F-flF-^ 2 F ( 58 ) 

indicates that two volumes of hydrogen will combine with one of oxygen to form two of 
water. 

Table I. Common Gases 

(From Kohlrausch, 1910) 


Gas 

Specific 

Gravity 

or 

Density* 

Molec¬ 

ular 

Moss 

Specific 
Ileat 
(0'’- 
200° C) 
Constant 
I^ressure 

Cv 

t 

Melting 

Point 

°C 

Boiling 

Point 

°C 

Water Dissolves 
cu cm t 

Sym¬ 

bol 

At 

0°C 

At 

20° C 

Air (iree of CO 2 ). 

1.2928 

28.98 

0.238 . 

1.40 


- 193 

29 

19 

Air 

Anpf.ylATiA . . 

1.1759 

24.02 


1.26 

-81.5 

- 83.6 

1730 

1030 

C 2 H 2 

Anuiionia. 

0.7708 

17.03 

0.52 

1.32 

- 78 

- 33.5 

(12X106) 

(7X 106) 

NHa 

Carbon dioxide... 

1.9768 

44.00 

0.218 

1.30 

- 57 

- 78.2 

(1800) 

(900) 

CO 2 

(Carbon monoxide. 

1.2503 

28.00 

0.243 

1.41 

-207 

-190.0 

35.4 

23.2 

CO 

Chlorine. 

3.2197 

70.92 

0. 121 

1.32 

- 102 

- 33.4 

(4600) 

(2300) 

CI 2 

Hydrogen. 

0.08985 

2.016 

3.41 

1.41 

-259 

-252.6 

21.1 

18. 1 I 

H 2 

Nitrogen. 

1.2507 

28.02 

0.244 

1.41 

-210.5 

- 195.7 

23.5 

15.4 

N 2 

Nitrous oxide.... 

1.9777 

44.02 

0.225 

1.28 

- 103 

- 90 

1300 

650 

N 2 O 

Oxygen. 

1.4292 

32.00 

0.220 

1.40 

-227 

-182.8 

48,9 

31,0 

O 2 


* Numbers in tliis column to be divided by 1000. 

t These ooluiniis contain the number of cubic centimeters of gas that will be dissolved at a 
barometric pressure of 76 cm in 1 liter of water. 

t This column gives the ratio of the specific heat at constant pressure to that at constant volume. 

Temperature is a measure of the mean kinetic energy of translation of the molecules. 
Pressure is the energy of random bombardment in a unit of volume. If the volume of a 
fixed quantity of gas is held constant, the two must be proportional. Moreover, if the 
pressure is held constant a gas will expand and contract proportionately with the tempera¬ 
ture. This is known as Charles* law'. These relations may be expressed as: 

Pa T (F constant) 

VaT (p constant) 

or PV = nRT ( 59 ) 

which is the perfect gas law equation, where P is the pressure, F is the volume, T is the 
absolute temperature (0 deg cent = 273.2 deg abs), n is the number of gram-mols, and 
R is a universal constant. 

It will be observed that at the zero of the absolute scale of temperature a gas w ould 
have either zero volume, or zero pressure, or both. Actually all gases become liquid 
before this point is reached, but this temperature (— 273.2 deg cent) has a theoretical 
significance as the absolute zero of temperature. It will also be noted that the volume 
18 inversely proportional to the pressure if the temj>erature and quantity of gas are held 
constant. This is known as Boyle’s law. 

A vapor is distinguished from a true gas in that it may be converted to a liquid by 
increase in pressure. The minimum pressure necessary for the conversion is known as 
the vapor pressure of the liquid. Such a condensation is ahvays ccompanied by a libera¬ 
tion of heat which, unless removed by cooling, will raise the temperature of both the 
liquid and the residual vapor. This increase will continue to raise the vapor pressure 
until it lieeomes equal to the pressure of the vapor phase. Equilibrium will then be 
established and no further change will occur. 

If heat is abstracted at a constajit temperature under sufficient pressure, vapor w'ill 
continue to condense. Conversely, if heat is applied liquid will vaporize (evaporate).^ 

The heat required to vaporize a gram of liquid is known as the latent heat of vaporization. 

The temperature at which the vapor pre 8 .sure of a liquid becomes equal to the pressure 
of the atmosphere is known as the hoiling point. At this temperature the liquid w'ill 
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continue to evaporate as long as heat is applied. In general, Ixiiling points are lowered as 
the pressure decreases, and vice versa. 

All gases become vapors at sufficiently low temperatures. The highest temperature 
at which this will occur is known as the critical temperature, and the vapor pressure of the 
liquid at this temperature is known as the critical jrreasure. In the vicinity of the critical 
temperature and pressure, the force of attraction bc?twccn the molecules of a gas becomes 
appreciable and the simple assumptions w’hich led to the gtus law equation are no longer 
valid. lr>on::i-empirical equations are then employed to relate the tcmiierature, pressure, 
and volume. The one most generally accepted is van der Waal’s equation. 

(P + ^)(F - fc) ■= nBT (60> 

where a and b arc constants for the gas. 

This relationship is used whenever a more exact relation than that expressed by the 
simple gas law is desired, or w here the temperature is very low, or the pressure very high. 

Certain gases (actually vapors) may Ik» liquefied at atmospheric temperatures, and 
the liquid vaporized at a lower pressure, at a lower temperature, absorbing lieat in tho 
process. Such is tho principle of refrigerating maehines. To qualify as a refrigerant, a 
substance must of course have a critical temperature above that of the* atmosphere or 
available cooling water and should have a vapor pressure which is not too high to bo 
obtained with an ordinary compressor. Also the vapor pressure at tho lowest tcmi)erar 
ture to be attained should not be so low as to require a high ^ acuiim. Ammonia, carbon 
dioxide, sulfur dioxide, and numerous organie substances are all suited to various require¬ 
ments of refrigerants, and each has its siieidfic use. 


Air 


Air is a mixture of gases in the following proportions. 


Nitrogen. 

Oxygen. 

Carbon dioxide 

Argon. 

Neon 
Kryiiton 
Xenon ... 
Helium 
Hydrogen. 


Per Cent 

Per Cent 

by Volume 

by Weight 

. 78.03 


75.80 

. 20.99 


23.22 

. 0.03 

. 0.94 ■ 


0.05 

0.01 


0.93 


Oxygen is the constituent which supports the combustion of fuels and other combusti¬ 
ble materials. Nitrogen may be obtained by burning off the oxygen and absorbing the 
carbon dioxide in an alkaline solution. It wnll then be contaminated with small quantities 
of the inert gases which are not readily removable. In this form it may be used for tho 
synthesis of ammonia by the Haber process. 

Air may be liquefied by chilling to a sufficiently low temperature. The constituents 
may then be separated by fractional distillation. Nitrogen (boiling point —196 deg cent) 
comes off first, next oxygen (boiling point — 182.8 dog cent), followed by argon and neon. 

The inert gases are monatomic and do not combine with any of tho elements. For 
this reason they are used where an absolutely inert giis is required. Argon is used for 
filling the bulbs of incandescent lamps. Neon is used in gas tubes through which an 
electric current is passed to effect the characteristic orange-red glow. Air also contains 
water vapor and dust in varying amounf.8. 


17. NITROGEN, PHOSPHORUS, ARSENIC, ANTIMONY 
AND BISMUTH 

These elements constitute a family varying from the purely non-metallic nitrogen to 
bismuth which is distinctly metallic. That the division of the two classes of elements is not 
a sharp one is thus indicated. 

Nitrogen 

Nitrogen, a gaseous element, is very abundant in the atmosphere, but its comparer 
lively inert behavior makes it difficult to obtain in a fixed, or combined, form. Its com¬ 
pounds are valuable elements in fertilizers and as a source of nitric acid. 
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Ammoi^a (NHj) ib made by passing a mixture of nitrogen and hydrogen over a catalyst 
of metallic oxides. 

N 2 + 3 H 2 -^ 2 NH 8 ( 61 ) 


The reaction goes more rapidly at higher temperatures but also becomes less complete 
owing to the reversibility. Hence a compromise must be struck to obtain the best results. 

The equilibrium may be expressed by a mass law equation similar to that for reactions 
in solutions. 


(N2)(H2)» 

(NHa)* 


Ky the equilibrium constant 


( 62 ) 


If the pressure on the mixture is increased it will be observed that the concentration 
of both the reactants and the product is increased. Since the numerator of the equilibrium 
equation varies as the fourth power of the concentration of the reactants while the denomi¬ 
nator varies as the square of the concentration of the product, the latter must increase 
faster than the former to maintain the constancy of the quotient. Hence the proportion 
of products to reactants increases at high pressurciss and the reaction goes forward. 
Extremely high pressures are, in fact, used in the industry. 

Most of the ammonia produced in this way is converted to nitric acid; a mixture of 
the ammonia gas and air is passed over a platimuu catalyst at a red heat. The following 
reactions occur. 


NHa + 202-^ H2O + HNO3 
2NH8 + 3O2 2H2O + 2HNO2 
4NH3 + 6H2O + 4N0 

4NH3 + 702-> 6H2O + 4NO2 
4NH3 + 302-~> 6H2O + 2N2 
4Nn3 + 6NO-> 6H2O + 5N2 


(nitric acid) 
(nitrous acid) 

(nitric oxide) 
(nitrogen tetroxide) 
(nitrogen) * 
(nitrogen) 


Any ammonia whic^h is converted to nitrogen is, of course, wasted. In order to minimize 
this loss the temperature must be accurately controlled ( 750-800 deg cent). The nitrogen 
tetroxide, nitric oxide and nitrous acid are then further oxidized with air in the presence 
of water vapor. 

3NO2 + HsO-^ 2HNO3 + NO ^ 

2IINO2 + O2-* 2HNO3 [ (04) 

2N0 4-02^2N02 J 


Nitric acid ionizes practically completely in water, in which it is very soluble. It is a 
strong acid and a strong oxidizing agent. The chief uses arc in the manufacture of salts 
used as fertilizers such as calcium nitrate and ammonium nitrate, and for the nitration of 
organic chemicals, particularly for dyes, explosives, lacquers, and celluloid. Nitric acid 
is also made from nitric oxide, i)roduced by the direct combination of nitrogen and oxygen 
of the atmosphere in an electric arc. Sodium nitrat/C, or Chile saltpeter, mined chiefly 
in Chile, is also used as a source of the acid. (See p. 10 - 13 .) 

Nitrates of the metals arc all very soluble in water. Nitrate ion, as well as the other 
simple ions containing nitrogen, such as ammonium (NH4'^), and nitrite (N02“), are 
colorless. Nitrogen may have valences of one, two, three, four, or five. 


Phosphorus 

Phosphorus, like nitrogen, is an important clement of fertilizers. It is found as the 
mineral apatite [(Ca6)(Cl*F)(P04)3], the important constituent of phosphate rock. 
Apatite is heated wuth coke and sand in an electric or fuel furnace. The calcium of the 
mineral combines with the silica of the sand while the coke reduces the phosphate to 
elementary phosphorus which is volatilized and condensed as solid white phosphonis or 
burned in air to the solid white phosphorus pentoxide (P2O6). 

White phosphorus is very inflammable and for that reason is used as a constituent in 
the manufacture of matches. A less reactive red variety is obtained by heating white 
phosphorus to about 250 deg cent in the absence of air. 

Phosphorus Pentoxide (P2O6), or phosphoric anhydride, is used as a dehydrating 
agent. It combines with water to form phosphoric acid. 

Phosphoric Acid (H3PO4) is a syrupy liquid which is a mildly strong acid very soluble 
in water. Besides being produced from phosphorus pentoxide it is also manufactured by 
treating phosphate rock with dilute sulfuric acid. 

Ca8(P04)2 + 3H2SO4 3CaS04 + 2H8PO4 ( 66 ) 
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Svpeildiosphato [CaH4(P04)i] (oomposiiion variable) is an aeid oalohim phosphate 

prepared by treating phosphate rock with strong sulfuric acid. 

Ca 3 (P 04)2 4 - 2 H 2 S 04 ~> CaH 4 (POi )2 + ^CrSOi (66) 

The acid salts are soluble, and may therefore be used to supply both calcium and phos¬ 
phate to the soil. 

The phosohates of sodium have already been discussed (p. 10 - 13 ). In general, all the 
normal phosphates of the metals are quite insoluble ext^ept those of the alkali melkls and 
ammonium. The acid phosphates, on the other hand, arc generally soluble* For this 
reason, phosphates tend to dissolve in acid solutions. 

Arsenic 

Arsenic is found in numerous ores of iron, nickel, lead, and zinc, and as orpiment and 
realgar. It is obtained chiefly as a by-product of metallurgical oj>eration8. Its uses are 
in dyeing, medicine, ai\d vermin and insect poisons. Arsenic forms two series of com¬ 
pounds corresponding to valences of three and five. The former are called arsenious or 
arsenites, the latter arsenic or arsenates. 

Arsenious Sulfide (As^Sa) is found as the mineral orpiment. It is i>repare<i in pure 
form, as are the heavy metal sulfides, by treating arsenious salts or arsenites with hydrogen 
sulfide or a soluble sulfide. It is a yellow insoluble precipitate. 

Arsenic Sulfide (As-jSs) is prepared by treating an arsenic salt or an arsenate with 
hydrogen sulfide or a soluble sulfide. It is yellow and insoiublt‘. The sulfides of arsenic 
have the peculiar property, along with similar sulfides of antimony and tin, of dissolving 
in solutions of sulfides and of polysulfides to form complex sulfur compounds. 

Arsenious Acid (IIsAsOa) and arsenic acid (II3ASO4) are in reality amphoteric hydrox¬ 
ides which might be written As(OH)3 and AsO(OH)3. Here, however, the acid properties, 
though weak, are more pronounced than the basic so that they are ordinarily considered 
acids. Arsenious acid is produced when arsenious salts are treated with alkali, or arsenites 
with acids. The arsenates are very similar in properties to the phosphates. 

Arsenious Oxide (As-^Ojj), or white arsenic, is formed as a fume in the roasting of 
arsenic-bearing ores. It is the starting material for the preparation of other arsenic 
compounds. Important insecticides are lead arsenate [Pb3(As04)2] ai^d paris green 
[CU3(A80.,)2-Cu(C2H302)2]. 

Antimony 

The chief antimony mineral is stibnitc. The element is also obtained as a by-product 
from lead ores. 

Like arsenic, antimony forms two scries of f^ompounds corresponding to valences of 
three and five; the metallic properties are, however, more pronounced. The element 
itself has a metallic luster and is U8(?(l in many inii)ortant alloys. 

An tim ony Trisulfide is found as the mineral stibnitc. It may bo formed from 

solutions of antimony salts in typical fashion as is also antimony pentasulfide (Sb2S6) 
from solutions of antimonic salts or antimoiiatcs. Hoth sulfides are soluble in solutions 
of sulfides or polysulfides. 

Antimony Trioxide (Sb203) is formed by the comVjustion of antimony with limited 
oxygen. It has found some use as a white pigment. Antimoiiy salts are used in medicine. 

Bismuth 

Bismuth is found chiefly as native metallic; bismuth and as bismuthinite. The ores 
are smelted to obtain the metal which is used in low melting point alloys. Salts of bismuth 
hydrolyze extensively to basic forms. 

Bismuth Subnitrate [Bi(0H)2N03] is used extensively in medicine. It is formed by 
treating bismuth with nitric acid and hydrolyzing the nitrate with water. 

Bismuth does not manifest any acidic properties as do nitrogen, arsenic, and antimony. 
It is purely basic and should therefore be classified as a metal. 

18. THE HALOGENS- CHLORINE, BROMINE, IODINE, 

AND FLUORINE 

Chlorine 

Chlorine is found wndely distributed as chlorides, the most important of which is 
sodium chloride, or common salt. The element is prepared as a yellow-green gas by the 
electrolysis of sodium chloride brine. (See Electrochemistry.) It is generally liquefied 
under pressure and sbnp^d in cylinders or tank cars. Chlorine is used for a great variety 
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of chlorination processes, as a bleach, and for the preparation of hypochlorites and 
chlorates. 

The metallic chlorides have already been discussed. They are all quite soluble with 
the exception of cuprous, mercurous, silver, gold, and platinum. Lead chloride is spar¬ 
ingly soluble. 

Hydrochloric Acid (HCl), or muriatic acid, is prepared from sodium chloride and 
sulfuric acid as has already been described (p. 10 - 12 ). It is the most corrosive of the com¬ 
mon acids, and is used in the pickling of metals and for a variety of miscellaneous purposes. 

Chlorine dissolves in alkaline solutions to form hypoclilorites from which it may In* 
released as required for the bleaching of fabrics, paper, and other products. Calcium 
hypochlorite has already been discussed (p. 10 - 14 ). 

Sodium Hypochlorite (NaOCl) is formed when chlorine is passed into a solution of 
sodium hydroxide or sodium carbonate (which is cheaper). 

2 NaOH -f Ci2 NaOCI + NaCl + IhO 1 
NaaCOa + CL-^ NaOCl + NaCl -f- CO2 j 

Sodium hydroxide and chlorine are obtained as the products of the electrolysis of salt 
brine. By mixing the two directly as they are formed, sodium hypochlorite is obtained 
according to the above reaction. Dilute sodium hypochlorite is known as Javelle water 
and is used in laundry work At higher temperatures hypochlorites are converted into 
chlorates. Thus 

3 NaOCl -► 2NaCI + NaClOj (68) 

Sodium Chlorate (NaClOg) is formed in electrolytic cells similar to those used to 
produce sodium hypochlorite but operated at a temperature between 70 and 100 dog cent. 
The hyiiochloritc is converted directly to chlorate. Sodium and potassium chlorates are 
used in matches and explosives, and as oxidizing agents. 

Bromine 

Bromides occur in natural brines in small concentrations associated with much larger 
amounts of chlorides. Bromine is liberated when such solutions are treated with chlorine. 

2 NaBr + Cl2-> 2NaCl + Brz ( 69 ) 

Recently such a process has been devised and operated for extracting the bromine content 
of sea water. Bromine is used extensively in the manufacture of the anti-knock com¬ 
pound, tetraethyl lead. Bromides are used in photography and in medicine. 

Iodine 

Iodine is found in the form of iodales in the mother liquor of Chile saltpeter. It is 
obtained by treatment with sodium sulfite and bisulfite. 

2 NaI 03 + SNa^SOa + 2 NaIJS 03 -^ SNazSO, + 12 + H2O ( 70 ) 

The iodine is then purified by sublimation. It is also obtained from sodium iodide which 
is leached from the ashes of seaweeds by treatment of the solution with chlorine, a process 
similar to that used for the preparation of bromine. Iodine and its compounds tire used 
in medicine and, to a very small extent, in photography. Iodine at room temperatures is 
a gray, submctallic, crystalline solid. 

Fluorine 

Fluorine differs somewhat from the other halogens in its extraordinary reactivity. 
It attacks all the metals except gold and platinum. Copper forms an adherent protective 
coating of copper fluoride. It is obtained chiefly from fluorite (CaFj), or fluorspar, 
although it is a constituent of cryolite (NaF-AlFs) and of phosphate rock. 

Hydrofluoric Acid (H2F2) is obtained by treating fluorite with sulfuric acid. 

CaFa + H2S04-> CaS04 + H2F2 ( 71 ) 

Hydrofluoric acid reacts with silica to form the volatile silicon tetrafluoride or, in the 
presence of water, fluosilicic acid or metallic fluosilicates. 

SiOa + 2 H 2 F 2 -* SiF 4 + 2H2O ( 72 ) 

Hydrofluoric acid and the fluorides also attack silicates such as glass, producing an etch. 
They are accordingly used for etching as well as for cleaning. Hydrofluoric acid differs 
from the other halogen acids in being dibasic. It may therefore form acid fluorides such 
as sodium bifliioride (NaHF2) w'hich is obtained by treating the normal fluoride with 
hydrofluoric acid. The fluorides are used as insecticides; the bifluoridcs are used in 
laundering. Fluorine is a pale yellow-green gas. 

The simple ions of all the halogens are colorless. 



SULFUR, SELENIUM, AND TELLURIUM 10-29 


19. SULFUR, SELENIUM, AND TELLUKIUM 
Sulfur 

Sulfur is obtained from extensive deposits of the native element and from the metallic 
ores. 

Sulfur Dioxide (SO2) is obtained as the gaseous product of the combustion of sulfur in 
air. It is also obtained in the roasting of ores. Its chief importance is in the fact that it 
is an intermediate product in the manufacture of sulfuric acid. 

Sulfuric Acid (H2SO4) is obtained from sulfur dioxide by two important processes. 
In the chamber process, sulfur dioxide, air, ai‘.d water are allowed to react to form the acid. 

The reaction is ordinarily very slow, but in the presence of oxides of nitrogen it is con¬ 
siderably catalyzed. The following intermediate reactions are believed to occur. 

502 + N 0 .>-)>R 03 + NO 1 

503 -}- H2SO4 [ ( 73 ) 

2 NO 4- O2—> 2NO2 (to be re-used) J 

The nitrogen compounds continue through a cycle and remain unchanged except for 
plant loseM’js. 

In the second method, known as the contact i>roccss, the sulfur dioxide and air are 
passed over a catalyst whiidi may be platinum or vanadium .‘ompoiinds, to form sulfur 
trioxide. This is then dissolved in strong sulfuric aidd, water Indiig addo'' to maintain 
the dilution. A solution of sulfur trioxide in anhydrous sulfuric acid is sold as oleum, or 
fuming sulfuric acid. It may be regarded as sulfuric acid which has been partially 

dehydrated. Sulfuric acid is manufactured in enormous quantities. It is the basic 

material of the chemical industries, and its uses are more extensive and widespread than 
those of any other chemical. 

Hydrochloric and nitric acid plants arc generally closely associated with sulfuric acid 
producing units and constitute an important outlet. The sodium sulfate produced as a 
by-product (see p. 10-12) is then marketed, to the glass industry in particular, or is con¬ 
verted to sodium sulfide as will be described Ixdow'. 

Most of the sulfuric a<nd produced is sold as (>(> deg B6 acid, known as oil of vitriol, 
containing 93.195 per cent pure sulfuric .acid. Weaker and stronger grades arc also 
available. Oil of vitriol and, more especially, stronger acids and oleum, are strongly 
dehydrating and w'ill char organic materials whitdi contain water, such as cellulose. It is 
also a fjiirly strong oxidizing agent and a strong acid. 

Sulfurous Acid (II2SO3) is produced when sulfur dioxide is passed into water. 

SO2 -f H2O tnP II2SO3 ( 74 ) 

It is a weak, unstable acid which tends to dehydrate back to its anhydride, sulfur dioxide. 

Sodium Sulfite (NaoSOs) and sodium bisulfite (NaHSOs) arc formed by passing sulfur 
dioxide into solutions of sodium carlxmate. They are used as reducing agents, in tanning, 
paj^er-making, and the mamifaidure of dyestuffs. 

Sodium Thiosulfate (Na2S203-5Il20), or hypo, is produced by boiling a solution of 
sodium sulfite with sulfur. 

NasSOs + S -> Na 2 S 203 ( 75 ) 

It is used as a reducing agent, particularly in photography. 

Hydrogen Sulfide (H-jS) is a gas with an odor of rotten eggs. It is an undesirable 
impurity in industrial gases. It luis very weakly acidic properties. 

Sodium Sulfide (Na-jS) is produced by heating sodium sulfate with coke. 

Na 2 S 04 4 40 — NaoS + 4 CO ( 76 ) 

Solutions of sodium sulfide are strongly alkaline. It is used for removing hair from animal 
hides, in paper manufacture, and in the making of dyestuffs. 

Elementary sulfur is usually obtained as the yellow amorphous brimstone. As a fine 
yellow crystalline powder, obtained by chilling sulfur vapor, it is known as flowers of 
sulfur; finely ground brimstone is called flour of .sulfur. 

Selenium and Tellurium 

These elements are obtained in considerable quantity, particularly as by-products of 
the recover.v of copper and nickel from their ores. Thus far the demand for them has not 
been commensurate with their .availability. Selenium has been used in photoelectric 
cells and in glass. Both elements are similar to sulfur in their chemical properties. 
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aa CARBON, BORON, AND SIUCON 


Carbon and silicon are tetravalent in all their compounds, with very rare exceptions; 
boron is trivalent. 


Carbon 


The most important source of mineral carbon is coal. Carbon is an important con¬ 
stituent of all solid, liquid, and gaseous fuels and of all organic compounds as well as of 
the mineral carbonates of which limestone is the most important. In fuels it is either free 
as in charcoal or combined with hydrogen, oxygen, and small quantities of other elements. 
The carbon and the hydrogen combine, in burning, with the oxygen of the air, jdelding, 
on complete combustion, carbon dioxide and water vapor. 

CJrlyO, +NO2 xCOi + ( 77 ) 

This will be discussed in greater detail under Combustion and Fuels. 

Carbon Dioxide (CO2) is a (;onstituent of the atmosphere and a product of the com¬ 
plete combustion of fuels. It dissolves to a slight extent in water at ordinary pressures 
and quite consideraWy when the pressure is raised. It is readily soluble in alkalis, form¬ 
ing carbonatiis and bicarboiiates wliich, on the addition of acid, are converted back to 
carbon dioxide. 

Carbon dioxide gas is readily converted to a liquid by the application of pressure and 
moderate cooling. When the pressure is released the expansion of a portion of this liquid 
will cool the remaining material to a solid, which is an increasingly popular refrigerant 
known as “dry ice.” Many chemical industries which produce carbon dioxide as a 
by-product now find it profitable to convert the gas to the liquid or solid form. 

Carbon Disulfide (CS2) is produced by the reaction of coke and sulfur at a high tem¬ 
perature. It is used as a solvent for rubber, waxes, and fats, and as an insecticide. 

Carbon Tetrachloride (CCI4) is made by the reaction of carbon disulfide and chlorine 
gas. It is a solvent for many organic materials and is used for cleaning fabrics and as a 
fire extinguisher. 

Boron 


Boron is found in the minerals sassolite, borax, ulexite, and colcmanite. 

Boric Acid (HgBOn) is found as sassolite and is also produced by acidifying a solution 
of borax. It is a slightly soluble 'veak acid and is used as an antiseptic and jircservative. 

Borax (Na2B407'lOilaO) is found in nature and is also prepared by boiling ulexite 
(CaNaBBOg-SHiO) and colemanito (CaiBeOn * 51120 ) with sodium carbonate solution. 
It is used as a detergent and in the manufacture of glass and vitreous enamels. 


Silicon 

Rilicor is the chief constituent, other than oxygen, of the earth's crust. It forms an 
endless variety of silicates, widely distributed. 

Silicon Dioxide (Si02), or silica, is found as sand, quartz, opal, and chalcedony. It is 
dissolved by strong alkali, particularly at elevated temperatures. 

Sodium Silicate (xNa20-2/^102), of variable composition, is called w'atcr glass. It is 
prepared by fusing sand with sodium carbonate and dissolving in water. It is generally 
sold as a viscous liquid, but also as a soluble solid. Its solutions are used for the fire¬ 
proofing and weighting of textiles, to cement glass, and as detergents. 

Numerous metallic silicates may be formed by fusing salts or bases with silica. Most 
of them crystallize with difficulty. Certain compositions of mixed silicates may be 
melted to form glasses and vitreous enamels which arc amorphous solids of variable com¬ 
position and of a wade variety of properties. 

Silicic Acid (xSi02 • j/HjO), of variable hydration, is formed as a gelatinous precipitate 
by the acidification of water glass. It may be partially dehydrated, after carefully wash¬ 
ing free of salts, to form a glassy solid, known as silica gel, which has remarkable absorptive 
and catalytic properties. 

Silicon Carbide (SiC), or Carborundum, is produced by the reaction of coke and sand 
at a high temperature. 

Si 02 + 3 C->SiC + 2 C 0 ( 78 ) 

It is a hard substance used as an abrasive. 
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QUALITATIVE ANALYSIS 


ThiB outline has been taken from Qualitative Analysis by Treadwell and Hall (John Wiley); th 6 
reader is referred to this book for detailed directions regarding these procedures as well as nunier* 
ous others. 

21. PRELIMINARY EXAMINATION 

This should never be omitted, for it often shows how the subsequent analysis may be 
considerably shortened, and in some cases makes the further examination unnecessary. 
It consists only of making the following few simple tests: 

Heating in the Closed Tube 

By a closed tube is understood a small glass tube about 10 cm long and 0.5 cm in 
diameter scaled at one end. Place a little of the substance in the tube so that none of it 
remains adhering to the sides, liold the tube in a nearly horizontal position, and cautiously 
heat in a flame, noting carefully whether any change takes place. 

The Substance is Volatile: {a) The substance sublimes completely without any deposi¬ 
tion of water; it contains no non-volatile substance. 

The sublimate is white. The halogen compounds of ammonium,* mercuric and mercur¬ 
ous chloride and bromide, mercuric aminochloride, arsenic trioxide, and arsenic pentoxide 
may be present. 

Arsenic pentoxide melts before being changed into the trioxide. 

The subliw-ate is colored — 

Gray: all oxygen compounds of njercur5\ cyanide of mercury, free iodiiie, and arsenic. 

Mercuric cyanide leaves a brown mass, paracyanide, which only disappears after long-continued 
heating. 

Yellow: arsenic sulfide, sulfur, mercuric iodide. 

Mercuric*iodide becomes red immedial ely on being rubbed with a glass rod. 

Grayish black: mercuric sulfide. 

(h) The substance is completely volaJile, wUh separation of water and gaseous products: 
most ammonium compounds (with the exception of those of the halogens) ami free oxalic 
acid. 

By very cautious heating, oxalic acid may be sublimed; it usually decomposes, however, into 
water, carbon monoxide, and carbon dioxide. 

The Substance is Only Partly Volatile. In this case gases and vapors may be evolved: 

Oxygen from peroxides, nitrates, chlorates, iodates, etc. 

Carbon dioxide from carbonates and organic substances; in the latter case it is usually 
accompanied with the separation of carbon and evolution of cmpyreumatic, combustible 
vapors. 

Chlorine from chlorides of platinum, gold, copper, iron, etc. 

Iodine from iodides, in the presence of oxidizing substances. 

tiulfnr from many sulfides and thio.sulfates. 

Arsenic from arsenites and arsenates, in the prcjsence of carbon or organic substances. 

Arsenitc.s are reduced without the aid of charcoal: 

IOK3A8O?, =* 6K3ASO4 -}- 6K2O “f" Ab4 

Water from substances containing wafer of crystallization, from acid salts, organic 
substances, or from the phosphate, borute, chromate, vanadate, and tungstate of ammo¬ 
nium. 

The water given off condenses in the cooler part of the tulie and should l.)e tested with 
litmus paper. If it reacts alkaline, it comes from ammonium compounds; if acid, it 
results from easily decomposable salt.s of the stronger aci<ls. 

Many fluorides when heated with water give off hydrofluoric acid, which etches the 
glass. 

If a sublimate is formed, make the following experiment: 

Mix a little of the substance wiih three times as much calcined sodium carbonate and heat 
in the closed tube. If ammonium salts are present, the smell of ammonia can bo detected. 

* In the case of aminonium salts, e.g., NH 4 CI, this is not a true sublimation. When heated 
NH 4 CI gives NH 3 and HCl gases which combine again when chilled. 
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Mercury compounds give a deposit of gray metal; arsenic and its oxygen compounds also 
usually yield the gray metal (but no globules), accompanied by a garlic odor. 

The oxygen compounds of arsenic do not give the metal when heated with pure sodium car¬ 
bonate. Commercial sodium carbonate, however, is usually contaminated with enough paper 
fibers to cause the reduction. 

Test the Substance in the Bead 

Make a borax or sodium phosphate bead in the loop of a very thin platinum wire, 
introduce it with a little of the substance into the oxidizing flame, observe the color of the 
bead both when it is hot and when it is cold, and then heat it in the reducing flame. 
Borax is usually used for this experiment, except when it is desired to test for silicic or 
titanic acids, or when the substance is white, in which case the salt of phosphorus is used. 
Only colored oxides are capable of coloring the borax bead. 

Some oxides are reduced to metal, so that the bead appears gray in the reducing flame (see 
following table). CuS ()4 is white when anhydrous, but becomes blue immediately on the addition 
of water. 

The following substances impart a characteristic color to the bead: iron, manganese, 
nickel, cobalt, chromium, uranium, copper, didymium, cerium, vanadium, titanium, and 
tungsten. 

Since the coloration varies with the temperature and with the amount of substance 
used, the results to be expected, with the necessary conditions, arc summarized in the 
table given below. The following abbreviations are used: h= hot; c = (;old; h-c = 
hot and cold; s.s. — slightly saturated; sat. = saturated. 


Color of the 
bead 

With Borax 

With Salt of Phosphorus 

In the Oxidizing 
Flame 

i In the Reducing 
Flame 

In the Oxidizing 
Flame 

In the Reducing 
Flame 

Colorless 

Si (!)2 (without skel¬ 
eton), alkaline 
earths, llg, J’b, 
Bi, Sb, Cd, Zn, 
Sn. Ti 

SiOa (witliout skel¬ 
eton), alkaline 
earths and earths, 
Mn, Di, Ce, Cu 
(s.s.) 

.Si 02 (usually with 
skeleton), alkaline 
earths and earths 
(sat. - turbid) 

Si 02 (usually with 
skeleton), alkaline 
earths and eartlis, 
Mn, Di, (vC, Cu 
(s.s.) 


W, Mo, Fc (s.s.-r) 


W, Ti 


Gray 


Ag, Pb, Bi, Sb, Cd, 
Zii, Ni 


Ag, Pb, Bi, Sb, Cd, 
Zn, Ni 

Yellow (or 
brown) 

Fe («.s.-h), Ag (h), 
(’e (h), U (h), V 
(h--sat.), Ni (<•) 
(brown) 

Ti (h). W (h), V 
(h). Mo (h) 

Fe (s.s.-h), Ag (h), 
Fe (sat.-c), C'e 
(h), V (h), U (h), 
Ni (c) (brown) 

Fe (h), Ti (h) 

Green 

Cr (c), Cu (h) 

Fe (h-c), U, Cr, V 
(h) 

Cr (c), Cu (h), Mo 
(h), U (c-sat.) 

Cr (c), U (c), V (c), 
Mo (c) 

Blue 

Co (h-o), Cu (c) 

Co (h-c) 

C'o (h-e), Cu (c) 

Co (h-c), W (c) 

Violet 

Mn (h-c), Hi 
(h-e), Ni (with 
cobalt) 

1 


Mn (h-c), Di 
(h-c) 

Ti (c) 

Red 

Fe (h-«at.), Ce (h) 

Cu (sat.), opaque; 
when very slightly 
saturated and with 
a trace of Sn, ruby 
red and transpar¬ 
ent 

Fe (h-sat.), Ce (h) 

Cu as in the borax 
l)ead; Ti and W in 
the presence of 
iron — blood red 


Heat a Little of the Substance upon Charcoal before the Blowpipe 

If deflagration takes place a nitrate, nitrite, chlorate, iodate, etc., may be present. 

Heat the Substance with Soda upon Charcoal before the Blowpipe 

Mix as much of the substance as can be taken up on the end of a knife-blade with twice 
as much sodium carbonate, place it in a cavity on a piece of charcoal, and heat in the 
reducing flame of the blowpipe. 
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There is obtained: 


(a) Metal without incrustation. 


(b) Metal with incrustation. 


f As malleable button; Au, Ag, Sn, Cu, which can 
be pressed flat in an agate mortar. 

I As gray metallic particl'es; Pt, Fc, Ni, and Co. 
Pt may be pressed flat in an agate mortar; Fc, 
Ni, and Co are magnetic and arc attracted by a 
magnet. 

^ As a brittle metallic button: Sb (white incrusta¬ 
tion), Bi (yellow incrustation). The button 
may be reduced to a powder by grinding in an 
agate mortar. 

'•As a malleable button: Pb (yellow iiiorustution). 

^ ^ , , [White, yellow when hot; Zn. 

(c) Incrustation without metal.tL’rown: Cd. 

' Wliite: As (garlic odor). 

(<i) White, infusible, strongly luminous mass. Ca, Sr, Mg, Al, and rare earths. 

(«?) Sulfur corriiifuinds are reduced to sulfides. If the melt is placed on u bright silver coin and 
moistened with w’uter, the silver is blackened (Hepar reaction). 

Test the Substance to See Whether It Imparts Any Color to the 
Non-luminous Flame 


Introduce a little of the substance on a platinum "wire into the base of the flame, and 
then into the fusion zone. Afterwards moisten it with dilute hydrochloric acid and repeat 
the experiment. The following indications may be obtained; 

Sodium gives a yellow monochromatic flame; a piece of sealing-wax or a crystal of 
potassium diehromate appears yellow when illuminated by this flame. 

Potassium (cesium and rubidium) gives a violet flame which is .oniplotcly obliterated 
by the sodium flame. If the flame is observed througli cobalt glass, the sodium flame 
disappears and the potassium flame appears pink. 

Lithium gives a carmine-red flame (or a red line in the spectroscope). 

Strontium also gives a cannine-red flame (which the spectroscope shows to consist of 
several lines in the orange, and a bright line in the blue). 

Calcium gives a brick-red flame (in ilic spectroscope an orange and a green lino arc 
seen, both about an equal distance away from the-sodium line). 

Barium gives a grecniah-ycllow fliune. 

In the case of barium sulfate the green flume is eitlier indistinct or not visible. In 
order to detect barium in this case, heat a small portion of the substance in the upper 
reducing flame, cool, moisten with hydrochloric acid (odor of hydrogen sulfide), and again 
heat, when the barium flame can Ije c.asily seen. 

Thallium gives an emerald-green flame. 

If a green flame is obtained, test another portion of the substance for boric acid, by 
treating with concentrated sulfuric acid and bringing near the flame. A green color 
indicates the presence of boric acid, but if copper is present this test is not reliable. 

Tiy beating the Bolicl Rubstance with potaRRium ethyl sulfate in a test-tube, borie acid in con¬ 
verted into li(C)C2H6)3, w'hich is volatile and burns with a green flame. Copper chloride does not 
interfere with this test. 


Lead, Arsenic, Antimony color the flame light blue, and copper compounds color the 
flame either green or blue. 


22. SYSTEMATIC ANALYSIS OF THE METALS 

Table I. General Scheme for Separating the Metals into Groups 


Solution may contain all the common basic constituenta. Add HCl in Rlight eTceHs. 


Precipitate: 
Group 1. 
Examine as out¬ 
lined in Table II. 

Filtrate: Groups II, III, IV, and V. Saturate with // 2 .S. 

rrecipitate: 
Group 11. 
Examine as out¬ 
lined in Table III. 

Filtrate: GroupB III, TV, and V. Test for phosphoric acid. 
If found present modify the following procedure us indi¬ 
cated in Table VI. Add NIUOH and {NIJa) 2 S 2 . 


Precipitate: 
Group III. 

If phosphate {.s ab¬ 
sent examine as 
outlined in Table 
VII. If phos- 
phate is present 
examine bp Table 

VI. 

Filtrate: Groups 
(Nrh)or(h. 

IV and V. Add 


i 

Precipitate; 
Group IV. 
Examine as out¬ 
lined in Table 
VIII. 

Filtrate: 
Group V. 
Examine as out¬ 
lined in Table IX. 
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_ Table II. Analysis of the Silver Group (Group I) _ 

Solution may contain all the metals. Add 6-normal HCl, filter, and examine the filtrate for succeeding 
groups. T reat with hot water. 

Residue: AgCl. Hg 2 Cl 2 . Pour ammonia through the filter Solution: Pb + +. Test for lead with 

.— ' —.- Filter off PbSOi and treat the precipitate 

Residue: Solution: [Ag(NH 3 ) 2 l Add with hot Nsolution. Add 

Hg(NH 2 )Cl + Hg. HNOz'. white precipitate shows K 2 CrOi‘, a yellow precipitate of PbCrO^ 

the presence of Ag. _ shows presence of Pb. _ 

Table III. Separation of the Copper and Tin Groups (Group II) 

Solution may contain cations of all the metals except silver and mercurous mercury. Make the solu¬ 
tion 0.3-normal in HCl and saturate with Filler and examine the filtrate for Groups III, IV, 

and V. Treat the precipitate rvith Na^S^ solution. 

Residue: PbS, CuS, CdS. Solution: [HgSa]"", [ABS 4 ] , [SbS 4 ] , [SnSa]"". Add 

Examine by Table IV. HCL 

Precipitate: HgS, AS 2 S 6 , Sb 2 S 5 , Filtrate: NaCl. Reject. 
_ SnS 2 . S. _ 

Table IV. Analysis of the Copper Group 

Residue from Table III: PbS, Bi 2 S 3 , CuS, CdS. Boil with S-normal HNOs and filler. 

+ + Cu^'*^, Cd + +. Add H 2 SOA, evaporate, dilute and filter. 

Filtrate: Bi + + * , Cu^'^, Cd + +. Add NII 4 OII in excess and 
filter. 

Precipitate: | Filtrate: [Cu(NH 3 ) 4 ] lCd(NIl 3 ) 4 j ^ 

Bi(OH) 3 . Add 
Na2Bn02. Black 
residue is Bi. 


Table V. Analysis of the Arsenic-Tin Group 

Prccipitute from Table III. AS 2 S 5 , Sb 2 Sr„ SnS 2 , S. Warm with I'M-normal HCl. 

Solution: SbCU", SnClc"”. Evaporate to small iwluine, pour 
upon clean platinum foil, and place a clean piece of zinc in the 
solution; a black spot on the platinum indicates Sb. IF/tcn the 
evolution of hydrogen has ceased, remove the zinc and, if anu 
tin deposit adheres to the platinum, rub it off and dissolve it, 
with the remaining zinc, in a small test-tube in one or two drops 
of concentrated hydrochloric acid. Dilute with water and add a 
few drops of mercuric chloride solution. A white or gray pre¬ 
cipitate sbc)WB that Sn is present^__ 

Test for Phosphate. Boil a littlo of the filtrate from Group II until the hydrogen sul¬ 
fide is expelled, pour into a mixture of 5 cc 6-normal nitric acid and 6 cc of ammonium 
molybdate reagent, heat to 60 deg, and allow to stand for 10 minutes. If a yellow precipi¬ 
tate of ammonium phosphomolybdate is obtained, members of Group IV are likely to 
precipitate as phosphates upon the neutralization of the solution by ammonia and ammo¬ 
nium sulfide. 

Table VI. Analysis of Groups III and IV in Presence of Phosphate 

_ Tin Method __ 

Remove i/ 2 <S and HCl from filtrate from Group II, and evaporate repeatedly with HNO^. Add tinfoil, 
concentrate, dilute, and allow the piecipitate to settle. 

Precipitate: (Il 2 Sn 03 )x-(P 205 )j/. Solution: Groups III, IV, and V. Saturate with H2S and filter. 
Reject. 

Precipitate: CuS, PbS from Solution: Groups III, IV, and 
impurities in tinfoil. Re- V. Add NHaOH and {NH\)iS 
jert. and continue O'? in Table I. 


Residue: Ah 2 ^\v Dissolve in (l-normal 
HCl and KClOj^. Evaporate, dilute, 
neutralize with NH.\OH, and add 
MgCh’NIUCl solution. A v)hite 
precipuate. of MgNII aA,sOa indicates 
As. Dissolve in (i-normal HCl, and 
treat with // 2 *S. Yellow precipitate 
of AB 2 S 5 or As 2 J ^3 shows As. 


A blue solution 
shows Cu. If in 
doubt,addllCilf 3 O 2 
and X 4 [Fe(CiV)cl 
to a small portion. 
Red precipitate is 
Cu 2 fFe(CN) 6 |. 


To the larger pari of 
the solution add 
IhSOt and Fe. Fil¬ 
ter and saturate the 
filtrate with H 2 S. 
Yellow i)rccipitatc 
shows Cd. 


Residue: S usually Solution: Pb^'^,! 

contaminated - 

with negligible Precipitate: 
quantities of sul- PbS 04 . Dissolve 
fides. inNH\OAcand 

Reject. add K 2 CrO\. A 

yellow precipi¬ 
tate of PbCr (^4 
shows the pres¬ 
ence of lead. 
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Table VII. Analysis of Group III 

Solution may contain Fe + +, + + , Al'^ + + , Co^*, Ni^ + , and Groups 

IV and V. 

Add NH\OH and (N 114 ) 28 . Filter and examine filtrate for Groups IV and V. 

Dissolve precipitate in HCl and KClOi. Evaporate, treat with NaOH ond Na^O^, and filter. 


Precipitate: Fe(OH)3, llaMnOj, Co(OH)3, NivOH)2, Zn(OH)2 I'iltrate: AlO?", Cr04"", HZnOj-. 
Dissolve in HNO^ and H 2 O 2 . Evaporate and boil with eoncen- Acidify with HCl and add NH 4 OH. 
trated HNOz’\~ KCIO 3 . 


Precipitate: 

Filtrate: Fo+ + + , Co + +, + , Zn^'*’. Add|precipitate:| 

Filtrate: ZnCNHs)# 

Mn02. 

NH 4 OII. 


AKOlDs. 

Cr 04 - 

Boil with 

Dissolve in 




jvooi lya, nu an 1Y/13 

HV08+ 

Precipitate: 

Filtrate: Co(NH3)6+-^, , HCl and 

expelled. 


H 2 O 2 and 

Fe(OH)3. 

Zn(NH3)6‘'”'’ . Saturate with II 2 S and test vnth 



test for 

Test for Fe 

treat precipitate with cold, i 

normal 11 (' 1 . aluminnn 

Precipitate: 

Filtrate: 

Mn with 

vnth 

1 

or dissolve 

Zn2(01l)2- 

Cr 04 ■' 

NaBiOz. 

K.xFe- 

Residue: Solution: tracesl in HNOz, 

CO3. Dis¬ 

Add 


(CV)6. 

i CoS, NiS. of Co+-^ 

and Ni"* *■ .1 add 

solve in a 

HthHzOt 



Dissolve in Add NaOH and Na‘> 02 .\ Co{NOz )2 

little HCl. 

and Pb- 

1 


HCl and - 

solution, 

add 

KC2 Hz02 )2- 



KClOz and Precipitate: 

Filtrate: filter, and 

NH 4 OH 

Y^ellow 



evaporate Co(OH)3 

Na2Zn02. ignite thr 

and 

precipi¬ 



just to dry- Ni (011)2- 

Acidify residue. 

HC 2 HZO 2 

tate: 



ness. Add Add to 

with A red pre- 

and test 

PbCr04. 



HCzIlzP'i residue of 

HC 2 IHO 2 cipitate 

with H 2 S. 




and KN 02 to CoS, NiS. 

and satu- with ulu- > 

White pre¬ 




precipitate 

rate with mi non or 

cipitate: 




cobalt as 

H 2 S. Con- fheformi - 

ZnS. 




yellow Kz- 

firm Zn by tion of 





\Co{N02)el 

the Htn- TlRuiard’s 





Filter and 

mafin's blue by 





test the fil¬ 

green test, ignition 





trate with 

shows the 





dimeihylgly- 

presence 





oxime. 

of alu¬ 





Red precipi¬ 

minum. 





tate of 






NiKCIIaC- 






N0)2H]2 






shows the 






presence of 






nickel. 





Table VIII. Analysis of Group IV 

Solution may contain: Ba'*"*’, K"^, Na"*", Concentrate to tO ml; add 16 nil 

(.\II 4 ) 2 COz reagent, or more if necessary, and an equal volume of (^lliPII. Stir, let stand fiO minutes 
and filter. Test filtrate for Na'^ and according to Table JX. Dissolve the precipitate, which 

may contain BaCOz, SrCOs, CaCOg, and MgCOz’iNH 4 ) 2 C 0 zAIl 20 , in 6 -normal HC 2 HZO 2 , add 
MI 4 C 2 H‘a 02 and /voCrD^. 

Precipitate: BaCr 04 . Filtrate: Sr+ + , Ca'^ + , Add NIUOIJ. Dilute to C5 ml and add 

Dissolve in IJCl. Evap- 50 ml C-JhOH. tShake the solution with filter paver pulp and filter, 
orate to dryness. Test ' 

residue in flame, treat Precipitate: SrCr 04 . Dilute with 60 vnl of water, add 3 ml of 3-normal 
with S ml of 6 -normal Boil with {NU 4 ) 2 .COz K 2 C 2 O 4 . If a preeipiiate forms, add more 

HC 2 HZO 2 , i'O ml of 3- and K 2 C 204 - Filler K 2 C 2 O 4 if necessary, heat and filter, 

normal NH 4 C 2 HAO 2 , and reject the filtrate. — 

and 16 ml of water. Dissolve residue in 5 Precipitate: CaCaO.i. Filtrate: Add 

Heat to boiling and lest ml of normal HC 2 HZO 2 Dis.solve in 6 ml of N H 4 OH andNa 2 lIP 04 . 

with K 2 Cr ()4 solution. and add IS ml of normal 6 -normal H 2 SO 4 and Dissolve in 6 ml of 

Yellow precipitate is N 02804 solution. add 20 drops of 2-normal H 28 O 4 , add 

BaCr 04 . White precipitate of CtH^OH. White pre- 10 ml C^IhOH and fU^ 

SrSO/j shows Sr is cipitate is CaS 04 . ter if necessary. Add 

present. NH 40 HandNa 2 HP 04 . 

Precipitate is 

_MgNH4P04._ 
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Table IX. Analysis of Group V 


Filtrate from Group IV may contain NH 4 +, and Na"*". Evaporate and ignite the residue. 
Dissolve in water, add BaCh {to remove S 04 ~~), and then {NH/^'iCOz {to remove Ba^"^). Evaporate 
and ignite again. 


Vapor: Nil 4 Balts. J'est 

Residue: KCl, NaCl. Add HCIOa, evaporate, cool. 

and add alcohol. 

NUi^. 

Residue: KCIO 4 . Dis- 

Solution: NaC 104 . Saturate with II Cl gas. 


add iVogCoCVO-ile to 
precipitate yellow 
KaNaCoCNOa)#. 

Precipitate: NaCl. Dis¬ 
solve in water and add 
KllzSbOi to precipitate 
white crystalline 
NaHaSb04. 

Filtrate: Reject. 


ELECTROCHEMISTRY 


The close relationship iM^tween all chemical and ele(;tri(;al phenomena has already 
been indicated. Certain of the chemical industries, however, arc so dependent upon the 
consumptiuii of electrical energy, or upon its production or utilization, that they are con¬ 
veniently classified as electrochemical. The subject may be divided into the electro¬ 
chemistry of solutions, aqueous and non-aqueoua; eiectrothermics; and thermionics and 
electronics. 


23. ELECTROCHEMISTRY OF SOLUTIONS 
Aqueous Solutions 

The dissociation of electrolytes in solution to ions has already been discussed. Such 
solutions have the property of conducting an electric current through the migration of 
ions which bear charges of positive or negative electricity. Obviously, if a direct current 
is used, the ions can pass only as far as the electrodes, where their charges will he neutra¬ 
lized with the release of uncharged, electrically neutral matter. The quantity of matter 
discharged or deposited will be proportional to the quantity of electricity supplied by the 
electrodes (in coulombs). The total flow of current must be proportional to the mimlM'r 
of ions which are neutralized and to the number of charges borne by each of them. The 
number of ions then is proportional to the number of gram-mols of the substance: 90,494 
coulombs is sufficient to release a gram-mol of a monovalent radical, half a gram-mol of a 
bivalent radical, one-third gram-mol of a trivalent radical, etc. This unit of charge is 
known as a faraday, and the principle is known as Faraday’s law. 

In order to pass a current through a solution a certain voltage is required. The solution 
itself will have an ohmic resistance proportional to the length of the path between the 
electrodes and inversely proportional to the effective area. In addition there will be a 
potential drop across the thin film surrounding each electrode due to evolution of gas or 
a sharp concentration gradient. This may lx? reduced to some extent by efficient agita¬ 
tion. Finally, there will be the potential necessary to deposit the material w^hich w^ould be 
present at eciuilibrium even though no current w'cre flowing. This is the minimum for 
deposition. Of course, if the solution is very dilute and tin* ions comparatively scarce, 
the required potential will be very high, and at high concentrations the reverse will be true. 
By Nernst’s law, 

E = 25 ^ - log C (at 18 “ C) (1) 

n 

where E is the electrode voltage drop. 

C is the ion concentration in mols per liter. 
n is the number of charges on the ion. 

The law is strictly valid only for very dilute solutions but may serve as a convenient 
approximation for most practical cases. Eq, the voltage drop when C — 1 , is a constant 
for each kind of ion and is called the electrode potential. The actual electrode potentials 
are impossible to measure accurately in absolute units, therefore, they are expressed relative 
to the potential of the hydrogen ion w^hich is assumed to have a reference jiotential of 
zero volts. The more active a metal, the low^cr will be the deposition potential of its ions. 
Conversely, the electrode potential may serve os a measure of the activity of a metal. 
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Table I. Measured Values of Electrode Potentials 


Lithium. —3.02 

Potassium. —2.92 

Sodium. —2.71 

Calcium. —2.5 

M asncsium. —1.86 

A.luminiim. — 1.34 

M anganese (against M n . —1.0 

Zinc. — 0.7G 

Chromium (against Cr . —0.6 

(against Cr‘^+'^). —0.5 

Iron (against Pc . —0.43 

Cadmium.. —0.40 

Cobalt (against Co . —0.29 

Nickel (against Ni'^ ). . . —0.22 


Tin (against Sn . — 0.14 

Lead (against . — 0.13 

Iron (against Fe ^ — 0.04 

Hydrogen. 0.00 

Antimony (against . + 0.01 

Bismuth. + 0.2 

Copper (ag.ainst CiC^). + 0.34 

(against (^u '^). + 9.52 

Mcnmry (against Hg"^). + 0.80 

.Silver.. + 0.80 

Palladium. + 0.82 

Mercury (against Hg"*"'). + 0.86 

Gold (against . + 1-3 

(against An ■+). + 1.5 


This table may lie considered the activity scries of the metals, those highest in the table 
being the most active. 

Every chemi(!al reaction may, theoretically, Ik? represented as being separnted into 
two electrode reactions, and the difference in iiotential (algebraically) lietvveen the two 
will be a measure of the reactivity. A highly negative iiotentiai differerujo would represent 
a spontaneous reaction wliich might be utilized to gencrtite a current, whereas a high 
positive potential difference would represent a reaction which roquireB energy to drive it 
forward. 

Electrowinning. Ores of copper, zinc, cadmium, and others .ire sometimes leached 
with sulfuric acid to give solutions of metallic sulfates from w'hich the metals may Iki 
recovered by electrolytic deposition. Copper is quite low in the ^;U'ctromotive m^ries and 
so it may be deposited at a very low voltage while the more active metals such as iron, 
which may be present as impurities, remain in solution. The positively charged copper 
ions are charged at the negative electrode, called the cathode, while oxygen is evolved at 
the positive electrode, called the anode. 

ZiiK! and cadmium are more difficult to deposit and require higher voltages. Balts 
of metals lower in the electromotive series must not be allowed to accumulate if a pure 
and smooth deposit is desired. 

Electrorefining. Copper, nickel, load, tin, silver, gold, and other metals produced by 
smelting or (‘h'(rtrowinning may l^e further purified in order to Ik> more useful commercially. 
Electrodeposition is the moat effective nuians of accomplishing this end. The principles 
arc similar to those of electrowinning t^xcept that the anode, instead of consisting of an 
inert material which liberates oxygen, is formed of the impure metal which dissolved and 
is reprccipitated on the cathode while the impurities generiilly are made to settle in the 
form of a mud which may then be further treated to recover valuable liy-prod\icts. 

Electroplating is similar to electrorefining in principle Imt the anodes are made of pure 
metals or desired alloys while the comiX)sition of the electrolytic solution, temperature, 
current dcnsit5^ etc., are adjusted to give a smooth, attractive, adherent, and useful plate. 

Electrolytic Caustic Soda and Chlorine. Solutions of sodium (-hloride brines may l)e 
electrolyzed to give hydrogen and caustic soda at the cathode and chlorine at the anode. 
Thus 

( 2 Na+) + 2II2O- > ( 2 Na+) + 2011 " + II2 1 

at anode f 


2 C 1 -- > CI2 


The products of the anode and of the cathode would react if allowed to mix so that it 
becomes necessary to k(?ep them sei>arated by means of a s(‘mi-iK‘rnieablc diaphragm or 
by some inechaiu(;al scheme. Numerous cells have been designed to achieve this end. 
In the manufacture of sodium hypochlorite and sodium chlorate the chlorine and alkali 
are purposely allowed to mix. 

Electric Cells and Batteries. Numerous combinations of electrolytes and electrodes 
may be used for converting chemical to eloctricul energy. Practically, the most useful of 
these are the lead storage and the Edison alkali cells. 

In the lead storage cell, lead dioxide reacts with sulfuric acid at the anode to produce a 
positive charge. 

Pb 02 + 2H2SO4 + Pb ^ PbS 04 + 2H2O + PbS 04 ( 3 ) 

+Plate -Plate + Plate -Plate 

At the cathode, metallic lead reacts with the acid to produce a negative charge. The 
-ead ions formed at both electrodes combine with the sulfate to produce the sparingly 






























10-38 


CHEMISTRY 


soluble lead sulfate. Both electrode reactions are reversible so that, by impressing a 
current, the initial conditions may be restored and the cell will be recharged. 

Nevertheless, owing to the energy dissipated by internal resistance, including polariza¬ 
tion effects at the electrodes and some inevitable short-circuiting of current within the 
cells, called local action, the output of electrical energy is never quite equal to the input. 
The ratio of the two is known as the efficiency of a battery or cell. 

The voltage of a cell on charging or discharging is the resultant or algebraic sum of the 

open-circuit emf due to the Nernst 
electrical potential and the voltage 
drop due to the internal resistance. 
For very low rates of charge or dis¬ 
charge the voltage approaches that 
of open circuit, but it is always some¬ 
what greater on charging and lower 
on discharging. The internal resist¬ 
ance voltage drop may be considered 
to be the product of the current and 
the resistance by Ohm’s law, but this 
resistance depends, in general, upon 
the rate and direction of the flow, the 
strength of the acid electrolyte, and 
the condition of the electrodes as 
well as the temperature. The acid 
g.ainB in strength (usually measured 
by its specific gravity) on charging, 
and loses it on discharging, while the 
Hours Charge or Discharge at Normal Rato electrodes become coatcd with lead 

Fig. 1 Lead Storage Cell sulfate, on discharging, which dis- 

(Plaiit6 Stationary Type) appears as the cell is charged. Fig. 1 

shows typical cell voltage on charging and discharging as a function of the time. On 
changing the rate of current flow these curves will, of course, be greatly modified. The 
open-circuit voltage of a storage cell v.'iries only from about 2.05 to 2.15 volts, the greater 
part of the voltage <;hangos being due to the internal resistance factor. 

The sp gr varies from 1.150 to 1.300. An approximate lower limit is shown in Fig. 1. 

The Capacity of a coll is defined as the numiier of tunpere-hours which it will supply 
when fully charged at some rate of discharge which must bo specified. 

The most important specifications for lead storage cells as well as for other cells are 
the following: 

The energy efficiency, which is the ratio of the energy output to the input under 
specified conditions. 

The capacity, as already defined. 

The ampere-hour efiiciency, which is the ratio of the number of ampere-hours output 
to the rumber of ampere-hours input under specified conditions. 

The ampere rating, which is the number of amperes that may safely be passed through 
a cell for an appreciable time. For brief intervals considerably greater currents may be 
handled. 



Certain rules must be observed for the proper care of lead storage batteries: 
The cells should not be made o nn , 


to carry a greater current than I I I I I I I I I I I I i I I 

that at which they are rated lest _ 
there be excessive temperature ® i.eo 
and gassing at th(‘ electrodes. 11 40 
If the strength of the electro- “ 
lyte is allowed to remain low for ^ t .20 
a considerable period, as when the ^ 1 qo 

battery is fully discharged, the r 1 . 1 

lead sulfate which acts as a binder 0.80 L——i—I—1——I——1——1——1— ^ 

for the lead peroxide will die- Hours Charge or Discharge at Normal Rate 

appear with accompanying di»- ^ Edison Storage CeU 

integration of the cell. 

If, on the other hand, the strength becomes too high, there will be excessive sulfating 
with injurious effects. The coirect range of specific gravity for the acid is from 1.140 to 
1.285, ^though it should not be allowed to remain at the lower extreme for very long. 

In order to avoid corrosion at the liquid level, the plates should be kept fully covered 
at all times by adding distilled water occasionally. Tap water and other sources of impur- 
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ity should be avoided, and the original acid should be of high purity to avoid disintegrating 
effects. 

The batteries should be overcharged once every month to form enough sulfate to keep 
the dejwsit on the plates intact. The gassing so produced also nelps to overcome the 
tendency of the stronger acid to settle to the bottom of the cells. 

Finally, the electrolyte should occasionally be removed and replaced by fresh acid. 

The Edison Cell is similar in principle to the lead storage cell. Nickel peroxide replaces 
the lead peroxide at the anode; iron replaces lead at the cathode; and potassium hydroxide 
replaces sulfuric acid as the electrolyte. The principal reaction is 

5 Fe + 5Ni203-6H2O + OHjO 10Ni(OH)2 + 5Fc(OH)2 (4) 

Non-aqueous Solutions 

The only important non-aqueous solutions used in the electrochemical industries are 
the fused salts. These are used only where the same result cannot be attained In an 
aqueous solution. The metals, aluminum, magnesium, calc;ium, sodium, and others, are 
prepared in this way. 

Aluminum is produced from purified bauxite (AI2O3) dissolved in fused cryolite 
(AlFa-SNaF). Molten aluminum is deposited at the carbon cathodes while oxygen is 
liberated at the carbon anodes, reacting to form carbon monoxide so that the electrode is 
gradually consumed and must be replaced. In this way, the bauxite is deeomposod 
proi>oriionally to the metal produced w'hilc the cryolite remains substantially unaffected. 

Magnesium is deposited from a fused bath of magnesium cliloride to whh’h a sniiill 
amount of sodium chloride is added to lower the melting point. The (jiist-steel pot in 
which the bath is held acAs as the cathode upon wlii(di the moltcri metal is deposited. 
Later the metal floats to the top. (Uilorine is liberated at the graphite anodes. 

24. ELECTROTHERMICS 

In Electrothermic Processes, electric energy is siipplied for the sole purpose of pro¬ 
ducing a high tomporaturo. Sevciral types of furnaces are used. 

In the Resistor Type of Furnace a bed of solid granular material, usually carl)on or 
graphite, is used. An electric current, alternating or direct, is passed through, liberating 
heat. The furnace charge itself may constitute the resistance. Thus, ir» the manufacture 
of silicon carbide (Carborundum), a mixture of sand and coke is i)laced between two 
graphite electrodes. (Sec Art. 20 .) In graphite manufacture a similar constniction is 
used but the charge is generally .Hiithracitc coal. 

In the Arc Type of Furnace, electrodes, usually of graphite, are brought into contact 
and then drawn apart. The heat generated by the resistance of the air gap vaporizes the 
carbon across the arc, and a current continues to flow. Details of dcjsign vary widely. 
These furnaces are used extensively in the Jilloying of steel and in the manufacture of 
calcium carbide. In this proexjss lime is made to react with coke at a high temperature. 

CaO -1- 3 C CaCo + CO (6) 

Calcium carbide is extensively used in the manufacture of acetylene, from which numerous 
organic chemical products are derived. 

Finely ground calcium carbide is made to react with nitrogen in a resistance-type 
furnace to form calcium cyanamid. 

CaC2 4 ” N2—^ CaCN2 “f C (6) 

This is a useful method of nitrogen fixation since the cyanamid reacts with hot water in 
tlie presence of alkalis to form ammonia. 

CaCNz + 3H20-> CaCOa -f 2 NH 3 (7) 

Calcium cyanamid is mixed with carbon and salt in an arc furnace to yield sodium cyanide. 

CaCN 2 + C 4- 2NaCl-> CaCL 4- 2NaCN (8) 

Induction Furnaces depend upon the production of heat directly in a metal charge by 
an electric current generated by a-c coil windings. Such furnaces are used for the refining 
of high-grade iron and steel. Temperatures are subject to very close control in this type 
of furnace. 
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25. ELECTRONICS AND THERMIONICS 

These subjects in their relation to gas and vacuum tubes are discussed in Section 8. 
The phases most directly concerning the chemical industries are electrostatic precipitation 
and the manufacture of ozone and nitric oxide. 

The electrostatic precipitator usually consists of a vertical cylindrical metal chamber; 
an electrode of wire or metal chain passes axially through the center of the chamber and 
receives a high potential electrostatic charge. The cylinder wall is grounded, and an 
electric discharge passes radially outward. The gas in the cylinder is thus ionized, as 
are the particles of dust or fog whitm are suspended in it. These are attracted to the 
grounded wall and are thus precipitated and recovered while the pure air or gas passes on. 

Such installations are in u.se for the recovery of solid fumes in the cement and phosphate 
industries and for cleaning the gases in contact sulfuric acid manufacture. 

Ozone (O3) is produced by the silent electric discharge through air at room temperature. 

302~> 203 (9) 

Ozone is a highly active form of oxygen and is used for sterilization. 

Nitric Oxide is produced oy passing air aijross a high-ternperature arc. The nitrogen 
and oxygen then combine to form nitric oxide, which is converted to nitric acid. 

N2 4- 02->2N0 (10) 
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METALLIC MATERIALS 

1. GENERAL PROPERTIES OF METALS AND ALLOYS 

By Bradley Stoughton 

Price must always be an important factor in the choice of materials for engineering 
construction. The wide-spread use of iron and steel ft)r many purposes is due largely 
to this feature. From the technical standpoint, however, the two properties of metals 
and alloys which most influence their selection as the chief materials of construction in 
our modern civilization are, first, strength combined with ductility, and, second, the 
ready ability to be shaped, i.e., to be changed in size or form. Illustrations of this latter 
property are: casting while liquid, die-casting during solidification, extrusion, rolling or 
forging while hot and very plastir;, and (at atmospheric temperature), rolling, wire drawing, 
flanging, spinning, etc. In the category of shaping should be included machining, which 
can alsrj be applied to some non-metallic bodies, as well as welding and soldering, which 
are unique for metal joining. Besides these two properties of most frequent importance 
there are special proi)ertie8 each of which is of prime importance in individual activities 
or industries, for example: hardonability, including the property of doing efficient cutting 
work at specified temperatures; electrical conductivity; magnetic permeability; magnetic 
rotentivity; resistance to corrosion, staining, or rusting, although this property is often 
lucking in metals and is valued in them only when combined with some other useful 
feature. The same may be said of a metal’s rcsistancje to the effect of heat tending 
toward: loss of strength, “ creep,” grain growth, softening, melting. An instance of a useful 
combination of several proporiios producing a valuable result is found in tungsten, with 
its ability to bo drawn into very fine wire, its strength, its toughness, and its high melting 
point, achieving together a new art in electric lighting. Other properties of metals of 
great value are: high melting temperature as in points in spark plugs; low melting tem¬ 
perature, as in fusible plugs for boilers, fire sprinklers, and electric fuses; reactivity to 
light, as in photoelectric colls, television parts; heat conductivity, as in radiators, cook 
stoves, cooking ut(.*nsils, etc.; low coefficient of expansion, as in surveyors’ tapes and 
clock pendulums; wide divergence in expansion and contraction with temperature eshanges, 
PS in bimetallic thermostats; strength combined with denseness, as in food containers, 
pressure gas bottles; color for decorative purposes; colors of metallic oxides, or otlicr 
compounds, for paint pigments, glass, porcelain, china; mere weight, as window sash 
weights, fillers for rub])cr tires; resilience. 

The Nature of Metal. Metals are chpmie.al elements. Of the known chemical ele¬ 
ments mfiro than half are admittedly metals, wdiilo about 20 elements have combinations 
of chemical and physical properties which leave them in dispute. All the admittedly 
metallic elements are solid, crystalline bodies except the liquids, mercury (quicksilver) 
and gallium. A crystalline body is composed of crystals so small that nornmlly tlu^ro 
are several million crystals to each cubic inch of volume, and the crystals are composed 
of several million space lattices per crystal. The space lattices, in turn, arc geometrical 
arrangements of atoms, of wdiich the cube and the octahedron are the commoner forms. 
The atom nuclei are held together in space lattices by hypothetical atomic bonds, wffiich 
resist both tension and compression, thus giving solidity to tlie mass. Electrons are 
situated among the atomic nuclei and have a limited amount of freedom of motion, upon 
which is predicated a theory of heat and electrical conductivity, and, perhaps, of mag¬ 
netism in the ferromagnetic metals, iron, nickel, and cobalt, and the ferromagnetic alloy 
of paramagnetic metals, aluminum, raanguriest?, and copper. The nature of the atomic 
bonds would s<'em, by inference, to bo a basis of strength, elasticity, resilience, hardness, 
expansion with temperature, and jKjrhaps even of fusibility. The ability of atomic bonds 
to re-establish themstdves after slip would seem to be the basis of phisticity. The lengths 
of atomic bonds range from 10 to 3S billionths of an inch and are several times greater 
than the diameter of the atomic nuclei, with the result that the latter arc held so widely 
apart that short rays of the x-ray typo pass betwwn them and penetrate a body which 
will totally reflect the visible light rays and give the appearance of being composed of 
closely packed particles. 


11 - 0 ? 
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Physical Met^nrgy. About 80 years ago metallurgists began to use the microscope 
for the examination of polished surfaces of metals. This form of research has been 
followed extensively during the past 50 years, and much has been learned of the structure 
of metallic bodies, especially as to the size, form relations, and (in connection with chemical 
and other types of investigation) the kinds of crystals. This study of structure is known 
as metallography. Next came a disclosure by physicists of the structure of atoms. 
The third step in the development of the modern science of physical metallurgy was the 
introduction of the use of the x-ray spectrometer to disclose the structure of space lattices— 
specifically their form, their size, and the arrangement in them of atoms. The most 


important results have been obtained not with pure metals, but with alloys. 

Alloys. An alloy is a union of two or more metals, or of metals with a subordinate 



the space lattices of another nection, it should be noted that, whereas the crystals may not all 
be alike on first freezing, the atoms of one element frequently 
metal, forming thereafter crys- ^jj^^ate or diffuse through the space lattices of a solid crystal 
tals of what are called “solid until equilibrium is established, that is to say, until all the crys- 
solutions.” The freezing of abke. 

a liquid solution of any 

proportion of two metals into a solid solution of the same proportions is known as freezing 
of Type I, and is expressed diagrarnmatically in Fig. 1. The complete decomposition of a 
liquid solution of two metals into two pure solid metals is known as Type II, Fig. 2. 
The freezing which results in only limited solubility in the solid state is called Typo III, 
Fig. 3. There still remains the formation of structures when metallic compounds are 
present, such as FeaC, Cu 2 Zn 3 , etc., a discussion of which may bo found in any reference 
book on physical metallurgy. 

Phase Changes in Solid Solutions. In the alloys of Type I, the crystals of solid 
solution, after formation, ordinarily cool to atmospheric temperature without further 
change. In the very limited number of alloys which form according to Type II there 
also seem to be no revolutionary changes after freezing is complete. But the solid solutions 
formed in Type III do not persist in unaltered form on cooling. Almost all limited solid 
solutions decrease their solubility with fall in temperature. In other words, the proportion 
of metal B which can be held in metal A in solid solution at a temperature of, say, 1000 deg 
cent, will be greater, and sometimes much greater, than the proportion which will saturate 
the same metal at 500 deg cent. Therefore, the structure of an alloy which exists immed¬ 
iately after freezing may be altered on cooling, and is then said to have undergone a phase 
change. 

Influence of Structure on Properties. Some properties of metallic bodies are greatly 
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dependent on their structure. The structure of a metallic body at a given temperature 
is due, first, to the formation of space lattices; second, the aggregation of space lattices 



Freezing 
Point 
of Pure 
Metal B 


25 


Percentage of Metal A 
50 

Percentage of Metal B 


75 


100 


Fio. 2. Freezing-point Tliagram of Alloys of Type II, in which Any laquid Solution Changes on 
Freezing to Separato Oystals of the Two Constituent Metals. A liciuid solution containing t)0 per 
cent of metal A and 50 per cent of metal Ji W'ould freeze to a conglomerate of crystals of which 
50 per cent by weight were crystals of metal A and 50 per cent by weight of metal h. 



Fio. 3. Equilibrium l')iagram of the Freezing of Alloys of Type III, in w'hich Each Liquid Solution 
Changes into Either One ur Two Solid Solutions. In area MN there is only one solid solution in 
each alloy. In area S>T there is only one solid solution in each alloy. In area OR there are two 
solid solutions in each Hiloy, solid solutions consisting of a saturated solution of metal B in metal A 
and of metal A in metal /?, MtJSt of our commercial alloys are of this type, namely, those in which 
solid solutions of li in A form up to the limit of saturation, and, on the opposite end of the percentage 
Bcale, alloys of metal .4 in B up to the limit of saturation. Between these two .saturation limits, the 
alloys consist of crystals of saturated solution of A in B and saturated solution of B in A. 

into crystals; and third, changes which take place in the nature of the crystals on cooling 
after freezing. The nature of the cry.stal depends not only on its composition but also 
on its size. And finally, some of the properties of metallic bodies depend upon the 
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nature of the extremely thin envelopes between crystals, sometimes called the inters 
crystalline cement.” 

AUotropic Modifications. Some metals abruptly change their properties when heated 
above a critical temperature. On cooling again below this critical temperature, they 
revert to their former iiroperties. For example, iron above its critical temperature 
range will dissolve carbon in any amount up to an upper limit of 1.7 per cent; below this 
critical range, it will not hold more than 0.03 per cent of carbon in solid solution. Other 
physical properties are in a somewhat marked degree coincident with the change in the 
power of dissolving carbon. In the case of iron, this change is known to l)e a change in 
space lattice: below 890 dog cent the pure iron crystal is made up of body-centered cubic 
space lattices, having 9 atoms per spat« lattice; al;>ovc 900 deg cent the space lattice is 
face-centered, ha\’ing 13 atoms to each space lattice. This change of number and position 
of atoms in the space lattice takes place within the solid crystal, and the change in the 
metal is said to be an allotropic change. Tin and several other metals undergo allotropio 
changes in the solid state. The temperature at which the change occurs is different for 
each individual metal. 


CORROSION OF METALS 

By Frank N. Speller 

2. PRINCIPLES OF CORROSION 

Corrosion of Metals. Corrosion of metals mliy be defined brondly as the chemical 
action of their environment, often resulting in their deterioration nr destruction. In many 
conditions, most metals arc unstable and tend to revert to a more stable combination, 
i.e., the metallic ores found in nature. Under most ordinary conditions of exposure, 
tlio corrosion products comprise mainly oxides (more or less hydrated), carbonates, and 
sulfides. At high temiioratures the product may consist largely of oxides, although 
indications are that corrosion of this type also progresses n^ore rapiilly when some moisture 
is present. Corrosion may be entirely sur>crficial or may attack the intercrystallino 
boundaries and cause disintegration in the metal, as dczincification of brass or so-callcd 
caustic embrittlement in boiler steel. 

Recent work (1932) in the fundamentals of corrosion shows that the essential phe¬ 
nomena are the same for all metals and alloys, differing only in degree but not in kind. 
The discussion may be simplified, therefore, by considering the mechanism of corrosion 
with reference to iron. 

It may be taken as established that in nearly all cases of corrosion at ordinary tem¬ 
peratures, comprising those most important in practice, the driving force of the corrosion 
reaction between metal and environment is electrochemical. The resultant electro¬ 
chemical potential varies with the environment and the metal, and determineB the tendency 
of the reaction to proceed. The rate of corrosion is determined mainly by the resistance 
to the continued progress of the reaction set up by certain of the corrosion by-products. 

Established Facts Regarding Corrosion, a. In most cases both moisture and oxygen 
are necessary for corrosion, b. The initial rate of corrosion is usually comparatively 
rapid, .slowing as protective films form. c. Surface films are important in controlling 
the rate and distribution of corrosion, d. Increased rate of motion increases corrosion 
in water up to a certain velocity; the rate may then drop where strong proti*ctive films 
are formed, e. Dissimilar metals in electrical contaiit accelerate corrosion of the one 
that happens to be anodic. Galvanic action is a most active agent of corrosion. It 
occurs when two metals, one elcctroneg; 'ive to the other, are placed in contact and 
exposed to moisture. /. The composition of ordinary iron and steel has little or no 
effect on their relative rates of corrosion under water or underground. Under these 
conditions, the particular kind of metal is not usually so important as environment. 
g. Variation in the concentration of a solution in contact with a metal tends to localize 
corrosion. Where this is due to oxygon in solution, the surface to which the oxygon dif¬ 
fuses most readily is cathodic to the area that is protected from diffusion of oxygen. 
The smaller the anodic areas in relation to cathodic areas the greater is the rate of penetra¬ 
tion at anodic points, h. Corrosion, like other chemical reactions, proceeds more rapidly 
with increase in temperature. 

Corrosion in the Presence of Water. The above, and other facts (sec F. N. Speller, 
Corrosion—Causes and Prevention, McGraw-Hill Book Co., 1926), arc the basis of the 
electrochemical mechanism of corrosion, which is generally accepted to explain corrosion 
in the presence of water. 
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Iron, like all other metals, when in contact with water or a solution has a definite 
inherent tendency to enter the solution in the form of electrically charged particles (iron 
ions). The solution mujt remain electrically neutral, and these positive ions can enter 
it only if an equivalent number of positive ions of another element are displaced. Thus, 
iron immersed in a solution of copper sulfate begins to go into solution. Simultaneously, 
an equivalent amount of copper is plated out on the surface of the iron, and protects it 
somewhat from further action. Similarly, v/hen iron is immersed in water, hydrogen is 
plated out and forms a thin invisible film on the iron surface. 

The general mechanism of the corrosion processes is expressed in the following chemical 
equations. The typical primary reaction is 


(1) 


Fc + 2II+ -* 

metal ions 

Fe-^-^ 

ion 

■f 2H 
atoms 


The primary reaction is followed by cither 



(2) 

(a) 

2H 4- 1/2 O 2 -> 

atoms dissolved 

H 2 O 

liquid 

(the destruction of the 
hydrogen film) 

or 

(6) 

2H 

atoms 

Ho 

gas 

(its rcmovfil as bubbles 
of gas) 


These permit reaction (1) to proeeo<l with the accumulation in the solution of 
which is oxidized and precipitated as rust by 

(3) 2Fe'^' ^ + V 2 O 2 + II 2 O 2Fe^'^'^ -j- 20H-—> Insoluble ferric hydroxide (rust) 

Factors Controlling Corrosion. Primary factors are those having to do with the initial 
tendency toward solution (reaction 1) and are mainly associated with the metal itself. 
Secondary factors are those that influence the subsequent rate of corrosion, and usually 
are more important than primary factors. They depend mainly upon the envininment 
of the metal. The main factors influencing corrosion are listed below, regardless of their 
relative importance, which changes materially with the environment. 

Primary Factors Having to Do Mainly with the Metal or Alloy. 

1. Effective electrode potential of the metal in the solution. 

2. Chemical and physical homogeneity and texture of its surface. 

3. Its inherent ability to form an insoluble protective film. 

4. Overvoltage of hydrogen on the metal surface. 

Factors Which Vary with the Environment. 

5. Hydrogen-ion concentration (pH) in the solution. 

6. Effective supply of oxygen in the solution adjacent to the metal. 

7. Distribution of available oxygen on the metal surface. 

8. Specific nature, concentration, and distribution of other ions in the solution. 

9. Effective rate of flow of the liquid past the metal surface. 

10. Presence of solid particles (dirt), or of a coating of any kind as mill scale, on the 
metal surface, or contact with other conducting material in the presence of an electrolyte. 

11. Temperature. 

12. Whether the metal is under static stress conditions or exposed to cycles of alter¬ 
nating stress (the so-called corrosion fatigue)- 

13. Ability of environment to build up protective films on the metal. 

In different onvironment.s the order of importance of the above factors changes matori- 
aiiy. The l^ilindard electrode potentials of the elements as given in textbooks have little 
that they indicate the relative tendency of the metal to enter solution 
imder certain specific conditions. If the concentration of the solution is changed, the 
order of standing of metals that lie close together in the electrochemical series, e.g., iron 
and cadmium, actually may be reversed. The relative influence of the important factors 
on corrosion of steel in water of different acidities is illustrated by the following table. 


In Alkaline Zone 
(pH > 10) 

Corrosion slow 

In Neutral Zone 
(pH 4.3 to 10) 

Corrosion medium 

In Acid Zone 
(pH < 4.3) 

Corrosion rapid 

Protective films 

Oxygen concentration 
Composition of metal 
Hydroigen-ioa concentration 
Hydrogaa overvoltage 

MetaHon concentration 

Oxygen concentration 
Protective films 

Hydrogen-ion concentration 
Composition of metal 

Hydrogen overvoltage 
Metal-ion concentration 

Hydrogen-ion concentration 
Hydrogen overvoltage 
Composition of metal 

Oxygen concentration 
Metal-ion concentration 
Protective films 
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Factors that head the list dominate others in their influence and are termed controlling 
factors. Thus, in the alkaline zone protective films are much more influential than any 
other factor; in the acid zone they form with difficulty and are readily removed, and 
have little influence under acid conditions. 

A lesser but often considerable amount of corrosion is found in the absence of oxygen. 
The dominant reaction then is reaction 2 b (see above). accompanied by the evolution 
of hydrogen. This may be due to acid conditions, the* presence of hydrogen sulfidet 
or to a high concentration of cliloride. The mechanism of corrosion at high temperatures 
is not so well understood. It probably is due mainly to direct chemical attack, and 
may be accelerated by some electrochemical action w'here moisture is present. 

Though all the above factors are important under some conditions, the following 
deserve special attention and should be more clearly recognized. 

Oxygen. In most cases the oxygen concentration and the rate at which oxygen 
diffuses to the metal is a controlling factor when mctai is immersed in water or buried 
in soil. The part to which the oxygen diifnses most readily is cathodic to the adjacent 
areas that are shielded by protective coatings or other material. That is, the points 
that are less accessible to oxygen corrode more rapidly than areas to which tla'i oxygen 
has freer access. This principle, and the galvanic effect from contact lietween dissimilar 
materials, generally cause local corrosion or pitting. 

Surface Films. Clean metallic surfaces exposed to air quickly acquire a film of oxide, 
which, at ordinary temperatures, is thin and invisible. At higher temperatures it 
thick enough to give well-known characteristic colors, varying w'ith the t=jmperaturo. 
The nature and properties of the film depend upon the composition of the metal itself, 
and its environment. Aluminum and stainless steels, for instance, ow^e their high dura¬ 
bility in certain environments to the formation of a continuous ami permanc'iit film that 
is stable under the conditions of exposure. In other environments the film may not 
form or may be quickly dissolved. The mehil, therefore, has short life under such condi¬ 
tions. The addition of 0.25 per cent copper to ordinary steel increases its life in atmos¬ 
phere two to four times, owing to the formation of a dense adherent film, apparently 
consisting of iron oxide with a little copper oxide, on the surface of the metal. When 
copper steel is immersed in water or buried in soil the protecttive film docs 
not form. Under such conditions, copixjr steel has been no more durable than ordinary 
steel without copper. 

If the metal has no inherent pow’or to form a protective film in solution, a film may 
be built up by adding film-forming reagents, as the chromates or alkalies, to the water. 
When the metal is removed from the solution, however, these films are only temporary. 
To secure permanent proteijtion it is necessary to maintain in the water the proper con¬ 
centration of chromate, or other material, used for this purpose. Films when formed 
should be self-healing, so that, if they are injured or removed in any way, a new film will 
form, immediately to protect the metal. Chromium will form a A'^ery resistant invisible 
film under oxidizing conditions, but in dilute hydrochloric acid, where such films cannot 
exist, chromium dissolves even more rapidly than pure iron. Metals which acquire a 
stable film by contact with an oxidizing solution are termed passive. In this condition 
they arc, at least, temporarily resistant to corrosion when removed from the film-forming 
solution. The presence of thin invisible oxide films on passive material has been deter¬ 
mined by the change in potential of the metal and by the removal of the films from the 
surface by selective dissolution of the underlying metal. (Sec U. R. Evans, Thin Films 
in Relation to Corrosion Problems, J. Inst. MeUda, Vol. 4fi, pp. 7 -23, 1931.) Where the 
corrosion products form spongy layers of irregular thickness, they do not protect, and 
may even accelerate the normal action by interfering with the rate of diffusion of oxygen 
to the surface of the metal. 

Corrosion Fatigue. Metals subjected to repeated application of stress fail at consid¬ 
erably below their static ultimate tensile strength. However, the metal may be cyclically 
stressed indefinitely, without apparent injury, below the so-called fatigue or endurance 
limit. For carbon steels, this endurance limit is about one-half the tensile strength. 
Even a small amount of corrosion present with cyclic stress will considerably reduce the 
endurance limit. Concentrated stress tends to accelerate the rate of corrosion. A 
notch is soon formed at the point of maximum stress, and after this roaches a certain 
depth, the metal under cyclic stress fails by ordinary fatigue. The combined action 
of stress and corrosion is termed “ corrosion fatigue.” The amount of cyclic stress that 
a metal will stand under these conditions depends on the character of the corrosion and 
on the nature of the protective films formed by the metal or its environmezft. Henoe, 
it is diflElcult to conceive of a fixed corrouon fatigue limit for any metal under all eonditions 
of exposure. Corrosion factors predominate in corrosion fatigue. Therefore if there is a 
so-called corrosion fatigue limit, it is independent of the tensile strength. Heat treatment 
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of steel raises the tensile strength and the air endurance limit, but if it docs not increase 
resistance to corrosion it will have no material influence on the resistance to corrosion 
fatig;uc. Even 18 per cent chromium steel and 18-8 per cent chromium-nickel steel 
show a considerable reduction in their endurance limit in corrosive environment. Carbon 
steels in the as-rolled condition may fail at less than one-half of their air-endurance limit 
when kept continuously wet, depending upon the composition of the water and the amount 
of oxygen present. 

An exceedingly small amount of corrosion is sufficient to depress the endurance limit 
of the metal under stress. In practice, therefore, it is important to prevent contact 
between stressed portions of metal and corrosive solutions. When inhibitors have been 
added to water that ordinarily causes failure at a relatively low stress by corrosion fatigue, 
the endurance of the steel has lieen maintained at the same stress as in dry air. This 
apparently is due. to the formation and maintenance of a protective film on the surface 
of the metal under stress. 


3, PRINCIPLES OF CORROSION TESTING 

Relative Corrosion. DilTereiice of opinion regarding the relative corrosion of iron and 
steel and other metals apparently is due to failure to appreciate that different factors 
control in different environment. Factors external to the metal usually determine the 
corrosion rate; thi?y vary considerably with environment. The relative rate, therefore, 
may vary under different conditions of exposure. This should be the basis on which all 
corrosion tests (laboratory or service) are designed. Thus, in a study of metals under 
atmospheric conditions, the dominant faertor should be an exciess of oxygen. If the 
endurance of metal under water is in question, the test should be made in that environ¬ 
ment alone. It is a mistake to take the results of tests made under one type of corrosion, 
e.g., in the atmosphere or in acids, and to apply the conclusions to conditions in which 
entirely different factors control. An extreme instance is tlie well-known acid test, made 
by exposing the metals to dilute sulfuric acid. A thorough investigation of this test in 
comparison with results of corrosion of the same metals under atmospheric and water 
conditions led to the following conclusions: An acid tost conducted by the proijedure 
followed by the committee is not capable of consistent repetition; further, the data from 
such an acid test should not Iw used to forecast the relative life of ordinary ferrous materials 
in the atmo.sphcre. (See Report of Sul>committee V on Total Immersion Tests, Proc. 
A.S.T.Af., Vol. 31, Pt. 1. p. 180, 1931.) 

Clearly, the subject of relative corrosion should be studied on the basis of type of ser¬ 
vice. The service te.st is the final criterion of the value of the metal, although judiciously 
made lalioratory tests, with proper consideration given to the factors involved, will show' 
under accelerated conditions a fair approximation of results in service. Three common 
types of service to be considered arc atmospheric, water, and soil corrosion. 


4. PREVENTION OF CORROSION 

Deterioration of metals may be prevented or reduced in three ways: (1) By using a 
more resistant metal. (2) By the application of a suitable protective coating. (.'>) By 
making the environment less corrosive. The amount of protection depends specifically 
upon the corrosive nature of the environment and must be chosen to suit the conditions 
and with a view to economy. 

Protective Coatings. To obtain protection against corrosion three methods are in 
general use; 

1. Applying impervious coatings such as paints, varnishes, lacquers, vitreous enam¬ 
els, etc. 

2. Applying coatings of protective metals which either mechanically exclude moisture 
and corroding materials from the metal surface, or which, being electronegative to iron, 
are themselves corroded in preference to the surface lx>neath. 

3. Producing inert or non-corrodible coatings by heat or chemical treatment of the 
metal surface. 

Protection from Atmospheric Corrosion 

Paints, Varnishes, etc. A largo variety of paints, lacquers, and similar protective 
materials has been developed. See Sec. 12 for a brief treatment of these. See also publi¬ 
cations of American Paint and Varnish Mfrs. Assoc., distributed by the Institute of 
Paint and Varnish Research Laboratory, Washington, D.C. 

Cast-iron w'ater pipes are usually coated by dipping in a hot mixture of coal-tar and 
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coal-tar pitch; riveted or welded steel pipes by dipping in hot asphalt. Ships’ bottoms 
are coated with red lead or other inhibitive primer and a varnish paint to prevent rusting. 
Over this is a similar paint containing poison, as mercury cldorido or a copper compound, 
or a greasy copper soap is applied hot, to tend to prevent the accumulation of marine 
growths. Galvanized iron and tin surfaces should be thoroughly cleaned with benzine 
and scrubbed before painting. When new, they are partly covered with grease and 
chemicals. These must be removed or paint will not adhere. Weathering for six months 
prior to painting serves the same purpose in preparing galvanized steel surfaces. 

Galvanizing is a method of coating steel or iron articles with zinc, the product being 
known as galvanized steel or iron. For a discussion of various galvanizing processes 
and the corrosion resistance of galvanized surfaces, see pp. 11- 04 and 11-65. 

Lead Coatings. Lead is very resistant to some types of corrosion, and lead coatings 
on steel have bi^en somewhat used. Lead, however, is difficult to apply, either by electro¬ 
plating or hot dipping, in a coating sufficiently free from pinholes to be effective when sub- 
UK^rged in corrosive water. The atmospheric resistance of such coatings is usually quite 
good. Hot-dipped lead sheets, known as teme plates, are extensively used. 

Wrought steel or iron pipes protected on the interior by thick lead tubes mechanically 
applied, when carefully installed with suitable fittings and valves, are effective for carrying 
corrosive acids and similar liquids. 

Electroplating with Other Metals is a method of depositing impervious and adherent 
metallic coatings on conductive surfaces by electrolysis. The following metals are most 
commonly used for this purpose: 

Copper. Because of its resistance to corrosive influences, copper is widely used as a 
protective metal coating, frequently being the base coating for subsequent nickel or 
chromium deposits. 

Nickel. Nickel is harder than copper and has excellent resistance to corrosive atmos¬ 
pheric conditions. Because of its lustrous gray-white color, it is often used as a metal 
coating where appearance is a factor as well as durability. 

Chromium. Chromium is a hard, white metal which is non-tarnishing and w'hich 
has good light-reflecting proiiortios. Chromium deposits are difficult to obtain, but 
excellent coatings are produced under closely controlled electroplating conditions. 

Silver. Silver has excellent resistance to oxidation and corrosive atmospheric condi¬ 
tions. It is used as an electrodeposited metal coating chiefly l)ecauso of its efficiency as 
a carrier of electricity and as a reflector of light rays. Because it is susceptible to tarnish¬ 
ing from sulfur compounds in the air, it is fre<iuently protected by a coating of lacquer, 
when used for reflectors. 

Cadmium. Cadmium is a white metal w'hich, Ixiirig electronegative to iron is widely 
used for the protection of iron and steel parts against atmospheric corrosion. A thin 
layer gives good protection and is useful in protecting threaded parts where tolerances 
are close. 

Tin. A tin coating, being electropositive to iron, must be free from pinholes, or 
accelerated corrosion will set in where the steel is exposed. Tin itself is resistant to 
corrosion. 

Oxide Coatings. Oxide coatings for the protection of steel are obtained by oxidizing 
the metal by heat or chemical treatments. The oxide coatings are always oiled, which 
probably accounts for their resistance to corrosion. 

One method is to heat the metal to about 400 deg cent, in the presence of steam and 
hydrocarbons, until a heavy black coating is produced. 

Another method is to apply solutions of chemical reagents until a heavy rust film is 
obtained. The rust is then removed by scraping, leaving a thin adherent coat of oxide 
on the metal. The process is repeated until the desired depth of color is obtained. The 
surface is then oiled. 

Burned Oil Finish. A deep black oxide coating is obtained by heating steel in vola¬ 
tilized oil vapors at a temperature of about 400 deg cent, or by first coating the steel with 
oil and then heating. In other processes the steel is heated in oil and sawdust, or in 
burned bone and charcoal to obtain the black oxide. 

Coslettizing. Phosphate coatings are used extensively for the rust proofing of steel 
and to serve as base coatings for paints and lacquers. The Coslettizing process consists 
of immersing the steel in a hot ferric phosphate solution containing some phosphoric 
acid. The grayish white coating becomes black when oiled. 

Parkerizing. The Parkerizing process of producing durable phosphate coatings on 
steel uses a patented mixture containing manganese and iron phosphates. It is otherwise 
similar to the Coslettizing process. 

Bonderizing. Bonderizing is a modification of the Parkerizing process used to pro¬ 
duce a base coating for finishing with paints and lacquers. 

1—27 



11-10 


METALLIC MATERIALS 


Granodizing. In the Granodizing process the article is made the cathode in a hot 
solution of zinc phosphate and phosphoric acid. A dense black coating is produced on 
iron, zinc, cadmium, and other metals, which is resistant to weathering. An immersion 
Granodizing bath, without application of volt.agc, is also in use. 

Anodizing. Aluminum and its alloys are treated by the anodizing process which 
produces adherent oxide films for protection against corrosion, for electrical insulation, 
and for decorative effects. 

RuBt>resisting Metals. No metal or alloy has so far been produced that is equally 
durable under all conditions. The development of the alloy of chromium and iron, with 
and without nickel, has made available for industrial purposes a class of materials com¬ 
bining unusual resistance to corrosion with desirable physical properties. See p. 11-37. 
Copper-steel has found a wide commercial application on account of its slow nisting 
properties under atmospheric and similar conditions of exposure. See p. 11-37. These 
steels, copi>er, Monel metal, aluminum, and their alloys afford the engineer a wide choice 
of material. The selection of the most suitable metal for any particular condition will 
depend upon economic and structural conditions. (For the corrosion-resistant properties 
of specific metals, see discussion under each metal.) 

Protection against Underwater Corrosion 

The main factors controlling the rate of corrosion in water are dissolved oxygen, 
temperatur(^, rate of motion, and the composition of the water. The chemical composi¬ 
tion of ferrous metals, within rather wide limits, seems not to have a marked influence 
on the character or amount of corro.sion. The liigh-chromium scries of steels are an 
exception to this. With cold water the rate of corrosion is usually slow, but in hot water 
the corrosive action is accelerated according to the temj)erature, the rate being doubled 
for every 25 deg fahr increase in temperature. 

Localized corrosion or pitting is usually much deeper near mill scale, especially where 
the scale is thick and firmly adherent, undoubtedly owing to the electronegative character 
of the scale with n^spect to the iron. Old rust acts somewhat similarly but is less harmful. 
Removal of the mill scale and rust greatly reduces the tendency to pitting, provided the 
metal itself is fairly liomogenoous and free from strains. Surface finish is a greater con¬ 
trolling factor in corrosion than is the variation in the composition of the metal itself. 

Within certain limits, corrosion varies directly with the temperature and the rate of 
flow and also with the composition of the water. Corrosion is likely to be more rapid on 
unprotected metal with increasing velocity of the wattir. The amount of corrosion is 
almost directly proportional to the amount of oxygen in solution in the water. Hot 
water heating systems show practically no corrosion after 35 or 40 years of use, whereas 
hot water supply system.^, operating at the same temperatures, have deteriorated in from 
6 tt) 8 years. The only difference between the two is that the heating system carries no 
oxygen whereas the water in the supply system is usually saturated with it. 

In some cases it is more economical to prevent internal corrosion by removing dissolved 
oxygen from the water, especially hot water. Oxygen removal may be accomplished: 
(1) By mechanical deaeration, for which two or three satisfactory designs of apparatus are 
in use. (2) By the chemical combination of the oxygen with some material such as 
scrai) and sheet iron. The tw o methods may be combined by using mechanical deaeration 
to remove the major portion of the oxygen and chemical treatment for the residual oxygen. 

It is now generally recognized that no one metal will meet all requirements of service. 
Ordinary brass pipe (70 Cu, 30 Zn) is adequate where the water is fairly pure and almost 
free from chlorides; red brass (85 Cu, 15 Zn) is much more durable where the water carries 
considerable amounts of soluble salts and is less likely to suffer dezincification. This 
grade is preferable for sea water. Copper pipe is usually more durable than bra.s8 for 
practically all domestic water service. 

Protection against Undersoil Corrosion 

Soil Corrosion is highly localized and usually is caused by electrochemical action 
resulting from variations in the soil and solutions therein. Low alloy steels, e.g., steels 
with less than 10 per cent chromium, do not show enough advantage under severe soil 
corrosion to w’arrant their use from an economic standpoint, and solution of the problem 
of longer life of underground pipe is practically limited to a selection of suitable protective 
coatings. 

Soil corrosion varies considerably from point to point on pipe lines. On long lines 
serious damage is confined to 6 per cent or less of the line as a rule. (See W. T. Smith, 
Economy in Wider Use of Protective Coatings on Pipes, Eng. Newa-Rec., April 21, 1932.1 
It is therefore advantageous to survey the soil of the territory through which the pipe 
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line will run, before deciding upon the type of protective coating, if any, to be used. Much 
progress has been made in the study of soil factors at the U. S. Bureau of Standards, so 
that a careful survey, judiciously interpreted, with regard to all the factors involved, 
should give an approximate idea as to the corrosivity of the soil. (See U. S. Bureau of 
Standards Research Papers Nos. 95, 298, 329, 359, 363, and 638.) This, with experience 
on pipe lines situated in similar soils, affords a fairly sound basis for selecting the most eco¬ 
nomical coating for a particular location. 

Bituminous Coatings have been mostly used for underground protection up to now. 
These consist of the well-known coal-tar and asphalt dip coatings, preferably applied, 
afUsr removing all grease, dirt, and loose mill scale, by vertically dipping the pipe in a 
bituminous bath at about 350 deg fahr. The melting point of the asphalt mixture 
can be varied between 140 and 190 deg fahr to suit climatic conditions. Coatings of 
this type, properly applied at the mill, are suitable only for mild corrosive conditions, 
but afford good protection on the inside of water mains. Often, in wet, marshy places, 
or in alkaline or acid soils, more substantial protection is required. A thicker coating may be 
applied at the trench, but, to prevent rusting in transit, the pipe should either receive an 
asphalt or coal-tar dip coating, or a coating of suitalile bituminous primer, applied cold at 
the plant before shipment. Bituminous coatings are now usually reinforced with fabric or 
with saturated felt wound spirally on the pipe over the dip coat. Asbestos base reinforce¬ 
ment is preferable. In certain soils, unless these bituminous coatings have a high melting 
point and arc unusually rigid, they are subject to soil stress; that is, some soils have a 
tendency to cling to the coating and pull it away from the pipe when the soil shrinks by 
drying, or irregular pressure in the trench may distort the bitumen and cause thin spots 
in the coating. In such soils a shielding material should l^e used to prevent damage to 
the coating by soil stress. Experience shows that many bituminous coatings that would 
otherwise have afforded adequate protection have been destroyed or rendered ineffective 
in this way. Thin, stiff, rolled-steel sheet (26 gage) or copper loll may bti used as a shield. 
Other materials are being tried for this purpose. Asphalt mastics consisting of 30 per cent 
bitumen and 70 per cent of a graded sand have lieen used with good results, especially for 
Iirotcction of pipe conveying hot oil through very corrosive soils. These mixtures are 
applied about 3/3 in. thick, but are too exiiensive for ordinary use. 

In soils where the electrical conductivity is high and fairly uniform, as in New Orleans, 
it has been found practicable to maintain the coated pipe lines at a lower potential than 
the soil by imposing a current on the pipe to prevent the destruction of the coating wher¬ 
ever it happens to be broken. 

Portland Cement Concrete has l>cen used for al>out 40 years for protecting pipe in 
highly corrosive soil. It has a record as one of the most practical means of affording 
permanent protection. The minimum thickness is usually about 1 in,, the mixture being 
applied in a wooden box, or more recently, a portable steel form, surrounding the pipe. 
Concrete coatings offer some resistance to stray electric currents but should not bo relied 
upon to protect pipe against electrolysis. Where pipe lines pass under electric railways, 
or in situations where complete electrical insulation is necessary, the line has been effec¬ 
tively protected by boxing and coating with hot asphalt with a minimum thickness of 
about 1 in. for a distance of 100 ft on each side of the track. 

Electrolysis is caused by current leaving the pipe directly to the ground when the 
potential of the pipe or other underground steel structure is higher than the earth. Two 
primary factors of electrolysis mitigation arc: (1) The reduction of the flow of current 
through the earth and the metallic structures buried in the earth. ( 2 ) The reduction 
of the anodic portions of such structures to a minimum, where the current is not substan¬ 
tially eliminated, in order to reduce the area of destructive corrosion as far as possible. 
Damage from this cause may be lessened so far as underground pipe is concerned by: 

(1) Use of insulated joints to prevent the current entering or flowing on the pipe line. 

(2) Use of insulating coatings. (3) Reversal or neutralization of the polarity of pipe 
by bonding the structures to a negative bus-bar to secure suitable electrical drainage, 
insuring that the potential of the metal is lower than that of the ground. A discussion 
of the details of this problem will be found in Corrosion—Causes and Prevention, by F. N. 
Speller, Chapter XV, and in the Reixjrt of the American Committee of Electrolysis, 
1921, A.I.E.E. 

For the protection of cast-iron and lead pipe, use the methods recommended for steel 
except that Portland cement or lime should not be used in contact with lead. Drainage of 
the trench should be provided whore practicable by filling in around the pipe with sand or 
laying it on broken stone or gravel. This is particularly recommended where the soil 
carries irregular patches of soluble salts (alkali) that tend to set up local differences of 
concentration, tending to cause pitting. 
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IRON AND STEEL 

By Bradley Stoughton 

6. METHODS OF MANDFACTUEE 

Iron and Steel.” The term “ iron and steel ” embraces a series of industrial ulloys 
of iron and carbon, extending from 99.9 per cent iron and zero carbon, to 94 per cenc iron 
and 6 per cent carbon, with traces of other elements, and sometimes other alloying metals, 
such as manganese, nickel, tungsten, etc., when the iron may fall to 65 per cent. 
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Iron is a chemical element, and excepting aluminum, is the commonest metal in the 
earth's crust. The magnetism of the earth is explained on the supposition that it is 
essentially an iron ball. On the exterior, or crust, iron rarely occurs in metallic form, 
but usually is combined with oxygen. The rare deposits of unoxidized metal are sup¬ 
posed to be the remains of meteorites. 

Steel is iron containing less than 1.7 per cent carbon. It is produced in a fluid state 
by either the open-hearth, Bessemer, electric, crucible, or duplex proc^ess. It is distin¬ 
guished from cast iron by containing less carbon; from wrought iron by being produced 
in a fluid condition, and therefore free from slag, except for rare traces of loss than 0.10 
per cent. 

Manufacture of Iron and Steel. Iron ore is mined from the earth and smelted in blast 
furnaces to produce pig iron. Pig iron is an impure product, weak as to tensile strength, 
and non-malleablo. It is easily melted and may l>o cast into a great variety of useful 
forms. A somewhat malleable casting may be made by annealing a specific variety of 
iron casting in oxides (see Malleable Castings). How'cvcr, if a malleable product of 
high tensile strength is desired, the pig iron must l>e refined and purified. This is accom¬ 
plished by oxidizing the carbon and other impurities out of the pig iron, iti a basic or acid 
open-hearth, a Bessemer, an electric, or a puddling furnace, the iron being charged to 
the furnace either in liquid or solid form. This converts it into a metal which can be 
rolled or forged, and which has toughness, strength, ductility, and other qualities lacking 
in pig iron or cast iron. This metal is called steel, except only the product of the puddling 
furnace, which is called wrought iron. Wrought iron is sometimes cut up into bars, 
remelted in cniciblcs, and used as “cnicible steel.” These, in brief, are the processes 
whereby practically all iron and steel of commerce are made. Fig. 1 is a skeleton outline, 
for easy reference. 


6. PIG IRON 

Pig Iron is the product of the iron blast furnace. It contains 2^/2 to 5 per cent of 
carbon, 94 per cent and over of iron, and small amounts of silicon, sulfur, phosphorus, and 
manganese. Table 1 gives the analyses of various grades of pig iron. 


Table I. Analyses of Pig Irons or Cast Irons 

Figures in bold-faced type indicate essential constituents; figures in light-faced type are approxi- 
matelj' correct, but are not the determining factor for the graile in question. 



Total C, 



P, per cent 

Mu, per cent 

Trade Name 

per cent 

Si, per cent 

S, per cent 


3.00 ± 

2 76 to 3 25 

0.06 and under 

0. 30 to 1.50 

0.10 to 1.00 

No. 1 foundrv... . 

3.25 d: 

2 26 to 2 76 

0.06 and under 

0.30 to 1.50 

0 . 10 to 1.00 

No. 2 foundry.... 

3.50 ± 

1 76 to 2 25 

0.06 and under 

0.30 to 1.50 

0. 10 to 1.00 

No. 3 foundry... . 

3.75 ± 

1.26 to 1.75 

0.066 and under 

0.30 to 1.50 

0.10 to 1.00 

Gray forge. 

3.50 ± 

0.76 to 1.75 

0.07 and under 

Under 1.00 

O.IOto 1.00 

Standard acid . . i 
Bessemer pig. . . ) 

3.50 to 4.00 

l.OOto 1.60 

Under 0.08 

Under 0.09 

0.20 to 1.00 

Basic pig. 

3.50 to 4.00 

Under 1.26 

Under 0.08 

0.10 to 1.50 

1.60 to 8.00 

Malleable.| 

Bessemer.1 

3.50 ± 

0.75 to 2.00 

Under 0.07 

Under 0.20 

0.50 ± 

Ferrosilicon *. . . . 

0.50 to 2.00 

10.00 to 60.00 

Under 0. 04 

Under 0. 10 

0.20 =fc 

Silicospiegel. 

1.00 ± 

5.00 to 16.00 

Under 0.02 

Under 0. 10 

10.00 to 25.00 

Ferromanganese.. 

Fcrroph{)Hi)lic)ruf. . 

6.00 to 7.00 

0,50 to 1.00 

Under 0.03 

40.00 to 80.00 

1.00 ± 

1.50 d 

Under 0.05 

10 00 to 25.00 

Spiegeleisen 

4 .50 to 6.00 

1.00 ± 

Under 0.04 


IS 00 to 35.00 


* Ferrosilicon of 10 per cent grade, ferromanganese, silicospiegel, and spiegelcisen are made in 
blast furnaces, by variations of the usual practice and by using special ores. Ferrosilicon of 20 
to 50 per cent grades, and several other so-called ferroalloys, are made in electric furnaces. These 
include ferrochrome, ferrotungsten, ferromolybdenum, ferrotitanium, ferrovanadium, etc. They 
are all practically pig irons with large arnoimts^if the alloying metal. When these alloys are free 

Chemistry of Pig-iron Manufacture. Iron ore may be considered simply as oxide of 
iron, Fe 203 or Fe 304 , mixed with a small amount of gangue, usually silica. When heated 
in contact with carbon and reducing gases the ore loses oxygen and is reduced to a spongy 
form of metallic iron. If this is heated in contact with carbon, it dissolves the latter 
to the extent of 1 or 2 per cent. Finally, if it be melted, it dissolves carbon up to 4 or 
6 per cent, in direct ratio to the temfierature attained; it will also dissolve, at the same 
time, any reduced silicon, manganese, or phosphorus, and any iron sulfide available. 
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The gangue requires some flux with which it may unite, in order that it may become 
fusible at the temperature of the blast furnace. The actual manufacturing unit is a 
brick lined steel shell roughly 30 ft outside diameter and 150 ft to top of charging appa> 
ratus. The other essential features are: 3 or 4 hot blast stoves roughly 110 ft high by 
22 ft diameter; blowing engines of sufl^cient capacity to compress 60,000 to 76,000 cu ft 
of atmospheric air per minute to 30 lb per sq in. pressure; mechanical devices for handling, 
etc. The necessary heat is obtained by burning fuel (usually coke) with red hot air 
blown into the furnace through tuyeres which are situated around its circumference a 
few feet from the bottom. 

These data are summarized in the diagram, Fig. 2,* which is a skeleton outline of a 
section through the furnace stack, showing the temperatures and the chemical reactions 

normally occurring at 
each level. The stack is 
filled with a btid of solid 
fuel, extending from the 
bottom to the widest por¬ 
tion, located alxiut 22 ft 
from the bottom. This 
lowest portion is the 
smelting zone; its tem- 
IM^rature is from 2500 to 
3000 deg fahr; only the 
fuel can remain unmclted 
in this zone. The tem¬ 
perature there is produced 
by burning the fuel with 
the air driven in through 
the tuyeres, whose loca¬ 
tion is indicated. Above 
the smelting zone are 
alternate layers of ore and 
fuel, with which the flux, 
consisting of limestone, is 
mixed. As the iron is 
molted it trickles down 
through the smelting zone, 
dissolving carbon from the 
coke, all the phosphorus 
which has entered the 
furnace with the raw ma¬ 
terials, all the manganese 
and silicon which have been reduced by carbon and heat, and also all the sulfur which has 
not been converted to CaS. In practice, as'a rule, the hotter the smelting zone, the more 
silicon will Ixj reduced and the more CaS will be formed; therefore a “ hot ” iron is 
usually relatively high in silicon and low in sulfur. 

At the top of the smelting zone the gangue and flux dissolve in each other, thus forming 
a fusible “ slag ” or “ cinder,” which trickles down, dissolving ash of the burned fuel, 
and any CaS that may be present, and flouts in a liquid layer on top of the molted pig iron 
in the hearth. It is drawn off at intervals through a ” slag hole ” in the side of the hearth. 
The pig iron collects in the hearth in the interstices between the fuel, and is ” tapped ” 
about 4 to 0 times in 24 hours, through a tap hole in the front of the hearth, at its lowest 
level. From 125 to 200 tons of pig iron are obtained from a modern furna(;e at each tap. 

Foundry Pig Iron. Pig iron intended for foundry uses is made with an abundance of 
fuel and flux (e.g., limestone); therefore the temperature of the smelting zone is hot and 
the slag is rich in lime. The high temi>erature tends to produce iron with high silicon 
content, and the high temperature and limey slag both tend to give iron low in sulfur. 
The amount of phosphorus will depend on the amount that goes into the furnace with 
the ores, and the same is true to a large extent of manganese, except that a slag rich in 
silica will tend to absorb some manganese a\vay from the iron. 

Charcoal Pig Iron. This is pig iron made in blast furnaces using charcoal for fuel. 
The furnaces must be small, because the strength of charcoal is not sufficient to bear the 
weight of many layers of material above the fuel bed. The smelting practice differs in 
the very important respect that elimination of sulfur is not the controlling factor. Char- 



2 Fe? 03 -|- 8 C 0 « 7 C 02 + 4 re+C (begins) 
2Fe2034-C0=2Fe0+C02+Fe203 (begin: 
Fe+C02 = FeO-fCO (begins) 
Fe, 03 +C« 2 Fe 0 +C 0 


C-J-C02»?C0 (rapid) 
Deposition of'carbon ceases 
Fe0+C=Fe4-C0 (begins) 
FeO+C=Fe+CO (complete) 
CaC03=Ca04-C02 


C+C02«2C0 (prevails) 

COj cannot exist below this level 


SIOj+2C=SI+2CO 

FeS+CaO+C-CaS-fFe+CO 

MnO;.+2C=Mn-4-2CO 

P206+5C=2P-H5C0 


Fia. 2 


♦ From: fc'toughton, The Metallurgy of Iron and Steel, Fourth Edition, 1934, p. 89. 
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coal contains only 0.05 per cent of sulfur, as compared with 1 per cent of sulfur in coke. 
This permits operation with a much colder furnace and an acid slag, thus getting low 
sulfur and low silicon at the same time. Some charcoal furnaces are run with cold blast, 
producing “ cold-blast charcoal iron." Low-silicon iron is often wanted for chilling pur¬ 
poses; if made in a coke furnace, it is likely to run somewhat high in sulfur, which injures 
its strength. Therefore, charcoal inm is often preferred for chilled railroad car wheels, 
for chilled iron rolls, etc. It brings a price about 25 per cent higher than coke iron, and 
it costs more to make, under like conditions of supply. Some attribute the higher reputa¬ 
tion of charcoal iron to tradition only; others, to the presence of strengthening oxide of 
iron;* still others, to differences in practice. 

Acid Pig Iron is a trade name given to iron suitable for the acid stc^cl-making processes, 
that is, the Bessemer (only the acid Bessemer process is employed in America) and the 
acid open-hearth processes. It must be low in phosphorus, becaust> the acid steel-making 
processt^s cannot purge metal of phosphorus, and steel must contain less than 0.10 per cent 
phosphorus or it is likely to Ix^ exceedingly brittle. 

Basic Pig Iron is tlic trade name given to pig iron containing too much phosphorus 
for the acid steel-making processes, and not enough silicon for foundry pig iron. It may 
carry a little sulfur also, as the basic steel-making processes will remove some sulfur, 
and also remove as much phosphorus as commercial considerations indicate. Basic pig 
iron also commonly contains from 1.75 to 2 per cent of mangHneso, Ix^cause this assists 
in the operation. 

Forge Pig Iron is pig iron suitable for refining in the puddling furnaco. 

Electric Pig Iron is pig iron made from ore in electric furnaces. 

“ Synthetic ” Pig Iron is pig iron made from melted scrap by dissolving in it the 
desired proportions of carbon, silicon, etc. 

Manufacture of Ferroalloys. Ferrosilicon of 10 per cent grade, silicospiogcl, forro- 
manganese, and ferrophosphorus are made in the blast furnaire, by adopting variations 
of the usual pig-iron practice, and by using speidal ores. Ferrosilicon of 20 to 50 per cent 
grade, ferrochrome, forrotitanium, ferrotungsten, forrovanadium, etc., are made in elec¬ 
tric furnaces of special types. I'hese same alloys, free from carbon, are made by the 
thermit and other processes. 

Direct Iron Castings. By this is meant castings poured from liquid pig iron direct 
from a blast furnace. This practice has been in vogue for years for making ingot molds 
for use in steel works, and for other purposes. It requires a regular and uniform operation 
of the blast furnace, so that the iron may be suitable at all times. The normal blast¬ 
furnace operation produces cast iron which varies greatly in quality. Direct casting 
also requires supervision by one whose eye is trained to distinguish the quality of the iron, 
and determine approximately the percentages of silicon and sulfur therein, by its appear¬ 
ance as it runs from the furnace. An important American manufacturer of automobiles 
makes engine castings by partly filling a ladle with pig iron at the blast furnace, and then 
adding iron melted in a nearliy (nqiola. The cupola metal is adjusted to correct or modify 
the metal coming from the blast furnace. 


7. CAST IRON 

Ordinarily, pig iron is not a finished industrial product. (See Direct Iron Castings 
above for exception.) It is converted into iron castings by mixing various grades of iron, 
to obtain the desired quality, analysis, and properties. This mixture is then melted and 
cast into the desired form, ready for immediate u.se, or for machining. In its restricted 
sense, cast iron is the form assumed after i)ig iron has Ix^en again melted and cast into its 
finished form. 

The Cupola is the usual moans for romelting pig iron to produce cast iron in its more 
restricted sense, namely, the finished castings. It consists of a cylindrical shaft provided 
with one or two rows of tuyeres near the base, through which air is forced at a pressure 
of abmit 1/2 Ih per sq in. The charge consists of pig iron and coke in the proportion of 
about 200 lb of coke for each ton of metal. A little limestone is usually also introduced 
as a flux. The molten metal drawn off at the bottom is poured into the molds by means 
of cup-shaped ladles fitted with long handles, one of which has a cross bar for tipping the 
ladle in pouring, or, for larger work, by means of ladles carried on w'heels or by cranes and 
tipped by gears. 

Mixing Iron for Foundry Cupolas. Almost all foundry mixtures are made up of new 
iron with varying proportions of cheaper metal, such as the " return scrap " from the 
foundry, cast-iron or steel scrap purchased outside, etc. The uncertainty of analysis of 

* See p. 481 of J. E. Johnson’s Tho Principles, Operation, and Products of the Blast Furnace. 
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outside scrap, and the circumstance that it has undergone at least once the chemical 
changes due to melting, is the chief bar to its use in greater proportions. From 10 to 90 
per cent of iron scrap is commonly used in foimdry cupolas, depending upon market prices 
and the grade of iron to be made. Perhaps 25 per cent of scrap will approximate the 
average proportion used in America. The proportion of steel scrap will depend on the 
grade of iron to be made. The more the steel, the closer the grain of the castings made, 
and the greater the strength. The analysis of steel may be taken as about 0.15 per cent Si, 
0.08 per cent S, 0.08 per cent P, and negligible proportions of other elements. Scrap 
from alloy steels, such as nickel, manganese, chromium, etc., should be avoided. In 
cupola melting, the sulfur content of the metal will increase from 0.026 to 0.065 per cent, 
depending upon the proportion of (!oke used in the charges and the percentage of sulfur 
in the coke; that is, a mixture estimated to contain 0.030 per cent S may contain after 
melting from 0.056 to 0.095 per cent. On the other hand, the silicon in the mixture 
will decrease by from 0.25 to 0.40 per cent during melting, so that a mixture estimated to 
contain 2.25 per cent Si will have only 2.00 to 1.85 per cent after melting. The better 
the practice, the less will be the silicon loss. 

Mixing is customarily regulated by the silicon and sulfur desired in the castings. 
From the analyses of the pig iron available for use (see Table 1), from the estimated 
analysis of the scrap, and from known experience of the increase of sulfur and loss of 
silicon during melting (which each foundry mu.st determine for itself), the charges are 
made up to produce the desired result. 

Addition of Ferrosilicon in the Ladle. The silicon content of the castings may be 
increased by adding some 50 per cent ferrosilicon to the metal in the ladle, which must 
have a slight excess of heat to melt the ferrosilicon. The full amount of silicon thus 
added will not necessarily be found in the castings, as some is oxidized by the oxygen of 
the air and some by the oxide in the metal. 

Addition of Soda Ash in the Ladle. Hcginning about 1929, iron foundries began the 
use of soda ash in the ladle of melted iron. By means of this flux the sulfur may be reduced 
as much as from 0.10 to 0.05 per cent in the cast iron. 

Addition of Calcium Silicide in the Ladle. A commercial alloy of c.alcium and silicon 
may he used instead of ferrosilicon. It is said that the calcium will carry away some 
sulfur and oxygen while the silicon will help to remove oxygen and then increase the silicon 
in the metal. The vendors furnish the analysis of the alloy. 

Air Furnace Melting. Castings very low in sulfur cannot be made from cast iron 
melted in cupolas, and the analysis also is likely to vary from hour to hour. Cast iron 
of the most delicate .si>c<afications, therefore, customarily is melted in a so-called air furnace 
which is similar to a puddling furnace. This is especially tnie of iron for chilling purposes, 
which must l>e clo.sely limited in composition, and of iron for making malleable-iron 
castings. Also, for a very large casting, required to be of exactly the same chemical 
composition throughout, the metal is melted in the air furnai^e, and all tapped out nl 
one time, instead of in a thin and continuous stream of some hours' duration, as from the 
cupola. 

Innovations in Furnaces. Better control of the cupola operation has done much to 
prolong its activity in foundry practice, but it i.s not, at lH*st, a perfect melting instrument. 
Its chief claim to usefulness is its low cost of installation and operation. Only in those 
rare eases when it is operated with judgment and skill does it perforin satisfai^torily as to 
temperature, uniformity of composition of product, and eontroh As a means of produc¬ 
ing the new typo of cast iron with very high strength, and of producing alloy cast irons, 
it is only partially and occasionally successful. One method of meeting this situation 
has been by supplanting the cupola with an electrically heated “ forehearth ” into 
which the cupola metal is tapped, and in which the metal is heated to the desired tempera¬ 
ture for casting. Desulfurizing with soda ash, or a similar flux, is also sometimes prac¬ 
tised in the forehearth. Many foundries have abandoned the cupola for making the 
best quality of cast iron and do all this work in electric furnaces, of which the Detroit 
rocking furnace is one of the commonest installations. Superheating cast iron just 
previous to casting into molds seems to produce a greater number of small and widely 
disseminated particles of graphite which gi ve the metal 50 to 100 per cent greater strength 
than the same metal having the graphite in the usual tjqie of flakes. It is thought that 
this result is brought about by the graphite precipitating in the freezing mass on a large 
number of nuclei. It is claimed by the Detroit Furnace Co. that the agitation given to 
the iron in the rocking furnace has the effect of still further increasing the number of 
nuclei for precipitation. The electric furnace, or the electric forehearth, seems to be 
almost essential for the manufacture of alloy cast irons, which are non-uniform in com¬ 
position if the alloying metal or metals are added in the cupola, and are chilled too much 
if they are added in the ladle. 
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Definitions Relating to Cast Iron. Fracture. A freshly broken surface. 

Gray Iron. Pig iron or cast iron whose fracture has a gray color due to precipitated 
carbon, e.g., graphite. 

While Iron. Pig iron or cast iron whose fracture is white. 

Mottled Iron. Pig iron or cast iron whose fracture is white with gray spots, or gray 
with white spots. 

Chilled Iron. Pig iron or cast iron which would be gray if slowly cooled, but which 
has been rapidly cooled, so that the chilled surfaces are white and the interior and other 
surfaces are gray in color. The white surfaces are very hard, and resist wear and abrasion; 
the gray parts are relatively tough, and soft so that they may be machined, if desired. 

“ Black-Heart ” Iron. Malleable cast iron whoso fracture had a very dark gray, or 
black, color in the center, due to precipitated carbon in particles of very small siae. The 
outer rim may be white in color, owing to removal of carbon in the annealing process. 

Effect of Carbon on Cast Iron. The amount of carl>ou in cast iron is largely dependent 
on the presence of other elements- While 4 per cent is the ordinary maximum, the carbon 
nuiy run as high as 7 per cent if much manganese is present. The presimce of silicon in 
large proportions, on the other hand, may reduce the solubility of the carlwii to as low 
as 1 per cent. The percentage of carbon present in cast iron in the combined form in¬ 
fluences very largely the physical properties of the cast iron; thus, to get the maximum 
Uuisile strength, the combined carbon should be about 0.47 per cent; for the maximum 
transverse strength it should be about 0.70 per cent; and lor the maximum crushing 
strength it should be above 1 per cent. The hardness of cast iron increases regularly 
with the increase in the percentage of combined carbon. In gray iron the carbon exists 
almost wholly as graphite, having been precipitated as such in the process of solidifying. 
The graphite, known as “ kish,” gives the iron a somewhat spongy nature and a dark 
color. The condition is brought about in part by slow cooling, which tends to produce 
large crystals as well as graphite carbon. In white iron the carbon is almost wholly 
combined and the iron has a more homogeneous texture and lighter appearance, and is 
composed of smaller crystals. Rapid cooling in solidifying tends to jiroduco W'hite iron. 
In mottled iron the proportions of combined and graphite iron are nearly equal, the 
fracture having, as the name indicates, a mottled appearance, due to the dark gray por¬ 
tions in the white matrix. Graphite decreases strength, increases porosity, and increases 
permeability to gases or liquids under pressure, but too much lowering of graphite means 
increasing the combined carbon to the point where strength is lowered and brittleness 
becomes dangerous. 

Effect of Silicon on Cast Iron. A few tenths of 1 por cent of silicon has a direct effect 
of its own in increasing the strength and density of iron, but usually there must be from 
0.75 to 2.50 per cent of silicon in iron castings, not for its direct effect, but for its effect 
on promoting the presence of graphite. Without this amount of silicon most of the carbon 
in the cast iron would be in the combined form. The r61e of silicon, therefore, is that of 
a graphite-producer. But, after the silicon exceeds about 3.0 to 3.5 per cent, its effect 
in promoting graphite seems to decrease, and cast iron wdth 4 or 5 per cent of silicon is 
nearer w'hite again. 

Effect of Sulfur on Cast Iron. The action of sulfur on the carbon is almost exactly 
opposite to that of silicon, but some 15 times as powerful, so that 0.01 per cent of sulfur 
will counteract the graphite-producing effect of 0.15 per cent of silicon. Sulfur also has 
a bad effect on cast iron in that it increases “ dirtiness,” segregation, and liability to 
“ checking ” in cooling. It also causes ” red shortness,” i.e., brittleness when in a heated 
condition. If possible the sulfur content should be below 0.05 por cent. Sulfur comes 
from the fuel and increases in the cast iron every time it is melted. The necessary use of 
scrap tends to build up sulfur in castings, and cast iron of second quality often contains 
above 0.10 per cent of sulfur. This means that more silicon must be used to keep com¬ 
bined carbon down and promote graphite formation. 

Effect of Phosphorus on Cast Iron. The effect of phosphorus is to increase the fusi¬ 
bility and fluidity of the metal. It also causes the iron casting to retain for some time 
the pasty stage during solidification. This has the effect of decreasing density, bringing 
the graphite out in relatively large flakes, and of decreasing shrinkage by increasing the 
expansion during solidification. It is therefore used up to 1.6 per cent in castings which 
need to be very fluid when poured, as for example in ornamental castings where well- 
defined impressions are wanted. Phosphorus also tends to increase the brittleness of the 
iron. 

Effect of Manganese on Cast Iron. Manganese must always be present in cast iron to 
the extent of at least twice the sulfur, in order that all the sulfur shall be in the form of 
MnS, rather than FeS. This lessens the bad effects of sulfur. Beyond this point the 
manganese in excess of that present as MnS makes harder and more brittle white cast iron. 
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It tends to fine the grain, slightly strengthen the casting, and keep carbon in the combined 
form. Spiegeleiaen, so called on account of its white, glistening fracture, is a pig iron 
containing a large proportion of manganese (see Table I, p. 11-13). It is very hard, resisting 
cutting by cast-steel tools. If the proportion of manganese rises above 20 per cent, 
reaching sometimes as high as 80 per cent, it is known as ferromanganese. 

Shrinkage of Cast Iron During Cooling. In cooling, white cast iron and steel shrink 
about twice as much as gray cast iron. Gray cast iron shrinks the same as the others 
in one respect, but its shrinkage is counteracted by an expansion which occurs because of 
the separation of graphite. Thus, during the solidification period, graphite separates 
and makes room for itself by pushing the crystals of metal apart. A decided expansion 
of gray iron castings is therefore noted during freezing. Subsequently the iron contracts, 
but, on cooling to the line PSK (Fig. 3), more grai>hite separates, and temporarily the 
contraction is much lessened. On this account, pattern-makers are accustomed to allow 
a shrinkage of Vs ft for gray cast iron, and V 4 in. per ft for white cast iron and steel. 

“ ChiUing ” Cast Iron. Cast iron rapidly cooled will retain the carbon in solution, 
unless the silicon be too high. I’liis gives white cast iron instead of gray cast iron. Advan¬ 
tage is taken of this by using metal molds, thus producing a sudden cooling of the hot 
metal as it comes in contact with the comparatively cold surface of the mold. Such 
castings will have a white surface and gray interior. The less brittle interior protects the 
casting from breaking under shock, which it 'would do if it were white throughout, while 
the hardness of the surface resists wear. In this way is obtained a chilled tread on rail¬ 
road freight-car wheels, to resist the wear against the rails, wdth a less brittle fiange to 
resist the shocks of service. Likewi.se, a chilled surface on crushing rolls, with a less brittle 
interior, is obtained. The silicon must be high enough to give gray iron in the part 
which is cooled slowly through the range of solidification (freezing), but not high enough 
to cause the formation of graphite in the chilled surfaces. 

“ Growth ” of Cast Iron, ('ast iron sulijected to long-continued temperatures of 500 
deg fahr or above tends to separate out graphite. This causes an expansion of the casting, 
and, if repeated many times, will deform and ruin it. This becomes serious when using 
cast-iron fittings for suporheab^d steam, which is often above 500 deg fahr. Any influence 
in the iron, such as the iiresence of silii'on, which tends to cause graphite precipitation, 
will increase the difficulty; steel, and white cast iron low in silicon, whicli do not easily 
precipitate graphite, are relatively free from it. 

Properties of Cast Iron. The strength of cast iron depends chiefly on the strength 
of the metallic matrix of the iron and the resistance which the metal part opposes to 
strain. If the graphite flakes arc almost continuous, fracture will occur by splitting apart 
the graphite sheets; on the other hand, if the matrix structure is so built as to oppose 
strain with the maximum proportion of metallic part of the iron, and if the metallic jiortion 
is strong by virtue of containing 0.85 per cent of combined carbon, then high strength is 
obtained. On the basis of this reasoning, there was first developed in Germany a so-called 
pearlitic cast iron ” (pearlito is that structure in steel consisting of all small crystals of 
and containing 0.86 per cent of carbon). In tliis and other “ high-strength ” cast 
irons, ease of fracture through graphite flakes 'iN'as lessened by: 

1. Reducing the amount of total carbon in the iron. 

2. Reducing the size of the graphite flakes by increasing their number. This is done 
chiefly by superheating the iron before casting. This apparently results in the graphite 
precipitating during freezing, and later, around a large numtier of isolated nuclei, instead 
of a few widely separated nuclei upon which the flakes continue to grow. The super¬ 
heating may be done in a cupola, or, better, in an electric furnace. It is said that agitat¬ 
ing the iron before casting further increase's the numlx*r of nuclei. 

.3. Distributing the graphite as uniformly as possible. 

By these methods there has been developed a “ high-strength carbon cast iron#” 
which has a tensile strength of 35,000 to 55,000 lb per sq in., as compared with a previous 
maximum of about 30,000 lb. This cast iron also has a slight ductility as measured by 
the elongation l:)efore rupture. 

Table IV, p. 11-25, gives some of the properties of gray cast iron and high-strength 
cast iron. 

Alloy Cast Iron. The same result in a more intense degree has been achieved by adding 
nickel up to 1.50 per cent and chromium up to 0.50 i>er cent or else molybdenum from 
0.50 to 1.50 per cent. By these alloying elements cast iron having uniformly tensile 
strengths of 70,000 lb per sq in. can be made. The chief objections to them is not the cost 
of the alloy additions, but the difficulty of using a cupola for melting them (unless an 
electric ‘‘ forehearth ” receives the cupola metal and superheats it when the alloying ele¬ 
ments are added), and the presence of the alloying metals in the ” return scrap.” 

Ron-magnetic Cast Iron. By adding at least 7 per cent of manganese, or 20 oer cent 
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of nickel, or a corresponding amount of some other alloying element, or elements, a cast 
iron may be produced which is a solitl solution at atmospheric temperature. It is some¬ 
times called “austenitic cast iron,” because austenite is the name given to the solid solu¬ 
tion of iron and carbon. It is approximately as non-magnetic as copper, and is used for 
parts of electrical machinery. 

Heat-treated Cast Iron. Cast iron is heat-treated to make it soft even when the 
combined carbon is as high as 0.85 per cent. For this purpose it is best to use a long 
anneal at a low temperature (in the neighborhood of 500 deg fahr), or it may bo much 
lessened in strength. On the other hand, it may be cooled with moderate rapidity from a 
yellow heat, in order to make the grains of the metallic part very small, or it may even 
be quenched (if the shape permits) to make it hard. 

Malleable Cast Iron. For many years, cast iron with small, isolated grapliite flakes 
has been manufactured by the so-called malleable cast-iron process. In this process, 
iron castings, usually thin, are first cooled so as to produce white cast iron with the carbon 
all in combination. This white iron is hard, not easily worked, and brittle. The castings 
are then heated to about 1()5() dog fahr and “ soaked ” there for several hours, or even for 
several days, and then cooled slowly. By this operation the combined cartion is reduced 
almost to zero, and the graphite is precipitatc^d from FcaC as small flakes of what is called 
“ temper carbon.” This is the fundamental mechanism of the process, Init it may be 
further refined by packing the white castings in iron oxide, so that the carbon W'hen it is 
precipitated from FeaC is oxidized to CO and separates from the metal, reducing the total 
carbon from perhaps 3.50 per cent to perhaps 2.50 per cent. On the skin of the castings 
the carbon may be almost completicly removed, leaving tiny holes or pores in the metal. 
The castings have a tensile strength of at least 50,000 lb per sq in. and an elongation of 
at least 10 per cent in 2 in. Some of the properties of a represt i-tative cast iron are given 
in Table IV, p. 11-25. They are easily machined, may be deformed without rupture, 
will withvstand heavy blow's, and the skin wdll endure much Ijatiering without cracking. 

Use of Cast Iron and Malleable Cast Iron. The improvement in the manufacture of 
steel castings has limited the field of commercial employment of iron and malleable-iron 
castings, but cast iron is still employed wherever weight or compressive strength of a 
casting is the controlling factor, and where as a structural part for a machine or building 
it does not have to withstand shock, tensile stress, or Ix-mding. Iron castings have the 
advantage of being capable of manufacture with simple apparatus right in the field, 
remote from centers of civilization. Malleable cast iron was losing some of its trade, 
but recent great improvements in qualities have enabled it to hold its own and oven 
extend its field for castings of small size, where moderate tensile strength, small ductility, 
and slight bending are required. It has the advantage over steel of better resistance to 
shocks within the limit of its strength. For pipe fittings, household hardware, and many 
small or thin articles, it can excel steel castings in price, and give all that is necessary in 
service. Chilled cast iron is the cheapest very hard material that is made; for resisting 
wear and affording a useful amount of strength it is unexcelled, and it finds a large field 
in railroad freight-car wheels, rolls with hard surface, parts of crushing macliincry, inserts 
in brake shoes, etc. 


8. WROUGHT IRON 

If commercial iron is mechanically mixed with a suitable amount of slag there results 
a malleable material called wrought iron which does not harden when suddenly cooled. 
It melts at a full white heat, but becomes pasty at a lower temperature, in which condition 
it can Ije readily welded. It is ductile when cold. 

Process of Manufacture. Practically all wTought iron is produced from pig iron by 
indirect processes, although direct processes for production from the ore exist. The 
direct process has always proved a commercial failure, although tried in almost every 
conceivable manner and locality. The indirect processes may be divided into two general 
classes based upon the type of furnace used: (a) reverberatory or puddling furnaces; 
and (5) charcoal hearths. The best iron is made upon hearths, but puddling furnaces 
produce the larger quantity. The essential difference between the two processes is that 
in hearths the chief source of oxidation is atmospheric air, and the fuel is burned in con¬ 
tact with the iron, whereas in puddling furnaces the chief source of oxygen is magnetic 
oxide of iron, and the fuel is burned in a chamber separate from that containing the iron. 
A description of these processes follows. 

Puddling. This method consists of melting pig iron in a rcverberat4>ry furnace heated 
either by coal or natural gas. The furnace hearth is lined with oxide of iron. The pig 
is exposed for about 2 hours to the continuous action of a flame hot enough to melt it 
but not hot enough to keep pure iron in a molten state. When purified by the iron oxide 
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and the oxidizing flame, the molten iron becomes less fusible and finally pasty. After 
reaching this condition it is puddled by being worked into balls by hand labor. It is 
then taken from the furnace and squeezed or hammered into blooms, and then rolled 
into small bars, about 3/4 in. thick and from 2 to 6 in. wide, called muck bars.’* After 
cooling, these muck bars are cut into short pieces about 2 ft in length, piled into bundles, 
fastened by iron wire, reheated to welding heat, and rerolled into merchant bars. If the 
iron is subjected to a second piling, heating, and rerolling, it is called double refined 
iron.” 

Charcoal Hearths. The following are the more important hearth processes. 

1. Finery Process. Charcoal fineries produce “ knobbled ” iron of a high degree of 
softness which is much used for boiler tul^s. 

In the finery process the pig iron is first melted down in a coke or charcoal refinery to 
remove the silicon, phosphorus, and sulfur, and is then transferred in a molten condition 
to a charcoal hearth which is still hot from its previous charge. Damp charcoal is thrown 
in, a low-pressure, unheated blast turned on, and the metal agitated to keep it in contact 
with the blast. After an hour or more the metal is collected into a ball and hammered 
to remove some of the slag, cut up, and reheated in piles. Gray iron may be used in this 
process. 

2. Walloon Process. The Walloon process was formerly used in Sweden for producing 
wrought iron from Dannemora pig iron, the resulting product being shipped to England, 
particularly to Sheffield, for conversion into blister steel for use in fine toolmaking. 

In the Walloon iiriicess long pigs are melted gradually by being pushed forward into a 
charcoal fire. The molten iron drops through the blast, becoming decarburized, and 
collects in a pasty mass at the bottom of the furnace. The partially refined iron is then 
raised to the top of the charcoal fire, and melted down with the addition of rich slag and 
hammer scale. The metal is then balled, reheated, and hammered. 

ii. iMncashire Process. The Lancashire process is used principally in Sweden, but 
was formerly used in the United States. 

The Lancashire process somewhat resembles the Walloon process. Pig iron is melted 
between two layers of charcoal, the liquid dropping down through the blast and becoming 
oxidized. The molten metal collects in a pasty mass at the furnace bottom where it is 
allowed to remain for 20 or 25 minutes; it is then mixed with decarburizing slag and 
remclted in a similar manner. Finally the pasty mass is removed from the hearth and 
hammered. 

4. Ast(m Process. A newer method of manufacturing wrought iron on a largo scale 
has been developed in which refii>'3d iron is poured into molten slag. A sponge ball is 
formed which is compressed and worked by mechanical devices until the right con¬ 
sistency is obtained. The sponge ball is then formed into the usual wrought-iron shapes. 
The process lends itself to control of quality and more uniformity of product. 

Grades. Wrought iron may be graded as follows: (1) charcoal iron, the purest grade 
of wrought iron; (2) puddled iron, classified according to quality into stay-bolt (grade A) 
and merchant iron, grades B and C; (3) busheled scrap, a heterogeneous product made 
from iron scrap—steel is frequently mix»d with the iron scrap, causing considerable 
irregularity in the resulting product. 

Properties. Wrought iron possesses the important qualities of toughness, ductility, 
malleability, and weldability, but its properties are only slightly changed by tempering. 

Coefficient of expansion. 0.00000648 per deg fahr (Clarke) 

Electrical conductivity.0.16 (Cu = 1.00) (Lazare Weiler) 

Melting temperature. 2732 to 2912 deg fahr (Pouillet, Claudel, 

Wilson) 

Specific heat.0.1138 g-cal per g per deg cent, Btu per lb 

per deg fahr (Rontgen) 

Specific gravity. 7.4 to 7.9 (Kent) 

Tension. The average results of a great many tensile tests made at the Testing 
Lalx)ratory of Columbia University on good WTOUght iron for general purposes are as 


follows; 

Yield point, lb per sq in. 31,000 

Ultimate strength, lb per sq in. 51,000 

Elongation in 8 in., per cent. 21 

Reduction in area, per cent. 30 

Modulus of elasticity, lb per sq in. 28,200,000 


Shear and Torsion. J. Platt and R. F. Hasrw^ard (Proc. Inst. C.E., Vol. 90) give the 
following values for “ crown ” best wrought iron which had an ultimate tensile strength of 
48,400 lb per sq in.: 
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Ultimate strength in single shear, lb per sq in. 42,050 

Elastic limit in torsion, lb per sq in.. 20,530 

Modulus of elasticity in torsion, lb per sq in. 12,800,000 


CotriTpreasion, The ultimate compressive strength of good wrought iron is not well 
defined. Practically, its yield point in compression should be considered as the ult.mate 
for compression. This yield point is about the same as the yield point in tension. 

The strength of wrought iron is affected by its chemical composition and the mechanical 
work and heat treatment it has undergone, and it also varies for different temperatures. 
Wrought iron has a well-defined jdeld point in both tension and compression, which is 
from 2000 to 4000 lb per sq in. higher than the elastic limit. Beyond the yield point 
wrought iron is a plastic material which flows rapidly as the maximum strength is ap¬ 
proached. The ultimate strength in tension increases with the amount of carbon, which, 
however, is rarely greater than i/io of 1 per cent. The strength of iron entirely free from 
carbon and phosphorus is probably between 39,000 and 40,000 lb per sq in. 

Effect on Wrought Iron of Its Common Ingredients. Carbon, sulfur, pliosphorus, and 
oxygen all reduce the softness, malleability, and resistance to rusting of wrought iron. 
Slag is believed to protect the enveloped grains of wrought iron from rusting, but its 
presence increases the differences of electric potential between the micros* r>pic particles 
and, to this extent, increases the rate of rusting. Tliis is presumably the reason why 
wrought iron corrodes faster in acid waters than does low-carlx)n steel free from solid 
particles. 

Effect of Reheating and Rerolling. W’ithin limits, puddled iron is much improved in 
quantity by being cut up, piled, reheated, and rerolled or hammered. However, it is 
found that only in special cases is it advantageous to reheal puddled iron more than 
twice. The following figures (Johnson) show the effect of reheating and rerolling on the 
tensile strength: The original bar had a tensile strength of 43,9U0 lb per sq in.; after the 
second working this rose to 52,860 lb per sq in., and after the sixth working it became 
61,820 lb per sq in.; the tensile strength then diminished with the numlier of workings 
until after the twelfth working it became the same as that of the original bar. 

Effect of Work on Wrought Iron. Mechanical treatment is important for wrought 
iron not only to refine the grain, but also to distribute the metal and slag and produce 
the so-called fibrous structure characteristic of wrought iron. 


9. HIGH-PURITY IRON 

Iron containing less than 0.10 per cent of total impurities has been produced by two 
chief methods: namely, electrolysis and extensive refinement in an open-hearth furnace. 
Representative analyses of these products 
are given in Table 11. 

Manufacture of Armco Ingot Iron. 

Using selected raw materials, the usual 
basic open-hearth process is employed, 
with the addition of a final period of 
superpurification during which additions 
of pure iron oxide to the slag reduce the 
carbon and manganese to below 0.02 per 
cent each. The resulting iron is heavily 
charged with oxide, which is reduced by 
the use of pig iron in the furnace and 
aluminum in the ladle. 

Manufacture of Electrolytic Iron. Anodes are commonly ingot iron, soft steel, or pig 
iron. Electrolytes are usually ferrous chloride, with sometimes calcium chloride, and a 
trace of free acid, at a temperature of 15 to 90 deg cent, and either circulated or mechanic¬ 
ally stirred. The cathodes are generally rotating mandrels or moving plates. The 
current density is variously from 12 to 75 amp per sq ft and the voltage drop about 3 to 
4 volts per cell. The deposited metal is usually annealed to remove hydrogen and chlorides, 
which latter, if present, cause rusting. It is often vacuum melted. 

Properties and Uses. See Table IV, p. 11-25, for some of the properties of electrolytic 
and ingot irons. High-purity iron is valued for its toughness, ductility, lessened activity 
in rusting, and high electrical and magnetic properties. Application of those advantages 
has been made in the use of Armco ingot iron for holding or transporting water, both hot 
and cold, as in factory and house boilers and heating systems, culverts, fumes, gutters, 
wire fences, welding electrodes of high ductility, etc. Attempts to make and sell iron 
of greater purity than Armco ingot iron have been successful technically, and commercially 


Table II. Analyses of High-purity Iron 



Armco Ingot 
Iron 

% 

Electrolytic 

Iron 

% 

Carbon. 

0.012 ♦ 

0.006* 

MaiiKanese. 

0.017* 

0.000 * 

PhoHphoruB. 

0.005 ♦ 

0.005* 

Sulfur. 

0.025 * 

0.004 * 

Silicon. 

Trace * 

0.005 * 

Iron (about). 

99.9 

99.95 


* National Metals Handbook, 1933 Edition, p. 367. 
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for a time, but have endured only in a few special cases, because the increase in usefulness 
as superior properties are achieved is not sufficient to command an adequate market at 
the higher price necessary. For some years the improved magnetic properties of iron of 
99.9 per cent purity over that of only 99.80 per cent were sufficient to support the mariu> 
facture of electrolytic iron at more than double the price. Table 111 gives some com¬ 
parative figures. But, after the introduction of permalloy and similar alloys of very 
high permeability, the commercial manufacture of electrolytic iron for this purpose ceased. 
Electrolytic iron, because of its softness, can be used in place of copper for projectile bands, 
etc., and was so used in Germany during the World War. It is still used for iron plates 
of great toughness, which are plated first with nickel and then with chromium, for i)rinting 
plates in the U. S. Bureau of Engraving. At one time it was made commercially for the 
production of very thin-walled tubes with high heat conductivity. Ingot iron stands 
severe bonding, and lends itself to rapid and economical fabrication. Hot working of 
steel can in many cases be displaced by cold working of pure iron. It constitutes an 
excellent base for vitreous enameling. Its electrical properties of high conductivity, 
high permeability, and low retentivity have made it useful in the electrical field for pole- 
pieces, magnet cores and shots, and in the form of wire for solenoids, induction coils, 
telephone repeater coils, audio transformers, vibrator coils, rail bonds, and transmission 
lines. 


Table III. Magnetic Properties of High-purity Iron 

National Metals Handbook, 1933 Edition, p. 387 



Maximum 

l*ermeahility 

Coercive 

Force, 

oersted 

Hysteresis 

liOSS, 

ergs per cu 
cm per cycle 

Residual 

Induction, 

gauss 

Saturation, 

gauss 

Iron A. 

180,000 

0.025 t 

0.9 ♦ 

190 t 



Iron B. 

9,500 

2690 ♦ 



Iron C. 

20,000 

0.08 * 


6000 * 

22,000 

Iron D t . 

61,000 

0 09 * 

300 * 


Iron A, hydrogen annealed ingot iron; Iron It, annealed ingot iron; Iron C, iron by the carbonyl 
process; Iron D, annealed vacuum fused electrolytic iron. 


* For Bm 10,000. 

1 For Lim 14,000. 

j From The Metal Iron, by H. E. Cleaves and J. G. Thompson, 1935, McGraw-Hill. 


10. KINDS OF STEEL 

Steel was originally produced by the action of a hot fire directly on iron ore and the 
addition of carbon to the iron so produced. The modern processes, however, involve the 
fusion of the ore. The United States law defines steel as iron which is produced by 
fusion by any process, and which is malleable when first produced. The technical defini¬ 
tion is that steel is iron containing up to 1.7 per cent of carbon and not containing admixed 
slag. The following is a rough comparison of properties of cast iron, steel and wrought 
iron. 

Per Cent of Carbon Specific Gravity Properties 


Cast iron.5 to 2 7.2 Not malleable, not temperable 

Steel.1.50 to 0.02 7.8 Malleable and temperable 

Wrought iron. . . . 0.15 to 0.05 7.7 Malleable, not temperable, contains slag 


It should be observed that the percentage of carbon alone is not sufficient to distinguish 
steel from wrought iron; also, that the mean values of specific gravity stated are in each 
case subject to considerable variation; further, only the hard steels (carbon aliove 0.50 
per cent) are much affected by tempering, the softer grades resembling wrought iron. 

Manufacture. The three principal methods of manufacturing steel are the Bessemer 
process, the open-hearth process, and the clectrie-furnace process. A combination method 
known as the duplex process is sometimes used. In this process the refining action is 
started in a Bessemer converter, and after partial refining the molten steel is transferred 
to an open-hearth furnace, w'here the refining process is finished. Formerly, a method 
known as the crucible process was commonly used. 

Bessemer Steel is made in a Bessemer furnace or converter, w’hich is a pear-shaped 
vessel lined with firebrick or its equivalent, and which can be rotated on trunnions, to 
receive and discharge metal. It will hold from 10 to 25 tons of liquid iron in the lower 
end, in a bath about 20 in. deep. During the “ blow,” the converter stands vertically, 
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the TQolted pig iron lying in a pool at the lower end. Through this pool several thousand 
cubic feet of uiiheated, atmospheric air is blown per minute. The oxygen of the air 
first burns away the silicon and manganese, then the carl>on, and before the carbon is 
entirely burned away, begins to burn the iron. Spiegeleisen or ferromanganese is then 
addfnl to deoxidize the metal and to give it the amount of carbon desired in the finished 
steel. In the ordinary or “acid” Bessemer process the lining of the converter is a silicious 
material. This necessitates using an acid (silicious) slag in the process, so that phosphorus 
cannot be removed fiom the charge. In the “basic,” or Thomas-Gilchrist, process, the 
lining is of magnesium limestone, and limestone additions are made to the bath, therel)y 
producing and maintaining a basic slag, into wdiich phosphorus will enter if oxidized. 
Basic Bessemer steel is not made in the United States. 

Open-hearth Steel may be made from either: all steel scrap, or aU pig iron from which 
the silicon, manganese, carbon, with perhaps phosphorus and some sulfur, are renmved by 
oxidation with iron ore. In most cases, a mixture of steel scrap with pig iron and iron ore 
is used as raw material. The furnace is a reverl>eratory furnace heated by preheated air 
and by the burning of preheated gas, oil (or tar), or, rarely, pulverized coal. Because of 
the preheated flame producer, the furnace can melt, or keep melted, the purest forms of 
iron. After the charge is melted and brought to the proper temperature for casting, its 
chemical composition is adjusted with suitable additions of carbon, manganese, and silicon, 
together with alloying elements, such as nickel, chromium, v anadium, etc., when ordered. 
It is then tapped into a ladle and them^e into molds. The raw steel scrap of the process is 
added in the solid condition, but pig iron is often added molten from a lU'arby blast fur¬ 
nace. In the TaU)ot modification of the process, melted blown metal from a Bessemer 
converter is used instead of (H)ld steel scrap. The blown metal is chemically al)OUt the 
same as steel scrap. In this case the furnace is not drained of metal when tapped, but a 
reservoir of liquid steel is left for a foundation for a new charge of melted pig iron and 
melted blown metal. In the so-called Duplex i)roc(‘ss, l)lown meial from an acid Bessemer 
converter is poured into a basic-lined open-hearth furnace. In the Bessemer converter, 
the silicon, manganese, and carbon are oxidized out of the pig iron, after whicrh the phos¬ 
phorus, and some sulfur, are removed in the basic open-hearth furnace. The open-hearth 
l)rocess may b(^ (Mth(*r basic or acidic, according to the character of the lining, wbicli also 
determines the character of the slag utilized in the process. Phosphorus will be oxidized 
in either type of furnace, but only a basic slag will absorb phosphorus; therefore the basic 
process is the type usually employed, since raw material either high or low in phosphorus 
may l)e purified. The basic slag has the ol)jection that it loaves more oxygen in the finished 
steel, with the result that })asic steel may contain more dissolved oxygen and oxides 
(so-called “inclusions”); acid steel is often preferred, especially where service under 
“fatigue” conditions i.s anticipated. 

Electric Furnace Steel is made either in an arc or resistance type of furn.ace. The 
resistance type of furnace generates a (current of electricity in the stec^l bath either with a 
“primary” alternating current using an iron core in the conventional method, or with a 
high-frequency alternating current without a core. In either case, the licjuid metal is 
heated by virtue of the resistance of the metal to the passage of the current induced in it. 
The greatest tonnage of stool is made in the arc type of furnace, Imt the high-frequency 
induction type makes much of the alloy steel. Some large steel-making furnaces are of 
the cored induction type. 

Electric-arc Furnace. The operation and design of the el(*ctric arc furnaces are similar 
to those of fuel-fired furiia(^es, except that the arc, instead of a flame, lieats the charge. 
One great advantage of ele(;tric heat is that, since the (;harge is out of contact with products 
of combustion, the furnace atmosphere may be neutral or reducing, if desired, whereas 
the atmosphere of a combustion furnace is always oxidizing. Heat from an electric arc 
can be used more economically at very high lenipcrutures, c.g., the refining stages of steel 
production, than at low temperatures. The electric arc furnace is therefore sometimes 
used for "super-refining,” that is, for the fin.al stages of desulfurization and deoxidation 
of liquid steel from a basic open-hearth furnace. 

The High-frequency Electric Furnace consists of a cnicible in sizes from 000 lb to 
5 tons each, in w'hose contents is induced a “secondary” current hy a primary current of 
relatively high frequency traversing a coil encircling the crucible. This has all the advan¬ 
tages of the old crucible process and two advantages in addition: It may be made in sizes 
larger than the 100-lb maximum of the crucible process, and the “motor effect” produced 
by the current gives to the bath a stirring action which is almost invaluable in steel man¬ 
ufacture. This type of furnace is used very largely for the melting of alloy steel scrap. 
Stainless steel, high-speed stec?l, and even steel containing vanadium may be melted with 
loss of none, or very little, of the costly allojnng elements. In Europe it is used somewhat 
for the refining of pig iron, giving a rapid reaction on account of the stirring action, which 
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promotes extenmve contact between metal and oxidizing slag. The electrical efficiency of 
this type of furnace is lower than that of the arc type, but, on the other hand, its loss of 
heat by radiation is less. 

Crucible Steel is commonly made in pots or crucibles holding about 100 lb of metal. 
The raw material should be wrought iron with charcoal, or pure cast iron. Other mix¬ 
tures which will produce a steel having the desired chemical composition make inferior 
crucible steel. Manganese in some form is usually added to remove oxides from the iron. 
Some silicon is usually absorbtid from the crucible, and carbon also if the crucible is made 
of graphite and clay. The crucible being covered, the steel is not affected by the oxygon 
or sulfur in the flame. The quality of crucible steel depends on the freedom from objec¬ 
tionable elements, suidi as phosiihorus, on the complete removal of oxide, slag, and blow¬ 
holes by “dead-melting” or “killing” before pouring, and on the kind and quantity of 
different elements, such as carbon, manganese, chromium, tungstei., and vanadium, 
which are added in the mixture, or after melting, to give particular qualities to the steel. 
Only minor amounts of crucible steel are jiroduced in the United States today (19H6). 

How to Distinguish between Acid and Basic Steel. (This does not include acid and 
basic electric steel.) Acid open-hearth or Bessemer sU'ol may be distinguished from 
basic steel by being lower in manganese, sonims, and oxygen, but higher in silicon, phos¬ 
phorus, and sulfur. It also dissolves more slowly in dilute sulfuric and hydrochloric 
acids. Comparisons should be made by experts, because the exact figures will depend 
on the country of manufacture and the purpose for which the steel is supplied. 

How to Distinguish between Basic Open-hearth and Acid Bessemer Steel. Basic 
open-hearth steel has lower manganese, silicon, phosphorus, and sulfur and higher sonims 
and oxygen than acid Bessemer steel. It dissolves more rapidly in dilute acids. For the 
same tensile strength the ductility of basic open-hearth steel will exceed that of Bessemer 
steel, except sometimes in castings. 

How to Distinguish between Acid Open-hearth and Bessemer Steel. Acid open- 
hearth steel will have fewer sonims, less oxygen and manganese than acid or basic Bes¬ 
semer steel, and less phosphorus than acid Bessemer steel. 

How to Identify Electric Steel. Electric steel may easily he distinguished from open- 
hearth and Bessemer steels. It has fewer sonims, manganese is under 0.40 per cent, 
usually less sulfur (e.g., under 0.08 per cent); it has higher elongation and reduction of 
area for the same tensile strength than any steel except crucible, and it dissolves much 
more slowly in dilute sulfuric and hydrochloric ac-d than basic open-hearth steel, which 
alone etjuals it in low phosphorus. 

11. EFFECT OF COMMON INGREDIENTS ON THE PROPERTIES 

OF STEEL 

The Properties of Steel most commonly desired are strength and ductility. Unfortu¬ 
nately there is more or less incompatibility Ijetwocn these two. That is to say, as the 
strength of steel iiK'reases, the ductility usually dei^eases; and, conversely, as the ductility 
increases, the strength usually decreases. 'Other jiroperties of steel that are likewise of 
importance, either because they are desired or not desired, are hardness, ability to be 
machined, brittleness, electric conductivity, magnetic permeability, magnetic hysteresis, 
permanent magnetism, and weldability. Table IV gives some of the iiroperties of hot- 
worked carbon steel. Pure iron luis a tensile strength of aliout 40,000 lb per sq in., when 
in its softest condition, at which the ductility is great, being approximately equal to that 
of copper, and the malleability is equal to or greater than that of •^•opper. The strengt-h 
of iron is increasiMl by the presenee of several ingredients customarily aijcompanying it 
in industrial use, but the most important, strengthenor is carbon, because this will increase 
its strength with the least decrease in ductility. 

Effect of Carbon. The effect of increasing percentages of carbon on the physical 
properties of sti'cl can be seen from Talile IV. 

Effect of Manganese. Manganese increases strength and hardness, decreases the con¬ 
tent of oxygen, and lea.sen8 the bad effect of any oxygen or sulfur left in the steel. 

Effect of Phosphorus. Phosphorus increases strength, brittleness, segregation, and 
fluidity when molten, and greatly decreases resistance to shock. It increases crystal 
size with normal heating. 

Effect of Sulfur. Sulfur slightly increases the strength of steel, but it also makes it 
dirty, oxidized, segregated, brittle under shock, and with a tendency to crack at red heat, 
either when cooling (as in a casting), or when being rolled or forged. Sometimes the 
cracks are microscopic, but nevertheless they weaken the steel. When the manganese 
is at least twice the sulfur, the bad effect of the latter is lessened because then the sulfur 
is in a compound, MnS, instead of FeS. 
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Table IV. Some Properties of Hot-worked Steel and of Cast Irons 


Physical Properties 


Name 

Approx¬ 
imate 
Per Cent 
Carbon 

Specific 

Gravity 

Weight, 
lb per 
cu ft 

Melting 
Point, 
deg faiir 

Boiling 
Point, 
deg fahr 

Average Coefficient 
of Expansion, 
per deg fahr X 10'^ 

68 to 68 to 

572“ F III2“F 

Brinell 

Hard¬ 

ness 

Iron, 9* ** >.97% Fe. 

0.01 

7.87 

491 

2795 

5792 

7.4 

8.2 

50-90 

Arnico ingot iron *. . . 

0.03 

7.86 

491 

2790 


7. 17 

8. 17 

58 

Soft steel. 

0. 10 

7.85 

490 

2780 t 


6.1 

6 § 

120 

Structural steel. 

0.25 

7.85 

490 

2765 t 


7.22 


ISO 

Machinery steel. 

0.40 

7.84 

489 

2740 t 


6.7 

7.94 

ISO 

Spring steel. 

0.75 

7.83 

489 

2700 t 


6. 

47 5 

240 

Tool steel. 

0.90 

7.82 

488 

2695 t 


6. 

39 § 

260 

Gray cast iron. 

3.50 

7.00 to 
7.22 

437 to 
451 

2000 


5 

6§ 

.. i 

120-190 

Strong gray cast iron . 

3.50 

7.22:i 

451 

2050 4- 


5.55 to 5.92 


High-strengtli cast iron 

3.00 

7.30,L 

456 

2100 d: 


5.6 t 

o 5.92 


Alloy cast iron. 

2.75 

7.35:1- 

459 

2100 to 
2200 




Malleable cast iron. . . 

2.50 

7.42 

463 

2050 


1_6 

.6 





•Tensile Properties | 


i 

Name 

ini ate 
I’er ( !<;nt 
(’arbon 

Ultimate 
Strength, 
lb i>er 

S(t in. 

Yield 
Strength, 
lb per 
sq in. 

Elonga¬ 
tion in 

2 in., 
per cent 

lieduction 
of Area, 
per cent 

Modulus 
of Elas¬ 
ticity, lb 
per sq in. 

Brinell 

Hardness 

Iron, 99.97% Fe. 

O.OI 

40,000 

20,000 

40 

80 

29.700,000 

50-90 

Ann CO ingot iron *. .. . 

0.03 

44,000:; 

27,50011 

46 


29,500,000 

58 

Soft steel. 

0. 10 

50,000 

30,000 

35 

70 

29,100,000 

120 

Structural steel. 

0 25 

60,000 

38,000 

30 

52 

28,900,000 

150 

Machiaerv steel. 

0.40 

80,000 

50,000 

25 

40 

28,600,000 

180 

Spring steel. 

0.75 

100,000 

60,000 

12 

22 

28,300,000 

240 

Tool steel. 

0.90 

1 30,000 

75,000 


12 

28,000,000 

260 

Gray cast iron. 

3.50 

22,000 

17,000 d 



13,000,000 

120-190 

Strong gray cast iron. 

3.50 

30,000 

25,000 1 

:lt* 


14,000,000 


High-strength cast iron 

3.00 

50,000 

42,000 d 

*•15 


15,000,000 


Alloy cast iron. 

2.75 

70,000 


** 

** 

18.000,000 


Malleable cast iron . . . 

2.50 

54,000 

36,000 

18 

22 

25,000,000 



Note. The fiRures in this table are reproscntativc of the properties of steel in commercial 
shapes. Variations may be expected relative to size and shape. I'he values given are not suitable 
as a basis for purchase specifications as they are not assured minima. 


* Contains less than 0.1 per cent total of carbon, inanKanese, sulfur, phosphorus, and silicon. 

■f Completion of melting. 

t The melting point of cast iron varies greatly with its composition. It begins to melt at about 
the temperatures given, but is not completely melted until a temperature 200 to 300 deg fahr higher 
is reached. 

5 Coefficient per deg fahr at 60 deg fahr. 

11 Figures supplied by manufacturer. 

** Some of the strong cast irons (including alloy cast irons) have a measurable permanent 
elongation and reduction of area before breaking, such as a fraction of 1 per cent. 
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Effect of Copper. A small percentage of copper dissolves in steel and forms a solid 
solution. Copper increases the hardness of steel, and less than 1 per cent of copper is 
used to lessen the rusting or corrodibility of steel. It seems also to decrease segregation 
and make the grain size finer. 

Effect of Silicon. Silicon increases strength and hardness and decreases ductility. 
The chief purpose of having silicon in steel is to increase the solvent power of the metal 
for gases, especially oxygen and carbon monoxide. This influence decreases the blow¬ 
holes in soft steel, but increases the volume of the pipe in ingots and castings. In castings, 
silicon of 0.20 to 0.40 per cent is often added for strength. Silicon increases crystal size. 

Iron Oxides. Oxygon occurs in steel in three forms: CO, FeO, and, perhaps, Fe^Os. 
In any form its presence is harmful, producing brittleness in both hot and cold steel, 
besides causing liability to blowholes. There is probably no constituent more harmful 
to steel than oxygen, but unfortunately no satisfactory method has as yet been found 
(1936) of rapidly determining small traces of this gas. The effect of oxygen is somewhat 
similar to that of sulfur and. in common parlance, makes the steel “ rotten." 

Nitrogen and Hydrogen. Both nitrogen and hydrogen occur in steel, and one of the 
theories to explain the superiority of electric and crucible steels is based upon the relative 
freedom of these materials from the two gases. The amount of nitrogen and hydrogen 
present is usually very small. Hydrogen dissolves very easily in iron at a high tempera¬ 
ture but is evolved in part as the metal cools. In order to obtain entire freedom, however, 
it is necessary to heat and cool several times in vacuo. Nitrogen is important in connec¬ 
tion with arc welding, when a needle-like constituent appears, which is thought to be a 
crystal of iron nitride. 

12. METALLOGRAPHY OF IRON AND STEEL 

Microscopic Constituents of Iron and Steel. Iron and steel are not simple, homo¬ 
geneous substances, like glass, but, like the crystalline rocks (granite, for example), are 
composed of grains and crystals of different constituents. Thus, there may be, in slowly 
cooled iron castings: crystals of graphite, cementite, ferrite, and pcarlite. The strongest 
simple steel made (excluding alloy steels, etc.) consists entirely of pcarlite. Not only the 
kinds of metaral, but also the size of the crystals in which they occur has a very important 
effect on the qualities of the material which they compose. Thus, large crystals of graph¬ 
ite, etc., indicate weak and non-ductile metal. There are also other constituents which 
appear under the microscope, such as silicide of iron, nitride of iron, and also minute parti¬ 
cles of slag, oxides of iron, manganese, and silicon, sulfide of iron or manganese, 
carbide of manganese, etc. 

Ferrite is pure iron. It is soft, ductile, malleable; it can stand a great amount of cold 
work without annealing; it is not strong. It has a tendency to form in rather large 
crystals during cooling from solidification, or from a high temperature. It will not 
harden on rapid cooling, and can be formed of small-sized crystals if heated to a bright 
red heat and cooled very rapidly. This greatly increases its strength. Wrought iron i? 
some 90 per cent ferrite crystals enveloped in slag; ingot iron is 90 per cent ferrite and 
over; pure iron is 100 per cent ferrite. Some ferrite often occurs in cast iron, apparently 
by precipitation of cementite into graphite and ferrite. This precipitation is the normal 
reaction of the malleable cast-iron annealing process. 

Ferrite has a greater electric conductivity than any of the other metarals in iron or 
steel. It is about 6 times as resistant as copper. Alpha ferrite is the most magnetic 
substance known, having the greatest magnetic force, greatest permeability, and lowest 
hysteresis, when measured at high, as well as low, magnetizing forces. Alpha ferrite has 
a body-centered cubic space lattice. At 1400 deg fahr it liecomes paramagnetic. At 
1670 deg fahr it changes to a face-centered cubic space lattice and is known as gamma 
iron, w’hose most distinguishing characteristic is that it will dissolve carbon up to a 
limit of 1.7 per cent. At 2550 deg fahr the space lattice again becomes body-centered 
and the iron is often called delta iron. 

Cementite is carbide of iron, F’esC. Its hardness is 6 to 6.5 on Moh’s scale, and U 
on the mineralogical scale. It wdll scratch glass, but not quartz. It is magnetic below 
400 dog fahr. It occurs in flat crystals w^hich decrease the tensile strength of iron and 
steel, but increase their hardness and cutting properties. It is present in goodly quan¬ 
tities in w'hite cast iron. 

Graphite is a great wcakener, because it occurs in flat plates, themselves made up of 
smaller plates, which separate under strain and allow’ the luece to break. The larger 
the crystals of graphite the less the tensile strain it wdll wdthstand. When a piece of 
gray cast iron is broken, only the separated flakes of graphite along which the piece has 
broken, and which give the fracture its gray color, are seen. 
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Pearlite is an aggregate made of alternate crystals of ferrite and cementite. Its chief 
characteristic is the minute crystal size of the components. Pearlite has about 7 parts 
by weight of ferrite to 1 part of cementite, and therefore contains about 0.85 per cent of 
carbon. Steel of this carbon is the strongest simple steel known, doubtless because of the 
absence of large crystals of ferrite or of cementite. The reason for the occurrence of 
pearlite in steel is explained on p. 11-28 and Fig. 3. 

Austenite is a solid solution of ferrite and cementite in ea(?h other. It forms when 
the metal solidifies, and remains a solution until it cools to about 1350 deg fahr. Theoreti¬ 
cally the solution would remain if the iron or steel were cooled instantaneously from a 
bright red heat to atmospheric temperature, but, in practice, this degree of rapidity is 
impracticable, and only a portion of the austenite is preserved by rapid cooling. But 
10 per cent of manganese and above in the steel will preserve austenite to temperatures 
}x‘low 0 deg fahr, as will 12 to 25 per cent of nickel. Austenite is non-magnetic; it resists 
wear, but is not brittle. 

Martensite is the chief constituent of rapidly cooled steel. It is the imperfectly 
preserved austenite, which cannot lie cooled rapidly enough to prevent some decomposi¬ 
tion, but was not slowly cooled, so as to precipitate into pearlite with or without some 
excess ferrite or cementite. It is a common constituent of hardened steels, and may 
occur in cast iron which is cooled rapidly through the range of r€?d heat. It is strong, 
hard, and brittle. It differs from austenite in being magnetic, but is not as much so as 
the same steel slowly cooled. 

Sorbite is imperfectly resolved pearlite. That is, it is a step l^eyond martensite in 
the decomposition of the solid solution. The ferrite and cementite are not fully formed, 
but may bo said to be in a preliminary state of precipitation. Sorbite has some of the 
strength of martensite and some of the ductility of fully precipitated steel. It is obtained 
by cooling steel with medium rapidity from the temperature where it is a solid solution 
to atmospheric temperature, or accomplishing a similar result by other means. 

Sonims is the name given to solid, non-metallic impurities in iron and steel, including 
slag particles, sulfides of iron or manganese, oxides of iron, manganese, silicon, aluminum, 
etc., or dirt from ladle or furnace linings. Just as muddy water will not clear itself with¬ 
out standing quietly for a time, so these sonims wdll remain suspended in some steel 
baths or ingots until caught in the solidifying mass. The crucible and electric processes 
give the best opportunity for the metal to clarify itself. Sonims occur to a very harmful 
extent only as a result of bad practice in steel making, such as lack of care in adding 
oxidizing agents too near the end of the process, or adding deoxidizers in the ingots when 
the steel is too cold to allow oxide of aluminum, for example, to rise to the surface, etc. 

Equilibrium Diagram of Iron and Steel. The constituents present in the form of 
crystals or grains in any series of alloys can be learned from a study of the so-called equilib¬ 
rium diagram, such as that shown in Fig. 3. The iron-carbon alloys (like every other 
series of alloys) are in a condition of chemical solubility when liquid. Upon freezing, 
the first crystals arc born as small solids within the liquid mass. These crystals may 
still preserve the condition of chemical solubility present in the liquid, or they may form 
as crystals of the individual metals in the alloy, or as chemical compounds of thesti metals. 
For example, all the liquid iron-carlKin alloys up to as much as 1.7 per cent of carbon 
will preserve the chemical solubility of the liquid. They will form crystals of solid solu¬ 
tion. That is why all alloys having carbon from zero to 1.7 per cent arc known as steel 
(except when they also contain particles of intermingled slag, when they are known as 
wrought iron). But if the alloy contains more than 1.7 per cent carbon, then, when it 
freezes, two kinds of crystals will form in it: one a saturated solid solution containing 
1.7 per cent of carbon, the other FcsC, called cementite. This is white cast iron. Fig. 3 
does not show how gray cast iron is obtained since the iron-carbon alloys all freeze to 
crystals of solid solution and cementite, but no graphite. If about 0.76 to 2.50 per cent 
silicon is present, however, then some or all of the cementite breaks down into iron and 
graphite, both during the freezing and during the subsequent cooling. 

Decomposition of Crystals of Solid Solution. Whatever their carbon content, the 
crystals of solid solution formed during freezing break down upon further cooling. If the 
carbon content is near the saturation value (1.7 per cent), the solid solution crystals lose 
carbon in the form of FcaC, while for a very low carbon content, crystals lose iron in the 
form of ferrite crystals. The separation of FesC is shown by the line ES in Fig. 3, and 
the separation of Fe is shown by the line GS. Consider the following three cases of iron- 
carbon alloys, cooled slowly: 

1. An alloy containing 98.5 per cent iron and 1.5 per cent carbon. Within a solid 
solution crystal in this alloy, cooling from 1875 deg fahr, there might be seen, under a 
microscope (if the appropriate conditions could be obtained), crystals of FcsC beginning 
to appear. The mass is plastic because hot. Some of the FeaC crystals migrate to the 
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outer boundaries of the crystal; others remain imbedded in the inside. The residual solid 
solution, in which the crystals of FeaC are appearing, gradually loses its carbon and 
approaches a composition of 0.85 per cent of carbon. When this amount of carbon is 
left dissolved in the solid steel, and simultaneously the temperature has dropped to 
1350 deg fahr, the residual solid solution entirely * breaks up into crystals of FesC and of 
Fe, in the form of pearlite. See p. 11--27. This final precipitation requires a few seconds 
of time and continues while the temperature is falling through a few degrees, but is not 
a continuing action like the gradual separation of the FesC from the initial solid solution. 

2. An alloy containing 99.G5 per cent iron and 0.35 per cent carbon. As this alloy 
cools from a temperature of about 1510 deg fahr, there begin to appear, in the midst of 
the crystals of solid solution, microscopic particles of iron, which migrate to the boun- 



Fio. 3. Equilibrium Diagram of Iron-carbon Alloys 


daricB of the crystal and appear in larger and larger proportions until the metallic body 
remaining as a solid solution is deprived of iron down to 99.15 per cent iron and 0.85 
per cent carbon. Simultaneously the temperature has fallen to 1350 deg fahr because 
the solid solution always retains amounts of iron and carbon in chemical solubility in 
exact relation to the temperature, and always comes to 99.15 per cent iron and 0.85 per 
cent carbon when the temperature has fallen to 1350 deg fahr. At this temperature, 
the 0.85 per cent solid solution undergoes a complete separation into crystals of iron and 
FesC, associated together as pearlite, as in the previous case. 

3. An alloy containing 99.15 i>er eent iron and 0.85 per cent carbon. Since the lines 
OS and SE in Fig. 3 intersect at 1350 deg fahr for an alloy of 0.85 per cent carbon, the 


* The trace of carbon which remains in solution to lower temperatures is intentionally disre- 
Itarded, because this is so small (0.03 to 0.015 per cent) that it does not affect the principle here 
involved. 
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solid solution crystal of this alloy will not lose iron or FejC upon cooling. The resultant 
steel therefore at atmospheric temperature consists of 100 per cent pearlite. 

Every known slowly cooled alloy of iron and carbon will contain pearlite, since every 
alloy from 0.01 to 6.6 per cent carbon will have crystals of solid solution in it when it has 
frozen, and every one of these solid solutions will drop out of itself either Fe or FejC as 
it cools until the temperature has dropped to about 1350 deg fahr, when the solid solution 
will completely separate into crystals of Fe and FejC, combined in a pearlitic mixture. 
The Fe or FcaC crystals which drop out in the cooling process are much larger crystals 
than the Fe or FesC crystals which compose; the pearlitic mixture. The 0.86 per cent 
carbon alloy is the strongest of all single steels since it has no large crystals of Fe or FesC 
in its crystal lx)undaries to weaken it. 

** Critical-point ** Curves of Iron and Steel. The curves in Fig. 3 are the so-called 
“ critical-point ” curves, and the changes occurring at thi'se points are second in importance 
only to the actual manufacture of the iron and sit'd iu^elf. The effect of elements (carbon, 
silicon, etc.) on iron and steel, of heat treatment, etc., can btist be discussed by relating 
it to those “ critical points.” The effect of other elements, including those entering into 
alloy steels, is discussed on ]>p. 11-24, 11-26. 

Effect of Manganese on Critical-point Curves. The curves in Fig. 3 represent the 
changes occurring in iron-carbon alloys. If manganese lx* added to the alloys, the lino 
PSK will occur at lower temperatures, <loi)ending on the amount of manganese. When 
the manganese content is as high as 7 per cent, this line will lx; reduced below the tem¬ 
perature of the earth’s atmosphere. That is, the changes represented by these lines will 
never occur during cooling to atmospheric temperatures. This is the basis of tin* alloy 
steel known as manganese steel, which is discussed on p. 11-37. 

Effect of Nickel on Critical-point Curves. Nickel, like manganese, reduces the tem¬ 
perature at which the changes represented by the lines PSK occurs. When the nickel 
content of steel is 12 per cent, the tc‘mperature at which these changes occur is Ixilow 
that of the atmosphere. At 25 per cent nickel, however, the temperatures Ixigin to rise 
again. This leads to the most extraordinary alloys, such as nickel-steel bars which are 
magmatic at one end and non-magnetic at the other, and also alloys with unusual 
coefficients of dilation. 

Effect of Chromium on Critical-point Curves. Chromium added to steel has the effect 
of slightly raising the lino PSK, and .slightly lowering the line GS. The maximum effect 
is with 5 per cent of chromium. However, thi^se effects of chromium are not so important 
as its influence in reducing the speed at which the transformations (changes) represented 
by these lines occur. That is, if steel of, say, 0.50 per cent carbon be cooled from 1600 
to 1100 deg fahr, at a moderately slow rate, the normal changes will occur. But, if a 
few per cent of chromium be pr(*8ent, the cooling must proceed very slowly. Conversely, 
if the cooling is rapid, for the iiurpose of slippressing the change as much as possible, 
the suppression will be more complete if a few per cent of chromium are present. Chrom¬ 
ium thus intensifies the effect of rapid cooling on steels that are hardened by heat 
treatment. 


13. THE MECHANICAL WORKING OF STEEL 

Effect of Work on Iron and Steel. All work break.s up the crystals of iron or steel. 
This is more noticeable in wrought iron and low-carbon steel, for the grain of properly 
h(*ated high-carbon steel is always smaller than that of lOw-carbon material. But if the 
mechanical work is stopped while the steel is still hot, the crystals will grow again to some 
extent. Work should, therefore, lx* continued to a low red heat, aiul extended to every 
part of the steel. This is difficult when rolling or forging thick pieces, whose interior is 
almost always of coarser grain than the surface. 

The more work given to steel, the better will be the grain, provided that the finishing 
temperature is near the line PSK in Fig. 3. This, however, reaches a limit when the 
steel is finished at a moderate thinness. In other words, railroad rails rolled from 18-in. 
ingots have as good a grain as if they were rolled from ingots twice as large, but rails 
rolled from ingots 6 in. square w'ould not have sufficient mechanical kneading. Six-inch 
ingots will, however, give a good crystalline structure to 7/8-in. wire rods, or 1-in. bars 
for concrete reinforcement. 

Working Steel at a Blue Heat is Injurious. Not only are wrought iron and steel 
much more brittle at a blue heat (see p. 11-31), but, though they are probably not seriously 
affected by even prolonged simple exposure to blueness, if they bo worked in this range of 
temperature they remain brittle after cooling. 

Rolling vs. Forging, Rolling is the quickest and cheapest method of shaping, but it 
does not give quite so good a crystalline structure as either forging or hot pressing, and 
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is more likely to tear the hot metal. It has less control over the finishing temperature, 
but finishes the steel more truly to form. 

Cold Rolling gives more accurate and finished shape than hot rolling, and a better 
crystalline structure, with consequently greater strength and higher elastic limit. The 
hardness, as measured by the weight required to produce equal indentation, is increased 
by 60 per cent. Unless cold rolling is followed by annealing, it leaves the metal with 
strains and internal stresses. It gives the steel a better surface and brighter appearance. 
Only the final operations are done cold, and the steel is pickled and freed from scale 
before cold rolling begins. If annealed afterwards, it is protected from oxidation. High- 
carbon steel should not be rolled cold Ixjcause the hardening and embrittling effect is too 
great. 

Effect of Finishing Temperature in Rolling. The strength and ductility of steel de¬ 
pend to a high degree upon the fineness of grain, and this may be obtained by having the 
temperature of the steel rather low, say at a red heat, 1300 to 1400 deg fahr, during the 
finishing stage of rolling. In the manufacture of steel rails a great improvement in 
quality has been obtained by so finishing. 

Hot Pressing. Wlien it is desired that the kneading effect of mechanical work shall 
extend into the interior of large pieces, the shaping is performed by pressing hot under a 
press exerting a pressure of a few hundred to several thousand tons. Armor plate and 
other large pieces are shaiied in this way. 

Cold Pressing. Thin plate for structural purposes, automobiles, etc., is formed l)y 
pressing cold, sometimes in one operation and sometimes in several progressive ones, 
depending on the extent of distortion. The effect of this cold pressing is about the same 
as that of cold rolling, but leaves more intense strains in the metal. Often the shape is 
such that it is impossible to prevent the plate from springing back to an intermediate 
form, unless iron of more than 1)9 per cent purity is used. 

Cold Punching, Deformation, etc. When steel is iiunched and sheared cold, bent, or 
otherwise deformed, severe strains are st^t up which ruin the strength of the metal imme¬ 
diately adjacent to the deformation. By punching or shearing the edges are cracked, 
and the metal should be cut away if reliance is to be iilaced on the edge to withstand strain. 

Surface Decarbonization of Steel. When steel \m rolled or heated, a coating of oxide 
forms on the surface. On subseiiucnt heating this oxide reacts in the solid with the 
layer of steel underneath and deprives it of a part, or all, of its carbon. Thus, all hot- 
rolled steel has a film of decarbonized metal between the oxide (coating and the unaffected 
steel. This layer is softer and, moreover, w'ill not be hardened by heat treatment. 


14. THE EFFECT OF HEAT ON STEEL 

There are seven ways in w'hich heat affects most metals, including steel: 

1. The properties are different at different temperatures. 

2. An oxide or scale forms above certain temperatures. 

3. Some temperatures cause an increase or growth in grain size. 

4. When the temperature approaches’the melting point of the steel, a new damage 
known as “ burning ” occurs. {Burning is sometimes erroneously confused with the 
phenomenon of grain growtli.) 

5. Rapid cooling from certain temperatures develops hardness and brittleness in steel 
entirely different from the softness and ductility of the same steel when slowly cooled. 

0. Rapid cooling from other temperatures increases the strength of the metal over its 
strength when slowly cooled. 

7. In heating or cooling steel, there may bo unequalized strains existing in the metal 
which will be ndeased, producing shrinkage or warpage, or else the cooling through given 
ranges of temperature may produce strains which manifest themselves in warped material. 
Sometimes the distortion may result in the formation of a crack. In extreme cases, the 
change in volume may result in actual bursting w'ith explosive violence. 

Variation of Properties with Temperature 

A few properties of steel are at their highest point at very low temperatures and 
decrease with temperature rise. The relation is not uniform and regular, however, but 
sudden changes, or even temporary reversals of trend, occur at certain temperatures, 
especially at points of allotropic or other critical change. The most important properties 
which are at their highest at low'cst temperatures arc strength, elasticity, hardness, 
brittleness, electric conductivity, and magnetism. Other properties are at their lowest 
point at low temperatures and rise with temperature, but, again, the relation is not 
uniform. The most important of these crescendo properties are ductility and malleability. 
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Strength and Ductility. Fig. 4 gives a general idea of the relative strength and duc¬ 
tility of steel at all temperatures from that of liquid air to that near the melting point. 
Average steel is relatively very strong and brittle at the temperature of liquid air, but 
both these properties decrease greatly to atmospheric temperature. Then both strength 



Fia. 4. Approximate Tensile Strength and Elongation ic 2 in. of Structural Steel at Various 
Temperatures from that of Liquid Air -to the Usual Rolling Temperatures 


and brittlenc.ss increase again, reaching a maximum at about 260 deg (rent (500 deg fahr). 
This is called the “ blue heat,*' iK'cause a blue oxide will (rover steed if it be loft a few 
minutes at this temperature. Iron and stool must not be work(*(l or strained at this 
temperature. They will crack even under light blows, and their toughness and ductility 
arc very low. These properties 
again improve as red heat is af)- 
proached. 

Impact Resistance. The resist¬ 
ance of steel to shock decrerases very 
much with lowered temperature, so 
that some steels are too brittle to 
use in impact service even in cold 
climates, although they would give 
satisfaction at all temperatunrs not 
far below freezing. 

Creep (see p. 5-07) is most im¬ 
portant at temperatures where a 
metal has a low combination of 
strength and ductility, e.g., 500 deg 
cent for steel. The action is illus¬ 
trated graphically in Tig. 5. Part ab 
of the curve in Fig. 5 represents elon¬ 
gation whi(ih occurs within the yield 
point of the metal when the load is 
first applied. The load is unvarying 
and coiitinuouB. During passage of 
time, there is a slow permanent 
elongation of the specimen as indicated by Me. At c the specimen fractures, l)ocause of 
the weakening due to deformation. To strain a metal beyond its yield point and then to 
allow it to rest results in w'hat is called a “strain hardening,” i.c., an increase in the value 
of the yield point. The same action occurs in extremely slow straining, so that sometimes 
an alloy after months of creep will V>ccome strengtliened by the operation to the point 
where it will no longer yield to the strain. This is indicated in the line cf in Fig. 5. 
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Grain Growth 

Grain Growth is caused by the elimination of grain lx)undaries and the merging of two 
or more grains into one large grain. Some grains grow to largo size in a few minutes, 
and others require months. Everything else being equal, the larger the grains in a 
metallic body, the lower will bo its strength and ductility. Therefore, large grains arc 
dreaded in all metals, but especially in steel, because this is used so much more for struc¬ 
tural purposes. 

Grain Growth in Pure Iron, Wrought Iron, and Very Low-carbon Steel. The iron- 
carbon alloys which are very low in carbon are subject to grain growth at temperatures 
between about 500 and 860 deg cent (932 to 1562 deg fahr). This is a very slow growth, 
requiring weeks or months, but is hastened by repeated strains. It is therefore to be 
feared in iron chain which is used in hot places, wrought-iron tie rods in furnaces, etc. 
Grains of this type sometimes grow as large as one’s thumbnail. The action is not to be 
expected in steel with more than 0.12 per cent of carbon. The grains are restored to 
small size by heating to about 900 deg cent (1652 deg fahr). 

Grain Growth in All Steels. Steels of any proportion of carbon suffer grain growth 
in consequence of being heated above 700 deg cent (about 1300 deg fahr). Steels with 
0.85 per cent of carbon are the simplest to discuss and will be chosen for this brief sum¬ 
mary: this steel, when heated to 700 deg cent (1292 deg fahr), is just at the point of the V 
in Fig. 3. At this temperature it assumes the smallest grain size which can be given 
to it by heat treatment. The further steel is heated above that temperature, the more 
the grain will grow in size. 

Even steel of the bc^st quality, if rendered coarse grained by “ overheating,” wdll suffer 
in its valuable properties and may l>ecome quite unfit for use. Medium- and high-carbon 
steel will lose both strength and ductility; low-carl)on steel will lose strength even up to 
50 per cent of the original but does not seem to be materially damaged in ductility unless 
the overheating is continued for a long time or at a very high temperature. 

Cure for Overheating. If steel containing 0.S5 per cent carbon, e.g., steel consisting 
entirely of pearlitc, btj heated from some point below the line PSK in Fig. 3 to some point 
above that line, a new crystallization will occur and will largely oblit-erate previous 
crystallization. It seems as if dissolving the ferrite and cementite in each other produces 
forces which obliterate almost all existing crystalline forms. This process is known as 
” restoring ” or, by some writers, ” refining ” the steel. 

The cure for coarse crystallization in steel with less than 0.85 per cent carbon is to 
reheat it from txdow the line P^K to above the line OS, at which the last of the ferrite 
goes into solution (sec Fig. 3). 

Steels with more than 0.85 per cent carbon may be restored in every case by reheating 
them over the line PSK, just as with pure pcarlite. 

It is emphasized that steel must be heated to the appropriate temperature, because 
the result cannot be produced by cooling to the temperature. Once steel has ac*quiretl 
a coarse grain structure, it will remain coarse until heated through the critical temperature. 

Hardening of Steel by Quenching 

Temperature for Hardening. If steel be raised to a bright-red heat and then rapidly 
cooled, as, for example, by plunging it into wuiter, it becomes harder and at the same time 
stronger and more brittle. One circumstance is absolutely necessary to produce the 
increase in hardness, viz., that the temperature from w'hich rapid cooling takes place 
shall be above the critical temperat\ire of the steel so that the best grain structure is 
obtained. For steel containing less than 0.85 per cent carlx)n, the best temperature for 
hardening is just above the line GS, Fig. 3. For steel with 0.85 per cent or more of 
carbon, the best temperature is just above the line SK, 

Carbon and Hardness. The hardness of steel increases with every increase of carbon. 
With 0.10 per cent carbon the hardness begins to l)e i>erceptible by crude tests, but it is 
only for a carl)on percentage greater than 0.75 that ordinary steel acquires sufficient 
hardness to be used commercially, e.g., for springs, saws, etc. Metal-cutting tools are 
usually made of steel containing 1 per cent or so of carbon; very hard implements, such 
as files, will contain 1.5 per cent or slightly more. 

Rate of Cooling and Hardness. The degree of hardness of steel also varies with the 
speed of cooling from above the critical range of temperature. When the cooling is very 
alow, e.g., when it takes several days to cool, the steel will be as soft as it is possible to 
make it. W’hen it is taken out of the furnace at a bright-red heat and plunged into a 
heavy oil wdth a low conducting power for heat, it becomes quite hard and springy, pro¬ 
vided its carbon is in the neighlx>rhood of 0.8 per cent or above. Quenching in water 
makes it harder still, and so on, the degree of hardness increasing with quenching liquids 
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of greater heat-removing ability, such as ice water, ice brine, ice-sodium chloride solution, 
and mercury near its freezing point (->39 deg cent, —38 deg fahr). 

Critical Hardening Speed. Every steel has what is called its critical hardening speed. 
This may be taken to be the speed at which steel should be cooled to produce the maxi> 
mum amount of martensite. 

Theory of Hardening of Steel. To get hardened steel, it must first be heated untU 
it has become a solid solution of cementite in iron. This solid solution is not very hard. 
But if it l3e cooled rapidly to atmospheric temperature it becomes very hard, whereas, 
il it had been cooled slowly, it would be soft. The theories of hardness may bo summarized 
as follows: 

1. Slip is prevented by submicroscopic particles of cementite. 

2. Slip is prevented by extreme fineness of grain. 

3. Slip is prevented by iiitralattice carbon atoms. 

4. Hardness is due to internal stress, Ixjcause ot ; 

a. Lattice distortion. 

b. Siii)pres.si()n of e.xpaiision at about 350 deg fahr. 

5. Hardness is a characteristic of a suporsaturatt>d solid solution. 

The first theory is the one which seems to have the largest amount of support at present 
(1936). In other words, the solid solution decomposed enough, even in spite of the rapid 
cooling, to separate out particles of cementite too small to be seen even by the microscope 
but hard enough and numerous enough to wedge the mass tightly together 'jo that it will 
nut yield to slip or strain until it breaks. 

Tempering. Hardened steel is too brittle to be used without some degree of tempor- 
ing, except for a small variety of purposes, such as the points of .iniior-piercing projectiles 
and the face of armor plate. If it be heated to about 200 deg cent (392 deg fahr), quito a 
little of the brittleness and a part of the hardness will lost. It is then in condition to be 
used for steel engraving tools, lathe and othiT implements to cut metals. If it be 

heated to 250 deg cent (4S0 deg fahr), it would bo f.empered still further, and so on. 

Heating for Annealing, etc. Annealing has for its object the treble purpose of (1) 
relie\'ing any strains put upon the metal during its cooling, or by mechanical treatment or 
otherwise; (2) restoring the grain of the metal to that minute size which gives it the Ixjst 
l)oasible qualities; or (3) softening it after hardening. These three objects may be 
accomplished in one annealing operation. The usual temiicratures of true annealing lie 
lietween 700 and 1000 deg cent (1290 and 1830 deg fahr). Temiieratures from 200 to 
700 deg cent (1292 deg fahr) are sufficient to relieve strains in the metal and to soften it 
after mechanieal treatment or hardening. This operation, using low temperatures, is 
known as “ lonealing.” To produce a new grain size, liowever, the steel must Ixj heated 
slightly above the critical temperature and eool(;d slowly from that i)oint so as to be in a 
soft condition. If, because of cold rolling, wire drawing, or other mechanical work, in 
the cold, a small giain size is already present, it is bad practice to form a new grain size. 
In this case the steel should he loiiealed. 


16. USES OF CARBON STEELS 

Crucible Steel and Electric Steel. C’nicible steel and electric stool excel all others in 
price and quality. Their high quality is due to freedom from gases, oxides, and defects 
other than metallic impurities. These steels may be used only for puri)Oses whi(;h warrant 
the high price. Authorities differ as to w'hether cnicihlo or electric steel is superior. In 
America, electric steel is made at the rate of more than a million tons per year, whereas 
the production of crucible st(‘el has doercasod from 20,000 to 1700 tons per year. 

Bessemer Steel. The Bessemer product is lo.sirig ground, not so much on account of 
the limited field for which it is adapted, but because low-phosphorus pig iron from wliich 
it is made is becoming yearly more rare and costly, owing to the exhaustion of low- 
phosphorus ores. For small railroad rails, small structural shapes (angles, channels, 
standard beams, etc.), pipe, wire, and tin plate, Bessemer steel is as good as any obtainable 
provided the phosphorus l:)e kept at a moderately low figure. 

Basic Open-hearth Steel. For more important stnictural members, for large railroad 
rails, which must bo relatively high in carbon, and, thcirefore. low in phosphorus, so as 
to be strong yet not brittle in cold weather, the basic open-hearth steel is especially 
appropriate. The same is true for stnictural plate, boiler plate, etc. Most modern steel, 
therefore, is made by the basic open-hearth process. 

Acid Open-hearth Steel. It is easier to get low-phosphonis material for melting in 
the acid open-hearth than for the Bessemer converter, since in the former 75 to 90 per cent 
of the material usually consists of steel scrap. Therefore, acid open-hearth steel low in 
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phosphorus and in sulfur is obtainable, and is the highest quality of steel in the market, 
next to crucible and electric. It excels basic open-hearth steel because of its relative 
freedom from oxygen, to which basic steel is liable on account of its highly oxidized 
basic slag. For steel castings this freedom from oxygen is especially valuable, as oxygen 
and oxides in steel tend to produce “ blowholes " in castings. The acid open-hearth 
is not universal, but is generally preferred, for steel casting work. It is also preferred for 
fatigue members of important bridge and other structural work, on account of the smaller 
content of oxides which lower the resistance of the steel to this type of stress. 

16. ALLOY STEELS 

Alloy Steel. Steel is an alloy of iron and carbon. An alloy steel is a steel to which 
has been added, in addition to the carbon, an amount of some clement sufficient to produce 
a distinguishing effect. The alloying element is usually a metal, and its effect must be 
such as to alter the properties of the steel so as to put it into a slightly different class from 
ordinary carbon steel. For example, manganese and silicon arc contained in practically 
all carbon steels in small amount. But, if the proportion of manganese or silicon is suffi¬ 
ciently hirge to give properties to the steel which do not ordinarily occur in carbon steel, 
then the steel is classed as an alloy steel. 

Nickel and chromium are the two alloying elements most often used. The weight of 
these two metals used in alloy steels exceeds the weight of all other alloying elements 
taken together. 

The best alloy steels are made in the electric furnace or cnicible, but 75 to 80 per cent 
of the tonnage comes from basic open-hearth furnaces. The greatest amount of alloy 
steel is used because of combined strength and ductility (95 per cent of all steel is impor¬ 
tant because of its strength). In some cases, however, other properties of alloy steels, such 
as hardness, heat resistance, corrosion resistance, etc., may be most important. 

Binary Alloy Steels. If an alloy steel contains one alloying clement l)csides the steel, 
it is called a “ binary ” alloy steel. Examples of these arc: nickel, chromium, tungsten, 
vanadium, silicon, manganese, and molybdenum steels. 

Ternary Alloy Steels. Very often, alloy steels are made up of stool and two alloying 
elements. These are called “ ternary ” alloy steels. Examples are: chrome-vanadium, 
chrome-nickel, 8ilicon-mangane.se, and chrome-molybdenum steels. 

S.A.E. Specification Numbering System. A numeral index system is used for num¬ 
bering S.A.E. steels, in which the ffrst figure indicates the class to which the steel belongs; 
thus “ I- ” indicates a carbon steel, “ 2-,” a nickel steel; and “ .V,” a nickel-chromium 
steel. In the case of the alloy steels, the second figure generally indicates the approximate 
percentage of the predominant alloying element. Usually the last two or three figures 
indicate the average carbon content in “ points,” or hundredths of 1 per cent. Thus 
” 2340 ” indicates a nickel steel of approximately 3 per cent nickel (3.25 to 3.75), and 
0.40 per cent carbon (0.35 to 0.45); and “71300” indicates a tungsten steel of about 
13 per cent tungsten (12 to 15) and 0.00 per cent carbon (0.50 to 0.70). The basic num¬ 
erals for the various qualities of steels specified are: 

Carbon steels. .. 1 Chromium steels. 5 

Nickel steels. . .. 2 Chromium-vanadium steels. ... 0 

Nickel-chromium steels. 3 Tungsten steels... 7 

Molybdenum steels. 4 Silico-manganese steels. 9 

S.A.E. steels are purchased on the basis of requirements as to chemical composition. 
Requirements as to physical properties and finish have been omitted for all steels except 
steel castings because the majority of steels for automotive purposes are either worked or 
given special heat treatment by the purchaser. 

Binaxy Alloy Steels for Strength 

Nickel. Nickel decreases the cr>''8tal size of steels, and especially the size of crystals 
of pure iron. For this reason, the addition of nickel to structural steel results in an 
increase of strength, without a proportionately great decrease of ductility. Through 
the same cause it increases the hardness of steel, and, therefore, is used for such 
purposes as railroad rails on curves. It is valuable in steel that is to be case-hardened, 
because it decreases the crystal size of the “ core.” The full benefit of nickel is obtaiiu'd 
only when the steel is heat-treated for strength in the usual way, namely: it is heated 
to the lowest possible temperature to get all the iron and carbon in solid solution, quenched 
in oil or water to prevent precipitation of iron crystals in large size, and then reheated to 
sonic point below the lino PSK, Fig. 3, to restore ductility to the steel. Nickel steel of 
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3.6 per cent nickel is superior to carbon steel which has been treated in this wa3’, and 
excels especially in clastic limit. 

Silicon, Many bridges have been built in the past five years using what is called 
“ silicon structural steel.” This is stronger than carbon steel of equal ductility. The 
silicon is usually between 0.50 and 1.05 per cent, and it is customary to raise the man> 
ganese of structural steel from about 0.50 to lietween 0.67 and 0.95 per cent. By this 
analysis the silico-manganese steels, much used for springs, are approached. 

Silicon has the effect of decreasing the solubility of carbon in iron, both in the liquid 
and the solid state. In the solid solution, therefore, the end of the V’' in Fig. 3 is found 
occurring at a less amount of carbon than the usual ().S5 per cent. With 1 per cent 
of silicon, the solid solution wall haA’c its maximum sol ability at alx)ut 0.45 instead of 
0.85 per cent carbon. Since the point of the V is .alw’aya the strongest steel, a stronger 
steel with less carbon in it is obtained in thi.s way, and therefore, greater ductility, because 
the less the carl)OTi, the greater the ductility. 

Medium Manganese Structural Steel. The manganese iii ordinary carbon steel is 
between 0.40 and 1 per cent. Increasing the manganese to about 1.50 to 1.75 per cent 
results again in a steel with much higher strength and without loss of duciilitj'. The 
steel also withstands the shock tost excellentlj'. For this reason it is lK*ing used for 
railroad rails, w’hich thus less easily develop transverse fissures in the heads, probably 
caused chiefly by blows from the driving wheels of locomotives. The steel is also being 
used in place of nickel steel in structural parts t)f some bridges. 

Comparison of Nickel, Silicon, and Manganese Structural Steels. It Is possible to 
secure a little better combination of strength and ductility in 3.5 per cent nickel steel 
than in silicon or medium manganese structural steels. Nickel Mteel has also had a long 
service in important structures, as compared with the length of time during which the 
others have been used. But 3.5 per cent nickel steel costs abc iit tw'icc as much as does 
either of the others. All three of these alloy steels are gencrallj^ used in large members of 
structures without any heat treatment. In this respect, nickel steel has the advantage, 
because it can bc^ improved to a greater extent by quenching and reh(*ating. All three 
of the steels, when in the uiiheat-treaied condition, have similar luoperties. 

Vanadium. Vanadium is one of the most powerful scavengers that can be added to 
liquid steel for the special purpose of removing oxygen. After the removal of all the 
oxygen that can be eliminated by means of manganese and silicon, the addition of 0.26 
per cent of vanadium -will result in further oxygen elimination, leaving about 0.15 per cent 
vanadium in the steel. This vanadium has the effect of inerreasing the strength and 
hardness of the metal. In fact, the hardness is increased so much that ordinary alloy 
steel is not used with more than 0.2 per cent of vanadium remaining in it. Vanadium, like 
nickel, decreases the grain size of steel, but vanadium acts on the FenC as w’ell as the Fe 
grains. Vanadium also acts apparently during the phase when sttn*! is fret*zing, so that 
it is especially beneficial in steel castings, whose properties it imi)roves materially. Except 
for castings, not very much vanadium binary steel is made, but vanadium is added in 
extremely small doses to make ternary and quarternary alloy steels, sumo of which have 
great strength or hardness. 

Molybdenum Structural Steel. From 0.25 to 0.75 per cent of molylKlenum added to 
ordinary steel, which is then heat-treated, produces a structural sbicl which has increased 
elastic limit wdthout correspondingly decreased ductility. Molybdenum resembles 
vanadium in not being used extensively in binary steels, l«.it in lx*ing added in small 
doses to improve the properties of other alloy steels, such as the important chrome- 
molybdenum steel used in airplane stnictures, and also nickel-molybdenum steel. 

Ternary Alloy Steels for Strength 

Chromium in Ternary Alloy Steels. (Chromium intensific.s the effect of rapid cooling 
on steel. Tool steel which has lx*cn ciueiiched for hardness is much hard(?r for the presence 
(jf 0.5 to 2 per (;ent of chromium than steel of the same analysis in carbon and other ele¬ 
ments which contains no chromium. Therefore, chromium is used only in steels w^hich 
are to be heat-treated. 

Chrome-nickel Steel. Thus a steel w'hich contains about 1.5 per cent of nickel and 
0.0 per cent of chromium will have, after heat treatment, almost tlie same strength and 
ductility as 3.5 per cent nickel steel w'hich has also bt?en heat-treated, but it w'ill not cost 
as much. Table V gives data for the comparison of all these binary and ternary struc¬ 
tural steels. The heat treatment of chrome-nickel steel is based on the principle already 
given: heat the steel until the solid solution is complete; then quench in oil or water; 
and, finally, reheat to some temperature below the line PSK in Fig. 3 to restore ductility. 
The best temperature for first quenching must be determined by experiment for all steels 
of different analysis; the temperature for reheating will depend on how much ductility 



Table V. Some Mechanical Properties of Some Structural Alloy Steels 
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i8 estimated to be necessary, always remembering that the greater the ductility the lower 
the elastic limit. 

Chrome-vanadium Steel. Heat treatment and general mec‘hani<'al properties of 
chrome-vanadium steel compare with those for chrome-nickel steel. Table N' indicat.es 
some of the difTerences. 

Silicon-manganese Steel. Silicon-manganese steel greatly resembles chronie-vanadiura 
in strength and for service in springs. It is widely used in Europe for automol>ile springs, 
and to some extent in this country, although many American makers favor chrome- 
vanadium as l>eing less brittle. 

Chrome-molybdenum Steel. Chrome-molybdenum steel has not as good a combina¬ 
tion of strength and ductility as nickel, chroirie-nickol, and chrome-vaiiadium steels, but 
it is quite easy to roll and draw into tubes, to fabricate, and to weld, so that it is very 
popular for airplane structural parts. 

Alloy Steels for Hardness 

Effect of Chromium on Hardness. Chromium intensifies the effect of rapid cooling; 
consequently it greatly increases the hardness of quenched steel, if the cerbm is high 
enough to produce hardness on quenching. Chromium is almost universally added to 
increase the hardness of cutting tools, the amount lieing usually about l.ou up to 2.50 
per cent for protective armor plate, etc. It is also used to decrease the wear in parts of 
crushing machinery. For simple ubrasion hardness, high-manganese steel is also very 
commonly used. 

High-manganese Steel. Steel, when it contains manganese in excess of 7 per cent, 
acquires an entirely now property which reaches ite maximum efficiency when the man¬ 
ganese is about 13 per cent. This property consists in a toughness so great that the steel 
may Ixi tied cold into a knot without producing any cracks, .iiifl a resistance to wear 
which makes it commercially unmachinable with the usual cutting tools. The toughness 
is developed only if the steel is heated above 1000 deg cent (1800 deg fahr) and cooled 
as rapidly as possible by quenching in water. The steel is made in the form of castings 
and can be shaped a little on the surface by grinding with emery wheels. Unfortunately, 
its clastic limit is too low to permit its benng used as a cutting tool. 

High-speed Steel. When carbon steel is qlionched and then tempered, it l)egin8 to 
lose its hardness at 200 deg cent (400 deg fahr). This makes it impossible to use this 
steel for metal cutting at high speeds, because the friction of cutting w^arms the cutting 
tool to the temperature w'hcre it loses its hardness (sometimes called its “temper”). 
By the addition of abo\it 18 per cent of timgsUiU t.o such steel it acquires the property 
of “ red hardness,” that is, of remaining hard even when at a low red heat (535 deg cent ~ 
1000 deg fahr). Before it wnll have this charaeteri.stie of resisting tempering it must be 
heated to about 1150 deg cent (2100 deg fahr) and cooled in oil or in an air blast. In practice 
chromium is usually added up to 4 per cent and vanadium up to 2.5 per fitmt to tliis “ high¬ 
speed steel,” for the sake of further adding to its hardness and cutting power. Cobalt is 
now (1936) often added to intensify its properties. Nine per cent of molybdenum will 
replace the 18 i)er cent of tungsten to give tliis “ red hardness ” characteristic. 

Super-speed Cutting Tools. The new “ super-speed cutting tools ” are not alloy 
steels, but often take the place of alloy-sstecd tools. Their base is the carbide of tungsten, 
WC, the hardest substance known next to the diamond. See p. 11--81. 

Corrosion-resistant Steels 

Steels and Cast Iron Which Resist Corrosion. Nickel steel rusts less than carbon 
Bteol, especially if the nickel is 25 p(;r cent and higher. Alloys of iron w^ith not more than 
0.50 per cent of copper rust less than plain carbon steel, especially in slightly acidulated 
waters, such as the rivers which flow from coal-mining districts. Alloys with nitrogen 
(e.g., nitrided surfaces) also seem by recent studies to have a powerful resistance. The 
alloys of iron w'ith silicon, beginning alxmt 11 per cent silicon, not only do not rust at all, 
but even offer great resistance to acid attack which dissolves iron readily. Iron castings 
with 13 per cent of silicon are made for chemical purposes. But the material which is 
of most extensive industrial and household importance is the so-called stainless steel. 

Stainless Steels. Stainless steel is a general term given to certain alloys of iron, 
chromium, and nickel that have high resistance to heat and corrosion. They are generally 
designated by the percentage of chromium; an 18-8 stainless is understood to be an alloy 
containing 18 per cent Cr and 8 per cent Ni. The composition and physical properties 
of the commonly used alloys are given in Table VI. 

General properties of the alloys in Table VI are as follows: Tensile strength is higher 
than that of ordinary steels of equal carbon content, and fabricating and forming methods. 
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Table VI. Chemical and Phyaical Properties of Stainless Steels 
(Allegheny Steel Company, Brackenridge, Pa., 1935) 

Analyses of Standard Grades of Stainless Steels 


Type No. 

C, per cent, 
max. 

Cr, per cent 

Ni, per cent 

Type No. 

C, per cent, 
max. 

Cr, percent 

Ni, per cent 

Other Ele¬ 
ments, 
per cent 

Type No. 

C, per cent, 
max. 

Cr, per cent 

Other Ele¬ 
ments, 
per cent 

302 

0.08-0.20* 

17-19 

7-9 

309 

0.20 

22-26 

11-13 


410 

0.12 

12-14 


303 

0.03-0.20t 

17-19 

7-9 

310 

.25 

24-26 

19-21 


416 

. 12 

12-15 

11 

304 

0. n* 

17-19 

7-9 

316 

.11* 

17-19 

7-11 

Mo 2-4 

418 

.12 

12-15 

W, 2.5-3.5 

305 

0.08-0.20* 

18-20 

8-10 

320 

.20 

17-19 

7-9 

Ti = 4C 

425 

.12 

14-16 


306 

0. n* 

13-20 

8-10 

321 

.20 

18-20 

8-10 

Ti » 4C 

430 

. 12 

16-18 


307 

0.08-0.20* 

19-22 

9-12 

403 

.12 

11.5-13.0 



438 

. 12 

15-18 

W, 2.5-3.5 

308 

0.11* 

19-22 

9-12 

405 

.08 

11.5-13.5 


A1,0.10-0.20t 

442 

.35 

13-23 





406 

. 12 

12-14 


.Al, 4-4.05 6 

446 

.35 

23-30 



* Carbon may be specified to a 4-point range within these limits. t Free machining qu ility. 
Phosphorus, sulfur, selenium, min. 0.15 per cent. J Non-hardening quality. § High eleclric.,1 
resistance. 11 Free machining quality. Contains sulfur, selenium, molybdenum. 


Tensile Properties of Stainless Steels at Elevated Temperatures 


(Average Values) 



Temiierature, deg fahr 


too 1 

200 1 

1 500 ! 

1 1000 

1 1200 

1 1400 

1 1600 

1 1800 

1 2000 


Cr. 18-20; Ni, 3-10; C, 0 

o 

00 

o 

20 



Ultimate strength, 1000 lb per sej in. 

89 4 

82.4 

74 4 

70 6 

64.5 

50.2 

30.0 

j 


Proportional limit, 1000 lb per .sq in. 

28 0 

28.0 

26 9 

25.2 

23.6 

18.0 



j 

Elongation in 2 in., per cent. 

61.0 

57.4 

49.2 

46.2 

42.0 

34. 1 

34.6 

1 


Reduction of area, per cent. 

75.2 

75.8 

71.1 

70.2 

69.9 

54.8 

55 5 






Cr, 22 

26; Ni, 11- 

13; C, 

0.20 



Ultimate strength, 1000 lb per sq in. 

98.8 

92.4 

85.0 

77.0 

69.4 

56.4 

36.0 

20.9 

|l3.4 

Elongation in 2 in., per cent. 

59.4 

57.2 

49.2 

46.2 

35.1 

24.8 

17, 1 

22 6 

1 3.3.4 

Reduction of area, per cent. 

68.2 

68 1 

67.3] 

57.5 

42.2 

30.9 

24.6 

1 39 0 1 46 4 





(>, 12-15; ( 

0. 12 



Ultimate strength, 1000 lb per sq in.' 

75 0 

75. 1 

70.0 

30.3 

23.2 

II.si 

9.6 

7 8' 

4 3 

Elongation in 2 in., per cent. 

45 8 

44,9 

37.0 

46.0 

40.0 

39.0 

42 0 

60.0 

64 0 

Reduction of area, per cent. 

70.6 

69 7 

719 

85.4 

88.3 

94. 1 

90.4 j 

64.9 

93 1 


1 Cr, 16-18; C, 0. 12 

Ultimate strength, 1000 lb per sq in. 

84 5 

1 82.6 

1 76.5 

|47,5 

1 30.0 ' 

1 18.1 

1 9.6| 

1 4.o| 

1 


- 



Cr, 23 

30; ( 

\ 0.25 




Ultimate strength, 1000 lb per sq in. 


|ll6.0 

|l02.2 

1 84.5 

|43.. 

1 24.3 

|h.4| 

7.3| 

5 5 


Physical Properties of Stainless Steels 

(A verage V al ues) 



Cr, 18 20 
Ni, 6-10 
0,0.06-0.20 

Or, 22-26 
Ni, 11-13 
C, 0.20 

Cr, 12-15 
C, 0. 12 

Cr, 16-18 
C, 0. 12 

Cr, 23- 30 
C, 0.35 

Specific gravity.| 

7.97-8.07* 

7.86-7.94 


7.65-7.75 

7.56-7.62 

7.86-7.94t 

0 2985* 

0.285 


0.274 

0.274 

Average weight, lb per cu in.| 

0.285t 

2606-2679 

2552-2597 

2723 

2714 


Thermal conductivity, cal per cm per deg 
cent 2(3-100° C. 

0.069 

0.039 

0.096 

0.082 

0.059 

Specific heat, cal per gm per deg cent . . . 

0. 142 

0. 159 


Coefficient linear expansion per dcr 
fahr X lOS 

at 54-212° F. 

0.961 

0.900 

0.567 

0.583 

0,567 

at 54-1832° F. 

1.112 

1.112 

0.711 

0.733 

0.744 

Electrical resistivity, microhms per cu cm 
at 400° F. 

92 

92 

78 

83 

88 

at 1200° F. 

117 

115 

109 

115 

116 


^ C Id-rollcu, annealed, t Hot-rolled, annealed. 
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hot or cold, should be modified accordingly. Heat treatment does not harden them 
appreciably but cold working does. As the heat conductivity is lower than that of 
steel, a longer time is required for heating heavy sections for forging, etc. All the above 
alloys resist oxidation at high temperatures, this quality Ixjing more pronounced in some 
tlian in others. The highest resistance to corrosion is obtained only when the sheets are 
entirely free from foreign matter, e.g., are highly polished. Polished stainless steels are 
resistant to corrosion in atmosphere at ordinary temperatures, and to many chemical 
solutions used in the industries. Manufacturers of the m.aterial should be consulted as 
to the alloy to be selected for resistance to corrosion by any particular liquid or gas. 

Heat-resisting Alloy Steels 

Tungsten steel is the stronf!:e.st material known at the temperature of exhaust waives 
in gild engines, but it has a tcmdeiiey to scale. High-ehromium steels do not scale at this 
U*mperature, but they lack strength. Chromium up to 38 per cent has been ust'd, buw 
tile most popular combination is steel with about 18 per cent chromium amf 8 jicr cent 
nickel. Sec Table VI. Tliis lieat-resisting steel is sold under many trade names which 
give no indication of its analysis. 


COPPER AND COPPER-BASE ALLOYS * 

By the members of the staff of The American Brass Co. and W. M. Co;8e 

17. COPPER 

Composition of Commercial Copper. The composition roqnip monts of the A.S.T.M. 
specifications for copper are almost universally ac(tept(‘d by the trade. These standard 
spe<nficatioiis cover lake copper, dectrolytic copper, and fire-refined copper other than lake. 
In order to be classed as lake, copper must originate on the northern peninsula of Michigan, 
C.S.A. Lake copper is further divided into low-resistance lake, offered for electrical 
purposes, and high-resistance lake. Low-rosistarice lake, whether fire or electrolytically 
refined, shall have a purity of at least 99.900 per cent, silver lieing counted as copper. 
Low-resistance lake copjior wire bars shall have a resistivity not to exceed 0.15436 inter¬ 
national ohm (meter, gram) at 20 deg cent (annealed), while ingots and ingot bars shall 
have a resistivity nt)t to excec?d 0.15094 international ohm (meter, gram) at 20 deg cent 
(annealed). Lake copper having a resistivity greater than 0.15694 international ohm 
(meter, gram) at 20 deg cent (annealed) shall lx? known as high-resistance lake eoi)per. 
Its i)urity shall be at least 99.900 per cent, copper, silver, and arseni(^ Ining countc^d to¬ 
gether. I'he A.S.T.M. specifications for purity and electrical resistivity of electrolytic 
cnj)per arc the .same as lliosc? for low-resi.stance lake co;)per. Fire-refined coj)per, other 
than lake, is intended for use in rolling into sheets and shapes for mechanical purposes and 
is not intended for electrical jmrposes nor wrought alloys. Its chemical composition 
shall be as follows: 

Per Cent 


Copper I )lus sil ver. minimum. 99.7000 

Arsenic, maximum. 0.1000 

Antimony, “ 0.0120 

Pismuth,* “ 0.0020 

Iron, “ 0.0100 

Lead, “ 0,0100 

Nickel, “ 0.1000 

Oxygon, “ 0.0750 

Selenium, “ 0.0400 

Tellurium, “ 0.0140 

Tin. “ 0.0500 


Physical and Mechanical Properties of Copper. Average physical properties of copper 
are given in Table 1. The mechanical properties of cast and rolled copper are given in 
Tables II and III, respectively. J'or electrical properties of copper conductors, see p. 11-93. 

Corrosion. Copi)er is dissolved by the common acids, esjiccially in the presence of 
sir or other oxidizing agents, and it usually does not give satisfactory service in resisting 

* The material on Copper and Wrought Copper-base Alloys was prepared by The American 
brass Company, Waterbury, Conn., and that on Sand-cast Copper-base Alloys, by Mr. W. M. 
Corse. 














11-40 


METALLIC MATERIALS 


the action of ammonia or most sulfur compounds. Some of the principal uses are in the 
shipbuilding industry where its property of resisting the action of corroding sea waters is 
valuable; in buildings, to resist the action of atmospheric corrosion particularly in indus¬ 
trial centers and upon the seacoast. In case of doubt, engineers not familiar with the cor- 
rofnon<resisting properties of copper should consult manufacturers of the material, 
giving complete information as to the conditions under which the metal is to be used. 

Table I. Physical Properties of Copper 

Physical Properties 

Density, 20° C. 

Melting point. 

Specific heat, 25° C. 

Linear coefficient of expansion (av. 25 to 300° C). 

Thermal conductivity, 20° C. 

Electrical resistivity, 20° C. 

Temperature coefficient of resistivity, 20° C. . . . 

Magnetic susceptibility. 

Optical properties. 

Modulus of elasticity. 

Oxygen-free High-conductivity Copper. A copper of special grade, made under care¬ 
fully controlled conditions, is available. The atmosphere of the furnace and the method 
of casting prevent the entrance of oxygen and the formation of copper oxide. Wire and 
other shapes made from this material exhibit much superior characteristics in two respects. 
The ductility, as evidenced in elongation, torsion, and bending, is made greater. OFHC 
wire may bo twisted two or three times as many turns as regular copper. This coppt;r 
also may be subjected to the action of reducing gases at elevated temperatures (as in 
brazing) without the usual danger of embrittlement. Conductivity and tensile strength 
are the same as for tough pitch electrolytic copper. The fatigue resistance is apparently 
unchanged. 

Because of the superior ductility of oxygen-free copper, it is useful in difficult opera¬ 
tions of deep drawing, spinning, and edge bending. Where the embrittlement hazard 
must be avoided in welding, brazing, or hot-working operations, this copper may be used 
to advantage, in spite of the higher cost. 

Fabrication. Copper may be hot or cold forged, hot or cold rolled, hot extruded, hot 
pierced, and drawn, stamped, or spun cold. It can be silver soldered, brazed, and welded, 
the last by the electric arc or oxyacetylene method. For welding, deoxidized copper is 
recommended instead of the usual elcctrolj^ic or lake copper because it gives more sat¬ 
isfactory welds. Copper cannot bo cut by the oxygen jet as can iron or steel, because of 
the high heat conductivity of the metal. It is annealed at 480 to 1400 deg fahr, depending 
upon the properties desired, and in a slightly oxidizing atmosphere. For ordinary com¬ 
mercial annealing 1100 deg fahr is considered good practice. A reducing atmosphere will 
injure the copper, making it brittle and unfit for use. Copper is easily electrodeposited 
from the alkaline cyanide solution, or more usually from the acid sulfate solution. 

Hardening of Copper. The search for the so-called lost art of hardening copper ia 
still popular ^ith many inventors, as evidenced by the numlxjr of inquiries on this subject 
and the applications in the Patent Office. Two ways of hardening copper are: by cold 
working, or by alloying with other elements such as zinc, tin, silicon, aluminum, or nickel. 

Electrical Uses of Copper. Sec p. 11-92. 


18. COPPER-BASE ALLOYS 

Brasses and Bronzes. Brass is essentially a copper and zinc alloy, whereas bronze is 
primarily a copper and tin alloy. However, there is no sharp dividing line between the 
two. Many brasses contain tin, and bronzes often contain zinc. The term “ bronze ” 
is also applied to certain copi)er-base alloys that contain no tin, as, for example, aluminum 
bronze and silicon bronze. Since the same commercial name frequently applies to widely 
varyiikg compositions, care should be taken to specify the chemical composition of a com 
mercial alloy. 

Fabrication. Nearly all the copper-base alloys are readily machined. Some of the 
stronger alloys, such as aluminum-bronze and manganese-bronze, are tough and difficult 
to machine, but with proper tool angles and machine conditions it is entirely possible 
to machine even those. Those alloys as a class are not readily welded by any of the com- 


Value 

8.90 g per cu ctu, or 0. 322 lb per cu iu. 

1981 (leg fahr 

n 0010 / P®*" S per deg cent 

U. UViy j 

0.0000177 per deg cent 

0.923 g-cal per sec per sq cm per deg cent per cm 

1.699 miorohrn-cm 

0.00393 per deg cent 

0.085 X 106 

Selectively reflecting 

16,000,000 lb per eg in._ 












1000 lb Recluc- 

Elon- tioT 'A“? ."' nrinell 
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Manganese ^ 4 22 .. 3.0 2.5 40-45 85-100 15-20 20-30 60-70 •. i50-t40 ... Manganese-bronze. For strength, 

bronze toughness, and hardness. 
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Remarks and Uses 

Silicon-brass, 

Nickel-bronze. Valve facing for se¬ 
vere conditions. Abrasion resist¬ 
ant. For hardness. 

Bronze and Red Brass for Gener.al Engineering Work tt 


Bronze for valves and fittings for 
steam, gas, etc. 

Bronze for water-tight castings, 
underwater fittings, machine 
parts. Non-corrosive. 

Gear bronze. Very resistant to 
abrasion. For heavy-duty gears 
and worm w’heels. 

Steam fittings. Machines well. 

Valve bodies subject to high pres* 
sure and vibration. 

Red brass for pump bodies, valves, 
steam fittings, bearing backs, and 
metal patterns. 

Impact 

IrSa 

S 0 4 I. 

25 


\ 

* 






Brinell 

Hard¬ 

ness 

■ 

0 


45-60 


■0 

oo 

vO 

55-65 

85-120 

50-60 

Compression 

Reduc¬ 
tion in 
Height, 

% 

Load = 
100,000 
lb per 
sq in. 




33-34 


25-2/ 



36 

Defor¬ 
mation 
Limit, 
10001 b 
per sq 
in,* 




12.5- 

13 


91 


16-22 

11.5- 

12 

Reduc¬ 

tion 

in 

Area, 



j 

trs 

c<\ 

25-35 

OO 

1 

25-30 


15-20 

Tension f 

Elon¬ 

gation 

in 

2 in., 

% 

12-15 

0 


15-30 

15-40 

5-15 

25-30 

oO 

J_ 

16-20 

1000 lb 
per sq in. 

Ultimate 

Strength 

50-55 

67 

! 

i 

30-40 

30-45 

30-35 

30-35 

T 

cb 

rA i 

27-33 

Yield 

Point 




00 

20-25 

18-20 

' 

20-35 

15-19 

Analysis, per cent 

Fe 


CM 


0 

0 

0 

d 

0 

0 

0 

Trace 




Sn, 8 

y. 


10 

r>» 

d 





c 

N 

90 


Pb ! Zn 


i 




tn 

Pb 

39.7 

Ni, 30 

M j 

0 


CTi 

1 

- 


a5 



Z/j 

00 

eo 

- 

OO 



a 

O 

59.7 

09 

„ 1 
0 

89 

s * 

89 

98 

98 

85 

Name 

Silicon 

brass 

Nickel 

bronze 


lironze 

Bronze 

Gear 

bronze 

1 V 

c 

0 

Bronze 

Red brass 




Bell metal | 78 | 22 | | | . . ] . . 1 26-32 | 26-32 | 0 | ... | 24-30 | ... |l30-160l ... | For hardness. Difficult to machine. 
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METALLIC MATERIALS 


Table III. Chemical and Physical Properti j»s 

(Variations must be 


A ’in * Tensile Klonsa Pninf (o\ Jf'linson’s 

Appro..n^Con.po«t.on, | Elastic Mt, | 

lb per sq in. ^ 11 , pgf gq ,jj ^ 

per cent W 


S 1“ 


Deoxidized copper T 99.904 ... 


95% 


Red brass 80% S 80.00 20.00 . 


Brazing brass 
Spring tuaas 


S 75.00 25.00. 


Cartridge brass S 70.00 30.00 . 


Eyelet brass S 68.00 32.00 

Drawing or spin- S 66.67 33.33 

ning brass 


lWi63 00 137.001 . . .1.! .I i: 


* For some alloys the hgures given are for a 
temper slightly different from that commonly 
known as “Hard.” 

t Compared to water at 4 deg cent. 
t Soft. 

R Rod. 

S Sheet. 

T Tube. 

W Wire. 


Hard* 

« 

-rr 

S 3 

1 

51,000 

32,500 4 

37 

60,000 

38,000 3e 

36<’ 

50,000 

32,000 18 

38 

50,000 

35,000 10 

35 

55,000 

35,000 5 

35 

58,000 

35,000 5 

38 

60,000 

35,000 2.6e 

35 

55.000 

35.000 5 

37 

55.000 

35,000 5 

38 

67,000 

37,000 3 

40 

75,000 

42.000 4 

43 

68,000 

42,000 6 

42 

85,000 

43,000 4 

50 

I25,000| 

49,000 2c 

43r 

80,000 

47.000 5 

45 

76,000 

47,000 4 

55 

86,000 

45,000 4 

50 

85,000 

4f).000 4 

58 

78,000 

46,000 5 

58 

76,000 

46,000 5 

52 

76,0130 

43,000 5 

60 

70,000 

45.00U 15 

50 

70,000 

50,000 12 

50 

84,000 

48,000 4 

50 

125,000 

50,000 2f. 

50t' 


48,000 7,500 14.0 


o Temper not known. 

6 Determination. 

r Circular 73, U. S. Bureau of Standards. 
d Scientific Paper 410, U. S. Bureau of 
Standards. 

e Elongation of wire, per cent in 10 in. 

/ Corning Glass Works. 

£ Yield point taken as the load producing an 
extension under stress of 0.75 per cent 
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of Various Wrought Copper-base Alloys 


expected in practice) 


Shearing 
Strength, 
lb per sq in. 

Brinell 

Hard- 

ncssNo. 

Rockwell 
Hurd- 1 
ness No. 

“B” 
l/l6-in. 
Ball, 
100 kg 

Bend 

Test, 

de,? 

§ 

1 


d 

V 

c 

o 

'i 

a 

Klectrical 
Prop?rtis8 
at 20“ C 

3 i 


Ball, 

500-kg 

Ixiad 


•p 

2 

£ 

W 

*o ^ 

ii j 


•p 

Uses—Remarks 

Hard* 


a 

1 

eS 

a 

1 

rt 

cr; 


o 

1 

cr. 

1 

•C2 

■l§ 

t 



21,000 

103 

42 

58 


180 

180 

1083c 1 

8.89 

.3217 

177 

10.3711 

100 0 

0.9225 

For electrical parts requiring 
high conductivity: alao for 
rtuLs, sheets, tulx.*a and wire 
for commercial purposes. 


Soft 

180 

180 





...l 


180 

180 


.1 

" "! 























58 


180^ 

180 

1 

wm ^ 

8 93f/ 

0 323 

177 




Coppci i*ip<‘ and tiibc.Tougher 
than electrolytic copper and 





61 

Soft 

180 

180 









180 

180' 








ance. Welding rotl. May 







180 

180 





















con, xtanganese. calcium bo¬ 
ride, and other deoxidisets 



107 

42 

65 

'Poo 

180 

ISO 

I075r 

8 890d 

0 321 

177 

15 62 

66.40 

0.59 

Prim(!r gilding. 

For jewelry trade and manu¬ 
facturing where soft, pliable 

1 metal is required. 

For window screen wire and 



no 

43 

68 

Soft 

180 

180 

I065x 

8.866/i 

0 320 

)8I 

18.98 

54 6 

0.576 


25,000 

115 

50 

75 

1 

180 

180 

lQ45x 

8.804(i 

0 318 

182 

25.36 

40.90 

0.446 



automobile radiators on ac¬ 
count of resistance to corro¬ 
sion and atmospheric action. 



135 

52 

82 

10 

180 

180 

I020x 

8.7456 

0.316 

187 

28 03 

37.0 

0.38 

For architectural work on ac¬ 



count of color and resistance 
















to corrosion; also for hard- 
1 ware and pipe. 

43.000R 

27,000 

150 

53 

86 

II 

180 

180 

180 

180 

lOOOx 

8.667d 

0.313 

19! 

3l.95t 

36 90// 

32.5t 

28.ly 

0.335 

For its color and resistance to 
corrfwion and atmospheric 
action. 

Fourdrinier wire. 














157 

53 

87 



180 

980x 

8.594rf 

0.310 

196 

34. 

30.Ot 

0.31 

For parts or articles to be 
brazed or silver soldered, etc. 
Fur turbine blades, best spring 



158 

53 

88 

20 


180 

965x 

8.553d 

0.309 

198 

36.3 

28.60 

0.295 



157 

53 

87 


180 

955x 

8.528(/ 

0.308 

199 

37.61 

27.58 

0.290 

stock, brass rod, etc. 

For primers, shot shells, car- 








tridgi'S, seamless tubes, etc. 



156 

53 

87 

22 


180 

950x 




37.55 

27.60 

0.290 

For cartridges, etc. 



156 

53 

87 

22 


180 

945x 

8.506 

0 307 


37 95 

27.30 

0.289 

For eyelets, cartridges, drawn 


30,000 

153 

52 

86 

20 


180 

938x 

o.Albd 

0 306 

201 

40.12 

25.85 

0.287 

shells, (!tc. 

For deep drawing, cartridges. 










etc. 



153 

52 

85 

30 

I.... 


180 

930x 

n.md 

0 306 

202 

38.68 

26.8 

0.285 

For a large variety of articles, 


23,000 



!. 




lamp fixtures, automobile ra¬ 















diators, and for ornamental 
purposes. Not good for ex¬ 
posure to weather. 








180 

920x 

8.437d 

0.305 

205 

39.97 

25.95 

0.285 

For rivets, pins, screws, and 












other heading operations. 

i 

















h Jenkins and Hanson constitution diagram. 
j Average linear coefficient per deg cent from 
25 to 300 deg cent. Tests on rod. Scien¬ 
tific Paper 410, U. S. Bureau of Standards. 
k At 18.1 deg cent, 
m Cold worked and heat-treated, 
n Guertler-Tammann constitution diagram, 
p Annealed, quenched, and heat-treated. 


r Smith constitution diagram. 
t Stockdale constitution diagram, 
u G-cal, per sec per sq cm per deg cent per 
cm at 20 deg cent. 

V Tafel constitution diagram. 

X Bauer and Hansen constitution diagram. 
y Hard at 25 deg cent. 
z Heycock-Neville constitution diagram. 
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METALLIC MATERIALS 


Table III. Chemical and Physical Properdes of 

(Variations must be 



Free-cutting rod R 62 00 35.00 3.00 . 62,000 47,000 20 60 52,000 32,000 . 

Oreidc S 87.25 11.50 . 125 . 80,000 45,000 4 40 . 

Admiralty S 70.00 29.00 . 1.00 . 95,000 45,000 5 60 . 

W 70.00 29.00 . I .UO. 125,000 57,000 2e 42c . 

T 70.00 29.00 . I 00 . 55,000 .... 60 . 

Naval brass R 60 00 39.25 . 0.75 . 62,000 54,000 25 40 . 

Tobin bronae R 60.00 39.25 . 0.75 . 75,000 54,000 25 50 60,000 25,000 . 

S 60.00 39.25 . 0.75 . 90,000 54,000 4 40 . 25,000 72,500 16,000 


Fourdrinicr wire W 81.00 18.75 . 0.25 ... 49,000 .... 43c . 

Sixml bronze S 98.75 . 1.25 . 65,000 40,000 4 48 . 

Signal bronze W 98.25 1.75 100,000 50,000 3c 33c 73,000 . 

p 

Phosphor bronze, A S 96.00 3.75 0.25 90,000 45,000 4 50 . 18,300 68,500 11,100 

S 95.00 5,00 100,000 50,000 3 55 87,000 23,000 74,000 . 


lA»ded phosphor R 94.00 . 1.00 5.00 . 50,000 ... 40 . 20,000 

bronze, B 

Phosphor bronze, C S 92.00 . 8.00 . 110,000 55,000 3 70 85,000 25,000 


Phosphor bronze, D S 89.50 .10.50 115,000 60,000 5 65 95,000 40,000 91,000 

Free-cutting phos- R 88.00 4.00 4.00 4.00 . 60,000 20 .... 50,000 . 

phor bronze Si 

High-strength bronze W 97 25 . 2.00 0 75 120,000 45,000 3c 36 . 



* For some alloys the figures given are for a 
temper slightly different from that commonly 
known as “Hard.” 

t Compared to water at 4 deg cent, 
t Soft. 

R Rod. 

8 Sheet. 

T Tube. 

W Wire. 


a Temper not known. 

6 Determination. 

r Circular 73, U. S. Bureau of Standards. 
d Scientific Paper 410, U. S. Bureau of 
Standards. 

e Elongation of wire, per cent in 10 in. 

/ Corning Glass Works. 
g Yield point taken as the load producing an 
extension imdcr stress of 0.75 per cent. 









































































COPPER-BASE ALLOYS 
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Vaiioos Wrought Copper-base Alloys—Conimtied 

expected in practice) 


Bnncll Rockwell 


Shearing 
Strength, 
lb per sq in. 


Electriciil 
Properties 
at 20" C 


Load 100 kg 




■ss a § S's 
b « O P 


Uses—Remarks 


155 80 87 42 ... 180 905a: 8.396 0.303 208 36.25 28.60 0.300 P'or b«ilts, nuts, sheathing, (an 

wire, etc. 

. 24.63 42.10 . For caps and electrical parts. 

158 52 90 15 . 8.495& 0.307 ~ 38.68 26.8 . ~ Pip^and tube. 


85 15 .. — For hinges, etc. Also forthrend¬ 

ing and similar operations. 
For hardwarn, jewelry, etc, 

58 . 8.830<f0.3I9 183 25.6Ii/4C.50i/0.432 Free cutting. 

For riv''ts, etc. Free cutting. 


8.830<f 

0.319 

183 

25 . 6 I 1 / 

4C.50i/ 

0.432 

8 698d 

0.314 

192 

35.87y 

28.91// 


8.562d 

0.309 

200 

37.65 

27.55 



142 

54 87 

13 


122 

82 ... 


... 120 

120 

54 77 

16 

120 180 
,. . 180 


. 8.562d 0.309 200 37.65 27.55 . For special shapes where high 

lead Is detrimental to tim 
bending or working of the 
stock. 

. For clock and meter parts, 

pinions, and other articles 
where free milling is required. 

. 8.44d 0.305 — 39. lOJ 26.51 0.258 For hot forging. Machines 


9356 8.5356 0.308 202 42.07 24.65 0.263 For condenser tubes. Resists 
. action of sea water. 


37,000 33,000 .180 . 214 . 

45,000 33,000 100 89 75 . 8856 8.4046 0.304 21141.60 24.93 0.279 For piston rods, propeller 

. 33,000 165 90 93 55 . shafts, nuts, bolts, plates, 

etc. Welding r*xl. 

.180.8.712d 0 315 . 32.20 0.341 For Fourdrinicr wire. 

. 71.180 I075z 8.896 0.321 - 24.1 43.0 0,520 For flexible metal hose. 

.180 I 070z 8.896 0.321 ... 29.62 35 0 0.350 For ek*ctrical purposes. 


54,000 33,000 175 60 90 30 ...180 10502 8.886 0.321 
.190 60 96 30 ... 180 10502 8.876 0.320 


60,000 


200 

70 

99 

64,000 


200 

74 

100 

35,000 


120 


75 


200 70 99 38 ... 180 10252 8.8156 0.318 
200 74 100 52 ... 180 IOOO 2 8.786 0.3171 


h Jenkins and Hanson constitution diagram. 
j Average linear coeflicient per deg cent from 
25 to 300 dsg cent. Tests on rod. Scien¬ 
tific Paper 410, U. S. Bureau of Standards. 
k At 18.1 deg cent, 
m Cold worked and heat-treated, 
n Guertler-Tammann constitution diagram, 
p Annealed, quenched, and heat-treated. 


190 82.181 12.621 0.150 For springs, electric switches, 
etc. 

178 56.46 18.37 0.195 For window weight chain. 

Bronze chain in general. 

_ 56.46 18.37 0.199 Phosphor bronze with good 

machining proiM;rti(». 

182 79.8 13.00 0.150 For electric .:witche 8 , contact 

lingers, diaphragms, radio 
p:trts, etc. 

183 98.10 10.6 0.121 For very stiff resilient springs 

(flatorcoiled). Alsoforchain. 


. 12.2 0.133 For good machining proper¬ 
ties. 

_ 86.43 12.0 . For electrical purposes. 


r Smith constitution diagram. 

I Stoekdule constitution diagram. 
u G-cal, per sec per sq cm per deg cent per 
cm at 20 deg cent. 

V Tafel constitution diagram. 

X Bauer and Hansen constitution diagram. 
y Hard at 25 deg cent. 
s ileycock'Nevilie constitution diagram. 
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METALLIC MATERIALS 


Table III. Chemical and Physical Properties of 

_('Variationg must be 


Material 


Super-nickel 
20% cupro-nickcl 


15% cupro-nickcl 


30% nickel ailver 


Ambrac B 


25% nickel silver 
Ambrao A 


18% nickel 8ilv(;r 
18% nickel rilvcr 


15% nickel silver 

15% nickel silver 
Leaded nickel silvcrl 


10% nickel silver 
5% nickel silver 


5% aluminum 
bronze 

8% aluminum 
bronze 


8% aluminum 
bronze with iron 
10% aluminum 
bronze 
Avialite 


Approximate Composition, 
per cent 


o 


70.00 
80 00 


85.00 


47.00 

47.00 


23.00 

23.00 


65.00 

65.00 

65.00 


55.00 

75.00 

75.00 

75.00 


120.00 

5.00 

5.00 

5.00 


65.00 


56.00 

56.00 


64,00 


57.00 


61.00 


65 00 
63.00 


95.00 

92.00 

92.00 


89.50 

90.00 

90.00 


30.00 

20.00 


15.00 


30.00 

30.00 


5.00 
5.00 
5 00 


30.00 

30.00 

30.00 


25.00 

20.00 

20.00 

20.00 


17.00 


26,00 

26.00 


21.00 


28.00 


25.00 


25.00 

32,00 


18.00 


18.00 

18.00 


15.00 


15.00 


12.50 


10.00 

5.00 


Load 

I.50| 


A1 

5.00| 


8.00 

8.00 


8.00 

10.00 

9.50 


Iron I 
2.50 


Tensile 
Strength, 
lb pt r sq in. 


85,000 


70,000 


130,000| 

160,000 


105,000 

85,000 

130,0001 


110,000 

85,000 

80,000 

115.000 


90,0001 

100,000 

143,000 

93,000 


95,000 


90,000 


90,000! 

135.0001 


105,000| 

120,000 j 
100.000; 

125.000| 

125,000 

VI 

88,0001 


65,000 

50,000 


45,000 


72,000 

75,000 


65,000 

65,000 

65,000 


72.000 

50,000 

55,000 

55,000 


58,000 

60,000 

60,000 


58,000 


55,000 


50,000 


52,000 

60,000 

60,000 


72,000 

78,000 


Elonga¬ 
tion in 
2 in., 
per cent 


[Yield Point, (g) 
lb per sq in. 


30 


51,000 


77,000 

70,000| 


83,000 


60,000 


80,000 

67,000 

43,000 


23,000 

18,000 


11,000 


35,000 

41,000 


Johnson’s 
Elastic Limit, 
lb per sq in. 


57,000 

52,000 


72,000 


103,000 


75,000 


20.0 


10,000 

13,000 


22,000 


Wx 

'o d 

Ji 


19.Oi 
18.0 
i4J 


\7.5X 


15.0 


♦ For gome alloys the figures given are for a 
temper glightly different from that commonly 
known ag “hard.” 

t Compared to water at 4 deg cent. 
t Soft. 

R Rod. 

8 Sheet. 

T Tube. 

W Wire. 


o Temper not known. 
b Determination. 

c Circular 73, U. S. Bureau of Standarde. 
d Scientific Paper 410, U. S. Bureau of 
Standards. 

e Elongation of wire, per cent in 10 in. 

/ Corning Glass Works. 
g Yield point taken as the load producing an 
extension under atreaa of 0.75 per cent. 






























































COPPER-BASE ALLOYS 
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Various Wrought Copper-base Alloys —Continued 


expect ed in practice) 


Shoarlng i 

Strcngtl), 
lb per sq in. 

Brincllll 

Hard- 

IK'.SsNo. I 

10 -inrn 
Ball, 
500-kp 
Load 

Rockwell 
Hard¬ 
ness No. 

“B' 

Vl6-in. 

Ball. 

100 kg 

Bead 

Test, 

deg 

c 

c 

1 

1 

i 

c 

o 

1 

Electrical 
Properties 
at 20” C 

"s' 


1 

ca 

O 

^ 1 

K - 
£ 

3 ■ 

O'-' 

■' 

•s'! ’ 

5 e f/i 

T 

’G"5 

gg 

A-' 

H 

Uses—Remarks 


c 

w 

* 

n 

X 


• 

rt 

X 

% 

X 

do 

.s 

JS 

*S 

K 

1 * 
^ : 

O® 

|x 

|s . 
T : 

^ Sc 

•o 

a 

C' 










1225r. i 

3.950 1 

0.323 

162/: 

218 4 < 

4 75 ! 

).069 






85 

37.5 


180 

IZOOti 

160.2 ( 

S 47 ( 

3.087 

For turbine blades and parts 
where resistance to corrosion 
aiui enwion is required. 

For buU(!t jackets. 







180 

\\75n 

8 956 

0 323 


127.0 1 

8 17 ( 

3.112 














61 


ISO 

1140v 

8.746 

0.316 


290.0 

3 58 


Has comparatively high elec- 
tri(?al re.sb'tance. Used in 

























electrical instruments. 



195 

63 

96 

32 


180 

12206 

8.866 

3.320 

162/ 

231.8e 

4.47fl 

3 068 

For resistance to corrosion and 

55,000 







aimosprieric action; also for 
ornamentsi! purposes. 
































208 

89 


60 


180 

ll35i; 

8.726 

0.315 


259.0a 

4.00a 


For tableware, plutcsd and un- 
plated. 

For resistance to corrosion and 
atmospheric action; also for 
ornamental pur^wses. 

50,000 

33,000 

160 

58 

88 

25 


180 

11506 

8.860 

0 320 

1 

164/ 

172.0 

6.2 

U.092 































170 

70 

91 

40 


180 

IllOt) 

8.7526 

0 316 


175.0 

5.91 

0.080 

For silvcr-plattHi forks, spoons, 
knives, hollow ware, etc. 
Similar to 30% nickel silver 
but of lower resistanetj. 

65,000 


190 

70 

95 

40 



1055« 

8 686 

0.314 

. 


186 5t 

5.561 

0.071 


180 

180 


185.0 

1 

5.61 

0.071 














73 

92 

33 


180 

I073v 

8.6916 

0.314 


165.6 

6.26 

0.081 

For silver-plated ware, spin¬ 
ning, drawing, and for work 
where a low percentage of 
nickel is required. 

For white metal tubes, sheets. 




74 


180 

10306 

8.6316 

0.312 




166 

88 



180 





wire, etc. Also in plumbing 
and decorations. 

For watch parts, etc. Free 














cutting. 


34,000 



82 

32 



1010 

8.6756 

0 313 


125 5 

8.27 

O.liO 

For cheaper gradw of silver- 






960* 


86.5 

11.99 

0.140 

plated ware. 














176 

67 

93 

20 



1060t 

8.1766 

0.295 


58.61 

17.69 

3.198 

For diaphragms to withstand 



185 

60 

99 

30 



I040{ 

7.806 

0.281 

179 

70.086 

14.80Jt 

0.173 

pressure; also for its color. 
For diapliragms to withstand 










pressure: also for resistance to 
ordinary corrosion and wear. 


















190 

190 

70 

1 100 

52 




7.746 

0.28C 


95.1C 

1 10.9 


For strength and resistance to 
ordinary corrosion and wear. 
For strength and resistance to 



1 100 

1 100 

1 65 



I040( 

7.576 

0.273 


76.8C 

1 13.5 

0.157 

45,000 


140 



10426 

7.5851 

i 0.274 

1 I6< 

) 82.25 

» 12.61 

0)44 

ordinary corrosion and wear. 
For valve seats in airplane cn- 












1 gincs and at elovatod tem- 
1 peratures. 


h JenkinB and Hanson constitution diagram. 
j Average linear coeflicient per deg cent from 
25 to 300 deg cent. Tests on rod. Scien¬ 
tific Paper 410, U. S. Bureau of Standards. 
k At 18.1 deg cent, 
m Cold worked and heat-treated, 
n Guertler-Tammann constitution diagram, 
p Annealed, quenched, and heat-treated. 


r Smith constitution diagram. 

( Stockdale constitution diagram, 
u G-cal per sec per sq cm per deg cent per 
cm at 20 deg cent. 

* Tufel constitution diagram. 
z Bauer and Hansen constitution diagram. 
y Hard at 25 deg cent. 
g Heycock-Neville constitution diagram. 
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METALLIC MATERIALS 


Table III. Chemical and Physical Properties of 

(Variations must be 


Approximatn ('omposition, 
jMT cent 


Tensile Elonga- Johnson’s 

Strength. tyn in Point (g) 

biwrfiqin. 2 m.. IbiKrsom. Jo 


tX. w * s 


Man- A1 Iron Tin 

Calaun bronze VV 95.50 . ga- 2.50 .... 2.00 135,000 50,000 4 35t 

nine 

Manganese bronze R 57 .00 40.00 0.10 . 1.45 1.45 90.000 65,000 15 45 


Manganese bronze K 59.00 39,00 0.50 . 0.80 0.70 85,000 60,000 20 45 


Everdur (.\) 
1010 


Si 

1.00 3.00 . 
1.00 3.00 . 
1.00 3.00 . 


113,000 55,000 5 48 75,000 20,000 72,000 9,300 . 

95,000 55,000 15 85 75,000 20,000 67,000 .15.0 

145,000 59,000 5e 50e 95.000 25,000 90,000 . 


EverduT(B) T 98 25 . 0.25 1.50 ... 

1015 R 98 25 . 0 25 1.50 ... 

S 98.25 . 0.25 1.50 ... 


65,000 40,000 15 60 60,000 10,000 . 

70,000 40,000 6 60 10,000 . 

70,000 40,000 6 46 65,000 10,000 38,000 . 


75,000 . 3e 

54,000 . 5 


47,000 . 45,000 .15,6 


1 .00 . 60,000 35,000 3 50 . 36,000. 

1.00 . 92,000 35,000 3(’ 50( . 55,000. 


S 98 60 . 0.80 

W 98.60 . 0.80 


.0.60. 36,000.... 50 . 15,000 . 

0.60 99,000 40,000 4f 45f . 59,000 , 


Iron Ni A) Mn 

Tempaloy917 R 81.90 2.50 5.00 9.60 1.00... 100.000 . 10 50,000 


Extruded architec- Zinc Lead Tin Iron 

tursl bronze shapes 57.00 46.00 2.50 0.34 0.16 


70,000 50,000 10 20 


Beryllium copper S 97.40 . 2.25 . 118,000 70,000 4.3 45 105,000 31,000 79,000 18,000 17.2 

Ni 

0,35 

S 97.40 . 2 25 . 192,000 175,000 2 m 6.3p 138,000 114,000 130,000 87,000 18 4 

Ni m V m p m V m 

0.35 


* For some alloys the figures given are for a a Temper not known 

temper slightly different from that commonly b Deterniination, 

known as “hard.” c Circular 7;3, II. S. 1 

t Compared to water at 4 deg cent. d Scientific Paper 41( 

t Soft. ards. 

R Rod. e Elongation of wdre, 

S Sheet. / Corning Glass Worl 

T Tube. g Yield point taken 

W Wire. extension under si 


c Circular 7i3, II. S. Hureau of Standards. 
d Scientific Paper 410, U. S. Bureau of Stand¬ 
ards. 

e Elongation of wdre, per cent in 10 in. 

/ Corning Glass Works. 

g Yield point taken as the load producing an 
extension under stress of 0.75 per cent. 
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Various Wrought Copper>ba8e ^ojs—Cordinued 


expected in practice) 


Shearing 
Strength, 
lb per sq in. 

Brinell 

Hard- 

ncasNo. 

lO-mm 

Ball. 

SOO-kg 

Ijoaci 

Rockwell 
Hard- 
u*«s No. 

“B” 

Ball, 
100 kg 

Bend 

Test, 

deg 

Melting Point, deg cent 

1 

CJ 

J* 

8.5406 

o 

K 

a 

0.308 

S 

a 

a 

>< 

ro 

Electrical 
Properties 
at 20" C 

Thermal I 

Conductivity fu) 

Uses—Remarks 

x'5 

|i 

‘§*0 

i? 

1 

Hard* 

cS 

rt 

X 


«<s 

a 

*3 

(Ai 

X 

“c 

CA 









10546 


61.0 

17.0 


For (‘Icctrical uses where cor¬ 
rosion resistance is important. 
I'or striK’tural work due to 
strength and resLstance to 
corrosion. 

I'or structural work due to 
strength ;tiul resistance to 
corrosion. 



170 










90 





8.3706 

0 302 


42.15 

24.6 

0.241 








10196 



200 

190 

70 

60 

95 

40 


180 

8.5396 

0.308 

180 

155. 

6.7 

0 078 

For strt'iigih and rcsistanci' to 
corrosion. Has strength of 
mild steel and corrosion re¬ 
sistance of copper. Welding 
rod. 

56.000 

75,000 

33,000 

35,000 





























75 

20 


180 

180 

180 

180 

1055r 

8.7406 

0.316 





For st rength and resistance to 
corrosion, bolt stock, and 
shei'l metal requiring high 
duetility. 






86.4 

12.0 

0,129 





80 

3 























10806 

1 

8.896 

0 321? 


12.20 

85.0 


For (‘lectrical wire and cable, 
etc. 



95 

::: 

62 

65 














80.0?/ 

80.0?/ 

0.824 



9a 



180 

1076/i 

8.896 

0.3212 

— 

12.95i/ 

12.95?/ 

For <‘l(>etrical wir<f and cables, 
contact fingers, commutator 
si'gmcnts, etc. 















0 3212 









180 

10706 

8.896 

18.85?/ 

18.85?/ 

55.0?/ 

55.0?/ 

0.556 

For electrical wire and cables, 
etc. 




















“ ’ 









10546 

7.569 

0 273 



For strength and resistance 
to corrosion. 





















8846 

8 4326 

0.305 





For areliitf'ctiiral shapes. 

















102 

114 

m 

65 to 
73 

112.5 

P 


955b 


0.297 

±01 

0.297 

±01 

170 


I7±p 

18 to 
25 m 


For s?)ringh, diaphragms, low 
duty bu.shings and b(;aring8, 
and Btiurdon tulles. 

High resistance to fatigue. 









0.25p 

0.20m 



m 

p 








h Jenkins and Hanson constitution diaRrara. 
i Average linear coelficient per deg cent from 
25 to 300 deg cent. Teats on rod. Scien¬ 
tific Paper 410, U. S. Bureau of Standards. 
A: At 18,1 deg cent. 

Cold worked and heat-treated. 

»t Guertler-Tammann constitution diagram, 
p Annealed, quenched, and heat-treated. 


r Smith constitution diagram. 
t Stockdule constitution diagram, 
u G-cal per sec per Bf| cm per deg cent per cm 
at 20 deg cent. 

V Tafcl constitution diagram. 

X Bauer and Hansen constitution diagram. 
y Hard at 25 deg cent. 

2 Heycock-Neville constitution diagram. 
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mcrcial methods. Because of their high heat conductivity they dissipate the heat so 
rapidly that it is difBcult to make a proper weld. The classes that can most readily be 
welded are the yellow brasses, manganese-bronze, and the proprietory alloys, Everdur 
and Ambrac. 

Corrosion. Certain alloys resist corrosion better than others, and under the heading 
Remarks ” in Tables II and III this condition is noted in some cases. As a class these 
alloys are considered non-corrosive \\dth reference to atmospheric conditions, but they 
vary widely when exposed to chemi(;al agents, or even to the same agent under different 
conditions. For this reason, it is difficult to predict riisistance to corrosion. In nearly 
every instance a trial under service conditions is necessary where a new alloy is to be used, 
Lalxiratory tests are unreliable for comparing different types of material, although they 
are valuable as acceptance tests for material of the same type. Where corrosion resistance 
is of importance, the manufacturer of the alloy should bo consulted as to its suitability 
under the proposed conditions, or tests made on samples of the alloy in question. 

Sand-cast Copper-base Alloys. The common copper-base alloys containing more than 
50 per cent copper are given in Table II which has been compiled from about twelve 
authorities. The composition and physical properties given are average and should not 
be used for specification limits. For many of these alloys, the physical properties will 
vary more owing to changes in casting and cooling conditions than to wide changes in 
composition. The relative value of those alloys for mechanical purposes vari(?s with 
temperature, and information on this point should be secured before subjecting them to 
high-temporature use. 

Wrought Copper-base Alloys. Tabic III gives the composition and physical proper¬ 
ties of some of the common wrought copi)cr-baso alloys. The values given are avc^rage and 
should not be used fm* specification limits. Almost any physical properties between the 
figures for “ hard ” and “ soft ” may be obtained by appropriate working. Higher 
values for tensile strength or hardness may be obtained by a greater amount of 
working. The physical iiroperties also vary unth the tomperaturo, and hence, if they are 
to be subjected to high-temperature use, information should be obtained from the manu¬ 
facturers on this point. For copiier-base bearing alloys, see p. 11-84. 


ZINC AND ZINC-BASE ALLOYS 

By W. M. Peirce 

19. CHEMICAL AND PHYSICAL PROPERTIES 

Chemical Characteristics. Zinc is a chemically active metal. Its chemical properties 
are the reason for its use in primary cells, for cyaniding and in the production of nascent 
hydrogen. It forms Vxjth basic and acid radicals, and is soluble both in acids and strong 
alkalies. 

Physical Constants. The more important physical constants of zinc are given in 
Table I. 

Metallography. The common impurities in zinc are lead, cadmium, and iron. See 
Table 11, p. 11-54. Their importance varies individualb’’with the use to which the metal 
is put. These metals, as well as copper, magnesium, and aluminum, which are the more 
common elements used in zinc alloys, are discussed lielow. 

LecLd, which does not enter into solid solution, has no great effect in unalloyed zinc. 
Its effect on the propertiiis of certain zinc alloys, however, is enormous. 

Cadmiuvi, in the amounts present in commercial zinc, is completely in solid solution, 
and exerts an important hardening effect. It also raises the rccrystallization temperature, 
and whereas pure zinc recrystallizcs at so little above room temperature that it cannot be 
appreciably work hardened, zinc containing cadmium can be given a considerable degree 
of work hardening by cold rolling. 

Iron has a limited solid solubility of the order of 0.001 to 0,003 per cent. Attention 
must be given to the iron content of zinc for rolling. 

Copper is the alloying element most frequently added to zinc. It enters into solid 
solution in zinc to about the same extent (approximately 1 per cent), and with about the 
same effect, as cadmium, except that Hie copper-zinc alloys are more ductile and easier 
to roll. 

Magnesium has a solid solubility of 0.01 or 0.02 per cent in zinc, but even these amounts 
exert a remarkable influence on its properties. When magnesium is added in the presence 
of copper, its effect is even more striking. Some of the most important zinc alloys con¬ 
tain both copper and magnesium. 
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Table I. Physical Properties of Zinc 

(Compiled from various sources) 


Atomic weight. 

Density (rolled), (sec Xote 1) 

Melting point. 

Boiling point. 

Mean specific heat (20®-100” 

Latent heat of fusion. 

Latent heat of vaporisation.. 
Coefficient of linear expansion 

Cast. 

Rolled, with grain. 

Rolled, across grain. 

Thermal conductivity. 


C) 


Metric Units 


65.38 

7. 14 g per cu cm 
419.45° C 
905 rt: 2° C 
0.0931 g-cal per g 
per deg cent 
26.6 g-cal per g 
426.8 g-cal per g 


UngUsh Units 


65.38 

445.8 lb per cu ft 
787° F 
1661 =b 4° F 


47. 88 Btu per lb 
768.2 Btu per lb 


39.5 X 10-« ] Per 

32 X 10-f> > deg 

23 X 10'® ) cent 

1.13 watts per B (1 ern 
per deg cent per cm 
0.270 g-cal per sec 
per sq cm per deg cent 


21.9 X 10-« ] Per 

17.8 X 10“fl \ deg 

12.8 X IO-« J fahr 


Electrical resistivity (see Note 2). 

Temperature coefficient of resistance (0°~100° C).... 
Resonance. 


per cm 

5.916 mierohm-cm 2.33 microhm-in. 

0.00419 per deg cent 0 00233 per deg fahr 
See Note 3 


Notes. 1. Solid zinc (rolled) is about 3 per cent heavier than liquni iinc at the melting point. 

2. Based on soft rolled zinc strip 09,99 per cent pure. Resistivity t)f strip zinc may vary 3 per 
cent, depending on the rolling treatment, and in commercial grades ab«ajt the same amount, depend¬ 
ing on the purity. 

3. Rolled zinc has extremely low resonance, which permits its use in various sound apparatus. 


Aluminum is the other important clement used in zinc alloys. Its use is limited 
entirely to casting alloys, as usually zinc alloys containing aluminum are unstable when 
rolled. In the cast form, however, several per cent of aluminum can bo used to improve 
greatly the physical properties, particularly the tensile and impact strength of zinc. The 
alloys, if properly formulated, are stable. 


Corrosion 

Atmospheric Corrosion. In pure distilled w’ater zinc form.s a loosely adherent film of 
hydroxide which affords little protection. This film, dried in the presence of oxygen and 
the traces of carlion dioxide always presKuit in the atmosphere, forms a protective layer 
or film believed to be a zinc oxide-hydroxide-carbonate mixture. This is quite insoluble in 
rainwater, affords effective protection against further attack, and makes zinc a satisfactory 
roofing and flashing material. The presence of sulfur gases in industrial atmospheres 
increases the solubility of this film, accounting for the higher rate of weathering in indus¬ 
trial than in rural atmospheres. 

Resistance to Organic Substances. Zinc is inert to such common organic substances 
as gasoline, kerosene, oil, and grease free from water. So.ap and soap paste do not attack 
it, though in dilute soaii solutions there is a tendency to form zinc soaiis. Zinc is entirely 
inert toward anhydrous alcohol, but is oxidized by mixtures of alcohol and w'ater. Sugar 
solutions in hard water do not attack zinc when totally immersed at room temperature, 
but distilled-watcr solutions at any temperature or hard-water solutions at elevated 
temperatures attack it. 

Certain organic acids dissolve the atmospheric corrosion film on zinc, for example, 
acids formed by decomposition of red and white cedar at ordinary temxicratures, and of 
other woods at higher temperatures (as in sbmm). Hence zinc and some other common 
metals cannot 1x3 safely used in contact with certain moist wood, or the drainage from 
them. 

Toxicity. Excepting the salts of strong acids, which arc corrosive, or zinc compounds 
containing other poisonous elements or radicals, the compounds of zinc are not strongly 
toxic. Zinc is a normal constituent in many foods and considerable excesses of zinc taken 
into the body are readily eliminated without ill effects. Excess zinc content in foods or 
beverages may cause unpleasant but not serious symptoms. Drinking water should not 
contain above 40 mg per liter. 

Effect of Carbon Dioxide and Steam. Very high carbon dioxide concentrations appear 
to aid the solution of the corrosion film. Increased temperature may sometimes have 
such an effect. Live steam destroys the protective film and also attacks the metallic 
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zinc at an increased rate. Hence unalloyed zinc is unsuitable for use when exposed to 
live steam. 

Effect of Oxygen Concentration. See p. 11-07. Severe corrosion of zinc occasionally 
occurs in the presence of a water film without free access of oxygen to all portions of it. 
An example is a zinc roof, laid over an absorbent sheathing and building paper, on a 
building having high humidity inside. If the roof is unprotected from condensation on 
the under side, rapid corrosion of the zinc may occur. The preventive is building paper, 
saturated and coated on both sides wdth aspWt, under the metal roofing. 


20. SLAB ZINC 

Chemical Composition of Slab Zinc. According to the A.S.T.M. Standard Specifi¬ 
cations for slab zinc (Spelter) (liG-33), the composition should conform to the maximum 
values of Taliie 11. 


Table II. Standard Specifications of Slab Zinc 



Grade 

Maximum Allowable Per Cent of 

Lead 4* Cadmium 
+ Iron not to 
Exceed 

Lead 

Ca<liiiiutii 

Iron 

1 

Special hiKh grade *t. . . . 

a.010 

0.005 

0.005 

0.010 

2 

High grade *. 

0.07 

0.07 

0.03 

0. 10 

3 

Interme<iiate *. 

0.20 

0.50 

0.03 

0.50 

4 

Brass special *. 

0.60 

0.50 

0.03 

1.00 

5 

Selected *. 

0.80 

0.75 

0.04 

1.25 

6 

Prime w'estern. 

1.60 


0.08 



♦ All grades except prime western must be free from uluminum. 
t Tentative standard. 


Uses of Slab Zinc 

Galvanizing. The process of coating iron or steel w’ith zinc as a protection against 
corrosion is known iw galvanizing, and the product is known as galvanized iron or steel. 
This use is the largest single outlet for metallic zinc. Zinc coatings arc desirable not only 
because the zinc (jorrodes more slowly than iron but also bocjiuse at cut edges or simil.'ir 
discontinuities in the coating, the zinc, bung anodic to the iron, affords galvanic protection 
and the iron is not dissolved until the zinc has been completely removed by corrosion. 

The suitability of gjilvanized coatings for use under any particular service conditions 
is governed by the factors discussed above under corrosion. 

The life of zinc coatings, regardless of the method of application, has been shown to 
be directly proiiortional to the thickness or weight of the coating. The i>roportioii of pure 
zinc to iron-zinc alloys in the coating does, not have any significant effect. 

Specifications and Tests for Galvanized Coatings. Galvanized coatings usually are 
specified as a given weight of zinc per unit area, for example, ounces of zinc per square 
foot of surface. For details of methods of determining the weight of the coating see 
Standard Methods of Dctcrniining Weight of Coating on Zinc Coated Articles, A.S.T.M. 
Specification A-9()-33. 

Specifications for most commercial products covering w'cight of coating and bend 
tests when required are availalile in A.S.T.M. Standards, 1933, Part I, Metals, pp. 278- 
312, and A.S.i\M. Tentative Standards, 1933, pp. 583-586. 

On sheets, coating weights jvre given as weight per square foot of sheet, i.c., 2 sq ft 
of coated surface. Ordinary coatings on sheets range from 0.75 to 2.75 oz per sq ft of 
sheet coated on both sides. The -weight of zinc ix>r single covered surface would bo 
one-half this amount. Zinc coatings on pipe, structural shapes, hardware, etc., generally 
range l>etwcen 1.15 and 3.5 oz per sq ft of covered surface. The weight of coating on wire 
varies with the size of wire and process of coating, and, except in fine sizes, will range from 
0.15 to 1.25 oz per sq ft of covered surface. 

Methods of Application. Galvanized coatings are applied: (a) by dipping the article 
in molten zinc, (/>) by electroplating, (c) by heating in contact with zinc dust. 

Hot Dip Galvanizing. In the process, the iron or steel is cleaned by pickling, usually 
in hot sulfuric acid. A rinse and a dip in cold hydrochloric usually follow, but better 
practice involves removal of iron salts from the pickled material by vigorous rinsing and 
scrubbing if necessary, followed by dipping in 25 per cent zinc chloride (slightly acidu¬ 
lated). After partial drying, the material enters the bath of molten zinc, sometimes 
through a flux of zinc ammonium chlorido. AVetting of tlie iron by the zinc and the 
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formation of a solid layer of iron-zinc alloy on the iron surface occur in a matter of seconds. 
The longer the immersion, the thicker the alloy layers. 

The material is withdrawn from the zinc bath through rolls kept clean by zinc ammo¬ 
nium chloride flux in the case of sheet or through a charcoal sand or asbestos wipe in the 
case of wire. The speed of withdrawal and character of the wipe influence the thickness 
of the layer of molten zinc adhering to the work. 

The behavior of the coating on liending is influenced largely by the purity of the zinc, 
high-grade zinc being used where bending properties are important, as in the case of tele¬ 
phone wire. Factors in the operation tending to produce a thin uniform alloy layer also 
have an important beneficial effect on bending. A common practice is to wipe off practi¬ 
cally all the molten zinc, leaving only the alloy layer which dusts rather than flakes on 
bending, the loss of coating being thus less conspicuous. Exposure tests have showui that 
a hcaAT coating which flakes lasts longer than a tliin “ tight wiped ” coating which dusts 
at a bend. 

A patent process known as “ galvannealing,” in commercial use, converts the pure 
zinc layer to alloy by heating, imparting some of the bending characteristics of tight 
wiped material and a type of surface somewhat similar to sherardizing. 

Another patented process known as the “ Crajio Process ” involves special pretreat- 
meiit of the iron surface before galvanizing to improve adherence. 

Tin may be added to the zinc bath to produce a sheet with bright spangle (which has 
no merit except appearance). Aluminum may be added in hand dip galvanizing of pipe, 
shapes, and hardware to produce a smooth coating. The vapor of burning sulfur or 
ammonium chloride dust is sometimes blown over the surfai-e of sheets to improve 
brightness. 

Electrogalvanizing. Zinc coatings are also applied to wire, conduit, and hardware by 
electroplating. The only distinguishing feature of this pror^sn, as compared to othe r 
electroplating processes, lies in the attention given to methods of rapidly depositing heavy 
coatings (o.g,, the patented Tainton Process), since the serviceability of the coatings 
depends on their thickness and the thickness ordinarily desirable is greater than in purely 
decorative plating. 

This method of zinc, coating has the merit of avoiding changes in the Viast^ steel dtie to 
heat and of not producing excessive deposits in recesses such as the base of threads which 
would affect dimensional tolerances. 

Sherardizing. Zinc and iron alloy very readily, and coatings can therefore be pro¬ 
duced by heating iron or stocl in a closed vcs.scl with zinc dust (sometimes termed blue 
powder) for seversil hours. The vapor pressure of the zinc is .sufficient at thes temijeratiircs 
used, 600-700 deg fahr, to cause a reaction of zinc vapor with the iron, and this is pred)- 
ably supplemented by actual contact, (It has been demonstrated that alloying will occur 
by diffusion at only slightly elevated temperatures.) The resulting coating is almost 
entirely iron zinc alloy (richer in iron near the base metal) with some mechanically held 
zinc dust in the outer layers. 

This process may result in some heat treatment of the base metal. The thickness of 
coating produced is quite uniform over all parts of the surface. Sherardized coatings 
like coatings of iron-zinc alloy produced by other methods afford an excellent base for 
paints or enamels. The coating it^ielf is a matte gray and can bo polished. Like other 
coatings consisting almost entirely of iron-zinc alloys, sherardized coatings dust rather 
than flake on bending. Also in common with such coatings the protection afforded by 
a given thickness is, under the average normal service conditions, equal to the protection 
afforded by an equal thickness of pure zinc. 

The zinc dust used may be the by-product blue powder from spelter furnaces or may 
be expressly manufactured for the purpose, attention being given to a suitable particle 
size and metallic zinc content (the balance being largely ZnO). 

Brass. See p. 11-40. The second largest use of zinc i.s in brass. This constitutes a 
separate field, and will not be discussed h(*rc except to state that, since lead is objection¬ 
able in brass for drawing operations, grades of zinc low in lead are largely used in brass 
manufacture. 

Die Casting. The most rapidly growing use of zinc is for die casting. Suitable alloys 
for this process have been found to require zinc of exceptional purity, and the “ Special 
High-grade ” specification listed aliove is drawn primarily to define a suitable grade for 
use in zinc die-casting alloys. Freedom from lead, tin, and cadmium is the primary 
requirement. 

By alloying with about 4 per cent aluminum, a few hundredths magnesium, and in 
some cases 1 to 3 per cent copper, alloys amenable to die casting, and having in the die- 
cast condition radically improved properties as compared with unalloyed zinc, are obtained. 

These alloys and tiieir properties are further described on p. 11~82. 
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Slush Casting. High grade slab zinc is used in slush castings, largely used for lighting 
fixtures and other ornamental parts. High grade unalloyed zinc is used as well as alloyed 
zinc containing small percentages of aluminum, and sometimes of copper. 

21. ROLLED Zme 

Classification of Rolled Zinc. Rolled or wrought zinc is divided by the A.S.T.M. 
(sec A.S.T.M. Standard Specifications for Rolled Zinc, B 69-29) into the following types: 

Type A. Ribbon zinc and sheets or strips cut from ribbon zinc which has been rolled 
from a single bar in one continuous direction. 

Type B. Sheet zinc or strips cut from sheet zinc that has been rolled by the pack 
rolling method. 

Type C. Boiler and hull plates, which may be rolled either from a single bar or by the 
pack rolling method. 

Zinc Gage. Table III compares the standard zinc gage and the American or Brown 
and Sharpe gage and the U. S. Standard gage. The use of this special zinc gage is dis¬ 
couraged and, in order to avoid errors, the actual thickness expressed in thousands of an 
inch is preferable. 


Table III. Comparison of Zinc Gage and Other Gages 


Brown & Sharpe Ga<!c, 
Approximate Thickness 

Rolled Zinc Gage 

U. S. Standard Gage, 
Approximate Thickness 

No. 

In. 

No. 

Weight of 

1 Sq Ft. lb 

Thickness 

In. 

No. 

In. 

34 

0.0063 

3 

0.22 

0.006 

38 

0.0062 






37 

.0066 

33 

.0070 




36 

.0078 

32 

.0079 

4 

.30 

.008 

35 

.0078 

31 

.0089 




34 

.0086 






33 

.0093 

30 

.0100 

5 

.37 

.010 

32 

.0101 

29 

.0112 




31 

.0109 

28 

.0126 

6 

.45 

.012 

30 

.0125 

27 

.0141 

7 

.52 

.014 

29 

.0140 

26 

.0159 

8 

.60 

.016 

28 

.0156 

25 

.0179 




27 

.0171 

24 

.0201 

9 

.67 

.018 

26 

.0187 

23 

.0225 

10 

.75 

.020 

25 

.0218 

22 

.0253 

11 

.90 

.024 

24 

.0250 

21 

.0284 

12 

1.05 

.028 

23 

.0281 

20 

.0519 

13 

1.20 

.032 

22 

.0312 

19 

.0353 

14 

1.3i 

.056 

21 

.0343 

18 

.0403 

15 

J.50 

.040 

20 

.0375 

17 

.0452 

16 

1.68 

.045 

19 

.0437 

16 

.0508 

17 

1.87 

.050 

18 

.0500 

15 

.0570 

18 

2.06 

.055 

17 

.0562 

14 

.0640 

19 

2.25 

.060 

16 

.0625 

13 

.0719 

20 

2.62 

.070 

15 

.0703 

12 

.0808 

21 

3.00 

.080 

14 

.0781 

11 

.0907 

22 

3.37 

.090 

13 

.0937 

10 

. 1018 

23 

3.75 

. 100 

12 

. 1093 

9 

.1144 

24 

4.70 

.125 

11 

.1250 

8 

. 1284 




10 

. 1406 

7 

.1442 




9 

. 1562 

6 

. 1620 




8 

. 1718 

5 

. 1819 


i 


7 

. 1875 

4 

.2043 




6 

.2031 

3 

.2294 




5 

.2187 






4 

. 2343 

*2 

.2576 

25 

9.40 

.250 

3 

.2500 






2 

.2656 

*i 

.2893 


i . . 


1 

.2812 

0 

.3249 




0 

.3125 

3/0 

.4096 

26 

14.00 

.375 

3/0 

.3750 



27 

1 18.75 

.500 

7/0 

.5000 



28 

37.50 

1.000 




Mechanical Properties of Rolled Zinc. A standard specification (A.S.T.M., B 69-29) 
calls for temper and dynamic ductility (cupping) tests. These are considered the only 
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ones sufficiently reproducible and valuable for specffication purposes. Temper is meas¬ 
ured by a testing machine which wraps a specimen tightly around a mandrt^l to which 
one end of the specimen is clamped. The degree to which the free end springs away from 
the mandrel is measured on an arbitrary scale, ranging from 0, representing no spring 
whatever, to 100, representing material that returns to its original straight condition. 
Dynamic ductility is determined by forming a series of cups by forcing a spherical-ended 
plunger into a test strip, the plunger being adjustably mounted in a drawing press to permit 
varying the depth of the cup. The maximum depth of the cup, in inches, w^hich can be 
formed before visible “ necking down ** occurs is the dynamic ductility. 

The three types of rolled zinc are classified according to temper as follows: Type A: 
dead soft, soft, half hard, and hard; Type B: commercial; Type C: no classification. 
It should be noted that the terms soft, dead soft, etc., servo to designate certain specific 
ranges of properties regardless of the combination of composition and rolling treatment 
by which the properties are olitained. 

Where tensile tests are used the A.S.T.M. standard tensile specimen (see p. 5-84) for 
thin sheet metal is entirely suitable for zinc. A pulling sp(*ed ns near to 0.2.5 in. per min as 
can be obtained on the testing machine should l>e used, tinder those conditions, rolled zinc 
will have a “ with-grain ” tensile strength varying from 18,000 lb per sq in. f.ir soft-temper 
high-grade zinc to 3.5,000 lb per sq in. for hard-temi)er prime western zinc. The elonga¬ 
tion will vary from 5 per cent for the hardest to 05 per cent for the softest metal. The 
“ across-grain ” strength in every case W'iU l>c a few thousand pounds higher and the 
elongation somewhat lower. By alloying, considerably higher tensile strengths can be 
obtained, although this is usually at the exi>en8e of ductility. The percentage elongation in 
the tensile test is of little significance since the rate of loadin,;: m far below the rate of 
deformation in commercial tlrawing or fabrication, and is no index to ductility in these 
operations. 

The Modulus of Elastioity of zinc lies between 10,000,000 and 20,000,000, depending 
on the rolling treatment. Approximately 12,000,000 is a representative value for soft- 
rolled high-grade zinc. 

The Shearing Strength of high-grade zinc plates is reported as 17,000 to 19,000 lb per 
sq in. 

Static Tensile Tests. Of much greater importance than the ordinary tensile test, 
from a practical standiioint, is the static tensile or creep test which determines the resist¬ 
ance of various grades of zinc to elongation or flow at different temperatures under static 
tensile load. This information has been correlated with actual loading tests on corru¬ 
gated zinc roofing sheets. (See Tables IV and V.) 


Table IV. Safe Span for Corrugated Zinc Roofing Sheets at 70° F (21.1° C) 

CorruRatious 7/8 in. deep X 2 I /2 in. 


Gage 

C. to C. of Purlins 

30 lb per sq ft I-oad 

40 lb per s(i ft Load 

13 ga. 0.032 in. thick 

39.5 in. 

36 in. 

14 ga. 0.036 in, thick 

41 

38 

15 g.a. 0.040 in, thick 

42 

39 

16 ga. 0.045 in. thick 

43.5 

40 


Table V. Safe Span for Zilloy* Roofing Sheets at 70° F (21.1° C) 

Under a Uniform Load of 40 lb per Sfi ft 


Corrugations 

1 in. deep X 2 1/2 in. 

Safe Span, 

C. to C. of Purlins 

Corrugations 

7/8 in. deep X 2 1/2 ‘a. 

Safe Span, 

C. to C. of Purlins 

12 ga. 0.028 in. thick 

50.5 in. 

13 ga. 0.032 in. thick 

48 in. 

13 ga. 0.032 in. thick 

54 

1 4 ga. 0.036 in. thick 

51 

14 ga. 0.036 in. thick 

57 

15 ga. 0.040 in. thick 

54 

15 ga. 0,040 in. thick 

60 

16 ga. 0.045 in. thick 

57 

16 ga. 0.045 in. thick 

64 




* Trade Mark, Reg. U.S. Patent Office, A zinc-copper-magnesium alloy patented and sold by 
The New Jersey Zinc Co. 


Fabrication. The ductility of zinc falls off rapidly at temperatures below 70 deg fahr. 
All drawing and bending operations, therefore, should be performed at temperatures 
above that point. Frequently an operation which is just too severe to be successful 
at temperatures near the lower limit may be successfully accomplished by warming the 
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Table VI. Safe Loads in lb per sq ft for Zilloy Roofing Sheets 

Corrugations 1 in. deep X 2 1/2 in- 


Span C. to C. of Purlins 


Gage 

39 in. 

42 in. 

45 in. 

48 in. 

51 in. 

54 in. 

57 in. 

60 in. 

63 in. 


12 ga. 0.028 in. 

67 

58 

50 

44 

39 

Iligidit; 

y when 




13 gu. 0.032 in. 

76 

65 

57 

50 

44 

40 roof i.s walked | 



14 ga. 0.036 in. 

86 

74 

64 

56 

50 

45 

40 1 

on question- | 


15 ga. 0.040 in. 

96 

83 

72 

63 

56 

50 

45 

40 able beyond 

16 ga. 0.045 in. 

108 

93 

81 

71 

63 

56 

50 

1 45 1 

1 41 1 

tlii.s line 


sine and tools, for example to 100 deg fahr. In any type of extrusion, it is necessary 
to use an elevated temperature in order to operate with reasonable pressures. 

P’or certain ornamental sheet metal work heavy gage zinc is hand formed at tem¬ 
peratures as high as 480 deg fahr. Shop methods in drawing zinc vary considerably 
from one plant to another, but in general, brass practice is followed with departures in 
detail depending upon the particular operation. It is, of course, unnecessary to anneal 
pure ziiK! between operations, and the work-hardening alloys require fewer annealings 
than brass. 

Reductions in diameter from blank to the first cup should not exceed 45 per cent. 
A somewhat lower per cent reduction is usually preferalilo practice. 

It is possible to reduce the wall thickness 25 to 33 per cent in redrawing operations in 
which the cup diameter is reduced 20 fier cent. 

There are many satisfactory lubricants for drawing zinc, the one chosen usually 
depending upon the succeeding operations. In using soap solutions it is usually necessary 
to wash the faVmcated article within a short time to prevent spotting. 

A vital faistor in liending is the grain direction, "^liorever possible, rolled zinc should 
be so used as to Virlng bends at right angles to the grain or rolling direction. When this 
can he done, proper bending is easy without sacrifice of hardness and stiffness. Zinc is 
successfully extruded into any of the forms commonly produced in this way. Tubing and 
rod have been produced, but in the United States development has been limited princi¬ 
pally to the production of cups, buttons, nails, etc. In machining zinc, it is common 
practice to employ tools with a greater rake than normal for brass, and to use soapy wab'r 
as a lubricant. 

Welding of zinc requires some care, because of the low melting point and the tenacious 
character of the oxide. 'I'lie best widding is accomplished with a gas flame, but zinc may 
also be spot-welded electrically. Zinc cannot be welded without seriously w^eakening 
areas adjacent to the weld by annealing. If strength is important, some cold-workiiig 
operation to refine the grain should follow welding. 

Zinc is easily soldered. A low soldering temperature is necessary to avoid excessive 
grain growth in areas adjacent to the joints This is best secured by using a large iron hot 
enough to accomplish the soldering with a single pass. Half and half solder is generally 
used, although a low-meltiug-point solder is also of advantage. A solder composed of 
Pb 55 per cent, Sn 30 per cent .‘lud Cd 15 per cent is suitable for zinc. It has a low melt ing 
point and high tensile strength. Acidulated zinc chlorirle or killed hydrochloric acid 
makes an excellent flux, although much zinc is soldered without a flux. 


ALUMINUM AND ALUMINUM ALLOYS 

By Junius D. Edwards and Zay Jeffries 


22. PROPERTIES AND COMMERCIAL FORMS 

Aluminum i.-^ one of the lightest of the structurally used metals. In the period of le.s."? 
than 50 years during which alumiiium has Ix'eii commercially available, its annual pro¬ 
duction has increased from a few thousand pounds to more than 500,000,000 lb. 

Bauxite, a hydrated oxide of aluminum, is the principal source of the metal, and is 
found widely distributed in many parts of the world. For the production of aluminum, 
the ore is refined by treatment with caustic soda, and pure aluminum hydrate is pre¬ 
cipitated from the resulting solution. After calcination, the pure alumina (AI 2 O 3 ) is sent 
to the electrolytic reduction works. Here it is dissolved in a bath of molten cryolite and 
electrolytically reduced to metallic aluminum. Any impurities in the alumina, suci? a* 
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oxides of iron and silicon, are reduced and appear in the aluminum. Commercially pure 
aluminum is generally understood to be 99 to 99.5 i^er cent pure, although grades up to 
99.8 per cent or even higher are available. Aluminum having a purity of 99.98 per cent 
r^an be produced by electrolytic refining of the lower grades of metal. 

Table I gives the properties of aluminum. 


Table I. Properties of Aluminum 

A.S.T.Xf. Proceedings, Vol. 31, 1034, p. 299 


Sample Purity, 
per cent 


Atomic weight. 

Boiling point, deg cent. 

Crystal form. 

,, • j. t f 20° to 300° C. 

Mean coefficient of expansion | 20 ° to 500° C 

Density at 20° C (68° F), g per cu cm. 

Density at melting point (solid), g per cu cm. 

Density at melting point (Ii<iuid), g per cu cm. 

Electrical resistivity at 20° C: 

Microhm-cm. 

Ohms (mil, ft) (A.I.E.E. Standard). 

Temperature coefficient at 20° C (A.I.E.E. Standard). . . . 
Electrical conductivity at 20° C; 

Mass, per cent International Annealed Copper Standard 
Volume, per cent International Anne.'dcd Copper Stand¬ 
ard . 

Freezing point, deg cent. 

Heat of vaporization, g-cal per g. 

Latent heat of fusion {p^rib. 

Mechanical properties: 

Tensile strength, lb per sq in. 

Yield strength, lb per sq in (set —0.2 per cenf). 

Elongation in 2 in., per cent. 

Brinell hardness, 10-mm ball, 500-kg load. 

Modulus of elasticity, lb per sfj in. 

Modulus of rigidity (torsion), lb per 8(i in. 

Poisson’s ratio. 

Total reflectivity, pc?r cent for white light. 

Mean specific heat, g-cal per g per deg cent (0°-100° C ).. 

Thermal conductivity, egs units. 

Watts per sq cm jjcr deg cent per cm. 

Btu per hr per sq ft per deg fahr per in. 


26.97 


1800 


Face centered 


cubic 

0.0000257 

99.95 (cast) 

0.0000277 

99.95 (cast) 

2.70 

99.971 

2 55 

(wrought-nnneale 

2..38 


2.688 

99.968 

17.0’ 

(hard drawn) 
C'ornnieicial 

0.00403 

(^.)mnicrcial 

212.9 


64.6 


659.8 


1950 to 2000 


93 


169.16 


9000 

Annealed 

3000 

sheet 

60 

99.95 

15 


10,000,000 


3,870.000 

Conimerciul 

0.33 


87 


0.226 


0.52 

99.66 

2. 17 

99.66 

1509 



Commercial Forms. Pure .aluminum is soft and ductile l)nt can be hardened by cold 
working and alloying; certain of the alloys can also be hardened by heat treatment. 
Both pure aluminum and its alloys are available in wrought form, as plate, sheet, rod, 
W'irc, tubing, and rolled and extruded sections. It can also be w'orktd by forging, drawing, 
stamping, spinning, and other metal-working methods. Alloys arc available in cast 
form, produced by sand, iiermanent mold, or die-casting jjrocesses. 

Corrosion-resistant Characteristics of Aluminum. Alumiiumi is resistant to most 
atmospheric influcnce.s, especially inland industrial atmospheres, but although it is rela¬ 
tively more resistant to seaeoast atmospheres than many other commonly used metals, 
paint or other protection is generally advisable for permanent structures in such locations. 
As examples of the resistance of iinj)aintcd aluminum and its alloys to a variety of atmos¬ 
pheric conditions, may be cited the very satisf.actcjry performance of relatively high- 
purity aluminum in transmission lines and outside bu.H-l)ar in-stallations, of aluminum- 
silicon alloy castings used in many large buildings as spandrels and other ornamental 
parts, and of wTought products as window frames and store fronts. Aluminum is used 
to handle distilled water, many food products, fruit juices, milk, boor, and atmospheric 
nitric and glacial acetic acids. It is readily dissolved, however, by hydrochloric and 
hydrofluoric acids and caustic solutions. 

This metal, in common with many other corrosion-resistant metals, owes its high 
resistance to the protective effect of the ever-present oxide coating. Aluminum of the 
highest purity, in general, possesses the highest corrosion resistance. The presence of 
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most other metals, either as impurities or alloying elements, tends to lower corrosion 
resistance. Of the common alloying elements, manganese, chromium, and magnesium 
produce the most corrosion-resistant alloys. Silicon affects the corrosion resistance 
slightly, and yet, since it conveys other beneficial effects, such as good casting charac¬ 
teristics, it is either the major or one of the minor allo3dng constituents of some of the 
most corrosion-resistant alloys. Iron and copper lower the corrosion resistance in the 
order named, although properly heat-treated aluminum-copper alloys have a sufficiently 
high corrosion resistance to be used for many applications without paint protection. 

The formation of a resistant film or coating under corrosive conditions consumes 
some of the aluminum anti may result in complete perforation of thin sheet or foil, but in 
heavier sections the same amount of attack will have no appreciable effect on the mechan¬ 
ical integrity of the yjart. In aircraft, where the sections are of necessity very thin and 
the consequences of deterioration serious, the strong aluminum alloys arc protected from 
corrosion by one of the several commercially available methods. For such service, the 
wrought Alclad products, consisting of a heat-treatable strong alloy core covered by a 
surface layer of high-purity aluminum, or corrosion-resistant alloy, offers an excellent 
combination of mechanical strength and corrosion resistance. I'hiJ surface layer not 
only covers the strong alloy core and so protects it from corrosion, but also, because of 
its higher solution potential, offers an electrolytic protection over cut edges and abiaded 
areas and also prevents penetration into the core, even under severely corrosive conditions. 
Ordinarily 17S rivets used to join Alclad sheet arc likewise afforded considerable protec¬ 
tion because of this electrolytic effect. Other non-heat-treatable Alclad products, em¬ 
ploying the principle of a coating of higher solution potential than the core, arc available. 
They resist destructive perforation to a remarkalilc extent. 

Owing to the high solution potential of aluminum and its alloys, contact with many 
of the commonly used metals in the presence of a corrosive medium results in the rapid 
deterioration of the aluminum, with a corresponding protection of the metal of lower 
solution potential. For this reason, metallic contacts with other metals are generally 
avoided. Electrical insulation between the two dissimilar metals is of consideirable help, 
although salts formed by the solution of the other metal are likely to be plated out on the 
aluminum surface and thus set up electrolytic action. In spite of the rapid action in 
severely corrosive media, little action is found to take place in ordinary atmosphere, unless 
there is an accumulation of a solution of relatively low electrical resistance. On the 
other hand, in some assemblies used in contact with strong electrolytes, it is advisable 
even to consider the relative solution potentials of various aluminum alloys which are 
in contact. 

Bright surfaces produced by rolling or extrusion, or highly polished surfaces, tend 
to become darkened and slightly roughened through exposure to the weather, unless 
periodically cleaned. Similarly, regular cleaning of cooking utensils and similar articles 
will jirevent pitting, which is often caused by the plating out of particles of heavy metals 
which have been dissolved in the liquids being handled. 


23. ALUMINUM CASTINGS 

Very little pure or commercially pure aluminum is fabricated directly into castings 
of commerce. The pure metal does not cast easily, nor are the properties of a casting 
made of pure aluminum attractive for most commercial purposes. The aluminum casting 
industry is therefore largely one of casting various aluminum alloys. There are three 
distinct casting arts; namely, sand casting, permanent mold casting, and pressure die 
casting. These arts arc sufficiently different to warrant the inclusion of a list of alloys 
for each. The composition and properties of the more common alloys used for sand cast¬ 
ings, permanent mold castings, and pressure die castings are given in Tables II, III, and 
IV, respectively. Aluminum alloy castings arc so widely used at present that it is not 
possible to list the many specific uses here; nor is it possible to mention the particular 
combinations or properties leading to the selection of a particular alloy for a specific use. 

Sand Castings are made by the ordinary methods of molding. The sand process is 
used for most large castings, such as crankcases for internal-combustion motors, oil 
pumps, manifolds, transmission housings, motor frames, architectural castings, etc. 
Green sand molds wnth either green or baked sand cores are used. The core binders are 
usually oil, pitch, or resin, the last two being used for soft and the first for hard cores. 
The crystallization shrinkage of aluminum alloys being high, ample gates and risers must 
be provided. Iron, aluminum, or copper chills are also used frequently to prevent cracks 
or shrinks. In making the molds, care must bo taken to obtain the proper temper of 
the sand and uniform rauuuiiig. Aluminum does not lay " well against a hard-rammod 



Table II. Composition and Properties of Sand-cast Aluminum Alloys * 
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Table III. Composition and Properties of Permanent Mold Casting Alloys 


Alloy * 


43 

A-I08 

112 

B-n3 

122 

122- T 52 
122T551 
122 T552 
122-T 62 

132 

I32-T541 
132-T 7 
142 

142 T571 
142-T 61 

144 

I44-T4 

B-195-T4 

D-195-T4 

A-214 

355- T4 
355 T6 


Approximate Composition 


Si 5%. 

Cu 4.5%, Si 5.5%. 

Cu 7%, Zn 2%, Fc 1.2%. 

Cu 7%, Si 1.5%, Fe 1.2%. 


Cu 10%. Fe 1.2%, Mk 0.25% 


I Si 14%, Cu 1%, Fe 1 %. Mk IV: 


I Cu 4%, Ni 2%, Mg 1.5%. 

I Cu 10%, Si 4%, Mg 0.25%. 

Cu 4.5%, Si 3%. 

Cu 5.5%. 

Mg 3.75%,. Zn 2%. 

} Si 5% . Cu 1.2%, Mg 0.5'7o. 


Typical Values 

Brinell 
Hardness 
500-kg 
lO-mni 
ball t 

Approxi¬ 
mate 
Density, 
lb per 
cu in. 

Tensile 
Strength,t 
lb per 
sq in. 

Elonga¬ 

tion, 

% in 

2 in. 

24,000 

4.0 

45- 55 

0.097 

26,000 

1.5 

65- 80 

0.099 

27,000 

2.0 

70- 90 

0 . 106 

29,000 

1.0 

70- 90 

0. 104 

32,000 

0.4 

85-110 

0 . 106 

32,000 

0.5 

95-125 

0 . 106 

35,000 


125-150 

0 . 106 

33.000 


100-125 

0 . 106 

42,000 


125-150 

0,106 

f 32,000 

0.5 

85-110 

0.098 

{ 34,000 


90- 115 

0.098 

1 36,000 

0.5 

95-120 

0.098 

f 35.000 

0.5 

90-115 

0 . 100 

{ 38,000 


90-120 

0 . 100 

1 44,000 


100-130 

0 . 100 

f 32,000 


85-110 

0. 104 

\ 40,000 

0.5 

100-130 

0. 104 

38,000 

6.0 

70- 90 

0 . 100 

40,000 

8.0 

60- 80 

0 . 102 

24,000 

4.5 

50- 65 

0.096 

( 35,000 

5 0 

70- 85 

0.097 

( 43.000 

4 0 

85 100 

0 097 


* Alloy numbers referrefl to are those of tin; .Vluiiiimim Co. of America. Prefixed letters denote 
changes in composition of standard alloy. Sullixed “T’' and number designate heat-treated alloys. 

t Properties obtained from standard l/a-in. diameter test specimens, individually cast in per¬ 
manent molds and tested without machining off surface. 

Hardness limits are based on casting Brinell tests. In the case of 122 and 142 alloys, the 
Brinell is that obtained on the heads of permanent mold pistons 1/2 iii- ‘>f less in thickness, and at 
a point 1/2 in. from outer edge and I /2 in. from gate. For heavier castings, semi-permanent and 
sand-cast pistons, the hardness decreases proportionately with increased section, the maximum 
decrease being approximately 20. 


Table IV. Compositiop and Properties of Aluminum-base Die-casting Alloys 




Desired Composition, per cent 

1 Typical Values 

Alloy 



- 


Tensile 

Elonga- 

Numbers * 

Copper 

Silicon 

Nickel 

Aluminum 

Strength, 
lb per sq in. 

tion, 

% in 2 in. 

IV 


5 


95 

29,000 

3.5 

V 


12 


88 

33,000 

1.5 

VT 

2 

3 


95 

30,000 

3.5 

vn 

4 

5 


91 

32,000 

2 0 

vni 

1.5 

1 

2.23 

95.25 

29,000 

4.0 

IX 

4 

1.75 

4 

90.25 

31,000 

1.5 

XTI 

a 

1. 5 


90 50 

33,000 

1.0 


* The alloy designations correspond to numbers used in the investigation on aluminum-bcse 
die-casting alloys carried out under the jurisdiction of Committee B-6 on Die Cast Metals and 
Alloys (formerly Subcommittee XV on Die Cast Metals and Alloys of Committee B-2 on Non- 
Ferrous Metals and Alloys of the American Society for Testing Materials); the alloy numbers 
omitted correspond to alloy compositions which were investigated by the Committee, but which 
were not considered desirable for inclusion in these specifications. See Proc. A.S.T.M., Vol. 29, 
Part 1, p. 192, 1929. 

mold. The metal must be stirred thoroughly to insure uniformity of composition. Melt¬ 
ing is usually done in iron pots, non-mctallic crucibles, or reverberatory furnaces. The 
metal should preferably be kept below about 1500 deg fahr during melting, and an oxidiz¬ 
ing atmosphere is preferable to a reducing one. Unclean melting practice is largely 
responsible for so-called hard spots which usually consist of foreign matter entrapped 
in the liquid alloy. These hard spots may cause much trouble in machining. The 
pouring temperature should, in general, be the lowest one at which the mold can be 
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filled without danger of misruns. Such practice will usually produce the strongest and 
most ductile as well as the most leak-proof castings. Low pouring temperature can often 
be secured by judicious arrangement of gates and risers. 

Permanent Mold Castings are poured I )y gravity or other low pressure into metal molds. 
The i:>ermancnt mold process imparts unusual properties to the metal as a result of the 
rapid chilling in the metal molds. Gates and risers are provided to insure compensation 
for crystallization shrinkage so that the permanent mold castings are sound and non- 
porous. They may bo made very nearly to size and usually machine easily. Largo 
numbers of permanent mold castings are used in (iooking utensils, washing machines, 
vacuum sweepers, cylinder heads, and the like. It will lie noted that certain permanent 
mold castings can be produced with a hardness up to 150 Brincll. The permanent mold 
l^rocess is conducive to the production of castings of high hardness, and moreover, such 
hardness may be combined with relatively great tcughness. The benefits of the per¬ 
manent mold process can be obtained to a marked degree and greater latitude of design 
enjoyed by using sand cores in conjunction with metal mold parts. Parts made in this 
way are called “ semi-permanent mold ” castings. 

Pressure Die Castings are made in metal dies by forcing liquid metal quickly into the 
dies at high pressure, which is applied by means of a piston or wath compre-'sed air. The 
casting solidifies so rapidly that there is no opportunity for complete compensation for 
f-rystallization shrinkage or for elimination of all the entrsipped air. Although the inte¬ 
rior of the casting is sometimes quite porous, the outside shell is usually very sound and 
strong. Comparisons of tensile strengths of pressure die castings, as shown in Tal>le IV, 
with other types of aluminum alloy castings indicate that the average strength of the die 
castings is high, notwithstanding a certain amount of porosity. Aluminum die castings 
may bo made with thinner sections than those faliricated by other processes, and they 
may bo made so nearly to size as to eliminate all or many of ihe machining operations. 

Silicon is now perhaps the most important alloying element in aluminum-base die 
castings. It will bo noted that all the alloys listed in Table IV have silicon specified. 
The combination of copfier and silicon also occurs in five of the seven alloys. 

Maiumum and Minimum Weights of Castings. Aluminum sand castings weighing 
more than 7000 lb and as little as 1 oz have lH‘en made in production. 8o far us experi¬ 
ence goes, there is no inherent reason for any limitation on the weight of a sand casting. 
In the permanent mold proijess, castings W'eighiiig as much as 750 lb each have been 
made and castings weighing less than 1/2 Ih have lieen made in jiroduction. The usual 
weight of permanent mold castings, however, is between 20 lb and V 2 lb. A 12-lb casting 
is c.onsidered large for a pressure die casting, and ciistings weighing as little as I /32 lb are 
made. 

Section Thickness. The minimum section thickness for sand castings is usually kept 
at about l/a hi., that for p(>rmanent mold ca.stings about 3/32 in., and for pressure die cast¬ 
ings V 16 hi. There is no limit on the high side. 

Finish. On large .sand castings, 3/,^ to in. should be allowed for finish, depending 
on design, and on small bench work castings, i/s in. For disk grinding, I /32 in. should be 
allowed. On permanent mold castings, for example, pistons up to 3-in. diameter, 0.076 in. 
on the diameter should be allowed. On jiistons up to 5-in. diameter, about O.IO in. should 
be allowed. Pressure die castings often require no finish if tolerances d=0.0025 in. per 
in. are p(*rmitted. 

Tolerances on Dimensions and Weights. A tolerance of i/.i2 in. in thickness of sand 
castings, and db 0.010 in. per in. on permanent mold castings, should bo allowed. Plus 
or minus 5 per cent in weight with wood patterns and dr 3 per cent with metal patterns 
should be allowed on sand castings and dr 2 per cent on permanent mold castings. On 
pressure die castings a section tolerance of dr 0.0025 in. per in. should be allowed and a 
weight tolerance of dr 2 per cent. 

Properties of Aluminum Alloy Castings at Elevated Temperatures. Commercial 
aluminum has a Brinell hardness number of only about 25 and a tensile strength of alx>ut 
12,000 lb per sq in. at ordinary temperature, and its strength and hardness decrease pro¬ 
gressively with rising temperature. Table V shows some of the tensile properties of cer¬ 
tain of the aluminum alloys which are uwkI commercially at elevated temperatures. So 
marked is the effect of alloying that one alloy has a strength at GOO deg fahr higher than 
that of commercial aluminum at ordinary temperature. The values shown, however, 
for the temperatures 400, 500, and 600 deg fahr are considerably lower than those usually 
associated with such temperatures. This results from the stabilization of the alloys at 
the temperature of test prior to the test itself. Except for the values given at 600 deg fahr 
for 132 alloy, the minimum time of exposure at the temperature of test prior to testing was 
75 days. The profound effect on the material is indicated by the hardness values. These 
hardness tests were made at room temperature after the test piece had been stabilized 
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Table V. Properties of Cast Aluminum Alloys at Elevated Temperatures after 
Stabilization at the Temperature of Testing 


Alloy 

Property 

Temperature, deg fahr 

DesiKnatioTi 
from Tables 11 
and III 

Condition 

75 

300 

400 

500 

600 

112 

ASTM~C 

SAE-33 

Sand CiTst 

T.S.* 

Y.S.t 

ElonK.i 

B.H.§ 

23.400 

14,800 

1.8 

74 

25,500 

22,750 

1.5 

91 

17,150 

14,860 

9,700 

3.5 

65 

6,300 

1.5 

72 

19.0 

49 

122-T551 

SAE-34 

rcnrianont 
mold oast 

T.S. 

Y.S. 

ElonR. 

B.ll. 

35,000 

34.000 

0.0 

130 

34,910 

33,500 

0.5 

112 

23,300 

18,770 

10,750 

2.0 

74 

9,070 

8.5 

87 

10.0 

54 

I32-T54I 

Permanent 
mold oast 

T.S. 

Y.S. 

ElonK. 

B.ll. 

34,000 

24,000 

0.5 

105 

17,500 

8,000 

2.0 

17,940 

18,97011 
8,660 II 
2.0 11 

75 II 

9,610 

1.0 

76 

3.0 

61 


142 T57I 
ASTM-II 
.SAE~39 
“Y” 

Permanent 
mold cast 

T.S. 

Y.S. 

Elong. 

B.ll. 

38,000 

31,000 

0.5 

no 

40,930 

38,000 

0.5 

111 

28,100 

15,520 

8,000 

8.0 

56 

9,080 

2.5 . 

78 

41.0 

50 

A-355-T59 

Sand cast 

T.S. 

Y.S. 

Elong. 

B.ll. 

25,000 

21,000 

2 0 

55 

21,560 

14,750 

2.0 

65 

14,940 

11,050 
6,700 
8.0 

51 

8,720 

2. 5 

52 

10.0 

48 

195-T4 

ASTM-G 

SAE-38 

Sand cast 

T.S. 

Y.S. 

Elong. 

B.ll. 

31,000 

16,100 

8.0 

60 

27,590 

19,750 

4.0 

78 

15,900 

9,750 

16.5 

55 

9,820 

6,100 

24.0 

49 

4,050 

61.0 

39 

254 

Sand cast 

T.S. 

Y.S. 

Elong. 

B.H. 

27,000 

22,000 

2.0 

75 

27,000 

18,000 

2.0 

78 

20,970 

12,750 

3.0 

71 

17,700 

10,000 

3.5 

74 

14,700 

11.5 

76 


* Tensile strenuth, lb per sq. in. 

t Yield strenfith, ib per sq in. 

i Elouantinn, per cent in 2 in. 

5 Brincll hardness at room temperature after stabilization and testing at elevated temperatures. 

0 Properties after 18 days at temperature;-not completely stabilized. 

at the testing temperature. For example, in the 132 alloy, the room temperature hard¬ 
ness was changed from 130 to 54 by holding at 600 deg fahr for 76 days. 

24. WROUGHT ALLOYS OF ALUMINUM 

Alloy Composition and Nomenclature. The wrought alloys of aluminum may be 
grouped in two divisions, the first containing those alloys in which various tempers are 
produced by cold working, and the second containing those alloys which are subjected 
to heat treatment in order to obtain the desired mechanical x^roperties. The latter are 
frequently called “the strong alloys,” and, in general, their mechanical properties have 
higher values than those of the alloys in the first group. 

Each of the wrought alloys is designated by a number, indicating the composition, 
followed by the letter ” S,” indicating that it is in the wrought condition or is capable of 
being wrought. The compositions of the commercial alloys are given in Table VI; other 
alloys have been used to a limited extent. 

Temper Designations. To indicate an alloy in the soft or annealed condition, the 
alloy designation is followed by the letter ” -O e.g., 2S-0, 17S-0. The hard temper 
is designated by ‘‘-H ” (2S-H, 4S-H), and the intermediate cold-worked tempers by 
fractions before the ” H ” ( 2 S- 8 / 4 H, 4 S-I/ 2 H). 

In the strong alloys the letter ‘‘ T ” indicates that the material is in the fully heat- 
treated condition and has the maximum strength developed by heat treatment. This 
condition is obtained by a solution heat treatment, which consists of heating to the 
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Table VI. Nominal Composition of Wrought Aluminum Alloys 


Per Cent of Alloying Element. Aluminum and normal impurities constit ute remainder 


Alloy 

Copper 

Silicon 

Manganese 

Magnesium 

Lead 

Nickel 

Bismuth 

2S 








33 



1.25 





43 

1 IS 

.i 


1.25 

1 0 




5.0 



0.5 


0.5 

143 

4.4 1 

0.8 

0.75 

0.35 



Duralumin 
or 173 

4.0 

j 

0.5 

0.5 




ADS 

2.5 



0.3 




183 

4.0 





2.0 


24S 

4.2 


0.6 

1.5 




25S 

4.5 

0.8 

0.8 




32S 


12.0 


1.0 


0. 8 


513 


1.0 


0. 6 


Chromium 

0.25 

0.25 

523 




2 5 



533 


0.7 

. 

. 1 

I 25 




proper temperature and quenching in cold wal.or, followed by aging. Some of the strong 
alloys age at room temperature; others must be subjected to higher temperatures to clause 
precipitation of certain constituents (aging). These latter alloys are designated 26S-W, 
51S-W, and 53S-W when they have been quenched l>ut not subject,ed to the precipitation 
treatment, although 51S-W undergoes some spontaneous aging at room temperature. 

In order to produce material with higher yield strengths tlian can be obtained by heat 
treatment alone, some of the alloys are cold work(‘d after heat treatment, l)y an amount 
carefully controlled so as to retain suitable ductility in the resulting product. This pro¬ 
duces material in the “ RT ” condition. 

Alclad Products. In order to provide ex(;eedingly high corrosion resistance, a com¬ 
posite material is i:)roduced in which this quality is imparted by moans of a surface of high 
corrosion resistance, alloyed and inh gral with the strong alloy core. The tliickness of 
the surface metal is so chosen as to retain the maximum physical projx^rties consistent 
with adequate protection of the core. 

Aluminum Foil. Aluminum sheet 0.005 in. and less in tliickness is termed foil. The 
ductility and malleability of aluminum permits the rolling of foil commercially to gages as 
thin as 0.00025 in. Most extensively used thicknesses, how'cvcr, are 0.0003 to 0.0(K)7 in. 
For these extremely thin gages a special grade of pure metal is used. For certain uses, 
however, wdierc additional strength is required, such as for diaphragms and shims, alloys 
of aluminum are used. The alloy foils, being less ductile, are usually of the gages of 
0.001 in. and heavier. 

The “ film-forming ” characteristic of aluminum has resulted in an extensive use of 
foil in electrolytic condensers for radio equipment, power factor condensers, etc. Alumi¬ 
num foil is also used in foil and paper type condensers, in contacts for burglar alarm sys¬ 
tems, as protecting tape for underground cables, etc. Its attractive appearance and non¬ 
toxic qualities have resulted in its b?ing used extensively for wrapping food products and 
manufactured articles, such as photographic films and typewriter ribbons. 

Effects of Cold Working on the Physical Properties of Aluminum and Its Alloys. 
The formulas given below are taken from R. L. Templin in The Aluminum Industry, 
Vol. II, Chap. 19, p. 396, and the American Institute of Mining and Metallurgical Engi¬ 
neers, Institute of Metals Division, p. 466, 1930. 

Cold working is here defined as meaning the change in cross-sectional area of the metal 
which occurs as a result of rolling, forging, drawing, or extrusion at temperatures in the 
neighborhood of room temperature, that is, 60 to 80 deg fahr. In most cases the change 
in cross-sectional area of the metal amounts to a reduction in area. In the rolling of wide 
sheet, a reduction in cross-sectional area of the product may, without sensible error, be 
considered as resulting solely from the reduction in thickness of the product. When 
aluminum and its alloys are worked at temperatures above room temperature, the effects 
of cold working are less in proportion to the amount of working done than when they 
are worked at room temperature. Conversely, the working done at lower than room 
temperature becomes more effective than the same amount of work at room temperature. 

In general, the cold working is expressed as the percentage change in the original 

cross-sectional area (commonly called “ reduction ”) as follows: C *= — , ° X 100, 
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wherein C ~ amount of cold working in percentage, A = initial area of the material in 
the properly annealed condition, a = area of the cold-worked material. For sheet, this 
T — t 

formula becomes: C — —^ 7 — X 100, wherein T — initial thickness of the material, and 

t = the final thickness. Aluminum sheet is usually rolled so as to conform to the Brown 
and Sharpe gage system. 

The nominal amounts of cold working, together with the approximate B. & S. gage 
numbers’ reduction for the various tempers, are given in Table VII. 

The effect of cold work¬ 
ing on the tensile strength of 
aluminum and its alloys in 
the wrought condition is 
shown by the following 
formula: T ~ ToCl + 0.92i), 
wherein T = tensile strength, 
III per sq in., To = tensile 
strength of the properly an¬ 
nealed material, R = reduc¬ 
tion in area expressed as a 
decimal. 

The yield strength of 
aluminum and its alloys is the stress corresponding to a limiting iiermanent set of 0.2 per 
cent. For properly annealed wrought metal this value will be approximately onc-tliird 
of the ultimate tensile strength. For all the other tempers of a cold-w’orked product, 
the yield strength will vary from 80 to 95 per cent of the ultimate tensile strength. 

The elognation value is affected to a considerable extent liy both the size and shape 
of the tost six'cimcn, as well as by the ductility of the material. Cold working decreases 
the ductility and therefore the elongation. 

The relation between the tensile strength and the Brinell hardness of wrought aluminum 
and its alloys may be expressed approximately by the formula: 

BHN = 77575 

Effects of Heat Treatment on the Physical Properties of Aluminum Alloys. The 

change in properties resulting from heat treatment of aluminum alloys is usually associated 
with a change in solubility of one or more of the alloying ingredients in aluminum with 
change in temperature. More than 5 per cent copper, for example, is soluble in solid 
aluminum just below the melting point of the eutectic, whereas at room temperature the 
solubility is well below 1 iier cent. By heating aluminum alloys containing about 4 per 
cent or more of copper to a temperature slightly below the melting jioint of the eutectics 
allowing the copiier to dissolve in the aluminum at that temperature, and cooling (piickly 
to a low temperature, the alloy becomes supersaturated in copper at the lower tem- 
jierature. Such a treatment is known as a “ solution heat treatment.” In certain of the 
alloys, like 17S or duralumin, this supersaturated solid solution breaks down, at least in 
part, even at ordinary temperatures. This change, referred to as ” aging,” changes the 
physical properties. In certain of the alloys, because the changes produced at ordinary 
temperatures are insufficient for the reiiuirements, elevated temiicratures are used to 
effect the desired results. Such a treatment is knowm as the “ jirecipitation heat treat¬ 
ment,” or as “ artificial aging.” The general effect of aging is to increase hardness and 
strength of aluminum alloys, and the same is true of the precipitation heat treatment if 
it is not carried too far. This treatment, assuming prior solution heat treatment, is 
capable of producing a wdde range of properties, without change in the composition of the 
alloy. 

Since the alloys which age at room temperature do not acquire the full properties of 
the “ T ” condition until about four days have elapsed after quenching, the practice of 
forming immediately after quenching is frequently followed, particularly with strong 
alloys which are to be subjected to difficult forming operations. Room temperature 
aging can also be effectively retarded by holding the material at a low temperature after 
quenching. This can l^e accomplished by iiacking in ice or in frozen carbon dioxide 
(dry ice). 

Heat treatment of aluminum alloys may be used to produce other effects, such as the 
removal of internal strains, stabilization of dimensions of parts u.sed or processed at 
elevated temperatures, and change in particle size of constituents such as silicon, w'hich 
may lie present in amounts greater than can be dissolved in solid aluminum even at the 
eutectic temperature. 

In carrying out the solution heat treatment, it is necessary to have close control of 


Table VII. Relation of Cold Working to Temper 


Temper of 
Metal 

Approximate 
Amount of 
Cold Working * 

Approximate H. & S. Gage 
Numbers’ Reduction 

Sheet 

Wire 

Soft. 

0 

0 

0 

1/4 Hard. 

21 

2 

I 

1/2 Hard. 

37 

4 

2 

3/4 Hard. 

60 

8 

4 

Hard. 

80 

14 

7 


♦ Percenttigc reduction in cross-Bection.'il area. 
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Table VIII. Specific Gravity and Weight of Alloys 


Alloy 

Specific 

Gravity 

Weight, 
lb per cu in. 

Alloy 

Specific 

Gravity 

Weight, 
lb per ou in. 

Pure A1 (99.97%) 

2.70 

0.0976 


HIM 

0 . too 

2S 

2.71 

0.098 



0.101 

3S 

2.73 

0.099 



0.097 


2.72 



2.67 


17S 1 

2.79 

0. 101 

53S 

2.69 

0.097 


Table IX. Typical Mechanical Properties of Wrought Aluminum Alloys • 


Alloy and 
Temper 

Tension j 

Hardness | 

Shear 

Fatigue 

Yield 

Strength,! 

lb per 
sq in. 

Ultimate 
Strength, 
lb per 
sq in. 

Elonga¬ 
tion t 
X)er cent 
in 2 in. 

Rrinell 

(500-kg- 

10-min 

ball) 

Shore 

(Magni¬ 

fier 

Hammer) 

Shearing 
Strength, S 
lb per 
sq in. 

Endurance 
Limit, II 
lb per 
sq in. 

2S-0. 

4,000 

13,000 

35 

23 

7 

9,600 

5,000 

2S 1/4 H. 

13,000 

1 5,000 

12 

28 

11 

10,000 

6,000 

28-1/2 H. 

14,000 

17,000 

9 

32 

13 

11,000 

7,000 

28-3/4 H. 

17,000 

20,000 

6 

38 

15 

12.000 

8,000 

28-n. 

21,000 

24,000 

5 

44 

18 

13,000 

8.500 

38-0. 

5,000 

16,000 

30 

28 

10 

11,000 

7,000 

38-1/4 11. 

15,000 

18,000 

10 

35 

1 . 

12,000 

8,000 

38-1/2 11. 

18,000 

21,000 

8 

40 

16 

14,000 

9,000 

38-3/4 11. 

21,000 

25,000 

5 

47 

• 9 

15,000 

9,500 

38-11 . 

25,000 

29,000 

4 

55 

23 

16,000 

10,000 

48-0. 

10,000 

26,000 

20 

45 

15 

16,000 

14,000 

48-1/4 11. 

25,000 

31,000 

6 

55 

22 

17,000 

14,500 

48-1/2 H. 

31,000 

35,000 

5 

65 

23 

19,500 

15,000 

48 — 3/4 H. 

35,000 

39,000 

3 

73 

26 

21,000 

15,500 

48-11. 

38,000 

42,000 

3 

80 

30 

23,000 

16,000 

528-0. 

14,000 

29,000 

25 

45 


18,000 

17,000 

528-1/4 11 

26,000 

34,000 

12 

62 


20,000 

18,000 

528-1/2 H 

29,000 

37,000 

10 

67 


21,000 

19'000 

528- 3/4 11 . . . . 

34,000 

39,000 

8 

74 


23'000 

20^000 

528-11. 

36,000 

41,000 

7 

85 


24,000 

20,500 

1IS-T. 

35,000 

55,000 

23 

100 

30 

39,000 


178-0. 

10,000 

26,000 

20 

45 

15 

18,000 

11,000 

178-T. 

35,000 

58.000 

20 

100 

30 

35,000 

15,000 

17S-TiT. 

46,000 

61,000 

13 

110 

35 

36,000 


Alclad 178- T 

32,000 

55,000 

18 



32,000 


Alclad l7S-ItT.. 

40,000 

57,000 

11 



32,000 


A178-0. 

8,000 

22,000 

24 

38 

11 

15,000 


A 178-T. 

24,000 

43,000 

2^ ! 

70 

22 

25,000 

13,500 

248-0 

10,000 

26,000 

20 

42 


18,000 


248-T _ 

43,000 

65,000 

20 

105 


40,000 

14,000 

24S-RT _ 

53,000 

68,000 

13 

116 


41,000 

14,500 

Alclad 24S-T. 

40,000 

60.000 

18 



39,000 

Alclad 24S-RT.. 

49,000 

62,000 

11 



39,000 

. 

258-0. 

10,000 

26,000 

20 

45 

15 

18,000 

9,000 

25S-W. 

25,000 

48.000 

18 

80 

23 

30,000 

14,500 

258-T. 

35,000 

58,000 

20 

100 

30 

35,000 

15,000 

27S-T. 

50,000 

60,000 

9 

115 


37,000 

13,000 

518-0. 

6,000 

16,000 

30 

28 

10 

11,000 

6,500 

518-VV. 

20,000 

35,000 

24 

64 

20 

24,000 

10,500 

51S~T. 

38,000 

48,000 

14 

95 

28 

30.000 

10,500 

53S~0. 

7,000 

16,000 

25 

26 

9 

11,000 

7,500 

53S-W. 

20,000 

33,000 

22 

63 

21 

22,000 

10,000 

538-T. 

32,000 

38,000 

14 

80 

26 

26,000 

11,000 


* Modulus of elasticity is approximately 10,300,000 lb per sq in. 

t Streas at which stress-deformation curve departs 0.2 per cent from the initial modulus line 
produced. The yield strength in compression is substantially equal to the yield strength in ten¬ 
sion for wrought alloys. 

t Values for 14-gage sheet; for heavier sections the elongations are higher. 

§ Single-shear strength values obtained from double-shear tests. 

Q H. R. Moore type of rotating-bcam machine; endurance limit based on 600,000,000 cycles. 
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temperature. Thin pieces of wrought metal may be heated to the proper temperature 
and held there only a short time before cooling, with good results. This operation may 
be carried on in a hearth or pit furnace or in a bath of fused niter. Castings and large 
wrought pieces, however, must bo held at the solution heat-treating temperature for 
considerable periods of time, and hence automatic control of temperature is a practical 
necessity of such operations. Cooling after the proper heating cycle may be done in cold 
or hot water, in oil, or in a blast of air. 

The precipitation heat treatment may be effected by heating in pressure vessels with 
steam, or in baths such as oil, or in hearth or pit furnaces. The temperature should be 
well controlled for best results, and if an ordinary furnace is used, air circulation is desirable. 
The rate of cooling after the precipitation heating is not usually an important fa(;tor. 

Specific Gravity. The specific gravity of aluminum alloys differs only slightly from 
that of the parent metal. The greatest increase is only aboutper cent, and three of the 
alloys (51S, 52S, and 63S) are actually lighter than aluminum. The sp(?cific gravities are 
shown in Table VIII; the weights in pounds per cubic inch are obtained by multiplying 
the specific gravities by ().03f>13. 

Mechanical Properties. The mechanical properties of the wrought aluminum alloys 
are shown in Table IX. Although these properties are actually for sheet, they are gen¬ 
erally applicable to all products except that the elongation values depend to some extent 
upon the size and shape of test specimen, and in certain products, such as heavy bar and 
plate, the amount of reduction may not bti sufficient to permit development of the maxi¬ 
mum properties of the alloy on subsequent heat treatment. All properties reported 
have been determined in accordance with the Standard Methods of Tension Testing of 
Metallic Materials (E8-33) prescribed by the American Society for Testing Materials. 

Design Stresses for Aluminum Alloys. In Talile X are given the stresses considered 
safe for ordinary structural design at temperatures below 100 dog fahr. Where tempera¬ 
tures above that point are to be considered, the values of Table X should be multiplied by 
the factors in Table XI. 


Table X. Design Stresses for Aluminum Alloys 
Values below are considered safe for ordinary structural design. When temperatures above 
100° F arc to be cotjsidered, niultit»lv these values by factors of Table XI. 


Alloy and Temper 

Tension, 
lb per B<i in. 

Compression, 
lb per sq in. 

Bearing, 

Ib per sq in. 

Shear, 
lb per sq in. 


3S-0. 

4,000 

4,000 

7,000 

3000 


3S-V2 H. 

6,000 

6,000 

9,000 

3500 


3S-H. 

8,000 

8,000 

13,000 

4000 

•*» 

4S-0. 

6,000 

6,000 

11,000 

4000 

I* 

4S-1/4 11. 

9,000 

9,000 

14,000 

4500 

o 

48-1/2 M. 

10,000 

10,000 

15,000 

5000 


4S-II. 

13,000 

13,000 

19,000 

6000 


!7S-T. 

15,000 

15,000 

26,000 

9000 


518 - W. 

9,000 

9,000 

15,000 

6000 


5IS-T. 

14,000 

14,000 

21.000 

7500 

1 

12. 

5,000 

9,000 

9,000 

5000 

o 

43. 

5,000 

6,000 

6,000 

4000 

T3 

195-T62. 

11,000 

15,000 

18,000 

7000 

a 

e8 

220-T4. 

11,000 

15,000 

18,000 

8000 


356 T6. 

10,000 

12,000 

15,000 

6000 


Table XI. Factors for Design Stresses at Elevated Temperatures 


Alloy and Temper 

o 

o 

0 

200° F 

300° F 

400° F 

500° F 


38-0. 

1.0 

0.85 

0.70 

0.60 

0.40 


38-1/2 11. 

I.O 

0.75 

0.60 

0.45 

0.30 


1 38-11. 

I.O 

0.75 

0.60 

0.35 

0.25 

.c 

I 48-0. 

1.0 

0.90 

0.80 

0.50 

0.40 

w 

s 

48-1/2 II. 

1.0 

0.90 

0.65 

0.30 

0.25 

o 

48-11. 

1.0 

0.80 

0.55 

0.25 

0.20 


17S-T. 

I.O 

0.90 

0.60 

0.30 

0.15 


518-W. 

1,0 

1.00 

0.80 

0.30 

0.15 


518-T. 

1.0 

0.75 

0.55 

0.20 

0. 10 

Sand 

Cast 

220-T4. 

1.0 

0.85 

0.70 

0.50 

0.30 
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26. FABRICATION 

Machining Aluminum. Ahiminum and its alloys may be riachined readily. Cutting 
tools for aluminum resemble in many respects those for cutting hard wood. The cutting 
edges must be ground to a sharp included angle, must be keen, and should be provided with 
smoothly finished surfaces. Such tools differ materially from brass-cutting tools. In 
many instances, satisfactory results may be obtained using tools ordinarily used for steel, 
provided they are sharp and in good condition. Steel tools for machining aluminum may 
be cither high-carbon or high-speed types. Cemented tungsten carbide tools have been 
found indispensable, esi^ecially for machining aluminum alloys with high silicon content. 

Forging. Forgings are produced from several of the strong aluminum alloys. The 
alloys are forged hot either under a hammer or in a forging press. For the general class 
of forgings including connecting-rods, aircraft propellers, and crankcases, the alloy 25S-T 
is U8<^d because of its superior hot working characteristics. Crankcases and nose pieces 
of more intricate design for radial aircraft engines are made from filS-T since it is even 
more easily forged into the large, thin sections. For a more limited class of forgings 17S 
is also used. Forged pistons are commonly manufactured from 32S, whiidi lias a low 
coefficient of expansion, or from 18S. These alloys retain their physical properties at 
elevated temperatures better than some of the other aluminum alloys. 

Welding. Aluminum and its alloys may lie welded by the torch, arc, or electric re¬ 
sistance processes, by a technique that varies slightly from that applicable to steel. The 
equipment used in fusion welding is the same as that required for welding .,teel. In elec¬ 
tric resistance welding, however, machines of greater electrical cai>acity and slightly dif¬ 
ferent design are necessary. 

A flux is used in the fusion welding yirocesses to remove the oxide from the base metal 
and improve weld fusion. In metal arc welding this flux is most suitalily supplied as a 
heavy wating on the electrode. 

A 5 per cent silicon (95 per cent aluminum) alloy is used for metal arc electrodes and 
as a filler rod for torch welds in the strong aluminum alloys. Torch welds in common 
alloys (28 and 38) are often made using a pure aluminum filler rod, especially where a 
polished surface is desired. 

The heat of welding produces an annealing action in the common aluminum alloys and 
a complex—and somewhat deleterious—heat-treating effect in the strong alloys. For 
this reason a welded joint, cxccqit in fully annealed material, will not have mechanical 
properties equal to the unwelded material. In some cases, too, the heating has an adverse 
effect on the corrosion resistance. The metal arc will generally produce welds of greater 
strength than those made with the torch, but the process is not applicable to metal less 
than Vl6 in. thick. Heat-treating the strong alloys after wielding will improve the prop¬ 
erties of the joint. Where the joint must develop maximum efficiency, torch welding and, 
in some cases, arc welding, cannot be considered eiiual to a well-designed mechanical type 
of joint. 

Soldering. The soldering of aluminum presents a number of difficulties not met with 
in the soldering of other non-fi^rrous metals. The very tenacious oxide film on aluminum 
prevents wetting tlie metal when ordinary soldering technique is employed. Furthermore, 
many of the solders used in the past have not made corrosion-resistant joints when applied 
to aluminum. The situation has, however, lieen recently changed by develoiiment of a 
variety of solders and fluxes adai>ted to nearly all soldering requirements. By the use of 
the proper solder and the proper flux, and with a simple technique, aluminum parts can be 
joined in much the same way and for about the same type of service as solder is employed 
with other metals. 

Finishing of Aluminum. Aluminum articles may be painted, lacquered, electroplated, 
oxide-coated, sand-blasted, givem a frosted finish, given a satin finish by means of a wire 
scratch brush, or polished by suitable bufling wheels and polishing compounds. 

For painting or lacquering, all that is reejuired normally is a cleaning for grease and 
dirt by wiping the surface with mineral spirits or other solvent, though in the case of cast¬ 
ings, improved adhesion may be obtained by means of a light sand blasting. Sheet or 
extruded shapes provide exceptionally good adhesion when they are given either an 
electrolytic or chemical oxide coating; the latter type of surface preparation is important 
in painting for protection against salt-water corrosion. 

In electroplating aluminum, the surface is roughened by special etching procedures, 
which depend on the alloy being coated, and then plated with nickel. Any desired metal 
may then be plated over the nickel. For certain special applications, zinc or chromium 
may be applied directly to the aluminum surface. Zinc will electrochemically protect the 
aluminum, while chromium is of value in resisting abrasion or chemical attack by mild 
alkalies. 
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Electrolytic or anodic oxide coatings may bo obtained on aluminum by making the 
article to be finished the positive electrode in a special electrolyte. This type of coating 
forms a hard, abrasion-resistant coating of superior protective value. It is usually white 
to light gray in appearance, but on the aluminum-silicon alloys it forms a dark gray coat¬ 
ing, which is of artistic value, particularly on sand-blasted castings. 

A frosted finish is usually obtained by etching the aluminum in a hot solution of sodium 
hydroxide (usually 2-5 i)cr (sent), followed by a treatment of strong nitric acid (usually 
2 parts of concentrated acid to 1 part water). The nitric acid removes the colored film 
left on the surface by the caustic dip, but has little solvent action on the aluminum. 

26. STRUCTURAL USES OF ALUMINUM ALLOYS 

Although almost all the alloys mentioned in the pri'i-eding tallies have been used 
structurally, certain ones arc more important than otliers. These are listed below, 
together with a brief description of their uses. 

3S Alloy. is used in structural work where strength is not of primary importance or where 
welding is necessary. It is used for tank cars, storage containers, car and bus body plates, corru¬ 
gated roofing, and the like. It is generally used in the hardest temper suitable to the necessary 
shop work. 

4S Alloy. 4S, like is supplied in the anneale<l and in various eold-worked tempers. For 
any given temper, however, 4S has considerably higher tensile and yield strength than 3S. In 
the harder tempers the yield strength is comparable to that of tlie heat-treated alloys, although the 
ultimate strength is lower and the amount of forming which can be done is limited. Its uses are 
similar to those of 38 alloy. 

62S Alloy. r> 2 S combines mechanical properties comparable with those of 4S, with forming 
characteristics comparable with those of 38 alloy, and hence is developing a w'ide field of use. 
iiolled or extru led shapes of 528, however, in common with those of 38 and 48, cannot be cold 
worked sufliciently to obtain the properties of the hunler tempers, the prj>pcrtie 8 of such shapes 
usually being intermediate lietwoen those of the annealed and J /4 H terjipers. I.argely because of 
this fact, 528 is used structurally mostly in the form of sheet and plate. 

ITS Alloy. Since 178 ages naturally at room temperatures following heat treatment, it does 
not have a stable as-quenched condition. 178-T has tensile and yield strengths comparable with 
those of ordinary structural stool and is used for important strength members. When cold worked 
after heat treatment, the alloy is called 17S-UT and has higher properties as indicated in the 
foregoing tables. 

61S Alloy. 518 in the as-quenched or *' W ” condition is very workable and hence is adapteil 
to severe forming operations. 518- W is ii.sed in body framing of railw’ay ears and buses and in 
various welded constructions where 38 is not strong enough. .As pointed out clsewdiere, it can be 
artificially aged to 518- T after forming, thereby gaining additional strength. 51S-T has the same 
yield strength as 178-T, but its otlier mechanical properties are somewhat lower, as indicated in 
Table IX. 

53S. Alloy. 5,38 is very similar to 518, having slightly low’or mechanical properties, somewhat 
greater ductility, and better resistance to corrosion, especially when compared with 518-T. Its 
uses are similar to those of 518 alloy and, in a<ldition, it is widely used for window sash, railings, 
store fronts, and various other architectural trim. 

Casting Alloys. No. 12 alloy can be used structurally to about the same extent as cast iron. 
When a tight, leak-proof casting is needed. No. 43 is rcconunendefl. 

Alloys ioS-Tti, 220 T4; and 35(V-T0 are heat.-treate<l to obtain the maximum mechanical prop¬ 
erties and are used to replace malleable-iron casting.s and, in some cases, steel castings. In choos¬ 
ing between these three alloys, it is advisable to consult the foundry to determine which is best 
suited to the specific conditions. 


NICKEL AND NON-FERROUS NICKEL ALLOYS 

By Robert Worthington 

27. COMMERCIAL GRADES AND PHYSICAL PROPERTIES 

Nickel is a white nipt.'il, coTninerrially available as ingot and shot for the manufacture 
of alloys, anodes for electroplating, and in malleable mill products. The commercial 
grades of nickel produced in the United States and Canada are listed in Table I. 

Malleable Nickel is available in castings and in the u.sual mill forms: plate, sheet, and 
strip; bar, rod, and wire; forgings; tubing. The metal is ductile and lends itself to or¬ 
dinary fabricating oi>erations, as drawing, stamping, spinning, machining. The strength 
of nickel is improved by cold-working, or by forging in the low'er range of temperatures 
where the strains of working are not relieved, e.g., 1000-1200 deg fahr. Strengths rang¬ 
ing from 60,000 to 115,000 lb per sq in. are regularly furnished; spring wire carries strengths 
of 160,0(X) lb per sq in, with correspondingly low ductility. 
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Ttble I. Commercial Grades of Nickel Produced iu the United States and Canada 


Grades 

Typical Composition 

Uses 

jNi -1- Co 

Fc 

Cii 

C 

Si 

Mn 

S 


99.004 
94 00- 
95 50 
97 00- 
98.00 

0.30 

0 40 

0 40 

0 25 
0.25 

0.25 

0.10 

0.15 

0 15 

0 !0 
0.10 

0.10 

0.25 

4 25- 
5.25 
1.75 

2 25 

0 010 
0 010 

0 010 

Rolling, forging, drawing. 
Spark-plug wire, high-tem- 
iH'raturo applications,etc. 
ICleetrieal resi.stunce wire; 
s{)ark-plug wire. 

Malleable, 5% man¬ 
ganese 

Malleable, 2% man¬ 
ganese 

Anodes; rolt’d and civ’t 

99.001 







Electroplating. 







Electrolytic, cathfid's 
27 by 36 in. and 
smaller cutting.^ 
therefrom 

99.95 

0.01-0.04 

0.01-0.03 

Trace 

Trace 


Trace 

flighost-grade material for 
uiloying in steel and nun- 
ferrou.N metals in electric, 
oi>en-hearth, or crucible 
furnaC'-'s. 

Ingot (10, 25. 50 lb) 
made by rcnielting 
electrolytic cathodes 

99.55 

99.55 

0.15 

0 15 

0 06 

0 08 


0 010 

For alloying of ferrous met¬ 
als, particularly whore 
this form is mor ^ adapted 
to the process involvfid. 

Shot, made by rernelt- 
ing electrolytic ca- 
thodi^a 

0.15 

0.15 

0 Od 

0.08 


O.OiO 

Principally used for cruci¬ 
ble cliargcs iu ferrous and 
noii-fer.-ous alloys involv¬ 
ing small amounts of 
nickel. 

"F” shot and ingot 
(5 no, low luilting 
point 

92.00 

2 00 

0.25 

0 25 

5.00- 
6 00 


0.05 

Fur cuisda and ladle addi¬ 
tions of ni(!kel to gray 
iron. 


Table II. Physical Properties of Nickel 

(Typical \ ji1ucp) 


1 Jenpity, k per cu cm. 

Melting point, deg cent. 

Magnetic transformation, deg cent. 

Specific heat, mean, 20^^ C to inciting point, ;;-cal per g per deg cent. 

Coefficient of expansion, per deg cent: 

25 100'^. 

25-300^. 

25-600°. 

Thermal conductivity, mean, 0-100° g-cal per sec per s.j cm per deg cent per em.. . 

Electrical resistivity at 20“ C, ohm (mil, ft). 

Temperature coefficient of resistivity, 20-100'* C, per deg cent. 

Modulus of elasticity, lb per 8<i in. 

Modulus in torsion, lb per sq in. 


8.85 
1440 
340 
0. 134 

0.0000132 
0.0000144 
0.0000155 
0 14 
64 

0.00537 

30,000,000 

10,000,000 


Table III. Mechanical Properties of Nickel 



Hot- 

rolled; 

Forged 

(.’old-rulled and C'old-dmwn 

Cast 

Annealed 

Sheet, 

full-hard 

Strip, 

full-hard 

Rod, 

normalized 

Tubing, 
as drawn 

Teiifile strength, lb per sq in 

Yield point, lb per sq in. 

KIa.stic limit, lb per sq in .. 
Elongation, per cent (2 in.). 
Reduction in area, per cent 
Hrinell fSOO kg^ 

70-85.000 
30-40,000 
20-30,000 
40 50 
55-65 
105-125 

125-140 
15-19 
60-70 

70-85.000 
20 30,000 
17-23,000 
43-53 
65-75 
85-105 
115-130 
11-14 
55-65 
26-30.000 
80-85 

95-110,000 

90-100,000 

95-115,000 

90-105,000 

80-95,000 
70-80,000 
40-50,000 
25-35 
40-60 
215-240 
200 240 
35-45 
90-100 

100-105,000 

85-95,000 

60-70,000 

20-30,000 

2-8 

2 5 

15-20 

15-35 

30-50 

75-95 

80-100 




B'ink'll (3000 kg) 




Sliore seli‘rfwenpe 

35-40 

95-100 

35-40 

95-100 

30-35 

85-90 

Rockwell "3". 

51-59 

Endurance limit, lb per sq in. 

Izod impact ft-lb 

95-100 










Corrosion resistance accounts for the use of malleable nickel in caustic evaporators 
and in food-processing and chemical equipment; high temperature oxidation resistance 
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accounts for its use as automotive spark-plug wire and furnace equipment; appearance 
and toughness account for its use as coinage. Another important use, as elements in 
vacuum tubes, is based on several characteristics such as high melting point, fabricability, 
purity. 

Physical and Mechanical Properties. Physical and mechanical properties of nickel 
are given in Tables II and III, respectively. Table IV gives the technological properties 
of nickel. 


Table IV. Technologic Properties of Nickel 


Process 

Deg Cent 

Dt'g Fahr 


1590-1650 

2894-3002 

Forging. 

870-1260 

1598-2300 

Annealing: 

Open annoHl. 

JAox anneal . 

900- 950 

760 

1652-1742 

1400 


Nickel-clad Steel is mild steel clad on one side with 10-20 per cent nickel. The bond 
is permanent under conditions of pressure, vacuum, temperature, and deformation in 
fomiinR, The material is used for tanks, tank ears, and miscellaneous heavy plate 
construction. 


28. ALLOYS OF NICKEL AND COPPER 

Copper and Nickel in all i)roportions form solid solutions. The alloys are malleable, 
both hot and cold, throughout the entire range. As the niekel content increases, the 
alloys become stronger and tougher up to 70-S0 per (rent Ni. The alloys of the high copp(‘r 
end of the series, characterized by ndative softness and high ductility, are easily and 
cheaply fabricated. Alloys low in nickel show a characteristic; pink color, which disaj)- 
poars at 20 to 25 per etriit nickel. Alloys with about 25 per cent nickel have a white color, 
such that iu(;kei apipeans slightly yellow in eompari.soii. 

The riickel-copijer alloys are hardened and strengthened by cold work, the high- 
nickel-content alloys to a considerably greater extent than the low-nickel. The tensile 
strength of spring temper Monel metal runs around 150,000 lb per sq in., whereas 80/20 
cupro-niekel runs around 85,000 lb per sq in. Typical values of the physical and mocliani- 
cal properties of copper-ni(;kcl alloys are given in Tables V and VI, respectively. 


Table V. Physical Properties of Copper-nickel Alloys 

(Ty|ii(5al values) 


Property 


Per Cent Nickel 


20 

30 

45 

70 

Density, g per cu cm. 

8.96 

8.93 

8.90 

8.80 

Melting point, deg cent. 

1160 

1185 

1210 

1350 

Thermal expansion, per deg cent at 35® C. . . 
Thermal conductivity, g-cal per sec per sq cm 

0.0000156 

0.0000152 

0.0000149 

0.0000140 

per dog C per cm. 

0.082 

0.071 

0.055 

0.06 

Electrical resistivity, ohm (mil, ft). 

Coefficient of resistivity per deg cent, 

164 

242 

290 

268 

20-100° C. 


0.0001 

0.0000 

0.6019 

Modulus of elasticitv, lb per sq in. 

20,000,000 

26,000,000 


Table VI. Mechanical Properties of Annealed Copper-nickel Alloys 


(Typical values^ 


Nickel 
Content, 
per cent 

Tensile 
Strength, 
lb per sq in. 

Pro’rortional 

Limit, 

lb per sq in. 

Elongation 
in 2 in., 
per cent 

Reduction 
in Area, 
per cent 

Brinell 

Hardness 

No. 

2 

34,000 


50 



15 

46,000 

11,900 

47 

83 

65 

20 

48,000 

13,800 

46 

79 

72 

40 

59,000 

11,900 

44 

71 

88 

70 

75,000 

25,000 

42 

70 

120 
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Monel Metal 

Monel Metal * is a nickel-copper alloy of the following composition: Ni, 65-70 per cent; 
Cu, 26-30 per cent; Fe, to 3.0 per cent; Mn, to 1.5 per cent; Si, to 0.26 per cent; C, 
to 0.25 per cent. Spring wire sometimes carries a higher silicon (to 1.25 per cent) or man¬ 
ganese (to 2.5 per cent) content, and high-strength castings higher copper (to 34 per cent) 
and silicon (to 4 per cent) content. 

Physical and Mechanical Properties. In appearance and in physical and mechanical 
properties Monel metal closely resembles malleable nickel. It is white, malleable, and 
ductile, both hot and cold, and corrosion resistant. The physical and mechanical prop¬ 
erties of Monel metal are given in Tables VTl and VIII, respectively. The effect of tem¬ 
perature on the tensile properties of hot-rolled Monel metal is given in Table IX. 

“ K ” Monel Metal. A special grade of Monel metal, designated as “ K ” Monel 
metal, carries alx)ut 3.75 per cent aluminum. This modification is hardened and 
strengthened by heat-treatment, as well as l>y cold-working. The properties are given in 
Table X. Softening is effected by quenching in water from 1400-1500 dog fahr; hard¬ 
ening by slow furnace cooling from 1000-1100 deg fahr, with or without previous cold¬ 
working. 


Table VII. Physical Properties of Monel Metal 

(Typical vahjec) 


Density, g per cu cm. 

Melting point, deg cent. 

Magnetic transformation, deg cent. 

Specific heat, mean, 20-1270" C, g-cul per g per deg cent. 
Coefficient of expansion jjcr deg cent; 


8 80 
1350 
95 

0.128 


25-100®. 

25-300®. 

25-600®. 

Thermal conductivity, mean, 0-100° C, g-cal per sec per sq cm per deg cent per cm. . 

Electrical resistivity at 20® C, ohm (mil ft). 

Temperature coefficient of resistivity, 20-100® C p.er deg cent. 

Modulus of elasticity, lb per sq in. 

Modulus in torsion, lb per sq in. 


0.0000140 

0.0000150 

0.0000163 

0.06 

268 

0.00196 

26,000,000 

9,000,000 


Table VIII. Mechanical Property Ranges of Monel Metal 


Product 


Tensile Strength, 
lb per sq in. 


Yield Point, 
lb per sq in. 


Rod and Par: 


Cold-drawn, annealed.. . 
“ as drawn... 

Hot-rolled. 

Forged. 

Wire: 


70,000- 85,000 
85,000-125,000 
80,000- 95,000 
80,006-105,000 


25.000- 35,000 
60,000- 95,000 
40,000- 65,000 
60,006- 85,000 


Cold-drawn, annealed... 
“ No. 1 temper 

“ regular. 

“ spring. 

Plate, hot-rolled. 

bheet and Strip: 

Full-finished sheet. 

Cold-rolled, annealed . . . 
" full-hard sheet 

“ full-hard strip 

Tubing, cold-drawn: 

Annealed. 

As drawn. 

Castings.. 


70,000- 85,000 
95,000-110,000 
110,000-140,000 
140,006-175,000 
60,000- 75,000 

65,000- 80,000 
65,006- 80,000 
100 , 000 - 120,000 
100,006-125,000 

65,000- 80,000 
90,000-105,000 
65,000-100.000 


25,000- 30,000 

25,000- 35,000 
25,000- 35,000 
90,000-110,000 
90,000-115,000 

25,006- 35,000 
60,000- 75,000 
30,000- 60,000 


Proportional 
Limit, 
lb per sq in. 


20,000-30,000 


25,000-40,000 

45,000-65,000 


20,000-30,000 

20,000-30,000 


20,000-30,000 


Elonga- Reduc¬ 
tion tion 


in 2 in.. 


in Area, 


per cent 


per cent 


35-50 

15-35 

30-45 

20-40 


65-75 

50-65 

50-65 


25-35 


15-25 
5-35 


5-35 


Fabrication. Hot-Forking. Monel metal responds to all hot-working operations 
within the temperature range of 1900 to 2100 deg fahr. With care, the temperature of the 
metal may be extended to 2150 deg fahr, but it loses all malleability at about 2200 deg fahr. 
Hot forging should not be attempted between 1200 and 1600 deg fahr, and only where 


1—29 


* Trade mark of International Nickel Co., Ino. 
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Table IX. Effect of Temperature on Tensile Properties of Hot-rolled Monel Metal 


Temperature, deg 

Tensile 
Strength, 
lb per 8fj in. 

Limiting 
Creep Stress,* 
lb per sq in. 

Yield Point, 
lb per sq in. 

Elongation 
in 2 in., 
per cent 

Cent 

Fahr 

Room 

Room 

85,000 


45,000 

45 

315 

600 

80,000 


34,000 

44 

426 

800 

70,000 

45,000 

30,000 

40 

538 

1000 

55,000 

15,000 

27,000 

30 

648 

1200 

36,000 

2,500 

23,000 

18 

760 

1400 

22,000 



22 

871 

1600 

12,000 



31 

981 

1800 

7,500 



42 

1093 

2000 

5,000 



55 


* Maximum stresB that will uot cause fracture over indefinitely long period of time. 


Table X. Mechanical Property Ranges of “ K ’* Monel Metal 


Grade 

Tensile 
Strength, 
lb per sq in. 

Yield 
Point, 
lb per sq in. 

Propor¬ 
tional 
Limit, 
lb per 8<i in. 

Elongation 
in 2 in., 
per cent 

Reduction 
of Area, 
per cent 

I’>rinell 

Hardness 

C3000-kg 

load) 

Soft. 

to 120,000 

to 80,000 

to 60,000 

40+ 

50+ 

to 215 

Intermediate liardness.... 

120,000- 
160,000 

80,000- 

120,000 

60,000- 

100,000 

20+ 

25+ 

215-315 

Hard. 

160,000 
und over 

120,000 
and over 

100,000 
and over 

15+ 

20+ 

over 315 


necessary for spoeial conditions })ctwocn 1600 and 1900 dog fahr. Sulfur-froo fuel should 
Ixj used for heating furnaces, and a definitely reducing atmosphere is desirable. 

Table XI gives the tt'miicruturc ranges for hot working of Monel metal. 


Table XI. Technologic Properties of Monel Metal 


I’roeeaa 

Deg Cent 

Deg Fahr 


1540-1565 

2804-2849 

Forging ... 

1000-1175 

1832-2147 

Annealing; 

Open Hiinenl . 

925- 980 

1697-1796 

1382 

Box anneal. 

750 



Cold-worliinR. Morud metal is similar in many respects to mild steel in mechanical 
cold working, as in cupping, drawing, swaging, die forging, power hammering, btaidiiig, 
and forming. The elastic limit is higher; hence more power is retiuireti. Annealing for 
further cold work is accomplished by either box or open annealing methods. Sulfur- 
bearing atmosphere must be avoided and a reducing temperature is desirable. 

Machining. Best results are obtained with cutting tools having slightly sharper cut¬ 
ting angles than required for st-eel. Cutting tools, where possible, are ground to a 15-20 
deg rake back from the cutting edge. Self-opening die heads are necessary for successful 
thread chasing, and high-speed cutting tools are imperative. Sulfur-base oil, cut with a 
paraffin-base oil, is a better coolant than straight paraffin-base oil. For automatic tvork 
a free machining ciuality rod is available. 

Welding. Monel metal welds readily by the several electric and gas methods. In 
arc welding, a special deoxidizing flux gives the best results. The flame, in gas welding, 
must be on the reducing side, close to m'utral, and the work must be done rapidly and 
without rewelding. Fused boric acid is used as a flux. 

Soldering. Soft solders, either high or low in tin, work well with Monel metal. Lead 
fillets are used for special purposes, and brazing and silver solders for strong joints where 
special corrosive substances are being handled. 

Pickling. In commercial pickling, the oxide is first reduced by heating and cooling in a 
definitely reducing atmosphere, then the metal is submerged in a solution of 6 lb sodium 
nitrate, 3 lb sodium chloride, 1 gal concentrated sulfuric acid per 40 gal Water, held at 
180-200 deg fahr. Where reducing treatment cannot lie applied, the metal is dipped 
in a hot moderately strong solution of hydrochloric acid and scrubbed with abraaiva 

Uses. Because of its corrosion resistance and appearance, Monel metal is used fon 
sheet-metal work of kitchens, restaurants, and soda fountains; architectural trim: and 
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containers for handling acids, alkalies, salt solutions, food products, etc. Its strength 
and toughness make it useful for turbine blading, valves, marino propeller shafting, 
springs, etc. 

Other Nickel-copper Alloys 

Nickel 40-45 Per Cent. Alloys with 40-45 per cent nickel have a low temperature 
coefficient of electrical resistance, combined with relatively high resistivity (st^c Table V, 
11-72) and thus are used for rheostats and resistances oi all kinds which run at black heat. 
This alloy is used also for low-temperature heaters, bed warmers, etc. 

The therriioelectric force developed between the 40-45 per cent nickel-copper alloy 
and either iron, copper, or nickel-chromium is high, and for that reason these combinations 
are used in thermocouples for pj'romotric work. 

Cupro-nickel Tubing. C'opper-nickel alloys with 20 and 30 per cent nickel, both with 
and without zinc, are used as tubes for the more severe air impingement conditions of 
marine and stationary (•ondensors handling sea w’ater or corrosive inland waters at high 
velocity. 

Coinage. Hie alloy with 25 i>er cent nickel is used for coinage by several countries, 
a use deiiending on aiipcaninco and toughness. 

High Ductility Cupro-nickel. Coiipcr-nickel alloys with 15-20 per cent nickel will 
stand excessive cold work in dr.-iwing ai.d fornung, witliout intermediate anneals. For 
this reason these alloys are used as l)ullot enveloi'cs and deep drawdngs. 

2-4 Per Cent Nickel. Small amounts of nickel imi>rove the strength of copper in the 
elevated temperature range, and for that reason such alloys are used as heat interchanger 
tubes and particularly in locomotive work for stay rods and boiler and Hue tubes. 

29. ALLOYS OF COPPER, NICKEL, AND ZINC 

Alloys of Copper, Nickel, and Zinc are known commercially as nickel-silver or german 
silver. It is usual to designate an alloy by the nickel content, c.g., IS per cent nickel- 
silver. 

In composition, the nickel-silvers range from about 10 to 25 per cent Ni and from 
3 to 40 per cent Zn. In these rang.*8 fall the coinmon casting and cold-working composi¬ 
tions. Alloys with 10 per cent Ni or less and high Zn arc regularly extruded. In some 
cases alloys with 10 to 15 per cent Ni are extruded, at least in simpler shapes. Alloys 
with Zn less than 10 per cent can Ik* hof-worked, though not hot-extruded. 

The strength of the nicrkel-silver alloys is irnfiroved only by cold working. Thus 
spring temper sheet and strip of an 18 per cent Ni and 27 jicr cent Zn alloy carries a tensile 
strength of 100,000 Ib per sq in., and spring temper wire a tensile strength of 143,000 
lb per sq in. 

Cast aiifl wrought alloys of nickel, copper, and zinc and their properties arc given 
in Tables II, III, respectively, pp. 11-41 to 11-51. 


30. ALLOYS OF NICKEL AND CHROMIUM 

Nickel-chromium Alloys with 20 per cent or less of chromium have been used for 
years as elements in resistance heating devices, a use depending on both high resistivity 
and very good resistance to deterioration up to temperatures as high as 2100-2150 deg fahr. 
Data on these alloys are given in the section on conductor materials, pp. 11-92 to 11-101. 

Nickel and chromium alloys, particularly when carrying iron, are used very exten¬ 
sively in high-tcmpcrature service aside from eh'ctrical resistance applications, and in 
handling corrosive substances. For niekel-chroniium-iron alloys, see pp. 11-35 to 11—36. 


MAGNESIUM AND MAGNESIUM ALLOYS 

By John A. Gann 

31. PROPERTIES AND USES OF MAGNESIUM 

Magnesium is a silver-white metal and is the basis of the lightest structural alloys. 
It is produced by the electrolysis of molten anhydrous magnesium chloride. Domestic 
magnesium averages 99.94 per cent pure. Table I gives the properties of magnesium. 
A special product containing nominally 99.99 per cent magnesium is produced in small 
quantities by sublimation of the regular commercial grade. The more important uses 
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are: (1) Chemical, based on its chemical reactivity when in a finely divided form or at 
high temperatures. These uses include pyrotechnics, flares, Grignaid reaction, and 
desulfurization of nickel and nickel alloys. (2) Alloying ingredient; the addition of 
small amounts of magnesium to certain types of alloys gives marked improvement in 
physical properties, as in aluminum alloys and zinc die-casting alloys. (3) Structural 
material, as ultra-light alloys, castings, and wrought shapes. The structural stability and 
engineering proj^erties of magnesium alloys adapt them to a wide variety of service 
conditions. 

Table I. Properties of Magnesium 

Proc. A.S.T.M., Vol. 34, p. 299, 19.34 


Sample Purity,* 
per cent 


Atomic weight. 

Boiling point, deg cent 
Cryst^ form. 


^ , . f 20^ to 300° C . 

Mean coemcient of expansion i 20 ^ lo 500° C 

Density at 20” C (68° F), g per cu cm. 

Density at melting point (solid), g per cu cm. 

Density at melting i>oint (liquid), g per cu cjn. 

Electrical resistivity at 20° C: 

Microhm per cu cm. 

Ohms (mil, ft) (A.I.E.E. Standard). 

Temperature coefficient at 20° () (A.I.E.K. Standard). 

Electrical conductivity at 20° C: 

Mass, per cent rnternational Annealed Copper Standard.. 
Volume, per cent International Annealed Copper Standard. 

Freezing point, deg cent. 

Heat of vaporization, g-cal i)er g. 

Latent heat of fusion { ptu^er^^lb.... 


24.32 

1097 

Close packed, 
hexagonal 
0.0000283 
0.0000299 
1.74 
1.64 
1.57 

4.4611 

26.83 

0.0040 

197.7 

38.6 

631 

1300 to 1500 
70 
126 


Mechanical properties: 

Tensile strength, lb per sq in.. . 

Yield strength, lb per 8(i in. (set =0.2 per cent). 

Elongation in 2 in., per cent. 

Brinell hardness, 10-nim ball, 500-kg load. 

Modulus of elasticity, lb per sq in. 

Mean reflectivity, per cent for white light. 

Mean specific heat, g-oal per g per deg cent (0 100° C'). 

Thermal conductivity, egs units. 

Watts per sq cm per deg cent per cm. 

Btu per hr per 8(i ft per deg fahr per in. 


27,000 

10,000 

15 

37 

6,250,000 

73 

0.249 
0.37 
1.55 
1 102 


Commercial 

annealed 

sheet 

99.8 to 99.9 


♦Unless otherwise noted, the inagncHiuin ,uaed in the determination of many of the above 
properties* Inid a purity 99.9 to 99.99 per cent. Metal of approximately the same purity was 
probably used in the determination of the other properties, although the literature is silent on this 
point. 


32, MAGNESroM ALLOYS 


Composition, and Physical and Mechanical Properties. Present (1930) eommercial 
alloys, us Dowmctal, AM Alloys, and Hohnalitc " X,” contain between 88 and 99 pc?r cent 
Mg. Tables II and III give the nominal compositions, uses, and physical and mechanical 
properties of these alloys. 

Lightness is tlio most outstanding charaeteristic of magnesium alloys and is responsible 
for many of tlioir present u.ses. Aluminum alloys are 1 1/2 times as lieavy, cast iron and 
steel are approximately 4 times as heavy, and brass and bronze 5 times as heavy. 

Strength characteristics, as tensile properties, toughness, and fatigue endurance, 
recommend magnesium alloys for a wide variety of aiiplicatioiis. The east alloys have 
properties substantially the same as those of east aluminum alloys, when compared on 
an equal volume basis. On an ecni.al weight basis, magnesium alloys have strength 
properties equal, or superior, to those of most other metals. (See Table IV.) Strength 
decreases with rise in temperature. In general, magnesium alloys arc not recommended 
for use at temperatures alx)ve 400 deg fahr. 

Available Forms. Magnesium alloys are availalde in a wide variety of cast and wrought 
forms. Sand castings vary in weight from a few ounces to approximately 700 lb. Die 
castings can be made in sizes having projected areas up to 100 sci in. and weighing up to 
3 lb. Forgings range in size from small resonator horn disks to aircraft propellers. Sheet 
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is available in aises up to 20 ft long by 4 ft wide. Structural shapes, produced by extrusion, 
cover a complete range of sises of round, square, and hexagonal bars, angles, I-beams, 
channels, and special sections. 

Corrosion. Magnesium alloys are stable under ordinary exposure conditions, the sur¬ 
face gradually darkening with no decrease in strength. In heavy industrial areas, or in 
humid atmospheres along the seacoast, surface roughening may occur, and some protection 
may be desirable. Aqueous salt and acid solutions corrode magnesium alloys, with the 
exception of pure chromic acid, pure concentrated hydrofluoric acid, and alktvli metal 
fluorides, chromates, and bichromates. The alloys are resistant to attack by most 
alkalies and many organic chemicals, including hydrocarbons, phenols, and oils. 


Table II. Trade Designations, Analyses, and Uses of Magnesium Alloys 


Designation and Trade Names 


Composition, per cent 


A.S.T.M. 

Alloy 

No. 

IT. S. 
Army 
Desig¬ 
nation 

U. S. 
Navy 

Desif!:- 

nutiou 

Dow 

Chem 

Co.. 

Dow- 

metul 

Amer. 

Magne- 

siuin 

Corp. 

Bohn 
Alumi¬ 
num and 
Brass 
Corp., 
Bohnlito 

A1 

Mn 

Zn 

Sn 


Uses 

1 ♦ 

57-7411) 
Grade 1 

M-n2c 
Alloy 1 ^ 

A 

AM-241 

X-5 

8 0 

0 2 



91.8 

Sand castings. Heat treat¬ 
ment not required for 
general use. Heat-treated 
for highly stressed parts 
retiuiring good impact 
toughness. 



2* 

57-7411> 
Grade 2 

M-112C 
Alloy 2 

G 

AM-240 

X-2 

10.0 

0.1 



89.9 

Die castings. Heat-treated 
sand castings requiring 
high yield strength with 
nuKleraio toughness. 



3* 



B 

AM-246 

X-7 

12.0 

O.I 

0.2 



87.9 

Heat-treated sand eastings 
requiring maumum yield 
strength and hardness. 
Impact toughness rela¬ 
tively low. 





4* 


M-112(’ 
Alloy 5 

H 

AM-265 

X-8 

6 0 

3.0 


90.8 

Sand castings with im¬ 
proved salt-water corro¬ 
sion resistance. Heut- 
treated castings combine 
high yield and ultimate 
strength with good im¬ 
pact toughness. 



6t, 1. 5 


M-lllb 
Alloy 1 

F 

AM-53S 

X-l» 

4.0 

0.3 



95.7 

Forgings, sheet and plate, 
extruded shapes, bars, 
rods, and tubes. 




8t,§ 


M-126a 
(Iradt; 2 

J 

AM-57S 


6.5 

0.3 

0.75 


92,45 

Forgings and extruded 
bars, rods and shapes. 



1 _ 

9t.§ 


M-126:i 
Grade 3 


AM-58.S 


8.5 

0.2 

0.5 


90.8 

Hot-pressed forgings fw 
highly stressed parts. 
More difficult to forge 
than other alloys. 



lot 


i M-I26a 
Grade 1 


AM-6 IS 

X-Ils 


I.O 


6.0 

93.0 

FiXtruded rods and shapes. 

1 Hammer forgings for 
moderately stressed parts. 




1 

nt.5 


M-nih 
Alloy 2 

M 

AM-3S 

X-6 


1.5 



98.5 

Sheet, plate, and rod for 
moderately stressed parts 
requiring resistance to 
salt water. 



* Tentative specifications for magnesium-base alloy sand eastings (B80-36T). 

! Tentative specifications for magnesium-base alloy sheet (B90-36T). 
Tentative specifications for magnesium-base alloy forgings (B91-.36T). 
.Tentative specifications for magnesium-base alloy bars, rods, and shapes. 
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Table III. Typical Physical and Mechanical Properties of Magnesium Alloys 


Modulus of elasticity » 6,500,000, lb per sq in. 



* SC ■■ Band cant. DC “ die oaat. Ex =• extruded. F « forged. Sh = sheet, 
t 11.T. 1 »= solution heat treatment. H.T. 2 ** solution heat treatment + partial aging. 
H.T. 3 ■■ solution heat treatment + complete aging. 

1 Standard A.S.T.M. tension specimens. 

I Yield strength is defined as the stress at which the stress-deformation curve deviates 0.2 
per cent from the modulus line. 

If Obtained with 500-kg load, 10-mm ball. 

II 11. 11. Moore type rotating beam machine, 500 million cycles. 

♦♦ Properties of extruded material for round and square up to 11/2 in. 


Table IV. Comparative Mechanical Properties of Structural Material 



Specific 

Gravity 

Tensile 
Strength, 
Ib per 
sq in. 

Yield 
Strength, 
lb per 
sq in. 

Endur¬ 
ance 
Limit, 
lb per 
sq in. 

Specific 
Tensile 
Strength § 

Specific 

Y ield 
Strength § 

Specific 
Endur¬ 
ance 
Limit S 

Cast: 

Dowmetal A, H.T. 1 * 

1.80 

34,000 

12,000 

7,000 

18,900 

6,700 

3,900 

Dowmetal H, H.T.31 

i.83 

40,000 

20,000 

10.000 

21,800 

10,900 

5,500 

Aluminum alloy 
S.A.E. 30. 

2.83 

22.000 

! 14,000 

7,500 

7,800 

5,000 

2,700 

Aluminum alloy 
S.A.E. 38, Il.T.J... 

2.77 

36,000 

22,000 

6.000 

13,000 

7,900 

2,200 

Cast iron (Gray).... 

7.2 

40,000 


20,000 

5,600 


2,800 

Wrought: 

Dowmetal F. 

1.77 

40,000 

29,000 

14,000 

22,600 

16,400 

7,900 

Aluminum sheet 

1/2 hard. 

2.71 

17,000 

14,000 


6,300 

5,200 


Duralumin. 

2.79 

58,000 

35,000 

15,000 

20,800 

12,500 

5,400 

Mild steel. 

7.85 

60,000 

36,000 

35,000 

7,600 

4,600 

4,500 

C’r-Mo steel, H.T.J 

7.85 

122,000 

86.000 ! 

68,000 

15,600 

11,000 

8,700 


* H.T. 1 ■■ solution heat treatment. 

t H.T. 3 solution heat treatment + complete aging. 

1 H.T. ■» heat treated. 

9 Specific strength values are the normal strength values divided by the specific gravity. 

Protection. Paints, varnishes, laeqners, and enamels of all types can be applied to 
magnesium alloys, although many paint materials, within a class, vary considerably in 
quality and service performance. Synthetic resin varnishes and enamels are the best 
aU>round coatings, both for protection and high-grade finish. Baked finishes combine 
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speed of finish with excellent: adhesion, hardness, and toughness of film. Prior to painting, 
the metal should be cleaned free of dirt and grease, and then chrome-pickled. This con¬ 
sists of a short-time dip in a bath of 1.5 lb NaaCr-iOr and 1.5 pt concentrated HNOs per 
gallon of solution, followed by a thorough wash and rapid drying. Properly applied, 
this treatment, produces a dull, iridescent bronze finish, combining a mechanical “ tooth ” 
and chemically irihibitive film, which greatly improves the adhesion and protective value 
of the paint coating. 

Fabrication and Use 

Foundry. Sand ( astinps may be marie in dry sand lukt are normally made in green 
sand to which has been added small amounts of fluorides, sulfur, boric acid, or other 
materials which inhibit the action of water vapor on the hot metal. Shrinkage factors 
are: ^/ic hi. per ft for castings of moderate size or with unrestrained shrinkage, 6/32 in. 
per ft for large castings. Pattern e<iuipmcut designed for aluminum work usually is 
satisfactory for magnesium alloys. Heat treatment effects pronounced iiTi[)rovemont of 
the proiKjrtics of most of the alloys, and is used where service conditions are severe. 
The properties of the as-cast metal arc satisfactory for many industrial applications. 
Magnesium alloy die castings possess ail the advantages of other types of die castings, 
plus light weight. 

Machinability of magnesium alloys is superior to that of any otlier common metal. 
Both speed and dejith of cut can bo incrca.st>d. Bharpness and proiier ck.iranco of cutting 
tools are cs.scntial for best results. The alloys finish exceiitionally smooth with no ten¬ 
dency to tear or drag, (hitting compounds arc recommended in certain high-speed opera¬ 
tions, such as screw machine work. 

Hot and Cold Working. Most iilasliit defonnation ope'^ations on niagnesium alloys 
are performed between 400 and SOO d(ig fahr. At these ti'inpiuatures the alloys may be 
extruded, rolled, forged, and formed. Best results are obtained liy working at moderate 
speeds and allowing generous lx:in(l radii. The alloys work-hardeu at or near room 
ttjmperature more rapidly than many metals, and cold-working operations usually are 
limited to simple stci>s with small changers in shape or eross-seetion. 

Joining. IMagnesium alloy jiarts are joined liy riveting or welding. Aluminum-alloy 
rivets, pref(*rably containing no niikel or copper, should Ix^ used. Rivet holes should 
he Vc4 to V32 hi. larger than shank diameter. The bearing strength of magnesium alloy 
sheet is approximately 50 per cent great(‘r than its tensile strength. Clalvanii! corrosion 
in riveted assemblies is minimized by bitumastic paint or nauforced red lead between 
contacting, dissimilar metals. 

Oxyacetylene, Electric Spot, and Seam Welding are feiisi))le with magnesium alloys 
using technique similar to that used W'ith aluminum. Acelylcne welds have the strength 
of as-cast metal. A filler rod, of the .same approximate composition as the ])asc metal, 
and a flux are used. After welding, complete removal of flux is essential to prevent 
corrosion. It is removed liy washing in hot water, followed by the chrome-pickle treat¬ 
ment (see above), bilectric spot and seam welds arc niaile on machines with water- 
cooled electrodes. Welds on b's-in. sheet have a strength of approximately 1800 lb per 
spot, or 20,000 Ib per linear foot of seam. 

Uses. MagnesiuTu alloys are standard materials of construction for many airplane 
parts, including (!rankcas(;s, starting <‘(iuipment, instrument housings, and landing and 
tail wheels. Bheet, plate, and structural shapes an' used to inerease the ratio of payload 
to dead load in tnicks and trailers. Used in portaldc tools and equipment, these alloys 
reduce human fatigue, and in high-speed automotive equipment they improve operating 
efficiency. 


TUNGSTEN 

By Zay Jeffries 

33. PROPERTIES AND USES OF TUNGSTEN 

Tungsten, a metallic element, is very important, although the total amount produced 
seems insignificant as compared with some of the other metals. Because? of several 
peculiar jiropcrties, tungsten is irreplaceable for some important uses. 

Manufacture of Tungsten. Until 1904, pure tungsten had been produced only in the 
form of a powder or a non-coherent sponge. It was not used, except for alloying with other 
metals, until the invention of the tungsten incandescent lamp filament, in 1904, by Just 
and Hannaman. The filaments were of the sauirted or pressed type, prepared by 
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mixing tungsten powder with a binder, squirting the 'mixture through a die, and sub¬ 
sequently removing the binder or the greater portion of it by passing electric current 
through the filament, which also served to sinter or consolidate the tungsten into a coherent 
and fairly dense condition. Such filaments were brittle and fragile but were used in 
incandescent lamps until about 1911. In 1908, the General Electric Co. succeeded in pro¬ 
ducing ductile tungsten. Strong wrought tungsten, not ductile when cold, was also pro¬ 
duced. 

Tungsten ingots for working are pressed from dry powder and heated to a temperature 
near the melting point to consolidate. The resulting ingots are brittle when cold but 
somewhat malleable when hot. 

In swaging an ingot from about V4 in. square, the work all being done at a high tem¬ 
perature, the rod is brittle cold and malleable hot until the swaged rod is about 50 mils 
diameter. At a size near 50 mils diameter, above or below as the working temperature 
is low or high respectively, the swaged rod lx*.come8 ductile cold. 

Physical and Mechanical Properties. The properties of tungsten arc: atomic weight, 
184.0; melting point, 3382 deg cent (highest of all metals and among the elements exceeded 
only by carbon); coefficient of linear expansion, 0.000,004,44 tier deg cent at 27 deg cent 
(Worthing); electrical resistivity at 0 deg cent, 0.000,004,91 ohm-om for pure single crystal 
wire, 0.000,005,05 for ordinary polycrystallinc wire; at 20 dog cent, 0.000,005,50. Very fine 
wire as drawn may have a value a.*? high a.s 0.000,008, which is reduc(*d to about 0.000,006 or 
somewhat less by heating to a high temperature:. Tlic average t.emperature coefficient 
of resistivity between 0 and 100 deg cent is aliout 0.0047 per deg. Resistance at 2100 
deg cent is about 12 times and at 2400 deg cent about 15 times the resistance at room tem¬ 
perature. Modulus of elasticity is 40,000 kg per sq mm or about 57,000,000 lb per sq in. 
Poisson’s ratio is 0.17, independent of temperature. The thermal conductivity is 1.17 
watts per sq cm per deg cent per cm at 2000 deg cent, 1.60 at 0 deg cent, 2.32 at-190 deg 
cent, and 34.3 at -252 deg cent. It is weakly paramagnetic. The electronic work function 
is 4.54 volts. Tungsten crystallizes with a body-centered cubic space lattice, the length of a 
side of the unit cube being 3.155 Angstrom units and the nearest approach of atom centers 
2.732 Angstrom units. Fine tungsten wire is stronger than any other material known. 
The remarkable improvement in tensile strength by working is shown in Table I. 


Table I. Tensile Strength of Tungsten 


Kind of Material 

Diameter, 

mils 

Tensile 
Strength, 
lb persq in. 

Kind of Material 

Diameter, 

mils 

Tensile 
Strength, 
lb per sq in. 

Sintered tungsten ingot 

200 X 250 

18,000 

Drawm wire. 

5.78 

366,000 

Swaged rod. 

216 

50,000 

107,000 

176,000 

215,000 

264,000 

340,000 

II 11 

5.50 

378,000 

483,000 

590,000 

650,000 


125 

.. 

3.96 

.1 

80 

1. i» 

1.14 

>• 

26 

• « ti 

1.00 

Drawn wdre. 

18 

7. 23 

. 

0.50 

700,000 


Drawn tungsten can be treated to a Iiighor temxjerature than any other metal without 
removing the effects of working (strain hardening). A 25-mil drawn wire had a tensile 
strength of 101,(XK) lb per sq in. at 890 deg cent, a value not equaled by any other metal. 

Drawn tungsU'n wire has some j^oculiar iiroperties. When ductilized by the swaging 
and drawing process, it is typically ductile. That is, it can be drawn further cold, but 
it is not tyiiically malleable; it splits into many fibers when hammered on an anvil. When 
ordinary drawn metals are heatod so as to cause the strain-hardened gr.ains to rei^rystallizc, 
the ductility, largely lost Ixcause of the drawing, is restored. Ductile tungsten so treated 
becomes brittle at ordinary temperature, and to make it again ductile it must be further 
worked hot, but below the recrystallization temperature 

Corrosion. Tungsten metal in the powdered state is black when finely divided and 
gray when coarse. In air at ordinary temperatures, the coherent and dense metal slowly 
oxidizes on the surface until a thin film of oxide stops further action. It is rapidly dis¬ 
solved by fused alkali nitrates and nitrites and slowly attacked by hot aqua regia or strong 
hydrogen peroxide. 

Tungsten is scarcely attacked by hydrochloric, nitric, or sulfuric acids owing to the 
formation of a protective film or tungstic acid. It is rapidly dissolved by hydrofluoric acid 
containing nitric acid, giving a clear solution. When heated above a red heat it oxidizes 
fairly rapidly. Exposed at high temperatures to carbon monoxide or hydrocarbon gases 
two tungsten carbides (reported to be ”WC and W 2 C) form. 
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Cemented Carbides. TunRSten is the most important element in the so-called ce¬ 
mented carbides now used extensively for cutting tools, wire drawing and other dies, and 
wearing parts of machinery. The cemented tungsten carbide is made by producing very 
fine tungsten carbide powder approximating the comixisition of WC. This is mixed 
with metallic cobalt from about 3 to 20 per cent by weight according to the hardness and 
wearing properties desired, and sinten^d at a temperature far below the melting point of 
the tungsten carbide. This material has remarkable cutting and wear-resisting properties. 
It is relatively expensive as compared with the common cutting tools, and tools are 
therefore usually made by attaching a small tip of the cemented carbide to a steel shank 
by copi)er brazing. In a similar manner the drawing dies are usually made by mounting 
a relatively small piece of the cemented carbide in a steel casing. Other carbides such as 
tantalum carbide and titanium carbide have been used to add to the tungsten carbide, 
principally for the purpose of enhancing the stecl-cutting qualities. 

Uses. Wrought and ductile tungsten are now ust*d for many puriioses. Drawn wire 
has supplanted the pressed filaments for incandescent lamps. Tiing.sten is also used for 
talking-machine needles, filaments for radio and rectifier tubes, electric furnace resistors, 
and lamp filament supports. The wrought tungsten has l>eon made in rods ip) to about 
3 / 4 -in. diameter, and in sheet. Wrought tungsten is used principally f(^r x-ray targets 
and contacts for internal-combustion ignition appliances such as Delco. 

By far the gnjator part of the tungsten produced is used in making alloy steel, prin¬ 
cipally into high-speed steel, which contains about 18 per cent, tungsten, and into magnet 
steel. The use of small percentages of tungsten in some structural steels seems assured. 
Tungsten is added to steel cither in the form of tungsten jiowder or preferably as forro- 
tungsten containing at least 75 per cent tungsten. 


MOLYBDENUM 

By Zay Jeffries 


34. PROPERTIES AND USES OF MOLYBDENUM 

Molybdenum is a hard, silvery-white metallic element. Its use as a metal followed 
that of tungsten. It was prepared by squirting into small wires which were used for fila¬ 
ment supports in incandescent lamps. It is still used for this purpose but the wires are 
drawn. 

Manufacture. Wrought and drawn molybdenum wore developed liy the General 
Electric Co. about 1908. Wire is made by hot drawing, at least in the early stages of 
drawing. The ingots are preparc'd by pressing i>ow(iered raotal and consolidating below 
the melting point. These are lirittle when cold and must bo worked hot. After the hot 
working has progressed to a certain point, the rod becomes ductile cold. 

Physical and Mechanical Properties. Some of the properties of molybdenum are: 
atomic weight, 96.0; density, 10.21 g per cu cm; coefficient of linear expansion, 0.000,005,00 
per deg cent at 27 deg cent (Worthing); electrical resistivity at 0 deg cent, 0.000,005,08 
ohm-cm; at 2000 deg cent, 0.000,006,15; average temperature coefficient of resistivity 
between 0 and 100 deg cent, 0.0047; thermal conductivity is 1.43 watts per sq cm per 
deg cent per cm at 0 deg cent. It is weakly paramagnetic. The electronic work function 
is 4.41 volts. Molybdenum crystallizes with a body-centered cubic space lattice, the 
length of a side of the unit cube being 3.142 Angstrom and the nearest approach of atom 
centers 2.720 Angstrom. 

Table I gives typical mechanical properties of molybdenum wire, 25 mils diameter, 
treated in various ways. 


Table I. Mechanical Properties of Molybdenum 


Description 

Tensile 
Strength, 
lb per sq in. 

Elongation 
in 2 in., 
per cent 

Reduction 
of Area, 
per cent 

Swaged and drawn hot (1000-1300° C) from 25 to 125 mils 

148,000 

4.7 

68 

Swaged and drawn hot (black heat-800°) from 25 to 125 mils 

154,000 

5.7 

65 

Annealed to produce large grains. 

42.500 

3.15 

None 

Annealed to produce very small grain size. 

125,000 

20.0 

66 


Brittle molybdenum can l>e ductilized like tungsten by working below the recrystalliaa- 
tion temperature. Unlike tungsten, drawn wire can be recrystallized with an increase in 
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ductility if the annealing temj)erature is low, say 1050 deg cent, so as to produce a fine¬ 
grained structure. Higher annealing temperatures produce larger grains, causing a dim¬ 
inution in cold ductility. 

Corrosion. In air at ordinary temperattires, dense and coherent molybdenum, like 
tungsten, slowly oxidizes superficially, the action stopping with the formation of a protective 
film of oxide. At red heat, the oxidation proceeds rapidly with the formation and vola¬ 
tilization of molybdenum trioxide. It is attacked or dissolved by nearly all reagents 
which attack tungsten. It is soluljle in nitric acid, sulfuric acid, and hydrogen peroxide. 

Uses. Molybdenum is used mostly as an alloying clement in steel. Although it 
imparts characteristics to steel somewhat similar to those imparted by tungsten, the two 
metals are not interchangeable, volume for volume. Molybdenum has never been as suc¬ 
cessful in high-speed steel as tungsten. It is used chiefly in structural steels for automo¬ 
biles in amounts less than 1 per cent. The wrought metal is used for x-ray targets, the 
wavelength being quite suitable for the study of crystal structure. 


DIE-CASTING ALLOYS 

By J. C. Fox 

36. TYPES OF DIE-CASTING ALLOYS 

Die-casting alloys may be classified intf> six main groups: 

1. Tin-base alloys; tin, alloytul with copper, antimony, and lead. 

2. Lead-base alloys; lead, alloyed with antimony or antimony and tin. 

3. Zinc-base alloys: zinc, alloyed with aluminum, magnesium, and/or copper. 

4. Aluminum-base alloys: aluminum, alloyed with copper, nickel, silicon, iron, and 
manganese. 

6. Copper-base alloys: the brasses and bronzes, copper, alloyed with zinc, tin, lead, 
aluminum, nickel, manganese, etc. 

6 . Magnosium-baso alloys: magnesium, alloyed with aluminium, manganese and 
nickel. 

Tin-base Alloys. Table I gives the composition of typical tin-base alloys used in die 
casting. 

Alloy No. 1, of Table I, is the highest quality “babbitt” mixture corresponding io 

S.A.E. specification No. 10 Bab¬ 
bitt. It is used for main shaft 
and connecting-rod bearings in 
the automotive and aircraft in¬ 
dustries. No. 2 also is used for 
bearings and other applications 
requiring a high-class tin-base 
alloy. It fulfils S.A.E. specifica¬ 
tion No. 11. No. .3 is a special 
automotive bearing composition. 
No. 4 (S.A.E. Specification No. 12), because of the lead content, is of lower cost than the 
others. 

Although tin-base alloys are used mostly for automotive bearings, they also are used 
in parts of soda fountains, milking machines, syrup pumps, and similar apparatus where 
resistance to the action of acids, alkalies, and moisture is essential. They arc also used 
to some extent for surgical instruments, dental appliances, etc., because of their resistance 
to corrosion. 

Lead-base Alloys. The compositions of typical lead-base alloys used in die castings 
are given in Table II. 

Lead-base alloys are used where a cheap 
non-corrosive metal is required and whore 
strength, hardness, and other mechanical 
properties arc unimportant. Parts which 
must resist strong mineral aeids as in the 
chemical industry are made of lead-base die 
alloys. X-ray apparatus parts are made of 
load-base alloys, because of the opacity of 
load to the x-rays. The high density or unit 
weight of lead is another factor in its use. 

Zinc-base Alloys. The zinc-base die-casting alloys in most common use today are 


Table 11. Typical Lead-base Die-casting 
Alloys 


Alloy No. 

Antimony, 
per cent 

Tin, 

per cent 

Lead, 
per cent 

5 

5 


95 

6 

10 


90 

7 

17 


83 

8 

15 

*5 

80 


Table I. Typical Tin-base Die-castmg Alloys 


Alloy No. 

Copper, 
per cent 

A ntiinony, 
per cent 

Lead, 
per cent 

Tin, 

per cent 

1 

4.50 

4.50 


90.0 

2 

6.0 

8.0 


86.0 

3 

7.75 

7.75 

1.75' 

82.75 

4 

3,0 

10 50 

25 0 

61.50 
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those conforming to the A.S.T.M. Tentative Standard B86-34T and the S.A.E. Standards 
921 and 903.* Chemical composition limits for those alloys are given in Table III. 


Table III. Composition of Zinc>base Die-casting Alloys 


(’oTiiposition 

A.S.T.M, Alloy XXI 
S.A.E. Alloy 921 

A.S.T.M. Alloy XXIII 
S.A.E. Alloy 903 

C opper, per cent. 

Aluminum, per cent. 

Magnesium, per cent. 

2.50- 3.50 

3.50- 4.30 
0 .02-0.10 

0. too 

0.007 

0.005 

0.005 

Remainder 

0.10 max. 
3.50-4.30 
0.03-0.08 

0 . 100 

0 007 

0.005 

0.005 

Remainder 

Iron (max.), per cent. 

Lead (max.), per cent. 

Cadmium (max), per cent . 

Tin, per cent.. 



The percentages of lead, tin, and cadmium given in this table should not be exceeded 
if stability of properties, dinuMisions, and corrosion rosistance arc to be expected. This 
makes necessary the use of tlie highest purity metals: zinc of the 99.99-1- j^er cent purity 
grade; electrolytic copper; 99-f- per cent aluminum; 99.9-f per cent magnesium. Pre¬ 
caution must also ho taken to insure against contamination with injurious metals in the 
melting and casting operations. 

The A.S.T.M. and S.A.E. Standard.s call for the minima of physical properties of die- 
castings of these alloys, as given in Table IV. 


Table IV. Minimum Physical Properties of Zinc-base Die-casting Alloys 


Property 

Alloy XXI 

Alloy XXIII 

Tensile strength, lb per sq in. 

44,000 

6.0 

35,000 

Charpv impact, ft-lb. 

12 

Elongation in 2 in., per cent. 

2.0 

3 


Average physical and mechanicai properties of tliese two alloys, as determined from 
die-cast tost bars, made in accordance w’ith the A.S.T.M. specifications, are given in 
Table V. Though the A.S.T.M. Alloy XXI possesses higher tensile strength and hard¬ 
ness than the Alloy XXIII, the latter alloy, because of its greater dimensional stability, 
and higher imjiact strength which remains unchanged even under the severest conditions 
of use, is usually favored for applications rc(iuiring strict maintenance of properties and 
dimensions. 

Table V. Physical and Mechanical Properties of Zinc-base Die-casting Alloys 


I’rojierty 


Alloy XXIII 


Density, g per cu cm. 

Melting point, deg fahr. 

Specific heat, g-cal per g per deg cent. 

Thermal conductivity, g-cal per sec per sq cm per deg cent per cm. . 

Thermal exoansion per deg cent. 

Electrical conductivity, mho-cm at 25 deg cent. 

Tensile strength, lb per s<i in. . 

Elongation in 2 in., per cent. 

Compressive strength, lb per sq in... 

Shearing strength, lb per sq in. 

Tran.sverse deflection, in. 

Brinell hardness number. 

^arpy impact strength, f t-lb X Va** bar). 


6.7 

6.64 

734® 

728® 

0 . 10 

0 . 10 

0.25 

0.27 

27.7 X 10- 

27.4 X 10-« 

144,000 

155,000 

48,000 

40,000 

5 

5 

93,000 

60,000 

45,800 

31,000 

0.22 

0.27 

83 

74 

19 

20 


Pressure die-castings made from these alloys have high strength, high ductility, resist¬ 
ance to impact, and good corrosion resistance, and they are easily machined. Practically 
every type of commercial finish may be satisfactorily applied. Zinc-base die-castings are 
widely used for automotive parts, household and office appliances, and miscellaneous 
objects such as toys, novelties, and ornaments. 

Aluminum-base Alloys, see p. 11-60. 

Copper-base Alloys. Until recently (1932), commercial die-casting practice was lim¬ 
ited to the casting of alloys of comparatively low melting points. Progress developed 

* These alloys also conform to the “Zamak” series of the New Jersey Zinc Co. (U. S. Patents 
1596761, 1779625, 1852441.) 
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along the line of higher melting points. Tin and lead alloys of casting temperatures up 
to 660 deg fahr were first used, followed by zinc-base alloys with casting temperatures 
up to 800 deg fahr, in turn followed by aluminum-base alloys with casting temperatures up 
to 1300 deg fahr. Difficulties in the manufacture of die castings multiply rapidly with 
the rise in the melting points of the alloys. The life of the die decreases with ascending 
casting temperatures. The Doehler Die Casting Co. perfected (1931) a process for the 
pressure die casting of copper-base alloys. Typical die-casting alloys of this group are 
given in Table VI. Mechanical properties of these alloys are given in Table VII. 


Table VI. Nominal Composition of Copper-base Die-casting Alloys 


Composition 

Alloy 1 

Alloy 2 

Alloy 3 


57.0-59.0 

40.0-42.0 

0.5-1.50 

63.0-66.0 

32.0-34.0 

80.0-81.5 

13.5-15.0 


Tin, per ennt, ... 

Silicon, per cent. 

0.75-1.25 

4.0-5.0 

Lead, per cent. 


Nickel, per cent. 




'Mfl.nflrn.nf.HA. T»r»r /'.ATif. . 






Table VII. Mechanical Properties of Copper-base Die-casting Alloys 


Property 

Alloy 1 

Alloy 2 

Alloy 3 


55,000-65,000 

35,000-40,000 

15-20 

120-130 

65,000-75,000 

35,000-40,000 

15-20 

110 -l?0 

85,000-95,000 

65.000-70,000 

10-15 

160- 180 

Yield point, lb per sq in. 

Eilongation in 2 in., per cent. 

Brinell hardness. 


Magnesium Base Alloy (see also p. 11-70). Although at present only a few magnesium- 
base alloy die-castings are being produced, it is interesting to note that a subcommittee 
of committee B-6~A.S.T.M. is functioning on this type of alloy. This committee has 
prepared tentative specifications (A.S.T.M. Tentative Standard B94-30T) covering 


“Alloy 12“ as follows: 

Aluminum, per cent . 10.0 ±1.0 

Silicon, per cent. 0.5 ± 0.5 

Manganese, min. per cent . 0.10 

Copper, max. per <’ent . 0.05 

Nickel, max. per cent. 0.03 

Magnesium, per cent.Remainder 


BEARING METALS 

By Christopher H. Bierbaum 

36. PROPERTIES AND USES OF BEARING METALS 

Bearing Metals are alloys composed of two or more metals in proportions in which 
they do not enter into a solid solution. They consist of relatively hard and soft microscopic 
particles or crystals intimately mixed. The function of the hard particles or bearing crys¬ 
tals is to support the load and resist the wear at times when actual metallic contact exists 
between the bt'aring surfaces. The softer particles, in a measure, owing to their plasticity, 
allow the harder particles to adjust themselves to the surface requirements of the journal. 
The softer particles also wear down lower than the harder particles and thus form slight 
depressions on the apparently smooth btiaring surface. These depressions retain some 
of the lubricant and thereby effect a residuary lubrication, sufficient to prevent scoring 
or cutting during metallic contact. The property of a metal to retain lubrication upon a 
“ run-in “ bearing surface characterizes it as a bearing metal, and its capacity for doing 
so largely determines its value as such. A bearing metal, therefore, may be defined as 
an alloy that is capable of retaining a lubricant upon a bearing surface. Heretofore a 
run-in bearing surface could be produced only under service conditions, wherein it was 
necessary that all the disturlied metal on the surface, incident to tooling, should first 
be worn off; this was tedious and often caused bearing surface inaccuracies before a 
run-in condition was obtained. Recently (1928), however, a high state of perfection of 
diamond tooling has enabled the production of bearing surfaces that approach insensibly 
doae to those run-in in service. 
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This effects a twofold economy: it reduces the time for fitting and running-in; and it 
enormously prolongs the life of bearings. Nevertheless, journal and bearing should 
mutually polish each other. Bearing and journal therefore should bear some relation 
to each other, e.g., their hardest particles, for best results, should be of the same order 
of hardness. Those requirements would not be imperative, "were the journal to possess 
infinite hardness and the cylindrical surface to be ideally true. A highly accurate, ground 
and polished journal surface of chromium plate, nitrided nitralloy steel, or hardened tooled 
steel closely approaches this ideal state. The mating memlx^r, nevertheless, should have 
the microstructure of a l.>eariiig metal. 

It is essential that, with two surfaces liearing together, one, say the journal, should 
have the highest possible microscopic homogeneity, and the other a heterogeneity corre¬ 
sponding to that of a bearing metal. 

Babbitt Metals. The alloys in Table I are from A.R.T.M., 193.3 Standards, Part 1, 
p, 84.5. These alloys cover the field very completely and can be recommended for the 
uses outlined below: 

No. 1 is suited for crankpin service in steam and internal-combustion engines. It 
should be well confined in its backing or be used as a thin layer sweated onto bronze or 
sU'ol. It is the least likely to crack and the most plastic of the tin-base alloys. 

No. 2 is suited for substantially the same service as No. 1. It has, however, a higher 
biMiring value, and is less likely to pound out. Like No. 1, it is especially suited for 
sweating on, owing to its high tin content. 

No. 3 is the hardest babbitt and has the highest luMiring value. When iUlowod to cool 
and solidify very slowly, it develops the SuCu 4 crystal, which is the hardest copper-tin 
constituent; it should therefore never be mated w’ith the softest steels. It is ideal for the 
highest service requirements when well seated and not subjected to loose pounding. 

No. 4 alloy has excellent bearing value for engine main l>earings and general machinery, 
machine tools, and the like. It will witlistand 8(^vero punishment and give general satis¬ 
faction. It is the most economical tin-base babbitt. 

Nos. 5 and 6’ are intermediate alloys, neither tin nor lead base. They are alloys in 
which the soft matrix contains the tin-lead eutectic, for which reason they btjcome mushy 
at a relatively low temperature. They are not to bo recommended for either service or 
economy, as compared with Nos. 4 and 7. 

No. 7 is the most economical of the lead-base alloys. Its entire tin content is combined 
with antimony, giving a high percentage of bearing crystal; for that reason it is very ser- 
viceaVjle. It is even suitable for use in many places whore the high-tin babbitts are now 
specified. 

Nos. 8, 9, and 10 are all lead-base babbitts belonging to the same general class. Their 
liciaring value decreases with a decrease of tin content. They are serviceable with relatively 
light loads; with good workmanshii) they stand high speeds and are suitable for mating 
with the softer steels. 

Nos. 11 and 12 are antimonial lead alloys and constitute the cheapest grade of babliiti. 
They should be used for the lightest s(*rvice only, such as lino shafting and less important 
bearings; they arc suited to mate with the softest steels. 

Bronze Alloys. Up to the present time (193G) a vast number of bronze bearing for¬ 
mulas have been evolved, many of them even of doubtful value. The whole range of 
engineering work, however, can be covered satisfactorily by a comparatively small number 
of alloys. Those given in Table II are an approved list, from which the engineer can 
select a bearing for any and all requirements encountered in practice. Tins table is the 
result of selections and rejections of bearing formulas, during a period of more than 39 
years, in an effort to reduce this entire field of alloys to an efficient minimum number. 

The phosphonis content of a bronze, lie it a trace or an amount not in excess of 0.25 
per cent, has no appreciable effect, cither upon the physical properties or bearing value 
of the resulting bronze; it is important, however, that deoxidation with phosphorus be 
effected. Hence, deoxidation with phosphorus should be specified and a trace of it 
required in the resulting alloy. 

Considerable work and research have lieen done on casting bearing bronzes centrifu- 
gally; so far, however (1936), there is no proved advantage either as to physical properties 
or bearing value of any centrifugal!y cast material. The advantages claimed are entirely 
due to the chill effect incident to the process, and the question is one of economic produc¬ 
tion. Chilling, however, can lx>st bo controlled in stationary molds. 

The importance of high-class workmanship cannot be overestimated, especially with 
the harder bearing metals and their harder mating journals. Grinding or lapping is ideal 
for the production of accurate surfaces, but, owing to the microconstituents of bearing 
metals, great care should be taken not to leave grinding particles embedded in the softer 
constituents of the bearing surface. 
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Two distinct tendencies during the last 15 years (1935), for the improvement of bearing 
eer\'ice, apply to both bearing alloys and their steel journals: a large number of the more 
suitable alloys are now being produced, not only as sand cast, but also in a preferred chill 
cast condition; and there is a very general tendency to increase the hardness of journals 


Table 11. Composition and Properties of Bronze Bearing Alloys 


Properties 

T-l • 

T-l t 

T-2* 

T-2t 

T-3* 

T-3t 

T-4* 

T-4t 

T-5* 

(’oraposition: 










Percentage of copper. 

88,75 

88.75 

87.50 

87.50 

85.0 

85 0 

84.0 

84.0 

84.00 

“ aluminum. 










“ tin. 

11.00 

11.00 

11.09 

I'.OO 

10.00 

io 00 

10 00 

10 00 

i 6 00 

“ lead. 

0.25 

0.25 

1 50 

1.50 

5 0 

5.0 

2.5 

2 5 


“ nickel. 







3 5 

3.5 


“ phosphorus. 


X 

t 

t 

t 

t 

t 

t 

t 

Tcasilc properties: 










Ultimate strength, thousands of i)ound; 

30-40 

33-40 

32-43 

33-36 

29-34 

31-36 

40 49 

4(M8 

23-32 

Yield point. 

20-23 

25-27 

20-22 

21-25 

19-22 

21-22 

25-28 

25-28 

19-27 


11-16 


11-15 


15 16 

1 6-9 

18 21 


13-19 


i 5-10 

4-8 

5 15 

4-8 

5-12 

i 

7-20 

8-14 

1-2 


i 5-10 


5-15 


4-10 


7-20 


0 . 8 - 1.2 

Compression load, thousands of pounds 








1 


to produce compression of 0.001 in. . 

15-17 

22 

15-17 

17 19 

13-14 

16 

20-24 

24 

18-25 

O.I in . 

53-54 

72 

44-51 

60 67 

40 48 

! 50 

58-64 

1 66 


0.15-0.17 in.. 


too 








0.1 - 0.2 in. 




100 


.... 

lOi) 

100 

too 

0.22-0 25 in 

too 




100 

100 




0.23-0.28 in. 



100 







0 27-0 30 in 










0.3 -0.33 in. 










Brinell hardness No. 

63-77 

75-90 

45-54 

70-80 

50-61 

65-74 

80-93 

83-93 

83 93 

Sp«'cific gra\nty. 

8.5 


8.8 


8.7 


8.8 


8.6 

Weight, Ih pHT cu in ... . 

0.307 


0.316 


0 314 

.1 

0.318 


0 310 

Patternmaker’a shrinkage, in. per ft_ 

3/16 

1/8 

•Vl6 

1/8 

3/16 

1/8 

3/16 

1/8 

l/K 

I'jleetrical conductivity. 

10.1 1 


10.2 


11.3 


9.6 


7 3 

Impact test Clzod). 

3-7 


8-6 


4-7 


2-4 


1-1.3 

Endurance ([.andvraf Turner). 

48-584 


32-142 


40 690 


14-42 


0 

Modulus of elasticity X 10 "®.. 

124 


124 


108 


125 


97 


Properti<’S 

T 6 ♦ 

T-7’ 

T-7t 

T- 8 * 

'r-81 

’1-9 * 

’r -10 • 

T-l 1 ♦ 

Composition: 









Percentage of eopr)er. 

80.0 

80.0 

80.0 

78 0 

73 0 

70 09 

70.0 

10.0 









4.0 

" tin . 

20 00 

10 0 

10 0 

8.0 

8 0 

9 0 

4 0 




10 0 

10 0 

14.0 

14.0 

21.0 

26.0 










. 

" phosplioru.s. 

X 

X 

+ 

X 

X 

X 


Zn86.0 

Tensile properties: 









Ultimate strength, thousands of iKninds 

26-33 

25-30 

30 35 

27 ^2 

29-34 

27 29 

18-23 

32-36 

Yield point, “ 

18-21 

18-20 

20-22 

16-18 

18-20 

17-19 

12-16 

32-36 


17-18 

9-11 


6 13 




32-36 

Elongation in 2 in., per cent. 

0 3 

6-8 

2 6 

12-15 

10-15 

14-17 

12-20 

0 


0.4 

5-7 


11-15 




0 

Compression load, thousands of pounds 








to produce compression of 0.001 in.. 

24-28 

13-15 

18 20 

13-15 

17-18 

12 

8 

25 

0.1 in . 1 

100 

45-47 

50-54 

33-48 

46-55 



75 

0.15-0 17 in .. i 





I 

50 



0.1 - 0.2 in . 





. 

. 



0.22-0.25 in . 



100 


ioo 




0.23-0 28 in 

. 

1 

100 







0.27-0.30 in . 







50 


0.3- 0.33 in . 

. 

1 



too 





Brinell hardness No. 

130-143 

46-50 

65-73 

43-54 

61-65 

59-63 

4M5 

114-119 

»Sp<x:ific gravity. 

8.7 

8 9 


9 4 


9.5 

9.7 1 

6.9 

Weight, Ih pfir rii in . 

0.314 

0.322 


0.3.39 


0 346 

0.376 

0.250 

Patternmaker’s shrinkage, in. per ft — 

1/8 

'Vl 6 

1/8 

•Vl 6 

1/8 

3/16 

3/16 

Vs 

Electrical condiirfivit.y . 

6.7 

9 2 i 


112 




25.7 

Impact test (Izod). 


2-4 * 


4-5 





Endurance (Landgraf Turner). 

. 

24-116 


30-306 





Modulus of elasticity X 10”*. 


85 


83 






♦ Sand cast f Chill cast- 


X Deoxidized with phosphorus. 
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and shafts. Both conditions have aided materially in improving serviceability of bear¬ 
ings. It therefore has become a more exacting engineering problem to specify the most 
efficient combinations of bearings and journals. For this reason rather full comments are 
made on the following list of bronzes and their application. 

Furthermore, the mere selection of the proper alloy for any particular service does not 
insure that the bearing will be satisfactory. Many factors, including design, quality of 
workmanship, accuracy of fitting, clearance, oil grooving, etc., still enter the problem. 

Alloy T-1 is a high-quality, worm gear bronze. As such it may be designated an inter¬ 
national standard. It should not be used with very soft or low-carbon steel. In the sand- 
cast condition it is specified as: S.A.E., 65; A.S.T.M., B22~21 —grade D; A.R.E.A., 
grade D. Chill casting increases its physical properties. In this condition it has the 
widest application for motor car, truck, and bus worm gear drives. It also is widely applied 
in worm gear speed reducers. For best service it should mate with hardened steel, accur¬ 
ately finished and well polished. 

Alloy T-2 is a high-grade gear bronze. Its lead content does not detract from its 
physical properties, yet is sufficient to permit tooling to be done with greater accuracy than 
on T-1. It is suitable for elevator worm gear, worm gear speed reducers, spur gears mesh¬ 
ing with small steel pinions, where quiet running and the wearing quality of a bronze is 
essential, feed nuts for working tools, and like service. When sand cast it is specified as 
S.A.E.. 63. Chill casting increasiis its physical properties, making it an exceptionally high- 
grade bearing bronze for very high speeds, as in steam turbine worm wheels. With fair 
workmanship, at lower speeds it will support relatively heavy loads. 

AUoy T-S, an intermediate bronze between T-1 and T-7, is a favorite composition for 
machine tool bearings. It is well adapted for worm gears where the softer steels are used, 
and also is suitable for steel mill bronze inserts and segmental bearing sections, feed nuts, 
bushings, and general machinery liearings. Its lead content permits easy and accurate 
tooling. Chill casting increases the physical properties, cspcjcially compressive strength, 
making it more serviceable for use with heavier loads. 

Alloy T-4 is a new nickel-phosphor-bronze. It has the lowest coefficient of thermal 
expansion of all the copper-tin bearing and phosphor bronzes. It is suitable for heavy 
punishment when the bearing surface of its mating member is either hardened steel, ni- 
trided nitralloy, or chromium plated, accurately finished and polished, and is also suitable 
for valve stem guides for internal-combustion engines. The lead content gives it an accur¬ 
ate tooling quality. Chill casting increases its density and refines the grain. It then has 
wide application for the highest requirements of worm wheel service and speed reducers, 
both in the largest and smallest 8iz(*s. It is favored for small worm wheels in portable 
tools. For hard bronzes in Diesel engines and like service, if combined with corresponding 
workmanship and mating material, it is unsurpassed. 

Alloy T~5 is especially adapted to service requiring high compressive strength. It is 
suitable for low-speed and hcavy-pressurc journals, not exceeding 1500 lb per sq in. It is 
well adapted for thrust bearings, thrust w'ashcrs, and step Ixiarings, pivot bearings, dies, 
and trunnions, and is suitable for bascule' and lift bridges. With light loads and accurate 
workmanship it will support an excAKxlingly high speed. It is specified as: A.S.T.M., 
B22-21, grade B; and A.R.E.A., grade B. 

Alloy T-6 is adapted to very heavy duty on thrust and pivot bearings for lift and 
swing bridges and the like, with very liigh pressures and comparatively low' speeds. For 
tills purpose it is second only to Alloy Til. It should be used only against hardened- 
steel surfaces. Accurately fitted, it will withstand bearing pressures in excess of 1500 lb 
per sq in. It is specified as: Federal Specification Board, Q-Q-B-691, composition 10; 
U. S. Navy, 46-B22, grade 4; IJ. S. Army Ordnance Dept., 57-702, grade 10; A.S.T.M., 
B22-21, grade A; A.R.E.A., grade A. 

Alloy T~7 is a leaded phosphor-bronze, an old standard for general machine construc¬ 
tion, suitable for crosshcad and crankpin l)earings and for general machinery, lathes, 
grinders, etc., for relatively high spi^ods and journals, not heat-treated. When sand cast, 
it is specified as: U. S. Navy, 46-B22, grade 2; U. S. Army Ordnance Dept., 57-70B, 
grade 8; S.A.E., 64. Chill casting increases its physical properties materially, causing a 
finer and more perfect distribution of the lead with a general refinement of grain, making a 
superior bearing metal for severe punishment. 

Alloy T~8 is a relatively high-lead bronze suitable for brass and copper rolling mill neck 
bearings and bushings, where the spindles are of soft steel and the speed relatively high. 
In general, it is adapted for the intermediate or softer grades of steel journals, with inter¬ 
mediate or light pressures and relatively high speeds. It is substantially the famous 
Penn. R. R. alloy known as Ex. B metal. When sand cast it is specified as: U. S. Navy, 
46-B22, tirade 1; U. S. Army Ordnance Dept., 57-70B, grade 7; S.A.E., 67. Chill casting 
increases its physical properties materially, owring to the finer distribution of the lead and a 
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general pain refinement, with the result that in the chilled condition this alloy is capable 
of resisting greater punishment with higher bearing and wearing qualities. 

Alloy T-9 is a relatively high-lead bronze. It is serviceable for bearings where the 
dangp of melting babbitts exists. It fills a field where the harder babbitts are otherwise 
especially serviceable. On account of its lead content and resulting plasticity, it is service¬ 
able with poor workmanship and a soft steel mating member, in that the copper-tin crystal 
is hard enough to produce a mutual polishing effect between the bearing and its journal. 

Alloy T-10 is a very liigh-lead alloy, representing the probable limit of usefulness of 
high lead content. Its composition and serviceability are substantially those of the old 
plastic bronzes. It is suitable for poor workmanship, and competes with the intermediate 
and cheaper grades of babbitt, having the advantage of not melting out when heating. 

Alloy T~11 , Lumen bronze, is a unique hard zinc-bnso alloy. Its capacity for holding an 
oil film after it has once been established is uncqiialed by any other alloy. It is hard 
and unyielding, and therefore requires care in fitting. It is especially serviceable for use 
where high compressive strength is required, and has an enviable record for all kinds of 
bridge bearings, for pivots, thrust collars, bascule trunnion bushings, and Ix'arings in 
draw, swing, and lift bridges. It is suitable for turntable pivots, cold nock rolling mill 
table bearings, crane bearings, etc. In electrical and in general machine tool service 
it has phenomenally long life, and is well suited for fracfional-horsepower motors. It 
must not be subjected to excessive pounding and impact. 

Thermal Expansion of Bearing Bronzes. Table III gives the linear coeTicicnt of ther¬ 
mal expansion for the bearing bronzes. It supplies exact data for computing expansions 
and clearance of bearings at different temperatures. The expansion of these alloys is 
rather irregular, and therefore, it is necessary that these data be given in each case for 
several temperature intervals. 


Table III. Linear Coefficient of Thermal Expansion of Bearing Bronzes 

(In. per in. per deg fahr) 

Made on Sand-caat SpeciiaenB 


Alloy No. 

between 70 dog fahr and 

200 deg fahr 

300 deg fahr 

400 deg fahr 

500 deg fahr 

600 deg fahr 

T- 1 

0.000 009 63 

0.000 009 74 

0.000 010 02 i 

0.000 010 31 

0.000 010 58 

T- 2 

. 000 009 67 

. 000 009 89 

.000 010 13 

.000 010 40 

.000 010 61 

T- 3 

. 000 009 83 

. 000 009 98 

.000 010 25 

.000 010 48 

.000 010 67 

T~ 4 

.000 009 48 

. 000 009 69 

. 000 009 87 

.000 010 15 

.000 010 44 

T- 5 

.000 009 79 

.000 009 98 

.000 010 18 

.000 010 46 

.000 010 72 

T - 6 

.000 010 08 

.000 010 14 

.000 010 37 

.000 010 61 

.000 011 02 

T- 7 

.000 009 92 

.000 010 04 

.000 010 23 

.000 010 40 

.000 010 69 

T - 8 

.000 010 13 

.000 010 21 

.000 010 33 

.000 010 54 

.000 010 67 

T-l 1 

.000 014 17 

.000 015 30 

. 




WELDING, BRAZING, AND SOLDERING MATERIALS 

By Bradley Stoughton and D. F. Miner 

37. METAL JOINING 

Joining Metallic Bodies. If two metals are brought into such close contact that there 
is actual union of the interatomic bonds, they will be completely joined. Thus, if two 
pieces of a very soft metal like lead or gold be pressed together for a considerable period 
of time at atmospheric temperature, mutual diffusion will produce a firm bond between 
the space lattices. In the case of iron, however, the pieces of metal must be heated to 
a point where they are very soft (actually near the melting point) and forced together, 
care being taken that no oxide of iron intervenes in the joint. The process of welding 
wrought iron is very old, but has now been much improved by electric methods of heating. 
Another means of accomplishing the same result is to bring melted metal in contact with 
the pieces to be joined. The processes of soldering, brazing, and “ burning on ” are 
examples of this method. 
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Pressure Processes 

Hammer Welding is the original and old-fashioned method, slow in operation and low 
in efficiency.* 

Electric Welding without Full Fusion. This includes butt (or “ flash”), spot, seam, and 
percussive welding. All these are rapid and high in efficiency.* 

Pressure after Heating by the **Thermit” Reaction. This is also high in efficiency.* 

Fusion Processes 

In all fusion processes, the structure of the deposited metal has the characteristics of 
cast metal which has not been worked. Its properties will depend on what metal (or 
alloy) is deposited. It may be strong, or it may \ye ductile, but it never can be both as 
strong and as ductile as the same metal after rolling or forging. 

Soldering. Deposited metal has very low melting point and very low strength. 

Brazing or Bronzing. Deposited metal has low melting point and low strength. 

Fusion of “ Welding Rod ” by Burning Gas. (a) Oxy-hydrogen gas, or else city gas 
with oxygen. These gases serve for welding with lead, brass, bronze, etc., but do not 
give high enough temperature for fusing steel welding rods and others of high melting 
point. Usually the welding-rod alloys which have high melting pf)iiit8 have also higher 
strength, (h) Oxy-acetylenc gas. Gives temperatures up to 3500 deg cent. 

Fusion of Welding Rod by Electric Arc. (c) ‘‘ Carbon arc,” i.e., using a carbon elec¬ 
trode for the arc. {d) ” Metal arc,*' i.e., using the welding rod itself as an electrode. 
(e) ‘‘ Shielded arc.” The electric arc is surrounded with a gas which keeps the deposited 
as well as the heated metal from Ix'coming oxidized. 

Fusion by Combination of Gas and Electric Arcs. (/) Atomic hydrogen arc welding. 
Especially valuable for small-sized work; easy to operate; oxidation of metals is avoided; 
gives higher temperature than the ordinary electric arc. 

Fusion by the Thermit ” Reaction. This process is especially adapted to very large 
welds, and to repair w'ork in i)lace, such as welding stern posts of ships and side frames on 
locomotives without dismantling the broken machine. 

General Discussion of Joining 

A joint may be made which is 100 per cent as strong as the parent metal, but two very 
important (jonsiderations must here be noted: 

1. If the metal is heated to get it plastic, its properties may l)e injured by the high 
temperature necessary, because all metals are injured within certain ranges which are 
peculiar to the metals concerned. 

2. When metals freeze and cool slowly, they assume a coarse grain size wdiich gives 
less strength and Ics.s ductility than the same metal with smaller grain size. 

Expertness in welding takes into account these two circumstances, and also two more: 

3. The molten j)ool must be free from oxide, dirt, gases, and other foreign matter. 

4. In planning the operation, provision must be made for taking care of the expansion 
and contraction stresses which are set up in the structure. 

38. ARC WELDING ELECTRODE MATERIALS 

Bare Wire Electrodes. 

Representative Composition of Wire 

C Mn S Si P 

max max max max max 

O.IS 0.60 0.04 0.04 0.04 

So-called bare wire usually has a residual coating of iron oxide (sulcoat) resulting 
from acid left from the pickling operation and a thin coating of lime applied after pickling. 
These materials are purposely applied, and they serve to stabilize the arc. 

Weld metal deposited with bare w'ires has the following average properties: 

Ultimate tensile strength. 50,000-60,000 lb per sq in. 

Elongation in 2 in. (weld metal test piece) .... 5-10 per cent 

Free l)end elongation. 15 per cent 

Density. 7.60-7.65 g per cu cm 

The usual sizes of wire cover the range. '/8 in. to in. 


♦ By efficiency is meant the strength, as well as the ductility, of the joint, as compared to the 
same two properties of the pieces welded. 
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Coated Wire Electrodes. Where easier manipulation, ])etter arc stability, and better 
control of melting rate are desired, lightly coated electrodes are widely used. These 
coatings, approximately 0.002 to 0.005 in. thick, applied by dipping, dusting, or wiping, 
usually consist of metal oxides and carbonates. The physical properties of the deposited 
metal are jiractically the same as for bare electrodes. 

Covered Wire Electrodes. Heavy coatings (10 to 25 per cent of wire diameter) are 
applied by extrusion or other methods to electrodes to lie used where better physical 
properties of the vreld are desired. These co.atings improve the strength, ductility, 
density, and resistance to corrosion by excluding oxygen and nitrogen from the arc stream 
and pool of molten metal. They also serve to maintain the composition of the metal, 
replacing elements lost in melting of the wire. The resistance to corrosion of metal 
thus deposited is often greater than the structural plate on which it is used, whereas bare 
electrode metal rusts very easily. 

Heavy coatings fall into two classes: (a) iiiorgauic coatings which contain primarily 
metal oxides and silicates, and (h) organic coatings which contain as high as 30 per cent 
carbohydrates, the remainder lieing inorganic, slag-forming constituents. Some successful 
(roatings are combinations of the two types. The (luality of a weld depends as much on 
the skill of the welder as upon the particular brand of covered electrode lu- uses. Weld 
wire deposited with covered wire electrodes has the following average properties; 


Ultimate tensile strength.00,000 Tfi.OOO lb per sq in. 

Elongation in 2 in. (weld metal test piec'o). 2!S Hry per cen+ 

Free bend elongation. 30 .50 per cent 

Density. 7.80-7.85 g per cu cm 


39. SOLDERING 

Solders. Many special solders are on the market, which luive complex composition 
and exhibit some advantages for special work. The most generally used materials are 
of two types: (a) h-ad and tin solders, and (h) silv(*r soldtvrs. Where liigh operating 
temperatures are to be oneountered, or high-strength joints arc^ required, silver solder 
should be used in preference to the lead and tin solders. Silver solder can bo uscid on 
metals other than copper and is recommended for stainless steel. Brazing alloys con¬ 
taining copper and phosphorus are used successfully for copper and copper alloys, the 
cost being less than that of silver solder. 

Lead-tin Solders. Talile I (from A.S.T.M. Standard Specifications B32-21) gives the 
composition and melting points of several lead-tin alloys used for solder metal and com¬ 
mercially known as soft solder. Melting points of lead and tin are included for com¬ 
parison. The A.S.T.M. specifies that those designated by an A (Class A) shall be made 
of new or virgin metal while those designated by a B (Class B) shall lie made from at 
least one-half virgin metals, the balance being recovered or secondary metals. For 
galvanized iron and zinc only Class A solders should be ustni. 

It is to be noted that the alloys are completidy solid below the lower point given, 
designated “ melting point,” and completely liquid only above the higher point given, 
designated ” complete liquefaction point.” In the range of temperature between these 
two points the alloys are jiartly solid and partly liquid. In Grade 1 the amount of solid 
portion is so small, in the range given, that it is practically unnoticeable. In Grade 4 
the proportion of solid and fluid metal in the range given makes this alloy suitable for 
use as a wiping solder. The choice of the class and grade of solder for any specified purpose 
depends on the material in connection with which it is to l>e used and the method of 
applying. It is recommended that the grade of solder metal be selected which contains 
the least amount of time reijuired to give suitable flowing and adhesive qualities for the 
work in hand. 

Silver Solders. Table II gives the composition, melting point, flow point, and color 
of eight grades of silvcr-coppcr-zinc alloys used for brazing purposes and commercially 
known as silver solders (from A.S.T.M. Standard Specifications B 73-29). 

Solders of Grades 1, 2, and 3 are suitable for brazing purposes which require a solder 
that flows more readily than the ordinary copper-zinc brazing solders. Grades 4 and 
5 flow freely at a still lover temperature and are recommended for use where strong 
joints are required, and where heating to a sufficiently high temperature to flow Grades 
1, 2, or 3 would be injurious to the article being soldered. Grades 6, 7, and 8 are high- 
grade silver solders and are recommended for special cases where a high degree of malleabil¬ 
ity and ductility is required. 

Soldering Fluxes are rated according to activity. The neutral fluxes, particularly 
rosin or rosin in alcohol, are not corrosive and are used where corrosive action is to be avoided 
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Table I. Composition and Melting Points of Lead-tin Solders 


mi 


Formula 


Melting Point 

Complete Liquefac¬ 
tion Point 


Tin, 

Lead, 

Antimony, 

Deg 

Deg 

Deg 

Deg 


per cent 

per cent 

per cent 

Cent 

Fahr 

Cent 

Fahr 

Tin 

100.00 



232 

449.6 

232 

449.6 

OA 

63.00 

37.00 

0.12 

181 

357.8 

181 

357.8 

1 A 

50.00 

50.00 

0 . 12 

181 

357.8 

213 

415.4 

1 B 

49.25 

50.00 

0.75 

183 

365.0 

208 

397.4 

2 A 

45.00 

55.00 

0 . 12 

181 

357.8 

225 

437.0 

2 B 

43.50 

55.00 

1.50 

188 

370.4 

220 

428.0 

3 A 

40.00 

60.00 

0 . 12 

181 

357.8 

237 

458.6 

3 B 

38.00 1 

60.00 

2.00 

188 

370.4 

228 

442.4 

4 A 

37.50 

62.50 

0 . 12 

181 

357.8 

241 

467.6 

4B 

35.50 

62.50 

2.00 

188 

370.4 

231 

411.8 

5 A 

33.00 

67.00 

0 . 12 

181 

357.8 

252 

485.6 

5 B 

31.00 

67.00 

2.00 

188 

370.4 

235 

435.0 

lead 


100.00 


327 

1 620.6 

327 

620.6 


Table II. Composition and Properties of Silver Solders 


Grade 

No. 

Composition 

Melting Point 

Flow Point 

Color 

Silver, 
per cent 

Copper, 
per cent 

Zinc, 
per cent 

Cad¬ 
mium, 
per cent 

Impur¬ 
ities, 
max, 
per cent 

Deg 

Fahr 

I>eg 

Cent 

Deg 

Fahr 

Deg 

Cent 

1 

10 

52 

38 

* 

0. 15 

1510 

820 

1600 

870 

Yellow 

2 

20 

45 

35 

♦ 

0. 15 

1430 

775 

1500 

815 

Yellow 

3 

20 

45 

30 

5 

0.15 

1430 

775 

1500 

815 

Yellow 

4 

45 

30 

25 

Nil 

0. 15 

1250 

_675 

1370 

745 

Nearly white 

5 

50 

34 

16 

Nil 

0.15 

1280 

695 

1425 

775 

Nearly white 

6 

65 

20 1 

15 

Nil 

0.15 

1280 

695 

1325 

720 

White 

7 

70 

20 

10 

Nil 

0.15 

1335 

725 

1390 

755 

White 

8 

80 

16 

4 

Nil 

0 15 

1360 

740 

1460 

795 

White 


♦ The addition, not to exceed 0,50 per cent, of cadnnum to assist in fabricating Grades 1, 2 
shall not be considered as a harmful impurity. 


or where washing is not practicable. They are mild in cleaning action, however, and diffi¬ 
cult to use on oxidized surfaces. 

The more active fluxes usually contain zinc chloride, ammonium chloride, or both, either 
in a water solution or in a yjctrolatum paste. Various proportions of these materials are 
used, depending on how much cleaning action is required. To jirevent corrosion, the 
joints should be washed in hot water after soldering. Powdered borax is the most widely 
used flux for silver solder and brazing alloys. 


ELECTRICAL CONDUCTOR MATERIALS 

By H. C. Knutson and D. F. Miner 


The terms conductor and insulator are only relative. There is no sharp dividing line 
between them. For practical purposes, however, conducting materials are those selected 
to carry current in an elei^trical circuit and insulating materials are those chosen to restrict 
the current in the conductor to desired paths. 

Conductors arc mostly all metals, but there is a wide difference in conductivity (as 
much as 70 to 1 ratio in metals). They are usually separated into: 

(а) Good conductors such as copper, aluminum, silver. 

(б) Poor conductors (resistors) such as iron; alloys of nickel, iron, copper, and chro¬ 
mium; and carbon products. 

40. COPPER CONDUCTORS 

Conductivity of Copper. The Bureau of Standards (1914) made measurements of a 
large number of representative samples of copper and established standard values of resis- 
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tivity and temperature coefficients, which have been adopted by the International [Electro¬ 
technical Commission. 

The following rules of the International Electrotechnical Commission have been 
adopted by the American Institute of Electrical Engineers. 

The lollowing shall be taken as normal values for standard annealed copper: 

1. At a temperature of 20 deg cent the resistanfse of a wire of standard annealed copper 

1 meter in length and of a uniform section of 1 sq mm is l/ss ohm * 0.017241.ohm. 

2. At a temperature of 20 deg cent the density of standard annealed copper is 8.89 
grams per cubic centimeter. 

3. At a temperature of 20 deg cent the constant “ mass ” temperature coefficient of 
resistance of standard annealed copper, measured lx?twecn two potential points rigidly 
fixed to the wire, is 0.00393 = 1/254.45 .... per deg cent. 


Table I. Wire Table, Standard Annealed Copper 
American Wire Gage (B. & S.). English Units 


►S’ . 

15 

Diam¬ 
eter 
in Mils 
at20°(’ 

Cross-section at 20“ C 

Ohms per 
1000 ft • 
at 20“ 0 
(= 68“ F) 

Pounds 

per 

1000 ft 

Feet 

p<‘r 

Pound 

Feet per 
Ohm t at 
20 “ C 
(-68“F) 

Ohms per 
Pound at 
20 “ C 

68 “ F) 

Pounds per 
Ohm at 20“ C 
(-68“F) 

(^ircular 

Mils 

Square 

Inches 

0000 

460.0 

211 600. 

0.1662 

0 049 01 

640 5 

1.561 

20 400 

0 000 076 52 

13 070. 

000 

409.6 

167 800. 

.1318 

.061 80 

507.9 

1.968 

16 180. 

.000 i2r 

8219. 

00 

364.8 

133 100. 

.1045 

.077 93 

402.8 

2.482 

12 830. 

.000 1935 

5169. 

0 

324.9 

105 500. 

082 89 

.098 27 

319.5 

3.130 

10 180. 

.000 3076 

3251. 

1 

289.3 

83 690. 

.065 73 

.1239 

253.3 

3.947 

8070. i 

.000 4891 

2044. 

2 

257.6 

66 370. 

.052 13 

.1563 

200.9 

4.977 

6400. 

.000 7778 

1286. 

3 

229.4 

52 640. 

041 34 1 

.1970 

159 3 

6.276 

5075 

001 237 

808.6 

4 

204.3 

41 740. 

.032 78 

.2485 

126 4 

7.914 

4025. 

001 966 

508 5 

5 

181.9 

33 100. 

.026 00 

.3133 

100.2 

9.980 

3192. 

.003 127 

319.8 

6 

162.0 

26 250. 

020 62 

.3951 

79 46 

12.58 

2531. 

.004 972 

201.1 

7 

144.3 

20 820. 

.016 35 

.4982 

63.02 

15.87 

2007. 

.007 905 

126.5 

8 

128.5 

16510. 

.012 97 

.6282 

49.98 • 

20.01 

1592. 

.012 57 

79 55 

9 

114.4 1 

13 090 

.010 28 

.7921 

39 63 

' 25 23 

1262. 

.019 99 

50.03 

10 

101.9 

10380. 

.008 155 

.9989 

31 43 

31.82 

1001 . 

.031 78 

31 47 

n 

90.74 

8234. 

.006 467 

1.260 

24 92 

40.12 

794.0 

.050 53 

19.79 

12 

80.81 

65.30. 

.005 129 

1.588 

19 77 

' 50 59 

629 6 

.080 35 

12.45 

13 

71.96 

5178. 

004 067 

2 003 

15 68 

63 80 

499.3 

.1278 

7 827 

14 

64.08 

4107. 

.003 225 

2.525 

12 43 

80.44 

396,0 

, .2032 

4.922 

15 

57.07 

3257. 

.002 558 

3.184 

9 858 

1014 

314 0 

' .3230 

3 0% 

16 

50.82 

2583. 

.002 028 

4.016 

7 8!8 

127 9 

249 0 

.5136 

1.947 

17 

45.26 

2048. 

.Otn 609 

5.064 

6.200 

161.3 

197.5 

.8167 

1.224 

18 

40.30 

1624. 

.001 276 

6 385 

4917 

203.4 

156 6 

1.299 

0.7700 

19 

35.89 

1288. 

.001 012 

8.051 

3 899 

256 5 

124 2 

2.065 

.4843 

20 

31.96 

1022 . 

.000 802 3 

10.15 

3.092 

323.4 

98.50 

3.283 

.3046 

21 

28 46 

810.1 

.000 636 3 

12 80 

2 452 

407,8 

78.11 

5 221 

^ .1915 

22 

25.35 

642.4 

.000 504 6 

16.14 

1 945 

514 2 

61.95 

8 301 

.1203 

23 

22.57 

509.5 

.000 400 2 

20.36 

j 1.542 

648.4 

49.13 

13.20 

.075 76 

24 

20.10 

404.0 

.0003173 

25.67 

1 223 

! 817.7 

38.96 

20 99 

.047 65 

25 

17.90 

320.4 

.000 251 7 

32 37 

0 9699 

1031. 

30.90 

33.37 

.029 97 

26 

15.94 

254.1 

.000 199 6 

40.81 

I .7692 

1300, 

24.50 

53.06 

.018 85 

27 

14.20 

201.5 

.000 158 3 

51.47 

.6!00 

1639. 

19 43 

84 37 

.011 85 

28 

12.64 

159.8 

.000 125 5 

64.90 

.4837 

2067. 

15.41 

134.2 

.007 454 

29 

11.26 

126.7 

.000 099 53 

81.83 

.3836 

2607. 

12.22 

213.3 

.004 688 

30 

10.03 

100.5 

.000 07894 

103.2 

.3042 

3287. 

9.691 

339.2 

.002948 

31 

8.928 

79.70 

.000 062 60 

130 1 

.2413 

4145. 

7.685 

539.3 

.001 854 

32 

7.950 

63.21 

.000 049 64 

164.1 

.1913 

5227. 

6.095 

857.6 

.001 166 

33 

7.080 

50.13 

.000 039 37 

206.9 

.1517 

6591. 

4.833 

1364. 

.000 7333 

34 

6.305 

39 75 

.000 031 22 

260.9 

.1203 

8310. 

3.833 

2168. 

.000 4612 

35 

5.615 

31.52 

.000 024 76 

329.0 

.095 42 

10 480. 

3.040 I 

3448. 

.000 2901 

36 

5.000 

25.00 

.000 019 64 

414.8 

.075 68 

13210. 

2.411 

5482. 

.000 1824 

37 

4.453 

1983 

.00001557 

523 1 

OfrflOl 

16 660. 

1.912 

8717. 

.000 1147 

38 

3.965 

15.72 

.000 012 35 

659 6 

.047 59 

21 010. 

1.316 

13 860. 

.000 07215 

39 

3.531 

12.47 

000 009 793 

831.8 

.03774 

26 500. 

1.202 

22 040. 

i .000 045 38 

40 

3 145 

9 888 

000 007 766 

1049. 

029 93 

33 410 

0.9534 

35 040. 

( .000 028 54 


♦ Resistance at the stated temperatures of a wire whose length is 1000 ft at 20 deg cent 
t Length at 20 deg cent of a wire whose resistance is 1 ohrn at the stated temperatures. 
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4. As a consequence it follows from (1) and (2) that, at a temperature of 20 deg cent, 
the resistance of a wire of standard annealed copper of uniform section, 1 meter in length 
and weighing 1 gram, is (I/bs) X 8.89 = 0.15328 ohm. 

Paragraphs 1 and 4 define what are sometimes called “volume resistivity” and “mass 
resistivity,” respectively. These may be expressed in other units as follows: Volume 
resistivity = 1.7241 microhm-cm (or microhms in a centimeter cube) at 20 deg cent* 
0.67879 microhm-in. at 20 deg cent and mass resistivity = 875.20 ohms (mile, pound) 
at 20 deg cent. 

The new value is known as the International Annealed Copper Standard, and i& 
equivalent to 

0.017241 ohm (meter, mm^) at 20 deg cent. 

The units of mass resistivity and volume resistivity arc interrelated through the density: 
this was taken as 8.89 grams per cu cm at 20 deg cent by the International Electro¬ 
technical Commission. The International Annealed Copper Standard, in various units 
of mass resistivity and volume resistivity is: 

0.15328 ohm (meter, gram) at 20 deg cent 
875.20 ohms (mile, pound) at 20 deg cent 
0.017241 ohm (meter, mm^) at 20 deg cent 
1.7241 microhm-cm at 20 deg cent 
0.07879 microhm-in. at 20 deg cent 
10.371 ohms (mil, ft) at 20 deg cent 


Table II. Specifications for Hard-drawn and Medium Hard-drawn Copper Wire 


Diameter, 

in. 

Area, 
cir mils 

Hard-drawn Copper Wire* 

Medium Hard-drawn f Copper Wire 

Tensile 
Strength, 
lb per sq in. 

Elongation, 
per cent 
in 60 in. 

Tensile Si 
lb per 

Minimum 

;rength, 
sq in. 

Maximum 

Elongation, 
per cent 
in 60 in. 

0.460 

211,600 

49,000 

3.75 t 

42,000 

49,000 

3.75t 

0.410 

168,100 

51,000 

3.25 X 

43,000 

50,000 

3.6 t 

0.365 

133,225 

52,800 

2.80 X 

44,000 

51,000 

3.25 t 

0.325 

105,625 

54,500 

2.40 t 

45.000 

52,000 

3.0 t 

0.289 

83,520 

56,100 

2.\7t 

46,000 

53,000 

2.75X 

0.258 

66,565 

57,600 

1.98 X 

47,000 

54,000 

2.5 t 

0.229 

52,440 

59,000 

1.79 t 

48,000 

55,000 

2.25 X 

0.204 

41,615 

60,100 

1.24 

48,330 

55,330 

1.25 

0.182 

33,125 

61,200 

1.18 

48,600 

55,660 

1.20 

0.165 

27,225 

62,000 

1.14 




0.162 

26,245 

62,100 

1.14 

49,000 

56,000 

1.15 

0.144 

20,735 

63,000 

1.09 

49,330 

56,330 

1.11 

0.134 

17,956 

63,400 

1.07 




0.128 

16,385 

63,700 

,1.06 

49,660 

56,660 

1.08 

0.114 

12,995 

64,300 

1.02 

50,000 

57,000 

1.06 

0.104 

10,815 

64,800 

1.00 




0.102 

10,404 

64,900 

1.00 

50,330 

57,330 

1.04 

0.092 

8,464 

65,400 

0.97 




0.091 

8,281 

65,400 

0.97 

50,660 

57,660 

1.02 

0.081 

6,561 

65,700 

0.95 

51,000 

58,000 

1.00 

0.080 

6,400 

65,700 

0.94 




0.072 

5,184 

65,900 

0.92 

51,330 

58,330 

0.98 

0.065 

4,225 

66,200 

0.91 




0.064 

4,096 

66,200 

0.90 

51,660 

58,660 

0.96 

0.057 

3,249 

66,400 

0.89 

52,000 

59,000 

0.94 

0.051 

2,601 

66,600 

0.87 

52,330 

59,330 

0.92 

0.045 

2,025 

66,800 

0.86 

52,660 

59,660 

0.90 

0.040 

1,600 

67,000 

0.85 

53,000 

60,000 

0.88 



Mjixijiium resistivity at 20 

1 Maximum resistivity at 20 deg cent: for 



deg cent: for diameters 

diameters 0.460 to 0.325 in, 

., 896.15 lb per 



0.460 to 0.325 in., 900.771b 

mile-ohm (10.619 ohms (mil, ft)); for 



per mile-ohm (10.674 ohms 

diameters 0.324 to 0.040 

in., 905.44 lb 



(mil, ft)); for diameters 

per mile-ohm (10.729 ohms (mil, ft)). 



0.324 to 0.040 in., 910.151b 






per mile-ohm 

1 (10.785 ohms 






Or-il, ft)). 






A.S.T.M. Standard 01-27; A.S.A. Standard 1114-1929. 
t A.S.T.M. Standard 02-27. 

X Elongation per cent in 10 in. 
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Table III< Specifications for Soft or Annealed Copper Wire, and Tinned Soft or Annealed 
Copper Wire for Rubber Insulation 


Diameter, 

in. 

Soft or Annealed Copper Wire * 

.. 1 

Tinned Soft or Annealed Copper Wire 

1 for Rubber Insulation f 

Tensile 
Strength, 
lb per sq in. 

Elongation 
in 10 in., 
per cent 

1 

Maximum 
Resistivity, t 
Ih per 
milc-ohm 

Tensile 

Strength, 

max, 

lb per S(i in. 

Elongation 
in to in., 
min, 
per cent 

Maximum 
Resistivity, t 
lb per 
mile-ohm 

0.460 to 0.290 

36,000 

35 

891.58 

36,000 

30 

896.15 

0.289 to 0. 103 

37.000 

30 

891.58 

37,000 

25 

900 77 

0.102 to 0.021 

38,500 

25 

891.58 

38.500 

20 

910.li 

0.020 to 0.012 

40,000 

20 

891.58 

39,000 

15 

929.52 

0.011 to 0.003 

4C.<)00 

20 

891.58 

40,000 

in 

939.51 


* A.S.T.M. Standard B3-27; A.S.A. Standard 114-1928 and C862 -1928; A.I.E I']. Standards 
60, 61-1928. 

t A.S.T.M. Standard r.33-21; A.S.A. Standard 1116-1928 and C861-1928; A.l.E.E. Standards 
60, 61 1928. 

X At 20 deg cent (68 deg fahr). 


Table IV. Allowable Carrying Capacities of Copper Wires * 

(National Klertrical Code) 


Gage No. 
A.W.G. 

Diameter of 
Solid Wires, 
mils 

Area, 
cir mils 

Rubber 

Insulation, 

an»p 

Varnished 
Caiiioric Insu¬ 
lation, amp 

Other 

Insulation, 

amp 

18 

40.3 

1,624 

3 


5 t 

16 

50.8 

2,533 

6 


10 t 

14 

64. 1 

4,107 

15 

18 

20 

12 

80 8 

6,530 

20 

25 

30 

10 

101.9 

10,380 

25 

30 

35 

8 

128.5 

16 510 

35 

40 

50 

6 

162.0 

26,250 

50 

60 

70 

5 

181.9 

33,100 

55 

65 

80 

4 

204.3 

41,740 

70 

85 

90 

3 

229.4 

52,630 

80 

95 

100 

2 

257.6 

66,370 

90 

110 

125 

1 

289.3 

83,690 

100 

170 

130 

0 

325.0 

105,500 

125 

150 

200 

00 

364.8 

133,100 

150 

180 

225 

000 

409.6 

167,800 

175 

210 

275 

1 


200,000 

200 

240 

300 

0000 

460.0 

211,600 

225 

270 

325 



250,000 

250 

300 

350 



300,000 

275 

330 

400 


1 

330,000 

300 

360 

450 



400,000 

325 

390 

500 


’ 

500,000 

400 

480 

600 



600,000 

450 

540 

680 



700,000 

500 

600 

760 



750,000 

525 

630 

800 



800,000 

550 

660 

840 



900,000 

600 

720 j 

920 



1 , 000,000 

650 

780 I 

1,000 



1 , 100,000 

690 

830 

1,080 



1 , 200,000 

730 

880 

1,150 



1,300,000 

770 

920 

1,220 



1,400,000 

810 

970 

1,290 



1,500,000 

850 

1,020 

1,360 



1,600,000 

890 

1,070 

1,430 



1,700,000 

930 

1,120 

1,490 



1,800,000 

970 

1,160 

1,550 



1,900,000 

1,010 

1,210 

1,610 



2 , 000,000 

1,050 

1,260 

1,670 


* Copper wires and cables of 98 per cent conductivity. l\)r aluminum wire the allowable car¬ 
rying capacities shall be taken as 84 per cent of those given in the table for the respective sizes of 
copper wire with the same kind of covering. 

t The allowable carrying capacities of No. 18 and No. 16 are 10 and 15 amp, respectively, when 
in cords for portable heaters, types HC and HPD. 
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Per Cent Conductivity of a material is computed on the basis of 100 per cent conduc¬ 
tivity corresponding to the resistivity of the International Annealed Copper Standard at 
20 deg cent, e.g., 0.15328 ohm (meter, gram). 

Wire Tables. The values in Table I (abridged from Smithsonian Physical Tables) 
are for annealed copper of standard resistivity. For coiiper of other resistivity, a suitable 
correction factor must be applied. Hard-drawn copper may be taken as having about 
2.7 per cent greater resistivity than annealed copper. 

Tables II and III give the A.S.T.M. Standard Specifications for tensile strength, elonga¬ 
tion, and maximum resistivity for various grades of copper wire. 

Table IV gives the allowable continuous-current-carrying capacities of copjier wires and 
and cables of 98 per cent conductivity, according to the National Electrical Code. For 
aluminum wire the allowable carrying capacities shall be taken as 84 per cent of those given 
given in the table for the respective sizes of copper wire, with the same kind of covering. 

Temperature Coefficient of Resistivity of Copper. The temperature coefficient for the 
International Annealed Copper Standard is ^20 = 0.00393, and ao = 0.00427 at 20 and 
0 deg cent, respectively. The temperature coefficient of copiier is proportional to the 
conductivity, so that where the conductivity is known the temperature coefficient may be 
calculated, and vice versa. A consequence of this relation is that the change of resistivity 
per degree is constant, independent of the sample of copper and of the temperature of 
reference. This resistivity-temperature constant, for volume resistivity and centigrade 
degrees, is 0.00681 microhm-cm, and for mass resistivity is 0.000597 ohm (meter, gram). 
Table V gives the temperature coefficients (aq) of copper having various percentages of 
standard conductivity. These are for use in the formula 
Rt = Rti [1 H- atiit — h)], 

where Rt is the resistance at the temperature I, and Rti is the resistance at the “ initial 
temperature ” <i. Table V was calculated by means of the following formula, which holds 
for any per cent conductivity, n, within commercial ranges, and for centigrade tempera¬ 
tures. (n is considered to bo expressed decimally: e.g., if per cent conductivity = 90 
per cent, n = 0.99). 

1 

- 


n (0.00393) 


+ (h- 20 ) 


Table V. Temperature Coefficients of Copper for Different Initial Temperatures 
(Centigrade) and Different Conductivities 


Ohms 
(meter, 
grain) 
ot 20“ C 

Per Cent 
Conduc¬ 
tivity 

flo 

ai5 

O 20 

025 

O 30 

050 

0.161 34 

95 

0.004 03 

0.003 80 

0.003 73 

0.003 67 

0.003 60 

0.003 36 

.159 66 

96 

.004 08 

.003-85 

.003 77 

.003 70 

.003 64 

.003 39 

.158 02 ' 

97 

.004 13 

.003 89 

.003 81 

.003 74 

.003 67 

.003 42 

.157 53 

97.3 

.004 14 

.003 90 

.003 82 

.003 75 

.003 68 

.003 43 

.156 40 

98 

.004 17 

.003 93 

.003 85 

.003 78 

.003 71 

.003 45 

.154 82 

99 

.004 22 

.003 97 

.003 89 

.003 82 

.003 74 

.003 48 

.153 38 

100 

.004 27 

.004 01 

.003 93 

.003 85 

.003 78 

.003 52 

.151 70 

!01 

.004 31 

.004 05 

.003 97 

.003 89 

.003 82 

.003 55 


41. ALUMINUM CONDUCTORS 

Conductivity of Aluminum. The A.I.E.E. standard of conductivity for hard-drawn 
aluminum wire is 00.97 per cent of the International Annealed Copper Standard. On this 
scale the conductivity of commercial hard-drawn copper is usually taken at 97 per cent. 

The electrical conductivity of annealed high purity (99.97 per cent) aluminum is 64.6 
per cent, based on the International Annealed Copper Standard. The electrical conductiv¬ 
ity is lowered by the addition of alloying elements, the reduction varying with the nature 
of the element and the amount added. Heat treatment and mechanical working also 
influence this property to a marked degree. See Table VI. 

Wire Tables. Table VII for aluminum wire (from Smithsonian Physical Tables) is 
based on a figure for the conductivity of aluminum published by the U.S. Bureau of 
Standards, which is the result of many thousands of determinations by the Aluminum Co. 
of America. A volume resistivity of 2.828 microhm-cm and a density of 2.70 may be 
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Table VL Electrical Conductivity 

(Appro:.«iniate Values) 


Metal 


Aluminum (99.97 per cent). 

Aluminum conductors (hard drawn) 

2S-0.. 

3S-0. 

3S-n. 

17S-T. 

5IS-T. 


Conductivity, Per Cent of 
International 

Annealed Copper Standard 


64.6 

61. 

57. 

50. 

40. 

30. 

45 


considered to be good avenigo values for comnicreial hard-drjuvii aluiiiinuni. These 
values give: 


Conductivity at 0° C, cgs electromagnetic units. X 10^® 

Mass resistivity, ohms (meter, gram) at 20° C. 0.0704 

“ “ “ (mile, pound) at 20° C. 430.0 

Mass per cent conductivity relative to copper. 200.7 

Volume resistivity, microhm-cm at 20° C. 2.828 

“ “ microhm-in. at 20° C. 1.113 

Volume per cent conductivity relative to copper. 01.0 

Density, g per cu cm. 2.70 

Density, lb per cu in. 0.0075 


For current-carrying capacity of aluminum wires, see Table IV. 

Temperature Coefficient of Resistivity. The 20 deg cent temperature coefficient of 
01 per cent conductivity aniitjaled aluminum wire is 0.00403 per deg cent, corresponding 
to a 0 deg cent coefficient of 0.00444. Grassi found that the temperature coefficient of 
aluminum is proportional to its ]>or cent conductivity (as is also true of cojiper). 

Comparison of Copper and Aluminum Wires for Equal Resistance per Unit Length. 

Coi)pcr Aluminum 


Cross-section. 1 1.01 

Diameter. 1 1.27 

Weight. 1 0.488 

Breaking strength. 1 0.04 


Use of Aluminum Conductors. The largest use of aluminum conductors is for power 
transmission through cabh^s having a high-.strength steel reinforcing core. At very high 
potijntials, such as 100,000 volts, aluminum coinluctors possess a marked advantage over 
copper in the lower corona loss due to their greater diameter for the same conductance. 
Aluminum cable stool reinforced (A.C.S.U.) is used for tint messenger cables of overhead 
catenary railway lines. It is also used in the smaller sizes for signal circuits and for 
telephone lines supported on the same structures with power lines, where its high strength 
permits the use of as long spans as the transmission conductors. Large all-aluminum 
cables have frequently been installed for railway teeders where they carry heavy currents 
at relatively low voltages. Partic^ilarlj'^ in large conductors the use of aluminum effects 
a great saving in weight. 

Aluminum may be used in bus-bar construction, both on switchboards and for the 
general transmission of power. The current rating of aluminum bus-bars may be con¬ 
veniently taken as 80 per cent of the accepted values for copper of equal cross-section 
and similar shape. 

Aluminum is used for the rotor wdndings of squirrel-cage induction motors and also 
for field windings in certain types of motors and high-speed turbo-generators. The 
windings must, however, either occupy more space or l)e operate'd at a higher temperature. 
The remarkable property of insulating aluminum wire by means of an electrolytically 
applied oxide film is of service in constructing windings for electrical machinery where 
space is limited, or where a heat-resistant insulation is necessary* The difficulty of mak¬ 
ing a satisfactory and permanent joint to other portions of the circuit, which may be of 
copper, has retarded the widespread use of aluminum conductors in machines. 
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Table VII. Wire Table, Aluminum 


Hard-drawn aluminum wire at 20 deR cent (68 deg fahr) 
American Wire Gage (B. & S.), English units 


Gage 

No. 

Diameter, 

mils 

CroBS-section 

Ohms 

per 

1000 ft 

Pounds 

per 

1000 ft 

Pounds 
per Ohm 

Feet 

per Ohm 

Circular 

niilB 

Square 

Inches 

0000 

460. 

212 000. 

0.166 

0.0804 

195. 

2420. 

12,400. 

000 

410. 

168 000. 

. 132 

. 101 

154. 

1520. 

9860. 

00 

365. 

133 000. 

.105 

.128 

122 . 

957. 

7820. 

0 

325. 

106 000. 

.0829 

.161 

97.0 

602. 

6200. 

1 

289. 

83 700. 

.0657 

.203 

76.9 

379. 

4920. 

2 

258. 

66 400. 

.0521 

.256 

61.0 

238. 

3900. 

3 

229. 

52 600. 

.0413 

.323 

48.4 

150. 

3090. 

4 

204. 

41 700. 

.0328 

.408 

38.4 

94.2 

2450. 

5 

182. 

33 100 

.0260 

.514 

30.4 

59.2 

1950. 

6 

162. 

26 300. 

.0206 

.648 

24.1 

37.2 

1540. 

7 

144. 

20 800. 

.0164 

.817 

19.1 

23.4 

1220 . 

8 

128. 

16 500. 

.0130 

1.03 

15.2 

14.7 

970. 

9 

114. 

13 100. 

.0103 

1.30 

12.0 

9.26 

770. 

10 

102 . 

10 400. 

.008 15 

1.64 

9.55 

5.83 

610. 

n 

91. 

8230. 

.006 47 

2.07 

7.57 

3.66 

484. 

12 

81. 

6530. 

.005 13 

2.61 

6.00 

2.30 

384. 

13 

72. 

5180. 

.004 07 

3.29 

4.76 

1.45 

304. 

14 

64. 

4110. 

.003 23 

4.14 

3.78 

0.911 

241. 

15 

57. 

3260. 

.002 56 

5.22 

2.99 

.573 

191. 

16 

51. 

2580. 

.002 03 

6.59 

2.37 

.360 

152. 

17 

45. 

2050. 

.001 61 

8.31 

1.88 

.227 

120 . 

18 

40. 

1620. 

.001 28 

10.5 

1.49 

.143 

95.5 

19 

36. 

1290. 

.001 01 

13.2 

1.18 

.0897 

75.7 

20 

32. 

1020 . 

.000 802 

16.7 

0.939 

.0564 

60.0 

21 

28.5 

810. 

.000 636 

21.0 

.745 

.0355 

47.6 

22 

25.3 

642. 

.000 505 

26.5 

.591 

.0223 

37.8 

23 

22.6 

509. 

.000 400 

33.4 

.468 

.0140 

29.9 

24 

20 . 1 

404. 

.000 317 

42. 1 

.371 

.008 82 

23.7 

25 

17.9 

320. 

.000 252 

53.1 

.295 

.005 55 

18.8 

26 

15.9 

254. 

.000 200 

67.0 

.234 

.003 49 

14.9 

27 

14.2 

202 . 

.000 158 

84.4 

.185 

.002 19 

11.8 

28 

12.6 

160. 

.000 126 

106. 

.147 

.001 38 

9.39 

29 

11.3 

127. 

.000 099 5 

134. 

.117 

.000 868 

7.45 

30 

10.0 

101 . 

.000 078^9 

169. 

.0924 

.000 546 

5.91 

31 

8.9 

79.7 

.000 062 6 

213. 

.0733 

.000 343 

4.68 

32 

8.0 

63.2 

.000 049 6 1 

269. 

.0581 

.000 216 

3.72 

33 

7.1 

50.1 

.000 039 4 ' 

339. 

.0461 

.000 136 

2.95 

34 

6.3 

39.8 

.000 031 2 

428. 

.0365 

.000 085 4 

2.34 

35 

5.6 

31.5 

,000 024 8 

540. 

.0290 

.000 053 7 

1.85 

36 

5.0 

25.0 

.000 019 6 

681. 

.0230 

.000 033 8 

1.47 

37 

4.5 

19.8 

.000 015 6 

858. 

.0182 1 

.000 021 2 

1.17 

38 

4.0 

15.7 

.000 012 3 

1080. 

.0145 

.000 013 4 

0.924 

39 

3.5 

12,5 

.000 009 79 

1360. 

.0115 

.000 008 40 

.733 

40 

3. 1 

9.9 

. 000 007 77 

1720. 

.0091 

.000 005 28 

.581 


42. METALLIC RESISTOR MATERIALS 

A large numb?r of alloy wires used for resistanee purposes arc on the market. They 
cover a wide range of resistivities, operating temperature limits, physical properties, 
temperature coefficient of resistance, etc. For detailed description of these products 
the catalogs of manufacturers should lie consulted. In general, the trade-name prod¬ 
ucts can be grouped in approximately ten classes of alloys. Table VIII, naming a few 
products under each class name, gives the approximate composition and electrical 
characteristics of resistance wires commonly used. Tables of current-carrying capacities 
at various chosen operating temperatures arc available in the manufacturers* catalogs. 
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Table VIII. Electrical Resistance Materials * 



Nominal Comjjosition t 

Resis¬ 
tivity, 
Ohms 
(mil, ft) 

Temperature 
Coefficient of 
Resistance 
per deg cent 

Coefficient of 
Linear 
Expansion 
per deg cent 

Melting 

Point 

deg 

cent 

Ni 

Cr 

Fc 

Mn 

Gu 

Zn 

A1 

Nickel chromium. 

Nichromc IV 

Chromel A 

Tophet A 

80 

20 






650 

(25“ (') 

0.0000937 
(25 to 427“ C) 

0.000081 
(20 to 500’ G) 

1320 

atoon 

Nickel chromium. 

(’hromcl C 

Nichromc 

Tophet C 

60 

IS 

25 

....j 




675 

(25“ C) 

0 000157 
(25 to 427® C) ^ 

. 

0 00015 
(20 to 500" C) 

1350 

aooon 


4 



12 

64 



290 

(20“ C) 

dz 0.00001 











69 




28 



268 

(20" 

D (V)196 
(20 to 100“ D 

000015 

(25 to 300" G) 

1350 

{500)t 






1 

Nickel silver. 

18 




65 

17 


1 175 

(20" C) 

00027 

(20 to 100“ G) 


1 i 

Nickel silver 

German silver 





Coppt^r nickel. 

Advance, (^upron, Copel, 
Coastantan, Ideal, etc. 

45 




55 



294 

(20" C) 

=t: 0 0001)1 

0 0000149 
(35" G) 

\ 1210 

(500)X 

Nickel-chromium-iron. 

36 

11 

51 

1.5 


.... 


601 

(20" (’) 


j 0 0000136 
(0 to 100" (’) 

1450 

Aluminum-chromium-iron 

(Ohmalloy) 


12.5 

83 




4 5 

750 

(20" (’) 

0 0003 


(S50)t 

Nir.ki'I, piirp.. 

iOO 







58 to 64 
(20" C) 

0 00537 
(20 t«» 100“ (’) 

0 0000144 
(20 to 300" G) 

1440 

1 (500) t 








Iron, high-purity. 



99.97 
t ! 





9 8 

(20" (’) 

0 0065 
(0 to 100" G) 

0 0000137 
(0 to 400" G) 

1535 


* ProperticB may vary considerably with small variations in composition. Manufacturer’s 
cataloRs should be consulted for more specific information on any given material. 

t Compositions given are approxim .te only; minor constituents and impurities have been 
omitted. 

t Approximate values of maximum operating temperature in deg cent. 


43. CARBON 
Carbon Brushes 

Types. The chief use of carbon in electrical manufacturing is for current collection. 
Carbon brushes form an important part of the electrical circuit in commutator machines, 
and many types have been developed to afford most satisfactory operation of motors and 
generators. The many grades of brushes on the market may be classified generally into 
five grades known as, (1) carbon graphite, (2) electro-graphite, (3) natural graphite, 
(4) resin bonded, (5) metal graphite. 

Composition and Manufacture. The three purest forms of carl)on are diamond, petro¬ 
leum coke, and lampblack. The last two substances are extcmsively used in the manu¬ 
facture of carbon brushes and other carlxin products. Petroleum coke is the residue 
left on the side of a still after the refining of crude oil. For brush use, this green petroleum 
coke is first purified by subjecting it to an intense heat in a calcining furnace, and then 
ground to a fine powder, 200 mesh or finer. Lampblack is made by the incomplete com¬ 
bustion of oil or gas, depending upon the type of black desired. 

The graphite brushes of highest grade are made by transforming pure carbon brushes 
to graphite by subjecting the material to an intense heat in an electric furnace. 

The method of making carlion graphite and graphite brushes is as follows: (1) Cal¬ 
cined petroleum coke, lampblack, graphite, or other flours are mixed with a pitch or 
other binder in steam heated mixers. (2) After thoroughly mixing, material for molded 
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brushes is permitted to cool and again reground and pulverized, after which the fine 
powder mix is molded under hydraulic pressure into plates. (3) The molded carbon 
graphite plates are then baked at various temperatures. (4) This completes the manu¬ 
facturing process for carbon graphite and for natural graphite plates from which brushes 
of these two classes are cut. (5) In the case of electro-graphite material the carbon 
graphite plates are given an additional high-temperature treatment in an electric furnace 
which removes all impurities and in addition changes some of the carbon into graphite. 
From these plates are cut electro-graphite brushes. 

Metal graphite grades arc made by mixing fine-mesh copper, lead, zinc, tin, or other 
materials with graphite. This material is mixed, molded, and baked in a manner similar 
to carbon graphite material. 

Resin bonded brushes contain a certain amount of resin of high electrical resistance 
such as a condensation product resulting from the reaction of formaldehyde upon phenol. 

Properties. Plain carljon graphite brushes will carry between 35 50 amp per sq in., 
whereas the grade having the highest content of graphite will carry about 70 amp per 
sq in. continuously. High metal content grades arc rated at 125-150 amp per sq in. 
but will carry 450-500 amp per sq in. momentarily without undue heating. The higher 
the metal content of brush material, the higher the current-carrying capacity of that, 
material. 

Table IX gives the U.S. Navy specifications for carbon brushes. 


Table IX. Specifications for Carbon Brushes * 

(U. S. Navy) 



Grade A 

Grade B 

Grade I) 

Grade E 

Specific resistance at 30® (5, ohin-iii. 

0.00176 to 
0.0021 

0.0015 to 
0.0019 

0.0006 to 
0.0012 

0.000005 to 
0.000025 

Specific resistanoc at 250® C, ohm-in. 

0.0013 to 
0.0017 

0.0011 to 
0.0015 

0.0004 to 
0.0010 


Contact drop, volts at rated current. 

1 .5 min 

3.2 max 

1.8 ruin 

3.0 nmx 

1.6 min 

3.0 max 

Low 

Coefficient of friction (no current). 

0.50 max 

0.55 max 

0 . 60 max 

0. 40 ma.v 

CoeflSicient of friction (carrying current.). 

0 .35 max 

0.40 max 

0.45 max 


Transverse strength, lb per 8(| in. 

2100 min 

3000 min 

1000 min 

2500 min 

Hardness, scleroscope. 

43 to 58 

50 to 65 

8 to 16 

8 to 20 

Per cent ash.. 

0. 25 max 

0.25 max 

2 .3 max 




Density, lb per cu in. 

0.054 to 
0.058 

0.058 to 
0.065 

0.042 to 
0.050 


Per cent g^nidiite. 




20 to 30 






* A Grade C, formerly included in theee specifications, has been discontinued by the Navy. 


Uses. 1. Carbon graphite brushes are survivals of the original types and are used 
mostly on machines of older design where a cleaning action on the commutator is required. 
They are not suitable for high speeds and heavy currents. 

2. lilectro-graphite brushes have largely superseded the carbon graphite type. They 
have lower friction, higher current capacity, less ash, lower abrasive effect, and greater 
mechanical strength. 

3. Natural graiihite brushes are an improvement over the carbon graphite type where 
abrasive action is beneficial but where low friction is required for higher-sp(*ed operation. 

4. Resin bone'ed brushes have a laminated structure whose distinctive characteristic 
is that the resistance across these laminations is from 5 to 8 times the resistance parallel 
to the laminations. This is effective in reducing short<-circuit current in the face of the 
brush. They are particularly suited to macliines with high commutating voltage, 

6. Metal graphite brushes have replaced the early leaf copper types. They are used 
where high current capacity and low contact drop are important, as in electroplating 
generators or slip rings on a-c machines 
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Carbon Contact Material 

Carbon and combinations of carbon and metal are often need as contact materials 
where current is frequently interrupted. The object is usually to provide terminals 
which will not melt and weld together, as metal contacts sometimes do. Relays, con¬ 
tactors, and various control devices use buttons or studs of this type, making contact 
with moving parts of metal, usually brass or copper. Where high conductivity is re¬ 
quired, copper graphite or silver graphite material is used. These are similar to metal 
graphite brush material, giving non-sticking contacts with low contact drop and some 
degree of lubrication. Silver graphite, although more expensive, gives lower contact 
drop after long service than does copper giaphite. It is therefore used in low-energy 
circuits, such as relays, where reliable operation, even after long periods of idleness, is 
important. 


MAGNETIC MATERIALS 

By J. B. Seastone 

44. COMMERCIAL TYPES 

Classes of Commercial Magnetic Materials. Magnetic materials may l>e divided into 
four groups for the sake of couvenieucc of description, namely: (A) the non-retentivc or 
magnetically “ soft ” materials; {B) retentive or magnetically “ hard ” materials: (( ') those 
sjMxial magnetic materials having properties suited only to cci t in special upijliefitions; 
and (£)) the non-magnetic ferrous alloys. 

The Non-retentive or Magnetically “ Soft ” Materials are l>y far the most important, 
on the basis of the amount used. Materials falling in this class range from cast iron, which 
is one of the poorest, to HiiJernik, which is one of th(i best, and incjlude also cast steel, 
ordinary low-carbon sheet or plate, ingot iron, and the electrical (silicon) sheet materials. 
These materials arc, in general, characterized by low coercive force, cromparatively low 
hysteresis loss, relatively high pernieabilit.y, and, usually, a fairly high saturation induction. 
They are used in the electromagnetic circuits of electrical apparatus. 

The Retentive or Magnetically “ Hard ** Materials find application in the permanent 
magnets of meters and relays, sound-reproducing units, magnetos, and other equipment 
where a steady magnetic field is ro<juired an<l wdiere it is not convenient to obtain this field 
el(‘ctromagiictically. These materials arc characterized by high coercive force, comparar- 
tively high hysteresis loss, and, usually, low perme.ability. 

Special Alloys include those materials having special temperature-penneability rela¬ 
tions, used in compensating for changes in flux in a magnetic circuit due to temi)eraturo 
cluiiiges; materials Iniving unusually good properties only at low inductions; materials 
especially suited to operation at very high flux densities; and those materials which can 
be used at veiy high frequencies. 

Non-magnetic Steels. Steel in the austenitic state is practically non-magnetic, having 
a permeability 1 to 2 per cent greater than air. It has been found that certain alloying 
elements, notably manganese, ni{;kel, and carbon, low(;r the critical point sr) tliat steel can 
be made austenitic at room temperatures. In order to make a non-magnetic steel of 
reasonable cost and good machinability, certain compositions have b(K;ii found most 
favorable. A typical non-magrietio steel composition contains 0.20 to 0.40 carbon, 10.0 
to 11.5 manganese, 6.0 to 7.5 nickel. 

45. NON-RETENTIVE MATERIALS 

Effect of Impurities. Generally speaking, the magmAic properties of iron and its 
alloys are adversely affected by the presence of impurities. Carbon, sulfur, and oxygen 
tend to increase the hysteresis loss and to low’^er the permeability at all inductions. Man¬ 
ganese, phosphorus, and copper have little effect if pre^sent in small quantities, but, with 
the exception of cobalt, all additions to pure iron tend to lower the saturation induction 
and the permeability at high flux densities. Silicon, aluminum, and arsenic tend to de¬ 
crease the hysteresis loss and to improve the permeability at moderate and low flux densi¬ 
ties, largely because of the elimination of oxygen and other impurities, but even these 
elements impair the permeability at high flux densities. Silicon is also of considerable 
Value because it incrcascis the resistivity of the alloy, and, therefore, reduces the eddy 
current losses. (Aluminum and arsenic act in the same way, hut are seldom used.) 

Effect of Mechanical Strain. A strain Vjeyond the elastic limit tends to increase the 
hysteresis loss and reduce the permeability of magnetic materials. This effect is apt to be 



Table I. General Data on Magnetic Properties of Commercial Materials t 
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roughly proportional to the amount of distortion or strain, and usually the best magnetic 
nmterials are the most sensitive to mechanical abuse. Shearinfe or punching strains will 
increase the 10 kilogausses, 60-cycle loss of a 1 ^/ig-in. w’ide strip of silicon steel 10 or 
15 per cent and will decrease the permeability at this induction more than 30 per cent. 
This effect is greater the thicker the material, and is apt to be more marked on the softer 
grades. The percentage effect of shearing or punching is an inverse function of the 
width of the piece sheared. It may be very large in the case of narrow sections such as 
are found in the teeth of small motors. 

Stresses within the elastic limit will change the magnetic characteristics of materials. 
These changes may imjjrove or imiiair the magnoiic properties, depending on the kind 
and the amount of the stress, the induction at which the tost is made, and the kind of 
material. Changes in magnetic conditions are likewise* reflected in changes in the length, 
or, if confined, in the stress on such materials. These* effeeds are usually small, but may 
become significant at low inductions or for very high-quality materials. 

Effect of Direction of Grain. Electrical sheet or strip stecl.s arc apt to show an appreci¬ 
able change in properties depending on the direction of the flux in the materiitl relative to 
the final rolling direction. Usual sheet or strip material will show 10 per cent or 16 per 
cent higher loss when test strips are cut perj^endicular to the direction of final rolling than 
when they are cut parallel to this direction, and the “ cro8.s-grain ” samples will have 20 to 
30 i)er cent lower permeability. Samples sheared at 45 degrees to the direction of rolling 
usually show loss and permeability characteristics not far different from th.j “ straight- 
grain ” specimens. 

Effect of Temperature. The magnetic properties of iron and iron-silicon alloys are 
only slightly affected by ordinary temperature changes. In general, the permeability at 
low and moderate flux densities is improved, and the hysteresis loss is reduced, as the 

Table II. Normal Induction Data (Average Figures) 


Value of magnetizing force {oerKteds) corresponding to induction 


Induc¬ 
tion in 
Gausses 

Perm¬ 

alloy 

Western 

Electric 

Co. 

Hipernik 

WestinK- 

house 

Electric 

Co. 

High 

about 

4 per cent 
Silicon 
Steel 

Medium 
about 2.5 
per cent 
Silicon 
Steel 

Low 

alK)ut 

1 per cent 
Silicon 
sn^ci 

Com¬ 

mercially 

l*ure 

Iron 

Annealed 

Ordinary 

l<ow- 

carbou 

Steel 

Annealed 

Cast 

Steel 

Annealed 

Cast 

Iron 

Annealed 

Induc¬ 
tion 
Lines 
per 
sq in. 

10 

0.0010 

0 0015 

0 010 

0.017 

0.021 

0 033 

0 038 

0.050 

0 08 

64 

'6 

0.0017 

0.0021 

0 016 

0 025 

0 030 

0 05 

0.041 

0 075 

0 13 

103 

25 

0.0026 

0.0034 

0 025 

0 038 

0 044 

0.07 

0.093 

0.11 

0.19 

161 

40 

0.0039 

0.0058 

0 04 

0 05 

0 063 

on 

0.14 

0.15 

0 29 

258 

64 

0 0057 

0.0089 

0 06 

0.08 

0.095 

0.»6 

0.21 

0.22 

0 44 

423 

too 

0.008 

0.0107 

0.09 

0.12 

0.14 

0.21 

0.29 

0 30 

0.65 

645 

160 

0.011 

0.0130 

0.12 

0 17 

0.20 

0.29 

0.41 

0 42 

0.91 

1,030 

250 

0 016 

0.017 

0.16 

0 22 

0.27 

0 40 

0,52 

0.57 

1.2 

1,610 

400 

0.021 

0 023 

0.19 

0 30 

0.35 

0.55 

0.67 

0.79 

1.6 

2,580 

640 

0.026 

0.029 

0 23 

0 38 

0 45 

0 68 

0.82 

1.03 

2 0 

4,230 

1,000 

0.030 

0.036 

0 28 

0.43 

0.53 

0 73 

1.02 

1.23 

2.5 

6.450 

1.250 

0.033 

0.041 

0.31 

0.49 

0.58 

0.78 

1.13 

1.38 

2.8 

8,100 

1,600 

0.036 

0 047 

0 35 

0 54 

0 64 

0 82 

1.24 

1.57 

3 3 

10,300 

2,000 

0.038 

0.053 

0.38 

0 58 

0 69 

0.87 

1.4 

1.8 

4 0 

12,900 

3,000 

0.044 

0.069 

0 46 

0 t)6 

0.82 

0.94 

1.6 

2 3 

7.0 

19,400 

4,000 

0.049 

0.100 

0 56 

0.74 

0.93 

I.O 

IS 

2.8 

14 

25,800 

5,000 

0.060 

0.137 

0 64 

0.85 

1.06 

1.15 

2.1 

3.3 

25. 

32,300 

6,000 

0.080 

0.185 

0.75 

1.00 

1.25 

1.4 

2.4 

3.9 

45. 

38,700 

7,000 

0.12 

0.25 

0.90 

1.19 

1.50 

1.6 

2 8 

4.5 

70. 

45,200 

8,000 

0.20 

0.35 

1.05 

1 45 

1.8 

1.8 

3 2 

5.2 

81. 

51,600 

9,000 

0.50 

0.50 

1.22 

1.8 

2.2 

2 0 

3.8 

6.2 

160. 

58,100 

10,000 

2.0 

0.76 

1.40 

2.3 

2.7 

2 3 

4 5 

7 5 

220. 

64,500 

11,000 

20.0 

1.40 

1.80 

3 2 

3.6 

2 8 

5 3 

9.5 

310. 

71,000 

12,000 

500. 

2.50 

2.6 

4.5 

5.0 

3 3 

6.6 

12.5 

410. 

77,400 

13,000 


4.8 

4.1 

6 8 

7.6 

4.1 

8.6 

16. 

620. 

83,900 

14,000 


10.0 

9.0 

II 0 

13.0 

5.5 

12.8 

22. 

1000. 

90,300 

15,000 


40. 

23.00 

24.0 

26 0 

10. 

17. 

32. 


96,800 

16,000 


400. 

52. 

47.0 

41 0 

20. 

28. 

50. 


103,200 

17,000 



no. 

93. 

80.0 

40. 

52. 

82. 


109,700 

18.000 



200. 

170. 

140 0 

80. 

95. 

130. 


116,100 

19,000 



380. 

300. 

220.0 

145. 

165. 

200. 


122,600 

20,000 



900. 

590. 

360,0 

230. 

280. 

380. 


129,000 

21,000 



1800. 

1250. 

700. 

1 360. 

500. 

800. 


135,500 

22.000 



2800. 

2100. 

1400. 

940. 

noo. 

1800. 


141,900 


Note. Permeability at any induction may be found from the relation p « B/H. 
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Table m (Part 1). Approximate Frequency and Induction Core Lobs Factors for 
29 Gage (0.014 in.) Material 


Induction, 

gausses 

Frequency 


15 

Cycles 

25 

Cycles 

40 

Cycles 

50 

Cycles 

60 

Cycles 

10 

0.35X10-6 

0.60X10-6 

0.10X10-6 

0.13X10-6 

0.16X10-6 


16 

0. lOX 10-6 

0.17X10-6 

0.30X10-6 

0.36X10-6 

0.46X 10-6 


25 

0.29X 10-6 

0.50X 10-6 

0.80X10-6 

0. lOX 10-4 

0. 12X10-4 


40 

0.80X10-6 

0.14X10-4 

0.23X10-4 

0.28X10-4 

0.35X10-4 

258 

64 

0.22X10-4 

0.41X 10-4 

0.65X10-4 

0.82X10-4 

0.10x10-3 

423 

100 

0.58x10-4 

0. 10X10 3 

0.18X 10-3 

0.22x10-3 

0.26X10-3 

645 

160 

0.15X10-3 

0.28X 10-3 

0.44X10-3 

0.56X10-3 

0.66X10-3 

1,030 

250 

0.36X 10-3 

0.64X 10-3 

0. lOX 10-2 

0. 13X 10-2 

0. 16X10-2 

1.610 

400 

0.90X 10-3 

0. 15X 10-2 

0.26X 10-2 

0.30X 10-2 

0.38X 10-2 

2,580 

640 

0.20X10-2 

0.35X 10-2 

0.62X10-2 

0.75X lU-2 

0.93X10-2 

4,230 


0.43X 10 2 

0.74X 10-2 

0.13X10 1 

0. 16X 10-1 

0.22X10-1 

6,450 


0. lOX 10 1 

0. 16X 10-1 

0.28X10-1 

0.36X10-1 

0.43X 10“i 

10,300 


0. MX lO-i 

0.24X 10 1 

0.40X10-1 

0.52X10-1 

0.62X10-1 

12,900 


0.20X 10 1 

0.34X 10 1 

0.60X 10-1 

0.75X 10 1 

0.92X 10-1 

16,100 

3,000 

0.29X 10 1 

0.46X 10-1 

0.8IX 10-1 

0. 10 

0. 12 

19,400 

4,000 

0.45x10-1 

0.73X10-1 

0.13 

0. 17 

0.20 

25,800 

5,000 

0.66X 10 1 

0.11 

0.19 

0.25 

0.29 

32,300 

6,000 

0.90X10 1 

0. 15 

0.26 

0.34 

0.40 

38,700 

7,000 

0. 12 

0.20 

0.35 

0.44 


45,200 

8,000 

0. 15 

0.25 

0.44 

0.55 

0.66 1 

51,600 

9,000 

0. 19 

0.31 

0.54 

0.68 


58,100 

10.000 

0.23 

1 0.38 

0.64 

0.82 


64,500 

11,000 

0.28 

0.46 

0.76 

0.98 


71,000 

12.000 

0.33 

0.55 

0.91 

1.15 

1.45 

77,400 

13,000 

0.39 

0.64 

1.07 

1.37 


83,900 

14,000 

0.45 

0.74 

1.25 



90,300 

15,000 

0.52 

0.86 

1.47 

1.90 

2.35 

96,800 


nduotion, 

gausses 

I Frequency 

Induction, 

lines 

per sq in. 

80 

Cycles 

100 

Cycles 

160 

Cycles 

250 

Cycles 

10 

0.22X10-6 

0.28X10-6 

0.47X 10-6 

0.80X 10-6 

64 

16 

0.64X10-6 

0.80X10-6 

0.14X10-4 

0.24X10-4 

103 

25 

0.18X10-4 

0.23X10-4 

0.40X 10-4 

0.72X 10-4 

161 

40 

0.51X10-4 

0.64X10-4 

0.12X10-3 

0.21X 10-3 

258 

64 

0.15X10-3 

0.18X10 3 

0.32X10-3 

0.58X 10-3 

423 

100 

0.38X10-3 ] 

0.47X10-3 

0.80X 10 3 

0. I5X 10-2 

645 

160 

0.92X10-3 

0.12XJ0-2 

0.21X10 2 

0.38X 10-2 

1,030 

250 

0.22X10-2 

0.30X 10 2 

0.50X 10-2 

0.90X 10-2 

1,610 

400 

0.56X10 2 

0.72X10-2 

0. 12X 10-1 

0.22X 10"! 

2,580 

640 

0.13X10-1 

0.17X10-1 

0.30X 10-1 

0.53X 10-1 

4,230 

1,000 

0.28X 10-1 

0.36X 10-1 

0.61X10-1 

0. 11 

6,450 

1,600 

0.60X 10-1 

0.78X 10 1 

0.14 

0.26 

10,300 

2,000 

0.88X 10-1 

0.11 

0.20 

0.38 

12,900 

2,500 

0. 13 

0. 16 

0.29 

0.55 

16,100 

3,000 

0. 18 

0.22 

0.37 

0.74 

19,400 

4,000 

0.28 

0.36 

0.64 

1.25 

25,800 

5,000 

0.41 

0.54 

0.96 

1.80 

32,300 

6,000 

0.56 

0.72 

1.30 

2.50 

38,700 

7,000 

0.72 

0.96 

1.70 

3.30 

45,200 

8,000 

0.92 

1.20 

2,10 

4. 1 

51,600 

9,000 

1.14 

1.48 

2.60 

5. 1 

58,100 

10.000 

1.40 

1.80 

3.3 

6.2 

64,500 

11,000 

1.70 

2.25 

4.0 

7.7 

71,000 

12,000 

2.05 

2.8 

4.9 

9.5 

77,400 

13,000 

*.5 

3.3 

5.9 

! 11.3 

83,900 

14,000 

2.90 

3.9 

7,1 

13.0 

90,300 

15,000 

3 40 

4 6 

R. 5 

1 15.0 

96,600 


Note. To find the approximate iron loss at any induction or frequency, multiply the loes, at 
60 cycles, 10,000 gausses, by the factor shown in the table. Values are most accurate for about a 
4 per cent silicon steel, are reasonably exact for lower ,silicon steels, and may be used to give 
approximate values for Hipernik. 
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Table in (Part S). 


Approximate Frequency and Induction Core Loaa Faetora lor 
29 Gage (0.014 in.) Material 


Induction, 

gausses 

1 Frequency 

Induction, 

lines 

per sq in. 

400 

Cycles 

640 

Cycles 

1000 

Cycles 

1600 

Cycles 

2500 

Cycles 

10 

0. 14X10-1 

0.30X10-4 

0.56X10 4 

0. 13X10-3 

0.39x10-3 

64 

16 

0.47X 10-4 

0.95X 10-4 

0.20x10-3 

0.43X 10-3 

0. lOX 10-2 

103 

25 

0. 14X 10 3 

0.28X10 3 

0.58X 10-3 

0. 14x10-2 

0.32X 10-2 

161 

40 

0.40X 10-3 

0.85X 10-3 

0. 18X10 2 

0.44X 10-2 

0.95X10-2 

258 

64 

0.11X102 

0.24X10 2 

0.SIX 10-2 

0. 1IX 10 1 

0.27X10-1 

423 

100 

0.28X 10 2 

0. 59X 10 2 

0. 13X10 1 

0.29X 10 1 

0.67X 10-1 

645 

160 

0.70X 10-2 

0. 15x10-1 

0.32X 10-1 

0.70X10-1 

0 16 

1,030 

250 

0. 17X10 1 

0.36X 10-1 

0.74X 10 1 

0. 17 

0.38 

1,610 

400 

! 0.41X10-1 

0.86X 10-1 

0. 18 

0.39 

0.88 

2,580 

640 

0.95X 10-1 

0.20 

0.42 

0.90 

2.2 

I 4,230 

1,000 

0.22 

0.45 

0.94 

2.2 

5.0 

1 6,450 

1,600 

0.48 

1.0 

! 2.15 

4.9 

1 11.5 

10,300 

2,000 

0.71 

1.5 

3.2 

7.4 

17.0 

12,900 

2,500 

1. 10 

2.2 

4.6 

11.0 

25.0 

16,100 

3,000 

1.40 

3. 1 

6.4 

15 0 

35.0 

19,400 

4,000 

2.30 

5.0 

11.0 

26.0 

58.0 

25,800 

5,000 

3.50 

7.7 

16.0 

38.0 

82.0 

32,300 

6,000 

5.0 

10.0 

22.0 

50.0 


38,700 

7,000 

6.6 

14.0 

29.0 

65.0 


45,200 

8,000 

8. 5 

18.0 

37 0 



51,600 

9.000 

10.9 

22.0 

46.0 



58,100 

10,000 

13.4 

27.0 

58.0 



64,500 

11,000 

16.0 

32.0 




71,000 

12,000 

19.0 

38.0 




77,400 

13,000 

22.0 





83,900 

14,000 

25.0 





90.300 

15,000 

29 0 





96,800 


Frequency 

Induction, 

4000 

6400 

10,000 

15,000 

lines 

Cycles 

Cycles 

Cycles 

Cycles 

per sq in. 

0.79X 10 3 

0. 16X10-2 

0.38X 10-2 

0.80X 10-2 

64 

0.24X 10-2 

0.56X 10-2 

0. IIX 10-1 

0.30X 10-1 

103 

0.80X 10 2 

0. 19X 10 1 

0.44X 10-1 

0. 10 

161 

0.24X 10-1 

0.58X 10-1 

0. 14 

0.31 

258 

0.64X 10 1 

0.15 

0.38 

0.84 

423 

0.15 

0.38 

0.96 

2.0 

645 

0.38 

0.95 

2.3 

5.0 

1,030 

0.93 

2.2 

5.3 

II.0 

1,610 

2.2 

5.2 

13.0 

27.0 

2,580 

5. 1 

13.0 

30.0 

62.0 

4,230 

12.0 

29.0 

72.0 


6,450 

28J) 

65 0 



10,300 

42 0 




12,900 

63'O 




16,100 




19,400 





25,800 





32,300 





38,700 





45,200 





51,600 





58,100 





64,500 





71,000 





77,400 





83,900 





90,300 





96,800 


Induction, 

gausses 


10 

16 

25 

40 

64 

100 

160 

250 

400 

640 

1,000 

1,600 

2,000 

2,500 

3,000 

4,000 

5,000 

6,000 

7,000 

8,000 

9,000 

10,000 

11,000 

12,000 

13,000 

14,000 

15,000 


Note. To find the approximate iron loss at any induction or frequency, multiply the loss, at 
60 cycles, 10,000 gausses, by the factor shown in the table. Values are most accurate for about 

.. ^ non nonanna K1 ir Avon! (nr‘ aiKnnn af ckola n vnnv* Kn 4rv oriirA 

approximate values for Hipernik. 
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temperature is raised. These changes are greater at low flux densities but may usually be 
neglected in the commercial application of materials over ordinary temperature ranges. 
Iron and silicon-iron alloys become non-magnetic at alxjut 750 deg cent, and the magnetic 
properties are in general more seriously impaired as temperatures of about 500 deg cent 
are exceeded. The magnetic properties of materials are sometimes impaired after being 
being held for some time at temperatures of the order of 100 deg cent. This '* aging ” 
effect used to l>e of considerable importance, but electrical steels produced today are not 
seriously affected. 

Effect of Heat Treatment. It is usually possible to effect a marked improvement in 
the magnetic properties of materials by a proper heat treatment or annealing cycle. 
This heat treatment usually involves heating the material to a suitable temperature, hold¬ 
ing at this temperature for a short time, and cooling slowly to several hundred degrees 
centigrade. The best annealing temperature, if only the release of punching strains is 
desired, will usually be aliout 725 deg cent. The punchings can be held at this tempera¬ 
ture for several hours, and cooled at a rate of about 30 deg cent per hr. It is impor¬ 
tant that every precaution Ije taken to exclude oxidizing or carburizing gases from the 
material while it is above 600 deg cent. This is effected by either placing the material 
to be annealed under a tightly sealed metal box, or, if an electric furnace is used, by 
supplying an inert or reducing atmosphere to the annealing chamber. 

If the material to be annealed has Ijeen given no other annealing treatment, the maxi¬ 
mum temperature will range between 750 and 900 deg cent for such materials as cast iron, 


Table IV. Loss of Electrical Sheets as a Function of Gage for Commercial Grades 

in Common Use 

The grade is designated by the guaranteed maximum iron loss when tested at 10^000 gausseSf 60 cycles^ 

A.S.T.M, Method 


Induction in gausses 


Grade 

Gage 

3000 

4000 

5000 

6000 

7000 

8000 

9000 

10,000 

11,000 

12,000 

13,000 

14,000 

^ 15,000 

0.72 

30 

0 096 

0.160 

0.237 

0.317 

0.402 

0.495 

0.60 

0.71 

0.84 

1.00 

1.18 

1.38 

1.63 

.72 

29 

.096 

.160 

.237 

.317 

0 402 

0.495 

0.60 

0.71 

0.84 

1.00 

1.18 

1.38 

1.63 

.72 

28 

.104 

.172 

.250 

.329 

0.417 

0.52 

0.63 

0.75 

0.89 

1.05 

1.24 

1.45 

1.71 

.72 

27 

.112 

.184 

.255 

.344 

0 438 

0.54 

0 66 

0.79 

0 94 

1.11 

1.31 

1.53 

1.80 

.72 

26 

.124 

.196 

.271 

.360 

0.464 

0.57 

0 70 

0.83 

0.99 

1.17 

1.38 

1.62 

1.91 

.72 

25 

.137 

.214 

.302 

.392 

0.492 

0.61 

0.74 

0.89 

1 06 

1.25 

1.48 

1.74 

2 05 

.72 

24 

.152 

.231 

.320 

.410 

0.53 

0 66 

0.80 

0.97 

1.17 

1.36 

1.59 

1.86 

2.19 

.82 

30 

098 

.158 

.237 

.318 

0.415 

0 53 

0.64 

0.78 

0.94 

1.10 

1.27 

1 47 

1.68 

.82 

29 

.098 

.162 

.242 

.330 

0.430 

0 55 

0 66 

0.81 

0.97 

1.13 

1.32 

1.53 

1.76 

.82 

28 

.104 

.173 

.253 

.347 

0 450 

0 57 

0 69 

0 85 

1.01 

1.18 

1.38 

1.61 

1.85 

.82 

27 

.112 

.183 

.264 

.368 

0 477 

0 60 

0.73 

0 90 

1.06 

1.24 

1.45 

1.69 

1.95 

.82 

26 

.123 

.198 

.285 

.390 

0 51 

0i>4 

0.77 

0.96 

1.11 

1.30 

1.52 

1.78 

2 07 

.82 

25 

.137 

.218 

.313 

.423 

0.55 

0 68 

0.83 

1.03 

1.17 

1.38 

1.61 

1.89 

2.21 

.82 

24 

.154 

.240 

.350 

.468 

0.60 

0.74 

0.89 

1.10 

1.26 

1.48 

1.72 

2.02 

2.38 

1.01 

30 

.129 

.209 

.313 

.423 

0 54 

0 66 

0.81 

0.98 

1.16 

1.36 

1.58 

1.86 

2.15 

1 01 

29 

.132 

.214 

.319 

.435 

0.56 

0.69 

0.84 

1.01 

1.19 

1.40 

1.62 

1.91 

2.20 

1.01 

28 

.139 

.224 

.331 

.452 

0.58 

0.72 

0.87 

1.06 

1.24 

1.47 

1.70 

1.99 

2.30 

l.OI 

27 

.150 

.237 

.346 

.475 

0 61 

0 75 

0 91 1 

1.12 

1.30 

1.54 

1.79 

2 08 

2.42 

1.01 

26 

.164 

.253 

.363 

.498 

0.64 

0 79 

0.96 

1.18 

1.37 

1.62 

1.89 

2.20 

2.56 

1.01 

25 

.180 

.271 

.384 

.53 

0.68 

0.84 

1.01 

1.24 

1.45 

1.71 

2.02 

2.34 

2.72 

1.01 

24 

.198 

.293 

.408 

.56 

0.73 

0.90 

1.09 

1.30 

1.55 

1.82 

2.16 

2.51 

2.91 

1.17 

30 

.144 

.247 

.350 

.450 

0.58 1 

0.74 

0 91 

1.10 

1.31 

1.55 1 

1.82 

2.11 

2.50 

1.17 

29 

.155 

.258 

.360 

.460 

0.61 

0 76 

0.93 

1.15 

1.34 

1.58 

1.86 

2.16 

2.55 

1.17 

28 

.165 

.268 

.370 

.480 

0 63 1 

0.78 

0.96 

1.17 

1.37 

1.62 

1.90 

2.22 

2.61 

1.17 

27 

.178 

.285 

.388 

.50 

0.65 

0.80 

1 00 

1.21 

1.43 

1.69 

2.00 

2.35 

2.74 

1.17 

26 

.197 

.308 

.425 

.53 

0 70 

0.87 

1.07 

1.28 

1.52 

1.82 

2.18 

2 55 

2.98 

1.17 

25 

.224 

.342 

.47 

.60 

0 78 

0.97 

1.19 

1.43 

1.70 

2.04 

2.43 

2.84 

3.31 

1.17 

24 

.260 

.385 

.53 

.72 

0 91 

1.15 

1.39 

1.65 

1.96 1 

2.33 

2.78 1 

3.32 

3.96 

1.30 

30 

.172 

.280 

.395 

.53 

0.68 

0 85 

1.03 

1.24 

1.49 

1.77 

2.10 1 

2 47 

2.91 

1.30 

29 

.178 

.290 

.410 

.55 

0 71 

0.88 

1.07 

1.28 

1.53 

1.81 

2.15 

2.55 

3 00 

1.30 

28 

.186 

.305 

.435 

.58 

0 74 

0 92 

1.12 

1.33 

1.58 

1.88 

2.22 

2.67 

3.14 

1.30 

27 

.198 

.325 

.465 

.62 

0 79 

0.98 

1.19 

1.41 

1.67 

2.00 

2.37 

2.86 

3.38 

1.30 

26 

.216 

.350 

.50 

.67 

0.85 

l.% 

1.28 

1.53 

1.82 

2.18 

2.60 

3.11 

3.67 

1.30 

25 

.235 

.375 

.55 

.75 

0 95 

1.17 

1.41 

1.69 

2.02 

2.42 

2.90 

3.47 

4.10 

1.30 

24 

.260 

420 

61 

.85 

1 09 

1 37 

1.68 

2.03 

2 44 

2 94 

3 54 

4.25 

5 10 
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cast steel, ordinary structural or low-carljon steel, “ pure ” iron, and low-silicon stool. 
High-silicon steel is annealed at temperatures ranging above 1000 deg cent, and Hipernik 
at temperatures above 1200 deg cent. The importance ol proper atmospheric control 
increases as the annealing temperature is raised. 

Curves and Data on Commercial Non-retentive Magnetic Materials. In using data 
on commercial magnetic materials it is important to remember that the magnetic proper¬ 
ties of all such materials are apt to vary considerably, depending upon chemistry, kind and 
amount of mechanical work done on the material, heat treatment, and factors at present 
beyond control. It is impossible to give exact figures representing the various magnetic 
characteristics, and the values presented will be those corresiionding to the average of good 
practice. In general, the range over w'hich the values will fluctuate will be smaller for the 
materials of higher magnetic quality. Silicon steel sheets, for example, show variations in 
standard iron loss of less than 10 jier cent, although permeability figures for this class of 
material will vary over a considerably wider range. In general, both hysteresis losses, and 
low and moderate flux density permeabilities, will vary over a considerably wider range 
than the permeabilities at high values of magnetizing force. 

Although electrical sheets are usually marketed under the trade names of the various 
manufacturers, the number of grades and the loss characteristics of these grades have been 
fairly well standardized (the “ radio grades are essentially the same as the standard). 
Accordingly, the figure corresponding to the 29 gage (0.014) iron loss, expressed in watts 
per pound when tested at 10,000 gausses and 60 cycles, has been used to designate the 
grade of electrical sheet material. 

Table V. Apparent Incremental Permeability Standard E and I Laminations 

Length of magnetic circuit — r).(> in. Two lap joints. 20 guge material, 0.(}(i grade 


D-c Magnetizing Force, in Oersteds 


A-c induction. 

0 

0. 5 

1.0 

1.5 

2 

3 

4 

5 

10 gausses. 

650 

600 

480 

390 

330 

260 

220 

210 

100 gausses. 

1230 

1000 

750 

580 

475 

360 

300 

280 

1000 gausses. 

2400 

1450 

1070 

850 

700 

560 

500 

480 


Data by American Rolling Mill Co., Middletown, Ohio. Data shown are for CO cycles; 1000 
cycles shows almost identical result. 


Table VI. Incremental Permeability D-c Tests 

20 gage material, ().(»() grade 



B - 10 

H = 30 

B - 100 

B - 300 

B » 1000 

B « 3000 

Steady magnetizing force = 0.0 oersted. . 

1000 

1440 

1970 

2770 

4460 

7320 

Steady magnetizing force = 0.1 oersted. . 

1000 

1350 

1910 

2550 

4030 

6650 

Steady magnetizing force = 0.3 oersted, , 

840 

1090 

1470 

1985 

3120 

5200 

Steady magnetizing force = 1.0 oersted. . 

578 

740 

934 

1130 

1570 

2750 

Steady magnetizing force = 3.0 oersteds. 

200 

204 

214 

250 

450 

1000 

Steady magnetizing force — 10.0 oersteds 

62 

63 

65 

70 

too 

310 


Data from Westinghouse Electric tests. King samples, no air gaps. 60-cycle a-o tests with 
no air gaps have checked these figures closely. 


46. RETENTIVE MATERIALS 

General Considerations. The magnetic properties and the application of the various 
retentive or pcrm.aiieiit magnet materials, depend, in the main, on four factors, namely: 
(1) the phy.sical dimensions of the magnetic current, (2) the heat treatment of the material. 
(3) the subsequent “ stabilization,” and (4) small variations in composition. 

1. The relative lengths of the retentive material, of the air gap, and, if present of tho 
non-retentive material, together with the cost and weight or size considerations, will deter¬ 
mine, in general, the choice of magnetic material. If the air gap must be relatively large, 
or if weight or size are important consideratioiu, materials having high coercive force will 
be used. 
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2. The desired magnetic properties of these materials are not developed, as a rule, 
until a final heat treatment has been given. Usually, precautions must be taken to avoid 
cracking, excessive oxidation, decarburization, or overheating; the temperatures must be 
rather closeily controlled; and it is ordinarily desirable to keep these materials at high 
temperatures as short a time as is practicable. Permanent magnet materials are ordinarily 
quite difficult to forgo or machine. 


Table VII. Properties of Permanent Magnet Materials, Approximate Values 


Characteristic 

0.85 

Per CVnt 
Carbon 
Steel 

2.0 

Per Cent 
Chromium 
Steel 

5.0 

T’er ('ent 
Tutjgsten 
Steel 

Cobalt 

Chro¬ 

mium 

Steel 

Cobalt 

Steel 

Nickel 
.Mu- 
mi num 
Steel 


0.85 

0.90 

0.65 

0 9 

0 85 M 




2.0 

0.30 

10.0 

4.2 






15.0 

37.0 


Per cent tungsten. 



5.50 


2.3 


Per cent manganese. 

0.25 

0.30 

0.30 

0.40 

0.4 

5.011 

Per cent aluminum. 






10 

Per cent nickel. 






25 

Forging temperature. 

850” C 

1000” C 

1000” C 

1000° C 

1000” 

t 

Annealing temperature.. 

8750 p * 

900” C * 

850” C * 

750” C * 

§ 

t 

Hardening temperature. 

760” C 

800” C 

840” C 

** 

950” C 

t 

Quenching medium. 

Oil 

Oil 

Oil 

Oil 

Oil 

t 

Magnetizing force, oersteds. 

300 

400 

400 

1000 

1000 

2000 

Residual induction {Hr) . 

8500 

9500 

10,000 

8300 

10.000 

6000 

Coercive force {He) . 

50 

55 

65 

200 

250 

500 

Maximum energy product 







(fir X He) nmx. 

180,000 

230,000 

300,000 

650,000 

1,000,000 

1,300,000 

Approximate relative cost in per¬ 







centage . 

100 

100 

200 

1000 

1900 

300 

Approximate ergs per dollar 







(max). 

1.8XI0fi 

2.3X 106 

I.5X 106 

0.65 X 106 

0.52 X 106 

4.2X 106 


♦ Cooled in air. 

i Cannot be forged or machined, may be ground, and casts fairly well. 

Heat to 1200 deg cent, quench, and age 4 hr at 700 deg cent. 

Annealing impairs the magnetic properties of this material and should be avoided. If neces¬ 
sary for machining hold at 830 deg cent for 1 hr, cool 30 deg cent per hr to 600 deg cent, cool in air. 
^ Carbon fairly critical. 

|l The manganese is not essential, but increases the coercive force from 350 to 500, and lowers 
the residual induction from 7500 to 6000. 

** Heat rapidly to 1160 deg cent, cool in air, heat slowly to 725 deg cent, cool in aig, heat to 
1000 deg cent, cool in moving air to 300 deg cent, and quench in oil, according to Darwins, Ltd., 
Sheffield, England. 


























MISCELLANEOUS METALLIC MATEKIALS H“l09 

3. After the material has been heat-treated and magnetised it is frequently necessary 
to put the material in such condition that very little or no further change in magnetiO: 
properties will occur. This may be accomplished, but only by sacrificing a part of the 
initially available magnetic energy, by one or aU of three methods. 

(o) Prolonged “ aging ” at a slightly elevated temperature, usually about 100 deg cent 
for about 10 hours. 

(b) Subjecting the material to mechanical shock or vibration, as by dropping it several 
feet to a hard surface. 

(c) Applying a small negative, or alternating, demagnetizing force, as by introducing 
a slightly larger air gap than will later Ix^ used in the magnetic circuit. 

4. Small amounts of various impurities will sorni^times produce changes in the mag¬ 
netic properties of retentive materials. Small percentages of sulfur, phosphorus, or 
oxygen are believed to bo harmful, and loss of carbon in heat treatment may damage some 
grades considerably. 

Data on Commercial Retentive Materials. Hysteresis loops are shown in Fig. 1. Gen¬ 
eral data on permanent magnet materials are shown in Table VII. 


47. SPECIAL MAGNETIC MATERIALS 

Low-induction Materials. There arc several magnetic materials whi':h have remark¬ 
able magnetic characteristics at very low flux densities. These materials include those 
known as (1) “ Conpernik ” and (2) “ Perminvar.” 

(1) Conpernik is chariieterized by a constant permeability of a little over 1000 at 
flux densities up to several hundred gausses, and by a very low hystt‘resis loss at those 
low inductions. The composition of Conpernik is the same as that of Hipernik, and the 
unusual properties are secured by a low-temperature heat treatment. The hysteresis 
loss of Conpernik is about 1.6 X 10~* erg per cu cm per cycle at an induction of 100 
gausses. The material may bo used to advantage in several ways, for example, in pro- 
du( 5 ing reactors with a reactance to resistance ratio well over 150, at frequencies of about 
500 cycles. In order to keep eddy current losses low, it is generally used in 0.005-in. 
thickness. 

(2) Perminvar, characterized by somewhat similar properties, is an alloy of iron, 
nickel, and cobalt, in one of several proportions. The magnetic properties are developed 
by special heat treatment. 

High-induction Materials. An alloy of iron and cobalt, preferably in the ratio of 
65 per cent iron to 35 per cent cobalt, has remarkable properties at very high inductions. 
The saturation induction is about 12 per cent liighor than that of pure iron, or a little 
over 24,000 gausses, and at magnetizing forces between 50 and 200 oersteds the inductions 
are about 25 per cent higher than for iron. The material is used only for special applica¬ 
tions because of its relatively high cost. 

Temperature Effects. (1) Alloys of copper and nickel, in the proportions of 70 per cent 
copper to 30 p(^r cent nickel with the addition of small amounts ol manganese and silicon, 
and alloys of iron and nickel in the ratio of 3 to 1 respectively, will show substantial and 
approximately linear changes in permeability with temperature, and arc u.sod as shunts 
for compensating the magnetic circuits of electrical instruments for changes in tem¬ 
perature. 

(2) An alloy of iron and nickel, with about 35 per cent nickel (Invar composition), 
will become non-magnetic at a slightly elevated temperature and is ust^d in magnetic- 
thermal relays. 

High-frequency Materials. Powdered iron or powdered permalloy, with the particles 
of magnetic material insulated from each other, and the whole compressed into a solid 
mass, may be used for the cores of radio reactors, or in other applications where the 
frequency is very high. Such materials usually have low permeabilities (initial per¬ 
meabilities of the order of 25) and high resistivity, one material having a resistivity of 
about 50 ohm-cm. 

MISCELLANEOUS MATERIALS 

48. MISCELLANEOUS METALLIC MATERIALS 

Duriron is a corrosion-resisting material made by the Duriron Co., Dayton, Ohio, 
consisting of Si, 14.50 per cent; Mn, 0.35 per cent; C, 0.80 to 0.85 per cent; Fe, balance. 
Thp following are given as its physical properties: specific gravity, 7.0; weight per cubic 
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inch, 0.253 lb; melting range, 2276 to 2375 deg fahr; coefficient of expansion, 0.000,015,65 
per deg fahr from room temperature to the melting point, and 0.000,004 per deg fahr 
from room temperature to 212 deg fahr; electrical resistivity, microhm>cm at 32 deg fahr, 
63.3; thermal conductivity (silver — 1.000), 125; Shore scleroscope hardness, 49-51; 
contraction allowance in casting, 1/4 per ft. The makers give the tensile strength 
as 15,000 to 20,000 lb per sq in., and the compressive strength as 95,000 lb per sq in. 
Duriron will not soften or materially alter its shape at temperatures below 2000 deg fahr, 
nor does it oxidize at temperatures below 1500 deg fahr. 

Corrosiron is a cast-iron alloy, containing about 14.25 per cent silicon and other metal¬ 
loids in small quantities. It melts at about 2400 deg fahr and weighs 0.263 lb per cu in. 
It is brittle with long flat crystals. A bar 1 by 2 in., 24 in. long, has a transverse strength 
of about 1200 lb, with the load applied at the center, the deflection being about 0.16 in. 
Shrinkage is about 3/^0 in. per ft. In designing, flat surfaces should be avoided, all cor¬ 
ners rounded, and sections of metal kept as even as possible. 

Corrosiron is used in the construction of pifies, valves, pipe flttings, acid pumps, pans, 
etc. It is made by the Pacific Foundry Co., San Francisco. 

Copper-aluminum-iron Bronze. Tests on copper-aluminum-iron bronze as an acid- 
resisting material, made at the Univ. of Wisconsin, were reported by O. L. Kowalko 
{Chem. Met. Engg., Jan. 7, 1920). Two bronzes of the following composition were 
tested: 

Iron Specific 

Copper Aluminum Alloy Gravity 


Bronze A. 87.0 9.8 3.14 7.71 

Bronze B. 85.6 10.81 3.57 7.58 


Bronze A is resistant particularly to sulfuric, lactic, phosphoric, tartaric and acetic 
acids and to caustic soda. Nitric acid attacks it readily, and hydrochloric acid and 
aqua ammonia both attack it too readily for commercial purposes. Bronze B is more 
resistant to sulfuric acid than Bronze A. It is less resistant to hydrochloric acid and more 
resistant to aqua ammonia than Bronze A, and is also attacked readily by nitric acid. 

The corrosion of forged specimens of Bronze A in 35 per cent sulfuric acid was only 
about one-half that of cast or rolled specimens. 

llUum (Product. Engg., November, 1932). Illium is an alloy of nickel, chromium, and 
copper, developed by the Burgess-Parr Co., with the following average physical charac¬ 
teristics: tensile strength, 6000 lb per sq in.; elastic limit, 60,000 lb per sq in.; hardness, 
Brinell, 170-200; melting point, 2372 deg fahr; specific gravity, 8.3; weight per cubic 
inch, 0.3 lb; specific heat, 0.105 g-cal per g per deg cent; coefficient of expansion per 
deg cent (20-300 deg), 0.000,013,5; electrical resistance, 121.9 microhra-cm; contraction 
in casting, 6/10 in. per ft. Illium is readily machined, being slightly harder than cast 
steel, and may bo welded to itself or other metals by acetylene or electric arc. It is 
resistant to the following: acids', acetic, butyric, citric, formic, hydrocyanic, lactic, nitric, 
oleic, oxalic, phosphoric, picric, sulfuric; salts: ammonium chlorate and sulfate, copper 
sulfate, ferric chloride, mercuric chloride, potassium alum, silver nitrate, sodium chloride 
and hydroxide, hypochlorite, and nitrite; organic substances: acid mine water, apple 
vinegar, carbolic acid, formaldehyde, fruit juices, malt vinegar; miscellaneous: bleaching 
powder, bromide solution, carbonated water, hydrogen sulfide, sulfur dioxide. 

Fusible Alloys. A variety of compositions containing tin, load, and bismuth or cad¬ 
mium are used when a low melting point is reipiired; some of these alloys are given in 
Table I. 

Table I. Composition of Fusible Alloys 


lipowitz. 

Wood’s. 

Rose’s. 

50 per cent plumbers’ solder 
Pure tin. 


Melting 

(composition, per cent 

deg fahr 

Pb 

Sii 

CJ 

Bi 

140 

26 

13 

10 

51 

138 

26 

13 

12 

49 

230 

28 

22 


50 

358 

50 

50 



450 


100 
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CEMENT, CONCRETE, LIME, MORTAR, 

AND PLASTER 

By Theodore Crane 

1. CEMENT 

Cement. In engineering literature the term cement is understood to mean the finely 
pulverized product obtained by the burning of a suitable mixture of argillaceous and cal¬ 
careous materials, or by an artificial mixture of such materials after burning, which will 
possess the property of hardening into a solid mass when mixed with water. The essential 
ingredients in the manufacture of cement are calcium carbonate (CaCOs), silica (Si02), 
and alumina (AiaOa); the last two, combined in various proportions, constitute the argil¬ 
laceous material. The characteristic property of cement is that of hardening by the 
addition of water, and therefore its ability to harden when excluded from the air. 

The cements used in engineering and building construction in this country arc Portland, 
natural, puzzolan, and calcium aluminate cements. 

Portland Cement is the finely pulverized product resulting from the calcination to 
incipient fusion of an intimate, artificial mixture of properly proportioned argillaceous 
and calcareous materials with no addition subsequent to calcination excepting water and 
calcined or uncalcined gypsum. It has a definite chemical composition varying within 
comparatively narrow limits. There are three distinct stages in the process of its manu¬ 
facture: (1) the preparation of the correct mixture by the selection, proportioning, mix¬ 
ing, and grinding of the ingredients; (2) the burning of the mixture to a clinker; and 
(3) the pulverizing of the burned clinker to a fine powder. 

Portland cement is almost universally used for reinforced-concretc construction. It is a 
highly uniform product sold unde- the standard specifications of the A.S.T.M, 

Standard Specifications for Portland Cement. (A.S.T.M. Standards C 9-30.) 

Chemical Properties. The following limits shall not be exceeded: 


Loss on ignition, per cent.4.00 

Insoluble residue, per cent. 0.85 

Sulfuric anhydride (SO 3 ), per cent. 2.00 

Magnesia (MgO), per cent. 5.00 


Physical Properties. 1 . The residue on a standard No. 200 sieve shall not exceed 22 
per cent by weight. 

2. A pat of neat cement * shall remain firm and hard, and show no signs of distortion, 
cracking, checking, or disintegration in the steam test for soundness. 

3. The cement shall not develop initial set in less than 45 minutes when the Vicat 
needle is used or 60 minutes when the Gillmoro needle is used. Final set shall be attained 
within 10 hours. 

4. The average tensile strength in pounds per square inch of not less than three standard 
mortar briquets composed of one part cement and three parts standard sand by weight, 
shall be equal to or higher than the following: 


.Age at 
Test, days 


Tensile 

Storage of Briquets 

Strength, 
lb per sq in. 

7 

1 day i i moist air, 6 days in water. 

275 

28 

1 day in moist air, 27 days in w^ater. 

350 


5. The average tensile strength of standard mortar at 28 days shall be higher than 
the strength at 7 days. 

Natural Cement is the finely pulverized product resulting from the calcination of an 
argillaceous limestone at a temperature below fusion. The proportions of lime and clay 

* Neat cement is Portland cement mixed with water and no aggregate added. See A.S.T.M. 
Standard 077-32 for method of preparation of pat. 
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in the raw material may vary between much wider limits than in Portland cement. Nat¬ 
ural cement does not develop its strength as quickly nor is it as strong as Portland cement. 

Natural cement, mixed with three parts of sand, is widely used for laying brick, stone, 
or terra-cotta as it produces, without the addition of lime, a plastic mortar amjjly strong 
for masonry requirements. It is suitable for concrete x)laced in massive foundations and 
similar work where high structural strength is not required, and is also blended with 
Portland cement to increase the workability of the latter. 

Standard Specifications for Natural Cement. A.S.T.M. Standard C 10-09. 1. The 

residue on a standard No. 100 sieve shall not exceed 10 per cent, and on a standard No. 200 
sieve shall not exceed 30 per cent, by weight. 

2. Pats of neat cement about 3 in. in diameter, t/o in. thick at center, tapering to a 
thin edge, shall be kept in moist air for a period of 24 hours. 

(a) A pat shall then be kept in air at normal temperature. 

(b) Another pat shall be kept in w'ater maintained as near 70 deg fahr as practicable. 

These pats shall be observed at intervals for at least 28 days, and, to pass the tests 

satisfactorily, shall remain firm and hard and show no signs of distortion, checking, 
cracking, or disintegrating. 

3. The cement shall not develop initial set in less than 10 minutes, using the Vicat 
needle. Final sot shall be attained in not less than 30 minutes nor more than 3 hours, 
using the Vicat needle. 

4. The minimum requirements for tensile strength for briquets 1 so in. in cross- 
section shall be as follows, and the cement shall show no retrogression in strength within 
the periods specified: 


Neat Cement 

Age Strength 

24 hours in moist air. 75 lb 

7 days (1 day in moist air, 6 days in water). . 150 lb 

28 days (1 day in moist air, 27 days in water). 250 lb 

One part cement, three parts standard Ottawa Sand 

7 days (1 day in moist air, 0 days in water). 50 lb 

28 days (1 day in moist air, 27 days in water). 125 lb 


Pending the revision of this specification, the neat cement tests have been practically 
eliminated from standard practice. Furthermore, the facilities for grinding natural 
cement have been so improved, since this standard was writtem, that the residue permitted 
on the No. 200 sieve may be reduced to 12 per cent by weight. 

Puzzolan Cement is the finely pulverized product resulting from grinding a mechanical 
mixture of fused argillaceous material and hydrated lime. The argillaceous substance 
may consist of natural puzzolaric material, such as volcanic ash, trass or allied igneous 
material, or of an artificial material such as water-granulated blast-furnace slag. 

The American puzzolan cements are manufacitured from blast-furnace slag, granu¬ 
lated at the furnace by spraying with water, after which the cinder is very finely ground. 
The best grades of puzzolan will pass approximately 98 per cent through a No. 200 sieve. 
The chief use of puzzolan cement in this country is for non-staining mortars employed in 
laying fine masonry, particularly limestone and marble. It is also blended to some extent 
with Portland cement for use in massive construction to reduce the amount of heat gen¬ 
erated by hydration. 

Lafarge and other grappier cements, by-products produced during the calcination of 
hydraulic lime, are no longer employed to any extent in this country. They were formerly 
imported from Europe and used in non-staining mortars. At present the white Portlands, 
certain natural cements, and high-grade puzzolan cements liave taken their place. 

High, Early-strength Cements are now being widely used for work wliich requires 
speed or where cold-weather conditions demand costly protection during the curing 
period. There are: (1) The calcium-aluminate cements, in a class by themselves, pro¬ 
ducing a 28-day strength in 24 hours. These cements have a high resistance to corrosive 
sulfate solutions which makes them particularly suitable for work exposed to sea water 
and ground water containing calcium, magnesium, or sodium sulfates. They are also 
used as a binder for refractory materials. (2) A large number of high, early-strength 
Portland cements which, when used in normal quantities, produce a 28-day strength at 
about 72 hours. Both these types of cements are more expensive than standard port- 
lands. When used, they should be specified by name, and an abstract of the manufactur¬ 
er’s recommendations for their use should be written into the specifications. 
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2. CONCRETE 

Concrete is a physicochemical mixture of cement and water combined with a fine and 
coarse aggregate. The hardening of the cement-water paste, resulting from the chemical 
reaction between the water and cement, binds together the particles comprising the 
aggregates. It requires only about 2 1/2 of water to hydrate 1 bag of cement, but it is 
necessary to use two or three times this amount for the purpose of obtaining a sufficiently 
plastic mixture to permit proper placement of the concTete. A certain amount of water, 
therefore, remains uncombiiied and distributed witliin the paste, causing minute water 
voids in the concrete, which tend to reduce its structural strength, impermeability, and 
resistance to exposure. The strength and other desirable qualities of concrete, as far as 
proportioning is concerned, dei)eiid upon the cement-water ratio and not upon the relative 
amounts of aggregate and cement, except in so far as the latter affect the cost and the 
workability of the concrete. 

Designing a concrete mixture, therefore, comprises: (1) the selection of suitable 
materials meeting the requirements of good practice which are described in the Standard 
Specifications of the A.S.T.M.; (2) selecting a water-cement ratio which will jjroduco 
concrete of the desired strength and resistance to exposure; (3) determining the most 
suitable quantities and combinations of aggregates which will give the necessary work¬ 
ability whciii mixed with cement and w.ater of the chtjsen proportions. 

Cement. Standard and high-early-strength Portland cements, meeting the standard 
specifications of the A.S.T.M., should l)e used for all reinfor(!ed-concrete work except that 
calcium-aluminate cement may Ixi used where rapid hardening is essential. Natural and 
puzzolan cements, with or without a blending of Portland, are suitable for massive con¬ 
struction, but are not used to any extent for rcinforced-concreto work. American 
cements are sold by the barrel (4 bags each weighing 94 lb and assumed to contain 1 cu ft) 
and delivered in jute or paper bags, except that for very largo operations bulk delivery is 
employed. 

Aggregates. Crushed stone or screened gravel are the principal materials used for 
coarse aggregates. Trap, granite, limestone, or fpiartz gravel are satisfactory; soft 
limestones, sandstones, and shale should avoided. Quartz sand is almost universally 
used as a fine aggregate, although crushed cinders, crushed slag, and various light-weight 
miiterials are (*nii)loyed for special purposes. 

The following is a summary of the Joint Standard Building Code * specification for 
concrete aggregates: They shall (consist of natural sands and gravels, crushed rock, crushed 
nir-cooled blast-furnace slag, or other inert material having clean, uncoated grains of 
strong and durable minerals; they must not contain more than 3 per cent soft, friable, 
thin, flaky, elongated, or laminated particles; or more than 1^/2 per cent shale; or more 
tlian 2 per cent silt and crusher dust finer than No. 100 standard sieve (percentages to be 
based on the w(*ight of the combined aggregate as used in the concrete). When all three 
groups of these deleterious substances are present in the aggregates, the combined amounts 
shall not exceed 5 per cent by weight of the combined aggregate. Aggregates shall not 
contain strong alkali or organic material which gives a color darker than standard when 
tested by the A.S.T.M. standards for organic impurities in sands for concrete (Serial 
Designation: C40 - 33). j 

The maximum size of the aggregate should not bo larger than 1/5 of the narrowest 
dimension l)etwecn forms of the meml)er for which the concrete is to be used nor more than 
^/4 of the minimum clear spacing Ijetwcen reinforcing bars. Maximum size hero means 
the clear space between sides of the smallest square oi^ening through which 95 per cent 
(by weight) of the material can pass. 

Fine Aggregate. Fine aggregiite should consist of uniformly graded sand, or the 
screenings of crushed stone or gravel. Material that appears satisfactory upon cursory 
inspection should have: (1) a colorimetric test to determine the amount of alkali or 
organic material, (2) a decantation test to determine the amount of silt, (3) a sieve analysis 
to determine the grading of the sand: particles should vary from fine (at least 5 per cent 
passing a 50-mesh tieve) up to a 1 / 4 -in. maximum. These tests are described in detail 
in the A.S.T.M. standards. 

Mortar specimens, composed of the sand and cement to be used, should be made and 
tested for both tension and compression. The results at both the 7- and 28-day periods 
should at least equal tests on similar specimens of the same proportion and consistency, 
using graded Ottawa sand having a fineness modulus of 2.40 i 0.10 mixed with the same 
cement. 


* Published by the American Concrete Institute. 
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Course Aggregate. Coarse aggregate should consist of crushed stone or gravel retained 
on a screen with 1 / 4 -in. holes. It should be graded from the smallest to the largest 
particles. Though the strength and economy of con<;rete are favored by a larger, rather 
than a smaller, siao of aggregate, some tine particles are necessary for workability, and the 
necessity of proper placement definitely limits the maximum size for any particular type 
of work. If the aggregate is not well graded from fine to coarse, the concrete will be 
harsh and subject to honeycomb. For most reinforced concrete in building construction, 
a size passing a 1-in. square opening is cuBiomiiry. For narrow walls or thin sections, as 
the ribs composing the structural members of a riblxjd floor system, B/g-in. stone or gravel 
is desirable. A 2-in. or even 3-in. size may be used for thick walls, piers, or other massive 
work. 

Admixtures are substances other than cement, aggregates, and water added to con¬ 
crete mixtures to improve their quality. They may be used as integral waterproofing, 
to shorten the time of setting, to protect against the action of frost, to harden surfaces 
exposed to abrasion, or to increase workability. For waterproofing of concrete, see p. 12-10. 

The use of admixtures to shorten the normal i>eriod required for hydration of the 
cement is generally accepted practice w^here job conditions demand the earliest possible 
employment of the structure. Certain chemicals, as calcium chloride, may be bought in 
the open market and safely added to the mixing water, and many proprietary compounds 
also will not injure the quality of the concrete. Such products should be specified by 
name, and the maker’s recommendations for use should be included in the specifications. 

Admixtures should not be relied upon to protect concrete against frost, except as 
insurance against a slight and temporary fall of t('mperature below freezing. Under such 
conditions, an accelerating compound may l)e used to shorten ihc* period of extreme vul¬ 
nerability, as the effect of freezing is most disastrous before the concrete has taken initial 
set. The use of admixtures to harden concrete surfaces is confined almost exclusively to 
interior floor finishes. Many excellent proprietary compounds are available. They 
should be specified by name, and the maker’s recommendations written iiito the spccifica- 
tioiLS. 

Increased workability may bo obtained: (1) by increasing the proportion of cement 
in the mixture; (2) by adding plasticizing agtmts, as hydrated lime or celite. Although 
many compounds are available, some of which are of material benefit, it is always desirable 
to proportion the concrete ingredients with the utmost care and to use a well-graded 
aggregate. 

Water. The water used in mixing concrete should l>o free from oil, acid, alkali, or 
organic matter. The use of sea water for mixing is generally prohibited. 

Proportionment. The amoimt of each ingredient is measured by volume or weiglit. 
Any appropriate method may be u.scd for me.asurement, provided that accuracy is obtained. 
The concrete is designated by the proportion of each of the ingredients in the following 
order: cement, sand, stone or gravel. For example, a 1 : 2 ; 4 mixture is one consisting 
of 1 part of cement, 2 parts of fine aggregate, and 4 parts of coarse aggregate. One bag 
of cement (91 lb) is considered to equal 1 cu ft. 

Since the prime requisite for making good concrete is the strict control of the water- 
cement ratio, provided that the mixture is .sufficiently plastic to insure proper placement 
without the danger of honeycomb, the proportion of cement paste to aggregate may be 
varied for the several portions of the work provided that the ultimate strength, assumed in 
the structural design, is held constant for all mixtures by strictly adhering to the water- 
cement ratio. 

For example, massive work such as abutments or gravity retaining walls may have a 
mixture such as 1 : 3 : 5 or 1 : 3 : (5, whereas, for comparatively thin, heavily reinforced 
sections, such as the structural elements of a floor system, where greater workability is 
required, a mixture of 1 : 2 1/2 : 3 1/2 or 1 : 1 1/0 : 3 w'ould be used. The proportions of 
aggregates to cement, however, should .always be sucli as to produce a plastic mass that 
will work readily into the corners and angles of the forms and around the reinforcement 
without excessive puddling; there should be no segregation of materials, nor should free 
water collect upon newly poured surfaces. In general, the combined aggregate should be 
such that when separated by a 1 / 4 -in. sieve, the volume retained on the sieve is approxi¬ 
mately 40 per cent of the total, nor should the amount of coarse material bo such as to 
produce a harsh mixture. When forms arc removed, the faces and comers of all members 
should appear smooth and free from honeycomb. In no case should the water-cement 
ratio exceed the limit given in Table I corresponding to the strength assumed in the design. 
The value upon which the working stresses are based is the ultimate compressive strength 
in pounds per square inch developed at an age of 28 days by stcandard cylinders prepared 
and tested according to the A.S.T.M. standards. During the progress of the work, at 
least one specimen of concrete should be tested for each 100 cu yd. If the strength of such 
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tuples falls below that assumed in the design, the engineer should require the applica^ 
tion of heat and moisture to increase the strength of the concrete to the required minimum. 

As it is often impracticable to await the result of a 28>day test, samples may be tested 
at an age of 7 days and the following equation applied: 

Probable 28-day strength = / + 30 V/ 

/ a® ultimate compressive strength at an age of 7 days. 

Table I, taken from the Joint Standard Building Code, gives the assumed 28-day 
strength of various concrete mixtures. The water-cement ratios to bo used for different 
degrees of exposure of concrete are presented in Table II. In Table III are listed trial 
mixtures for various water-cement ratios. The mixes are intended as a guide only. The 
first batch should be made with measured water content and the proportions thereafter 
adjusted to produce the desired workability, maintaining the specific water-cement ratio. 


Table I. Assumed Strength of Concrete Mixtures (From Joint Standard Building Code) 


Water-cement 
Ratio * 

Plaeiic Concrete 

Moderately Wet Concrete 

Approximate 
Mixture t 

Assumed 28-day 
Compressive 
Strength, 
lb per sq in. 

Approximate 
Mixture t 

Assumed 28-day 
Compressive 
Strength, 
lb per sq in. 

81/4 

1 : 7 

1500 

1 :61/2 

1500 

71/2 

1 : 6 

2000 

1 : 5 1/2 

2000 

6 3/4 

1:5 1/4 

2500 

1 : 4 3/4 

2500 

6 

1:4 1/2 

3000 

I : 4 

3000 


Note.—I n interpreting this table, surface water contained in the aggregate must be included as 
part of the mixing water in computing the water-cement ratio. 

* U. S. gallon per 94-lb sack of cement. 

t Volume of Portland cement to sum of separate volumes of fine and coarse aggregate, measured 
dry. 


Table II. Classes of Concrete for Different Degrees of Exposure 


Type of Structure 

Degree 

of 

Exposure 

U. S. Gallon 
of Water * 
per Sack 
of Cement 

Walls, dams, piers, and other structures exposed to sea or alkali 
W'aters. 

Extreme 

51/2 

Walls, dams, piers, reservoir linings, etc., exposed to alternate wetting 
and drying in fresh water in northern climate. Watertight structures. 
Sewers, pressure pipe, tanks, piles, athletic stadia, pavemciita, all thin 
structural members exposed to severe weather and frost action. 

Severe 

6 

Walla, dams, piers, reservoir linings exposed to fresh water in southern 
climate. Exterior columns and beams of reinforced-concrete buildings. 
Basement walls. Thin structural members of all types exposed to mod¬ 
erate weather and frost action. 

Moderate 

68/4 

Ordinary enclosed structural members. Heavy piers and retaining 
walls in moderate exposure. Mass concrete, footings, etc., protected 
from alternate wetting and drying and from severe weather conditions. 

Protected 

71/2 


* These quantities should not be exceeded even when resultant strength is higher than required 
for structural stability. Free water or moisture carried by the aggregate must be included as part 
of the mixing water. 


Moisture Contained in Aggregates. The absorption of most aggregates can be neg¬ 
lected as it is very small except foi porous sandstones. All aggregates, however, partic¬ 
ularly the fine aggregates, retain more or loss water in the form of surface moisture. 
As this liecomes part of the mixing water, the amount should be determined and the 
quantity deducted from that otherwise required for the chosen water-cement ratio. 
An approximation from 1/4 to 1/2 gal of water per cu ft may be assumed for fine aggregates 
varying from moist to moderately wet. Very wet sand may contain from 8/4 to 1 gal per 
cu ft. Coarse aggregates retain less—from i/g to 1/4 gal. Accurate determination may 
be made by weighing a sample of the damp material, drying, and reweighing. The loss 
in weight is then converted to gallons of water per cubic foot of aggregate. Storage piles 
will retain a constant moisture content for two or three days, under settled weather con¬ 
ditions. Determination of water should, therefore, be made at such intervals or after 
a rain. 
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Table IIL Trial Mixtures for Various Water-cement Ratios 


Water-cement Ratio, 
gallons per sack * 

Slump, in. 

Trial Mix, Dry Compact Volumes for Maximum 
Size of Aggregate t 

1-in. Aggregate 

2-in. Aggregate 


V 2 -I 

1:2:3 

1:2:31/2 

51/2 

3-4 

1 . 13 / 4:2 1/2 

1 : 13 / 4:3 


5-7 

1 : 1 1/2 : 2 

1 : 11 / 2:2 1/2 


1/0-1 

1 : 2 1/4 : 3 1/4 

1 : 21 / 4:4 

6 

3-4 

1:2:3 

1 : 2 : 3 1/2 


5-7 

1 : 1 3/4 : 2 1/2 

1:13/4:3 


1 / 2-1 

1 : 2 1/2 : 3 1/2 

1 : 21 / 2:4 

6 3/4 

3-4 

1 : 21 / 4:3 1/4 

1 : 2 1/4 : 3 8/4 


5-7 

1:2:3 

1:2:31/2 


1/2 -1 

1:3:4 

1 . > : 4 3/4 

7 V2 

3 4 

1 : 2 1/2 : 3 3/4 

1 : 21 / 2:4 1/4 


5-7 

1:21/4:31 '2 

1 : 21 / 4:3 3/4 


* Water-cement ratios include moisture contained in the aggregate. 

t Proportions are given by volume, aggregate dry and compact. For approximate proportions 
by weight add 15 per cent to proportions of aggregate shown in the table. If aggregates are mea¬ 
sured in a damp and loose condition, they occupy a greater volume than when dry and compact. 
Amount should be determined by test. Approximate average value for sand 20 per cent, for coarse 
aggregate, 6 per cent. 

Some aggregates, especially sand, increase in volume when wet. Fine sands may 
increase as much as 40 per cent on adding only 5 per cent by weight of water. To correct 
for bulking, the bulked aggregate should bo increased a sufficient amount to obtain the 
desired volume based upon a dry, compact condition The weight of a given volume, 
measured damp and loose, compared to the volume produced by the same weight dry 
and compact, gives the necessary factor for the correct field mix to correspond to the 
proportions stated in the specifications. 

Slump Test. An approximate method of determining the relative consistency of 
concrete is that known as the slump test. Samples of concrete, taken at tJie mixer, are 
placed in a metal mold, which is the frustum of a cone, base 8 in. in diameter, upper 
surface 4 in. in diameter, height 12 in. The mold is filled in a specified manner and 
immediately removed by being raised vertically. The distance which the plastic concrete 
subsides from the 12-in. level is the “slump.” For similar materials mixed under the 
same conditions this test gives a very fair indication of the consistency of the concrete. 
It should not be used to compare consistencies of batches made with aggregates of other 
than the same grading. See Table III. 

Mixing. Concrete should be mixed in a standard type batch mixer or, for small 
operations, on a water-tight platform. Mixing should continue until all materials are 
thoroughly distributed and the mass is uniform in (tolor and homogeneous, i.c., for at least 
1 min and preferably for 2 min after all materials have been placed in the mixer. Each 
batch should be carefully voided from the mixer l)efore recharging. All equipment used 
to mix or convey concrete should be thorouglJy cleaned at completion of the day’s run. 
Remixing partially hardened concrete with an additional amount of water, or water and 
cement, should not be permitted. Aggrcgatcjs may be measured in loading hoppers or in 
calibrated buggies or wheel barrows. Automatic water control is desirable provided that 
the water contained in the aggregates can l>e accurately checked; in any case, a water¬ 
measuring device should bo installed controlling the supply from the storage tank to the 
mixer. 

Conveying. Concrete should be handled from the mixer to the place of deposit as 
rapidly as practicable. Any means such as two-wheel buggies, wheel barrows, trucks, 
chutes, or belt conveyors may be employed provided that the concrete is delivered to the 
point of final deposit in a thoroughly homogeneous condition and before the cement has 
commenced to harden. 

Depositing. Before concrete is placed in excavated areas all water should, if possible 
be removed and under no consideration should a flow of water be permitted around the 
newly deposited material. Before concrete is placed within wood or steel forms, ice, 
snow, shavings, or other debris should bo removed. When building structrjral floors 
composed of clay block or cement tile, against which concrete is poured, the tile or block 
should be thoroughly wet with water except in freezing weather. 
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Concrete should be deposited evenly in the forms, in uniform layers. When con¬ 
structing walls, a depth of 1 or 2 ft should be carried in a continuous operation entirely 
around the building or around the unit that is being constructed. Columns and pilasters 
should he poured in one operation and the concrete allowed to settle for at least 2 hours 
before pouring superimposed elements. Floor construction should commence with the 
beams and girders, into which the concrete should be poured directly; if concrete is 
dumped on the floor forms and allowed to flow into the beams, segregation will result. 
Where chutes are used, the concrete should be received in a hopper and redistributed by 
buggy or wheel barrow. 

Concrete should not be dropped from a height of more than 5 ft without the aid of a 
pipe or elephant-trunk. It should be placed as nearly as practicable in its final position 
to avoid rehandling, and it should be thoroughly compa(;ted by spading or puddling so 
as to expel entrained air as well as to insure complete filling of the forms and thorough 
embedment of the reinforcement. Excessive spading against exterior surfaces should, 
however, be avoided, as such tends to cause a layer of laitance next to the forms. Either 
internal or external vibration is helpful for compacting the concrete in thin wails or sections 
which it is difficult to spade. 

Construction joints should lie located so as to least impair the strength of the struc¬ 
ture. Where horizontal joints are made, the hardened surface should be cleaned and 
roughened before additional concrete is deposited. Beams, girders, brackets, and column 
capitals should be considered as part of the floor system and placed monolithically with 
the floor slab. Construction joints in floors should be located near the middle of the spans, 
slabs, beams or girders, unless a licam intersects a girder at this point, in which case the 
joints in the girders should be offset a distance equal to twice the width of the beam, and 
provision should be made for shear by use of inclined reinforcement. 

Concrete should not be deposited during freezing weather without special precautions 
being taken, as freezing of the water before setting exerts a disruptive force which causes 
disintegration. Although concrete which has been frozen immediately after placement 
may, upon subsequent thawing, eventually gain its designed strength, good practice 
demands protection, as alternate thawing and freezing will completely destroy the best 
concrete. 

On cold-weather operations, the materials should be sufficiently heated to produce a 
temperature in the concrete at the time of deposit between 50 deg fahr and 100 deg fahr. 
Sheet-iron pipe, buried in the aggregates and fired with wood, is the usual method for 
heating small quantities of aggregates. Large quantities may be heated by a network 
of steam pipes underlying the storage piles. Foundations and slabs resting upon the 
ground may then be sufficiently protected by covering with canvases or, at extreme tem¬ 
peratures, by canvases covered with earth. For multi-story buildings, it is necessary to 
enclose the entire structure for a height of several stories with canvases, the interior being 
heated to a temperature of at least 50 deg fahr for a period of not less than 72 hours by 
means of steam, or salamanders burning coke. 

Curing. After concrete has obtainecF its initial set, the proper hardening requires the 
presence of heat and moisture. Surfaces such as sidewalks, pavements, and floors 
should be kept moist for a period of 10 days after laying. Such treatment greatly increases 
the strength, durability, and resistance to abrasion. Surfaces may be covered with damp 
sand, or soft-wood shavings, the day after they are laid, and kept damp by frequent 
sprinklings. Vertical surfaces such as walls and columns should be sprinkled twice daily 
for a period of one to tw'o weeks after stripping, according to the length of time which the 
forms have remained in place. Thin sections and ornamental work should also be pro¬ 
tected by burlap or canvases from the effect of hot sun or drying winds. It should lie 
remembered that a concrete designed for a certain 28-day strength, which it would acquire 
if cured at a temperature of 70 deg fahr, will attain only about 82 per cent of that strength 
when cured at a period of 50 deg fahr, and that a temperature just above freezing might 
W’ell result, at the end of 28 days, in a strength hardly more than one-half of that which an 
average 70 deg fahr temperature would have produced. 

Forms may be made of steel, wood, or composition boards, as may be most practicable 
for tlie type of wor?i. They should conform to the lines and dimensions of the member 
as described on the drawings; they should be substantially constructed and sufficiently 
tight to prevent leakage of mortar. Temporary openings should be provided to facilitate 
cleaning debris from the bottoms of columns, piers, and similar members. Forms should 
be so removed as to insure the complete safety of the structure. The surfaces of forms 
should be oiled or wet before placing concrete. Oils should not be used against surfaces 
which are to receive plaster, nor should water bo used in freezing weather. 

In order to permit the erection of multi-story buildings with one set of forms, stripping 
is performed panel by panel, reshoring immediately. The entire floor system is then 
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supported by shores for a period of two or three weeks from the time that concrete is 
deposited. Under such conditions the following periods may be accepted as a guide in 
determining the approximate time that the forms for the various members should remain 
in place upon buildings which are conservatively designed and which are not subjected to 
excessive construction loads, provided, however, that the concrete is such as will develop, 
under good curing conditions, a compressive strength of 2000 lb per sq in. at an age of 
28 days, and that the temperature of the surrounding air during the entire curing period 
has not fallen below 50 deg fahr. 

Beam and Girder Construction: Columns, 1 day provided that girders are shored to 
prevent any appreciable load being transferred to columns; girders, 3 days provided that 
each girder is immediately reposted so that only one member at a time is left unsupported; 
beams, 4 days provided that tlie same procedure is follovrod as for girders; panels up to 
7-ft span, any time after the beam forms are removed. 

Girderless Construction: Columns as noted above; drops, 3 days provided that slabs 
are reshored to prevent any appreciable load being transferred to the unsupported sections; 
slabs, up to 20-ft span, 4 days provided that each slab is immediately repo8t^*d and per¬ 
manent 6 by 6 in. shores left beneath the center of eacdi bay and not disturbed at the time 
of stripping. 

Wall Forms: The forms of low, non-bearing walls can oftem Iks removed one or two 
days after pouring. It is only necessary that the concrete be sufficiently hard to support 
its own weight and permit the shock and jar of stripping without crumbling or si)alling. 

If concrete has been subjected to low temperatures, it may have the appearance of 
adequate strength when actually frozen. If forms are removed, the structure or the part 
affected is likely to fall when thawed. Although the use of a biow-torcli may prove the 
existence of frost in the concrete, a more reliable method is to obtain a sample of the 
material in question and to place it in warm water for a few hours. If frozen and not 
hardened, the concrete on the surface of the sample will disintegrate. 

High Early-strength Concrete. Increased strength at early ages may be obtained 
either by the use of additional cement or by special cements made for this purpose. For 
example, a compression strength of 2000 lb per sq in. nniy be obtained at age 3 days by 
limiting the water to 4^/2 per sack of cement and curing at a temperature of 70 deg 
fahr; a 1000-lb compression strength may be obtained at the same age by using 6 gal of 
w^ater per sack and curing at the same temperature. It should be remembered that, if the 
curing temperature is lower, loss water should Ik; used per sack of cement. For example, 
if the temperature is 40 deg fahr, a little less than 5 gal of water would correspond to a 
strength of 1000 lb at age 3 days. As the water-cement ratios are reduced, the amount of 
cement required for any given quantity of aggregate must be increased to make the con¬ 
crete sufficiently phistic or workable. Increasing the time of mixing also increases the 
strength of the concrete, if other conditions remain constant. This increase is quite 
rapid up to 2 min. 

Many special Portland cements are made to give high early strength, without increasing 
tlio amount per batch that normally would l>e required for standard constniction. The 
calcium aluminate cements have also found wide application, although considerably 
more expensive. They may be used to obtain at age 24 hours a strength normally to bo 
expected from a standard portland cement at age 28 days. 

Light-weight Concrete. Stone concrete weighs approximately 144 lb per cu ft. A 
lighter material is often desirable for short-span floor slabs and roof slabs, which may bo 
designed with concrete of low stress value. This is obtained by using light-weight 
iiggregates of burnt clays, or by proprietary methods that produce light-weight concrete 
by aeration. Cinder concrete weighs about 120 lb per cu ft; burnt clay aggregate con¬ 
crete, 100 lb per cu ft; aeration methods are controlled to meet any specification for 
weight down to approximately 40 lb per cu ft. 

Colored Concrete. Only mineral pigments should be employed to color concrete. 
Several makers produce a wide range of colors especially designed for portland cement 
mortars. The weight of pigment ordinarily should not exceed 5 per cent of that of the 
cement; 10 per cent should be an absolute limit, as a greater amount is likely to cause 
deterioration of surfaces exposed to abrasion or weatiicring. Much smaller percentages of 
certain colors, as lampblack, injure the quality of the concrete. Only thoroughly accred¬ 
ited material should be used, and the effect upon the cement should be established by actual 
test. Common practice is to buy the powdered pigment, proportion by weight, and mix 
dry with the cement; but better results are obtained when the cement and pigment are 
ground together. It is recommended that cement and pigment be blended at the mill 
and not on the job. 

Finishing Concrete Surfaces. Concrete surfaces may be finished by painting, rubbing 
with abrasive material, scrubbing to expose the aggregate, or tooling as for natural 
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stone. It is necessary to remove all nails, wires, and bolts, or to cut them oil a sufficient 
distance back of the surface to permit the application of protecting mortar, 1 in. thick, 
properly keyed into the surrounding concrete, and to repair stone pockets, honeycomb, or 
seams where laitance has settled. Such sections should be cut out, cleaned, wet, and 
pointed with a mortar of the same proportions as used in the concrete. When cutting out 
defective work, a 1 / 2 -in. shoulder should be left around the edges of the recess to avoid thin 
coatings of mortar spreading out over sound concrete, as these will invariably crack off. 

A cheap method of finishing concrete surfaces not subject to abrasion is the application 
of a cement wash composed of 1 part white cement, 1 part finely screened sand, and 5 per 
cent hydrated lime, measured by volume of the cement. There are also many excellent 
proprietary paints for use on concrete surfaces. Such coatings resist the action of lime in 
the concrete and cover the same range of colors as that found in ordinary oil paints. Chem¬ 
ical solutions, some of which are colorless, may also be used to harden floor surfaces and 
prevent dusting; chief among these arc the sodium silicate, aluminum sulfate, and zinc 
sulfate treatments. 

A method of finishing vertical surfaces widely used on industrial buildings is to rub 
or grind with No. 20 Carborundum stone and plain water. The surfaces are rubbed until 
a thin paste develops, which is later removed by washing and brushing. Best results are 
obtained if the surfaces can bo rubbed when the concrete is not more than 2 days old; 
if of greater ago, a cement wash may bo applied during rubbing to assist in the grinding. 
Excess material should invariably bo. removed later by brushing and washing. 

The exposed aggregate finish is obtained by scrubbing concrete surfaces when only 1 
or 2 days old with fiber or wire brushes and clean water. If the surfaces are too hard 
to be affected by this treatment, a solution of hydrochloric acid may be used. When the 
aggregates have been exposed, the surface should be thoroughly washed. This metliod is 
satisfactory for panels or other limited areas, but it is not suitable for extended work on 
monolithic buildings, owing to the difficulty of treating all surfaces at the same age, which 
is necessary for uniform results. 

If thoroughly hardened before treatment, concrete may be finished by bush hammering, 
crandaling, or other methods employed for the finishing of natural stones. Tooling may 
be done by hand, compressed air, or electricity. 

Quantities of Materials. Handbook tables, giving volumes of cement, sand, and coarse 
a-ggregates required for 1 cu yd of concrete of specified proportions, may serve as a rough 
guide, but may be somewhat misleading on account of the various gradings of the aggre¬ 
gates. An accurate determination of the quantities required for any given mixture can 
be made on the principle that the volume of concrete produced by any combination of 
materials, so long as the mixture is plastic, equals the sum of the absolute volumes of the 
cement, aggregates, and water. The absolute volume of a loose material is the actual 
total volume of solid matter comprising the particles. 

Absolute volume = Unit weight(Apparent specific gravity X Unit weight of water). 

Unit weight of the aggregate is determined for surface dry material; 1 cu ft of water is 
roughly 62.5 lb; 1 sack of cement = 1 cu ft = 94 lb; ai)parent specific gravity of cement 
«3.1; specific gravity of aggregate = 2.65. 

Assume th.at a batch consists of 1 sack of cement; 2.2 cu ft of dry, fine aggregate, at 
110 lb per cu ft; 3.6 cu ft of dry, coarse aggregate at 100 lb per cu ft; and 7 gal of water. 
Then: 

Cement =* 1 cu ft 94/(3.1 X 62.5) =» 0.49 cu ft abs vol 

Fine aggregate « 2.2 cu ft @ 110/(2.65 X 62.5) = 1.46 “ “ “ 

Coarse aggregate = 3.6 cu ft @ 100/(2.65 X 62.5) « 2. IS “ “ “ “ 

Volume of water *= 7.0/7.5 =0.93 “ “ “ 

Total volume of concrete produced 5.06 cu ft 

For these conditions, 1 sack of cement produces 5.06 cu ft of concrete, neglecting 
absorption or losses in manipulation. The cement required for 1 cu yd of concrete is 
27/6.06 = 5.34 sacks, or 1.33 bbl. The amount of fine aggregate is (5.34 X 2.2)/27 = 
0.43 cu yd; the amount of coarse aggregate is (6.34 X 3.6)/27 = 0.71 cu yd. 

For unusual materials, as blast-furnace slag or light-weight aggregates, the exact 
apparent specific gra\’ity should be used. The value 2.65 is sufficiently accurate for sand, 
gravel, and limestone. The average value for granite is about 2.70, and for traprock 2.95. 

Waterproofing Concrete. Concrete may be made practically impervious to water 
under moderate pressures if (1) the water-cement ratio is reduced to 6 1/2 or 6 gal per bag 
of cement; (2) the cement content is increased to give proper workability, i.e., the amount 
of combined aggregate, measured separately, reduced to between 3 1/2 and 6 parts by 
volume of the cement (aggregates measured dry and compact); if vibration is employed. 
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a fltifFer and consequently cheaper concrete can be used; (3) the aggregates, both fine 
and coarse, are carefully graded to obtain a minimum void c«»ntent; (4) the methods of 
mixing, transporting, and depositing conform to good practice as defined in preceding 
paragraphs; (5) the concrete is cured under moist and warm conditions for a period of at 
least 10 days after placement. 

The concrete comprising small units should be deposited as far as practicable in one 
continuous operation; when construction joints are necessary the old and new work should 
be joined by keys and the bond insured by rougliiiig the surfaces already cast and slushing 
with a rich mortar before continuing work. If contraction joints are required by the 
design, they should be carefully placed so as to eliminate any possibility of the passage of 
water. 

Concrete may also be w'aterproofed by either the membranous or surface coat method. 
The former consists of 3 to 5 layers of fabric laid in hot pitch or a8i)halt mastic, usually 
applied on the exterior and protected by a single course of brick or a heavy coating of 
cement mortar. The surface coat method generally consists of two coats of carefully 
proportioned cement mortar applied to the interior surface, which has previously l;)een 
roughened and dampened to insure bond. Both methods require care in design and 
expert application, as their value depends upon obtaining a continuous, unbroken envelope 
on all surfaces exposed to hydrostatic pressure. 


3. LIME 

Quicklime is a calcined material, the major part of which is calcium oxide in natural 
association with a lesser amount of magnesium oxide, capable oi slaking in water. Quick¬ 
lime can never be used as siu^h for stnictural i)urj)osos; it must always be slaked first. 
Quicklime is sold in several forms, such as cruslied, granular, ground, lump, pebble, and 
pulverized lime. In many localities, well-supervised commercial plants have been estab¬ 
lished for the preparation of lime putty. Slaked and aged under proper conditions, it is 
delivered to the work as required. 

Chemical Composition of Quicklime. (A:S.T.M. Tentative Specifications C5-34T.) 
All classes of quicklime shall conform to the following requirements as to chemical com¬ 
position, calculated to the non-volatile basis: 

Calcium Magnesium 
Lime Lime 


Calcium oxide, min, per cent. 75 

Magnesium oxide, min, per cent. . . 20 

Calcium and magnesium oxides, min, per cent. 95 95 

Silica, alumina, and oxide of iron, max, per cent. 5 5 

Carbon dioxide, max, per cent: 

If sample is taken at the jan'iit of manufacture. 3 3 

If sample is taken at any other place. 10 10 


Classification of Quicklime According to Slaking Time. (A.S.T.M. Tentative Speci¬ 
fications C5~34T, Appendix 2.) In a bucket put two or three lumps of lime about the 
size of one’s fist, or, if the lime is granular, an equivalent amount. Add sufficient water to 
just barely cover the lime, and note how long it takes for slaking to begin. Slaking has 
begun when pieces split off from the himjjs or w-hen the lumps crumble. Water of the 
same temperature should be used for the test and field practice. 

If slaking begins in less than 5 min, the lime is quick slaking; from 5 to 30 min, medium 
slaking; after 30 min, slow slaking. 

Slaking of Quicklime. For quick-slaking lime, the lime should always bo added to 
the water. Sufficient water should be used at first to cover all the lime completely. The 
mass should be hoed thoroughly and quickly at the slightest appearance of escaping steam 
and enough water should be added to stop the steaming. 

For medium-slaking lime, enough w^ater sliould be added to the lime to about half 
submerge it. Occasional hoeing may be necessary if steam starts to escape. A little 
water may be added now and then if necessary to prevent the putty from becoming dry 
and crumbly. No more water than is required should be added, and not too much at a 
time. 

For slow-slaking lime, sufficient water should be added to the lime to moisten it thor¬ 
oughly, and the mass should be allowed to stand until the reaction has started. Water 
may then be added in such small quantities that the mass is not cooled. Hoeing should 
not be begun until the slaking is practically complete. Hot water is preferable in cold 
weather, or the mortar box may be covered so as to prevent loss of heat. 
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Preparation of Lime Putty or Paste. The time required for aging lime putty varies 
for different limes. The process should continue until all particles have been completely 
hydrated. In no case should the putty be used until thoroughly cold. The following 
procedure applies, under average conditions, to the preparation of lime putty after slaking. 
If desired, a part or all of the sand may be added immediately after slaking, but the 
present practice, except on small operations, is to postpone the addition of sand until the 
mortar is desired for use. 

(а) Plaster White Coat. After the action has ceased, the putty should be run through 
a No. 10 sieve and stored in bins for a minimum of 2 weeks, except for quick-flaking 
pulverized limes which may be used 24 hours after slaking is completed. 

(б) Plaster Brown Coat. After the action has ceased, the putty should be run through 
a No. 8 sieve and stored in bins for 2 weeks except as noted above. When desired for use, 
1 part of lime putty is combined with 3 parts of sand by volume, together with the required 
quantity of hair or filjer, the whole being thoroughly mixed in a drum type of mixer. 

(c) ]?laster Scratch Coat. The procedure is the same as for the brown coat except 
that the proportions should Ixi 1 part of lime putty to 2 parts of sand by volume. 

(d) Mason’s Mortar. After the action has ceased, the putty should be stored until 
cold, the length of time depending upon the character of the lime, and mixed in the 
appropriate proportions as given for lime or cement-lime mortars. 

Hydrated Lime is a dry powder obtained by treating quicklime with enough water to 
satisfy its chemical affinity under the conditions of hydration. It consists essentially of 
calcium hydroxide or a mixture of calcium hydroxide and magnesium oxide and magnesium 
hydroxide. It is more convenient, particularly for masonry mortars, but does not give a 
plasticity equal to that of well slaked quicklime and is less economical where the volume 
of work warrants the slaking of lime at the site. 

Classes of Hydrated Lime. A.S.T.M. Tentative Specification C6-34T covers the 
following two classes of limes: mason’s hydrated lime, used for scratch or brown coat of 
plaster, for stucco, for mortar, and for addition to portland cement concrete; and finishing 
hydrated lime, used for any of the purposes enumerated above under mason’s hydrated 
lime, and in addition, as an ingredient in the final or white coat of plaster. Finishing 
plaster shall have a plasticity figure of not less than 200, as determined in accordance with 
method given in A.S.T.M. Tentative Specification C110-34T. 

Air-slaked Lime. Quicklime slakes when exposed to the air, by absorbing moisture 
from the atmosphere; and lime that is thoroughly air-slaked is as good as that slaked in 
the usual way. In general, hov.ever, air-slaked lime is not thoroughly slaked, and is 
therefore unstiitable for construction purposes inasmuch as it contains injurious amounts of 
oxides and carbonates in addition to the hydroxides of calcium and magnesium. 


4. MORTAR 

General Requirements. All materials should conform to the latest standard si>ecifi- 
cations of the A.S.T.M. Sand should be thoroughly screened, well graded from fine to 
coarse, the width of the joints determining the maximum size of particle, which is usually 
that passing a screen with 8 meshes to the linear inch. Except for this limitation on size, 
sands used for mortars should conform to the requirements given above for fine aggregates. 
Mineral pigments, thoroughly incorporated with the cement Ixjfore mixing the other 
ingredients, may be employed to obtain the desired color, but the amounts used should bo 
limited as specified for con(*rete work. Integral waterproofing compounds, hardeners, or 
accelerators may also be incorporated where conditions warrant their use. Such admix¬ 
tures should be used in strict conformity with the manufacturers’ recommendations. 

All dry materials should be thoroughly mixed l^cfore the addition of water. The 
amount of water is controlled by the requirements of the w’ork. In general, the consistency 
for laying brick, stone, and tile should be such as to facilitate thorough embedment of the 
masonry units and yet stiff enough to ix^rmit proper pointing and to furnish support for 
superimposed courses. Mortar applied as a finish over floor slabs, or fills, should bo 
placed wdth merely enough water to ixjrrait screeding. This is not only for the purpose of 
permitting more speedy finishing, but also to increase the abnisive resistance and diminish 
dusting of the wearing surface. The consistency of mortar applied as stucco, to the 
exteriors or interiors of w all surfaces, is determined by the requirements of application and 
surface texture. 

Portland Cement Mortar, mixed in the proportion of 1 part cement to 2 1/2 or 3 parts 
of sand, is customarily used for the surfacing of concrete slabs such as sidewalks and floors. 
Wherever possible, such finishes should bo jfiaced monolithically with the base course; 
hard, metallic surfaces may be obtained by the use of various admixtures, the mortar 
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being surfaced with a steel trowel. For exterior work, exposed to the elements, a steel 
trowel finish is not only inappropriate but causes disintegration; sidewalks, for example, 
should be finished by means of a wood float. Cement mortars, usually containing integral 
waterproofing compounds, are also used in the surface-coat method of waterproofing and 
occasionally in place of lime plaster for interior finishes where a particularly hard surface 
is required. 

Lime Mortar, generally composed of 1 part of either hydrated lime or lime paste and 
3 parts of sand by volume, is now seldom used except for plastering purposes as noted 
below. 

Portland Cement—Lime Mortar, composed of 1 part Portland cement, an equal volume 
of either hydrated lime or lime paste, and 5 or 6 parts of sand, makes a satisfactory mortar 
for all ordinary masonry j)urposes. The use of portland cement and sand in the propor¬ 
tions of about 1:3, with the addition of only 10 or 15 per cent of lime by volume, is good 
practice only for masonry structures subjectetl to heavy loads where strength is a prime 
requisite. In the field of building (instruction, where it is necessary to construct weather- 
tight walls, the addition of a quantity of lime equal in volume to that of tin; portland 
cement produces a much more plastic mortar and one which will greatly facilitate the 
proper laying of masonry units. 

Natural Cement Mortar, mixed in the proportion of 1 j»Mrt cement to 3 parts of sand, 
is suitable for all types of masonry used in building construction, as the natural cements 
produce, without the addition of lime, a more plastic mortar than that obtained with port- 
land cement. 

Puzzolan Cement—Lime Mortar, mixed in the proportions of 1 part of puzzolan 
cement, 1 part lime paste, and 6 parts of sand, produces an excellent mortar which is also 
widely used for masonry. 

Noi^staining Mortar. Owing to the fact that many of our light-colored building 
stones, such as marble and limestone, are discolored when brought into contact with 
ordinary portland cement, it is necessary to use a so-called non-staining cement for such 
work. At i)re8ent there are several white portland cements, natural cements, and puz¬ 
zolan cements which are specially manufactured to meet this requirement. These cements 
may lx? used with varying amounts of hydratofl lime or, preferably, in order to gain greater 
plasticity, lime i)aste. To avoid the possibility of efflorescence only the bettor grades of 
cement and lime should be used. 


Table IV. Quantities of Material for 1000 Cu Ft of Mortar 


Mortar 

Lump 

Lime, 180-lb. 
bbl, number 
of bbl 

Hydrated 
Lime, 50-lb 
Sacks, num¬ 
ber of Htmks 

Cement, 
94-lb Hacks, 
number of 
sacks 

Sand, 
cu yci 

Lime mortar; 

1:2 1/2 . 

57 

350 


37 

1 • 3 ” . 

4/ 

292 


37 

Cement-lime mortar: 

1:1:6 . 

24 

146 

130 

37 

Cement mortar: 

1:2 . 

16 

92 

442 

34 

1:3 . 

12 

69 

3il 

39 

1:4. 

10 

55 

264 

41 


(Based on use of good-quality lime. Lime quantities are approximate and will vary with the 
grade of lime and the size of particles cornposinK the sand. In cement-mortars, l/io of the cement 
by weight is replaced by dry hydrated lime or its equivalent in lump-lime paste.) 


6. PLASTER 

Plasters are made from gypsum, which is composed of 1 part calcium sulfate and 
2 parts of chemically combined water of crystallization. Gypsum plaster is produced by 
the calcination or dehydration of gypsum at a temperature which varies from 326 deg 
fahr to 350 deg fahr. At this temperature calcination removes approximately 1 I /2 parts 
of the chemically combined water, resulting in calcined gypsum or plaster of Paris. 
When gypsum is dehydrated by complete calcination at high temperatures, it is called 
calcined gypsum. Hard-finish jdasters such as Keene’s cement are made from this 
material by the addition of a catalyzer, such as alum. 

Portland Cement Plaster is made from limestone and clay, which have been heated to 
a temperature above 1200 deg cent, and then ground to a fine powder and mixed with a 
small amount of gypsum to retard its setting time. Lime plaster is made by mixing 
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quicklime, which is obtained by heating limestone to a temperature above 900 deg cent. 
Plaster used for finishing coats may be a 6X)ecialIy prepared gypsum plaster or a mixture 
of lime plaster and calcined gypsum. 

Neat Gypsum Plaster is composed of calcined gypsum, fibered or unfibered, and 
materials to control the working quality and setting time. Gypsum ready-sanded plaster 
is sanded at the mill in the proper proportions of calcined gypsum and sand, water being 
added only on the job. Gypsum bond plaster is a specially prepared gypsum plaster for 
use on concrete surfaces, it is not sanded. Gypsum wood fibered plaster, containing 
usually between 1 and 2 per cent of wood fiber, and other gypsum plasters to which sand 
is added, should be mixed as follows: 

First or scratch coat on wood, metal or gypsum lath: 1 part plaster to 2 parts of sand 
by weight. 

First or scratch coat on clay tile, gypsum tile, or brick, and for all second or browning 
coats: 1 part plaster to 3 parts of sand by weight. 

The final coat may be a sand float finish, employing ready-sanded plaster, or texture 
work with color as desired. The universally used hard white finish is produced by com¬ 
bining approximately 1 part of gypsum gaging plaster wdth 3 parts of lime putty by volume, 
or 1 part of lime putty with 1 part of Keene’s cement by volume where a more resistant 
surface is desired. Only gypsum mortar should be used for setting precast gypsum units, 
and when gypsum construction is plastered, gypsum iilastcr should be employed. Gypsum 
mortar is composed of 1 part of unfilnircd gypsum neat plaster and not more than 3 parts 
of clean, well-graded sand by weight. 


STONE, BRICK, AND TERRA-COTTA 

By Jasper O. Draffin 

6. STONE * 

Cltssification. Building stones are classified according to origin (igneous, sedimentary 
and metamorphic), and subdivided according to mineral and chemical composition, texture 
and structure, and geologic age. The most common granular crystalline-igneous rocks are 
granites, diorites, and gabbros or diabases; the more common dense varieties of volcanic 
origin are rhyolite, andesite, and basalt. Igneous rocks that have conspicuous crystals 
disseminated through a fine-grained to dense ground mass are called porphyries (c.g., 
granite-porphyry, rhyolite-porphyry). Sedimentary rocks include conglomerates (con¬ 
solidated gravel), sandstones and many quartzites, shales (consolidated clays), limestones, 
and dolomites. The more common metamorphic ro(*ks are gneisses, schists, slates, some 
quartzites, and marbles. 

Igneous Rocks. The most abundant of the granular crystalline rocks is granite, 
which consists mainly of feldspars and quartz with minor quantities of mica or hornblende, 
and minute quantities of certain other minerals. Commercially, however, other granular 
igneous rocks, like diorite and gahbro, which consist mainly of soda-lime feldspar and horn¬ 
blende or pyroxene, are referred to as “ black granite.” These rocks are commonly mas¬ 
sive, although closely spaced fra(;tures or joints parallel to the surfaces of some quarries 
resemble a bedded or stratified structure. Gneisses (granular metamorphic rocks similar 
to granites in mineral composition but distinguished by a foliated arrangement of mineral 
grains) are also called granite commercially. Granites as a whole are composed mainly 
of hard minerals that are extremely resistant to chemical weathering and are so firmly 
welded together by crystallization under great pressure that they make by far the strongest 
stone in common use. Granites that contain unusually large percentages of mica are com¬ 
paratively soft, but are resistant to weathering if free from alteration. Gray and light-red 
granites are generally more durable, as they consist of minerals which are more resistant 
to weathering. True granite generally has the advantage of breaking with regularity and 
is readily formed into simple shapes, but is so much harder and tougher than most sedi¬ 
mentary rocks that vhe elaborate finishing of blocks is comparatively expensive; however, 
in structures of monumental character and those subjected to severe conditions of physical 
and chemical weathering it may be ultimate economy to use granite. 

Sedimentary Rocks. Limestone is widely distributed and is more widely used for build¬ 
ing and crushing that any other kind of stone. It includes many varieties, which differ 
in color, composition, and adaptability for engineering and building purposes. Many 
limestones are dull gray or bluish gray and unattractive from an architectural standpoint. 


^ Largely from G. F. Loughlin. 
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Some of these are massive and suitable for crushing, and sufficiently free from impurities 
to be used in metallurgical and chemical industries; but ethers contain so many shaly 
streaks and are so impure that they are of no value unless situated where they can be used 
with other material in the manufacture of Portland cement. The famous Indiana o51itio 
limestone, which contributes more than half of the building stone quarried annually in the 
United States, is a light buff to gray, porous, granular stone, similar to sandstone in mode 
of origin, although its “ sand ” grains are practically all minute shells or shell fragments. 
It is very easily quarried and worked, and is adapted for architectural and engineering 
uses where chemical weathering is not too severe. 

Most limestones and marbles consist mainly of the mineral calcite which is slightly 
soluble in rainwater and in other waters or vapors containing acids and certain salts, 
esi>ecially ferric sulfate. Dolomite stone, or high magnesium limestone, which consists 
mainly of the mineral dolomite, is similarly affeeded but much more slowly. The effect 
of this corrosion is to roughen the surfaces of unevenly grained stones and gradually to 
remove small details of finish; but the rate of corrosion on the most exposed parts of build¬ 
ings in the larger eastern cities of the United States is only aliout 1 in. in fiOO to 800 years. 
It is much faster where attack by acid w'aters is more concentrated and continuous. The 
texture of limestones and dolomites varies from very porous to impe^^doa.s, and their 
strength and resistance to weathering vary accordingly; but resistancse to freezing depends 
not so much upon the degree of porosity as upon the size and distribution of the pores and 
the presence of impurities, especially certain varieties of clay minerals, that readily absorb 
and give off water with changing climatic conditions. 

Sandstones vary greatly in color, texture, and usefulness. Their more common colors 
include light gray, buff, pink, red, and brown. Siliceous sandstones consist almost 
entirely of quartz grains cemented by silica, and the impervious variety of this composition, 
called quartzite, is extremely hard and difficult to work; but it is ust^d especially in the man¬ 
ufacture of silica brick and occasionally as crushed stone and building stone. Calcareous 
sandstones contain calcite (calcium carbonattO us the principal cementing material; 
like limestones they are noticeably affected by severe or prolonged chemical weathering. 
Argillaceous sandstone contains clayey material as its chief cementing constituent; it is 
subject to relatively rapid disintegration, especially if certain of the clay minerals are 
concentrated along layers. Ferruginous sandstone contains considerable red, brown, or 
yellow iron oxide in its matrix. Its durability depends mainly upon whether the stone 
is otherwise siliceous, calcareous, or argillaceous. 

Metamorphic Rocks are igneous and sedimentary rocks which have been acted upon by 
heat, water, or pressure, or combinations of these agents, to the extemt that the original 
rock structures have been altered. Gneiss, marble, slate, and schist are the more common 
varieties; they are generally characterized by a foliated or laminated appearance, and some 
have pronounced cleavage planes. Marble occurs in all colors from i>ure white to black and 
is used chiefly for buildings, especially as interior finish; slate is employed for roofing pur¬ 
poses, the common colors bcung “ slate,” red, green, and purple. Mica and hornblende 
schists sometimes occur in such thin layers that they are of little value except for low- 
grade rubble or riprap, but the thicker layers of the more compact varieties are used for 
masonry and for concrete aggregate. 

Strength of Stone. The strength varies according t-o the kind of stone, type of stress, 
and the locality where the stone is found. Table 1 gives average values for the principal 
varieties employed in engineering and architectural construction. 

Table I. Average Strength of Stone 


(U. S. Bureau of .Standards, Tech. Paper, 349) 


Kind 

Range of .Strength Properties, lb per s(i in. 

Modulus of 
Elasticity, 
rnillion-s of 
pounds per 
square inch 

Compression 

Tension 

Modulus of 
Rupture 

Shear 

Granite. 

10,00®-40,000 

14,000-28,000 

16,000-35,000 

16,000-45,000 

2,500-28,400 

8,000-27,000 

28,000-67,000 

11,000-28,000 

5,000-20,000 

7,000-31,000 

600-1000 

1300-2400 

2000-4300 

5.7- 9.6 


Dioritn . 





Quartzite . 





Limestone. 

2S0- 890 
400-2300 

600-2230 

600-3500 

1200-3000 

1300-6500 

3.0-10.4 

7.2-14.5 

Marble. 

Basalt. . 

Serpentine. 

800-1600 
280- 500 
3000-4300 


2600^5000 

300-3000 

2000-3600 

4.8- 9.6 

1.9- 7.7 
9.0-15.0 

Sandstone. 

500-1000 

4000-9000 

Slate. 
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Durability of stone is a relative term and depends upon the climate, character of atmos¬ 
phere, and amount of exposure of the stone in the structure. On the basis of a degree 
of disintegration so great that repairs are necessary because the building becomes unsightly, 
the U. S. Bureau of Standards {Tech. Paper, 123,1919) gives the following estimates for the 
life of stone: 


Coarse brownstone. 

Laminated fine brownstone. 

Compact fine brownstone. 

Bhiestono. 

Nova Scotia stone. 

Ohio sandstone, best siliceous variety... . 

Limestone, coarse fossiliferous. 

Limestone, fine oolitic (French). 

Marljle, coarse dolomitic. 

Marble, fine. 

Granite. 

Gneiss. 


5 to 15 years 

20 to 50 years 

100 to 200 years 

Untried, probably centuries 

Untried, proljably 50 to 200 years 

Perhaps 1 to many centuries 

20 to 40 years 

30 to 40 years 

40 years 

50 to 200 years 

75 to 200 years 

50 years to many centuries 


7. BRICK 

Brick. Until about 1900 the word brick always meant a prism of burned clay; but 
at about that date bricks composed of sand and lime were put upon the market, and at 
present many such brick are used annually, although their number is very small in com¬ 
parison with that of ordinary clay brick. Ordinarily the word brick means a burned-clay 
brick, and a brick composed of sand and lime is called a sand-lime brick. 

Clay Brick is made by submitting clay which has been prepared properly and molded 
into shape to a temperature which converts it into a semi-vitrified mass. Building brick 
are usually made from surfaije clay, and paving brick from shale (a fine-grained and in¬ 
durated clay), since shale gives a tougher, denser, and stronger brick. 

Classification of Clay Brick according to Method of Molding. Soft-mud brick: 
one molded from clay which has been reduced to a soft mud by adding water. It 
may be cither hand- or machine-molded. Stiff-mud brick: one molded from clay 
in the condition of stiff mud. It is always machine-molded. Pressed brick: one molded 
from dry or semi-dry clay. Re-pressed brick: usually a stiff-mud brick which has 
been subjected to an enormous pressure to render the form more regular and to increase 
its strength and density. It is doubtful w'hcthcr the re-pressing increases either the 
strength or the density. 0(;casionally in the East, and more formerly than at present, 
a soft-mud brick, after being partially dried, is re-pressed, which process greatly improves 
the form and also the strength and the density. A re-pressed brick is sometimes, but 
inappropriately, called a pressed brick. Slop brick: in molding brick by hand, the molds 
are sometimes dipped into water just before lieing filled with clay, to prevent the mud 
from sticking to them. Brick molded by this process is known as slop brick. It is deficient 
in color, and has a comparatively smooth surface, with rounded edges and corners. This 
kind of brick is now seldom made. Sajided brick: ordinarily, in making soft-mud brick, 
sand is sprinkled into the molds to prevent the clay from sticking; the brick is then called 
sanded brick. The sand on the surface is of no serious advantage or disadvantage. In 
hand-molding, when sand is used for this inirpose, it is (jertain to become mixed with the 
clay and occurs in streaks in the finished brick, which is very undesirable; and owing to 
details of the process, which it is here unnecessary to explain, every third brick is especially 
bad. Machine-made brick: brick is frequently described as “machine-made,” but this 
is very indefinite, since all grades and kinds arc made by machinery. 

Classification of Clay Brick According to Firing. When bricks were usually burned 
in the old-style up-draft kiln, the classification according to position was important; but 
with the new styles of kilns and improved methods of burning, the quality is so nearlj" 
uniform throughout the kiln that the classification is less important. Three grades of 
brick are taken from the old-style kiln; arch brick, body brick, and salmon brick. Arch 
or clinker bricks: those which form the tops and sides of the arches in which the fire is 
built. Being overbumed and partially vitrified, they are hard, brittle, and weak. Body, 
cherry, or hard bricks: those taken from the interior of the pile. The best bricks in the 
kiln. Salmon, pale, or soft bricks: those which form the exterior of the mass. Being 
underburned, they are too .soft for ordinary w'ork, unless it is for filling. The terms 
“salmon” and “pale” refer to the color of the brick, and hence are not applicable to a 
brick made of a clay that docs not burn red. Although nearly all brick clays burn red, 
yet the localities where the contrary is true are sufficiently numerous to make it desirable 
to use a different term in designating the quality. 
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Classificatioii of Clay Brick According to Form. The form of the brick gives rise to the 
following terms. Compass brick: one having one edge shorter than the other. Feather- 
edge brick: one having one edge thinner than the other. Used in arches; and more 
properly, but less frequently, called voussoir brick. Face brick: those which, owing to uni¬ 
formity of size and color, are suitable for the face of the wall of buildings. Sometimes face 
bricks are simply the best ordinary brick; but generally the term is applied only to re¬ 
pressed or pressed brick made specially for this purpose. Seiver brick: ordinary hard brick, 
smooth, and regular in form. Paving brick: very hard, ordinary brick. A vitrified clay 
l>lock, very much larger than ordinary brick, is sometimes used for paving, and is called 
a paving brick, but more often a brick paving-ldock. Vitrified brick: the introduction 
of brick for street pavements about 1890 led to a new grade, one burned to the point of 
vitrifactioM and then annealed or toughened by slowly cooling. Vitrified brick and paving 
blocks, though originally made for paving purposes, are now much used in building and 
engineering structures. Standard sizes of clay brick are given in Table III. 

Classification of Clay Brick According to Strength. Table 11 gives the A.S.T.M. 
classification of clay brick according to strength. The compressive test is made on a 
half-brick tested flatwise and properly bedde<l in pla.ster of paris to provide an even bear¬ 
ing. The bending test is made with the brick flatwise, span 7 in., and the load applied at 
mid-span. Table IV gives the result of strength tests made on bricks from different parts 
of the United States. Tests of brick piers are reported in Table V. 


Table II. Grades of Clay or Sand-lime Building Brick 

(According to A.S.T.M. Standard Specifications C(j2 ;t0, C7.'J-30) 


Name of Grade 

Compre««ive Strength 
(bricks flatwise), 
lb per eq in., lueuii gross area 

Modulus of Rupture 
(bricks flatwise), 
lb per sq in., gross area 

Mean of 

5 tests 

Individual 

miniinuin 

Mean of 

5 tests 

Individual 

minimum 

Grade A. 

4500 or over 

3500 

600 or over 

400 

Grade 11. 

2500-4500 

2000 

450 or over 

300 

Grade C. 

1250 2500 

1000 

300 or over 

200 


The above clusBifications are based on etrength and do not necessarily measure weather resistance. 


Table III. Standard Sizes for Clay and Sand-lime Building Brick 

(.According to A.S.T.M. Standard SpecificatioriH 0(12-30, C73-30) 


Types 

Standard Sizes, in. 

Permissible Variations, in. 

I )epth 

Width 

Length 

Depth 

Width 

Length 

(M>inrnon clay brick. 

21/4 

3 :(/4 

8 

rhl/l6 

iV« 

± 1/4 

Hough-face clay brick. 

2 1/4 

3 3/4 

8 

iVl6 

±1/8 

=bl /4 

Smooth-face clay brick. 

21/4 

3 V8 

8 

=tVl6 

±1/8 

±1/4 

Sand-lime brick. 

2 1/4 

3 3/4 

8 

rl-Vlf) 

ri 1/8 

± 1/4 


Sand-lime Brick consist of a mass of sand cemented together with lime. There are 
two classes of sand-lime brick: one in which the landing material is carbonate of lime, 
and the other in whi(;h it is silicate of lime. 

The first is virtually a brick made of ordinary lime mortar, molded as are soft-mud 
clay brick, and hardened in the open air or in an atmosphere rich in carbon dioxide (CO 2 ), 
either with or without pressure. This form may i)roperly be called a lime-mortar brick. 
It is the older form of sand-lime brick, and was formerly made in a small way where sand 
and lime were cheap and clay and fuel were expensive; but the brick is so weak and friable 
that it has not given satisfaction, and needs no further consideration here. 

The second kind is made from a mixture of sand and lime which is molded in a press 
and hardened by being subjected to steam under pressure. The binding material consists 
chiefly of hydrosilicate of lime. Probably part of the lime is converted into carbonate 
by absorbing carbon dioxide; but the most of the lime combines with the silica of the sand 
and forms hydrosilicate of lime, a stable and comparatively strong cementing material. 
This form is the only one to which the term sand-lime brick is now applied; but in con¬ 
sulting the past literature on the subject, a careful distinction should be made between 
the two forms of so-called sand-lime brick. This form of sand-lime brick was first ma,n- 
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ufactured in Germany about 1880, and was introduced into America about 1900. There 
are localities where this form of brick is an important factor in building operations. 

Sand-lime brick are made which in appearance and quality are the equal of dry-clay 
(pressed) brick. The average sand-lime brick will be equivalent in strength to medium 
clay-brick. When sand-lime bricks are manufactured under standard specifications 
they may be used as a substitute for clay-brick in masonry construction. Table II gives 
the A.S.T.M. classification of sand-lime brick according to strength. Table 111 gives the 
standard sizes of sand-lime brick. 


Table IV. Strength of Clay or Shale Building Bricks 

(From "Report of Committee C-3 iVoc. A.S.T.M., Pt. 1, 1915) 

Each lot consisted of 5 samples, and the maximum and minimum values refer to lots and not to 
individual tests. 


Place of Manufacture 

No, of 
Lots 
Tested 

Compressive Strength, 
lb per s<i in. 

Modulus of Rupture,, 
lb per sq in. 

Average 
Absorption, 
per cent 

Max. 

Min. 

Av. 

Max, 

Min. 

Av. 

Birmingham, Ala. 

5 

14,964 

4482 

9428 

1926 

733 

1499 

4.74 

Fresno, Cal. 

4 

8,636 

2442 

4496 

1031 

434 

594 

12.00 

San Francisco, Cal. 

4 

3,294 

1951 

2730 

908 

501 

763 

16.14 

Chicago, Ill. 

8 

3,470 

1687 

2620 

1618 

462 

832 

20.88 

Crawfordsville, Ind. 

4 

14,766 

2502 

7750 

1383 

337 

842 

16.65 

Mason City, Iowa. 

4 

5,984 

4564 

5476 

1440 

1028 

1273 

1 14.43 

Brewer, Me. 

8 

9,295 

3304 

6889 

1456 

570 

1028 

1 10.80 

W. Barnstable, Mass. 

4 

5,302 

1564 

3541 

851 

281 

561 

14.61 

Betroit, Mich. 

4 

2.398 

1846 

2167 





Qanic, N. H. 

8 

6,024 

3092 

4563 

i522 1 

*627 

1035 

' 10.93 

Scranton, Pa. 

4 

9,728 

4758 

7314 

2705 

1609 

2077 

6.35 

Spokane, Wash. 

4 

7,480 

4156 

6336 

1105 

564 

827 

13.57 


Table V. Tests of Brick Piers 


(U. S. Bureau of Standards, Tech. Paper, 111, 1918) 


Construction Data 

Test Data 

Brick Test Data 

All Piers 10 ft High 

Max. 
Load, 
lb per 
sq in. 

Mod¬ 

ulus 

of 

Elas¬ 

ticity 

Average 

Com¬ 

pressive 

Strength, 

Flat 

Average 

Com¬ 

pressive 

Strength 

on 

Edge 

Average 

Trans¬ 

verse 

Strength, 

Modulus 

of 

Rupture 


Serial 

No. 

Grade 

of 

Brick 

Courses 

Area, 
sq jn. 

^ . I 

( 

1 

1 

46 

930 

2710 

2,500,000 

1 11,990 

8,900 

1945 


1 

4 

2 

45 

856 

2000 

2,500,000 

7,880 

6,450 

1375 


1 

7 

3 

41 

1024 

510 

700,000 

1,659 

1,350 

345 

Cement j 











and I 


10 

1 

45 

841 

3800 

3,500,000 

11,965 

10,050 

2775 

lime 1 


13 

2 

45 

908 

1760 

1,550,000 

7,880 

6,450 

1370 

mortar ' 












1 

16 

1 

45 

940 

1450 

725,000 

11,990 

8,900 

1945 

Ijime ^ 

1 

19 

2 

44 

906 

840 

620,000 

7,880 

6,450 

1370 

murtur j 

1 

22 

3 

41 

1024 

210 

300,000 1 

1,659 

1,350 

345 


8. TERRA-COTTA 

Terra-cotta is a burnt-clay product made in the same general way as brick. Hard 
terra-cotta blocks and tile are made by burning clay at a very high temperature. Porous 
or soft terra-cotta, sometimes called terra-cotta lumber, is made by burning a mixture 
of clay and straw or sawdust. The straw or sawdust burns out, leaving a light, porous 
material. Nails and screws can be driven into porous terra-cotta, and it can bo cut with 
a wood saw. Terra-cotta lumber is weaker than hard terra-cotta. Terra-cotta building 
blocks are made hollow with walls 8/4 in. to 1 in. thick. 

Strength. The A.S.T.M. specifications for structural clay hollow tile list three types: 
floor, non-load-bearing, and load-bearing wall tile. Each of these types is divided into 
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Table VI. Size and Weight of HoHow Oay Wall TUe 

(From A.S.T.M. Tentative Specification* C34~34T, C5G-34T) 


Dimensions or 
Horizontal 
Thickness. Tile as 
Laid in Wall, in. 

Minimum Number 
of Cells 

Average Weight per 
SC] ft of Tile, lb 

In unit 

In wall 
thickness 

Minimum 

Maximum 

Non-load-bearing Partition I'ile 

2X12X12 

3 

1 

14 

16 

3 X 12 X 12 

3 

1 

15 

17 

4X12X12 

3 

1 

16 

18 

6X12X12 

3 

1 

22 

25 

6 X 12 X 12 

4 

2 

25 

28 

8X12X12 

4 

2 

30 

34 

10 X 12 X 12 

4 

2 

35 

40 

12 X 12 X 12 

4 

2 

40 

45 

Split Furring Tile 

1 1/12 X 12 X 12 

3 


7 Vi> 

81/2 

2 X 12 X 12 

3 


8 

9 

Load-bearing Wall Tile 

4 


1 

20 

23 

6 


2 

30 

35 

8 


2 

36 

41 

10 


2 

42 

48 

12 


3 

52 

60 


Table VII. Size and Weights of Hollow Clay Floor Tile 


(From A.S.T.M. Tentative Standards C57-34T) 


Depth of 
Arch or 
Thickness 
of Unit, in. 

Minimum Number of Cells in Arch or 
Tile Thickness 

Average Dry Weight, lb per sq ft 

Flat 

arch 

Segmental 

arch 

Tile- 

concrete 

construction 

Flat 

arch 

Segmental 

arch 

Tile- 

eoucrete 

construction 

3 



1 



15 

4 



1 



16 

5 



1 



19 

5 



2 



23 

6 

i 


1 

26 


22 

6 


2 

2 


30 

25 

7 

i 


1 

30 


24 

7 


... 

2 



27 

8 



1 



27 

8 

2 

2 

2 

32 

36 

29 

9 

2 


2 

33 


31 

9 



3 



36 

10 

2 


2 

35 


33 

10 


i 

3 



38 

11 

2 



'38 



12 

2 


2 

40 


40 

12 



3 



45 

13 

*2* 



43 



14 

3 



46 



15 

3 



47 



16 

3 



52 




two grades on the basis of absorption and compressive strength. Table VIII gives the 
classification. The specified absorption for non-load-bearing tile is the same as given in 
the table for the other two types but there are no strength requirements. 

Tests of terra-cotta columns built of hollow blocks laid with Portland cement mortar 
were made in 1908 by Talbot and Abrams and reported in Bull, 27, Eng. Exp. Sta.. Univ. 
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NON-MBTALLIC MATERIALS 


Table VIII. Absorption and Strength Requirements for Floor and Wall Tile 


(From A.S.T.M. Tentative Specifications C57-34T, C34-34T) 



Absorption 

Compressive Strength, lb per sq in.* f 

ClUBB 

Average of 

5 tests 

Individual | 

End-construction Tile 

Side-construction Tile 


Max. 

Min. 

Average of 

5 tests 

Individual 

minimum 

Average of 

5 tests 

Individual 

minimum 


Floor Tile * 


5-16 

5 to 16 

19 

4 

3200 or more 

2250 j 

1600 or more i 

1100 

16-25 

25 ur less 

28 

4 

2000 or more 

MOO 

1200 or more 

850 


Load-bearing Wall Tile f 


5-16 

5 to 16 

19 

4 

1400 or more 

1000 

700 or more 

500 

16-25 

25 or less 

28 

4 

1000 or more | 

700 

700 or more 

500 


♦ For floor tile the ntrcngth is bused on the net urea, which is taken us the area of solid material 
in ahells and webs carrying stresses in a direction parallel to the direction of loading. 

t For load-bearing wall tile the strength is based on the gross area, which includes total area of 
section including area of cells perpendicular to direction of loading. 

of Ill. The compressive strength of blocks loaded on end ranged from 3472 to 6170 
lb per sq in. Transverse tests of the blocks gave a modulus of rupture of 602 to 1440 
lb per sq in. The strength of the columns varied from 64 per cent of the compressive 
strength of the blocks for those poorly laid to 80 per cent for those well laid. 


REFRACTORIES 

By J. Spotts McDowell and £. B. Guenther 

9 , COMMON TYPES OF REFRACTORY BRICK 

Refractories, generically classed as fire brick, are structural materials used at high tem¬ 
peratures in industrial furnaces. The life of refractories is affected by the high tempera¬ 
tures to which they are subjected, and usually by one or more of the following influences: 
abrasion; corrosion through chcmiiad action by slags and fluxes; erosion by mechanical 
action of molten metal or slag, or by dust-laden gases moving at high velocity; spalling 
of varioiLS types; the effect of various gases. The printupal types of refractories are 
fireclay, liigh-alumina, silica, magnesite, and chrome. Refractories of other types have 
less extensive application. The term “ firebrick ” when used alone is generally understood 
to mean fireclay brick. It should be here noted that the data given in the following 
discussion refer to current practice in the United States which differs in various respects 
from that abroad. 

Fireclay Brick. The most widely used refractory brick are those made from flint 
fire clays and plastic fire clays, the essential components of wliich are hydrous alumina 
silicates of the general type formula Al 203 * 2 Si 02 * 21120 . Kaolinite is probably the 
most common memlx?r of this group. Until recent years this mineral was regarded as 
the essential constituent or “ clay base ” of all clays. However, it is now believed that 
it may not be the predominating mineral in all refractory fire clays. 

The manufacture of fireclay brick consists in blending the raw materials, flint clay, 
plastic clay, and calcined clay or grog, either by grinding them together in a wet pan, or 
by grinding together or separately in a dry pan, then mixing and tempering them with 
the addition of water. The brick are molded by hand or mechanically; dried, either on 
hot floors or in dryers; and fired in periodic downdraft kilns or in continuous tunnel 
kilns. Various grades of fireclay brick are available and are referred to as super-duty, 
high heat duty, intermediate heat duty, moderate heat duty, and low heat duty fireclay 
brick. See Table IX for Pyrometric Cone Equivalents. 

High-alumina Brick. In many parts of furnaces where the requirements are severe, 
high-alumina brick may be used to decided advantage. 

High-alumina raw materials include bauxite, diaspore, diasporitic clays, cyanite, 
andalusit^}, sillimanite, and crystalline alumina or corundum. In manufacturing high- 
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aluzuina brick (i.e., brick containing 60 per cent or more of alumina), these materials are 
used singly, in combination, or blended with flint and plastic clays according to the 
properties and percentage of alumina desired in the finished product. High-alumina 
brick w'hich are manufactured by methods similar to those used in manufacturing fire¬ 
clay brick are available in the 60, 60, 70, and 80 per cent alumina classes. Other 
high-alumina brick may be considered as special refractories. 

Silica Brick. The raw material of the silica refractories industry is quartzite or 
ganister. Silica brick is manufactured by the same general processes used for fireclay 
brick. However, grinding is usually done in a wet pan with approximately 2 per cent of 
lime added in the form of milk of lime or an equivalent amount of hydrated lime. The 
lime bonds and gives strength to the green or unfired brick. It also reacts chemically 
with the quartzite during firing, imparting strength and toughness to the finished product. 

The true specific gra^dty of silica bncit depends both upon the character of the quartzite 
used in its manufacture and upon the temperature and duration of firing, and should lie 
between 2.28 and 2.40. 

In the firing process a permanent expansion occurs from the green brick size to the 
fired size. It is desirable that this permanent expansion be completed in the firing, but 
as the final increments of permanent expansion take place slowly under high temperature, 
silica brick will show a slight permanent expansion in service. 

When subjected to heat, silica brick, like other refractories, exhibit a temporary or 
purely thermal expansion, which disappears ut)on cooling. The linear theruial expansion 
of well-burned brick amounts to 1.2 to 1.6 per cent, the greater part of which occurs below 
600° C. 

In laying silica brick, it is important to provide for expansion at tlio rate of Vs to ^/le in. 
per ft. Exi)ansion joints should be kept free from mortar by j).'*eking to a depth of alx>ut 
1 1/2 in., with a filler which will burn out, such as sawdust, cardboard, or strips of wood. 

Silica brick are sensitive to rapid temperature change, and should be heated and cooled 
slowly and evenly; otherwise cracking or spalling will o(;cur. 

Magnesite Brick. The chief use of magnesite is in the manufacture of refractory 
materials. Its chemical properties and high refpetoriness make it very suitable for fur^ 
nace linings for metallurgical operations. For refractory purposes, it is sold in the form 
of brick, of finely ground furnace magnesite for brick-laying, and of dead-burned grains 
for making and repairing furnace bottoms. The grains are a mixture of granules varying 
from 6/8 in. diameter to very fine but gritty particles. 

For brick-making, the crude magnesite (essentially MgO*C02) must be dead-burned, 
i.e., calcined at a temperature that will not merely drive off nearly all carbon dioxide, 
but will also cause sintering of the particles. During this process, the pieces shrink con¬ 
siderably and become hard, dense, and inert to atmospheric moisture and carbon dioxide. 
The material is ground dry to the desired size, then mixed and tempered in a wet pan with 
a small amount of water. The brick are usually molded under heavy pressure and dried 
in tunnel dryers. Usually magnesite brick are fired at cone IS to 20. Cooling must bo 
slow to avoid cracking. Magnesite brick bonded chemically instead of by firing, are 
also available. 

Metal encased magnesite lirick consist of round or square soft steel containers filled with 
ground dead-burned magnesite, or with chemically bonded magnesite brick. They are 
used for the back walls, bulkheads, and ends of basic open-hearth furnaces and side walls 
of electric furnaces. Their special advantage lies in the fact that the metal containers 
fuse for 1 or 2 in. back from the surface exposed to the heat, impregnate the magnesite, 
and bind the entire face of the wall. Joints, which are usually a source of weakness, are 
thus eliminated and the life of the wall is extended. 

Chrome Brick. Chromite, FeO-CrzOa, is the most nearly chemically neutral of all 
the common refractories. However, it is acted upon eitlier by strong acids or by strong 
bases. Because of its chemical character and high refractoriness it is an important 
refractory in metallurgical furnaces. The important sources of chrome ore for refractories 
are Greece, Cuba, Southern Rhodesia, and the Transvaal. 

In American practice, it is not customary to use bonding material in the manufacture 
of fired chrome brick. It is therefore essential that the ore used should bond strongly 
together at kiln temperatures, but without deforming or squeezing out of shape. The 
ground ore is mixed and tempered with a small amount of water in a wet pan to the con¬ 
sistency of damp sand. The brick are usually molded in a power press at high pressure 
and dried in tunnel dryers. They are fired in either rectangular downdraft periodic kilns 
or continuous tunnel kilns, at a firing temperature of cone 18 to 20. Kilns must be cooled 
slowly to avoid cracking of the brick. Chrome brick, bonded chemically instead of by 
firing, are also available. 
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NON-METALLIC MATERIALS 


10 PROPERTIES OF REFRACTORIES 

(Arranged alphabetically) 

Abrasion, Resistance to. Tests for resistance to abrasion have been rather unsatis* 
factory. No method so far devised has been generally regarded as sufficiently reliable to 
warrant adoption as standard. 

Analyses, Chexnical. There is considerable variation in analyses of the various types 
of refractories. The figures given in Table I represent approximate mean values. 


Table I. Approximate Chemical Analyses of Refractories 


Type of Brick 

Si02 

AI2O3 

-hTi02* 

Fe203 

FeO 

(^aO 

MgO 

CroOa 

AI2O3 

Alkalies 

Fireclay 









Super-duty. 

*> 1.0 

45.0 

2.2 


0.3 

0.4 


1.0 

High heat duty (Aluminous). . 

55.0 

41.0 

2.2 


0.3 

0.4 


1.2 

Intermediate heat duty . . 

61 0 

34.0 

3 0 


0.3 

0.4 


1.5 

High heat duty (Siliceous).... 

75.0 

23.0 

1.4 


0.2 

0.2 


0.2 

High-alumina 









50% Alumina Class. 

43.0 

53.0 

1.8 


0.2 

0. 5 


1.4 

70% Alumina (Jlass. 

23,0 

74.0 

1.7 


0. I 

0.3 


0.9 

Silica. 

95.5 

1.2 

1 . 0 


2 . 1 

0.2 


0.2 

Magnesite (fired). 

3 

i 

7 


3 

85 



Chrome (fired). 

5 



16 


15.5 

63 t 



♦ The Ti 02 content will average about 5 per cent of the combined AI 2 O 3 + Ti 02 . Thus for a 
brick with 63 per cent AI 2 O 3 -f- Ti 02 , the Ti 02 content is about 2.7 per cent and the AI 2 O 3 is about 
60.3 per cent. 

t In brick made from different raw materials, the AbO* content will vary from 12 to 30 per cent 
and the Cr^Oa will vary from 33 to 44 per cent. 

Cold Crushing Strengths of various types of refractories are given in Table II. 


Table II. Cold Crushing Strength of Refractories 

Cold Crushing Strength in Pounds per Square Inch; Average Values--Bricks Tested on Flat 


Fireclay Brick 

High- 
alumina 
Brick 
70% AbOa 

Silica 

Brick 

Magnesite 

Brick 

Chrome 

Brick 

Super- 

duty 

High Heat 
Duty 

(Aluminous) 

Moderate 

Heat 

Duty 

High Heat 
Duty 
(Siliceous) 

4000 

1000-4000 

Up to 5000 

1500 

4000 

2000-4000 

4500 

4000 


Conductivity, Thermal. Table III gives the approximate thermal conductivities of 
various refractories over a wide range of temperatures. 


Table III. Approximate Thermal Conductivity of Refractories 

Modern Refractory Practice, Published by IIarbison-Walker Refractories Company, 
Pittsburgh, Pa. 

Btu per hr per sq ft per deg fahr for a thickness of I in. 


Temp, 
deg fahr 

1 Kind of Brick j 

Temp, 
deg fahr 

1 Kind of Brick 

Fire¬ 

clay 

Silica 

Mag¬ 

nesite 

Chrome 

Fire¬ 

clay 

Silica 

Mag¬ 

nesite 

Chrome 

0 

5.0 

6.0 

39.5 

9.0 

1400 

9.0 

11.3 

26.9 

12.5 

200 

5.6 

6.8 

37.2 

9.5 

1600 

9.6 

12.0 

25.9 

13.0 

400 

6 . 1 

7.5 

35.4 

10.0 

1800 

10 . 1 

12.8 

25.0 

13.5 

600 

6.7 

8.3 

33.3 

10.5 

2000 

10.7 

13.5 

24.0 

14.0 

800 

7.3 

9.0 

31.5 

11.0 

2200 

11.3 

14.3 

23.5 

14.5 

1000 

7.8 

9.8 

30.0 

II.5 

2400 

II .8 

15.0 

23.2 

15.0 

1200 

8.4 

10.5 

28.3 

12.0 

2600 

12.4 

15.8 

23.0 

15.5 


Expansion, Thermal. The linear expansion of refractory brick in per cent, for various 
types of refractories, is given in Table IV. The figures given represent average values 
for total expansion of brick from room temperature to the temperatures indicated. 
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Table IV. Thermal Expansion of Various Types of Refractory Brick 

(Expressed in linetir per cent) 


Temp, 
deg fahr 

Type of Brick 

Temp, 
deg fahr 

Type of Brick 

Fireclay 

40% 

AI 2 O* 

Silica 

Mag¬ 

nesite 

Chrome 

Fireclay 

40% 

AI 2 O, 

Silica 

Mag¬ 

nesite 

Chrome 

400 

0. 10 

0.54 

0.28 

0.23 

1600 

0.47 

1.34 

1.18 

0.96 

800 

0.23 

1.12 

0.56 

0.47 

2000 

0.57 

1.38 

1.59 

1.33 

1200 

0.34 

1.28 

0.86 

0 70 

2400 

0.50 

1.38 

1.97 

1.71 


Load, Resistance to, at High Temperature. The behavior of refractory brick of various 
types under load at high temperature is indicated in Table V. 


Table V. Behavior of Refractory Brick Under Load at High Temperature 


Type of Brick ^ 

1 Linear subsidence, 

I per cent * 

Temperature of 
failure, deg fahr f 

Fireclay—Super-duty. 

-V-5 


Fireclay—High heat duty (Aluniinoua). 

3-10 


Fireclay—High heat duty (Siliceous). 

1 2-4 


High-alumina—70% Alumina. 

i 1-3 




2800-2900 

Magnesite. 


2400-2800 

Chrome... 


2400-2550 





♦Standard Load Test, A.S.T.M. Designation C16-20. Under a load of 25 lb per sq in. on 
end, the specimen is heated according to a prescribed heating schedule to 1350 deg cent (2462 deg 
fahr) and held at that temperature for 90 min. 

t Standard Load Test, A.S.T.M. Designation C16-20. Under a load of 25 lb per sq in. on 
end, the specimen is heated according to a prescribed heating schedule until failure occurs. 

Modulus of Rupture. Average values of modulus of rupture of various typos of 
refractory brick are given in Table VI. 


Table VI. Modulus of Rupture at Atmospheric Temperature 

(A.S.T.M. Method C67-3I, 7-in. span on flat)_ 


Type of Brick 

Modulus of 
Rupture, 
lb per sq in. 

Type of Brick 

Modulus of 
Rupture, 
lb per sq in. 

Fireclay 

Suppf-fbif.y , . 

400 

600-1200 

800-1400 

400 

High-alumina 

50% Alumiiia. 

750 

1200 

500-1000 

1500 

1600-2000 

High heat duty (Aluminous). . 

70% Alumina. 


High heat duty (Siliceous).... 

Magnesite. 

Chrome. 


Porosity. The porosity of refractories depends upon various factors, among them 
the character and quality of the raw material, the grind, the water content at the time 
of molding, the pressure of molding, and the time and temperature of firing. The porosity 
in turn affects the resistance of the brick to temperature change, the rigidity under load 
at high temperatures, the thermal conductivity, and the resistance of the brick to abrasion 
and slag action. Sec A.S.T.M. Standard 020-33 for method of determining porosity of 
refractory materials. Porosity of various types of refractory brick is given in Table VII. 


Table VII. Porosities by Volume, Average Values 


Type of Brick 

Process of 
Manufacture 

Porosity, 
per cent 

Type of Brick 

Process of 
Manufacture 

Porosity, 
per cent 

Fireclay 

Machine 

12-16 

High-alumina 

50% Alumina. 

Machine 

20-25 

High heat duty (Alu- 

^^TIAUS) 

Hand 

20-30 

70% Alumina. 

Silica. 

Machine 
Hand or 

28-31 

High heat duty (Alu- 
rnlnous) 

Machine 

15-24 

Magnesite. 

machine 

Machine 

24-32 

20-30 

Intermediate heat duty 

Machine 

17-21 

Chrome. 

Machine 

20-30 

High heat duty (Sili¬ 
ceous) . 

Hand or 
machine 

30 
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NON-METALLIC MATEBIALS 


Pyrometric Cone Equivalent (P.C.E.) is defined, in reference to refractories, as the 
number of that standard cone whose tip would touch the supporting plaque simultaneously 
with a cone of the material being investigated, when tested in accordance with the standard 
method of tost for softening point of fire brick. See A.S.T.M. Standard C24-33. The 
determination of the P.C.E. consists in testing cones made of the ceramic material by 
comparing them with standard pyrometric cones, all heated together in the same furnace. 
The softening points of standard pyrometric cones used in connection with refractories 
are given in Table VIII. Table IX presents the pyrometric cone equivalents of various 
types of refractory brick. 


Table VIII. Softening Point * of Standard Pyrometric Cones Used In Connection with 

Refractories t 

A.S.T.M. Proc., Vol. .34, Part I, 1934, p. 1264 


Cone 

No. 

Softening 

Point 

Cone 

No. 

Softening 

Point 

Cone 

No. 

Softening 

Point 

Cone 

No. 

Softening 

Point 

Deg 

cent 

Deg 

fahr 

Deg 

cent 

Deg 

fahr 

Deg 

cent 

Deg 

fahr 

Deg 

cent 

Deg 

fahr 

15 

1435 

2615 

20 

1530 

2786 

29 

1640 

2984 

34 

1760 

3200 

16 

1465 

2669 

23 

1580 

2876 

30 

1650 

3002 

35 

1785 

3245 

17 

1475 

2687 

26 

1595 

2903 

31 

1680 

3056 

36 

1810 

3290 

18 

1490 

2714 

27 

1605 

2921 

32 

1700 

3092 

37 

1820 

3308 

19 

1520 

2768 

28 

1615 

2939 

33 

1745 

3173 

38 

1635 

3335 


* These temperatures, which were determined by Fairchild and Peters for a heating rate of 
160 deg cent per hr for cones 15 to 20, and of 100 deg cent per hr for cones 23 to 38, other c«)ndition8 
being the same as specified, apply satisfactorily for all the conditions of this test method, but do not 
apply to conditions of the commercial firing and use of refractory materials. 

t Fairchild and Peters, Characteristics of pyrometric cones, Journal, Am. Ceramic Soc., \'oi, 9, 
No. 11, p. 701, Nov., 1926. 


Table IX. Pyrometric Cone Equivalents (P.C.E.) for Various Types of 
Refractory Brick 


Type 

P.C.E. 

Temperature 

Deg fahr 

Deg cent 

Fireclay 

33-34 1 

3173-3200 

\1745-1760 


31-33 

3056-3173 

1680-1745 


28-31 

2939-3056 

1615-1680 


26-28 

2903-2939 

1595- 1615 

HiirV. hnftf Hiit.v ... 

28-31 

2939-3056 

1615-1680 

High-alumina 


34-35 (av.) 

3200 3245 

1760-1785 


36 (av.) 

37 (av.) 

38 (av.) 

3290 

1810 


3308 

1820 


3335 

1835 


31-32 

3092 

1700 


Above 38 

3335+ 
3335 + 

1835+ 

Chrome. 

-A.hove 38 

1 1835+ 


Refractoriness. The terras fusion point, softening point, and melting i)oint are indefi¬ 
nite when applied to ceramic materials, which soften over a wide temperature range. 
No definite temperature marks the transition from the distinctly solid to the distinctly 
liquid state. Instead, the pyrometric cone equivalent (P.C.E.) is generally used. 

Resistance to Slagging. This property is of primary importance in selection of refrac¬ 
tory brick for service in furnaces where they are subjected to chemical corrosion by molten 
slags or fluxes. The resistance of a refractory brick to slag action depends \ipon its 
chemical composition, density and porosity, the prevailing temperature, and the chemical 
charact-eristics of the slag or flux. For resistance to siliceous slags or fluxes, fireclay brick, 
high-alumina brick or silica brick are serviceable. Where basic slags or fluxes are present, 
either fireclay, high-alumina, magnesite, or chrome brick are serviceable, the selection 
depending upon conditions stated above. Various simulative service tests have been 
devised, but since slagging depends on many factors, no test as yet develoi)ed (1936) has 
proved sufficiently reliable to warrant its adoption as standard. 
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spalling, Resistance to. Spalling is defined as the breaking or cracking or crushing 
of refractory brick in service to such an extent that pieces are separated or fall away, 
leaving new surfaces of the brick exposed. 

According to the A.S.T.M. Designation C71--31 the causes of spalling may bo classi¬ 
fied under three main headings as follows; 

Thermal: (a) Factors Related to Service. Rapidity in range of thermal fluctuation; contami¬ 
nation by slags and fluxes; tightness of joints; previous vitrification. 

(6) Factors Related to Refractories. Degree and uniformity of reversible thermal expansion; 
heat transfer; elasticity; plastic flow. 

Mechanical: (a) Factors Related to Service. Rapid heating of w’et brick; abuse in removing 
clinker and slags; unequal and exce.ssive stre.sses; pinching; no provision for expansion; thin joints. 

(b) Factors Related to Refractories. Mechanical strength; toughness; accuracy of shape. 

Structural: (a) Factors Related to Service. Slags and lluxes; character of the material in joints; 
insulation of refractories. 

(6) Factors Related to Refractories. Vitrification; shrinkage; nature of bond; structure; degree 
of bxurning. 

Under the heading “ Stnudunil ” the slags and fluxes referred to may cause a change 
in the texture or mineral constitution of the hot end of the brick or the high temperature 
prt^vailing may produce a like change; either or both of these may result in tliu formation 
of differing zones between inner and outer brick surfaces witli consequent spalling. 

Experience has shown that “ Structural ” spalling may also occur as the result of 
improper design of brick shapes, .also l)ecause of faulty design or constriction of the 
furnace. 

Of the various types of refractory brick most widely used, super-duty fireclay brick 
have the greatest resistance to thermal spalling. Both super-duty fireclay brick and 
Ingh-alumina brick may l3c considerably more resistant to textural spall mg than other 
types of fireclay brick in the presence of cert.ain types of slag, owing to their high refrac¬ 
toriness and chemical composition w’hich enable them to resist change in texture due to 
high temperature or slag action. Silica brick are extremely sensitive to temperature 
change in the range of 400- 1100 deg fahr. Magnesite and chrome brick are also very 
sensitive to temperature change, although changes in mnmifacturing methods are improv¬ 
ing this characteristic- No single method for determining resistance to spalling can be 
applied to all types of refractory brick. A tentative method of ]>ancl test for resistance 
of refractory brick to thermal and structural spalling is covered by the A.S.T.M. Tenta¬ 
tive Standard C38-34T. Jt has been found to be siitisfactory for testing all classes of 
fireclay brick including super-duty. 

Specific Gravity of various types of refractories is given in Table X. 


Table X. Specific Gravity of Various Types of Refractories 


Type of Brick 

I Specific Gravity 

Type of Brick 

j 

j Specific Gravity 

High 

Low 

Average 

High J 

I..OW 

1 Average 

Fireclay 

Super-duty. 

High heat duty (Alu¬ 
minous) . 

High heat duty (Sili¬ 
ceous) . 

2.80 

2.75 

Somewl 

alun 

2.70 

2.65 

lat lower 
linoiis fir 

2.75 

2.70 

than for 
eclay 

Higb-aluniina. 

Silica. 

Magne.sitc. 

Chrome. 

! 

SomewL 

.supe 

2.40 

3.60 

4.4 

! 

kat highe: 
r-duty fii 
2.28 
3.44 
3.7 

r than for 
reclay 

2.35 

3.52 

4.05 


Specific Heat. The figures given in Table XI appear to be the most probable values 
of the specific heats of refractory materials. They are based upon the work of various 
observers, whose data do not check with exactness. 


Table XI. Specific Heats of Refractory Materials 


Temperature, deg cent 

0 

100 

200 

300 

400 

500 

600 

700 

800 

900 

1000 

1100 

1200 

1300 

Fireclay brick. 

. 193 

. 199 

.205 

.211 

.218 

.225 

.231 

.238 

.244 

.249 

.254 

.258 

.261 

.265 

Silica brick. 

. 169 

. 189 

.210 

.230 

.236 

.245 

.248 

.253 

.258 

.262 

.266 

.269 

.272 

.275 

Magnesite brick. 

.208 

.220 

.232 

.241 

.248 

.254 

.260 

.265 

.269 

.274 

.278 

.282 

.287 

.292 

Chrome brick. 

. 170 

. 177 

. 182 

. 188 

.193 

. 198 

.202 

.206 

.210 

.213 

.217 

.220 

.222 

.224 


Thermal Resistivity is the reciprocal of thermal conductivitv. 
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11 . MORTARS FOR LAYING REFRACTORY BRICK 

Fireclay brick are generally laid with fireclay mortar. Silica fireclay usually serves 
for laying silica brick; finely ground dead-burned magnesite, known as furnace magnesite, 
lor magnesite brick, and finely ground chrome ore, known as furnace chrome, for chrome 
brick. Depending upon service conditions these materials are replaced to advantage by 
Other materials known as “ refractory bonding mortars.” 

Fireclay Mortars. The fireclay mortars used in la 3 dng fireclay brick are generally 
composed of clays of the same quality and characteristics as those of the clays used in the 
manufacture of the brick with which the mortars are used. Ground fireclay, used for 
laying brick, should bo sufficiently plastic to have good working properties when mixed 
with water. For high temperature service, its refractoriness should closely approximate 
that of the brick. It may be as much as but not more than 3 cones lower. 

Refractory Bonding Mortars. Until recently the term high-temperature cement 
designated various refractory products now known as high-temperature bonding mor¬ 
tars, used in furnace masonry to bond refractory brick. Some of these will set and 
develop great strength merely ujxin air drying. Others bond only when heated; some 
of these require very high temperature to develop their bond fully. There is also con¬ 
siderable variation in the refractoriness of bonding mortars on the market. They include 
a wide range of base materials, with considerable variation in their properties. Care is 
necessary in selection in order that satisfactory results may be secured. 

Certain advantages over fireclay are secured by the use of high-temperature bonding 
mortars, as follows: (1) increased resistance to erosion by mechanical action of molten 
metal, slag or dust-laden gases moving at high velocity; (2) greater resistance to chemical 
corrosion by slags and fluxes; (3) increased resistance to abrasion; (4) decreased permea¬ 
bility to gases, liquid metal, and slag; (5) more rigid construction; (6) greater resistance 
to spalling. 

12 . OTHER REFRACTORY MATERIALS 

Acid-resisting Brick. Chemical process industries, and other industries where various 
acids are manufactured or are used in large quantities, require storage tanks, towers, and 
other types of equipment for which linings and packing material with acid-resisting proi>- 
erties are necessary. Lead, wood, asphalt, ordinary \dtrified brick, chemical stoneware, 
and special acid-resisting refractory brick have wide application, especially acid-resisting 
refractory brit;k. Such brick ..re service«‘ible both in contact with acids and other liquid 
solvents, and also in conjunction with nascent gases and acid fumes at high temperatures. 
The best materials of this type are dense, vitreous, non-absorbent, of low porosity, and 
strongly resistant to the action of solvents. They are manufactured from materials of 
extremely low flux content. The brick are fired at temperatures sufficiently high to con¬ 
vert the constituents largely into crystalline minejals which are insoluble in acids and 
corrosive acid chemical solutions and highly resistant to concentrated alkali solutions. 

Digester Brick. The largest source of raw materials for the manufacture of paper 
pulp is soft wood, although other materials are used. Wood is transformed into paper 
pulp by either mechanical or chomic.al methods. One of the latter, known as the sulfite 
process, comprises boiling wood chips in sulfite liquor, which consists mainly of calcium 
and magnesium bisulfates dissolved in sulfurous acid. This process is accomplished in 
steel tanks called digesters. Formerly, digesters were lead lined, but in most modern 
practice the lining consists of two courses of acid-resisting brick separated by a 1-inch 
space which is filled with a mixture of Portland cement and sand. Between the brick 
lining and the shell is a 2-inch space, also filled with the cement-sand mixture. 

Various types of acid-resisting brick are used for lining the digesters. One type is 
exceedingly dense and impervious; another is of a slightly more open texture. The dense 
vitreous brick is often preferred for the back lining, with the more open-texture brick for 
the face. The face brick becomes readily impregnated with solids and after a short time 
in service is quite impervious. The open-texture type is more resistant to spalling con¬ 
ditions, but under certain conditions of practice, the dense impervious brick is frequently 
used to good advantage for both the face and back linings. For certain digester condi¬ 
tions, & third type of brick, of still more open texture, is made. This is exceptionally 
resistant to spalling but can be used to advantage only in operations where the pores 
readily become filled wdth organic constituents and the salts formed therefrom. 

Forstorite Brick. Forsterite refractories are made from olivine rock to which mag¬ 
nesia is added in the process of manufacture. Their chief constituent is the mineral 
forsterite (2Mg0*Si02), the brick analyzing about 57 per cent MgO, 32 per cent SiOa, 
fi per cent FeO, 5 per cent other oxides. Forsterite refractories are considered to be semi- 
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basic. They excel in stability of volume at high temperatures. Their thermal con¬ 
ductivity is less than that of magnesite brick and approximates that of silica brick. Steam 
or aqueous acids will attack them. 

Forsterite brick find application in ports, bridge walls, division walls, uptakes and 
bulkheads of basic open-hearth steel furnaces, and in exposed sections of side walls in 
copper reverberatory and refining furnaces. Their ability to carry load at relatively 
high temperatures has made them suitable within a certain temperature range for the 
construction of susiiended and sprung arch roofs on copper reverberatory and refining 
furnaces and on copper holding furnaces. 

Forsterite is a new type of refractory which is undergoing development, and it is highly 
probable that its field of application will lie extended. 

Insulating Materials. Within recent years an increasing amount of attention has 
been paid to thermal insulation as a means of increasing the operating efficiency of indus¬ 
trial furnaces. The materials available for this purpose may be classified as (1) bulk 
insulation, (2) insulating brick, (3) insulating nfractory laick. 

1. Bulk insulation, in the form of diatomaccous earth powder or expaiuicrl vermiculito, 
is used as an insulating backing to rofiactoiy settings, especially for irregular surfaces 
where brick cannot be readily fitted. 

2. Insulating brick have high insulating values but are not suitable for use wdiere they 
may be exposed to flame or products of combustion. T hey are manufactured from 
diatomaccous earth or other materials ha\ing inherently low thermal conductivities and 
are used mainly as a backing for refractory brick settings to reduce heat losses. 

3. Insulating refractor^' brick are usually made from sc Icctccl fire clays, to which an 
open porous structure is imparted during manufacture by means of “ chemical bloating," 
or by the addition of organic materials which burn out tliniug the firing process. Insu¬ 
lating refractory brick (am bo used in contact with flame or erm) bastion gasc's, but will 
not withstand slag action or mechanical abrasion. 

Insulation of a rcfracdory setting reduces the heat flow and raises the mean tempera¬ 
ture of the wall. This may necessitate the use of a more refractory material for the setting 
and always increiises the amount of heat stored in it. W here high heat (uipacity is unde¬ 
sirable a lining of insulating refractory brick may l;e used in place of a combination of 
refractory brick and an insulating b.;cking. Insulating refractory brick ordinarily weigh 
only 30 to 40 per cent as much as refractory fireclay brick of the usual density, and their 
heat capacity is only 30 to 40 per <;ent as great. 'I'herefore, when conditions pernjit their 
use, they promote maximum thermal efficiency in intermittently operated furnaces. 

Silicon Carbide Brick. Silicon carbide is composed of carbon and silicon, the chemical 
formula being SiC. It is made in the electric resistance furna(;c and sold under various 
trade names. The crystalline product forms at 3340 deg fahr and disso(;iates into its 
elements at 4060 deg fahr. No softening or fusion occurs below the dissociation tempera¬ 
ture. Its hardness is 9.6 on the Moh scale, giving a remarkable resistance to abrasion. 
It is inert to all acids, liquid or gaseous, excepting a mixture of hydrofluoric and nitric 
acids, but may lie decomposed by alkali when subjected to high temperature. Silicon 
carbide reacts with basic; slags and molten iron and steel. It is made inte refractory brick 
and shaiies of two tyj>es known ns bonded nd recrystailized. 

Boiulod SiC refractories comprise silicon carbide crystals, wuth small percentages of 
permanent binders, depending on the type of service. The standard 9 by 4 V 2 by 2 ^2 in. 
brick weighs approximately 9.25 lb. A wide variety of special shapes arc made for use in 
boiler, heat-treating, malleable-iron annealing, forge and melting furnaces, soaking pits, 
recuperators, electric furnaces, zinc retorts, coking and calcining retorts, gas producers, 
water-gas generators, porcelain enameling furnaces, periodic and tunnel kilns, glass lehrs, 
rotary kilns, roasting furnaces, etc. SiC refractories are especially resistant to the destnic- 
tive action of clinker formed from coal ash. Thermal (sonductivity of the higher grades 
of SiC refractories is high, averaging 108 Btu per sq ft for a thickness of 1 in. per deg fahr 
per hr in the temperature range 1200-2800 deg fahr, making them suitable for indirect 
heating, as in muffles, retorts, recuperators, etc. Other average physical properties arc: 
modulus of rupture, up to 900 lb per sq in. at 2460 deg fahr; crushing strength at 2460 deg 
fahr up to 10,000 lb per sq in., at 68 deg fahr approximately 15,000 lb per sq in.; specific 
heat, 0.18; spalling resistance, exceedingly high. 

Recrystallized SiC ndractories consist of a dense mass of SiC crystals bonded together 
by a recrystallization process. Since these bricks contain no added bonds they have essen¬ 
tially the same refractoriness as silicon carbide itself. They have little tendency to crack 
and spall and are used in extremely high temperature ranges where great load-carrying 
capacity is essential. 


31 
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18 . APPLICATION OF THE COMMON TYPES OF REFRACTORY 
BRICK AND OF INSULATION, IN FURNACE CONSTRUCTION ♦ 

Legend 

1. Fireclay Brick 3. Silica Brick 

1-A Super-duty 4. Magnesite Brick 

1-B High heat duty 5. Chrome Brick 

l-C Intermediate heat duty 6. Insulation 

1-13 Moderate heat duty 6-A Insulating refractory brick 

1- E Low lieat duty 6-B Insulating brick 

2. High-alumina Brick 

2- A 30% alumina class 
2-B 60% alumina class 
2-C 70% alumina class 
2-D 80% alumina class 


Type of Furnace 
Air furnace. 


Annealing furnace.. 

Arches, sprung. 

Arches, suspended.. 
Bake oven. 

Blast furnace 

Copper. 

Iron. 

Lead. 

Blast furnace stove 
Iron. 

Boiler setting. 


Carbon baking furnace. 

Carbureter 
Oil gas. 

Water gas. 


Table XII 

Application 

Bottom. 

Side walls. 

Roof. 

Stack base. 

Stack. 

Twining. 

Combustion chamber. 
Backing. 

Complete. 

Complete. 

(/ombustion chamber. 

liining. 

Backing. 

Crucible. 

Shaft. 

Settlers. 

Hearth and bosh.... 

Inwall. 

Top.. 

I^iping. 

Crucible and shaft... 

Tiining. 

Well wall. 

Checkers.. 

Combustion chamber. 
Arches and side w^alls 

Bridge walls. 

Baffles. 

Second pass 
Backing. 

Lining. 


Lining. . 
Checkers 
Lining. . 
Checkers 


Kinds of Brick Used 
(alone or in combination) 
1-A, 1-B 
l-A, 1-B 
I-A, I B 
1-B 

l-C, l-D, l-E 

1-B, l-C, I-D, 6-A 
l-A, 1-B, 2 
l-C, l-D, l-E, 6-B 

1, 2, 3, 6-A 

1-A, 1-B, 2, 3, 4, 6-A 

1-A, 1-B, 2 
1-B, l-C 
l-C, 1-1), l-E 


1-B, l-C, l-D, 4, 5 

l-B, l-C, l-D 

4, 5 

1-B 

1-B 

1-B 

l-C 

1-B, I-C, l-D 


IB 

1-A, 1~B, 2 
1-A, 1-n, 2 

l-A, 1-B, 2 
1-A, 1-B, 2 
1-A, 1-B, 2 
1-B 

1-B, l-C, 1-1) 
l-C, l-D, l-E 

1-B 


1-B 

1-A, 1-B, l-C 

1-B 

1-A, 1-B, l-C, 2 


Coal gas benches 


Retorts. 

Settings 


3 


1-B 


* In some cases the applications ^ven may appear to be conflicting. It must be borne in mind 
that both furnace designs and operating conditions vary considerably; consequently the refractories 
requirements vary correspondingly. 
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Table XII —Continued 

Type of Furnace Application 

Coke oven 

By-product. Above floor. 

Below floor. 

Regenerators. 

Checkers. 

Flues. 

Doors.. 

Backing. 

Beehive. Floors and (loors. 

Walls and crown. 


Converter 

Copper. Lining 

Steel. Lining 

Crucible furnace. Lining 


(’upola 


Distillation furnace 
Zinc. 


Dross furnace (non-ferroua) 


Lining (except n<elting rone) 

Melting zone. 

Backing. 

Outer walls. 

Center walls. 

Roof. 

Bottoms... 

Side walls. 

Side walls (at slag line). 

Roof. 


Electric furnace 

Brass. Complete lining. 

Steel (acid). Bottom... 

Side walls. 

Door jambs. 

Roof. 

Steel (basic). Bottoms. 

Side walls. 

Door jambs. 

Roof. 

Enameling furnace. Complete lining. 

Piers.. 

Enamel frit furnace. Complete lining. 

Forge furnace. Lining. 

Generator 

Oilgas. Complete lining. 

Producer gas. Complete lining. 

Water gas. C'omplete lining. 

W'all (at clinker line). 

Glass lehrs. Complete lining. 

Backing. 


Taning. 

Crowns. 

Regenerators. 

Checkers. 

Ports. 

Breast walls. 

Roof. 

Bottoms and side walls. 

Complete lining. 

Backing. 

Bottoms and several courses in 

side walls. 

Side walls. 

Roof. 


Glass pot furnace. 

Glass tank (continuous and day).... 

Gypsum kettle. 

Heating furnace. 


Kinds of Brick Used 
(alone or in combination) 

3, 6-A, 6-B 
1-B 
1-R 
1-B, 3 

I B, l-C, l-D 
1-B, I-C, l-D 
I D, 6-B 
1-B 
3 


4 

3 

1-A, l-B, 2 

1-B, l-C 
1-A, 1-B, l-C, .3 
l-C. l-D 


I .A, 1-H 
I -H, 3 
1-A, l~B 

I A, l-'B 
I A, I B, 2 
2 , 4 

I A, 1-B, 2 


1- A, I B, 2 
3 

3 

1-A, 1-B, 3 
1-A, I B, 3 

4 

3, 4 

1-A, 1~B, 3 
l-A, I B, 3 

1 A, 1-R 
l-A, 1-B, 2 

1-A, 1~B 

1-A, 1-B, 2-A, 2-B 


1-A, 1-B 
l-H 
1-B 
2~A 

I B, 6-A 
6-B 

I-A, 1-B, 2 
1-B, 3 

1-A, 1-B 
1- A, l-B, 2 
1-A, 1-B, 3 

3 
3 

Flux blocks 
I-A, 1-B 

l-C, l-D, 6-A, 6-B 


1-A, 1-B, 4, 5 
1-A, l-B, 2, 6-A 
l-A, I-B, 2, 6-A 
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Table XII —CorUinued 

Type of Furnace Application 

Incinerator 

Municipal. Complete lining. 

Hacking. 

Paper mill. Lining. 


Kinds of Brick Used 
(alone or in combination) 


l-A, 1-B 
1-C, I-D, l-E 
I-B 


Kilns 

Cement, rotary. 

Ceramic, periodic. 

Ceramic, continuous. 

Dolomite, rotary. 

Lime, rotary. 

Lime, vertical shaft and pot type. . 


Burning zone. 

Intermediate zone. 

(3old zone. 

Coolers. 

lining. 

(yombustion chambers. 

Backing. 

Lining. 

Burning zone (walls ami arch). . . 

Backing. 

liurning zone. 

Intermediate zone. .. 

Cold zone. 

Coolers. 

Burning zone. 

Intermediate zone. 

Cold zone. 

Coolers. 

Lining. 

Top lining. 

Hot zone and arches. 

Piers. 


I-B, 2, 4 
I-B 

1-B, 1-C, 1-D 
1 C, I-D 
l-A, 1-B 
l-A, 1-B, 2 

1C, 1-D. l-E, 6-A, 6-B 

l-A, 1-B 

l-A, 1~B, 2, 3 

1-C. 1-D. l-E, 6-A, 6-B 

1-B, 2, 4 

1-B 

IB, 1-C, 1-D 
i-c::, 1-D 
1-B, 2, 4 
1-B 

1~B, 1-C, 1-D 
1-C, 1-D 
1-B 

1-B, 1-C, 1-D 
l-A, l-B, 2, 3 
l- A, 1-B, 2, 3 


Ladles 

Steel, tapping. Complete lining. 1-B, 1-C, 1-D, l-E 

Treadwell. Complete lining. 1-B 


Litharge furnace 


Bottom . . . . 
I.ower walls 
Upper walls 
Roof. 


4 

4 

1-B 

1-B 


Ijocomotive firebox, 


Complete lining 


l-B 


Malleable-iron furnace. Bottom. . , 

Side walls. 

Bungs. 

Stack base. 
Stack. 


l-A, 1-B 
1 A, 1-B 
l-A, 1-B 
1 B 


Mstal rrixer, 


Complete lining 


1-B 


Muffle furnace, 


Complete lining. 1-B 

Muffle. 3 


Open-hearth furnace 
Steel (acid). 


Steel (basic) 


Furnace lining. 3 

Checker chamber lining.l-A, 1-B 

Checkers. l-.\, 1-B 

Top course checkers. 1 A, 1-B, 

Backing checker chambers. l - 1-D, 

Stack. l-C, 1-D, 

Bottom. 4, 5 

Bottom walls to slag line. 4 

Slopes. 4, 5 

Upper front walls. 3, 4, 5 

Upper back walls. 3, 4, 5 

Upper end walls. 3, 4, 5 

C’orner walls. 4, 5 

Ports. 4, 5 

Water-cooled ports. 2 

Bulkheads. 3, 4, 5 

Checker chamber lining. l-A, l-B 

Checkers. l-A, 1-B 

Top courses checkers. l -A, 1-B, 

Backing checker chambers. 1- C, 1-D, 

Stack. 1-C, 1-D, 


2 

l-E, 6-A, 6-B 
l-E 


2, 3 

l-E, 6-A, 6-B 
l-E 
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Table XII —Continued 

Type of Furnace Application 

Puddle furnace. Complete lining. 

Recuperators. Complete lining. 

Refining furnace (non-ferrous). Rottom. 

Side walls to slag line. . 

Side walls, uppt r. 

Roof. 

Complete lining. 

Checkers. 

Backing. 

Side walls. .. 

Roof. 

Taps. 

Bottom. 

Side walls. 

Side walls at slug line. . 
Roof. 

Roasters. ... Complete lining. 

Silicate of soda furnace. Bottom. 

Side walls. 

Roof. 

Soaking pits (steel). Bottom. 

Lower side walls. 

Side w alls. 

Roof. 

Backing. 

Soda recovery furnace (Paper mill).. Bottom. 

Walls. 

Backing. 


Regenerators. 

Reverberatory furnace 
Copper. 

Lead. 


Softening furnace. Fiee Reverberatory 
furnace, lea<l. 

Stacks, chimneys. Stack base. 

Lining. 

Stills (oil refining).. Lining. 

Combustion chamber, particu¬ 
larly at slag line. 

Bridgewall. 

Backing. 

Superheater (water gas). Complete lining. 

Checkers. 

W'elding furnace. Complete lining. 

Bottom. 


Zinc distillation furnace. See Distilla¬ 
tion furnace, zinc. 


Kinds of Brick Used 
(alone or in combination) 
. I-A, l-B 
1-B 

l-B, 4 

4 

I-A, 1-B, 2, 3 
I-A, 1-B, 2. 3 

1-A, 1-B 

1-A, 1- B, 2, 3 

1-C, l -D, l-E, 6-A, d-B 


3. 4 

3, 4 

4. 5 
l-B 
l-H, 2 

4 

l-B, 2 

l-B 

1-B 

I-A, l-B 
I -A, I-B, 2, 3 

4, 5 
4, 5 

1-A, l-B 
1-A, l-B 

1-C, l-D, l-E, 6^-A, 6-B 

5 

l-B, 5 

1-C, l-D, l-E, 6 -A, 6-B 


l-B, 1-C, l-D 
1-C, l-D, l-E 

I-A, 1-B, 6 A, 6-B 

I-A, l-B, 2 
I A, I B, 2 
l-C, I D, I E 

IB 

l-B, 1-C, l-D 

1-A, 1-B, 2 
I-B, 4, 5 


Zinc oxide furnace. 


Complete lining 


1-A, 1-B, 3 
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THERMAL INSULATING MATERIALS 


14 . HEAT TRANSFER 


By Radiation. The energy radiated per unit area per unit time from a substance is 
approximately proportional to the fourth power of the absolute temperature. (For a black 
body the proportionality is exact.) The net loss per unit of time depends on the surround¬ 
ings, being the difference between the energy radiated and the energy received by radiation 
from surrounding bodies. 

By Convection. Transfer of heat by convection occurs in liquids and gases, the transfer 
being accomplished by the motion of the fluid from a locality where it receives heat to a 
locality where it gives up heat. 

By Conduction. Transfer of heat by conduction occurs through continuous materials 
in which energy is transferred directly between adjacent molecular aggregates without 
mass motion of the materials. 

When heat flows in a solid, homogeneous body in only one direction, the time rate of 
heat flow, after a steady state has lieen reached, across a given area will be proportional 
to the temperature drop per unit length in the direction of the flow of heat. The factor 
of proportionality is, by definition, the thermal conductivity. 


If ^ = q — the time rate of heat flow; 
dr 

A = the area measured perpendicular to the direction of low; 
dT 


dx 


— the temperature gradient; 


and k = the thermal conductivity; 
dT 




dT 


for a steady state where = 0 at all points. 
dr 


( 1 ) 


16. THERMAL CONDUCTIVITY 

The Heat Conductivity of a material is a measure of the insulating value of that mate¬ 
rial: the lower the conductivity, the gn)ater the insulating value. Obviously the best 
conductor of heat is the poorest heat insulator. The customary measure of the conductiv¬ 
ity /c of a material is the amount of heat in Btu (British thermal units) which will flow in 
1 hr through a layer of the material 1 sq ft in area when the temperature difTerence between 
the surfaces of the layer is 1 deg fahr per in. of thickness. 

The thermal conductivity /r is a property of a material itself, and does not depend upon 
the size or shape of a particular piece of the material in question. 

Thermal Conductance per Unit Area, or Unit Conductance, Cn, depends directly upon 
the conductivity and inversely upon the thickness of a given material, or 


The Internal Resistance to heat flow or resistance of a unit area of a flat layer of any 
material is: 


RA 


i = - 

C a k 


( 3 ) 


where R is the thermal resistance, in degrees, per unit of heat transferred per unit of time: 
A is the area; and \/k the resistivity. 

Insulation. The same principles are involved in what is sometimes called “insulation 
against cold “ as in “ insulation against heat.” The only difTerence is the point of view, 
with regard to the direction of heat flow. The insulation of a building against the outside 
cold is merely a question of reducing the heat flow from the inside to the outside. The 
insulating value of a material depends somewhat upon the temperature of the material, 
but this effect is small over the small temperature ranges occurring in buildings. The same 
layer of material would be somew’^hat more effective as house insulation than as oven 
insulation. 
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Coefficients of Transmission may be detennined experimentally ♦ or they may be 
calculated from fundamental constants. The overall coefficient of heat transfer^ (7, or heat 
transferred per unit time per unit area, per degree overall, for a compound wall of several 
materials having thicknesses xi, X 2 , xs, etc., is 



where a is the unit conductance of the air space: /» and /„ the inside and outside coefficients 
for the two materials in contact with air,t and A*i, k 2 , etc., the thermal conductivity of the 
separate materials. 

Conductances of Air Spaces at various mean temperatures and for several widths 
between ordinary building materials are given in Table 1. These results were obtained 
at the University of Minnesota under a cooperative research agreement with the American 
Society of Heating and Ventilating Engineers. 

Conductances of Building Materials and Insulators are given in Table II. This table, 
published with the i)ermisHion of the American Society of Heating and Ventilating Engi¬ 
neers, was compiled from the published values of various investigators. It should be 
noted that the figures in the table depend upon the moan temperatures for which they 
were determined. 


16. THERMAL COEFFICIENTS 

Table I. Conductances of Air Spaces t at Various Mean Temperatures 


^ . Conductances of .\ir Spaces for Various Width in Inches 

Mean Temperature,___ 


deg fahr 

0. 128 

0.250 

0.364 

0.493 

0.713 

1.00 

1.500 

20 

2.300 

1.370 

1.180 

1.100 

1.040 

1.030 

1.022 

30 

2.385 

1.425 

1.234 

1.148 

1.080 

1.070 

1.065 

40 

2.470 

1.480 

1.288 

1.193 

1.125 

1.112 

1.105 

50 

2. 560 

1.535 

1.340 

1.242 

1.166 

1.152 

1.149 

60 

2.650 

1.590 

1.390 

1.295 

1.210 

1.195 

1.188 

70 

2.730 

1.648 

1.440 

1.340 

1.250 

1.240 

1.228 

80 

2.819 

1.702 

1.492 

1.390 

1.295 

1.280 

1.270 

90 

2.908 

1.757 

1.547 

1.433 

1.340 

1.320 

1.310 

100 

2.990 

1.813 

1.600 

1.486 

1.380 

1.362 

1.350 

110 

3.078 

1.870 

1.650 

1.534 

1.425 

1.402 

1.392 

120 

3. 167 

1.928 

1.700 

1.580 

1.467 

1.445 

1.435 

130 

3.250 

1.980 

1.750 

1.630 

1.510 

1.485 

1.475 

140 

3.340 

2.035 

1.800 

1.680 

1.550 

1.530 

1.519 

150 

3.425 

2.090 

1.852 

1 728 

1.592 

1.569 

1.559 


♦ See A.S.H.V.E. Guide 1930, Chapter 43. 

t See Surface Conductanees as Affeeted by Air Velocity, 'I'emperuturn and Character of Surface, 
by F. B. Rowley, II. B. Algren, and J. L. Blackslaw, A.S.H.V.tJ. Tram., vol. 36, 1930. 

tThermd Resistance of Air Spaces, by F. B. Rowley and A. B. Algreu, A.S.H.V.E. Trane., 
vol. 36, 1929. 
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NON-METALLIC MATERIALS 


Table II. Conductivities (k) and Conductances (Ca) of Building Materials 
and Insulators" 

The coefficients are expressed in Btu per hour per square foot per degree fahrenheit per 1 -in. 
thickness, unless otherwise indicated. 

(Copyright, American Society of Heating and Ventilating Engineers. From A.S.H.V.E. Guide 

1936) 


Description 



Masonry Materials 
Brick. 


Brickwork. 

Cement mortar.. 
Cind(!r concrete. 
Cinder blocks ^.. 


(’ommon. 

Face. 

Damp or wet.... 

Typical. 

'I'ypical. 

Typical (8 in.).. 
“ (12 in.). 

Typical. 

1-2-4 mix. 


Variou.s ages and mixes 


Concrete blocks ® 


Tile or terrazzo 


Typical gypsum fiber concrete, &7.5% 

gypsum and 12.5% wood chi|)s. 

iSpi!cial concrete mad(5 with an aggregate 

of hardened clay—1-2-3 mix. 

Typical (ft in.). 

“ (12 in.). 

Special concrete l)lock made with an aggre¬ 
gate of liardened clay—4 X 8 X 16 in., 

3 cores, 18% voids. 

S|M^cial (ioncrete block made with an aggre¬ 
gate of hardened clay—8 X 8 X 16 in., 

4 cores, 35% voids. 

Typical. 

Typical hollow clay (4 in.). 

“ (6 in.);. 

“ “ “ (Biii.)'^. 

.(10 ill.) «. 

.(12 in.)". 

“ “ “ (16 in.)*. 

Hollow clay (2 in.) V2-jn. plaster both sides 
Hollow clay (4 in.) l/ 2 -in. 4 )laster both side.s 
Hollow clay (6 in.) 1/2-^- plaster Ixith sides 

Hollow gyi)sum (4 in.). 

Solid gyjisum. 

•Solid gyiwum. 

I’ypieal flooring. .. 


u o 


5.00* 

0.20 

9.20*. 

0.11 

5.00* 

0.20 

12.00* 

0.08 

5.20* 

0.19 

0.621* 

1.61 

0.51t* 

1.96 

12.00* 

0.08 

9.46 

O.H 

11.35 to 


16.36 


1.06 

0 94 

1.44 

0 69 

1.80 

0.56 

2.18 

0.46 

1.66* 

0.60 

3.98 

0.25 

1.001* 

1 00 

0,80t* 

1.25 

0.66t 

1.51 

0.30t 

3.33 

12.50* 

U.08 

12.00* 

0 08 

loot* 

1.00 

0.641* 

1.57 

0,60t* 

1.67 

0.581* 

1.72 

0 40t* 

2.50 

0.311* 

3.23 

loot 

1.00 

0.60t 

1.67 

0.47t 

2.13 

0.46t* 

2.18 

1.66 

0.60 

2 96 

0.34 

12,00* 

0.08 


Authorities: 

^ U. S. Bureau of Standards, tests based on samples submitted by inanufacturers. 

2 A. C. Willard, L. C. Idehty, and L. A. Harding, tests conducted at the University of Illinois. 
^ J. C. Peebles, tests cc>nducte.d at Armour Institute of Technology, based on samples submitted 
by nninufucturers. 

4 F. B. Howley, tests conducled at the University of Minnesota. 

6 A.S.H.V.E. Hesetirch Laboratory. 

® E. A, Alleut, tests conducted at the University of Toronto. 

7 Lees and Chorlton. 


* Hecommended conductivities and conductances for computing heat transmission coefficients. 

t For thickness stated or used on construction, not per 1-in. thickness. 

« For additional conductivity data see Table 14, page 63, 1934 A.S.R.E. Data Book. 

® Recommended value. See Heating, Ventilating and Air Conditioning, by Harding and W^illard, 
revised edition, 1932. 

e One air cell in the direction of heat flow'. 

" See A.S.H.V.E. Research Paper, Conductivity of Concrete, by F. C. Houghten and Carl 
Gutberlet, A.S.H.V.E. Trans., vol. 37, 1931. 

The 6-in., 8-in., and 10-in. hollow tile figures are based on two cells in the direction of heat flow. 
The 12-in. hollow tile is based on three cells in the direction of heat flow. The 16-in. hollow tile 
consists of one 10-in. and one 6-in. tile, each having two cells in the direction of heat flow. 

/Not compressed. 

* Roofing, 0.15-in. thick (1.34 lb per sq ft), covered with gravel (0.83 lb per sq ft), combined 
thickness assumed 0.25. 




































































THERMAL COEFFICIENTS 

Table II —Continued 


12 - 35 ^ 


Material 

Description 

Density 
fib per cu ft) 

Mean Temp. 

(deg fahr) 

Conductivity (If) 
or 

Conductance (Ca) 

s| 

1 

Insulation—Blanket or 







riexible Types 








'rvpical. 



0 27* 

3.70 



C beinicallv treated wood fillers held lu*- 






tween layers of strouR papi'r/. 

3.62 

70 

0.25 

4.00 

C3) 


lOel Rras-s between strong pa|)cr/. 

4 60 

90 

0.26 

3.85 

(1) 


3.40 

90 

0.25 

4.00 

(1) 


Fubrie with non-metallic reflective surfaci 









70 

0 33t 

3 03 

(3) 


Flax libers between strong j)a|K*r/. 

4.90 

90 

0.28 

3.57 

(1) 


t-hemiea'ly treated hop hair between kraft 







paper/. 

5 76 

71 

Q ?,6 

3.85 

(3) 


( ■hcmieally treated hog hair, lietween kraft 







paper and aslant os jiaiwr^. 

7 70 

71 

0.28 

3 57 

(3) 


Hair felt tietween layers of iiajicr/. 

II 00 

1 75 

0.25 

4.00 

(3) 


Kapok between burlap or mwT-'. 

1.00 

90 

0.24 

4.17 

(1) 


Jute filjer-^. 

6 70 

' 75 

6 25 

4 00 

(3) 

Insulat ion—Si'mi-riKid 







J ype 

Fiber. 


13 00 

90 

0 26 

3 84 

(1) 


Flax-^. 

II 00 

90 

0.26 

3.84 

(1) 


12.1C 

70 

0.30 

3.33 

(3) 


Flax and rye/. 

13.60 

90 

0.32 

3.12 

(1) 


Felti'd hair and asbestos /. 

7,80 

90 

0.28 

3.57 

(0 


75';o hair and 25% jute/. 

6.30 

90 

0 27 

3.70 

(1) 


50' fi hair and 50% juU/. 

6.10 

90 

0.26 

3.85 

(1) 


.lute/. 

6 70 

75 

0.25 

4.00 

(3) 


Fettl'd jute and aslwstos/. 

10.00 

90 

0.37 

2.70 

(1) 


Compressed peat moss.;. 

11.00 

70 

0.26 

3.84 

(3) 

Insuhition—Tiooac Fill 







or Bat Type 

f 







Made from coiini fiiHTS^. 

1 90 

75 

0 23 

4 35 

(3) 

. 


1.60 

75 

0.24 

4.17 

(3) 


Fibrous material made from dolomite and 







silica. 

1.50 

75 

0.27 

3.70 

(3) 


Fibrous material made from slag. 

9.40 

103 

0.27 

3.70 

(1) 

Glass wool. 

Kibrou.s material 25 to 30 microns in diam¬ 







eter, made from virgin Ijottle ghuis. 

1.50 

75 

0.27 

3.70 

(3) 

Granular. 

Made from combim’d silicate of lime and 







alumina... 

4.20 

72 

0.24 

4.17 

(3) 


Ma<lt’ from expand.'d aluininum-nuigncsium 







silicate. 

6 20 

42 

0.32 

3.12 

(3) 

flyfiso m . 

Ckillular, dry. 

30 00 

90 

1 00 

1 00 

(1) 



24.00 

90 

0.77 

1.30 

(1) 


“ “ . 

18.00 

90 

0.59 

1.69 

0) 


“ “ . 

12.00 

90 

0.^ 

2.27 

(1) 


Flaked, drv and fluffy . 

34.00 

90 

0.60 

1.67 

(1) 


26 00 

90 

0.52 

1.92 

(1) 


if if if 

24.00 

75 

0.48* 

2.08 

(3) 


“ “ “ . 

19 80 

90 

0.35 

2.86 

(1) 


if it if fi 

18 00 

75 

0.34 

2.94 

(3) 

Minerj^l wnni . 

All forms, typical. 



0.27* 

3.70 


BoprnpJilpt**'! enrU 

Alsnit ''/iGdn, txirticles. 

8 10 

W 

0.31 

3 22 

(Y) 

B opW wr>nl 

I’ibrous matt rial made from rock. 

21.00 

90 

0 30 

3 33 

(1) 



18.00 

90 

0.29 

3!45 

(1) 


** «♦ if ff. 

14.00 

90 

0.28 

3.57 

(1) 


«l if fi it l« 

10 00 

90 

0.27* 

3.70 

(1) 


Rock wool with a binding agent. 

14.50 

77 

0.33 

3.03 

(1) 


Rock wool with flax, straw pulp, and binder 

14.50 

75 

0.38 

2.63 

(3) 


Rock wool with vegetable fibers. 

11.50 

72 

0.31 

3.22 

(3) 


Various. 

12.00 

90 

0.41 

2.44 


Pbavinj'fl . 

Various from planer. 

8 80 

90 

0 41 

2 44 

V*/ 


From maple, liccch and birch (coarse). 

13.20 

90 

036 

i.n 

V'l 

(1) 


Redwood bark. 

3 00 

90 

0.31 

3.22 

(1) 

Insulation—Ricid 







Cork board . 

Typical. 



0 30* 

3 33 



No added binder. 

14.00 


0.34 

2.94 

(V) 



10.60 

90 

0.30 

3.33 

(1) 



7 00 

90 

0.27 

3.70 

(1) 



5 40 

90 

0.25 

4.00 

(1) 


For notes see page 12-34. 













































































12-36 


NON-METALLIC MATEEIALS 


Table n —Continued 


Material 

Description 

Density 
(lb per cu ft) 

0 . 

9 

ss? 

ss 

Conductivity (t) 
or 

Conductance (Co) 

1^1 

11 

Authority 

Insulation—Rigid— Cont. 








Asphaltic binder. 

14.50 

90 

0.32 

3.12 

( 1 ) 

Fiber . 




0.33* 

3.03 


Core of fiber board coated two sides with non- 







metallic refli^ctive surface (3/g in. thick). 

23.4 

70 

0.27t 

3.70 

(3) 


Fiber l)oard coated one side with non-metal- 







lie reflective surface (3/ig in. thick). 


75 

0.49t 

2.04 

(3) 


Made from chemically treated ytooA fiber. 

20.00 

70 

0.36 

2.78 

(3) 


Made from chemically treated wood and 







vegetable fibers. 

25.00 

75 

0.38 

2.63 

(3) 


Chemically treated hog hair covered with 







film of asphalt. 

10 00 

75 

0.28 

3.57 

f3) 


Made from corn stalks. 

15 00 

71 

0.33 

3.03 

(3) 


“ “ exploded wood fiber. 

17.90 

78 

0.32 

3.12 

(4) 


“ “ hard wood fibers. 

15.20 

70 

0.32 

3.12 

(3) 


Insulating plaster thick applied to 







3/g-in. plaster board bast?. 

54 00 

75 

l.07t 

0.93 

(3) 


Made from licorice roots. 

16.10 

81 

0.34 

2.94 

(3) 


Made from 85% magnesia and 15% asbestos 

19.30 

86 

0.51 

1.96 

( 1 ) 


Made from shredded wood and cement.... 

24.20 

72 

0.46 

2 17 

(3) 


“ “ sugar cane fiber. 

13.50 

70 

0.33 

3.03 

(3) 


Sugar cane fiber insulation blocks encased in 







asphalt membrane. 

13.80 

70 

0.30 

3.33 

(3) 


Made from wheat straw. 

17.00 

68 

0.33 

3.03 

(3) 


“ “ wood filH?r. 

15.90 

72 

0.33 

3.03 

(3) 


“ “ “ “ . 

15.00 

70 

0.33 

3.03 

(3) 


It tl «< «l 


52 

0 33 

3 03 

( 6 ) 


“ “ “ 

8.50 

72 

0.29 

3.45 

(3) 


“ " “ “ . . 

15.20 


0.33 

3.03 

(3) 


" “ “ " . 

16.90 

% 

0.34 

2.94 

( 1 ) 

Building Boards 







Asbestos. 

Compr(? 88 ed cement and a 8 l)estos sheets.... 

123.00 

86 

2.70 

0.37 

(I) 


(Arrogated a 8 besto.s board. 

20.40 

110 

0.48 

2.08 

( 2 ) 


Pressed asbestos mill l)oard. 

60.50 

86 

0.84 

1.19 

( 1 ) 


Sheet asbe. 8 tas. 

48.30 

no 

0.29 

3.45 

( 2 ) 

Gypsum. 

Gypsum lM?tween layers of ht'.av’y paper.... 

62.80 

70 

1.41 

0.71 

(3) 


Rigid, gypsum between layers of heavy 







paper (V 2 -in- thick). 

53.50 

90 

2.60t 

0.38 

( 1 ) 


Gyiwutn mixed with sawdust lK?tween layers 







of heavy iiaper (0.39-in. thick). 

60.70 

90 

3.60t 

0.28 

( 1 ) 

plltflter Bofird 

(3/8 in.). 



3 73t* 

0 27 



( 1/2 in.). 



2.82t* 

0.35 


Roofing Construction 







Roofing . 

Asphalt, composition or prepared. 

70.00 

75 

6.50t* 

0.15 

(3) 


Built uf)—3/8-in. thick . 



3.53f 

0.28 


Built up, bitumen and felt, gravel or slag 






surfaced ^ . 



1.33t 

0.75 

( 2 ) 


Plaster board, gyiwura fiber concrete and 





3-ply roof covering. 

52.40 

76 

0.58t 

1.72 

(4) 

FsliinglM ... 

Asbestos. 

65 00 

75 

6 OOt* 

0 17 

(3) 


Asphalt. 

70.00 

75 

6.50t* 

0.15 

(3) 


Slate. 

201.00 


10.37* 

0.10 

(7) 


Wood. 



1.28t* 

0.78 


Plast(*ring Materials 







Plputftr 




8 00 

0 13 

( 2 ) 


Gyi»um, typical. 

Thickness 3/8 in. 


73 

3.30* 

8 80t 

0.30 

0 11 

(4) 

Metal lath and plaster.. 

Total thickness 8/4 in. 



4 40t* 

0 23 

Wo(k1 lath and plaster... 

3/8-in. plaster, total thickness 8/4 in. 


■76 

2.50t* 

0.40 

(4) 

Building Constructions 







Frame.. 

]>in. fir sheathing and building paper. 


30 

0.7lt* 

1.41 

(4) 


l-in. ^ sheattdng, building paper, and 





yellow pine lap siding. 


20 

0 50t* 

2 00 

(4) 


l-in. fir sheathing, building paiicr and stucco 


20 

0.82t* 

1.22 

(4) 


Pine lap siding and building paper—siding 







4 in. wide. 


16 

0 85t* 

1.18 

(4) 


Yellow pine lap siding. 



1 28t* 

0 78 

Flooring . 

Maple—across grain. 

40.00 

75 

1 20 

0 83 

(3) 


Battleship linoleum (I ./4 ii'.). 



1.36t* 

0.74 


For notes see page 12-34. 
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Table II —Continued 


Material 

Description 

IS, 

Co 

Mean Temp. 

(deg fahr) 

Conductivity (t) 
or 

Conductance (Ca) 


Authority 

Air Space and Surface 







Coefficients 







Air spaces. 

Over 3 / 4 -in. faced with ordinary building 







materials... 


40 

1 lot* 

0 91 

(4) 

Surfaces, ordinary. 

Still air (/v) . 


1 65t* 

0 61 

(4) 


13 mph—ifo) . 



6 .oof* 

0.17 

(4) 

Surface, bright aluminum 

Still air (/i). 


60 

M 8 t 

0.85 


Air Sfiaces Faced with 







Bright Aluminum Foil 

Air space, faced one side with bright alunii- 







num foil, over 3 / 4 -iu. wide. 


50 

0.46t* 

2.17 

(4) 


Air 8t)acc, faced one aide with bright alumi- 





num foil, S/g-in. wide. 


50 

0.621 

1.61 

(4) 


Air space, faced both sides with bright 





aluminum foil, over 3 / 4 -in. wide. 


50 

0.4lt* 

2.44 

(4) 


Air space, faced lx)th sides with bright 









50 

0.57t 

1 75 

(4) 


Air spjice divided in two with single curtain 





of bright aluminum foil (Imth sides bright) 







Each space over 3 / 4 -in. wide. 


50 

0.23t* 

4.35 

(4) 




50 

0.3lt 

3 23 

(4) 


Air space with multiple curtains of bright 





aluminum foil, bright on both side.8, cur- 







tains more than 3 / 4 -in. apart, in standard 







construction 









50 

0 15t* 

6.78 

(4) 




50 

0 Ilf* 

9 22 

(4) 


4 curtains, forming 5 spaces. 


50 

0.09f* 

11.66 

(4) 

Woods (across grain) 







Balsa. 


20 0 

90 

0 58 

1 72 

(I) 

( 1 ) 



8.8 

90 

0.38 

2.63 



7.3 

90 

0.33 

3.03 

( 1 ) 

California redwood. 

0 % moisture . 

22.0 

75 

0 66 

1 53 

(4) 


0 % “ . 

28.0 

75 

0.70 

1.43 

(4) 


8% “ . 

22.0 

75 

0.70 

1.43 

(4) 


8 % “ . 

28.0 

75 

0.75 

1.33 

(4) 


16% “ . 

22.0 

75 

0.74 

1.35 

(4) 


16% “ . 

28,0 

75 

0.80 

1.25 

(4) 

Cypress. 


28.7 

86 

0.67 

1.49 

( 1 ) 

Douglas fir. 

0 % moisture . 

26 0 

75 

0.61 

1.64 

(4) 


0 % “ . 

34 0 

75 

0.67 

1.49 

(4) 


8 % “ . 

26 0 

75 

0.66 

1.52 

(4) 


8 % “ . 

34.0 

75 

0 75 

1.33 

(4) 


16% “ . 

26 C 

75 

0.76 

1.32 

(4) 


16% " . 

34.0 

75 

0.82 

1.22 

(4) 

Eastern hemlock. 

0 % moi.sture. 

22.0 

75 

0 60 

1.67 

(4) 


0 % “ . 

30.0 

75 

0.76 

1.32 

(4) 


8 % “ . 

22 0 

75 

0.63 

1.59 

(4) 


8 % “ . 

30.0 

75 

0.81 

1.23 

(4) 


16% “ . 

22 0 

75 

0.67 

1.49 

(4) 


16% “ . 

30.0 

75 

0.85 

1.18 

(4) 

Hard maple. 

0 % moisture. 

40.0 

75 

I.OI 

0.99 

(4) 


0 % “ . 

46.0 

75 

1.05 

0.95 

(4) 


8 % •' .. 

40.0 

75 

1.08 

0.93 

(4) 


8 % “ . 

46.0 

75 

1.13 

0.89 

(4) 


16% “ . 

40.0 

75 

1.15 

0.87 

(4) 


16% “ . 

46 0 

75 

1.21 

0.83 

(4) 

Longleaf yellow pine.... 

0 % moisture. 

30 0 

75 

0.76 

1.32 

(4) 


0 % “ . 

40 0 

75 

0.86 

1.16 

(4) 


8 % “ . 

30 0 

75 

0.83 

1.21 

(4) 


8% “ . 

40 0 

75 

0.95 

1.05 

(4) 


16% " . 

30.0 

75 

0.89 

I.I2 



16% “ . 

40.0 

75 

1.03 

0.97 

(4) 

Mahogany. 


34.3 

86 

0.90 

1 11 

(1) 

Maple . 


44.3 

86 

1.10 

0 91 

(1) 

Maple or oak . 




I 15* 

0 87 

Norway pine . 

0% moisture. 

22.0 

75 

0 62 

1 61 

(4\ 


0 % “ . 

32.0 

75 

0.74 

i!35 



8% " . 

22.6 

75 

0.68 

1.47 

4) 


8% “ . 

32.0 

75 

0.83 

1.21 

(4) 


16% “ . 

22.0 

75 

0.74 

1.35 



16% “ . 

32.0 

75 

0.91 

1.10 

1 ( 4 ) 


For notes see page 12-34 
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Table II —Continued 


Material 

Description 

.^3 

d 

c — 

2 hi 

SB 

Conductivity {k) 
or 

Conductance (Cq) 

Resistivity 

Resistance (R) 

Authority | 

Yiooda—Continued . 









22 0 

75 

0.67 

1.49 

(4) 


0% “ . 

32.0 

75 

0.79 

1.27 

(4) 


8% “ . 

22.0 

75 

0.71 

1.41 

(4) 


8% “ . 

32.0 

75 

0.84 

1.19 

(4) 


16% “ . 

22.0 

75 

0.74 

1.35 

(4) 


16% “ . 

32.0 

75 

0.90 

1.11 

(4) 



38 0 

75 

0.98 

1.02 

(4) 


0% “ . 

48.0 

75 

1.18 

0.85 

(4) 


8% “ . 

38 0 

75 

1.03 

0.97 

(4) 


8% “ . 

48.0 

75 

1.24 

0.81 

(4) 


16% " . 

38.0 

75 

1.07 

0.94 

(4) 


16% “ . 

48.0 

75 

1.29 

0.78 

(4) 

Shorticaf yellow pine.... 

0% moisture. 

26 0 

75 

0.74 

1.35 

(4) 


0% “ . 

36.0 

75 

0.91 

I.IO 

(4) 


8% “ . 

26.0 

75 

0.79 

1.27 

(4) 


8% “ .:. 

36.0 

75 

0 97 

1.03 

(4) 


16% " . 

26.0 

75 

0.84 

1.19 

(4) 


16% “ . 

36.0 

75 

1.04 

0.96 

(4) 

Roft elm . 

0% moisture. 

28.0 

75 

0.73 

1.37 

(4) 


0*/O '* . 

34.0 

75 

0.88 

1.14 

(4) 


8% “ . 

28,0 

75 

0.77 

1.30 

(4) 


8% " . 

34 0 

75 

0.93 

1.08 

(4) 


16% " . 

28 0 

75 

0.81 

1.24 

(4) 


16% 1* . 

34.0 

75 

0 97 

1.03 

(4) 

Ftofi maple . 

0% moisture. 

36.0 

75 

0.89 

1.12 

(4) 


0% “ . 

42.0 

75 

0.95 

1.05 

(4) 


8% “ . 

36.0 

75 

0.96 

1.04 

(4) 


8% “ . 

42.0 

75 

1.02 

0.98 

(4) 


16% “ . 

36,0 

75 

I.OI 

0.99 

(4) 


16% " . 

42.0 

75 

1.09 

0.92 

(4) 

Riigar pine . 

0% moisture;. 

22,0 

75 

0.54 

1.85 

(4) 


0% " . 

28.0 

75 

0.64 

1.56 

(4) 


8% “ . 

22.0 

75 

0.59 

1.70 

(4) 


8% “ . 

28 0 

75 

0.71 

1.41 

(4) 


16% “ . 

22 0 

75 

0 65 

1.54 

(4) 


16% “ . 

28 0 

75 

0.78 

1.28 

(4) 

Virginia pine . 

. 1 

34.3 

86 

0.96 

1.04 

(1) 

West (voast hemlock .... 

0% moisture. 

22.0 

75 

0.68 

1.47 

(4) 


0% “ . 

30.0 

75 

0.79 

1.27 

(4) 


8% “ . 

22.0 

75 

0.73 

1.37 

(4) 


8% “ . 

30.0 

75 

0.85 

1.18 

(4) 


16% “ . 

22 0 

75 

0.78 

1.28 

(4) 


16% •• ... 

30.0 

75 

0.91 

1.10 

(4) 

White pine . 


31.2 

86 

0.78 

1.28 

(1) 

Yotlniir pine 




1 00 

1 1 00 

(3) 

Yt'llow pine or fir. 




0.80* 

1.25 


For notea see page 12 -34. 


TIMBER 

By H. C. Knutson and Herbert F. Moore 

17. COMMON TIMBER TREES 

Classes of Timber Trees, ^\'ood as a building material is produced by the Spermato- 
phyta or seed-l)earing trees, which may be divided botanically into two groups, the 
Gymnosperms, or conifers and the Angit>sporms. The Angiosperms have two subclasses, 
the Dicotyledons and Monocotyledons. The Dicotyledons are the two seed leaved, 
broad-leaved trees such as ashes, elms, maples, walnuts, etc. The Monocotyledons have 
single seed leaves. Bamboos, palms, and yuccas belong to this subclass. 

The conifers and broad-leaved trees produce the structurally valuable timbers. The 
conifers are generally called the softwoods while the broad-leaved trees are referred to as 
hardwoods. The terms softwood and hardwood as used here have no reference to the actual 
hardness of the wood. Many hardwoods are actually softer than the average softw'ood. 

1 The conifers and the broad-leaved trees are known as the outward-growing or exogeneous trees. 

[ The structure consists of three parts, the bark, the sap wood, and the heartwood. On the outside 
























































COMMON TIMBER TREES 


12-39 


of the treo trunk is found from 1/4 to 2 in. or more of bark or protective tissue. As a structural 
ixmterial this is valueless and is always removed soon after the tree is felled, as it hastens the decay 
of the wood. Inside of the bark there is a portion made up ox t’un-walled cells which constitute 
the bvins portion of the tree, called the sapwood. Arranged in a circle inside of this sapwood 
a,re many librous bundles maldng up the middle of the stem, giving it strength and stififness and 
known as the heartw’ood. As the stem grows, new and branching bundles of these hollow fibers 
appear under the bark and form each season an annular ring. At the end of the season growth 
stops, to be resumed the following spring; and the rapid open growth of the spring against the slow 
and condensed grow’th of the summer gives rise to the peculiar marking in the bundles which indicates 
each year’s increase. I'he last few rings formed constitute the sapwood, usually from I /2 to 4 in. 
in thickness and light in color. The rings inside of the sapwood form the heartwood. The rings 
are interrupted by plates of tissue or radial cells communicating between the pith at the center 
of the tree and the soft tissue on the outside. These form the medullary rays. In the pine, the 
sapwood constitutes 40 to (>0 per cent of the cross-section of the tree. The time required for sap- 
wox>d to transform into heartwood varies from a few years for the fir to many years for the oak tree. 
The approximate composition of all woods when dry is nearly uniform and consists by weight of the 
following elements: 49 per cent of carbon, tt per cent of hydrogen, 41 per cent of oxygen, and 1 pcjr 
cent of ash. 

Green Ash. Heavy, hard, and coarse-grained; brittle. Color, brown, with lighter sapwood. 
Used as a substitute fur white ash. 

Red Ash. Heavy, compact, and coarse-grained but brittle. Color, rich brown, with sapwood 
alight brown sometimes streaked with yellow. Used us a substitute for the more valuable white 
ash. 

White Ash. Heavy, hard, very clastic, coarse-grained, and compact. Tendency to become 
decayed and brittle after a few years. Color, reddish-brown, with sapwood n,.arly white. Used 
for interior and cabinet work, but unfit for structural work. 

Balsa. Extremely light, about half the strength of white pine. Appearance like poplar. Used 
for heat insulation and, when waterproofed, for life preservers. 

Butternut (White Walnut). Light, soft, cojirse-graiue<i, compact, and easily w’orked. Polishes 
well. Color, light brown, turning dark on exposure. I'sed for finish. 

Red Cedar. Strong pungent odor repellent to insects. Very durable and compact, but easily 
worked and brittle. Color, dull brown tinged with red. Used us posts, sills, ties, fencing, shingles, 
and lining for chests, trunks, and closets. 

White Cedar. Soft, light, tine-grained, and very durable in contact with the soil; lacks strength 
and toughness. Color, light brown, darkening with exposure. Sapwood very thin and nearly 
white. Used for water t.anks, shinglcR, posts, fencing, cooperage, and boat building. 

Chestnut. Light, moderately soft, slitY, and of coarse texture. Shrinks and checks considerably 
in drying: works easily. Durable when exposed to weathx'.r. Color, heartwood dxirk and sapwood 
light brown. Used for cabinet w'ork, cooperage, railway ties, telegraph poles, and exposed heavy 
construction. 

Cypress. One of the most durable of woods, light, hard, close-grained but brittle. Easily 
worked, polishes highly and gives a satiny gloss. Color, bright clear yellow with nearly white sap- 
wood. Used for interior finish and cabinet work, but used as extensively in the South as pine is in 
the North. 

Douglas Fir. Hard, strong, varying greatly with age, conditions of growth, and amount of sap. 
Durable but difficult to work. Of two varieties, red and yellow, of which yellow is the more valuable. 
Color, light red to yellow, with white sapwood. I’sed in all kinds of construction. 

White Elm. Heavy, hard, strong and tough, and very close-grained. Difficult to split and 
shape, but warps badly in drying. Capable of high polish. Color, light clear brown often tinged 
with red and gray, with broad whitish sapwooxl. I'sed for car, wagon, boat, and shipbuilding, 
bridge timbers, sills and ties, and furniture, also barrel staves. 

Greenheart. Very heavy, strong, <lurable heartwooxl, dark green to dark chestnut color, free 
from knots. Used for shipbuibling, docks, implenients, rollcrn. 

Gum. Heavy, hard, tough, compact, and close-grained. Tendency to shrink and warp badly 
in seasoning. Not durable if exposed. Takes high polish. Color, bright brow-n tinged with red. 
Used in the manufacture of furniture, w'agon hubs, hut blocks. 

Hemlock. lirittlc, splits easily and likely to be shaky. Soft, light, not durable, with coarse 
and uneven grain. C’olor, light br<jwn tinged with red and often nearly white. Used for cheap 
rough framing timber, crates, and packing boxes. 

Hickory. Medullary rays very numerous and xlistinct. Heaviest, hardest, toughest, and 
strongest of American woods. Very flexible. Color, brown, with very thin but valuable sapwood 
nearly white. Used for carriages, sleighs, handle.s, and bent-woo<i implements. Unfit for building 
material because of extreme hardness and liability to attack of boring insects. 

Lignum Vit®. Exceedingly heavy, hard, resinous, difficult to split and work, and has a soapy 
feeling. Color, rich yellow brown varying to almost black. Used for small turned articles, tool 
handles, and sheaves of block pulleys. 

Locust. Heavy, hard, strong, and close-grained. Very duraVde in contact with ground. 
Hardness increases with ago. Color, browm and rarely light green, with yellow sapwood. Used 
for posts and turned ornaments. 

Mahogany. Strong, durable, and flexible when green, but brittle when dry. Free from shakes 
and less liable than most other woods to at tacks of dry rot or worms. Itapid seasoning causes deep 
shakes. Color, red-brown of various shades and degrees of brightness, often varied and mottled. 
Inferior qualities contain large numbers of gray specks. Used for interior finish, handrails, patterns, 
etc. 
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Hard Maple. Heavy, hard, strong, tough, and close-grained. Medullary rays small but dis¬ 
tinct. Curly and circular inllexion of fibers givra rise to “ curly maple and bird’s-eye maple.” 
Susceptible of good polish. Color, very light brown to yellow. Used for flooring, interior flnish, 
and furniture. 

White Maple. Fine-grained, hard, strong, and heavy. Characteristics of grain the same as 
hard maple and more marked. Light colored. Used for flooring and furniture. 

Cheatnut Oak. Very durable in contact with soil. Color, dark brown. Used for railroad ties. 

Live Oak. Very heavy, hard, tough, and strong. Difficult to work. Color, light brown or 
yellow, with sapwood nearly white. 

Red and Black Oak. More porous than white oak and softer. Color, darker and redder than 
white oak. Used for interior finish and furniture, and railway ties. 

White Oak. Heavy, strong, hard, tough, and close-grained. Checks if not carefully seasoned 
Well-known silver grain and capable of receiving high polish. Color, brown, with lighter sapwood. 
Used for framed structures, shipbuilding, interior finish, carriage, furniture making, and railway ties. 

Palmetto. Light but difficult to work wh(‘n dry. Very durable under water and leas subject to 
attacks of the teredo. Color, light brown, with dark-colori^d fibers. Used for wharf piles, cancs 
and handles. 

Red Pine (Norway Pine). Idght, hard, coarse-grained, compact, with few resin pockets. Color, 
light red, with a yellow or wliitc sapwood. Used for all purposes of construction. 

White Pine. Light, soft anti straight-grained and easily worked, but not very strong. Color, 
light yellowish brown often slightly tinged with red. Used for interior finish and pattern making. 

Yellow Pine (Long-leaf). Heavy, hard, strung, coarse-grained, and very durable when dry and 
well ventilated. Cells arc dark colored and very resinous. Color, light yellowish red or orange. 
Cannot be used in contact witli ground. Used for heavy framing timbers and floors. As house 
sills, sleepers, or posts it rapidly decays. 

Yellow Pine (Short-leaf Pine). Varies greatly in amount of sap and quality. Cells broad and 
resinous, with numerous large resin ducts. IMedullary rays w’cU marked. Color, orange, with 
white sapwood. Used us a substitute for a loiig-lcuf pine. 

Yellow Poplar (Whitewood). Moderately light in weight, straight-grained, moderately soft, 
moderately weak, comparatively uniform in texture. Sapwood w'hite, heartwood yellowi.«,h 
brown with greenish tinge. Easily worked. Finishes smoothly. Used in carpentry and joinery. 

Redwood (California). laght, soft, coarse-grained, and easily worked. Durable in contact witn 
soil, but brittle. ” Shrinks lengthwise as w'ell as crosswise.” (h)lf)r, dull red, resembling pine. 
Used for railroad ties, fence posts, telegraph poles, and general building material. 

Rod Spruce. Tdght, soft, close and straight-grained and satiny. Color, light red and often 
nearly white. Used for piles, lumber, and framing timber, submerged cribs and coffer dams, as it 
resists the destructive action of crustaceans. 

Sitka Spruce. Light, soft, medium strength. Heartwood, light, reddish brown; sapwood, 
white; trees very large. Used for general structural purposes; also for airplane frame-work. 

White Spruce. Similar to red vjiriety, but not so common. C’olor, light yellow; sapwood 
indistinct. Used as lumber for construction. 

Tamarack. Wood like pine in appearance, quality, and uses. Used for telegraph poles, railway 
ties, and in shipbuilding. 

Black Walnut. —Heavy, hard, strong, and checks if not carefully seasoned. C'oarse-grained 
but easily worked. Color, rich dark browm, with light sapwood. Useii for interior finish and 
cabinet work. 


18. SAWING AND SEASONING 

Sawing. The manner in which the stick of lumber is sawed from the tree has a remark¬ 
able influence upon its qualities and behavior, and the selection of cutting is determined 
by the character of the wood and the purpose for which it is destined. Flat sawing con¬ 
sists in. cutting the timl:)er tangential to the annular rings. Hift savring is cutting the 
boards out of the log in such a manner that the annular rings arc cut through as nearly 
as possible in a radial direction. Rift sawing and flat sawing give rise in the lumber trade 
to the terms edge grain and flat grain, respectively. Rift sawing is done for the sake of 
the beauty of the grain thus obtained, as well as to expose the edge of the hard bands of 
summer wood. Edge-grain lumber shrinks and checks less, does not sliver, and wears 
more evenly and smoother than flat-grain lumber. 

Air Seasoning. In the preparation of lumlier for construction purposes, it is necessary 
to expel the moisture from the pores of the wood by the process of seasoning. The drier 
the timber, the less likely it is to shrink and decay. Natural seasoning consists in exposing 
the planks and boards, after sawing, to a free circulation of the air. The lumber is placed 
on skids in large square piles under shelter in a dry place, the layers being separated by 
three or four narrow strips or boards laid in the opposite direction. The lowest layer 
snould be at least 2 ft from the ground. The time required for thorough seasoning varies 
from one to three years, depending upon the character of the W'ood, the purpose to which 
it is to be adapted, and the dimensions. Green w^ood contains from 30 to 35 per cent of 
water. Air seasoning reduces this to 12 to 15 per cent. 
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Artificial Seaconing or Kiln-dryiiig haatens the evaporation of the moieture but at the eame time 
tende to oawe a rapid dr3ring of the surface and ends of the material and a slow or imperfeot drying 
of the interior. This may impair both the strength and elasticity ot the wood. The timber is stacked 
in a drying kiln and exposed to a current of hot air, the temperature depending on the kind and 
the dimension of the stack. Sometimes the heat is supplemented by the employment of vacuum 
pumps. The best temperature to be employed depends on the kind and dimensions of the lumber, 
and varies from 100 deg fahr for oak to 200 deg fahr for pine. The time required depends on the 
thickness of the stack. About four days is necessary for 1-in. pine, spruce, or cedar boards. Hard¬ 
woods are usually dried in air from three to six months and then placed in the drying kiln from 
six to ten days. Kiln drying reduces the moisture content of wood to lees than 10 per cent. 


19. SHRINKAGE AND DEFECTS 

Shrinkage. The concentric annular zones of wood are made up of pores or colls 
enclosed by walls of cellulose and are pierced at right angles by plates of similar fibers. 
As the average width of cell is 1/100 of the ieiigUi, the greatest shrinkage will take place 
in the cross-section of the fibers or tangentially to the annular rings. This is known as 
the circumferential shrinkage. By rift sawing the medullary rays are cut across the length, 
ill which direction shrinkage is least. Flat sawing produces lumber which checks and 
cracks to a greater extent in shrinking. The average values for shrinkage in width are: 
Hardwoods: radial, 2-5%; tangerilal, 4 7% 

Softwoods: radial, 1-4%.; iaingontial, 2-6% 

The longitudinal shrinkage is usually less than 0.1 per cent. The change in volume is therefore 
due to radial and tangential shrinkage, and expressed in percentage is approximately twice the 
figures given, as shrinkage takes place in two directions by approxii ately etiual antounts. 

The harder timbers are more compact in structure, with thicker cell walls, and therefore produce 
the greater shrinkage. The opposite etTect to shrinkage is produced by the absorption of moisture, 
and protective checks must be resorted to in applying timber to construction; the expansion joints 
in W'ooden block pavement serve as checks. A roadway 40 ft wdde has been observed to expand 8 iu. 
in rainy weather. 

Definitions of Standard Defects. The following definitions of standurd defects are 
from the A.B.T.M. Standard 1)9 :i0. 

Defect. Any irregularity occurring in or on the wood that may lower its strength. Blemish. 
Anything, not necessarily a defect, marring the appearance of the wood, 

Bark Pocket. Hark partially or wholly enclo,scd in wood. 

Check. A separation along the grain of wt)od, the greater part of which occurs across the rings 
of annual growth. End check. A check occurring at the end of a pii.'cc. llrart check. A check 
starting near the pith and extending toward but not to the surface of a piecre. Several of these 
occurring together are called a star cheek. Surface, check. A clieck occurring at the surface of a 
piece. Through check. A check extending through the piece from one surface to an opposite or to 
an adjoining surface. 

Collapse. .4 caving at a surface of a piece of wood. It sometimes occurs in streaks, giving the 
surface a corrugated appearance and often is <lue to the fiattening t»f the (lells when wot wood is 
dried quickly. Honeycombing. Checks that occur in the interior of a piece of wood, often not 
visible at the surface. On a cross-section they usually appear as slits or pockets (ho wddth of which 
may be very large relative to the ra<Iial length. Cre.s-.s break. A separatioti of the wood cells across 
the grain. Such breaks may be due to internal strains resulting from uiKHpial shrinkage or to 
external forces. 

Cross-grained Wood. Wood in which the fibers arc not parallel witli the axis of the piece. 
Curly grained wood. Wood iu which the libers are distorted so that tliey afford a curled appearance, 
as in “ bird’.s-eye ” wood. Areas show'ing curly grain imay vary up to several inches in diameter. 
Diagonal-grained wood. Wood in which fibers are at an angle with (that is, diagonal to) the axis 
of a piece as a result of sawdng at an angle with the axis of the tret;. It may appear on either the 
radial or llat-grain surface. Dip-grained vhkkI. Wood which lun single waves or undulations of 
the fibers, such as occur around knots and pitch po<*ketH. Jnierlocked-grained wood. Wood iu 
which fibers are inclined in one direction in a number of rings of annual growth, then gradually 
reverse and acc inclined in an opposite direction in succeeding growth rings, then later again reverse, 
etc. Spiral-grained loood. Wood in which the fibers take a more or less winding or spiral course, as 
in a twisted tree. It may be detected on the flat grain surface. Wavy-grained wood. Wood in 
which the fibers collectively take the form of waves or undulations. It may appear on either the 
radial or flat-grained surface and is indicated by the wavy surface of a split piece. 

Decay. Destruction of the wood substance due to the action of wood-destroying fungi. '* Dote ** 
and “ rot ” are synonymous with " decay ”; they are any form of decay, which may be evident 
either as dark reil discolorations not found in the sound wood, or as white or red rotten spots. 
Advanced {or typical) decay. The older stage of decay in which the destruction is readily recognized 
because the wood has become punky, s«>ft and spongy, stringy, ring-shaked, pitted, or crumbly. 
Decided discoloration or bleaching of the rotted wood is often apparent as, for example, brown and 
white rots, pocket rots. Incipient decay. The early stages of decay which has not proceeded far 
enough to soften or otherwise perceptibly impair the hardness of the wood. It is accompanied 
by a slight discoloration or bleaching of the wood as instanced by the “ firm red heart ” in softwoods 
and the water-soaked " stage in certain types of decay. Firm red heart. A stage of incipient 
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decay in wood characterized by a reddish color produced in the heartwood, which does not, however, 
make the wood unfit for the majority of yard purposes. It is caused by the fungus Trametea pint 
and occurs chiefly in the pines. IVaier-aoak (or stain). A term applied to a generally water-soaked 
area in heartwood, which is usually interpreted as the incipient stage of certain wood decays. It 
occurs in hemlock and possibly in other woods. 

Knot.* That portion of a branch which has become incorporated in the body of a tree. Pin 
knot. A knot not more than I /2 in. in diameter. Small knot. A knot more than I /2 in. but no 
more than 3/4 in. in diameter. Medium knot. A knot more than 3/4 in. but not more than 1 I /2 in. 
in diameter. Ltarge knot. A knot more than 1 I /2 in. in diameter. Encased knot. A knot whose 
rings of annual growth are not intergrown and homogeneous with those of the surrounding wood. 
The encasement may be partial or complete; if intergrown partially or so fixed by growth or position 
that it will retain its place in the piece, it shall be considered a tight knot; if completely intergrown 
on one face, it is a watertight knot. Intergrown knot. A knot whose rings of annual growth are 
completely intergrown with those of the surrounding wood. Loose knot. A knot not firmly held 
in place by growth or position. Tigld knot. A knot so fixed by growth or position that it will 
firmly retain its place in the piece. IHlh knot. A sound knot with a pith hole not more than I /4 in. 
in diameter in the center. Round knot. A knot whose sawn section is oval or circular. Spike 
knot. A knot sawn in a lengthwise direction. Decayed knot. A knot which owing to advanced 
decay is not as hard as the surrounding wood. Sound knot. A knot which is solid across the face 
and which is as hard as the surrounding wood. Red or black knots may be sound. 

Pitch Pocket. An opening between the grain of the wood, containing more or less pitch. Pitch 
pockets are classified as small, medium, and large. Small pitch pocket. A pocket not more than 

in. in width or 4 in. in length, or not more than J /4 in. in width or 2 in. in length. Medium 
pitch pocket, A pocket not more than 3/g in. in width or 4 in. in length, or not more than 1/g in. 
in width or 8 in. in length. Large pitch pocket. A pocket more than 3/g in. in width and more 
than 4 in. in length, or more than l/g in. in width and more than 8 in. in length. Pitch streak. 
A well-defined accumulation of pitch at one point in the piece. When not sufficient to develop a 
well-defined streak, or where the fiber betw'een grains, that is, the coarse-grained fiber, usually 
termed “ springwood,” is not saturated with pitch, it is not considered a defect. 

Shake. A separation along t he grain of wood, the greater part of which occurs between the rings 
of annual growth. Through shake. A shake which extends between any two faces of a timber. 

Wane. Bark or lack of wood, from any cause, on edges of timbers. 

Molds, Stains and Decays in wood are caused by fungi, which are microscopic plants 
that must have organic material on which to live, and for some of them wood offers the 
required food supply. Their growth, however, is dependent upon suitable surroundings of 
mild temperature and dampness, the latter being aggravated by sluggish circulation of air. 
Most decay occurs in wood having moisture aliovc the filier-saturation fioint. W’ood that 
is continuously water-soaked or continuously dry (below 20 per cent moisture) will not 
decay. Under i)roper conditions, wood has proved itself good for centuries of service. 

Molds and Stains, which are confined largely to the sapwood, are (;haracterized by 
cottony or powdery surfiu^e growths of various colors. Little direct staining of the wood 
is caused liy molds. Such blemishes are easily brushed or surfaced off. Stains penetrate 
into the sapwood (not heartwood) and cannot be removed by surfacing. The discoloration 
of the wood occurs as specks, spots, streaks, or patches of varying intensities of color. 
Stains should not bo considered a stage of decay, since staining fungi do not attaijk the 
wood siiljstance appreciably. Ordinarily, they affect the strength of the wood only 
slightly. 

Decay (see also Decay, p. 12 41). Decay-producing or Avood-dcstroying fungi may, 
under conditions that favor their growth, attack either heartwood or sapwood, causing 
a condition of the wood that is variously designated as decay, rot, or dote. "I'he fresh 
surface growths of decay fungi are usually fluffy or cottony, and only seldfim powdery as 
the molds are. Some wood-destroying fungi live largely on the cellulose whereas others 
use the lignin more than the cellulose. 

Every brown, crumbly rot is commonly called ‘drj' rot,” but since no wood will rot 
while it is dry, the term ‘‘dry rot” is a misnomer. There are a few fungi that hjiA'C water- 
conducting strands and are therefore capalilo of carrying water from some source, usually 
in the soil, up into buildings or lumber piles, where they moisten and rot wood that would 
otherwise be dry. After these fungi cease to work, the decayed wood commonly becomes dry 
again; the term “dry rot,” if used at all, is probably best limited to the work of these fungi. 

In living trees the sapw’ood is less suliject to fungus attack than the heartwood. The 
sapwood of logs or products, on the other hand, decays more readily than the heartwood; 
this may bo due to the more available food supply in the sapwood, or to the presence in the 
heartwood of certain extractives that are toxic to the fungus. 

Incipient decay induced by fungi is not always reflected immediately in pronounced 
weakening of the wood. In the later stages of decay serious reduction in strength will 
always occur. 

* For methods of measurement of size of knots or holes, .see A.S.T.M. Standard D245-33, 

t Excerpts from Wood Handbook by the Forest Products Laboratory, pp. 249 to 250. 
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20. PRESERVATION OF TIMBER 


Preservative Processes. The average life of timber used in the United States, which 
is subject to decay, is about 8 years; its life can be extended to 12 years either by a chem¬ 
ical impregnation of the wood colls or by an exterior application of a preservative coating 
which will penetrate the fibers. Creosote oil is tlic preservative in most common use. 

Preservation. The general method followed in the I'cmmercaal treatment of timber 
with creosote involves the following strips: (1) sea.souing the timber, (2) steaming the 
timber in a large cylinder to soften the wood fiber, (3) rernov^al of air and moisture from the 
wood fibers by means of a vacuum pump, (4) admission of creosote oil to the evacuato<i 
chamber the oil penetrates some distance into the timber, (5) the application of pressure 
forcing the preservative into the innermost fibers of the timber, and (0) the removal of 
pressure, after which the excess of creosote is allowed to drip off the timber and run into 
a tank. 

In the best non-pressuro procees, the timber is heated and cooled in an open t.ank of 
creosote. The contraction of gases upon cooling draws the creosote into the limber. 
1 lie penetration of creosote is less in this process than in the pressure-vacuum process. 

Since creosote is rather expensive, other preservatives have boon tried. Zinc chloride, 
which is violently poisonous to timber-destroying bacteria, can he forced into the inner 
fibers of wood; it is cheaper than creosote. Howev^er, zinc chloride is soluble in water, 
whereas creosote is not, and zinc chloride is an effective preservative only in extremely 
<lry regions. 

The following table gives approximate weights of creosote req’urod per cubic foot of 
timber for various services. 


Railroad ties; 

Hardwood. 

Softwood. 

Dimension timbers. 

Ihles. 

l*oies and posts, treated by open tank method for a length 
of 7 ft: 

Chestnut poles. 

Western pine poles. 


0-14 11) per cii ft 
13 20 11) per cu ft 
1.") 20 11) per cu ft 
20-30 11) per cu ft 


21 lb per i)ole 
()511) per polo 


21. CLASSIFICATION AND GRADING OF LUMBER 

Classification of Lumber (Simplified Practice Recommendation 10, U. S. Department 
of Comm(‘rce). Lumber is defined as the prodmd, of the saw and planing mill not further 
manufactured than by sjiwing, resawing, and passing lengthwise through a standard plan¬ 
ing machine, cross-cut to length and mat(;hed. 


Use Classification 

Yard Lumber. T.umber that ia loaa than 0 in. in thickncaa, and is intended for general building 
purposes. 

Structural Timhcm. J.umber that, ia 6 in. <>r over in thickncaa and width. 

Factory or Shop Lumber. Lumber intended to be cut up for further manufacture. 

Size Classification 

Strips. Yard lumber less than 2 in. thick an<l less than 8 in. wide. 

Boards. Yard lumber leas than 2 in. thick, 8 in. or over in width. 

Dimension Lumber. All yard lumber except board.s, strips, and timbers; that is, yard lumber 
not less th.'in 2 and under 6 in. thick, and of any width; this includes (1) planks, yard lumber not 
less than 2 and under 4 in. thick and 8 in. or more wide; (2) scantlings, yard lumber not less than 2 
and under 6 in. thick anti under 8 in. wide; (3) heavy joists, yard lumber not less than 4 and under 
6 in. thick and 8 in. or over wide. 

Timbers. Lumber 6 in. or larger in least dimension. 

Manufacturing Classification 

Bough Lumber. Undressed as it comes from the saw. 

Surfaced Lumber. Lumber that is dressed by running through a planer. It may be surfaced 
on one side (SIS), two sides (S2S), one edge (SIE), two edges ('S2IC), or a combination of sides and 
edges, (SISIE), (S2S1E), (S1S2E), or (S4S). 

Worked Lumber. Lumber which has been run through a matching machine, sticker, or.rnolder. 
Worked lumber includes: (1) matched lumber, which is edge tlressed and shaped to make a close 
tongued and grooved joint at the edges or end when laid edge to etlge or end to end; f2) shiplapped 
lumber, which is edge dressed to make a close rabbeted or lapped joint; (3) patterned lumber, which 
is shaped to a patterned or molded form. 









Table I. Strength Properties of Some Commercially Important Woods Grown in the United States 

fFrom Wood Handbook, U. S. Department of Agriculture, prepared by Forest Products Laboratorj*, Madison, Wis.) 
(Results of tests on small,* clear specimens in the green and air-dry condition -) 
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NON-METALLIC MATERIALS 
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Alder, red (Alnus rubra) . 

Ash, black {Fraxin us n igra) .. 
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Cedar, incense (Libocfdrus dteui rvns ). . j 
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Table L Strength Properties of Some Commercially Important Woods Grown in the United States —Continued 
(From Wocd Eandbook, U. S. Department of Agriculture, prepared by Forest Products Laboratory, Madison, Wis,) 
f Results of tests on small, clear specimens in the green and air-dry condition) 
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NON-METALUC MATERIALS 
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Hemlock, western (Tsuga heterophylla^ 

Hickory, pecan" (Ilicoria sp.) . 

Hickory, true* {Hicoria sp.) . 

Honey locust {Gleditsxa tnacanthos). . . 
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Maple, red (*4cer rulrum). 

Maple, silver (i4c#r saccharinum) . 

Max-tlc, BUgi-.r (.'Irtr sacekarum) . 
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Grades of Softwood Yard Lumber. The term yard lumber as here used means 
lumber that is manufactured and classifiod into those sizes, shapes, and qualities required 
for ordinary construction and general-purpose uses. Heavy timbers for structural pur¬ 
poses, softwood factory lumber, and other special-use materials are not considered yard 
stock. In the rules of the American Lumber Association, finish, siding, flooring, ceiling, 
partition, common boards and strips, shiplap, D. & M. (dressed and matched), grooved 
roofing, dimension and lath are considered yard lumber. 

On the basis of quality, yard lumber is divided into two main divisions: (a) select 
lumber and (h) common lumber. Each of these is again divided into two classes: select 
lumber into (1) that suitable for natural finishes, and (2) that suitable for paint finishes; 
common lumber into (1) that which can be used without waste, and (2) that which permits 
some waste. Each of these four classes is further divided into quality classes or grades 
as hereinafter described. 

The following diagram shows the general characteristics of, and the relationship 
existing between, the various grades of lumber: 


Diagrammatic Summary of the Basic Grades for Yard Lumber 


Select 

(Lumber of good ap¬ 
pearance and fin¬ 
ishing qualities) 


Common 

(Lumber containing 
defects or blem¬ 
ishes which de¬ 
tract from a finish 
appearance but 
which is suitable 
for general utility 
and construction 
purposes) 


Suitable for natural 
finishes 


Suitable for paint 
finishes 


Lumber suitable for 
use without waste 


Lumlier permitting 
waste 


Grade B and better—Allows a few small 
defects or blemishes 

Grade C—Allows a limited number of 
small defects or blemishes that can be 
covered with paint 

Grade D—Allows any number of defects 
or blemishes which do not detract from 
a finish appearance, especially when 
painted 

No. 1 Cyoinmon—Sound and tight knotted 
stock; size of defects and blemishes lim¬ 
ited ; may be considered watertight lum¬ 
ber 

No. 2 Common—Allows large and coarse 
defects; may bo considered graintight 
luml)cr 

No. 3 Common—Allows larger and coarser 
defects than No. 2 and occasional knot 
holes 

No. 4 Common— TiOW-quality lumlier ad¬ 
mitting the coarsest defects such as rot 
and holes 

No. ') Common—Must hold together under 
ordinary handling 


Grades of Hardwood Lumber. (From Rules of the National Hardwood Lumber 
Association, 1934.) The standard grades of hardwood lumlier shall consist of firsts, 
seconds, selects. No. 1 common. No. 2 common, sound wormy. No. 3A common, and 
No. 3H common. Firsts and seconds are combined as one grade, and the percentage of 
firsts in the combined grade shall not l>c less than as follows: poplar and Philippine ma¬ 
hogany, 40 per cent; African and Mexican mahogany, 35 per cent; tupelo, sycamore, 
plain oak, chestnut, red gum, sap gum, black gum, cottonw’ood, magnolia, locust, hack- 
berry, willow and aspen, 33 V.i cent; cherry, soft elm, buckeye, box elder, quartered 
oak and quartered gum, 25 per cent; hard maple, soft maple, red alder, white ash, beech, 
birch, black ash and basswood, 20 per cent. 

Selects and No. 1 isommon may bo combined as one grade, except in mahogany, walnut, 
and cherry, and when so combined and specified shall be understood to include all selects 
that the logs produce. 

No. 3A common and No. 3B common may be combined as one grade. No. 3 common, 
and when so combined and specified shall be understood to include all the No. 3A common 
that the logs produce. 

For details concerning each grade, see the rules published by the National Hardwood 
Lumber Association. 
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22. PROPERTIES OF TIMBER 

MdchanicAl Propdrtids of Timber. Table I gives the mechanical properties of some 
important woods grown in the United States. For allowable safe loads on timbers see 
pp, 12--44 and 12-^7. 

Time Element in the Strength of Wood. Under long-continued steady load wood will 
fail under stresses much lower than those found at the ultimate strength in laboratory 
tests, which cover only a few moments. Under longtime loading test pieces of wood 
have broken under stresses only a little above 50 per cent of the ultimate as given by short- 
time laboratory tests. This very pronounced time effect is one of the reasons why working 
stresses for timber arc low as compared with ultimate strength. 

Effect of Moisture on Strength of Wood. Up to a moisture content of about 25 por 
cent for softwoods, the fibers absorb water and are weakened and softened by it. For 
moisture content above this “ fiber saturation point water no longer affects the strength 
and stiffness of wood. 

Increase in Strength Due to Seasoning. The increase in strength of woods due to 
drying is more uniform in small test specimens than in the large sizes used in construction. 
However, if the seasoning is done carefully so as to avoid the formation of checks, there 
should bo a marked increase in the strength of structural timber after drying. 


23. PLYWOOD 

Manufacture. Plywood is made by gluing together thin layrrs of wood. The grain 
in one layer is at right angles to the grain in the nc.xt layer. An odd numl)or of layers 
is used. It is important that the layers of wood are all split or sawed the same way from 
a stick of timber, and that the moisture content is njiproxirnatcly the same for all layers. 
If these precautions are not taken the plywood will tend to wari) owing to uneven stresses 
in the different lay(3rs. 

Strength of Plywood. A limitation of the use of large Ixiards is the difference in 
strength of wood in various directions. The tensile strength of wood parallel to the grain 
may be as much as twenty times the strength perpendicular to the grain, and the shearing 
strength parallel to the grain is much lower than the shearing strength across the grain, 
In plywood the strength is approximately equal in all directions and is equal, approxi¬ 
mately, to the mean of the strength with and the strength across the grain. As plywood 
is built up of thin layers it becomes feasible to use a high grade of wood in its manufacture. 
The tensile strength of plywood is given in Table 11. 

Woods Available for Plywood. Jiassw'ood, redwood, poplar, maple, birch, and red 
gum are domestic woods which can be cut into the thin sheets necessary for making ply¬ 
wood. Basswood, redwood, and poplar are not often used for the face layers. 

Plywood is used mainly in the shape of thin sheets, and is of importance in manufac¬ 
ture of automobiles, street and railway cars, airplanes, and Ijoats. 


Table II, Tensile Strength of Plywood 

Based on tcjst data from the U. S. Forest Products Laboratory, Madison, Wis. 


Species 

Weight of 
Plywood, 
Kiln-dry, 
lb per cu ft 

Moisture 
at Test, 
per cent 

Tensile Strength 
of 3-ply Plywood 
Parallel to Grain 
of Faces, 
lb per sq in. 

Tensile Strength 
of Single-ply 
Veneer, 

Parallel to Grain, 
lb per sq in. 

Ba.s8wood. 

28 

9.2 


10,300 

Yellow hirnh. 

45 

8.5 


19,800 

Maple, soft. 

38 

8.9 


12,300 

hard . 

46 

8.0 


15,300 

Yellow poplar. 

34 

3.4 

7,400 

11,100 

Red gum. 

36 

8.7 

7,800 

11,800 

Redwood. 

28 

9 7 

4,800 

7,200 
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PAINTS, ENAMELS, VARNISHES, AND LACQUERS 

By Joseph Mattiello 

24. PAINTS AND ENAMELS 

Paints and Enamels. Paint, technically a plastic solid, covers a wide variety of pig¬ 
mented coatings designed for the purpose of protecting and decorating the surface to which 
they are applied. 

There are various types of paints, such as; exterior house paints, interior flat wall 
paints, enamels, semi-gloss finishes, primers and undcrcoaters, floor enamels, anti-corrosive 
and metal-preservative paints, heat-resisting paints, and hundreds of others. Each type 
is formulated to give the liest results for its specific use. For instance, house paint is 
formulated with three major properties in mind—protection, durability, and beautification; 
flat wall paint is formulated primarily for decorative value; floor paints, for wear and 
resistance to aVirasion, etc. 

In general, paints are mechanical mixtures of pigments and vehicles (oils, varnishes, 
thinners, and driers). The paint technologist selects the proper vehicle combination to 
give specific results according to the type of paint being formulated. The proper pigment 
or pigment combination is then selected, again according to the purpose for which thti 
paint is to be used. Extensive tests have proved that the volume of pigment present is 
of great importance. From 28 to 30 per cent pigment volume concentration, based on 
the non-volatile vehicle, gives greater durability and protection than lesser amounts of 
pigment. 

Exposure tests have shown that primers for new wood should contain a pigment vol¬ 
ume of aliout 35 per cent rather than 28 to 30 per cent as in finishing coats. 

Flat wall paints are very high in pigment volume (about 00 per cont based on th(j non¬ 
volatile vehicle) and the vehicles which produce a flat finish are low in non-volatile content 
(30 to 37 per cent non-volatile content, 70 to 03 per (;ent volatile thinner). Enamels are 
low in pigment content and higher in non-volatile vehicle, producing a gloss finish. 
Enamels are usually made of pigments and varnishes. 

Manufacture. The pigments are first mixed to a paste consistency with a portion of 
the total vehicle. This paste is ground through either a roller mill, consisting of steel 
rolls, one of which goes faster than another, or a stone mill, one stone of whicli is station¬ 
ary and the other revolving. This grinding action breaks down the agglomerates of the 
pigment and disperses them throughout the vehicle. After grinding, the paste is thinned 
to the proper (consistency with the balance of the vehicle, stored, and filled. 

In a variation of this process, the pigment and vehicles are “loaded” without pro- 
mixing, in a pebble mill, which is a revolving barrel half filled with flint pebbles. The 
drum is revolved for many hours. The pebbles falling through the paint disperse the 
pigment agglomerates. This mill grinds paint in the “ready-mixed” or liquid form so 
that it does not retpiiro a separate thinning operation after grinding, but may be canned 
direcdly from the mill. 

Vehicles. The vehicles used in the formulation of paints may be any of the drying oils 
(linseed, tung, perilla, etc.), or semi-drying oils (soya, fish, etcO with or without the addi¬ 
tion of resin varnishes, or straight resin varnish, the manufacture of which is treated under 
varnishes, thinners, and driers. 

Pigments. The pigments may be divided into the following three general classes: 

1. The white opaque pigments shown in Table I. 

2. The extender pigments: asbestine, whiting, silica, barites, clay, etc. 

3. The colored opaque pigments: 

a. The earth colors: ochers, siennas, umbers, red oxides, etc. 

b. The chemical color pigments: chrome yellows, chrome and nitrate greens, 

blues, etc. 

c. The lake colors: precipitated dyes. 

d. The blacks, gasblack, lampblack, boneblack, etc. 

e. Numerous others. 

The principal difference between the white opaque pigments and the extender pi)2- 
ments is in opacity. The extender pigments are white in the dry form, but they l)ecoinc 
transparent when mixed or wetted with paint oils or vehicles. This phenomenon is due 
to the fact that there is very little difference between the refractive indices of the extender 
pigments (1.53-1.60) and those of the oils (media) with, which they are wetted (1.47-1.53). 
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Any pigment used to increase opacity must have a high refractive index; and the 
difference between its refractive index and that of the vehicle media should be as great as 
possible. The refractive indiijes of the opaque pigments vary from 1.84 for lithopone to 
2.55 for titanium dioxide. The relative tinting strength and hiding power of the white 
opaque pigments are given in Table 1. 

Table 1. Properties of White Opaque Pigments 


(From Handbook published by the Titanium Pigment Co., Inc., and other sources) 



Tinting 

Strength 

Hiding Power, 
sq ft per lb 

Hiding 

Units 

Refractive 

Indices 

Basic lead sulfate. 

85 

!3 

0.87 


Basic lead carbonate. I 

100 

i5 

1.00 

2.02 

Zinc oxide.1 

200 

20 

1.33 

i 2.01 

l/.thopone. 

260 

27 

1.80 

1.84 

lltanox B (titanium barium pigment).. . 

3ao 

40 

2 67 

1.90 

High-strength lithopone. 

400 

44 

2,93 


Titaiiated lithopone. 

400 

44 

2.93 


Titanox C (titanium calcium pignioiit). . 

450 

48 

3,20 

I.9I 

Zinc sulfide. 

540 

58 

3,87 

2.34 

Titanox A (titanium dioxide pigincnl) 

I 150 

1 15 

7.67 

2.55 


Properties and Uses of the Important White Opaque Pigments. The (dioice of pig¬ 
ments, and oils, and varnishes for vehicles depends upon the serviceability expected of the 
particular paint or enamel. Protective coatings made from a goo 1 combination of mixed 
pigments are more durable than those containing one single pigment. Home of the char¬ 
acteristics of important white pigments are: 

Basic Carbonate White Lead in a paint exhibits excellent durability and freedom from cracking 
and scaling, but fails by chalking. (Ohalking is an advantage for repainting.) 

Zinc Oxide imparts hardness to the paint film and improves gloss, but it fails by cracking and 
sealing. Being opaque to ultraviolet rays, it retards chalking to a greater extent than white lead. 
Zinc oxide has good color retention. Its greatest use is in interior tmamels. 

Zinc Sulfide has excellent hiding power and color. 

Titanox B (titanium barium pigment: 2.5 per cent titanium oxide, 75 per cent barium sulfate) is 
used for both exterior and interior paints and enamels. In exterior house paints, it adds greatly to 
the hiding power of the paint, reduces the tendency to crack and scale, b\it fails by chalking. 

Titanox C (30 per cent titanium oxide, 70 per cent calcium sulfate) is used principally in interior 
paints and enamels. It has excellent hiding power ami brightness. Its low specific gravity pro¬ 
duces high bulking. 

Titanium Oxide is the most opaque pigment known to science. It is p.-irlicularly valuable in 
low pigment content and fume-resistant paint. It is alsi* U8e«l in high-graile interior and exterior 
enamels. It chalks badly on exterior cxpi)sure when used alone. 

Lithopone (28 per cent zinc sulfide, 72 per cent barium sulfate) is generally used for interior 
paints. It has good hiding power and color. 

Preparation of Surface. The proparnlion of Ihi; surfaco to ]>e painted is important. 
Tho surface should be dry and fret; from j^reas(* and dirt. A niotal surfaca; should also be 
free from rust and scale. If it is to be used for exterior exfiosuro, metal should first be 
primed with a pure red load or specially rirepared primer winch may (jontain zinc chromate 
as part of the jiiginent. (lalvanized iron should bo treated with copper sulfate or c'.oppor 
acetate before tho first coat of paint is applied. Wooden surfaces, as on frame houses, 
should be thorouKhly dry and all knot holes shellacked before the primin'^ eoai is applied. 
Three thin, well-i)rushed-c 3 Ut coats give greater duraliility than two heavy coats. Com¬ 
mon practi(!e calls for three Croats on new work and two coats on old work. 

Plaster walls should be well pointed, dry, and primed or sealed liefore the finish coats 
are applied. 

Application. Paints for either exterior or interior use are applied either by brush or 
by air spraying; enamels for industrial use arc applied by linishing, spraying, roller- 
coating, dipping, tumbling, etc. The formulation of the paint or enamel is varied accord¬ 
ing to the method used. If the paint is to be brushed, careful attention must be given its 
brushing qualities, flow, etc. If it is to be sprayed it must be formulated to work well in 
the air gun without clogging, and to atomize easily and properly. 

Some industrial finishes are baked. In such finishes the pigment and vehicle must be 
carefully selec.tcd to dry hard in a given time and to resist wrinkling, gas effects, discolora¬ 
tion at baking teinperuture, etc. 

Properties of Paint Films. Air-dry paint films dry, initially, by evaporation of the 
thinnors, and finally by oxidation of the dr>nng oils. The initial setting period is complete 
within several hours, but from six hours to several days are required for the final drying. 
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Baking paint films or enamels dry, initially, by evaporation of the thinner, then slightly 
by oxidation of the drying oils, but finally and mainly by the polymerization of the oil 
and resin content. 

Exterior paints are effected by various rays of the sun. The ultraviolet rays probably 
disintegrate the oils, thus producing chalking. The disintegrating effects of sunlight, 
atmospheric gases, and moisture are such that repainting is usually necessary after two or 
three years of outdoor exposure. 

Aluminum Paint. Aluminum paint is made by mixing aluminum powder with a 
suitable veliicle. Aluminum powder is composed of minute flake-like particles of metallic 
aluminum produced by a stamping process. It is supplied either as a dry powder or in 
paste form mixed with mineral spirits. Aluminum paint, mixed in the proportion of 
2 lb of powder to 1 gallon of vehicle, gives a coating of high moisture-proofing resistance 
and superior protective qualities. By proper choice of vehicle it can be used on metal, 
wood, plaster, or concrete, and is particularly recommended for the painting of aluminum 
and its alloys. 


26. OLEORESINOUS VARNISHES 

Varnishes. A varnish is partly a solution, but mainly a colloid. It is a combination 
of resins and thinners; or resins, oils, driers, and thinners; and of such fluidity that it can 
readily be applied to a surface. After the thinners evaporate, the remaining material 
dries to a solid film either by oxidation, or oxidation and polymerization, or by simple 
evaporation. This solid film protects, jjreserves, and beautifies the surfaiie. 

There are two types of varnish, oleoresinous and spirit. The oleoresinous varnishes 
dry to a solid film by oxidation (air drying), or by oxidation and polymerization (baking). 
The spirit varnishes dry purely by evaporation. 

General Composition. The four general constituents of oleoresinous varnishes arc 
resins, drying and semi-drying vegetable and animal oils, driers, and thinners or solvents. 
These arc illustrated diagrammatically in Table II. 


Table 11. Composition of Oleoresinous Varnishes 



Courtesy Joseph Mattiello, Technical Director: Hilo Varnish Corp., Brooklyn, N. Y. 


Function of Each Constituent. The resins provide the elements of hardness, resistance 
to wear, and waterproof ness; they also impart gloss and slightly accelerate drying. The 
synthetic phenol-formaldehyde resins definitely improve durability. 

The oils supply the elements of toughness, adhesion, durability, and waterproofness. 
China wood (tung),ha8 better v'aterproofness than linseed oil, both give good durability. 

Driers. The only important function of the drier is to accelerate drying. For exam¬ 
ple, linseed oil requires eight days to air-dry by itself when flowed out to a thin film, but 
with the proper combination and amount of drier it will dry vithin as brief a time as eight 
hours. The most effective driers are cobalt, manganese, and lead. They are used in 
the form of resinates, linoleates, tungates, or napbthanates. Cobalt, the most efficient 
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of the three, is a “surface “ drier, lead is a “ bottom “ drier, and manganese is a “through “ 
drier. Zinc, as a naphthanate, is used to retard wrinkling. 

In the formulation of a paint, varnish, or other protective coating, great care must be 
exercised in the choice of driers. A combination of lead with small amounts of manganese 
is an ideal drier for colored enamels. Manganese has a tendency to discolor while paints 
or enamels, causing a very bad after-yellow. The best drier to use for white paints or 
enamels is a lead or cobalt, combination in the form of linoleates, naphthanates, etc. 

There is an optimum amount of drier which can l>o added to paint atx)vo which the 
drier not only becomes ineffoctive, but actually retards drying. Too much drier also 
causes the loss of gloss in enamels. It reduces the durability of protective coatings. 

Representative figures for the amount of cobalt and load to bo used as a drier for white 
paint are: 

1 2 3 

liCad metal. None 0.20% 0.2r>% 

Cobalt metal. 0.02r>% 0.015% 0.005% 

and for a drier composed of lead, manganese, and cobalt: 

I./ead rrietal. 0.20%) 

Manganese metal. 0. %, 

Cobalt. 0.01% 

All percentages are liascd on the non-volatile content of the voliicle. 

7'hinners or Solvents. The most important function of the solvent is to reduce viscosity 
or increase fluidity so as to permit easy application of the coating to the surface. When 
vegetable oils arc cooked with rosins, a very heavy viscous substance is obtained, which 
may be considered a new resin. As in this state it, cannot be aj^jilicd to a surface, the 
reduction of viscosity with solvents is neeossar 5 ^ Driers in any form have but slight 
influence on viscosity. 

Formulation of Varnish. Which particular resin or resins, oil or oils, are used in a 
varnish depends upon the api)lication for which it is being formulated. A varnish may bo 
composed of one resin, one oil, several driers, and ont? thinner, but most arc^ composed of 
several resins, oils, driers, and thiimevs. \'arnishea are usually called long or sliort oil, 
but more specifically, liy the number of gallons of oils used for each 100 Ib of rosins. Table 
HI illustrates a 35-gallon varni.sh which is of the usual spar varnish type, and an 18-gaUon 
varnish of the usual floor varnish type. 


Table III 


35~gaUon varnish 
Basis: 100 lb regain 1 

35 gallons oil [ varies from 45 to G0% non-volatile 
X gallons drier J 

y gallons thinner varies from 55 to 40^;, volatile 
Yield: 100% by weight _ 

18-gallon varnish 
Basis: 100 lb resin 1 

18 gallons oil [varies from 45 to 50%; non-volatilo 
x' gallons drier J 

y' gallons thinner varies from 55 to 50‘;y; volatile 
Yield: 100%. l>y weight ___ 


Manufacture of Oleoresinous Varnishes. Natural hard resins, such as Congo, are 
insoluble in linseed oil. It is necessary to heat the resin to a temperature above the 
softening point, whereupon decomposition and depolymerization take pla(‘e. 'Ihis causes 
a loss in weight of 15 to 30 per cent, depending upon the hardness of the natural resin. 
The resulting fused mass has a lower acid value and a higher iodine number,* and is 
readily soluble in drying oils. The oil is now added in either the raw or bodied state. 
W ith many of the synthetic re.sin8, the oil and resin are added together. In many cases, 
a definite amount of oil (usually linseed oil; is held out to be used as a chill-back. Tho 
varnish is cooked or boiled until the oil and resin are thoroughly miscible in each other. 
A definite chemical reaction takes place, probably forming a new resin with a higher 
softening point than the original resin. This mass becomes very viscous if permitted to 

♦ The iodine number is a measure of the unsaturation of the oil. Generally, the higher the 
iodine number is, the better are the drying properties of the oil. 
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cool. Driers are usually added on the down heat, after which the varnish is thinned 
clarified by filtering or centrifuging, stored, and, wherever necessary, natured. 

Application. Varnishes are applied either by brushing (mainly for painting homes 
and buildings), or by spraying or dipping (mainly for commercial use). 

Uses. Varnish is used on interior and exterior woodwork, on furniture, on enamels 
to give added gloss, and on many hundreds of industrial articles. 

Resins 

Natural Resins. The natural resins are found in nearly all the tropical and semi- 
tropical countries. They are the hardened sap of trees, ancient or living. The most 
import^int natural varnish resins used are Kauri, Congo, Poiitianok, East India, Dammar 
and Manila. There are many other resins, but their use is limited. 

Synthetic Resins constitute an extremely numerous and heterogeneous class of prod¬ 
ucts. They have been studied since the middle of the nineteenth century, when lioycr 
investigated tlie reaction products of phenols and aldehydes. Since llaekeland’s com¬ 
mercial success with Jiakelite, an increasing amount of research has been devoted to the 
utilization of these products in oleoresinous varnishes. 

Phenol-formaldehyde Resins. When phenol and formaldehyde are caused to give a 
scries of condensation products, and these in turn polymerize, the resulting product is a 
synthetic resin. If an acid catalyst is used during the condensation reactions, the so-called 
Novelack ri^sin is obtained, which remains fusible and solid do under all conditions. V^'ith 
an alkali catalyst, the so-called Bakelite or reactive type is obtained. In the early stages of 
condensation, this rcjsin is fusible, and soluble in ahiohol and in certain other petroleum 
solvents, but on further heating or under heat and i>rcssure as in a molding press the sub¬ 
stance changes to resins of a very great hardness and complete insolubility. These are 
not the resins that have found extensive use in the varnish industry, since they are not oil- 
reactive resins. 

Oil-reactive Synthetic Resins. When idienol and formaldehyde are condensed anrl 
polymerized in the presence of a natural rcvsin, ester or rosin, oil-reactive synthetic 

rosins are obtained. These are the resins that have liccome increasingly important to 
the varnish industry since 1925. Compounded with China wood and a small amount of 
linseed oil used as a c;hill-bac,k, they are used to make the so-chIUkI four-hour varnishes. 

The term phenol-formaldehyde is now used somewhat loosely, liocauso many resins 
are made in which jihenol is roidatjed by one of its homologuos, such as creosol and other 
more (jomplex phenols. Eormaldeliydc can also be replaced by its homologues. 

Alkyd (Glyi)tal) was first made by the Ceneral lOlectric (’o. It is produced by con- 
dtnsution reactions between phthalic anhydride and glycerin or modifications of those 
substaiu’os. The simple phth.alic anhydride and glycerin rosins, during the early part of 
the condensation, arc soft and solulile in certain solvents, such as the esters. Then, as 
condensation proceeds, the resins increase in hardness and (lo(.rreasc in soluliility, until 
an extremely hard, insoluble product is obtained. These simple forms have not found 
wide use because the soluble ones have lacked hardness and waterproofnoss, while the 
harder ones have lacked solubility. 

The modified forms of these resins which are being adopted by the protective coatim; 
industry are those in which part of the phthalic anhydride or acid is reidaced by the fatty 
acids of either linseed, China wood, or castor oil, etc., or iiy mixtures of several of the fatty 
acids. The simpler re.sins in which the phthalic anliydride or acid is replaced by acids of 
castor oil or oleic acid arc insoluble, as a rule, in drying oils and hydrocarbons. Tbosc> 
resins in which the idithalic ac.id is replaced by the fatty acid of the drying oils are solublo 
in thinners used in oleoresinous varnishes, thereby allowing many of these resins to lie 
incorporated in oil viirnishcs, iiarticularly the baking type. Many of the alkyd resins 
have found considerable use in lacquers. 

From a chemical point of view, practically any diliasic acid will react with any poly- 
hydroxy alcohol to give resinous materials. The phthalic acid can be replatied by dibasic 
acids of the aliphatic series, such as succinic, tartaric, citric, etc., or by aromatic polyba.sie 
acids. On the other hand, glycerin can be wholly or partly replaced by other polyhydroxy 
alcohols, for example, glycol. 

Cumarone and Indene Resins. These resins are derived from the unsatunited hydro- 
carlx)ns such as cumarone and indene, which occur in certain fractions of coal-tar naphtha. 
Their use has boon limited, however, because they show a marked tendency to ycllo’V 
under the action of sunlight. It has been stated that this yellowing tendency is caused 
by the presence of traces of iron resulting from the use of acid catalysts in iron equipment, 
and the use of alkalies in washing out the traces of the acid catalyst. Lately, improved 
forms of these resins have boon offered. In the improved forms, polymerization agents 
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are used which consideral^ly reduce the yellowing tendency. Varnishes made from these 
resins are practically unaliected by alkalies. 

Vinyl Resins are obtained l>y the polymerization of esters, particularly the aoetates of 
the uusaturated vinyl alcohol. These resins are flexible, and compatible with nitrocellu¬ 
lose. The vinyl rosins are harder, less soluble, and less compatible with oils than other 
synthetic resins. The vinyl ester resins may be used by themselves, without oil or nitro¬ 
cellulose. They are soluble in special solvents, particularly of the type of ketones. 

Urea-formaldehyde Resins are not used to any great extent in the varnish industry. 

The Petroleum Industry is now producing synthetic resins from the residue of the 
distillation process. 

Ester Gum. Ester was the first synthetic resin to lx widely used in varnish produc¬ 
tion. Curiously enough, eater gum was not considered a synthetic resin until the phenol- 
formaldehyde and alkyd resins were introduced. Est 'r gum is a glycerin ester of rosin. 
Rosin, chemically speaking, consists for the most part of a complex acid known .as abietic 
acid. Up to the jiresent (lU.HG), only the glycerin esters of rosin have received any prac¬ 
tical attention. They are used extensively in oleorcsinous varnishes, and nitrocellulose 
(pyroxylin) lacquers. 

Many other rosin esters of the monohjnlroxy alcohols, both aliphatic and aromatic, 
have been prepared but hiiA’^e not found any practical use. I'olyhydroxy alcohols contain¬ 
ing four hydroxy groups and of higher molecular weight than glycerin hav(* been described 
as giving esters of higher melting point. 'Phese would unquestionably find vddc commer¬ 
cial application, but unfortunately, the eommercially available (piantities are very limited. 
Research will undoulitedly find new sources of these materials. 

Recently (aliout 1931), modified ester gums, such as mixed .‘sters, have appeared in 
the lacquer industry. Mixed esters are those in whiidi the glyeiTin, or even a dihydroxy 
alcohol such as glycol, is esterified partly with rosin and partly with another acid. An 
example of such an ester is the one resulting from esterification of glycerin with rosin and 
phthalic acid. 

An ester gum varnish is more durable than a limed rosin varnish, in which the acidity 
of rosin is partly neutralized liy means of calcium oxide. Before synthetic resins appeared, 
ester gum was used extensively in the making of spar varnishes. 

Oils 

Linseed Oil is obtained from the seeds of the flax plant (Linym ytiitalissinium). The 
principal flaxseed-producing countries are .\rgentina, Russia, India, the United States, and 
Canada. 

Idrisecd oil is essentially a mixture of mixed triglycerides of unsaturated acids, oleic, 
linolenic, linolic, and small amounts of saturated stearic and palmitic acids. A series of 
analyses made by many investigators varied as 


Saturated ainds St earie and palmitic. 4 . S to 0.0% 

[Oleic. 13.3 to 14 . 

Unsaturated acids Linolenic. 33.9 to 40.3% 

[ Linolic. 37.9 to 41.0% 

Unsaponifiable matter. 1 .0.^» to 1.4% 

Combined with glycerin radical. 4.0% 


Raw linseed oil has a golden yellow color with a i>](‘a8:int odor. Its iodine number 
usually varies from 175 to 181. It is (1) acid refined by means of concentrated sulfuric 
acid, (2) alkali refined by means of sodium hydroxide. The acid-refined oil is used as a 
grinding medium, particularly for liasic carbonate white lead; the alkali-refined oil is used 
for oelorcsinous and lithographic varnishes. 

Perilla Oil is obtained from the seeds of Perilla ocymoidcs, a plant found in China, 
Japan, and southeastern Asia, l^erilla oil is closely similar to linseed oil, but its degree of 
unsaturation as indicated by the iodine number, which is above 200, is greater. According 
to J. S. Long, this oil has a higher percentage of linolenic and linolic acid. The available 
quantity of this oil is much smaller than that of linseed. 

Tung, or China Wood Oil, is a nut oil. It is mainly a glyceride of the fatty acid known 
as oleostearii! acid, which is supposed to be isomeric with linolic acid. It contains alx>ut 
10 per cent of glyceride of oleic acid, and from 2 and 3 per cent of the glyceride of saturated 
fatty acids, mainly palmitic and stearic. This oil has decidedly better waterproof ness 
than linseed. The iodine number of Tung oil varies from 163 to 170. 

Menhaden Oil (Fish Oil). Many different oils are produced from fish. A kind much 
used is menhaden oil which has an iodine number varying from 139 to 180. It may be used 
in varnishes and other protective coatings. 
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Semi-drying Oils 


Soya bean oil.iodine number 124 to 143 

Hempseod.iodine number 140 to 166 

Lumbang.iodine number 140 to 164 

Walnut.iodine number 140 to 158 


Other semi-drying oils are on the market. 

Special Varnishes 

Crystallizing and Wrinkle Varnishes are representative of certain special varnishes on 
the market for producing unusual decorative surface eflfects. In the crystallizing varnish, 
the crystals are formed when the freshly painted article is placed in an atmosphere deprived 
of oxygon at a temperature of about 110 deg fahr. The usual method is to have a yellow 
flame burning in the oven with the draft closed until the crystals appear. The film is then 
made hard and durable by baking at higher temperatures in the oven with the draft 
opened. These crystal effects can also bo obtained in colors. 

A wrinkle or shriv^el finish may be obtained on an article by baking it at temperatures 
ranging from 150 to 300 deg fahr after application of the special “ wrinkle varnish.” 

The formation of these effects appears to be duo to the rapid oxidation at the surface, 
forming a skin over the less oxidized material beneath. The surface increases in volume 
during the continued drying, and the less viscous material in the interior flows to the 
hilly or high surfaces. 

Rubbing Varnishes are so compounded that they generally dry in 48 hr, some in 24 hr, 
to a hard film which may be rubbed to a dull, smooth finish with pumice and oil or water. 
After being rubbed, they may be polished to a high gloss with rotten stone and crude oil, 
or other polishing compounds which arc on the market. 

26. SPIRIT VARNISHES 

Spirit Varnishes are simple solutions of resins in volatile solvents. They dry entirely 
by evaporation of the solvent which leaves the original resin in a thin film. 

These varnishes dry rapidly, generally within 10 or 20 min. They form hard films of 
limited elasticity which are somewhat impervious to moisture. Those hard films are 
readily romovod by abrasion and by solvents. 

Manila Copal Spirit Varnish, "rhe greatest quantity of spirit varnish is made by dis¬ 
solving Manila copal (spirit-soluble resin) in industrial ethyl alcohol. Sometimes rosin 
and a limited quantity of petroleum solvent are added for cheapening. A small proportion 
(usually 1 per cent) of castor oil (plasticizer) is added to giv'c elasticity to the film. 

Spirit varnishes are prepared by placing the resin in a churn provided with a stirrer. 
The solvent is added and the resin dissolved by stirring aidion. The solution is run into 
another container, allowed to settle to deposit dirt, and clarified I>y filtering and centrifug¬ 
ing. 

These varnishes are used mainly for coating paper, including wallpajier, and for sealing 
packages. 

Shellac Spirit Varnish. Shellac is a resinous material of animal origin. This resinous 
substance is a natural exudation from the tree on which it is found, actually i 3 roducod l>y 
the larvae of insects feeding on the sap. Shellac comes mainly from India, although largo 
quantities are produced in Siam. It is found on a large variety of trees, the most impor¬ 
tant of which is the dhak tree {Butea froiulosa). 

Shellac is soluble in ethyl alcohol and methylated spirits, forming a turbid solution. 
The turbidity is due to the presence of insoluble wax. In other, chloroform, and turpen¬ 
tine, shellac is partially soluble. It is insoluble in petroleum solvents and oils. Some¬ 
times a limited quantity of butyl or amyl alcohol is used to give greater flow to the shclla<^ 
varnish. 

Because of the partial insolubility in turpentine, and complete insolubility in oils and 
petroleum solvents, shellac is largely used as a sealing coat on the knots of uncoated wood 
before painting, to prevent resin in the knots from bleeding into the oil of the applied 
paint, hereby avoiding glossy and unsightly patches. 

Shellac is mainly employed for the preparation of spirit varnishes. Its alcohol solution 
dries by the evaporation of the solvent to a hard film which takes a high polish. The 
film is fairly durable but it is not resistant to moisture. Shellac varnishes are used for 
general decorative purposes, such as brown hard varnishes for polishing furniture, and also 
to make colored spirit and colored matt stains. The largest quantity of the shellac is used 
for floors and as a sealer coat for stain in furniture and other articles. In nitrocellulose 
lacquers it imparts adhesion. 
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Skellac Water Varnishes are made of shellac, borax, and water. These varnishes are 
used as a vehicle for water colors, and as a wallpaper varnish. 

Turpentine Varnishes are made by dissohing dammar, mastic, or sandarac in turpen¬ 
tine. Rosin is sometimes added as a cheapening agent. The Dammar varnish is largely 
used for varnishing w'allpapers; mastic varnish, mainly for varnishing oil paintings and 
maps. 


27. LACQUERS 

Lacquers, at the present time (1936), are composed mainly of nitrocellulose (pyroxylin), 
plasticizers, resins, and thinners. The thinner consists of a mixture of solvents, latent 
solvents, and diluents. Table IV illustrates diagrammatically types of lacquers and their 
compositions. 


Table IV. Composition of Nitrocellulose Lacquers 



Courtesy of Joseph Matticllo, Technical Director Hilo Varnish Carp., Brooklyn, N. T. 


Nitrocellulose (Pyroxylin) provides the element of tougliness, and assists in making a 
continuous film. The nitrocellnlose solutions ofTcred on the market vary in viscosity from 
V 2 - 8 ec to 150-sec. For example, the term 1 / 2 -sec nitroruHlulose is used commercially to 
indicate a 12 1/2 per cent solution of dry cotton di.spersed in a definite solvent mixture, 
whose final viscosity, measured at 20 deg fuhr by the falling-ball method, is 1/2 sec. Vis¬ 
cosity, the most iini)ortant i)hysical property, is of great value in controlling the finished 
product. 

Resins. The rosins mainly us(d in lacquers arc ester gum, dammar, elemi, alkyd, 
some modified phenol-formaldeh 3 ^des, and shellac. In a particailar lacquer, one or more 
resins may be used. The resin imparts adhesion, gloss, and hardness; it improves the 
rubbing and polishing qualities, increases the solid content (non-volatile), ac(uderates dry¬ 
ing, and with some of the glyptal or alkyd resin, imparts some jdastieizing acttion and 
gives greater durability. 

IMasticizers (Softeners). The plasticizers impart the elements of elasticity, durability, 
and adhesion. They are either solid or difficultly volatile, high-boiling liquids. They 
improve the flowing properties of lacriuers, inhibit blushing, and enhance the luster of the 
dry film. Camphor was the earliest plasticizer used. The othiir important jilasticizers 
are given in Table IV. 

Solvents, Latent Solvents, and Diluents. The important function of these is solvency, 
and reduction of the viscosity of the viscous mass, which is composed of nitrocellulose, 
resin, and plasticizer, to that fluidity which will jiermit the spreading of lacquers. 

The esters, such as ethyl, butyl acetate, etc., are good solvents for nitrocellulose. 
Other organic liquids, such as acetone, other ketones, and glacial acetic acid, are also 
good solvents for nitrocellulose. 

The alcohols, ethyl, >)utyl, and amyl, are latent solvents. That is, alone they are not 
good solvents for nitrocellulose, but in the presence of esters act as good solvents. 
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Diluents are non-solvents, and the proportion of those which a lacquer will tolerate 
without destroying quality, or without causing the precipitation of nitrocellulose, is of 
importance in reducing the cost of a lacquer. Diluents extensively used are: coal-tar 
thinners such as toluol, xylol, high-flash naphthas; petroleum hydrocarbons such as ben¬ 
zine, gasoline, and, more recently, hydrogenated petroleum hydrocarbons, whose solvency 
is the same as that of coal tar but whose evaporation rate is slower. 

Evaporation of Non-volatile Content and Character of Film Obtained. In order to 
get perfectly smooth lac<iucr film, without an orange peel (wrinkled surface), or precipita¬ 
tion of nitrocellulose, or bloom, an evaporation equilibrium must exist between the solvents 
and non-solvents. The rate of evaiioration of various organic solvents depends primarily 
upon the vapor pressure of the solvents and non-solvents, and only secondarily upon the 
boiling point. If the evaporation rates of the solvent and non-solvent used in the lacquer 
are roughly the same, a satisfactorily dried film will be obtained. If in a solvent mixture 
the solvents evaporate first, leaving behind only the diluent, precipitation of the nitrocel¬ 
lulose will take place. It is extremely imiiortant that the last volatile portion evaporating 
from the lacquer film lie a satisfactory solvent for all the constituents present in the film¬ 
forming phase of th(i particular lacquer. 

Manufacture. The nitrocellulose and compatilde solvents are mixed together, slightly 
warmed if necessary, and continuously stirred until complete solution takes place. The 
resins are dissolved separately in solvents. Both solutions are then mixed together, plas¬ 
ticizers are added, and in many instjinces special solvents are added. 

Lacquer Enamels. When pigments are dispersed into clear lacquer vehicles, lacquer 
onarnels are obtained. Those arc i>roduced by means of roller mills, stone mills, and liall 
mills. 

Application and Uses. Both clear and pigmented (enamel) lacquers are applied, by 
roller coating machine, spraying, automatic and hand dipping, to fabrics, automobiles, 
furniture, caskets, toys, and many other articles. Brushing lacquers are also availalilo, 
but only small quantities are used. Both lacquer enamels and clear lacquers can be made 
to give films of high gloss, semi-gloss, and dull lusters. 


ELECTRIC INSULATING MATERIALS 

By D. F. Miner 

28. CLASSIFICATION OF INSULATING MATERIALS 

Thermal Classification as defined in the A.I.E.E. standards. 

Class Description of Material 

O Class O insulation consists of cotton, silk, paper, and similar organic materials 
when neither impregnated* nor immersed in oil. 

A Class A insulation consists of cotton, silk, paper, and similar organic materials 
when impregnated* or immersed in oil; also enamel as applied to conductors. 

B Class B insulation consists of inorganic materials such as mica and asbestos in 
built-up form combined with binding substances. If Class A material is used in 
small quantities in ijonjunction for structural purposes only, the coml)inod 
material may be considered as Class B, provided the electrical and mechanical 
properties of the insulated winding arc not impaired by the application of th*> 
temperature permitted for Class B material. (The word “ impair ” is here usovl 
in the sense of causing any change which could disqualify the insulating material 
for continuous service.) 

C Class C insulation consists of inorganic materials such as pure mica, porcelain, 
quartz, etc. 

Physical Classification. Insulation material may be divided according to physical 
state into four general major classes each of which may be further subdivided as shown 
on the top of the next page. 

* Impregniited cotton, paper, or silk. An insulation is considered to be impregnated wheii a 
suitable substance replaces the air between its fibers, even if this substance does not coroplctPly 
fill the spaces between the insulated conductors. The impregnating substance, in order to be 
considered suitable, must have good insulating properties; must entirely cover the libers and render 
them adherent to each other and to the conductor; must not produce interstices within itself ns a 
consequence of evaporation of the solvent or through any other cause; must not flow during tn® 
operation of the machine at full working load or at the temperature limit specified; must not unduJy 
deteriorate under prolonged action of heat. 
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1. Solid. Natural; vitreous; fibrous; organic; rubl)er and substitutes. 

2. Plastics. Synthetic resins; waxes; gums. 

3. Liquids. Natural oils; mineral oils; varnishes; solvents. 

4. Gases. 

Electrical Classification according to dielectric properties. Table I gives the electrical 
properties of various insulating materials. 


29. SOLID INSULATING MATERIALS 

Insulating materials are often described in general terms without specific data. A 
material is said to be “ heat jiroof ” which may mean that it will not deteriorate when 
used continuously at some temperature within the range of 30 to 250 deg cent. Dielectric 
strength is sometimes quoted without referen<*e to the thickness of the test specimen. 
If the test has been made on a very thin specimen, the dielectric strength obtained will be 
misleading to those wlio are not aware of the law of the increase of dielectric strength 
with the decrease of the thickness of the test specimen. Claims may lie made that an 
insulating material is insolulile in certain solvents and is weatherproof. Such claims are 
not absolute. They are only general and refer to ordinary conditions found in the use of 
insulations. If the working conditions are unusual and severe, specific information 
should be obtained on the appropriateness of the iiisulution under consideration. 

Natural Solid Insulating Materials 

Asbestos is a mineral consisting chiefly of .silica, magnesia, lime, alumina, water, and 
oxide of iron. The structure is of fibers, the ultimate fiber of which is thought to be a 
single row of the molecular structure of fhe crystal. The fibers are exceedingly smooth 
and glossy and have very little friction to hold them together when they are spun into yarn, 
thus resulting in a low tensile strength. This diflieulty, however, has been partly overcome 
so that now thrinids are made -which have fair tensile strength. The more important 
varieties, amianthus and amphiliole, are used in the form of asbestos paper, cardboard, 
yarn, cloth, tape, and as a filler in molding mixtures. 

Asbestos contains small particles <.f iron oxide or grit which cannot bo entirely removed 
and which affect to a slight degree its insulating qualities. It is hygroscopie and should 
therefore not be used on high voltage, in general not over 3300 volts. It is unaffected by 
oils, acids, and alkalies, and it withstands very high temperatures. Aliovo 501) dog cent 
it loses its mechanical strength; it melts at about 1300 deg cent. It has extensive applica> 
tions as a heat insulator. 

Lava is a mineral talc, machined in its natural condition and then baked at a temper- 
ature of 1100 dog cent to a condition of extreme hardness. It is then unaffoeted by any 
subseiiuent temperature short of its baking temperature. It is slowly attacked l>y hydro¬ 
chloric acid but is not affected by other acids or alkalies. 

Marble is the name given to any limestone which is sufficiently comimct to admit of 
a polish. Pure marble is white, but the iiresence of iron oxide or other impurities give.s 
it different colors. It is used prineii>ally for switchboard work and should not contain 
metallic veins, which reduce its insulating qualities. If used on circuits of 1000 volts or 
more, it should be saturated with an insulating varnish and baked. It shows oil spots and 
for that reason it is sometimes stained black and given a so-called marine finish. Very 
little marble is now used except to match old installations. 

Slate is a micrograiiular crystalline stone, derived from argillaceous sediments by 
regional metamorpliisin and characterized by a perfect cleavage entirely indei)endent 
of original bedding, which cleavage has been induced liy pressure within the earth. The 
essential mineral constituents are white mica (chiefly soricitn; and quartz. Prominent 
accessory constituents are black mica (biotito), chlorite, and hematite. Minor accessory 
constituents are carbonates, magnetite, apatite, clay, andalusite, barite, rutile, pyrito, 
graphite, feldspar, zircon, tourmaline, and carlionaeeous matter. Slate is hygroscopic. 
It is often permeated by metallic veins, making it unfit for use unless the electrical con¬ 
nections are insulated by bushings. It is useful for switchlioard and switch-base work 
owing to its desiralile mechanical and fireproof qualities. Its dielectric strength decreases 
rapidly as the temperature increases, and at a high temperature slate liecomes a conductor. 
When a high voltage is impressed upon a piece of slate for some time, the slate usually 
is not punctured but, owing to the consequent rise in temperature, the slate acts as a 
short circuit to the impressed voltage. The breakdown is thus only apparent as the 
specimens regain their dielectric properties after cooling. 

Purple slate from Vermont and vicinity is considered superior to black slate from 
Pennsylvania. The use of slate for electrical purposes ia rapidly declining. 

T— 
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QiiartZi a form of silica, naturally formed into hexagonal crystals, has a density of 
about 2.7. It may bo fused and cast into usable shapes and is sometimes used as a ceramic 
type of insulation for high temperatures. 

Soapstone, a form of talc or steatite, is gray in color and feels smooth and soapy. 
It is very easily machined and is sometimes used as an insulator and structural part where 
resistance to heat and chemicals is desired. It is weak mechanically, and hygroscopic. 

Mica is an anhydrous silicate of aluminum and potassium or sodium. It crystallises 
in a laminated mass, some grades of which may be subdivided down to a thickness of 
0.0008 mm. The ultimate thickness of cleavage layers is unknown and may be finally 
but one layer of the molecular structure. It is useful as an insulator because of its high 
insulating qualities and its ability to withstand high temperatures. Owing to its impurity, 
lack of flexibility and excessive surface leakage in the natural state, the laminae are 
separated and sorted into various grades of purity and are then cemented together to 
form plate or flexible reconstructed mica of any thickness or purity. 

Two kinds of mica are in common use, muscovite (white mica) and phlogopite (amber 
mica). The former is usually obtained from India and the latter from Madagascar. 

Mica can be built into various useful forms, including xdate, flexible mica, tape, coil 
wrappers, and tubing. Mica is combined with thin paper or cloth as a backing when 
made into tape or WTayipers. The bond is frequently shellac, although asphalts, synthetic 
resins, and other materials are jireferred for sijecial purposes. 

White mica is hard and is used in building segment mica for undercut commutators. 
The maximum safe temperature for white mica is 600 deg cent. 

Amber mica is softer and is used in mica plate for flush commutators. It is also 
used in making plate for heating applianiio insulation. It will withstand temi>eraturea 
up to 800 deg cent. 

Flexible mica or molding mica may be made for hot or cold molding. White mica is 
generally used with a bond which is iflastic at the molding temperature. Shellac bond 
may be made flexible with castor oil. 

Sheet insulation is made with mica and some other insulation, such as fish paper, rope 
paper, Kraft paper, etc., for special purposes. 


30, VITREOUS SOLID INSULATING MATERIALS 

Glass is essentially a mixture of silicates of sodium, potassium, calcium, or barium. 
A given specimen may contain one or more of those silicates, the comiiosition being 
chosen so as to produce the desired properties. Metallic oxides are often added, and if a 
low-expansion, heat-resisting glass is desired, boron trioxido is used, to make the Ixiro- 
silicatc glass. 

At normal temperatures glass is a good insulator, but at rod heat it is a fair conductor. 
It resists most chemicals except hydrofluoric acid. Most glass is brittle and weak on 
heat shock. Newer glasses of the borosilicate type (Pyrex) have lower coefficients of 
expansion and do not shatter with wide temperature variations. Successful lino insulators 
have been placed on the market, competing with porcelain. 

Porcelain is distinguished from other forms of earthenware by a vitrified and non- 
porous structure. It is composed of china clay, ball clay, flint, and feldspar. China clay, 
sometimes called kaolin, is slightly plastic whereas ball clay is very tough and plastic. 
By a proper combination of the two the desired plasticity is obtained. Hint is in tho 
form of pure sand or quartz ground so finely as to be entirely free from any gritty feeling. 
Feldspar is a natural rock and is ground as fine as the flint. These four ingredients are 
mixed in. proper proportions and passed through the manufacturing processes which 
require very skillful care and experience. 

Such articles as knobs, cleats, and lamp sockets are made by a dry process. Dry- 
process porcelain is porous and not usually suitable for high-voltage outdoor applications. 
It is of value because of the accuracy with which intricate iiieces can be molded, and is 
applicable for indoor or low-voltage purposes. 

High-voltage insulators are made by a wet process and are non-porous, which is 
necessary for high-voltage use. The glaze is provided to protect the porcelain from dust 
and deterioration in the weather, and it should have the same temperature coefficient of 
expansion as tho porcelain itself. In the wet process, the ingredients are thoroughly 
ground in a ball mill and then mixed with water to a consistency about the same as that 
of paint. After several hours of stirring (blunging), this liquid (slip) is pumped through 
a filter press, where the water is extracted and press cakes left. These are stacked in 
bins for use, being kept moist. The press cake material is thoroughly mixed by a screw 
type of mixer called a pug mill. The wet clay is extruded in cylindrical form, and sections 
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are cut off for forming into insulators or other parts. Forming is usually done either 
by hot pressing the plastic clay soon after it leaves the pug mill, or by turning operations 
performed after the clay has partially dried. Wet-process material may also be cast 
in plaster of paris molds, a special liquid body being prepared for this purpose. Porce¬ 
lain is fired for several days at temperatures ranging from 1250 to 1300 deg cent. 

The mechanical strength of porcelain depends uiion the flint content, the heat resistance 
upon the clay, and the dielectric strength upon the feldspar which unfortunately also 
adds brittleness. In a special type of porcelain for spark plugs, magnesia is added to 
promote mechanical strength at high temperatures. Porcelain, because of its low tensile 
strength, should be used under a compressive strain. It is comparatively inexpensive, 
chemically inert, and not sensitive to changes of temperature. The fracture of good 
porcelain is conchoidal, fine grained, white, and bright. 

31. FIBROUS ORGANIC^SOLH) INSULATING MATERIALS 

Cotton occurs as an insulator in many forms, such as cloth, tape, and yarn. These 
products serve as mechanical supports or separators of conductors and are usually impreg¬ 
nated with an insulating liquid or compound. The insulating value of cotton is considered 
equivalent only to the same thickness of air, reliance being placed usually on the impregna¬ 
tion for dielectric strength and moisture proofing. Cloth is used in making varnished 
“ cambric ” of various types. Tape is employed largely in insulating coils of all types, 
and yarn, in covering wires or insulating layers of enameled wire in “universal” wound 
magnet coils. 

Silk infrequently serves as an insulator, except where space is an important factor. 
It is sometimes used as a varnished fabric or as wire covering for appearance and because 
it can easily bo olitained thinner than cotton materials. The (jost is higher, however. 
Its insulating properties are approximately the same as those of cotton. 

Linen thread or twine is valuable for fastening the coils of rotating'machines because 
of its high unit strength. 

Insulating Papers. The iirimupal papers used in electrical apparatus are described 
below. 

Absorbent Papers made of 100 per cent purified sulfite wood pulp are used in making 
laminated phenolic products. The paper has a soft fiber, thoroughly cleaned of natural 
resin, and takes the impregnating phenolic varnishes readily. A “ high ratio ” plate 
can be made with absorbent papers. A common thickness is 0.10 in. 

Another type of absorbent paper is made from 100 per cent cotton rag stock and it is 
used in filter presses employed in purifying insulator oils. It is very porous, in order to 
absorb water readily, and yet let oil through. The sheets are approximately 0.025 in. 
thick. 

Asbestos Paper is not all asbestos fiber, the usual grades containing not more than 
80 per cent asbestos, the remainder being sulfite wood pulp fibers. Papers from 0.005 to 
0.010 in. thick are used in insulating hca\^ copper in field coils, and in tape form as a 
covering for wire. (\>rtain grades of heat-resisting laminated phenolic plate arc made of 
asbestos paper imi)regnatt*d with materials like Bakelite. Asbestos papers are not high- 
grade insulators owing to conducting particles and moisture absorption. 

Rag Base Papers, (a) Tough insulating papers, used where resistance to mechanical 
damage, as in motor and generator slots, is important, are manufactured from 100 per cent 
cotton rags. Most of them are identified by trade names, sutdi as Duro, Capacio, and 
Arm CO papers. 

(5) Fish paper is a spei’ial type of rag paper made wholly from old cotton rags. The 
paper during manufacture is treated with zinc chloride which partially dissolves the cellu¬ 
lose. A paper is obtained without a definite fiber structure. It is hard, tough in both 
directions, and does not dislaminate. Fish paper may be olitained in thicknesses from 
0.007 to 0.05G in., it is used for slot insulation, layer insulation of coils, and as switch bar¬ 
riers. Faraffin impregnation or varnish treatments are frequently applied to overcome 
the inherent hygroscopic property of fish paper. 

FuUerboard (or Press board), (a) Rag fullerboard is composed of 75 per cent rag 
stock and 25 per cent sulfite wood pulp. It is made on a cylinder machine, cut off, dried, 
and pressed in sheets. It may bo obtained in thickness from 0.007 to 1/2 in. and in sheets 
as large as 84 in. by 120 in. Fullerboard is particularly adapted for oil impregnation and 
is extensively used in transformer construction for barriers, coil sides, and washers. It 
may be formed into angles and channels. Shrinkage and distortion are low. 

(6) Kraft fullerboard, made of 100 per cent sulfite wood pulp in the same general 
manner as rag fullerboard, is a cheaper type of material and is valuable for many applica- 
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tions for which rag fullcrboard was once used. It is used for barriers, coil spacers, wash¬ 
ers, etc., for electrical machinery. It has much greater shrinkage and warping tendencies 
than rag material. Forming is not so readily done. These limitations result in the con¬ 
tinued use ol both rag and Ivraft types. Varnish treatment is frequently applied when 
fullcrboard is to be exposed to air. 

(c) A similar material in thin papers with a highly calendered surface is called express 
paper. It is used in making varnish treated papers where only a surface coating and not 
impregnation is desired. 

Kraft Papers contain 100 per cent sulfite wood pulp and may be obtained in a range of 
thickness from O.OOOo in. to fullorboard thickness<‘s. It is browrn in (^olor, is readily im¬ 
pregnated, and is one of the most useful electrical papers. Many grades of laminated 
resin (i;>hcnolic or other) jilate and tubing are made with Ivraft paper. It is also used, 
shellac coated, in making rolled jiaper laishings ami terminals. Very thin Kraft tissue 
(O.OOOo in.) now largely replaces the linen and cotton tis.sue formerly used in capacitors. 

Linen Paper. 8o-called linen papers are part, sometimes as much as 00 per cent 
cothin. They are strong and tough, and the very' thin grades have lieer. emidoyed for 
condenser (capaidtor) insulation. The use of linen in all forms (cloth, pa])er, and twine) 
is not nearly so extensive as it once was. Cheaper satisfactory sulistitutes have been 
found. 

Japanese Paper is imported from Japan and is made of mull)orrj' pulp fiber. The 
particular feature of this filier is the great length, giving good strengtli, although the paper 
looks frail and not dense. Tissue (0.001 in.) finds use as a baitking for mica tape, and as 
wire insulation. It is not suitable for capacitors because of small holes and lack of uniform 
structure. 

Rope Paper may be manufactured either from manila hemp fiber or from old manila 
hemp rope. It is very strong, resisting tear better than cotton paper. It is fret|ucntly 
impregnated with varnish and useil in condonation insulations such as mica and ropo 
paper. Paper made from old rope freijiiently contains metal particles. For this reason, 
other papers are usually preferred for high insulation duty. Hope jiaiior can be folded 
and crimped. It is thus used in holding w'ires in soi.n‘ typos of coils where flanges are 
omitted. 

Cellophane is a pure cellulose product made from wood imlp l>y chemical treatment. 
It is transparent. It is obtainable in slieet, tubing, and tape forms. 'I'ho dielectric 
strength and specific. inductiv(‘ capacity' are high, and its inflammability is no greater than 
that of paper. Bc^cause; of its juirity it has inucli promise as an insulMtor and has been 
used as wire insulation and coil tajiing. Some v.arieticjs termed “ flame proof ” and 
“ moisture proof ” are now availaliie. Moisture proofing is aecornplished by a lacaiuer 
coating. Some gnides of cellopliane are flexil)Ilizi*d with tlio addition of glycerin. 

Cellulose Acetate is olitained by' acotht anhydride treatment of cotton fiber or purified 
W'ood pulp. It has higli dielectric jiropcrties an 1 uniformity of characteristics. It can Iio 
obtained in the same forms as cellophane and has similar ai>r>lica,tions. It is comparable 
in infiaiiiTUMbility to xiaper. It is not so hygroscopic as regular cellopliane. 

Varnish-treated Cloth, usually muslin, is w'idely usihI as an insulating material. It is 
sometimes known as varnished cambrii; or empire cloth. It enters the manufacture of 
cloth insulated cables, is used as coil wrappings, especially on cnid turns of rotating ma¬ 
chines, and in conibiiiation with paper as lining for coil slots. Coil terminals on largo 
transformers are tailed with varnished cloth. 

The fabric; is most commonly an unbleached cotton (doth of 60 by 64 threads per inch 
and in various thickness from 0.005 to 0.015 in. Treatment consists of impregnating and 
coating w'ith varnish. This is done in a tower through wdiich the cloth passes continuously. 
It passes through successive varnish baths and is dried by hciat between dips. When it 
emerges it has had from two to four dips and bakes. The varnishes used are generally 
natural oil variii.shes of two types, tan doth ^'arnisll or black. The tan is somewhat more 
oil proof and less moisture proof than the black. The black is usually asphaltic but can 
bo made satisfactorily oil proof. The dielectric properties of black <;loth are generally 
superior to those of tan. Black cloth finds extensive application in cable manufacture. 
For this purjiose it must possess low' pow'cr factor and small losses. The surface coat of 
varnish may be made: relatively hard and sracjoth; taeky so that, in taping, successive 
layers will stick together; or greasy so that layers of tape on irregular forms will slip into 
place easily'. Table II gives the dielectric strengths of some treated insulating fabrics and 
papers. 

Wood. Dry wood is a good dielectric and possesses the advantages of low cost, light 
weight, and strength with toughness. Probably the most frequently used woods are 
maple and hickory. White pine is a good insulator, especially when oil treated, but is 
not strong. Wood is generally treated with oil (linseed, tung, or transformer) or sorao 
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wax or eum to fill the pores and keep out moisture. For use in air it is frequently given a 
finish of baking varnish. 


Table 11. Dielectric Strength of Some Insulating Fabrics and Papers 



Asbestos cloth, varnished. 

0.047 

3,780 

80 

Asbestos tape, varnished. 

.037 

3,145 

85 

Cambric tape, varnished, black, bias. 

.010 

13,640 

1364 

Cambric tape, varnished, tan. bias. 

.010 

11,515 

1151 

Cambric, rolls, varnished, black, straight. 

.010 

13,320 

1332 

Cambric, rolls, varnished, tan, straight. 

.007 

7,850 

1121 

Drilling, rolls, varnished, black, flexible. 

.020 

9,250 

462 

Duck, rolls, varnished, black, flexible. 

.030 

8,947 

298 

Friction, cloth tape, commercial. 

.015 

3,290 

219 

Friction, cloth tape, bias. 

.015 

1,480 

99 

Friction cloth. 

.024 

1,815 

76 

Silk, oiled. 

.004 

4,450 

1112 

Surgical tape, varnished. . 

.023 

1,240 

54 


Treated Papers 


Asbestos paper, shellac 1 side. 

.010 

2,120 

212 

Asbestos paper, shellac 1 side. 

.029 

2,610 

90 

Express paper, paraffin 2 aides. 

.008 

5,370 

671 

Fishpaper, shellac 1 side. 

.003 

1,710 

570 

Fishpaper, paraflin 1 side. 

.010 

8,840 

884 

Fullerboard, shellac 2 sides. 

.013 

3,390 

260 

Fullerboard, varnish 2 aides. 

.035 

13,130 

375 

Japanned paper, shellac 2 sides. 

.003 

1,136 

379 

Kraft paper, tan, shellac 1 side. 

.0045 

1,270 

282 

Rope cement paper, varnish 2 sides. 

.008 

9,746 

1218 

Rope cement paper, shellac 2 sides. 

.016 

8,850 

553 


Cloths and papers tested flat between 2-in. circular electrodes. Average of 10 breaks. 
(60 cycles.) 

Tapes tested by wrapping on 1-in. diameter rod in half lapped layers. Average of 10 breaks. 
(60 cycles.) 

Fiber is pure cotton cellulose chemically treated to form a hard bone-like material. 
It is known by various trade names such as Fiber, Vulcanized Fiber, Hard Fiber, Horn 
Fiber. Fiber of best quality has its origin in old rags because the natural oil of the virgin 
cotton fiber is deleterious and cannot be easily removed by chemical processes. This oil 
is removed in the wearing and washing of the garment. All dirt and grit must be removed 
from the rags. The quality also depends on the softness of the rags. 

" Vulcanized Fiber sheets are made by passing cotton rag paper through a strong acid 
or zinc chloride bath and rolling it up on a large drum where each layer of paper sticks to 
the layer beneath it. When the proper thickness is obtained the acid-soaked material is 
cut from the drum and cut in half, forming two sheets of raw fiber. These sheets are put 
through a soaking process in large wooden tubs, each subsequent tub containing a weaker 
solution, the last tub containing pure water.” (Catalogue of the Continental Fiber CvO.) 

The soaking process requires from one week to one year depending on the thickness of 
the sheet. A very small amount of acid or chloride will remain in spite of all the soaking. 
The sheets are air dried and seasoned at a constant temperature. During the drying, they 
warp and shrink to one-half the original thickness. They are flattened in a steam-heated 
hydraulic press and then calendered to exact thickness. 

According to Almy, the mechanical and physical properties of fiber vary between wide 
limits according to the manipulation of the chemical treatment and the var 3 dng quality 
of the original paper or rags. A fiber for a particular use should therefore be selected with 
great care. 

Fiber is not waterproof. Dilute acids and alkalies cause no other effects than water, 
but concentrated acids cause disintegration. Organic solvents and oils have no effect 
whatever. At a sustained temperature of 80 to 100 deg cent it loses its water of condition 
and becomes brittle and it chars in a short period of time at 200 deg cent. 

Fiber is widely used because of its strength, toughness, and comparatively high insulat- 
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ing values when dry. It is easily formed and machined. It resists the action of arcs on 
the surface to a great degree. 

Table III gives the N,E.M.A. epecihcations for hard fiber. 

Table III. N.E.M.A. Specifications for Hard Fiber 

Minimum Tensile Strength at 20® C Minimum Transverse Strength 

(Lb per sq in.) (Lb per sq in.) 


Grades 

Bone 

Commercial 

Thickness, 

in. 

Cross- 

wi.se 

Length¬ 

wise 

Cross¬ 

wise 

Length¬ 

wise 

Up to Vs inch 

6 >00 

8300 

6000 

8000 

Vs to 1/2. 

6000 

tidOO 

5500 

7500 

Over 1/2. 



5500 

7000 


Commercial 

Grade 

Crosswise 

Lengthwise 

l.oad ;ipplicd on. .. 
1/2 thick and over 

Face or edge? 

11,000 

Face or edge 

13,000 


Adopted Standard 9'24-1926. 


Minimutn Dielectric Strength for Thin-weight 
Minimum Dielectric Strength Fiber and Fisli Paper 


All Grades, in. 

Volts per Mil 

Up to Vl6 iucl. 

Over Vl6 t« Vs iwcl. 

Over Vs to 3/8 incl. 

Over 3/8 to 1/2 iocl. 

Over 1/2 at least. 

175 

150 

100 

50 

25,000 total 


ThioKU.'ss, in. 

Volts per Mil 

0.004 to 0.005 iucl.... 

200 

Over 0.005 to 0.015 incl. . .. 

300 

Over 0.015 to 0.040 incl. . . . 

250 


Adopted Standard 10-22-1930. 


Maximum Water Absorption, 

Percent Change in Wciglit 

After 1-hour ImrnerHion Minimum Brinell IIardn(*ss Minimum Specific Gravity 


Thiciiness, in. 

Bone 

Com¬ 

mercial 

1/4 in. and 
over. 

15.0 

10.0 




Thickness, in. Bone 

mercial 

Up to 


Vie. 1.30 

1.05 

Vie to 1/2 


incl. 1.30 

1.10 

1/2 to 1. 

1.05 

1 and over. 

I.OI 


Adopted Standard 12-9-1930. 


Thickness, in. Bone 

Com¬ 

mercial 

Up to Vie incl. 45.0 

65.0 

OverVietol/s 20.0 

35.0 

Over Vs to 3/8 10.0 

15.0 

Over 3/8. 5.0 

10.0 


32. RUBBER AND RUBBER SUBSTITUTES 

Rubber is derived from the milky secretion or latex of certain tropical trees, creepers, 
and shrubs found chiefly in America, Africa, Ceylon, and Malacca. When these plants 
are tapped, a thick milky-looking fluid or latex exudes from them. This latex is composed 
of very minute oil-like refractive globules, varying in size, which are in a state of rapid 
Brownian movement in a clear transparent liquid, called the serum. Besides these caotU- 
chouc globules, or rubber-gum proper, the serum contains resins, protein, enzymes, and 
various organic and inorganic compounds. Rubber or India rubber is the dried-up or 
coagulated latex. The beat rubber is from a tree known as the Hevea braailiensie, and is 
known as hevea rubber. It grows wild in Brazil and is cultivated in Ceylon and the 
Malay Peninsula. In Brazil coagulation is effected principally by dry heat or smoking. 
A wooden paddle is dipped in the latex and held over a smoky fire until the latex has 
coagulated. This process is repeated until the caoutchouc layers have become sufficiently 
thick, when the lump of raw rubber is cut off, dried for several days, and dispatched usually 
as “ fine Para biscuits ” to a trading center. The plantation rubber is coagulated in 
sheets by means of acetic acid. If subsequently smoked it is known as smoked sheets. 
Para enterfine, Negro Heads and Sernamby are usually prepared from fine Para rubber 
which adheres to the tree during tapping or to the vessels containing the latex. A rela¬ 
tively recent development is the shipping of the preserved latex in the liquid form. This 
may then be treated to precipitate the rubber particles, or used directly for impregnation 
of cords or fabrics. 

Manufacture of Rubber Insulation. The washed, dried rubber is passed between heavy 
rollers and flattened into thin sheets. It is then cut into small pieces and again passed 
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through the rollers with a large proportion of fine powder consisting usually of inert 
mineral substances, waxy hydrocarbons, and sulfur. The mixture is thus masticated 
until all its constituents are thoroughly mixed and a smooth homogeneous paste obtained. 
This process is known as compounding. 

Fillers Used in Compounding Rubber. Experience has shown that 60 or 70 per cent of mineral 
611er, or even a greater proportion of rubber substitute, may be added to rubber gum, before the 
essential qualities of the rubber cease to predominate. The majority of commercial 30 per cent 
insulating compounds have compositions which fall within the following limits. 

In addition to the above fillers, from 2 
to 4 per cent of sulfur is added to the com¬ 
pound, the greater part of which combines 
with the rubber in the vulcanizing process 
(see below). 

Barium sulfate, sublimed white lead, 
lead carbonate, lampblack, talc, magnesium 
carbonate, red lead, barium carbonate, and 
other substances arc also used in small 
quantities. Talc is often objected to, as 
making the compound porous, and lampblack, as rendering analysis diflScult. 

Applying the Rubber Compound to Wires. The rubber compound is applied to the wire by 
“ tubing ” niachines, or is applied in strips, and the wire thus covered with the compound is coiled 
up ready for vulcanizing. 

Vulcanizing Rubber. If exposed for.a long time to air and sunlight, rubber loses its elasticity 
and finally oxidizes completely into resinous matter soluble in acetone. By vulcanization, however, 
rubber is rendered more or less immune from deterioration by weathering. Vulcanization is the 
chemical union of rubber gum with sulfur. It takes place at a temperature of 248 to 302 deg fahr. 

The coils of wire, covered with the compound as above described, are placed in a suitable chamber 
to which steam at the proper temperature is admitted. The time required for vulcanization depends 
upon the thickness of the insulation, the nature of the compound, the temperature and pressure of 
the steam, etc., ranging from 2 to 8 hours. 

Sulfur Required for Vulcanization of Rubber. The amount of sulfur required to produce vul¬ 
canization varies with the brand of rubber and the nature of the compounding materials with which 
it is mixed. The ratio of the weight of combined sulfur to the w'eight of caoutchouc, which is 
insoluble in acetone, is called the vulcanization coefficient. The highest grades of 30 per cent hevea 
insulation usually have a coefficient between 5 and 10 per cent. 

The vulcanization of some brands of rubber cannot be acconiplished without either an excess 
of sulfur or the presence of excessive quantities of some mineral accelerator, such as red lead. Such 
rubber is to be avoided where permanency is an important consideration. It does not follow from 
this that red lead in reasonable aniounts is a detrimental ingredient. 

Certain classes of organic compounds are used in small amounts to accelerate the cure greatly, 
Oius largely decreasing the investment in molds and ovens for a given production. Anti-oxidants 
such as aniline and related compounds, are often added to the mix to resist the action of corona, 
thus iucreasirig the useful life of the article made from the mix. 

Specific Resistance of Rubber. The specific resistance of 30 per cent hevea rubber 
compounds is exceedingly variable, depending largely upon the success with which steam 
is prevented from condensing in the insulation during vulcanization. The megohm-miles 
are usually computed from the following formula: 

M = KIoRioy 
a 

where M = insulation resistance of a cable, megohm-miles. 
d — diameter of cylindri(;al conductor. 

D = diameter of cable over its insulation. 

K = 5.8 X (millions of megohms per inch cube at 60 deg fahr). 

The value of K varies from 3000 to 7000, the usual specification value being 4000 for 
30% hevea compounds. 

The specific resistance is not an indication of the quality of rubber insulation as it 
depends more upon the dryness, the proportion of mineral wax, and the degree of vul¬ 
canization, than upon the quality of the ingredients. When the megohms are low they 
can almost invariably be raised Viy drying the insulation in a desiccator. The specific 
resistance of very poor-quality rubber compound, however, sometimes is so low that, 
when a cable lies in damp earth, sufficient leakage current may flow to permit the passage 
of water by endosmose, when the conductor is negative to the ground. 

Dielectric Strength of Rubber. The disruptive strength of rubber insulation is gen¬ 
erally given as between 350 and 450 kv per in. or about 140 to 180 kv per cm effective a-c 
values. The pressures w^hich should be used in commercial testing do not depend entirely 
upon the dielectric strength of the rublier, as air in the rubber or between the rubber and 
conductor or between the rubber and ground becomes ionized at a pressure of about 30 


Ingredient 

Percent 


30-32 

Whiting. 

0-30 

Zinc oxide. 

28-67 

Litharge. 

1-12 

Ozokerite or paraffin. 

2- 4 
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kv per cm with consequent generation of ozone, which ra|:>idly oxidizes and destroys the 
rubber. This does not occur with piii>er insulation IxH^ause tlie impregnating oil precluded 
the possibility of air spaces; and no harm results in the case of varnislied cambric because 
it is not seriously attacked by ozone. Hence test pressures for rubber insulation must be 
based upon experience rather than upon theory and. if sufficiently high to permit ionizii- 
tion of the air, should not last long enough to ponnii the formation of an appreciable 
amount of ozone. 

Specific Inductive Capacity of Rubber. T'he specific inductive capacity of pure rubber 
is about 2.3 (Floy), but the vulcanized compounds used for insulation have specific capaci¬ 
ties ranging between 3 and 5, the latter value bc'ing nearer the averjige. The specific 
capacities of several compounds of stated composition are given by K. Jona (St. Louis, 
1904), but they cannot be considered as reprcseiitati\e of American practice. 

Gutta-percha is derived from the milky secrctioii or lal.c'x of tlie bark of certain trees 
of the order of Sapotacea3, especially the Di<‘hopsia Gutt.a, found chiefly in the Straits 
Settlements and Malaccan Archipelago. The trees are felled immediately after the rainy 
season, and the gutta or gum collected as it exudes from incisions in the bark Latex is 
also extracted from the leaves by digesting them in toluol. However it niay Ixi extraeU‘d, 
the latex is boiled in water and it is then ready for export. Gutta-pendia is l)ccoming 
quite scarce, and practically the whole available Kupi>ly is used by British cable makers. 

The chemical composition of gutta-pendia is rcpreeeiited liy the formula GkH,*. U 
resembles dark brown leather at tomperaturos between 0 ami 27 deg (vnt. At higher 
temperatures it softens, and at fi.') deg cent it is plastic and capable of being molded or 
rolled. On cooling it returns to the non-plastic condition. 

(lutta-p)ercha oxidizes when exjjosed to the air, changing frr*ni dark brown or black 
to yellowish gray and becoming brittle. 

Preparation of Gutta-percha Insulation. I'or insulating purposes gutta-percha is 
shredded and squt^ezed in warm water. It is then kneaderl and strained through fine wiro 
gauze and rolled into sheets. Its further refinement is carried on difTorontly by various 
manufacturers, the processes being more or less trade soerela. Like rubber it is applied 
to the wire either by a tubing machine or by strips. Unlike rubber it is used in the puro 
state without mixture with minorab Gutta-percha is less porous than rubber and tlv'n*- 
fore more waterproof, a <iuality which makes it the Iwst material for submarine cables. 
Its specific gravity is just above unity. 

Specific Resistance of Gutta-percha. The constant K in the formula 

M = K lOK y 

a 

has the value 900 approximately, at 75 deg fahr after 1 min electrification. 

Temperature Coefficient of Resistance of Gutta-percha is of the same nature as that 
of rubber, i.e., , 

Rr = 

where Ry;, is the resistance at 75 deg fahr, Rt the resistance at T degrees fahrenheit, and 
C a constant which varies from 0.005 to 0.085. 

Effect of Pressure upon Resistance of Gutta-percha. Gutta-percha l>cing used i>rin- 
cipally for submarine cables, the effect of pressure is important. Hosistance and pci- 
mittaiiee decrease somewhat with increase in pressure, substantially in proi>ortic)n to Iho 
change in density with pressure. 

Duprene is a synthetic rubber developed by the Dupont Co. It is a chlorinated deriva¬ 
tive of acetylene, and is similar in molecular structure to rubber. The advantages of 
Duprene are its resistance to age brittleness and to the action of oil. The material is per¬ 
manently flexible and in accelerated aging at high temperature shows superiority to 
rubber. Light mineral oils soften Duprene somewhat but not as seriously as they do 
rubber. It may be obtained in sheets and is used chiefly for gaskets. 

Thiokol, chemically olein polysulfide, derived from natural gas, is an oil proof rubV>cr 
substitute made by the Thiokol Corp. It is unaffected by oil, gasoline, or similar mate¬ 
rials. In accelerated aging tests, its life compares with that of high-grade long-life rub¬ 
ber. The “cold flow” under pressure (as in a gasket) is greater than that of cither rubl>cr 
or Duprene. Because of the composition, Thiokol produces corrosion in contact with 
copper; and with transformer oil, sludging and acid formation result. It cannot bo used 
as transformer gaskets with ordinary designs. The chief application is for oil and gasoline 
hose. It may be used as a surface layer over rubber for gaskets on lubricating oil and 
gasoline containers. Also, an outside coating of thiokol on rubber-insulated cables ia 
valuable where cables are subjected to oily conditions. 
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33. PLASTIC INSULATING MATERIALS 
Synthetic Resin Products 

Synthetic Resin Products. (Soe also Resins under Paints, Enamels, Varnishes, 
Lacquers, pp. 12 - 54, et seq.) In recent years great advances have been made in the manu¬ 
facture of countless varieties of insulating products using some organic filler (cloth, paper, 
or other fiber) bonded with some type of synthetic resin. The first important material of 
this type was Bakelite, developed by Dr. Bakeland. This is a condensation product 
resulting from the combination of phenol and formaldehyde under certain conditions. 
The resin in its initial state is thermoplastic and soluble in alcohol-benzol solvent or 
acetone. Further heat will polymerize tlie resin and render it insoluble and infusible. 
In treating materials with Bakelite, the first stage is used in varnish form and the impreg¬ 
nated filler is then pressed with accompanying heat to cause polymerization. 

Many other resins have been introduced since Bakelite was developed. Some are 
modifications of the phenolic class, but many are of other distinct types. A useful series 
of resins is known as Glyptal. These are made of glycerin and phthalic anhydride. 
Other types are resorcinal-formaldehyde, furfural-formaldehyde, vinyl resins, and urea 
resins. Some are permanently thermoplastic; others are infusible. The urea resins have 
the advantage of being more nearly colorless, so that light shades of color for decorative 
purposes are possible. 

Synthetic resin products are usually water and oil proof and resist mild acids and 
alkalies well. Their electrical properties are in general good, being dependent to an extent 
on the typo of filler uscjd. 

The physical forms of resin products are many: 

(a) Resin alone can be molded for ornamental objects such as umbrella handles. It 
is clear or translucent and can be colored, if desired, by dyes or pigments. 

(5) Paper or cloth, impregnated with resin and molded in layers, is used for making 
plate, tubing, angles, channels, etc. 

(c) Essentially homogeneous fillers such as wood flour, asbestos fiber, chopped cloth 
may l^e mixed with dry resin and molded into intricate shapes. The mixture (filler and 
dry resin) is usually called a molding powder. 

Synthetic resin varnishes are also used for impregnating coils and other parts in a 
manner similar to regular varnishes. Baking completes the polymerization. 

Low-grade molding compositions are used for parts not highly stressed either mechani¬ 
cally or electrically. They made be made of a large variety of finely divided materials 
mixed with shellac, gums, pitch, sodium silicate, etc. 

Properties of laminated phenolic sheet and laminated tubing are given in Tables IV 
and V, respectively. 


Table IV. Properties of Laminated Phenolic Sheet Materials (N.E.M.A. Standards, 1931) 




Average 

Tensile 

Average 

Flexural 

Average Dielectric 
■Strength, volts 
per mil 

1,000,000 Cycles 

Mois¬ 

ture 

Grade 

Description 

Strength, 
lbs per 1 
sq in. 

Btreugth, 
lbs per 
sq in. 

Short 

Time 

Step 
by Step 

Power 

Factor 

% 

B.i.c. 

Die¬ 

lectric 

Loss 

Factor 

Absorp¬ 
tion, % 
in 24 hr 

X 

Paper base 

12,000 

21,000 

700 

500 




4.0 

P 

Paper base 

8,000 

15,000 

600 

400 




4.0 

XX 

Paper base 

8,000 

16,000 

700 

500 

4.5 

5.5 

0.25 

1.3 

XXX 

Paper base 

7,000 

15,000 

650 

450 

3.5 

5.0 

0. 18 

1.0 

c 

Heavy fibre base 
for mechanical 
purposes 

10,000 

20,000 

150 

100 

10.0 

7.0 

0.70 

1.7 

CE 

Heavy fabric base 
electrical and 
mechanical 

9,500 

19,000 

425 

275 ’ 

5.5 

5.5 

0.30 


L 

Fine weave fabric 
mechanical 

10,000 

20,000 

150 

100 

10.0 

7.0 

0.70 

1 

1 2.0 

LE 1 

1 

Fine weave fabric 
electrical and 
mechanical 

9,000 

19,000 

500 

300 

4.5 

5.0 

0.22 

1.2 
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Table V. Properties of Typical Laminated Tubing 


Description 

Color 

Specific 

Gravity 

Water 
Absorption, 
% Increase 
in Weight 
After 24 hr 

Ultimate Strength, 
lb per sq in. 
Axial Stresses 

Dielectric Strength 
Vl6 Wall, 
volts per mil 

Tensile 

Compres¬ 

sion 

In Oil 

In Oil 
After 24 
hr in 
Water 

Kraft paper and syntbetic 
resin. Applications where 
machining (pialities are 
desirable. Superior me- 
chanical and electrical 
properties. Special tools 
for shapes other than 
round. 

Dark 

tan 

1.29 

3 

11,000 

20,000 

1000 

800 

Kraft paper and shellac. For 
general use (except brush 
holder tubes) under 75 
deg. cent. Will collapse at 
100 deg. cent., unless me¬ 
chanically supported. Re¬ 
sists arcing slightly more 
than phenolic materials. 
Made in round and other 
shapes. Not baked. 

Brown 

1.12 

1 

55 

8,000 

7,000 

800 


Fine weave fabric and syn¬ 
thetic resin. W'hcre extra 
strength and high impact 
are desired. Has lowest 
moisture absorption of 
any grade, and is pre¬ 
ferred for most chemical 
applications. 

Tan 

1.25 

2 

5,800 

22,000 

350 

300 

Kraft paper and synthetic 
resin. 

Black 

1.29 

3 

11,000 

20,000 

650 

500 


Waxes 

Several waxes, mostly of mineral origin, arc used as impregnating materials. They 
have the advantage when melted of penetrating fibrous insulation and making it moisture 
proof. Since they are made liquid liy heating, no difficulty is presented in the evaporation 
of solvent, as with varnishes. Most waxes are not oil i»roof. Natural waxes are com¬ 
posed of carbon, hydrogen, and oxygen. The mineral waxes differ in having no oxygen. 
Some of the most useful waxes are desiTibed lielow. 

Montan Wax is a mineral wax derived from lignite. It has a sharp melting point 
(75-80 deg cent) and is very fluid w^hen melted. Density at 25 deg cent is 0.90 to 1.00. 
Frequently, when used for coil impregnation, it is mixed with asphalt gums io give increased 
fluidity without lowering the melting iioint. 

Mineral Wax (p(jtroleum) has a melting point of 37.5 deg cent and resembles a very 
viscous petrolatum. It is used as a substitute for beeswax in the impregnation of radio 
coils and capacitors. It gives good moisture iiroofing and low dielectric losses. 

Beeswax, sometimes mixed with rosin, is used for the impregnation of radio coils and 
various wire coverings. It has the advantage of avoiding solvents, is very fluid when 
melted, and has excellent dielectric properties. Density is 0.96 to 0.97 at 15 deg cent. 
Melting point is 62 to 64 deg cent. 

Halowax, a halogenat«d naphthalene, is an excellent wax dielectric used widely for 
capacitor insulation. It is also flame resisting and enters the composition of preparations 
applied to insulation such as cable braid. 

Paraffin. The grade of paraffin most common for impregnation has a melting point 
50-52 deg cent. It is used to exclude moisture from fish paper, wood, cotton insulation 
on coils, and other applications where the operating temperature is low. Paraffin, being 
usually a petroleum product is not oil proof. Specific gravity 0.85 to 0.95, and s.i.c. 
1.9 to 2.3. 
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Ozokerite is a natural mineral wax, related to petroleum products. It may vary from 
white to brown in color, depending on degree of purification. One purified form is called 
cercsine wax. The specific gravity at 25 deg cent is 0.85--1.00, and the melting point is 
60-95 deg cent. Some impregnating compounds contain this type of material. 

Gums, Asphalts, Etc. 

Fossil Gums. A numerous group of so-called “fossil gums” have found considerable 
appli(;ation both in insulating compounds and as major constituents of varnishes. Among 
these may be mentioned acroides, dammar, and copal as typical. Gum acroides is soIuIjIo 
in alcohol and sometimes serves as a sulistitute for shellac, but is more brittle. Copal 
is used in a variety of compounds. It is also a shellac substitute, being cheaper but 
having less adhesion. It does possess the advantage, however, of resisting change in 
flow with continued heating. It docs not polymerize as readily as shellac, and is fre¬ 
quently used with powdered shellac to provide good flow properties for coating mica. 
For other forms of mica products, copal is employed in the compounding of “sticking” 
varnishes. 

A common typo of oil-proof impregnating compound consists largely of copal gum, 
castor oil, and sometimes rosin. It is amber in color and is used for transformer coils, 
magnet coils, and other apparatus where varnish is not suitable. 

Asphaltic gums, both natural (giisonitc) and that made from distillation of petroleum, 
are very valuable as insulating materials. They range in consistency from viscous tar¬ 
like substances to hard, glossy black brittle grades. They may be comliined with oils, 
other gums, or resins in many impregnating compounds. Asphaltic materials are quite 
moisture resistant, are unaffected by ordinary acids or alkalies, but are generally oil 
soluble. They cannot be used, therefore, with transformer oil but are excellent for coils 
opcjrated in air. Natural asphalt is a mixture of hydrocarbons, brown to black in color, 
with a density 1.04 to 1.40 and s.i.c of 2.7. It starts to soften at about 70 deg cent and 
is liquid at 90 100 deg cent. Asphalt impregnating compounds give more comidete filling 
of deep coils than varnish, and lieing melted for use, require no removal of solvents. 

Stearin Pitch. This material has a high melting point, 110 deg cent, andis very low 
in volatile matter. It also possesses flame-resisting characteristics. It is an ingredient 
in mica bonding compounds. 

Pine Tar, derived from yellow pine distillation, is permanently plastic and is therefore 
very valualilo as a flexibilizer. It is a component in s^iirit and sticking varnishes and in 
filling and scaling compounds. 

Solventless Varnishes. A recent addition to impregnating compounds of a semi- 
solid type is made in the same manner as insulating varnish (see Insulating Varnishes) 
except that the final dilution with solvents is omitted. The material is about the con¬ 
sistency of medium asphalt, will just flow at room temperature, and is considered 100 
per cent solid. Impregnation is done l>y heating, to increase fluidity. The difficulty 
of evaporating solvents, which is a i>roblem with usual varnishes, is thus eliminated. 

Shellac (see shellac under Liquid "Insulating Materials) obtained from a natural 
resin, secreted liy insects, is used both as a spirit varnish and as a gtim. Powdered shellac 
is used ill a number of hot-molding compounds when mixed with a filler. Liquid or 
I)owdered sliellac? is also iroated on paper for making insulating bushings and tubing. 
Vv hen roiled, heat is applied to melt the shellac and drive off any residual solvent. Melted 
shellac is sometimes used for impregnation. It changes to an infusible state if heated 
for long periods, however, and cannot be readily used in large vats kept hot for impregnat¬ 
ing work unless replenished frequently. 

34. LIQUID INSULATING MATERIALS 
Natural Oils 

Linseed Oil, an impregnating material and a major constituent of paints and varnishes, 
comes from flaxseed. The specific gravity at 15 deg cent is 0.934. Linseed oil dries prin¬ 
cipally by atmospheric oxidation, finally to a hard gum. With “ raw ” linseed this process 
in air is quite slow. “ Boiled ” oil will oxidize fairly rapidly in air. The action is acceler¬ 
ated by heat or chemicid driers. Linseed oil is frequently employed to impregnate wood, 
making it moisture proof and capable of withstanding exposure to the weather. Impreg¬ 
nation is usually done hot (00 deg cent) to aid in penetration. Baking oxidizes the oil 
to give a satisfactory surfa(!e coat. 

Tung Oil (China wood oil) comes from the nuts of an oriental tree, and its main appli¬ 
cation is in the manufacture of varnishes. It hardens chiefly by polymerization rather 
than oxidation, thus differing from linseed oil. It may be used for impregnating coils 
or wood. 
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Non-drying Oils, such as castor, rosin, or olive oil, are good insulators, but are almost 
alv^ ays combined with other materials. 

Mineral Oils are used mainly in transformers, induction regulators, and circuit 
breakers. In transformers and induction regulators, the oil provides an electrical insulat¬ 
ing medium which also will carrj'^ the heat away from the windings. In circuit breakers, 
the oil serves primarily as an electrical insulating medium which interrupts the arc when 
the circuit breaker operates. The requirements for insulating oil lor transformers and 
induction regulators are not inconsistent wdtb those for oil for service in circuit breakers, 
and hence a single oil will often meet all requirements satisfactorily. Some special 
switches require a different grade of oil with respect to viscosity, but the properties in 
general are not materially different. 

The Primary Requirements for Transformer and Induction Regulator Oils aro as 

follows: 

High dielectric strength; freedom from inorganic acid, alkali, and corrosive sulfur to 
prevent injury to insulation or conductors; low viscosity to provide good heat transfer; 
good rcsistanco to emulsion, so that the oil wdll throw down any moisture entering the 
apparatus instead of holding it in suspension. (Water in suspension is a menace to safe 
operation.) 

The Primary Requirements for Circuit Breaker Oils are as follows: 

High dielectric strength; freedom from inorganic acid, alkali, and corrosive sulfur, 
to prevent injury to insulation or conductors; Ioav viscosity to aid in dis^'qmting the arc 
when the circuit is interrupted; low freezing point to insure proper fluirlity at all operating 
temperatures; good resistance to emulsion so that any moisture entering the apparatus or 
carbon formed by arcing will settle to the bottom of the tank. 

Properties of Mineral Oils. It has not Ih'oii found feasibk; to cover the performance 
of an insulating oil completely by speciheation. Changes in oil with temperature and 
time cannot always bo fon'told from physical or chemical tests on the oil. Certain char¬ 
acteristics, however, are indicative of sativsfactory oil as far as laboratory tests can deter¬ 
mine. The following values may be taken as representative of acceptable unused trans¬ 
former oil wliich is also suitable for most circuit breakers. 


Specific gravity. 0.S98 at 15.5 dog cent 

Flash point. 1112 dog cent 

Fire point. 149 deg cent 

Viscosity (Saybolt). 57 sec at 40 deg cent 

2S() sei^ at 0 d(^g cent 

Pour test. —45 . () deg cent 

Dcmulsiliility (rosisiance to emulsion value).... 25 see 
Neutralization value. 0.03 mg. of KOH per g 


Insulating Varnishes. Sec also Paints, V.arnishcs, Enamels, and Lacquers, p. 12—50. 

A Varnish is generally considered as a solution of gums (fossil or synthetic) in (1) vola¬ 
tile solvents, e.g., spirit varnishes, or (2) drying oils, e.g., oleoresinous varnishes. 

Spirit Varnishes arc generally those composed of shellac (various grades) or synthetic 
resins dissolved in alcohol or other volatile solvents. They aro valuable for rapid air¬ 
drying applications and are better for fitiishes or surface coatings than for iinprognating 
purposes. They commonly possess low flexibility and good cementing properties. 

Oil and Asphaltic Varnishes consist of varniali gums or resins, such as copal, succin, 
dammar, or mastic, combined with a vehicle compounded from linseed oil and tung oil. 
In black varnishes, clear gums arc replaced by asphaltic materials or pitches. The drying 
time is governed by the proportion of gums and oils and by the quantity of oxidizing 
agents or driers in the varnish. The greater the proportion of oils, the longer the drying 
time. 

Some of the quick air-drying lilack varnishes may contain no drying oil. Such var¬ 
nishes are of neither the oil nor the spirit type and may be tenned “asphaltic varnishes.” 
They may consist of an asphaltic base and solvent derived from petroleum or coal tar. 

For most electrical w^ork the following varnishes cover the requirements satisfactorily; 
a clear and a black varnish for both air drying and baking, and a plastic coil impregnation 
varnish, making five varieties. These varnishes arc useful as well for finishing apparatus 
(metal and insulation) or to provide good appearance and a surface easily kept clean. 

Air-drying varnishes do not produce so hard a moisture-resistant coating as baking 
varnishes under usual conditions but arc necessary for apparatus that cannot Vio baked or 
for repairs away from the factory. The black varnishes are generally more moisture 
resistant than the clear but are less oil resistant. The dielectric properties of the black 
varnishes are somewhat superior to those of clear varnishes. Table VI gives the proper¬ 
ties of the common insulating varnishes. 
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Applications 

Plastic insulator for 
colls and stators 

For coils, armatures 
and wound appara¬ 
tus. Also finish 

For wound armatures 
and cloth finish 

General use where 
baking cannot be 
done 

General use where 
baking cannot be 
done 
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Varnish 
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Requirements for Insulating Varnishes. Varnishes to be satisfactory must possess 
desirable properties in all three states—as a liquid, during drying, and when solid. The 
most important characteristics to consider are: 


Liquid 

Color 
Viscosity 
Specific gravity 
Per cent solids 
Nature of solvent 
Penetration 
Flow 

Tendency to skin in tanks 


While Drying 
Spreading 
Draining 
Drjdng time 

Relation of surface to subsur¬ 
face drjdng 

Chemical action on metals or 
insulating materials 


Solid 

Hardness 
Toughness 
Cementing ability 
Dielectric strength 
Softening temperature 
Resistance to water, oil, 
chemicals 


It is not possible to combine in one varnish the maximum degree of all desirable attri¬ 
butes. There are, therefore, a number of useful types of insulating varnish, adapted for 
particular needs. For example, it is not yet (ItKifi) jiossible to make a quii;k drying varnish 
that has the ultimate degree of flexibility and hciit life, further, a plastic varnish is not 
considered the best for a hard surfa(!e finisliing material. 

Application of Varnishes. Varnishes may be aiiplied by brushing, dipping, or spraying. 
Coils are usually dipped for 8ufficic?nt time to drive out air, then drained, and then baked, 
The temperature of baking deiiends on many factors such as lime allowable, typo of mate¬ 
rial, etc. Short time baking (15 min) may be done up to 20v> deg cent. A more usual 
temperature for baking time of 1 to 3 hr is 150 deg cent. Good oven cirtaibition to remove 
solvent and thus hasten drying is important. Vacuum drying of coils is frequently em¬ 
ployed to remove moisture and air. The impregnating material may bo admitted to the 
tank while under vacuum to prevent entrapping air. 

Wire Enamels. Certain special insulating varnishes, called wire enamels, are used in 
coating wires with an insulating film. Most of them are compostnl of fossil gums com¬ 
bined with drying oils. They differ from usual insulating varnishes in containing loss oil 
(linseed and tung) and arc thinned with coal-tar solvents quite similar to kerosene. 

In the coating operation, the wire is jiassed successively through the tank of liquid 
enamel (“ dope pan ”) and vertically through a baking f^hambor, over sheaves, and then 
the cycle is repeated. P^rom three to six layers are apjilicd, de}>emling on si/.e of wire and 
service required. Baking is best done by controlled electric, heat in the range 4()l)-500 
deg cent. The speed of wire travel depends on height of baking oven, temi>oraturc, and 
size of wire. Heavy wires (No. 10 B. &S.) may travel 12 ft per min, whereas fine wire 
(Nos. 40-44 B. <fe 8.) may pass through at SO ft per min. 

Common Ameri(;an enanuds are mahogany red in color when properly linked. Color 
is a fair indicator of degree of bake or cure, but it is not infallible since it changes with 
time. Underbaked wire ((!opper red) is tougher and wdll elongate without rupture of 
enamel, but may be loss resistant to abrasion and not oil proof. On the other hand, a 
bla(!k wire (overbaked) will probably lie brittle but harder and more oil resistant. A 
good wire enamel properly liaked should: 

(a) Produce a uniform coating, no beading, and no tliin spots; (h) lie flexible to with¬ 
stand elongation in coil winding and show no breaks wdien wdre is stretched to breaking 
point ; (c) be resistant to abrasion ; (d) have reasonably high dielectric strength (1500 volts 
per mil); (c) withstand hot oil and varnish, e.g., withstand varnish at SO deg cent for 16 
hr without softening; (/) have long life. Elongation should not decrease appreciably 
when wire is stored for 0 months. 


Solvents 

Solvents. It is important to know the insulating characteristics of ordinary solvents, 
since some quantity of solvent is usually still present after coils are baked or insulating 
structures finished. 

Because of its high affinity for water, alcohol must be thoroughly removed from spirit 
varnish impregnation. In deep coils this is difficult, and drying must be done carefully. 

Turpentine, benzine, toluol, benzol, and related solvents do not mix with water and 
are good insulators. It is not, therefore, required for insulating reasons that all solvent 
be completely removed in impregnation processes. Evaporation will continue for some 
time. For mechanical reasons (to prevent throwing of “ wet ” varnish or distortion of 
coils) it is important to carry evaporation far enough to produce a hardening of the varnish 
or compound. Under some conditions, organic acids develop in ** wet ” varnish. 
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Gases 

Gases, when stressed below rupturihg gradients, are excellent insulators. Their s.i.c. 
under normal atmospheric conditions is nearly the same as tha*t in a vacuum, being less 
than 1 per cent greater. Dielectric strength is rather low, being 31 kv (crest) per cm for 
air in a uniform electrostatic field. Where the field is non-uniform, local breakdown 
(corona) induces complete rupture at much lower values. The dielectric strength increases 
directly with pressure. 

Air occurs as an insulator on every piece of electrical apparatus. The distance exter¬ 
nally between live parts or between terminals and a grounded part must be great enough 
to prevent breakdown or excessive leakage in an air path. It is true that frequently the 
effect of a solid insulation creepage surface is important, but in many cases air is the 
effective external dielectric. In solid insulation, air is a detriment. Its low s.i.c. causes 
concontration of voltage gradient on the air layers or pockets (inversely proportional to 
s.i.c.) and may lead to corona and progressive breakdown. 

The dielectric strength of air gaps depends largely on the type of electrodes with their 
local electrostatic ficilds. Needle-point gaps have a fairly uniform strength of approximately 
4 kv per cm. Sphere gaps or gaps between large curved surfaces have much higher unit 
breakdown strength, especially at spacings less than the diameter of the spheres. With 
most typos of air gaps, humidity, air density, and frequency greatly influence the dielectric 
strength. 

Carbon Dioxide. Compressed carbon dioxide has been employed as an insulator in 
high-voltage conden.sers for apparatus used in measurement of power factor and capaci¬ 
tance. It ifi* an inert gas, obtainable in a relatively pure state. 

Nitrogen. There is little difference in the dielectric properties of the common gases. 
The choice for any application is usually determinod by cost or chemical properties. 
Nitrogen is inert and finds application as an atmosphere in scaled transformers. It pre- 
vcnits absorption of oxygen by the oil and thus eliminates formation of organic acids and 
sludge. (“ Inertaire ” type of transformer.) 

Hydrogen. Because of its high specific heat (3.41 compared to 0.237 for air) hydrogen 
is useful as a dielectric to absorb heat from electrical machinery. It is used in a closcid 
system for cooling large generators. Care must be taken to keep a positive gas ])rcssure 
in the system to prevent influx of sufficient air to produce an explosive mixture. 

Relative Dielectric Strength of Gases. Although the diclotdric strength of gases varies 
roughly as the pressure, there are small differences in behavior of the different common 
ga.ses. Considering the strength of air as 1.00 at the various i>re8sures. Table VII shows 
the relative dielectric strengths as a f.actor of the air values. 

Table VII. Relative Dielectric Strengths of Gases (Air = 1.00) 

(Wolf) 


.\tniospheres 

Pressure 

Carbon 

Dioxille 

Nitrogen 

Hydrogen 

1 

1.20 

1.16 

0.87 

2 

1.10 

1.15 

0.76 

3 

1.05 

1.15 

0.72 

4 

1.03 

1.14 

0.69 

5 

1 02 

1.14 

0.68 
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LUBRICANTS 

By D. F. Miner 

36. CLASSES OF LUBRICANTS 

Classification of Lubricants. There are three general classes of lubricants: (1) mineral 
oils, (2) animal and vegetable oils, and (3) greases. 

1. Mineral oils may be of either naphthenic (asphaltic) or paraffin base origin, the 
former being fluid at low temperatures, and the latter being more highly resistiint to oxi¬ 
dation. They cover the range from light spindle oiLs to heavy cylinder oils. 

2. Animal or veget.able oils, though occasionally employed for lubricating purposes, 
either straight or blended with mineral oils, are not considert?d primarily as lubricants. 
Their use is sometimes justified to increase lubricity or oiliness. They arc subject to 
tlie general chiiracteristies of their class, i.e., tendency to oxidize and to gum in the vege¬ 
table oils, and to rancidify in animal oils. 

,3. The term grease is applied to a. mixture of mineral oil and fats which have been 
saponified with an alkali. Grease is available, either with or ‘.vithout fillers, in three general 
classes: (a) hard grease, (b) soft grease, and (c) non-fluid oil. More definit»' classification 
is being sponsored by the A.S.T.M. by standardizing penetration values. 

Source of Lubricants, (a) Animal oils are made bj^ rendering the fatty parts of ani¬ 
mals, usually with steam. The resulting material is chilled lO'l the oil pressed out. 
Some of the varieties are: tallow from cattle or sheep, lard oil from cattle, neatsfoot oil 
from Vioncs of cattle feet, whale oil, and pori>oise oil. 

(f>) Most vegetable oils come from the seeds of various jilants, by crushing or by chem¬ 
ical extraction. Examples are: castor oil, cjottonseed oil, rapeseed oil. corn oil, olive oil. 

(c) Mineral oils result from the distillation of erinle petroleum. One method of 
refining is to treat by agitation with sulfuric acid, followed by washing with water and 
caustic soda. In the last few years, laboratory methods of purification have been ai>plied 
to installations of commercial size. ()ils are now being ndined by means of aluminum 
chloride and by use of special selective solvents, w’hicli remove tlie uav>hthcne and aro¬ 
matic portions from mid-continent and western crudes, the luoducts having essentially the 
properties of Pennsylvania oils (high heat resistance and flat viscrosity curve). Catalytic 
liydrogonation of oils is lacing pra(;tiocd, with the production of very desirable oils having 
a flat viscosity curve. Accurate temperature control of distillation by means of heal- 
traiisfcr media such as mercury and diphenyl is being employed to give uniform high- 
quality products. 


36. PROPERTIES OF LUBRICANTS 

Definitions and Tests Pertaining to Lubricants, (a) Viscosity is the term used to sig¬ 
nify the body or degree of fluidity of an oil at a given temperature. Measurement is made 
by means of a viscosimeter, such as the Standard Saybolt Universal in this country, or the 
Kiigler, Barbier, and Redwood in Europe. The values oVitained by these instruments, 
that is, the time required for a given amount of oil to flow through an orifice at a given 
temperature, are purely relative. However, actual measurement may be made in cgs units 
and is known as absolute viscosity. 

(6) Flash Point is the lowest temperature at which the lubricant wall give off sufficient 
vapor to ignite momentarily when a flame is applied to the va|)or. 

(c) Fire Point is the lowest temperature at which the vapors given off will burn 
continuously. 

(d) The Evaporation Test indicates the quantity of oily vapor an oil will give off on 
heating under definite conditions of test. It gives an indication of the volatility of oils 
used in such applications as in the lubrication of vacuum pumps, and serves as an addi¬ 
tional check on fire hazard. 

(c) Test for Acidity indicates the amount of uncombined acid in the oil. Since modern 
refining methods of mineral oils have practically eliminated the danger of contamination 
from inorganic acids such as sulfuric, the acidity, due to organic acids, is usually referred 
to as the acid number or neutralization numljer. It is expressed as the numlier of milli¬ 
grams of potassium hydroxide required to neutralize 1 g of oil. However, the vegetable 
or mineral oils, which are sometimes used for lubricating purposes, are tested for what is 
termed “ free fatty acids,’' and the acidity is expressed in terms of oleic acid. The acid 
number divided by 1.99 will give the acidity in terms of oleic acid. The permissible 
amount of oleic acid varies according to the application. 
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(/) Saponification Value is used to determine if an animai or vegetable oil has been 
mixed with a mineral oil, as well as the degree of oxidation of the mineral oil. 

(g) Specific Gravity of oils is sometimes expressed as a decimal relation to the specific 
gravity of water. Another method of expression is the number on the Baum6 hydromeier 
scale. 

(h) Pour Teat is the lowest temperature at which the oil will just flow, an indication of 
its usefulness in cold weather. 

Properties of Oils. A satisfactory oil should have: 

1. Low cohesion to facilitate spreading an adequate oil film between a shaft and its 
bearing. 

2. High adhesion to prevent the oil film from being squeezed out of the bearing con¬ 
tacts and from running freely away from parts to be lubricated. 

3. Resistance to oxidation on continued exposure to high temperatures, thus main¬ 
taining its original properties over long periods. 

4. Freedom from foreign matter. Water may emulsify the oil and ruin its lubricating 
value. Dirt, metal particles, etc., injure bearings or restrict flow of lubricant in small 
passages. 

Properties of Greases. Grease should have the proper consistency and the ability to 
resist heat in certain applications,' should not turn rancid nor permit the separation of the 
oil from the soap,and should have the ability to cling to bearings and not break down under 
violent churning. The amount and kind of soap used in preparing the grease, as well as 
the type of oil with which it is compounded, have a bearing on these requirements. Rela¬ 
tively higher melting points can be obtained through the use of a given amount of sodium 
soup, but, in contact with water, such a grease has a greater tendency to disintegrate than 
grease with a calcium or lime soap base. Therefore, the choice of a grease necessitates a 
definite knowledge of the requirements for a given application. 


37. USES OF LUBRICANTS 

Suggestions for Selection of Lubricants. 1. The flash point should be as high as 
possible, and still be consistent with other characteristics, particularly viscosity. A safe 
minimum may be taken as 300 deg fahr. 

2. For light pressures and high speeds, mineral oils having viscosities of about 150 sec 
at 100 deg fahr may be used. 

3. For general-purpose machinery, mineral oils having a viscosity of 175 to 225 sec at 
100 deg fahr will give satisfactory results. Su(;h oils have a flash point of around 370 deg 
fahr. In some instances animal and vegetable oils are employed, but usually straight-run 
mineral oils are preferable. 

4. For heavy duty, industrial heavy mineral oils having a viscosity range of about 300 
to 1200 sec at 100 dog fahr are recommended. 

5. For internal-combustion engines^ mineral oils having viscosities of 200 to 600 sec 
are used in winter and of 400 to 1600 sec in summer. Pour tests of +20 deg fahr maximum 
are imperative in cold climates. 

6. For steam cylinder or extra heavy duty, cylinder oils, either straight-run oils or oils 
compounded with several per cent of acidless tallow, are in general use. Their flash point 
is about 600 deg fahr, and their viscosity is 2500 to 3000 sec at 100 deg fahr and 150 to 175 
sec at 210 deg fahr. 

7. For watches and fine machinery several oils are in use, including, highly refined 
water-white mineral oils having low pour tests, specially refined low pour test black fish 
“ melon ” oil, and other less efficient fish oils. 

8. For very high pressure and slow speed, or where ordinary oils will not stay in posi¬ 
tion, greases give satisfactory results. Roller and bzxll bearings are frequently lubricated 
with greases. 

Automotive Oils. The viscosity of oils used for automotive purposes has been stand¬ 
ardized, and a list of S.A.E. numbers used for identification is as follows: 

S.A.E. No. Saybolt Viscosity 

10 90-120 at 130 deg fahr 

20 120-185 at 130 deg falir 

30 185-255 at 130 deg fahr 

40 255 at 130 deg fahr, not less than 75 at 210 deg fahr 

50 75-105 at 210 deg fahr 

60 10,5-125 at 210 deg fahr 

70 125-150 at 210 deg fahr 
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FUELS AND EXPLOSIVES* 

38. FUELS 

Carbon and Hydrogen are the principal constituents nt solid, liquid, and gaseous fuels. 
In burning, the carbon and hydrogen combine with oxygen from the air, yielding, w’hen 
combustion is complete, carbon dioxide and water, respectively. When insufficient air is 
admitted over the bcfd of fuel, or into the firebox when liquid or gaseous fuels are used, 
much of the fuel may be lost, cither as solids (smoke, soot) and tars, or in the form of 
unburned gases, especially carbon monoxide. It is almost impossible to attain complete 
combustion of solid fuels by forcing air under the graU* and through the bed of coals, 
because part of the carbon dioxide formed near tlie grate is reduced to carbon monoxide 
on passing through the overlying Isiyers of hot fuel. This monoxide, which has a high 
heating value, can be burned completely only when a plentiful supply of air is available 
over the bed of fuel. The blue flames seen when anthracite, coke, or charcoal is burned 
are due to carbon monoxide. 

Wood consists mainly of lignin and cellulose, compounds of carbon with hydrogen and 
oxygen, together with varying amounts of w'ater and minend matter. The last largely 
remains behind in the ash. 

Charcoal is made by piling wood into heaps which are covered with earth, leaving a 
few small openings to admit a limited amount of air and allow the products of combustion 
to escape when the wood is ignited. When sufficient wood has burned to insure thorough 
charring (“ destructive distillation ") of the remainder, the openings are closed and the 
pile allowed to cool completely. By this method of making charcoal only a little tar is 
obtained and all the volatile constituents arc allowed to escape. When wood is heated 
in closed retorts, large amounts of tar, creosot-e, w’ood or methyl alcohol, acetone, and 
pyroligneous (acetic) acid, etc., arc obtained. The yield of charcoal is also nearly doubled. 
Charcoal consists mainly of carbon and the mineral matter of the wood. Its value in 
metallurgy is due to its low con ten' of i)hosphorus and sulfur. The calorific value of 
charcoal is about 95 per cent that of anthracite. 

Peat is the result of the partial decay of mosses and other bog plants under water. Even when 
compressed and dried it contains much water ami its mineral content niay be high. Its caloriho 
value is 3000 to 4000 cal per kg in air-dried condition. 

Lignite, or brown coal, is a stage beyond peat in the formation of coal. It contains much 
moisture and is often high in ash. Its calorific value as mined is IlfiOO to 4.'>00 cal per kg. Owing 
to its large amount of volatile mutter, lignite bums with a long, smoky Hume. 

Bituminous Coal was formed l)y the further transformation of lignite by heat and 
pressure. It comprises many varieties, including gas, coking, steam, and caiinel coals. 
They differ principally in their content of volatile matter, the “ fat ” coals having at 
times as high as 60 per cent of the compounds of carbon and hydrogen, which are readily 
driven off by heating. The length of flame of burning bituminous coal depends on the 
percentage of volatile matter. 

Anthracite Coal was produced by the further action of heat and pressure upon bitu¬ 
minous coal, whereby nearly all the volatile constituents were driven off, leaving mainly 
carbon and mineral matter. These coals burn with little flame and no visible smoke, 
and do not cake. Their calorific value may be 6500 to 7500 cal per kg. 

Coke. As charcoal is the residue left by heating wood in retorts or partially burning 
it with a limited air supply, so coke is made by heating bituminous coals. In the older 
types of coke ovens the gaseous and liquid products formed by the destructive distillation 
are allowed to escape into the air; with modem types of ovens this loss is not pKsrmitted 
and valuable by-products are obtained, such as ammonia, fuel and illuminating gas, and 
coal tar. Coke is mainly carbon but contains also the mineral constituents of the coal. 
It is low in volatile matter and sulfur. Upon this and its infusibility and resistance to 
crushing depends its value as a fuel in blast furnaces. Its calorific value is about 90 per 
cent that of anthracite. 

Chemical Examination of Coal and Coke. The heating value of any fuel can be 
determined conveniently by means of one of the numerous forms of bomb calorimeters. 
But this leaves unanswered many questions which have a very practical bearing, for 
example, the percentages of volatile matter, sulfur, and ash, and the amount of coke the 
coal will yield. In general, the lower the perc.entage of ash the better the quality of the 

* Written by C. E. Waters, Chemist, National Bureau of Standards, in 1930, for the American 
Civil Engineers' Handbook by Merriman and Wiggin and reviewed in 1935 by engineers of the 
U. S. Bureau of Mines. 
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fuel. The only mineral constituent that has any heating value is the sulfur of pyrites. 
But as sulfur is injurious in practically all metallurgical operations and the oxides of 
sulfur have a corroding effect upon boiler tubes, etc., a coal high in either pyritic or organic 
sulfur is undesirable. Coals for use in stoker-fired boiler plants operating at high ratings 
should have high ash fusion temperatures. Coals which are to be burned in pulverized 
form under boilers should be easily pulverized and have either high or low ash fusion 
temperatures for plants designed for dry bottom or slag tai) operation, respectively. 
Gas coals and coal for use in certain metallurgical operations requiring long reducing 
flames should be high in volatile matter. Coals that are to be worked economically for 
coke may be low in volatile matter but must possess the property of partially fusing or 
caking together when heated in the ovens. 

Samples for calorimetric determinations or for chemical analysis should be collected by the 
American Standard method promulgated by the American Society for Testing Materials. In sam¬ 
pling at the mine, the coal should be cut from a freshly exposed face, and the sample, after quartering 
to suitable size, should fairly represent not only the actual coal but also the interpenetrating veins 
of shale, etc., if these are regularly mined with the coal. It is very important to prepare the sample, 
not only with great care but also as rapidly as possible, to minimize the inevitable loss of moisture 
in breaking up the lumps. This explains the necessity of placing the fuel sample in air-tight recep¬ 
tacles, such as fruit jars with rubber rings. 


39. LIQUID AND GASEOUS FUELS 

Crude Petroleum is the most important of the liquid fuels. It owes its importance 
not only to its comparative cheapness but also to the ease with which it is handled and 
its high efficiency, which is two or more times that of anthracite. It is usually burned 
in the form of a spray obtained by means of a blast of air or superheated steam. Petroleum 
residues and coal-tar residues are also burned to some extent. Their calorific value is 
not as great as that of crude petroleum, but may run as high as 10,000 cal per kg. 

Gasoline is the lowest-boiling distillate from crude petroleum, or from the “ cracking ” of the 
higher-boiling fractions by high temperature, usually under excess pressure, and sometimes in the 
presence of catalysts which facilitate the breaking down of the more complex hydrocarbon molecules 
into simpler ones. Cat^inghead gasoline is condensed from natural gas by compression and cooling, 
before the gas enters the mains through which it is distributed. It is too volatile to be used alone 
for ordinary purposes, but large quantities of it arc mixed with the other forms of gasoline. Kuch 
of the kinds of gasoline is a mixture of hydrocarbons containing different percentages of carbon 
and hydrogen. When mixed with the proper amount of air the vapors form a mixture which is 
readily ignite<l anil burns with explosive violence. If the vapor is largely in excess of the proportion 
needed for complete combustion the force of the explosion is weakened, so that, apart from the 
actual loss of unburned gases, the full power of the engine is not developed. There is a similar loss 
in power when too much air is present. For the complete combustion of 1 cu ft of the vapor of the 
hydrocarbon hexane, CoHh, 4r).2 cu ft of air are required, whereas the same volume of heptane, 
C 7 H 16 , vapor requires 52.4 cu ft of air, or 16 per cent more. 

The chief use for gasoline is as the fuel for internal-combustion engines. Most of it is used 
without the addition of anything else, but various mixtures of gasoline with benzol from coal tar, 
and with alcohol, are on the market. The value of a motor fuel depends not only upon its volatility 
and calorific value, but also upon its “ anti-knocking ” characteristics, upon the degree to which the 
mixture of its vapor with air can be compressed without pre-ignition, upon its relative freedom 
from sulfur compounds, which yield sulfuric acid when burned, and upon other factors. 

Natural Gas consists miiinly of methane, CH 4 , with 10 per cent or leas of ethane 
and other gjiaea. Methane is also known as marsh gas, from its abundant formation 
when vegetable matter decays under water. The name fire damp refers to its occurrence 
in coal mines, where it is one of the causes of explosions. 

Coal Gas, which is made by distilling bituminous coal in retorts, contains 80 to 85 
per cent of a mixture of nearly equal parts of hydrogen and methane, and ethane, with 
much smaller amounts of oxygen, nitrogen, carbon monoxide and dioxide, etc. It is 
used to some extent in gas engines and as a fuel. 

Water Gas is formed by the action of superheated steam upon white-hot coal or coke. The 
ateam gives up its oxygen to the carbon of the fuel, forming carbon monoxide, CO, and leaving 
hydrogen, thus: C -f II 2 O = CO + II 2 . The reaction is endothermic, that is, it requires the addi¬ 
tion of heat, so that it is necessary to cut off the steam every few minutes and reheat the fuel by an 
air blast. Water gas consists of about 45 per cent each of hydrogen and carbon monoxide, with 
small percentages of oxygen, nitrogen, carbon dioxide, etc. The first two gases burn with very 
hot, non-luniinous flames. For use as an illunnnant it must be “ enriched ” with oil gas. 

Producer Gas is made in much the same w’ay as water gas, except that only air and no steam 
is passed through the incandescent coal or coke. The carbon is burned to carbon monoxide, which 
makes about 2.5 per cent of the gas. Smaller amounts of hydrogen, methane, and carbon dioxide 
are present. There is also nearly 65 per cent of nitrogen from the air which is used. This is 
unavoidable, though the presence of such a large amount of inert gas reduces the thermal efficiency. 
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The reaction whereby carbon is burned to carbon monoxide is accompanied by the evolution of 
about one-third the total heating value of the fuel. It is evident that, if the gas can be burned 
without allowing it to cool, a great saving of heut can bo elTected. This is not always feasible, an»l 
it is the practice, with some forms of producers, to pass some steam with the air, thus making a 
mixed water-producer gas. The heat which wouhi otherwise be lost is used up in forming water 
gas, and the resultant fuel gas has an increased fuel value. It is much more economical to convert 
the fuel into producer gas and use it in explosion engines than to burn it under steam boilers. 


40. EXPLOSIVES 

The Fundamental Property of an explosive is thsit when ignited or siihjceted to a 
sudden shock it shall decompose, or its conH>oneiits loact, suddenly yielding a relatively/ 
large volume of highly heated gas. This definition includes not only gunpow'der, nitro¬ 
glycerin, and similar substances, hut also mixtures of inflanimablc gases and vapors 
with air; or even coal dust, fine sawdust, or flour suspended in the air. '^Dn’ last three 
have all been the cause of disasters, the reason being that when some of the particles are 
ignited the flame is rapidly communicated to adjacent ones, yielding large volumes of 
highly heated gaseous i>roducts of combustion, in addition to w'hich the surrounding air 
is also heated. Thus, 1 g of anthracite, of specific gravity 1.5, occupies a volume equal 
to only 2/3 ee. If it contains 95 per cent of carbon, it will yield wdicn Imrnt iboiit 1701 ce, 
or 2642 times its own volume, of carlion dioxide measured at 0 deg cent, and 760 mrn pres¬ 
sure. If suspended as dust in a large volume of air and burned in a fraction of a second, 
it is evident that the large amount of hot gases must expand with explosive violence. 

Gunpowder is a mixture of 75 parts l)y weight of saltpeter, or potassiuin nitrate, 15 
parts of charcoal, and 10 parts of sulfur, made by grinding tlu‘ ingredients together with 
enough water to moisten the mass. It is then eoinpressed into a cakij and broken into 
grains, which arc glazed by n^volving wdth graphite and sorted into sizes hy sieves. The 
larger grains are used for blasting, and the smaller ones for small arms. JilaHting powda 
is fre<iuently made with the cheaper Chile saltpeter, or sodium nitrate, which proiluces a 
cheaper and less powerful powder tleiii that made from ordinary saltpeter. Chile salt¬ 
peter, however, has the disadvantage of absorbing moisture from the air, and powder 
made from it cannot be kept too long nor stored in a damp pbieo. The proportions used 
are 73 parts of (yhile saltpeter, 16 parts of charcoal, and 11 iiarts of sulfur. 

Guncotton, Nitrocellulose, tyjncal of another class of explosives, is m:ulo by the 
action of a mixture of nitric, and sulfuric acids upon cotton. Wluni only moderately 
strong acids arc allowed to act on the cotton for a short time, the prodmd. is i)yroxylin, 
or soluble nitroeelliilose, used for making collodion and celluloid, lly longer a(!tion with 
more concentrated acids, guncotton is formed. It is then tvashed in a ina(;hino of the 
kind used for making paper pulp to remove all traces of acids that might causes spontaneous 
exi)lo.sions. While still moist, it is compres.sed into blocks or stierks. Cuiic.otton is 
usually stored and transj^orted in a nioi.st coinlition, and can be exploded witljout, drying. 
It is c.omparatively safe to handle, as ordinary shocks do not explode it readily. In the 
open, it burns with extreme rapidity. 

Nitroglycerin is made by the cautious addition of glycerin to a well-stirred and cooled 
mixture of the strongest nitric and sulfuric a<'itls. The oily product is washed tr) remove 
all traces of acids that might cause spontaneous explosion. Under tin.* most favorable 
conditions, nitroglyc.erin is not safe to handle. The fact that it is a liquid witV; consequent 
liability to leakage from containers greatly increa.ses the danger of transportation iind 
storage. For this reason, it is commonly mixed with some absorbent or transformed into 
a gelatinous mass. 

Dynamite is a mixture of nitroglycerin with infusorial earth, i)owdered “ rottenstone,” 
or similar porous material, known a.s “ dope.” Instead of these inactive dopes that take 
no part in the explosion, explosive mixtures are generally used to absorb the nitroglycerin. 
Gunpowder is one of these. Dynamite, consisting of 40 per cent nitroglycerin, 44 per cent 
sodium nitrate, 15 per cent wood pulx>, and 1 f)cr cent calcium carbonate, is an example 
of dynamite with an active dope. 

Explosive gelatin is a jelly-like mass made from a solution of soluble nitrocellulose in nitro¬ 
glycerin. Too powerful for common work, it is used with success lor very hard rock in tunnels. 
Gelatin dynamite is a mixture of explosive gelatin with a dope such as sodium nitrate and wood 
pulp; it is not so powerful as the straight gelatin. Smokeless powder is a general term covering 
many modifications of explosive gelatin and mixtures of nitrocellulose with nitrobenzene, etc.; they 
are usually given fanciful names, as ballistite, conlite, indurite, and so forth. Nitroglycerin and 
mixtures containing it are all likely to freeze at moderately low temperatures. They cannot be 
used satisfactorily in that condition, and should not be thawed by placing them near a fire or on 
steam p^pe^ but by leaving them in a warm chamber kept at a temperature not above 9;) deg fahr. 
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Picric Acid, or trinitrophenol, is made by the action of nitric and sulfuric acids upon 
phenol (carbolic acid). It is a yellow, crystalline substance, formerly used only as a dye 
for silks, and so forth. For years it was not known as an explosive, but it is now known 
that it will explode with groat violence when detonated. If ignited, it usually bums 
without exploding and is not very susceptible to shock. Lyddite, melinite, and shimose 
are composed of picric acid. Some of tlie salts, or picrates, are exploded by slight blows. 

Nitrocellulose, Nitroglycerin, and Nitrostarch are true nitrates, as they all contain 
the atomic group NOs. They are chemically quite different from the true nitro-com- 
pounds, such as picric acid, which contain the atomic group NO 2 . Benzene, toluene, 
naphthalene, and other substances obtained from coal tar yield nitro-compounds when 
treated with nitric acid. The best known of these is trinitrotoluene, or “ TNT,” which 
was used in such enormous quantities in the Great War. They are used as components 
of explosives, mixed with either ammonium nitrate or other nitrates, or with chlorates, 
which are good oxidizing agents, or they may be used in dynamite because they lower 
the freezing point of the nitroglycerin. Rack-a-rock, roburite, bellite, and securite are 
typical of the explosives made from these nitro-compounds and oxidizing agents. 

A Detonator contains a high explosive, too powerful and sensitive to be employed 
alone, which by its sudden disruptive force brings about the instantaneous explosion of a 
large amount of a less sensitive explosive. The ones commonly in use consist of copper 
capsules containing a definite amount of a mixture of chlorate of potash and mercury 
fulminate, which is exploded either by a fuse or a wire heated electrically. The fulminate 
is made by mixing a solution of mercury in strong nitric acid with alcohol. The gray 
crystalline powder which is precipitated must be well washed to remove all acid. It is 
sensitive to shock and may explode even when wet. 

Explosives must be selected with reference to the character of the work. For quarrying building 
stone, those that act slowly, with little shattering effect, must be chosen. When the stone is to be 
crushed after quarrying, or for breaking up rock so that it can be handled by a steam shovel, a 
quick shattering effect is desired. Generally in open work, the character of the gases arising from 
the explosion may be disregarded, but in tunnels or mines, especially if not well ventilated, this 
factor is of great importance. No explosive is absolutely safe in this respect. In coal mines, where 
the presence of fire damp (methane) is a menace, no explosive giving a long flame or a high heat of 
detonation should be used. Even in the absence of gas, there is danger of igniting the coal dust. 

Explosives should be stored in a dry place so that the sodium or ammonium nitrates will not 
take up enough moisture to lessen their power. But if in too dry a place, they may lose the moisture 
they naturally contain, which will change their speed of explosion and thus modify the character of 
the results obtained. Explosives should not be stored for a longer time than absolutely necessary, 
on account of the possibility of chemical changes taking place in such mixtures, 


ADHESIVE MATERIALS 

By D. F. Miner 

41. TYPES OF ADHESIVES 

Spirit Solutions consist of alcoholic solutions of shellac, resins, gums, or combination 
of similar organic materials. A filler is sometimes added to give body. Shellac, copal, 
gum, rosin, pine tar, and castor oil are commonly constituents of these cements. Pine tar 
and castor oil are used as plasticizers to reduce brittleness. Spirit cements arc employed 
on gaskets and on coil spacers. They are thermoplastic and fairly moisture proof. 

Benzine or Benzol Solutions. These adhesives are generally solutions of resins, quite 
similar to varnishes. The resins include Bakelite, other synthetic resins, fossil gums, pitch, 
copal, and rubber compounds. Varnish types of cements are oil and moisture proof, but 
are more brittle than spirit cements. They are used on gaskets and for sticking insulating 
materials to metal. 

Cellulose Cements. A series of lacquer cements, with cellulose nitrate or acetate base 
and lacquer thinner solvent, has proved to be of considerable value when a quick-drying, 
strong adhesive is required. They are used for cementing celluloid and leather and for 
fastening instrument parts. 

Solids, melted for use. Several kinds of pitches, asphalts, and gums are used hot as 
adhesives. They are suitable where there is little chance for evaporation of solvent, and 
for high operating temperatures. Most of these adhesives are not oil proof but arc water 
proof. 

Water Solutions. The ordinary glues are water soluble and cover a variety of mate¬ 
rials, such as casein, fish glue, hide glue, sodium silicate, and dextrin. Table I gives the 
properties of various glues. 
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Table I. Properties of Various Glues 

Technical Note 207, U. S. Forest Products Laboratory, Madison, Wis. 


Point of 
Comparison 

Animal Glue 

Casein Glue 

Vegetabie Glue 

Blood Glue 

Liquid Glue 

Source of princi- 
pal ingredient 

Animal hides, liunos, 
etc. 

Casein from milk 

Starch, generally 
ciissavu 

Soluble dried 
blood 

Animal glue, or 
skins, bones, 
etc., of fish 

Spread* 

Extremes re¬ 
ported 

Common range 

20 to 50 

25 to 35 

30 to 80 

35 to 55 

35 to 70 

35 to 55 

30 to 100 

No data 

Mixing 

Soaked in water, then 
melted 

Mixed cold 

Mixed with alkali 
and watet, with 
or without heat; 
can be ina le 
without alkali 

Mixed cold 

lliTluiresno 

preparation 

Application 

Applied warm with 
brush or mechanical 
spreader 

Applied cold with 
brush or m(?chan- 
ieal spreader 

Applietl cold with 
in(;chanical 
spreader 

Ai)plii‘d cold by 
hand or with 
ni'clianical 
spreader 

Applied cold or 
warm, usually 
by hand 

Temperature of 
press 

(■old; hot cauls fre¬ 
quently used 

Cold 

Cold 

Hot or cold, dc- 
l>ending on 
formula ust?d 

('old 

Strength (block 
shear test) 

High grade; has greater 
shear strength than 
strongest American 
woods; mediumgrades, 
slightly lower 

Similar to medium 
gradV animal glue 

Similar to medium 
' grade animal glu(> 

Similar to or 
slightly less 
than medium 
grade animal 
Rlue 

Good grades 
similar to mc- 
diunk grade an¬ 
imal glue; 
some brands 
very weak 

Water resistance 

Naturally low, but can 
be increased by chemi¬ 
cal treatment 

High or low, as 
required 

IX)W 

High 

Ix)W 

Staining 

Docs not stain 

Stains wood of 
some species 

If mixed with 
caustic soda, 
stains wix)d of 
some speeiea 

Does not stain, 
but the glue is 
very dark and 
may show 
through thin 
veneer 

Does not stain 

Uses in wood¬ 
working 

i 

i 

High grad(\ where u 
strong joint is desinul: 
low grade sometimes 
used for veneeTing, 
especially where it is 
desired to prevent 
staining 

Mainly whore wa- 
t(T resistance is 
d(flired in ve¬ 
neered or joint 
work 

To some extent for 
joint work, but 
mainly in ve¬ 
neered work 
where good 
strength at low 
cost is de,sircd 

Almost entirely 
for water-re- j 
sistant ply- 
ww)d for air¬ 
craft or auto- 
mobilis and 
for articles to 
be molded af¬ 
ter lK)iIing in 
water 

Mainly for re¬ 
pair work and 
gluing small 
articles by 
hand 


* For veneer work, expressed in square feet of single glue line per pound of dry glue. 
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MISCELLANEOUS MATERIALS 

42. CORK 

Cork is the spongy outer bark of the cork oak tree, which grows principally in 
Spain, Portugal, and northern Africa. It is of cellular structure, ea(!h cell comprising a 
strong imx>eiietrable skin, enclosing air. As many as 80 distinct grades of corkwood are 
recognized. 

Natural Cork. The uses of natural cork are limited by the variability of the raw 
material, by structural flaws, wliiirh are uncontrollable in a natural material, and by the 
irregularity in size, thickness and shape. These limitations can be overcome by laminating 
the corkwood to produce a material of greater uniformity and stru(;tural strength. 

Cork Compositions.—Finely ground cork combined with various binders forms mate¬ 
rials having all the desirable basic qualities of natural cork. Compositions can be made 
to provide for cxf^ansion or contraction, or to be fabricated into sheets, disks, tubes, blocks, 
rings, strips, balls, wheels, rods, and irregularly shaped articles. It also can be molded 
directly to a desired iiattern. Composition cork is laminated with cloth, vulcanized fiber, 
or other material to increase the tensile strength. Cork has also been combined with 
rubber and synthetic resins. 

Properties of Cork. 1. Resistance to Liquid Penetration. Cork is highly resistant to 
penetration by liquids. Since it is not fibrous, liquids arc not drawn through it by capil¬ 
larity. 

2. Compressibiiily. Prolonged compression, under heavy loads, will cause little jier- 
manent deformation. Eight small pieces of cork composition 7/^ in. thick, used as cushions 
between journal box and the car body of railway cars, supiiorting approximately 120,000 lb, 
after one year showed a reduction of total thickness of only in. and were still resilient. 

3. Resilience. Long subjection to pressure does not destroy the structure or resiliciu’c 
of cork. It will not harden or deteriorate under normal conditions. 

4. Frictional Properties. t'’he coefficient of friction of natural cork and comx>ositions 
is higher than that of most materials used for friction. This coefficient is not materially 
decreased by the presence of moisture, oil, or grease. Comi)ositions are more extensively 
used, as it is jiossible to control, within reasonable limits, tlieir coefficient of fri(;tion. The 
softer compositions have the higher coefficients of friction, but dense materials for severe 
conditions have a sufficiently high coellicient for ordinary work. 

5. Buoyancy. Natural cork, with a specific gravity of 0.15 to 0.20, is generally used 
for floats and other devices requiring buoy.'incy. 

6 . Low l^herrnal Conductivity. The air-cell structure of cork makes it an excellent 
insulator. It is highly resistant to charring and ignition. At about 2.50 dog fahr slow 
distillation begins and the cork discolors slightly. It does not ignite except in contact 
with flame, and it burns only as long as flame is applied from an external source. Com¬ 
bustion jiroduces a carbonized coating whicli retards further burning. 

7. Chemical Inertness. Cork resists chemical action better than most natural mute- 
rials, and can be safely used in cont-act with most chemicals. In industrial processes it does 
not corrode, discolor, or deteriorate and is not affected by oil, grease, gasoline, or otlu‘r 
petroleum i)rodu(!ts. Alkalies and certain aiuds and organic solvents have a destructive 
action, and in general, cork should not be used in contact with them. Iron solutions 
sometimes react with the natural tannin in the (^ork to cause surface discoloration which, 
however, docs not affec^t the properties of the cork. 

8 . Stability. Cork retains its initial properties practically unimpaired under all teni- 
Iierature, humidity, or other atmospheric conditions. Its compressibility and resilience 
enable it to withstand abrasive wear. 

Uses. Seals. Gaskets for sealing and cushioning, and for sealing anti-friction bear¬ 
ings. Cork closures are sometimes made as split rings, but the continuous ring is generally 
used. Cork seals should not be distorted either in assembling or in use. They are not 
recommended for assembly in internal grooves and must be lubricated before assembly, 
with graphite grease thinned with lubricating oil to the consistency of vaseline. Cork gaf^- 
kets should not be used on steam or other high-temperature connections or in contact with 
strong alkaline solutions such as ammonia. Cushioning between adjoining surfaces of 
metal and glass; metal and porcelain or similar combinations; automobile bodies; to 
deaden vibration in machinery. Friction. In the textile industry for drawing yarn aiio 
cloth through machines; friction drives; clutches; feed rolls for machines handling 
paper, cloth, foil, etc. Floats. Gage mechanisms for carburetors; dispensing pumps ff'*" 
oil and gasoline. Insulation. Under roofs to reduce heat losses, to lessen condensation. 
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and to eliminate ceiling drip; jiipe covering for drinking water, brine, and ammonia lines 
and cold lines in the oil-retining and chemical industries. Natural Cork Products, Bottle 
corks; wheels for polishing glass; floats for carburetors and gages; handles for tools and 
instruments; disks, washers, and gaskets for various applications; life preservers; yacht 
fenders; cork balls and paper. 


43. LEATHER 

Leather as an engineering material is mostly applied in the manufacturing of belting 
for transmission trains. The best quality of well-tanned ox hide is cut into strip.s of 
4 to 6 ft long and usually about 3/i6 in. in thickncs.s, which are scarfed, spliced, or cemented 
end to end to make the desired length of belt. A<u*ording to the strength required, those 
are in turn cemented or riveted together in thickness to form “single” or “double” 
bolts. Under light loads, the “single belt” gives the greater adhesion. l)ut under hetivy 
loads the “double belt” proves the more satisfactory. The "flesh side” or inside 
of the belt is customarily placed next to the inillcy, as it gives the best wear, although 
when placed grain side to the pulley the belt is less likely to slip. 

The weight of a hard w’dl-tanned belt leather is about 62 I /2 lb p<ir cu ft and the tensile strength 
of a goo<l quality is about (i.’iO lb per in. of width of single belt. When splieed or riveted, the 
tenacity is about one-half of the above figure, and when l!ice<l iiboui one-thinl of the strength is 
developed. A safe working tension nuiy be taken at about 50 lb per in. of width. 

Rawhide, or untanned leather, fiinls many applications in textile machinery connections, looms, 
ships’ tiller ropea, etc., and also in the manufacture of high-speed gear wheels. When sound, it is 
much stronger than tanxied leather and gives greater resist.’inee to viiuent impact. Its tensilo 
strength may be taken as one-half greater than that of tanned leather 


44. GASKETS AND PACKINGS 

Packing Materials, used to prevent entranee or exit of liquitls or gases betwtjcn metal 
parts, may be classified according t<.' materials or apitlicatiori. They embrace metals, 
inorganic, and organic materials. The following list, arrang(3d by type of sipplication, 
may be found convenient: 


Purpose Materi.als Apitaratus 


a. 8j)lash proof 

1 . 

8 (iuare flax 

Ia(|iii(l tanks 


2 . 

Folded asbestos tape 

Circ,uit I»reakcr8 




Transformers 

h. Dust proof 

1 . 

Felt cemented with shellac 

Control boxes 




Jiearing housings 

c. Gas and moisture proof 

1 , 

Fiber (vclluinoid* sheet lam¬ 

Mine apparatus 



inated with <*ork sheet 

Manhole circuit breakers 


2 . 

Rubber sheet 


d. Oil proof 

1 . 

Cork cemented with syn¬ 

.Static (tondensor tanks 



thetic resin cements 

Transformer tanks 




(yircuit breaker tanks 


2 . 

Oil proof rubber 



3. 

Rubber substitute (Duprenc) 



1 . 

Ijcad (where flow is required) 

Compressors 




Engine heads 

c. Heat proof 

2 . 

Copper (takes less “set” 


For machined surfacesj 


than lead) 


(high pressure) 

y 

Aluminum (for high pres¬ 


1 


sures where copper flows 


1 


tt)o much) 


For rough surfaces 

1 . 

Asbestos with rubber binder 

Solder pots 




Furnaces 




Steam lines 

f- Moving parts 

1 . 

Asbestos wdth graphite 

Pumps, motor shafts 


2 . 

Rubber and duck 

Pump and ram plungers 
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46. ICE 

Ice at 32 deg fahr weighs 67.5 lb per cu ft, its specific gravity being 0.922 (water at 
62 deg fahr =1). Its volume relative to water is 1.0866. Its melting i^oint decreases 
from 32 deg fahr at the rat-e of 0.0133 deg fahr for each additional atmospheric pressure. 
Its specific heat is 0.504 (water = 1). Some German experiments made in 1885 gave a 
tensile strength of 142 to 223 lb per sq in. Tests made by the U. S. Engineer Corps 
on 6- and 12-in. cubes, gave crushing strengths varying from 100 to 1000 lb per sq in. 
depending on the structure of the ice and the purity of water from which it was formed. 
Before crushing, ice in cubes will compress from 6 to 30 per cent. The sustaining capacity 
of ice is not definitely determined; 2-in. ice is considered safe for infantry, 4-in. ice for 
cavalry or light guns, 6-in. ice for heavy field guns, and 8-in. ice for loads not over 1000 lb 
per sq ft on sledges. Railway trains have been run across ice which was 15 in. thick. 

The expansive force of ice is given by Trautwine as probably not leas than 30,000 lb per sq ft. 
The coefficient of expansion, as given by Gauot, is 0.0000.52. By its expansion a sheet of ice 150 
ft in width has been known to tip a masonry bridge pier weighing 1000 tons 2 in. out of plumb, 
and in another instance to move mtiaonry piers on pile foundations from 2 to 12 in. out of line. The 
expansive effect in river or lake ice, however, docs not make itself felt until the ice is at least 5 in. 
thick. 

Freshly fallen snow weighs from 5 to 12 lb per cu ft; compacted or wet snow weighs from 15 to 
60 lb per cu ft. 
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CONTRACTS 


1. CONDITIONS OF CONTRACTUAL RELATIONSHIP 

A Contract is an agrcoment to do or to refrain from doing a specified lawful act. 

In order that a contract may be enforceable at law, it must fulfil certain conditions, 
as follows: 

1 . There must be at least two parties to a contract. 

2 . The parties signing a contract must liie competent in the eyes of the law, 

3 . They must agree, or there must be “ a mooting of the minds.” 

4. The subject matter of the contract must be legal. 

6 . There must be a consideration, except that in certain documents a seal is adequate. 

Certain contracts are required by statute to be in writing, but with those exceptions 
an oral contract is as legal as a written instrument. However, oral contracts are more 
susceptible of misunderstandings and may be the cause of litigation. In case of doubt 
reduce the agreement to writing. 


1. Two or More Parties 

A principal cannot contract with himself since he cannot sue himself to secure enforce¬ 
ment or to obtain damages. A person cannot be both plaintiff and defendant. 

Neither can a party aiding as principal have a major interest, or an official position 
of importance, in a company or corporation whii^h is the second party. 

Being a stockholder or holding a position of minor importance in a corporation does 
not prevent a person from contracting as a principal with suidi a corporation. A city 
official may contract for the municipality with a corporation provided that his position 
with the latter docs not create a strong suspicion that he influenced the contract for 
his personal jirofit. A municipal, state, or federal officer should resign an offiiial position 
with a cor{)oration which 'W'ould create a suspicion of dual interest. 

A party cannot act for himself and at the same time act as agent for another. 

2. Competence 

Minors. I.egally, a contract cannot he enforced against a minor, although a moral 
obligation nniy exist, except that a mhior may compel a principal to perform especially 
where the necessities of life are involved and can himself be held therefor. Contraids 
with minors arc said to l)e voidable rather than void; i.c., the minor may enforce fulfil¬ 
ment but the other party cannot. When a contract is void, neither parly can enforce it. 
If a contract with a minor continues until he is of age, he may then ratify the contract and 
enforce it if he elects, where otherwise it would be voidable at the instance of the other 
party. 

The parents of a minor arc entitled to his services or to the income from his work. 
The parent may contract for the employment of his child; such a contract is enfonreable 
during the minority of the child, but becomes void when the infant comes of age. Sec 
Agent. 

Persons of Unsound Mind arc incompetent to sign a contraiit. The infinnitios of 
age or illness may render one incompetent. A confirmed drunkard is also incapable of 
contracting, Init degrees of drunkenness are such as to make the boundary between 
competency and in competency a matter to be decided by the evidence. 

Women are coming liy statute to have the same status before the law as men in con¬ 
tracting. In cases involving a woman as party to a contract, an attorney should 1)0 
consulted to be certain of the right of women to contract in that state. 

Partnerships. The duly authorized representative of a partnership may contract 
for the partnership, and in so doing he binds the partners individually to the limit of 
their resources. 

A Corporation may enter into a contract when duly authorized by action of the board 
of directors designating an official or officials to sign contracts. By-laws and minutes 
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of the board of directors should establish the legality of the proceedings by which a cor¬ 
poration binds itself. 

In the case of contracts with a municipal corporation, certain legal procedures should 
be examined by a competent attorney, such as the law, actions of the municipal council, 
minutes of their proceedings, advertisement, hearing, etc., as technicalities may make 
the contract void. John C, I\aite states: “ If the contract is ultra vires, the contractor 
will not only be unable to recover on the contract but he will even In? precluded from 
getting back the value of his lalior and materials on a quantum meruit and wdll lose 
everything he has put into the structure.”* 

3. Agreement 

The parties to a contract must have a common understanding of the terms of the 
agreement; in other words, ‘‘There must ]je a meeting of their minds.” 

Even though an oral contract is legal, memory may fail, misunderstandings may 
creep in, and evidence may be conflicting concerning intent. The more complicated 
the terms of the agreement, the more important it is to have them written and ^vitne88ed. 

Statute of Frauds. In order to prevent fraud, English law provided thrt certain con¬ 
tracts, to be enforceable at law. must be in w-riting; the states of the l initeil States have 
adopted similar statutes. Two sections of the English law are as follows: 

Section 4. No action Rhall be brought to charge any executor or adminiHirator on any special 
promise to answer damages out ot his own estate; (2) or to charge tlie defendant upon any special 
promise to answer for the debt, default, or miscurriagt^ of another person; (3) or to charge any person 
upon any agreement made upon eoimitleratiou of marriage; t4) or up<ui any contract or sale of lands 
or any interest therein; (5) or upon any agreement that is not to be penormed within one year of the 
making thereof; unless the sigreement or some memorandum or note tliereof shall be in writing and 
signed by the party to be cliarged, or by some person thereunto by huu lawfully authorized. 

Section 17. No eontruct for the sale of any goods, wares, and merohandises for the price of ten 
pounds sterling, or upw’ards, shall be allowed to be goo<i, except the buyer shall accept part of the 
goods HO sold, and actually receive the same, or give something in earnest to bind the bargain, or in 
part payment, or tiiat some note or ineinorandum in writing of the p.aid l>argain be made and signed 
by the party to be charged, or their agents thereunto lawfully authorized. 

The adjudication of eases \inder the Statute of I'rauds is often complicated. The 
major (jiiestions are: Does the traiiKaction in (lueslion come under the statute? Was 
there a written memorandum signed by the parties? What wtis their intent? 

For illustration, it is iiece.ssary determine wheflier a certain irontract is for a com¬ 
pleted article or for the lalior and materials necessary to make it. In the latter case, 
no writing is necessary; in the former, it depends on the price stipulated, the time required 
for delivery, the airccptance of part delivery or of part payiiKuit, or the presence of a 
signed memoraiidum. 

(>)ntracts for the sale of land or options on land must Vie in writing. Clrowing crops 
and portable tools are goods, and no writing is necessary to convey them. Standing 
timber is part of the land. 

A lease of land or an easement for the use of land for specific purposes and for a speci¬ 
fied time requires a writing. 

Offer and Acceptance. The usual steps in making a contract are for one party to 
make an offer of so much goods or labor for a given sum. 'rhe offer may be made orally, 
by letter, telephone, telegraph, or other means of communication. The offer may be 
made subject to acceptance within a given time; if no lime limit is set then it must be 
accepted within ‘‘a reasonable length of time” as the courts may decide how long is 
reasonable. 

An offer may be withdrawn ]>y any moans of communication. An offer made by 
letter can be cam^eled Ijy wire. An acceptance mailed before the offer is withdrawn 
constitutes a contract even though it had not been received at the time the offer was 
canceled. An acceptance, to be binding, must lie unequivocal. 

To answer, ‘‘ I will accept your offer provided that you pay the costs of delivery ” 
when no such offer w'as made is not an acceptance Imt a new offer. Thus one offer after 
another may be made until there is an agreement on all details. Not until then is there 
a contract. 

An order for goods is a contract to pay a reasonable price—unless the price was speci¬ 
fied. Be (careful to specify price, quality, time and kind of delivery, and other items 
open to misunderstanding. 

Mistakes may render a contract void. They include mistakes as to the person when 
one is contracting for personal, skilled 8er\ice8. A mistake about the person with whom 
one was contracting would not necessarily be void if the goods tendered were of the 
quali ty specified. _ 

♦John C. Waite, Engineering and Architectural Jurisprudence, p. 30. 
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Carelessness in reading or neglect to read a contract is not a ground on which to plead 
for the voiding of a contract. A mistake as to the nature of a contract not due to neglect 
may cause a contract to be declared void. 

A contract made for the sale of a stack of hay was void when it was discovered that 
the hay had burned before the contract was made. If the contract was signed before the 
hay burned, the purchaser would suffer the loss unless there were other stipulations, 
such as delivery at a given place, which had not been fulfilled. 

In interpeting a contract, the usual meaning of words and local customs will prevail. 

Besides mistakes, contracts may be illegal because of fraud, duress, or undue influence. 

Fraud. The reality of consent may be affected by a spoken or acted falsehood 
designed to induce one, and whereby one is induced, to agree to terms which are defi¬ 
nitely detrimental. In other words; 

There must be a misrepresentation or a false representation of pertinent facts, with 
intent to deceive. 

The other party must be ignorant of the truth after using reasonable diligence in 
finding the facts. 

The party claiming the contract to be void because of fraud must have suffered 
material injury as a result of such falsifications. 

It is extremely difficult to prove intent to defraud. 

In case of fraud the injured party may: 

(a) plead the fraud as a defense against action taken to compel the injured party 

to perform his part of the contract; or 

(b) proceed in court to have the contract declared void; or 

(c) sue to recover damages caused him by the fraud. 

Duress. Duress exists when compulsion by force or by threat is used to induce a 
party to sign a contract. Duress by force includes the use of actual physic.al force to a 
person or to a near relative, thus influencing a party to pay ransom, deliver property, 
or perform acts to obtain release or release of a relative, which acts would not normally 
be agreed to. 

Duress by threat may consist of demands made on threat of bodily harm, exposure of 
illegal acts, or prosecution for crime. 

The party intimidated may: 

(а) ask the court to declare the agreement void; or 

(б) plead duress as a defense if sued for performance; or 

(c) sue for recovery of moneys or property transferred under duress. 

Undue Influence is the misuse of mental power by one to change the purposes of 
another. In contesting wills, it is sometimes charged that a relative, a nurse, or other 
person in intimate and confidential relations with the ill or aged has used undue influence. 

4. The Subject Matter Must Be Lawful 

The courts can enforce only legal obligations. An agreement having an illegal object 
as its purpose cannot be enforced or is void. An illegal contract is not a contract in the 
eyes of the law. 

An agreement in violation of a statutory law is illegal. Gambling is illegal; hence a 
contract to enforce payment of a gambling debt is void. A contract to commit a crime 
is likewise null. 

In some states, an agreement entered into on Sunday or to bo performed on Sunday 
is made illegal by statute. There are exceptions, such as acts of charity, to preserve 
property or life. 

Licenses. For certain professions a license is required before a person may legally 
practice. In order to protect life and property, it is common to require physicians, 
lawyers, dentists, architects, and engineers to be licensed and registered. A contract 
requiring such licensed professional services is illegal if the party in question is not duly 
lioonsod. In states requiring architects and engineers to be licensed they may employ 
unlicensed designers, inspectors, and resident engineers, but the contracting principal for 
whom they work must be licensed except in certain governmental positions. 

Public Policy. A contract against public interest may be declared illegal by the 
courts. As an illustration, suppose that a town council proceeds legally to buy or build 
a public utility or to sell a municipally owned plant. Citizens may ask for an injunction 
to forbid such act on the ground that it is against public policy, i.e., the best interests 
of the citizens, as expressed by their opinions and through expert opinion. The court 
may dissolve the injunction or make it permanent after due hearings. 

It may be against public policy to let a contract for a public building or for repairs 
to the same to other than the lowest bidder. 
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Suppressing CompetiUon. The common law (and statutes also) recognise competi¬ 
tion in trade, and any contract in restraint of trade is illegal. Recent powers delegated 
by Congress to the President of the United States are amendatory to and in contradiction 
to English Common Law, the Clayton Act, and the Sherman Anti-Trust Law. 

An agreement not to bid on a contract or to bid higher or lower than another or any 
forni of (lollusion is illegal. In addition, parties to such illegal proceedings are liable 
under the criminal law. 

5. Consideration 

In deeds for the conveyance of lands, the price may be staled correctly or as **Ono 
Dollar and otlier considerations, receipt of W'hich is hereby acknowledged.” In land 
contracts, options on the purchase of real estate, autl similar documents, including all 
executory contracts, it is customary to state the exact amount to bo paid. 

There must be a valuaV)lo consideration in a legal contract, but the courts are not 
concerned with adequacy of the consideration unless fraud is claimed. 

The consideration may be something done, forlx>rne, or suffered, or a promise to do, 
forbear, or suffer, or it may be money, goods, or real estate. The market value of the 
goods or land may he little under the common law injunction “Let the buyer beware”; 
tliat is, the buyer should take all rea8oiial)le me.ans to inform himself that the exchange 
is to his advantage or that he is satisfied even though he will suffer a loss as a result of 
the bargain or contract. 

The consideration should be something which the law esteems of value. A promise 
to pay the debt of a third party may create a moral obligation, but if there is no con¬ 
sideration, the law will not require the promisor to fulfil his promise. On the otlier hand, 
to say to a merchant, “Send A this bill of goods and if he does not pay for it, I will” 
is enforceable at law. I'he loss which would be suffered l)y the merchant in cotvveying 
the goods is sufficient consideration for the promise to pay for them. A promise to A 
that I will make him a gift of a bill of goods is a promise without a consideration and 
hence is not legal. 

Sealed Instruments. A seal is a very old dc^’icc for giving solemnity to a contract 
where there is no consideration. A promise to do or to refrain from doing a certain legal 
act is enforceable when it is a sealed contract. The seal serves notice on the parties to 
give the contract special consideration as the court will not “go boliind the seal” to 
inquire into the justice of the bargain unless fraud is charged. 

Wills, benefactions, trust fund agreements, freehold surety bonds, and similar docu¬ 
ments should be sealed. 

Originally, a seal ring impression was made in molted wax. The seal may now bo 
made by sticking a piece of a stamjj or writing the word “seal” or by a scroll following 
the signatures to a sealed instrument. 

2. THE DISCHARGE OF A CONTRACT 

The usual method of terminating a contract is to fulfil the terms of the same, and 
is called, 1, performance. But a contract may also be discharged by 

2 , breach of contract, 

3 , “ impossibility ” of performance, 

4 , a new agreement or consent, or 

5, operation of law. 

Performance is the normal method of discharging a contract, but in engineering and 
construction contracts it is rare for the original terms of the agreement to be carried out 
without change. All modifications of plans and extras call for supplementary contracts 
and a change in the consideration. 

Where slight changes have been made and something “just as good” has been sut)- 
stituted, the courts will not usually interfere to require the substitution of that which 
may have been specified. The remedy is to prevent the substitution of other than that 
specified—unless the substitute is acceptable. 

The meaning of a contract is a question of law, although the intent of the parties may 
be shown by evidence. WTiother the contract has been completed is a question of fact 
for a jury to decide according to the evidence. “Substantial performance” will usually 
be accepted as full performance in litigation over that question. 

Tender. If one party to a contract is obstructed by the other party in his purpose 
to perform, the obstructed party may “tender” the amount due in “legal tender,” 
i.e., in bank notes (unless objected to at the time), U. S. Treasury notes, and coin, or 
he may offer to deliver the goods or do the labor as the contract specifies. Refusal to 
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accept when the tender has l)een made in good faith and in accordance with the terms of 
the contract relievos the party making the tender of obligation under the contract. 

Breach of Contract. Refusal or failure of a party to perform his part of a contract 
according to its terms constitutes a broach of contract and relieves the offended party 
of further obligations under the contract. The refusal must be absolute and unconditional. 
Mere objection or argument is not construed as refusal. 

Failure to perform is sometimes difficult to establish. If a time is set for completion, 
the courts will often take into consideration weather conditions, strikes affecting the 
supply of or transportation of materials, the effect of fire, and the necessity for completion 
by a specific date. 

The remedy for failure to complete the work on time may be by suit for damages if 
actual loss can be established and the amount of it can be determined. Otherwise the 
court will rarely enforce damages for non-completion by the specified time. See Liqui¬ 
dated Damages, page 16. 

If no time for the completion of the contract is stated then the court will permit “a 
reasona))lo length of time” for performance. What is reasonable may depend on the 
factors of weather, etc., mentioned above. 

The remedy for breach of contract may be a suit V)y the injured party for damages. 
Establishing by evidence the amount of damage suffered is usually difficult and expensive. 
It is therefore to be avoided so far as possible by requiring the contractor on engineering 
and construction work to provide a, surety bond. The surety is usually a well-established 
bonding company, and in effect the bond ensures the completion of the contract by the 
bonding company if the contractor fails or refuses to perform. Litigation may follow 
to compel the bonding company to complete the work, or a settlement may be agreed to 
out of court. This involves a new contract. 

There is another remedy for breach of contract called 

Specific Performance. Specific performance, as a rule, deals only with lands or 
specific goods in existence where like goods cannot be acquired in the open market if 
money damages were awarded. If a person or contracting firm was engaged because of 
his or their particular skill and experience, and if the contract cannot be completed equally 
well by another contractor, then a court of equity might consider a suit for specific per¬ 
formance. If the court agrees that the particular skill and experience of the contractor 
were important considerations and that equal skill and experience cannot l>e obtained 
by reasonable effort, then the contractor may be required to perform the contract, but 
this is rare. 

Impossibility of performance is the term applied when the conditions imposed were 
not contemplated in the contract and are onerous. It does not mean that it is actually 
impossible iii the literal sense but that the difficulties and expense are much greater 
than was known or than existed when the contract was let. Ordinary diffi(!ulties do 
not comprise impossibility in the legal sense. The usual hazards of contracting are a 
part of the undertaking although they may iiivolv^e extra work. Fire is a well-known 
danger, and insurance will save the contractor from a major part of the loss he would 
suffer. But a flood which washes away the site of a building which the contractor had 
agreed to build is an example of legal impossibility. 

Acts of Providence. Certain catastrophies called “Acts of God,” such as extremely 
high floods, tornadoes, earthquakes, and similar unforeseen a(!t8 of nature, are the l)asis 
of defense when contracts cannot be performed without mu(;h greater difficulty, time, 
and expense than was contemplated by the contracting parties. Such so-called Acts of 
God may create legal impossibility. 

A contract for personal st^rvices is discharged by the death or incapacity of the party. 

Contract Discharged by Agreement. Supplementary contracts to cover changes in 
the amount of work to be done and to cover extra work are usually provided for in the 
original contract. These do not affect the legality of the agreement. 

Conditions may become such that changes greater than those contemplated by (ho 
contract may be necessary. The work may bo abandoned at an uncompleted stage and 
the contract be discharged by a new contract which is in effect an amicable settlement 
of the case out of court. 

Contract Discharged by Law. A legal contract cannot contain requirements or 
prohibitions contrary to law. A contract may have been entered into in good faith to 
perform a legal act. Subsequently, and before completion, a law may have been passed 
by a state or an ordinance by a city council which makes the contract illegal. It is dis¬ 
charged by law. A decision by the courts may have the same effect. 

A contract to build a frame addition to a store may be made illegal by the passage 
of a zoning ordinance prescribing that frame buildings shall not be built in that zone. 
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3. AGENCY 

An employee is one who is hired by the hour, day, week to perform such tasks as 
he may be directed to do in the way he is told. Ho may be employed on piece work. 

An agent is given authority to act for and in the place of the principal in executing 
certain business transactions where he has more latitude than the employee as to ^he 
time, place, and manner in which ho shall act. An employee may also be an agent when 
he performs certain specific acts. 

The nature of the act will determine whether one was acting as employee or agent 
at the time. 

An agent is one who acts for a principal within the powers expressly granted him 
and those which may reasfjnably be implied. An engineer for a railroad who is instructed 
to design and build a bridge has the authority delegated to him to carry out the usual 
steps customary with that railroad in contracting for materials and hiring the necessary 
force, or in advertising, receiving bids, accepting an offer, obtaining surety bond, and 
other details ready for the prescribed officers to sign the contract. 

In addition to the authority which may be delegated to an agent in writing and the 
implied powers which follow as a consequence, there are cases where the courts have 
protected the third party from loss by holding the principal liable. Such arc acts w'hich 
might reasonably be expected to be within the powers of the agent. The test is thus 
stated: “ Would a reasonably prudent person in like circumstances have been justified 
in assuming that the agent had the power to enter into the contract in behalf of his 
principal? ” 

The above docs not apply to an agent of a public corporation. As in ti contract with 
a municipality, it is necessary to observe strictly the powers gr anted by the government, 
and its agent has no apparent powers—only those specifically granted and those necessary 
to carry out the grant. 

When a principal has ratified or has ♦accepted by implication a contract not within 
the authority granted an agent, the principal is hold liable. 

When a principal promptly repudiates au unauthoiized act of an agent and so notifies 
the third party, the principal is n<;t lialile. 

The principal is liable for torts comniitUid by the agent when carrying out the instruc¬ 
tions of his principal and within the authority granted the agent. See Torts. The prin¬ 
cipal is not liable for criminal acts committed by an agent. 

A minor may act as agent and thus bind his principal when ho could not act as the 
principal because of being under twenty-one years of age. 

When an agent has act,(;d within the powers delegated to him or when the principal 
has ratified the contract executed by an agent, the third party is now lialilo to the prin¬ 
cipal the same as if he had negotiated directly with the principal. 

It is the duty of the agent to carry out the instructions of his principal unless illegal, 
iinpossilile, or unreasonable. He should exercise due care, act in good faith, and make 
regular accounting of his acts, receipts, and disbursements. The agent may not act 
for opposing interests or as principal when carrying out a commission. 

The principal is bound by his contract with an agent and is liable to his agent as in 
any other contract. 

4. LIENS AND LIABILITIES 

Statutes in the majority of states provide that mechanics employed on building 
repairs or construction of a substantial character may file a mechanic’s lien in a prescribed 
manner within a limited time. The owner is liable and the property may be sold to 
satisfy such claims. 

Similar protection has also been provided for those supplying materials for such 
improvement-s even though the materials have not been used. 

In some states a ininimuni cost of perhaps $100 is stipulated below which cost liens 
may not be legal. 

The architect or engineer who prepares plans and siiecifications cannot recover under 
a mechanic’s lien unless he has also supervised and inspected the work, in which latter 
case he may come under the law. The statute should be examined to determine its scope. 

The only evidence admissible that the right to file a lien has been waived is a written 
agreement, known as a Release of Mechanic’s Lien, which, properly signed and witnessed, 
becomes a quit claim against the property. 

In large contracts the owner may require that the contractor furnish a bond with a 
proper surety company to indemnify against mechanic’s and material dealer’s lions. 

If the owner has pro\dded in the contract that amounts may be retained by him suf¬ 
ficient to meet all liens, the usual procedure is to file the lien in the prescribed manner. 

1~?Z 
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The owner satisfies the lien, obtains an affidavit to that effect, withholds the sum or 
Bums so paid, and in the final settlement with the contractor subtracts such sum or sums 
from the balance due. The prescribed procedure should be rigorously observed. 

The lapse of time after the work in question is completed and within which a lion 
must be filed is usually not over ninety days. The contract may therefore provide for 
the withholding of sufficient funds until the expiration of the legal period within which 
liens must be filed. Such liens take precedence over all other claims. 

The Lien of Wages is the term applied to statutes which provide for the payment of 
wages through a lion on the property of the employer or his interest in a property. There 
is usually a limit of $100 or $200 on the amount of each individual lien for wages. 


6. WORKMEN’S COMPENSATION 

Workmen’s Compensation refers to statutes w’hich provide for the recovery of 
damages for personal injury suffered while employed and while engaged on duties assigned 
by the employer or reasonably connected therewith. 

Under the common law, the emx^loyer was exfjected to provide safe conditions and 
proper tools to employees. If a workman was injured, the recovery of damages depended 
on whether negligence of the emxjloyer could be proven and if negligence or contributory 
negligence could bo ijrovcri against the employee, usually he could not recover. 

Safety apidiances were next specified and required with factory inspection by the 
state in order to improve working conditions. 

Employer’s Liability Acts were designed to remove the old defence of contributory 
negligence by the injured employee or that the act of a fellow employee such as foreman 
or superintendent, or some one to whom the injured employee was bound, was the act 
of a vice-principal and therefore relieved the employer of liability. There remained only 
the defense of culi)able, intentional, or criminal neglect on the part of the injured. 

The major weaknesses of the earlier acts were that no insurance was required by the 
employing company and that the amount of compensation to l)e received in case of an 
injury was not specified. In order to remedy these defects workmen’s compensation 
acts were passed in most states. 

Workmen’s Compensation Acts provide that the emi^loyer, if ho elects to operate 
under the statute, must carry insurance with the state, with an authorized company, or 
give evidence of financial ability to carry his own insurance and must receive permission 
BO to do. 

Under this act the defense is not admissible 

(а) that the cmploj’^ee was negligent; 

(б) that the injury was caused by the negligence of a fellow employee; or 
(c) that the employee had assumed the risks and hazards of the task. 

The statutes specify the amount of insurance to be received in case of temporary 
disability, the permanent loss of a member, and in case of death. Comfjensatiori is paid 
unless it can lie proven that there was fraud, i.c., intent on the part of the workman to 
injure himself or to be injured and thereby obtain compensation. 


6. THE ENGINEER’S LEGAL RELATIONS 

The engineer may be an employee and as such should have a clear understanding 
of his duties, salary, and responsibilities. Correspondence, a memorandum signed by his 
employer, or a contract is desirable. If he is an employee on a day, week, or month 
basis, he may bo given notice a day or two or a week or two before his time expires. 
Practices differ, but usually a two weeks’ notice is given engineers on a monthly pay liasis. 

The engineer may be an agent either occasionally on special assignments or as a full¬ 
time job. He should observe strictly his instructions and the law' of agency. 

The engineer may be an employer and should then oliserve the law concerning safety 
devices, sanitary requirements, and workmen’s compensation insurance; he should keep 
accurate records oi all contracts, account for all receipts and disbursements, and prepare 
the necessary reports and legal statements required by law. 

As a contractor he may contract to prepare plans and specifications on a percentage 
basis of about 5 per cent of the estimated cost for average buildings and more or less for 
structures of greater or less complexity. An additional charge is made for supervision 
and inspection. 

He will not enter into collusion, nor will he prepare plans on a contingent fee which 
depends on his receiving the contract award or on whether the building is built. 
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He will observe the ethics of his profession—a moral not a legal obligation. 

The engineer who contracts to prepare plans and specifications, supervise the con¬ 
struction, and inspect materials and workmanship agrees to bring to the job such skill 
as is usual and is necessary to prepare the designs so that the structure will be safe and 
eQual to^ the loads and forces which it may rea.sonably be expected to carry or which 
are specified. Details should conform to all laws, building codes, and ordinances which 
may apply. 

Although absolute accuracy is not required, neglect of plain duty renders him liable. 
The engineer who undertakes a contract for services agrees in the eyes of the law to 
supply reasonable knowledge, skill, and experience related to that specialty. He 
agrees to use due care and diligence and to employ his l)est judgment. To receive com¬ 
missions^ on materials, devices, or inventions used without the knowledge and consent 
of his principal is unfair, and absolute honesty is required in all relations with his principal 
and the contractor. 

If the independent, practicing engineer also holds a public office such as city engineer 
—on a fee basis—or member of a board of public works, it is important that private and 
public business do not get mixed. It is necessary that they bo kept strictly separate in 
order that he may not bo charged with letting self-interest influence his juilgment. 

The engineer who prepares plans, like the architect, cannot obtain his compensation 
through a mechanic’s lien unless he has also performed ^he labor of supervising and 
inspecting on something like a full-time basis similar to that of a mechanic. 


7. ENGINEER AS EXPERT WITNESS 

The engineer who accepts employment as an expert witness in cases involving con¬ 
tention over the quality of work, the quantity of work done, or the valuation of public 
utilities, or in other cases involving special knowledge and skill, must first be prepared to 
show by his education and experience that he can qualify as a specialist in the field in 
question. A recital of works designed or built by him similar to those under consideration 
or of valuations made is necessary. The opposing attorney may question his ability. 
The judge decides whether the witness qualifies as an expert. 

Preparation for a case should include independent surveys, measurements, tests, 
computations, and such other steps as will provide full information concerning the facts 
at issue. 

His estimates, judgments, and findings should l)e unswayed by the opinions of others. 
It is necessary that he be familiar with the evidence which is offered so far as it l^ears on 
the technical problems involved. Witnesses who are too anxious to help may do more 
harm than good if they have not lx?on questioned carefully concerning the points at issue. 

In preparation for the case, such maps, photographs, and plans as will be clear to the 
jury should be chosen for exliibit. Special drawings should l>e prepared to help make 
explanations clear to the jury. All pertinent facts upon which the engineer is asked to 
give testimony should be explained in language which is easily understood by the layman. 
Opinions should be fortified by illustrations draw'n from similar cases. 

The hypothetical case is used to introduce the opinion of an expert, for opinion evi¬ 
dence is looked upon askance, in fact, is admitted only under special circumstances in the 
ordinary case at law. The hypothetical question relates the facts of a similar but imag¬ 
inary case and then asks the witness what, in his Judgment, was the cause or effect. 

Notes, computations, and tables of data may l)c used by the engineer acting as an 
expert witness in order to refresh his memory. He may also present as exhibits standard 
works of technology and may read from them in support of his method of analysis. 

The witness should be prepared for an extensive, incisive cross-examinaiion. That 
which is factual should l)e admitted. If differences arise the opposing attorney may insist 
on a “Yes” or “No” answer w'here neither is adequate in the judgment of the engineer. 
An appeal to the judge may be necessary in order to obtain the privilege of making an 
answer which is free from possible misinterpretation. 

As a rule, engineers object to accepting a contingent fee for services as an expert 
witness and usually require a definite agreement concerning compensation. 


8. TORT 

A Tort has been defined as “An act or omission which unlawfully violates a person’s 
right created by law, and for which the appropriate remedy is a common law action for 
damages by the injured person.” 
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Torts are wrongs committed by one person against the person, property, business, or 
reputation of another. The liability which results from a tort is due either to intent or 
negligence; it is not based on contract or on a positive obligation such as is involved in a 
breach of contract. 

Torts Are Classified as (1) those against the person; (2) those against personal property; 
and (3) those against real property. 

The torts which most concern the engineer are, under (1), fraud, negligence, procuring 
breach of contract, slander, and libel. Under (2) or (3) there are infringement of patents, 
copyright, and trademark; violation of right of support; violation of water rights; 
nuisance. 

Negligence 

Negligence is a breach of duty which requires one to use duo care, skill, diligence, and 
proper caution to avoid injury to another. 

The owner or tenant of property must keep it in such repair that those who may law¬ 
fully enter may not suffer injury. There is an obligation to barricade pitfalls, trenches, 
and other excavations against the injury of those who may have the right to enter. 

If a city permits the use of a part of a street or sidewalk for private improvements, 
the owner liecomes liable if proper lights by night or barriers by day are not placed for 
the protection of the public. 

The Engineer in the (jourse of his practice must be reasonably prudent and careful in 
the exercise of his skill to protect property and life against damage due to his acts. The 
degree of skill which may be demanded depends on the difficulties and requirements of 
the situation. 

If the injured party was negligent or was guilty of contributory negligence he may not 
recover. 

Negligence on the part of the party sued for damages must be the primary cause of the 
accident and not an incidental circumstance. 

Since the burden of proof is on the injured party it is necessary for him to show the 
conditions preceding, accompanying, and following the accident with a chain of evidence 
establishing the cause of weakness ol the structure, the defect of its design or construction, 
and the usual good practice in such cases. 

The determination of the cause of failure of complicated structures requires a special 
knowledge of the theory of design, the usual shop practice or method of construction, and 
a highly analytical skill in ol)taining evidence. 

Slander and Libel are torts against the reputation. Slander is oral defamation of 
character; and lil)cl is a written communication designed to injure the name, business, or 
public estimate of the character of the party libeled. 

Infringement of Patent Rights 

The inventor or the party to whom rights have l)een assigned or a licensee may sue to 
recover damages for the use of a patented device for which rights have not been obtained 
or if the article has boon manufactured by a party having no license. Infringement must 
bo proven, and the prosecution or defense of patent suits is expensive and usually delays 
the use of the article. 

Engineering contracts ordinarily require that the contractor shall provide the neces¬ 
sary license to use and shall Ije lialjle for damages for the use of patented devices and for 
infringement of patented devices, instruments, or machines. 

Violation of Right of Support 

By virtue of title to real estate the owner has the right to the lateral support of his 
land and thereby has the duty imposed on him to preserve the support of adjoining 
property. Excavations for walls, sewers, or basements which weaken the support of 
adjoining land renders liable the party who causes the excavation. 

Support of the soil only is required. The owner of an adjoining building is obligated 
to shore, underpin, or otherwise protect his building. Otherwise the excavator may enter 
and protect at the owner’s expense or proceed with his excavation, using ordinary care 
under the circumstances. 

The Supremo Court of Massachusetts stated in one case: “ If the owner of land makes 
an excavation in it so near to the adjoining of another proprietor that the soil of the latter 
breaks away and falls into the pit, he is responsible for all the damage thereby occasioned. 
Few principles of the law can be traced to an earlier or to a more constant recognition.” 

Ill Gildersleeve vs. Hammond, the Supreme Court of Michigan 1896, the court in 
summation said: 
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1. “While a landowner has the undoubted right to excavate close to the boundary 
lioe, he must take reasonable precautions to prevent his neighoor’s soil from falling. 

2. If he has taken such reasonable precautions, and yet the soil falls from its own 
pressure, he is still liable for injury to the soil, but not for any injury to the super¬ 
structures. 

3. “If the pressure of the superstructure causes the land to fall, he is not liable either 
for injury to the land or superstructure. 

4. “If he fails to take such reasonable precautions to protect his neighbor’s soil, and 
to preserve it in its natural state, he is liable for the injury to both the land and the super¬ 
structure if the pressure of the superstructure did not cause the land to fall, and it fell in 
consequence of the failure to take such reasonable precautions.” 

Good practice requires cooperation of adjoining owners, the engineers, and legal 
advisers to j)rovide a proper contract covering shoring and other protective measures to 
save the interests of all concerned. 

The lowering of the water table in the course of excavation may cause settlement. 
If due care has been used it is unlikely that damages can be obtained, but the problems of 
water rights and support of the soil may introduce legal complications. 

Hiparian Rights 

The owner of lands adjoining a water course is entitled to the reasonable use of such 
water so long as he does not damage other riparian owners by the pollution of the stream 
or by damming it in such manner as lu affect the interests above or so store and discharge 
the water as to injure those below. 

The boundary of ijroperties on non-navigablc streams is often the stream bed or thread 
of the stream, and the streambed is real property. The boundary may change as the 
stream slowly erodes and deposits, thus increasing or decrcnising the area of a tract bounded 
by a stream. When land is made by deposit or by change of the channel of a stream or 
river, Ijouudaries between adjoining properties are legally extended on lines at right 
angles to the water lino, though in fact more frequently by exkmding the boundaries by 
mutual consent or custom. 

If a lake recedes, the boundaries of adjoining properties are extended normally to tho 
receding line, which action preserves a proportional water frontage and cuts off no one. 

Irrigation. In the western states a different practice has grown up and is now recognized 
by statute in some of thorn. Prior use constitutes a right, and amounts of water are as¬ 
signed to new projec^ts according to need. See the law in such states. Congress has 
recognized priority of possession on public lands. 

Pollution. Many of the industrial states have laws against pollution by city or trade 
wastes, but the laws were not passed until conditions under the common law had become 
so bad that the remedy is most difficult. Whore statutes require it, plans for water supply 
and sewerage must be submitted for approval tu the state board of health or similar 
authority. Plans not submitted or not approved, in those states, cannot be legally 
financed by bonds. The bonds are void. It is important that the engineer be familiar 
with the law and observe it. Failure to adopt changes suggested by the approving 
authority or to satisfy the same only delays the work. 

Manufacturing Wastes constitute a serious source of pollution in tho industrial states. 
Numerous cases have been carried through the (courts with conflicting decisions, but the 
tendency is to view streams and rivers not as natural sewers l>ut as property in which the 
public has an intc?rest—especially on navigable streams—and to impose greater responsi¬ 
bility on the company contributing to serious pollution by requiring that screens, detention 
tanks, and treatment works )jc installed and operated. 

Surface Waters is the term applied to run-off from storms, which is seeking a lower level 
in natural flow over lands on its way to recognized streams. Tho law of riparian rights 
does not apply, and in general an owner of lands may appropriate surface waters, but this 
is not true in all western states. In California a decision was against tho storage of flood 
water to the detriment of users downstream. 

The accumulation of excessive amounts of surface water added to normal stream flow 
produces floods. Floods overflow and damage farm lands and cities, and wash away 
bridges, railway embankments, and highways. Damages cannot be recovered for such 
losses unless it can be proven that dams have raised the water above its normal height for 
such volumes of flow or bridges have reduced the normal waferway and thus have raised 
the level artificially. Natural causes do not constitute a basis for action to recover damages. 

Well Waters are the result of rainfall or surface waters percolating through tho soil to 
porous strata above impervious strata of rock, hardpan, or other material where under¬ 
ground streams are formed. 

In the construction of sewers such underground streams may be intercepted and wells 
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rendered worthless. No recovery under such circumstances has been noted, but cities 
have been enjoined from pumping from wells which damaged private wells. No private 
owner has been prevented by law from sinking and using wells which interfered with the 
yield of neighboring wells. 

Nuisance 

A Nuisance is an offense which does harm or damage or creates inconvenience to private 
parties or to the public. Private parties are entitled to the comfortable use and enjoyment 
of their rights. The public likewise may be annoyed, inconvenienced, or damaged by the 
wrongful conduct of an owner, tenant, or trespasser who creat<es a material annoyance, 
offense, or damage. The pollution of streams; the dumping of offal on the banks of 
streams or in parks; smoke, odor, noise, and vibration caused by private acts, by utilities, 
or by cities may be the basis of suits by the public to abate or to pay damages. 

Garbage incinerators, sewage treatment works, abattoirs, garbage disposal by feeding 
to hogs are sources of contention in which engineers are concerned. 

Damages may be recovered by a private party if he can show depreciation of his 
property, injury to health, definite discomfort, or other real rather than prospective 
damages. 

Trespass 

“ Trespass to real property is an unlawful entry upon the land of another, or unlawful 
acts committed subsequent to a lawful entry. The interest j^rotccted is that of possession, 
free from interference by physical intrusions of persons or things.” 

“Squatter’s right” is established by continued, unchallenged possession of the real 
estate of another for a period of fifteen to twenty years. Such neglect by the owner may 
lead to loss of title through adverse possession, i.e., possession against the rights of the 
former owner who held title to the land in question. Numerous examples exist of title to 
valuable public or private lands being obtjiined in this manner. 

Cattle roaming at largo or breaking out of enclosures into the lands of others may do 
damage for which the owner may be sued. 

The right to enter public buildings, parks, and other public places is granted so long as 
nuisance is not created or possession is not adverse. 

The public has certain license to enter private property in the ordinary course of 
business, but permission may be revoked. 

The law permits entry to control a conflagration and to destroy buildings to prevent 
loss to other property. 

Surveyors and engineers who enter private property to lay out highways, sewers, or 
other public works, before easements, license, or title has been obtained, should obey the 
owner’s instructions to get off, as otherwise trespass may bo charged. The mere act of 
entry under those conditions is, in fact, trespass, but prompt respect for the rights of con¬ 
testants or objecting owners rarely leads to suit. 

In emergency, a temporary right of way may Idc established if a highway is blocked or 
impassable and several vehicles have already followed a specific path or route through a 
field and around such obstruction. Other vehicles may follow without trespassing until 
the condition has been cured and fences have been restored. 

The engineer should see to it that license, easement, or other right to enter, construct, 
or repair a sewer, water main, or other public work crossing private property is obtained 
before entering thereon, unless by verbal agreement a temporary permit is obtained until 
such legal right has been consummated. A license is usually temporary, whereas an ease¬ 
ment provides a permanent right to enter, perhaps for specific purposes. 


9. PRELIMINARY STEPS IN LETTING A CONTRACT 

1. Business Investigations. The engineer is frequently called upon to prepare reports 
covering the facts, estimates of cost, estimates of probable income, future prospects for 
business, probable competition, expected rate of income based on population growth, 
increase in usage, saturation point, and methods of financing. 

In the last connection it is important that the engineer and his clients l)e thoroughly 
familiar with the Securities Act of 1933 and its amendments, if amended. Misrepresentar 
tion of facts or failure to obtain and divulge all facts related to the issue of securities is a 
serious offense. 

2. Land Rights. The engineer may be called upon to obtain rights of way, options 
for the purchase of lands, or easements in order that power plants, water lines, transmis¬ 
sion lines, highways, railways, sewers, or other constructions may be carried to completion. 
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Proper land rights should be obtained which will provide for the right to enter to 
repair or maintain such works. 

8. Titles and Records. With the aid of legal advice, it will bo necessary to prepare 
options, easements, deeds, and licenses for the use of patents, and other documents. It is 
necessary to see that transfers of title are properly “signed, sealed, and tlelivered” in 
order to consummate the act, and also to see that they are recorded in the correct office of 
record. 

The engineer’s records or the company records should show when deeds are subiiiittcd 
for legal record, at what office or offices, and by whom. Fees must be paid. 

4. Issue of^ Securities. Incorporation of a corporation requires a specific legal pro¬ 
cedure depending on the statutes of the state in which incorporation is proposed. Legal 
services are usually necessary in order to ensure full compliance with the law. 

Certain business meetings, election of officers, and records are necessary Ixsfore the 
company is in legal operation. 

The issue of stocks and ])onds involves the propjiration of statements of facta and of 
necessity. Such prospectus must conform to the Securities Act of 19.‘i3 in .^ull and with 
exactness in order that those making the statements may bo free from liability. 

5. Plans and Specifications must be prepared and made a part of the contract. Such 
plans and specifications constitute a description of the work to be done, the quality of the 
materials to be used, the quality of workmanship required, the time within which the 
work is to be done, the method of payment, provision for extra w’ork, and protection for 
the contractor and for the owner against liens, suits, and disagreements. 

6. Surety Bond. Provision should be made (o) for the denosit of a certified check 
to ensure that the contractor will sign the contract if awarded the same and {b) that ho 
will indemnify the owner by a surety bond against loss in case o* l^reach of contract by the 
contractor. 

7. Instructions to Bidders define the basis on which bids must be submitted, i.e., 
whether on a unit cost basis for each class of material and work or by lump sum with a 
unit cost for extra work of each kind or a cost plus percentage of one type or another. 

The time and place of receiving and opening bids will be stated. The amount of the 
certified check required from each bidder and the manner of returning the same suc¬ 
cessful and unsuccessful bidders will also l )0 stated. The amount and type of surety 
bond required will be stated. 

The address whore plans and specifications can l)e obtained and the cost of same will 
be given. 

It is usual to state that any ami all bids may Imj rejected. 

The following is a short form of “Instructions to lUdders” which could bo extended 
to meet the needs of more complicated jobs: 

Sealed bids addressed to the Board of Public Works,.. Pa., and endorsed "Bids for 

Sewers” will be received at their office in the City Building until 12 o’clock noon on February 5, 
1935, and at that time all such bids will be publicly opened and read. 

All bids must be on the blank forms provided for the purpose by the Board of Public Works. 

A certified check for $.must accompany the bid or bids submitted by each bidder. 

Certified checks of unsuccessful bidders will be returned within three days after the contract has 
been signed and a satisfactory surety bond is provided. 

The surety bond of a satisfactory bonding company must be provided in the sum of $. 

within 10 days after the contractor is notified of the award or his certified check will be declared 
forfeited for failure to fulfil the terms of the contract. Likewise, the contract must be signed 
within the same ten days or the certified check may be declared forfeited. 

The Board of Public Works reserves the right to reject any bid or all bids or to accept any bid 
which it deems for the best interests of the city. 

Each bidder shall submit with his bid tlie names and addresses of parties for whom he has 
performed work of similar character to that on which he submits a bid. 

The quantities of the various classes of work to be done are only approximate and may be 
increased or decreased by the Board of Works by an amount not to exceed 10 per cent, the increase 
or decrease to be made at the unit prices bid. 

The contractor shall begin work within 30 days after the award of the contract, and the same 
shall be completed within 00 days after the award of the contract. 

Where statutes or ordinances specify the maximum number of hours per day of work 
permitted or make other conditions, reference to or quotation from the statute should be 
included. 

The instructions to bidders should bo signed by a responsible officer such as the clerk 
or the engineer of the Board of Public Works. 

Portions of the above do not apply verbatim where a private party or corporation is 
proposing to receive bids. 

8. The Advertisement. In order to bring the letting of a contract to the attention of 
prospective bidders, a statement may be sent to a preferred list of bidders, as is often 
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done by architects, or an advertisement may be inserted in a journal which appeals to the 
desired clientele. 

Such notice or advertisement should contain certain pertinent facts, such as when, 
whore, and by whom bids will be received; where plans and specifications can be obtained, 
conditions of bid such as certified check and surety bond required; the statement that 
“The right is reserved to refuse any or ail bids or to let the contract to other than the 
lowest bidder.” 

Advertisements for bids by the U. S. Government may lie brief, as in the following, 
taken from the Engineering Neios-Rccordj Dec. 13, 1934, p. 47. 

UNITED STATES ENGINEER OFFICE, Room 710, Army Building, 39 Whitehall St., New 
York, N. Y. Sealed bids will be received until 12 m,, December 18, 1934, and then pubMcly opened, 
for furnishing all labor and materials and performing all work for dredging approxinuitcly 10,830 
cubic yards, place measurement, of material (maintenance) from Port Chester Harbor, N. Y. 
(225) 

Longer and more detailed instructions may be seen in that and other engineering 
journals. 

The following, from the Engineering News-Record, Nov. 29, 1934, p. 69, is a good 
example of a detailed statement designed to protect the state: 

Bids; December 4. 

State Highway Work 

STATE DEPARTMENT OF PUBLIC WORKS- 
DIVISION OF HIGHWAYS, ALBANY, N. Y. 

Sealed proposals will be received by the undersigned at the State Office Building, 13th Floor, 
Albany, N. Y., until one o’clock p.m. on Tuesday, December 4, 1934, for the construction and 
reconstruction of highways and bridges in the following Counties, in accordance with the provisions 
of the National Industrial Recovery Act and Section 1 of the Act of June 18, 1934 (H.R. 8781): 


Deposit 

Construction Required 

CLINTON. $5,()()() 

(18' Gravel Bituminous Treated, including 65' Girder: 3.34 miles) 

COLUMBIA. 1,700 

(18' Gravel Surfacing: 2.85 miles) 

DELAWARE. 3,600 

(18' Gravel Surfacing: 5.13 miles) 

FRANKLIN. 1,900 

(18' Gravel Surfacing, including 55' I-Beam: 2.88 miles) 

KINGS & (QUEENS. 33,000 

(Prelim. Grading, including .56'-67', 87.5' Rigid Frame Structures: 0.82 mile) 

MONROE. 2,100 

(18' Gravel Surfacing: 5.06 miles) 

ORANGE. 2,500 

(18' Gravel Surfacing: 6.22 nnles) 

ORLEANS. 2,000 

(18' Gravel Surfacing: 4.38 miles) 

ST. LAWRENCE.;. 2,500 

(18' Gravel Surfacing, including one 42' and one 50' Timber bridge: 5.53 miles) 

SCHOHARIE. 4,000 

(Broken stone—Bit. Treated: 4.25 miles) 

Reconstruction 

ORANGE. 3,500 

(30' Concrete 8'' and 65.5' Beam Elim. Structure: 0.27 mile) 

OSWEGO. 4,500 

(85.5' Girder: 30' Concrete Arch and Concrete Appr.: 0.12 mile) 

ULSTER. 10,000 

(Bit. Mac. M.M.O. & C’oncrete inch 75' Girder: 2.63 miles) 

SCHENECTADY & ALBANY. 21,000 

(Concrete: 7.58 miles) 


Maps, plans, specifications, and estimates may be seen and proposal forms obtained at the office 
of the Division of Highways in Albany, N. Y., and at the office of the District ICnginccrs in whose 
districts the roads are located, upon the payment of Five Dollars ($5.00) for plans and proposal 
forms. Standard specifications are Two Dollars ($2,00) per copy. No refund will be made on plans, 
specifications, or proposal forms. Plans and proposal forms may also be seen at the office of the 
State Department of Public Works, State Office Building, Worth & Center Streets, New York City. 
The addresses of the District Engineers and counties in each district will be furnished upon request. 

Attention of Bidders is called to *' General Information for Bidders " in the proposal, speci¬ 
fications, and contract agreement. The attention of bidders is also directed to the special provi¬ 
sions covering sub-letting or assigning the contract and to the use of domestic materials, when 
financed wholly or in part from funds apportioned under the National Industrial Recovery Act and 
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Section 1 of the Act of June 18, 1934 (H.R. 8781), and especially called to the fact that the funds 
for NHH, NRM, NRS (1935) projects were obtained from the provisions of the National Indus¬ 
trial Recovery Act, and Section 1 of the Act of June 18, 1934 (H.R. 8781), for the purpose of pro¬ 
viding employment and hastening industrial recovery. 

Proposals must be submitted in separate sealed envelopes with the name and number of contract 
plainly endorsed on the outside of the envelope. Kach proposal must be accompanied by cash, 
draft or certified check payable to the New York State Department of Public Works, Division 
of Highways, for a sum of at least five per centum and not more than six per centum of the estimate 
accompanying the plans and specifications, and as specified in the advertisement for proposals and 
the proposal itself. The retention and disposal of such cash, draft or check by the State Division of 
Highways shall conform with Subdivision 2 of Section 130 of the Highway Law, os amended. 
I'he successful bidder will be required to execute the contract and comply in all respects with Sec¬ 
tion 130 of the Highway Law, as amended. The amount of the certified check accompanying 
the proposal of the bidder to whom the contract is awarded will be returned when ten per centum 
of the work under the contract has been completed. If Surety Jiond is dispensed with, pursuant to- 
the Highway Law, the amount of the bidding check will be returned when fifteen per centum of 
the contract work has been completed. 

A certificate of compliance on the prescribed form which will be furnished for thal purpose- 
shall be signed and submitted by all bidders, in accordance with Executive Order No (>(>46, issued 
by the President on March 14, 1934. Only bids accompanied by such certificate shall be considered 
or accepted. The contractor to whom award is maae shall require subcontractors and dealers 
furnishing equipment, materials, and supplies to sign similar ccriif;cate8 before making awards- 
to or purchases from such subcontractors or dealers, copies of which shall be furnished to the con¬ 
tracting officer. 

On Federal Aid Contracts, when optional types are permitted for any one item of work, contrac¬ 
tors must state in the space provided in the proposal for this purpose the exact designation of the 
optional type upon which the proposal is predicated. No one proposal shall contain more than one 
bid for an optional item. The award, if made, will be on the basis of the responsible proposal 
which for all items of work gives the lowest total cost for the project and the contract will call for 
the type designatcjd in such proposal. 

Skilled, intermediate grade, and unskilled labor on projects under the National Industrial 
Recovery Act, and Section 1 of the Act of June IH, 1934 (11.R. 8781) shall receive the minimum 
wage rate per hour as follows: 

In New York City: skilled labor, eighty cents per hqur; intermediate grade labor, sixty-five cents 
per hour; unskilled labor, fifty-live cents per hour; in the Counties of Nassau, Hockland, SufTolk, 
and Westchester, skilled labor, seventy-five cents per hour; intermediate grade labor, sixty cents per 
hour; unskilled labor, fifty-five cents per hour; in counties other than Nassau, Hockland, SufTolk, 
and Westchester, and New Y'ork City, skilled labor, seventy-five cents per hour; intermediate 
grade labor, fifty-five cents per hour; unskilled labor, forty-five cents per hour. The minimum 
hourly rate for the various types of operations and trades shall be sot forth in the itemized pro¬ 
posal for each project. 

The right is reserved to reject any or all bids. A. W. BRANDT, 

Commissioner of Highways. 

9. Receiving Bids. A record should 1x5 prepared and kept of the time when each bid 
was received; the person, partnership, or corporation Bubmitting it; and by whom suli- 
mitted. 

The bids should be opened by the duly authorized official in the case of a municipality, 
county, state, or federal unit of j*:overriment. 

The engineer should prepare on forms provided for the purpose a comparison of the 
bids submitted in order to determine the lowest bidder. The law recognizes the right of 
I>arties receiving bids to investigate the reliability, experience, and reputation of each 
ladder and to use their best judgment in selecting the “ lowest and best bid,” which may 
not be the lowest. All governmental authorities may be required to show that judgment 
without prejudice was used. Other thing.s being equal, the courts have required that the 
lowest bid for public works shall be accepted. 

This docs not apply to private parties or corporations which may, barring fraud, award 
the contract as they see fit and usually without recourse on the part of disappointed 
bidders. 

10. Awarding the Contract consists in formally accepfing a bid and officially informing 
the bidder. The contract must Ixi signed within a specified time or the certified check be¬ 
comes the property of the owner, and he may proceed to notify another party that his bid 
has been accepted, or the certified check may be held pending the determination of dam¬ 
ages sustained by accepting the next higher bid. 

In addition to signing the contract, the successful bidder must provide a surety bond 
of approved form. 

It is usual to hold in reserve a second or even a third liest bid until the contract has 
been signed and a satisfactory bond has been submitted. When and if all details are 
satisfactory, then the certified checks are returned to the unsuccessful bidders. 

If the contractor receiving the award in the first instance fails to sign the contract and/ 
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or to supply a satisfactory bond, his certified check may be declared forfeited and another 
contractor may be notified that his bid is accepted. Or all bids may be rejected, changes 
may be made in conditions, and new bids advertised for. 


10. FORM OF AGREEMENT 

The following “Standard Form of Agreement between Contractor and Owner for 
Construction of Buildings” has received the approval of the National Association of 
Builders Exchanges, the Associated General Contractors of America, the Joint Conference 
on Construction Contra(;ts, the National Association of Master Plumbers, and several 
other organizations. It is used with the approval of the American Institute of Architects. 
Comments, additions, and suggestions by the author are in smaller tsnpe. 

“THIS AGREEMENT made the. 

day of.in the year Nineteen Hundred and. 

by and between. 

hereinafter called the Contractor, and. 


.hereinafter called the Owner, 

WITNESSETH, that the Contractor and the Owner for the considerations herein¬ 
after named agree as follows: 

“ Article 1. Scope of the Work—The Contractor shall furnish all of the materials and 
perform all of the work shown on the Drawings and described in the Specifications entitled 
“ {Here insert the caption descriptive of the work as used on the Drawings and in the 
other Contract Documents,) ” 


prepared by., *. 

acting as and in these Contract Documents entitled the Architect; and shall do everything 
required by this Agreement, the General Conditions of the Contract, the Sijecifications 
and the Drawings.” 

The word “Engineer” or “Chief Engineer” may be substituted for “Architect” where desirable. 

“ Article 2. Time of Completion —The work to be performed under this Contract shall 

be commenced. 

and shall be substantially completed. 

“ {Here insert stipulation as to liquidated damages, if any.)'* 

An alternative form is: The contractor shall begin active work not later than.days after 

the contract is signed. The work shall be substantially completed on or before. 

It w'os customary to provide a penalty of $.per day for each day thereafter that the work 

remained uncompleted. 

The courts held that if no equal bonus was provided for completion before the specified date, the 
imposing of a penalty was an assumption of a legal authority which lay only in the courts. It was 
further requir^ that the owner show that damages of the amount of the penalty was suffered. In 
many instances this was impossible.* Consequently resort has been made to a paragraph entitled 
“ Liquidated Damages.” 

Whereas, time is of the essence of this contract and whereas the specific amount of damage 
suffered for each day that the work remains uncompleted after the specified date for completion is 
difficult or impossible of determination, it is hereby agreed between the Owner and the Contractor 

that the latter shall pay the sum of $.per day for each day of delay, not as a penalty, but as 

liquidated damages for such delay except that the agreed shall not be due if the delay is caused 
by the owner, nor shall liquidated damages be paid for Sundays or legal holidays. 

A “ time charge ” of similar import has been used by the Delaware State Highway Depart- 
nient.t 

“ Article 3. The Contract Sum —The Owner shall pay the Contractor for the perform- 


* See The Elements of Specification Writing by Kirby, 1935, pp. 112 et seq. 
t Ibid. 
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ance of the Contract, subject to additions and deductions provided therein, in current 

funds as follows:. 

“ (State here the lump sum amount^ unit prices^ or hoth^ eis desired in individual cases.) ** 

Where the quantities originally contemplated are so changed that application of the 
agreed unit price to the quantity of work performed is shown to create a hardship to the 
Owner or the Contractor, there shall be an equitable adjustment of the Contract to 
prevent such hardship.” 

The above article should contain the total of the contract, the agreed unit prices for extras such 
as excavation, concrete, etc. 

Where the contract is on a unit basis the details of amounts of work to be done and unit costs 
should be given. If the owner supplies certain materials or etiuipmcnt, this should be clearly stated. 

If the contract is on a cost-plus basis, the details should bo definite in order to avoid disputes. 
** Article 4. Progress Payments —The Owner shall make payments on account of the 
Contract as provided therein, as follows: 

On or about the.day of each month.per 

cent of the value, based on the Contract prices, of labor and materials incorporated in the 

work and of materials suitably stored at the site thereof up to the.day of 

that month, as estimated by the Architect, less the aggregate of previous payments; and 
upon substantial completion of the entire work, a sum sufficient to increase the total 
payments to.per cent of the contract price. 


” (Insert here any provision made for limiting or reducing the amount retained after the work 
reaches a certain stage of completion.) ” 

On contracts for large sums it is usual to include two items under “ Payments for Work in 
Progress.” First, estimate the value of the work completed during the preceding month, and 
second, specify the payment of 75 or some other per cent of the estimated value of the work done. 

If a payment is also made on the value of materials delivered during that month and not yet 
incorporated in the work, then a deduction will be matle of the previous payments on materials 7u>w 
in the work completed. This requires careful bookkeeping, checking of bills of lading, and inven¬ 
tories of materials on hand. It is also necessary to check the amounts paid on materials received 
in order to ensure that payments do not exceed the agreed percentage of work done and paid for. 
It is important that the books of the contractor, bills, and receipts be open to inspection by the 
owner. See Art. 24. 

Article 6. Acceptance and Final Payment —Final payment shall be due. 

days after substantial completion of the work provided the work bo then fully completed 
and the Contract fully performed. 

Upon receipt of written notice that the work is ready for final inspection and acceptance, 
the Architect (or Engineer) shall i)romptly make such inspection, and when he finds tho 
work acceptable under the Contract and the Contract fully porfonned he shall promptly 
issue a final certificate, over his own signature, stating that the work provided for in this 
Contract has been completed and is accepted by him under the terms and conditions 
thereof, and that the entire balance found to be due the Contractor, and noted in said 
final certificate, is due and payable. 

Before issuance of final certificate the Contractor shall submit evidence satisfactory to the 
Architect (or Engineer) that all payrolls, material bills, and other indebtedness connected 
with the work have been paid. 

If after the work has been substantially completed, full completion thereof is materially 
delayed through no fault of the Contractor and the Architect (or Engineer) so certifies, 
the Owner shall, upon certificate of the Architect (or Engineer) and without terminating 
the Contract, make payment of the balance due for that portion of the work fully com¬ 
pleted and accepted. Such payment shall be made under the terms and conditions 
governing final payment, except that it shall not constitute a waiver of claims. 

“ Article 6. The Contract Documents —The General Conditions of the Contract, the 
Specifications and the Drawings, together with this Agreement, form the Contract, and 
they are as. fully a part of the Contract as if hereto attached or herein repeated. The 
following is an enumeration of the Specifications and Drawings: 

” IN WITNESS WHEREOF, the parties hereto have executed this Agreement, the 
day and year first above written. 


<1 
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11. ARTICLES OF THE GENERAL CONDITIONS 


Index 


1. DeBnitions. 

2. Execi'tiou, Correlation and Intent of 

Documents. 

3. Detail Drawings and Instructions. 

4. Copies Furnished. 

6. Shop Drawings. 

6. Drawings and Specifications on the Work. 

7. Ownership of Drawings and Models. 

8. Samples. 

9. Materials, Appliances, Employes. 

10. Royalties and Patents. 

11. Surveys, Permits and Regulations. 

12. Protection of Work and Property. 

13. Inspection of Work. 

14. Superintendence: Supervision. 

15. Changes in the Work. 

16. Claims for Extra Cost. 

17. Deductions for Uncorrected Work. 

18. Delays and Extension of Time. 

19. Correction of Work Before Final Payment. 

20. Correction of Work After Final Payment. 

21. Owner’s Right to do Work. 

22. Owner's liight to Terminate Contract. 


23. Contractor’s Right to Stop Work or Ter¬ 

minate Contract. 

24. Applications for Payments. 

25. Certificates of Payments. 

26. Payments Withheld. 

27. Contractor’s Liability Insurance. 

28. Owner’s Liability Insurance. 

29. Fire Insurance. 

30. Guaranty Bonds. 

31. Damages. 

32. Liens. 

33. Assignment. 

34. Mutual Responsibility of Contractors. 

35. Separate Contracts. 

36. Subcontracts. 

37. Relations of Contractor and Subcontractor. 

38. Architect’s Status. 

39. Architect’s Decisions. 

40. Arbitration. 

41. Cash Allowances. 

42. Use of Premises. 

43. Cutting, Patching and Digging. 

44. Cleaning Up. 


** Art. 1. Definitions. 

“(a) The Contract Documents consist of the Agreement, the General Con¬ 
ditions of the Contract, the Drawings and Specifications, including 
all modifications thereof incorporated in the documents before their 
execution. These form the Contract. 

“ (b) The Owner, the Contractor and the Architect are those mentioned as 
such in the Agreement. They are treated throughout the Contract 
Documents as if each were of the singular number and masculine 
gender. 

“ (c) The term Subcontractor, as employed herein, includes only those hav¬ 
ing a dire<d. contract with the Contractor and it includes one who 
furnishes material worked to a special design according to the plana 
or specifications of this work, but does not include one who merely 
furnishes material not so worked. 

“(d) Written notice shall lx> deemed to have been duly served if delivered in 
person to the individual or to a member of the firm or to an officer 
of the corporation "for whom it is intended, or if delivered at or sent 
by registered mail to the last business address known to him who 
gives the notice. 

“(e) The term ‘work’ of the Contractor or Subcontractor includes labor or 
materials or both. 

“ (f) All time limits statcid in the Contract Documents arc of the essence of 
the Contract. 

“(g) The law of the place of building shall govern the construction of this 
Contract. 

“ Art. 2. Execution, Correlation and Intent of Documents. —The Contract Documents 
shall be signed in duplicate l)y the Owner and the Contractor. In case the Owner and the 
Contractor fail to sign the General Conditions, Drawings or Specifications, the Architect 
shall identify them. 

“The Contract Documents are complementary, and what is called for by any one shall 
be as binding as if called for by all. The intention of the documents is to include all labor 
and materials, equ'pmont and transportation necessary for the proper execution of the 
work. It is not intended, however, that materials or work not covered by or properly 
inferable from any heading, branch, class or trade of the specifications shall be supplied 
unless distinctly so noted on the drawings. Materials or work descril>ed in words which 
so applied have a well-known technical or trade meaning shall be held to refer to such 
recognized standards. 

“ Art. 3. Detail Drawings and Instructions. —The Architect shall furnish with reasonable 
promptness, additional instructions, by means of drawings or otherwise, necessary for the 
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proper execution of the work. All such drawings and instructions shall be consistent with 
the Contract Documents, true developments thereof, and reasonably inferable therefrom. 

“The work shall be executed in conformity therewith and the Contractor shall do no 
work without proper drawings and instructions. 

“The Contractor and the Architect, if either so requests, shall jointly prepare a 
schedule, subject to change from time to time in accordance with the progress of the 
work, fixing the dates at which the various detail drawings will be required, and the 
Architect shall furnish them in accordance with that schedule. Under like conditions, a 
schedule shall be prepared, fixing the dates for the submission of shop drawings, for the 
beginning of manufacture and installation of materials and for the completion of the 
various parts of the work.” 

In engineering work it is customary to submit all detail drawings with the general drawings to 
bidders, i his paragraph may be omitted or a specific item can be incorporated where it is appro¬ 
priate. 

** Art. 4. Copies Furnished.—Unless otherwise provided in the Contract Docuiiionts the 
Architect wdll furnish to the Contractor, free of charge, all copies of drawings and specifi¬ 
cations reasonably necessary for the execution of the work. 

“ Art. 5. Shop Drawings.—The Contractor shall submit with such promptness as to 
cause no delay in his own w’ork or in that of any other Contractor, two (iopies of all shop 
or setting drawings and schedules required for the work of the various trades, and the 
Architect shall pass upon them with reasonable promptness. The Contractor shall make 
any corrections required by the Architect, file with him two corri idod copies and furnish 
such other copies as may l)e needed. The Architect’s approval of such draw ings or sched¬ 
ules shall not relieve the Contractor from responsibility for deviaiions from drawings or 
specifications, unless he has in writing called the Architect’s attention to such deviations 
at the time of submission, nor shall it relieve him from responsibility for errors of any 
sort in shop drawings or schedules.” 

This paragraph may be omitted from engineering work where detail and shop drawings are sub¬ 
mitted to bidders. Where shop drawings are to be provided by the contractor, tlic paragraph should 
make clear that they are to be satisfactory to the engineer and approved by him when satisfactory. 

“Art. 6. Drawings and Specifications on the Work.—The Contractor shall keep one 
copy of all drawings and specifications on the work, in good order, available to the Archi¬ 
tect and to his representatives. 

“ Art. 7. Ownership of Drawings and Models.—All drawings, specifications and copies 
thereof furnished l)y the Architect arc his property. They are not to be used on other 
work and, with the exception of the signed Contract set,, are to be returned to him on 
request, at the completion of the work. All models are the property of the Owner. 

“ Art. 8. Samples.—The Contractor shall furnish for approval all samples as directed. 
The work shall be in accordance with approved 8ami)los. 

“ Art. 9. Materials, Appliances, Employes.—Unless otherwise stipulated, the Contractor 
shall provide and pay for all materials, labor, water, tools, equipment, light, power, trans¬ 
portation and other facilities necessary for the execution and completion of the work. 

“ Unless otherwise specified, all materials shall be new and both workmanship and 
materials shall be of good quality. The Contractor shall, if re(iuired, furnish satisfactory 
evidence as to the kind and quality of materials. 

“The Contractor shall at all times enforce strict discipline and good order among his 
employes, and shall not employ on the work any unfit person or any one not skilled in the 
work assigned to him.” 

On engineering work it is usual to specify that workmanship shall be satisfactory in quality to 
the engineer. If any workman is judged by the engineer to be unfit for the work which is assigned 
him, he shall be discharged from that position upon written notice by the engineer to the contractor 
and shall not again be employed on this contract without the consent of the engineer. 

“ Art. 10. Royalties and Patents.—The Contractor shall pay all royalties and license 
fees. He shall defend all suits or claims for infringement of any patent rights and shall 
save the Owner harmless from loss on account thereof, except that the Owner shall be 
responsible for all such loss when a particular process or the product of a particular manu¬ 
facturer or manufacturers is specified, but if the Contractor has information that the 
process or article specified is an infringement of a patent he shall bo responsible for such 
loss unless he promptly gives such information to the Architect or Owner. 

“ Art. 11. Surveys, Permits and Regulations. —The Owner shall furnish all surveys 
unless otherwise specified. Permits and licenses of a temporary nature necessary for the 
prosecution of the work shall be secured and paid for by the Contractor. Permits, licenses 
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and easements for permanent structures or permanent changes in existing facilities ahaii 
be secured and paid for by the Owner, unless otherwise specified. 

“The Contractor shall give all notices and comply with all laws, ordinances, rules and 
regulations bearing on the conduct of the work as drawn and specified. If the Contractor 
observes that the drawings and specifications are at variance therewith, he shall promptly 
notify the Architect in writing, and any necessary changes shall be adjusted as provided 
in the Contract for changes in the work. If the Contractor performs any work knowing 
it to be contrary to such laws, ordinances, rules and regulations, and without such notice 
to the Architect, he shall bear all costs arising therefrom.” 

Engineering specifications often require the contractor to protect all grade stakes and bench 
marks. If they are damaged or removed by the contractor or his employees, the contractor shall 
be charged with the cost of replacing the same and shall be responsible for delays and expense caused 
thereby. 

“ Art. 12. Protection of Work and Property. —The Contractor shall continuously main¬ 
tain adequate protection of all his work from damage and shall protect the Owner's 
property from injury or loss arising in connection with this Contract. He shall make 
good any such damage, injury or loss, except such as may be directly due to errors in the 
Contract Documents or caused by agents or employes of the Owner. He shall adequately 
protect adjacent property as provided by law and the Contract Documents. He shall 
provide and maintain all passage ways, guard fences, lights and other facilities for pro¬ 
tection required by public authority or local conditions. 

“In an emergency affecting the safety of life or of the work or of adjoining property, 
the Contractor, without special instruction or authorization from the Architect or Owner, 
is hereby permitted to act, at his discretion, to prevent such threatened loss or injury, 
and he shall so act, without appeal, if so instructed or authorized. Any compensation, 
claimed by the Contractor on account of emergency work, shall be determined by 
agreement or Arbitration. 

“ Art. 13. Inspection of Work.—The Architect and his representatives shall at all times 
have access to the work wherever it is in preparation or progress and the Contractor shall 
provide proper facilities for such ac(5es8 and for inspection. 

“If the specifications, the Architect’s instructions, laws, ordinances or any public 
authority require any work to 1x5 specially tested or approved, the Contractor shall give 
the Architect timely notice of its readiness for inspection, and if the inspection is by 
another authority than the Architect, of the date fixed for such inspection. Inspections 
by the Architect shall Ixj promptly made, and where practicable at the source of supply. 
If any work should be covered up without approval or consent of the Architect, it must, 
if required by the Architect, be uncovered for examination at the Contractor’s expense. 

“ Re-examination of questioned work may lie ordered by the Architect and if so ordered 
the work must bo uncovered by the Contractor. If such work bo found in accordance 
with the Contract Documents the Owner shall pay the cost of rc-exarnination and replace¬ 
ment. If such work lie found not in aecordance with the Contract Documents the Con¬ 
tractor shall pay such cost, unless he shall show that the defect in the work was caused 
by another Contractor, and in that event the Owner shall pay such cost. 

“ Art. 14. Superintendence: Supervision.—The Contractor shall keep on his work, 
during its progress, a competent superintendent and any necessary assistants, all satisfac¬ 
tory to the Architect. The superintendent shall not bo changed except with the consent 
of the Architect, unless the superintendent proves to be unsatisfactory to the Contractor 
and ceases to be in his employ. The superintendent shall represent the Contractor in his 
absence and all directions given to him shall be as binding as if given to the Contractor. 
Important directions shall bo confirmed in writing to the Contractor. Other directions 
shall Ije BO confirmed on written request in each case. 

“The Contractor shall give efficient supervision to the work, using his best skill and 
attention. He shall carefully study and compare all drawings, specifications and other 
instructiona and shall at once report to the Architect any error, inconsistency or omission 
which he may discover, but he shall not be held responsible for their existence or discovery. 

“ Art. 15. Changes in the "Work. —The Owner, without invalidating the Contract, may 
order extra work or make changes by altering, adding to or deducting from the work, the 
Contract Sum being adjusted accordingly. All such work shall be executed under the 
conditions of the original contract except that any claim for extension of time caused 
thereby shall be adjusted at the time of ordering such change. 

“ In giving instructions, the Architect shall have authority to make minor changes in 
the work, not involving extra cost, and not inconsistent with the purposes of the buildmg, 
but otherwise, except in an emergency endangering life or property, no extra work or 
change shall be made unless in pursuance of a written order from the Owner signed or 
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countersigned by the Architect, or a written order from the Architect stating that the 
Owner has authorized the extra work or change, and no claim for an addition to the 
contract sum shall be valid unless so ordered. 

“The value of any such extra work or change shall lie determined in one or more of the 
following ways: 

(a) By estimate and acceptance in a lump sum. 

(b) By unit prices named in the contract or sulisequently agreed upon. 

(c) By cost and percentage or by cost and a fixed fee. 

“If none of the above methods is agreed upon, the Contractor, provided ho receives 
an order as above, shall proceed with the work. In such case and also under case (c), he 
shall keep and present in such form as the Architect may direct, a correct account of the 
net cost of labor and materials, together with vouchers. In any case, the Architect shall 
certify to the amount, including reasonable allow-Hiieo for overhead and profit, duo to the 
Contractor. Pending final determination of value, payments on account of changes 
shall be made on the Architect’s certificate. 

“ Art. 16. Claims for Extra Cost.—If the Contractor claims that any instructions by 
drawings or otherwise involve extra cost under this contrai’t, he shall give the Architect 
written notice thereof W’ithin a reasonable time after the receipt of such instructions, and 
in any event before proceeding to execute the work, except in emergency endangering life 
or property, and the procedure shall then bo as provided for changes in the work. No 
such claim shall be valid unless so made. 

“ Art. 17. Deductions for Uncorrected Work.—If the Architect and Owner deem it 
inexpedient to correct work injured or done not in accordance wdth the Contract, an equi¬ 
table deduction from the contract price shall be made therefor. 

“ Art. 18. Delays and Extension of Time.—If the Contractor bo delayed at any time in 
the progress of the work by any act or neglect of the Owner or the Architect, or of any 
employe of either, or by any other Contractor employed by the Owner, or by changes 
ordered in the work, or by strikes, lockouts, fire, unusual delay in transportation, unavoid¬ 
able casualties or any causes beyond the Contrac^tor’s control, or by delay authorized by 
the Architect pending arbitration, or by any cause whict the Architect shall decide to 
justify the delay, then the time of completion shall be extended for such reasonable time 
as the ^Architect may decide. 

“No such extension shall he made for delay occurring more than seven days before 
claim therefor is made in wTiting to the Architect. In the case of a continuing cause of 
delay, only one claim is necessary. 

“ If no schedule or agreement stating the dates upon which drawings shall be furnished 
is made, then no claim for delay shall be allowed on account of failure to furnish drawings 
until two weeks after demand for such drawings and not then unless such claim be 
reasonable. 

“This article does not exclude the recovery of damages for delay by either party under 
other provisions in the contract documents. 

“ Art. 19. Correction of Work Before Final Payment.—The Contractor shall promptly 
remove from the premises all materials condemned by the Architect as failing to conform 
to the Contract, whether incorporated in the work or not, and the Contractor shall 
promptly replace and re-execute his own work in accordance with the Contract and without 
expense to the Owner and shall bear the expense of making good all work of other con¬ 
tractors destroyed or damaged by such removal or replacement. 

“If the Contractor does not remove such condemned work and matorials within a 
reasonable time, fixed by written notice, the Owner may remove them and may store the 
material at the expense of the Contractor. If the Contractor does not pay the expenses 
of such removal within ton days’ time thereafter, the Owner may, upon ten days’ written 
notice, sell such materials at auction or at private sale and shall account for the net pro¬ 
ceeds thereof, after deducting all the costs and expenses that should have been borne by 
the Contractor. 

“ Art. 20. Correction of Work After Final Payment.—Neither the final certificate nor 
payment nor any provision in the Contract Documents shall relieve the Contractor of 
responsibility for faulty materials or workmanship and, unless otherwise specified, he 
shall remedy any defects due thereto and pay for any damage to other work resulting 
therefrom, which shall appear within a period of one year from the date of substantial 
completion. The Owner shall give notice of observed defects with reasonable promptness. 
All questions arising under this article shall be decided by the Architect subject to arbi¬ 
tration. 
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“ Art. 21. The Owner’s Right to Do Work. —If the Contractor should neglect to prose¬ 
cute the work properly or fail to perform any provision of this contract, the Owner, after 
three days’ written notice to the Contractor may, without prejudice to any other remedy 
he may have, make good such deficiencies and may deduct the cost thereof from the 
payment then or thereafter due the Contractor, provided, however, that the Architect 
shall approve both such action and the amount charged to the Contractor. 

** Art. 22. Owner’s Right to Terminate Contract.—If the Contractor should be adjudged 
a bankrupt, or if he should make a general assignment for the benefit of his creditors, or 
if a receiver should bo appointed on account of his insolvency, or if ho should persistently 
or repeatedly refuse or should fail, except in cases for which extension of time is provided, 
to supply enough properly skilled workmen or proper materials, or if he should fail to 
make prompt payment to subcontractors or for material or labor, or persistently disregard 
laws, ordinances or the instructions of the Architect, or otherwise be guilty of a substantial 
violation of any provision of the contract, then the Owner, upon the certificate of the 
Architect that sufficient cause exists to justify such action, may, without prejudice to 
any other right or remedy and after giving the Contractor seven days’ written notice, 
terminate the employment of the (yontractor and take possession of the premises and of 
all materials, tools and appliancies thereon and finish the work by whatever method he 
may doom expedient. In such case the Contractor shall not be entitled to receive any 
further payment until the work is finished. If the unpaid balance of the contract price 
shall exceed the expense of finishing the work including compensation for additional 
managerial and administrative services, such excess shall be paid to the Contra(;tor. If 
such expense shall exceed such unpaid balance, the Contractor shall pay the difference to 
the Owner. The expense incurred by the Owner as herein pirovided, and the damage 
incurred through the Contractor’s default, shall be certified by the Architect. 

“ Art. 23. Contractor’s Right to Stop Work or Terminate Contract. —If the work should 
bo stopped under an order of any court, or other public authority, for a period of three 
months, through no act or fault of the Contractor or of anyone employed by him, or if 
the Archite(;t should fail to issue any certificate for payment within seven days after it is 
due, or if the Owner should fail to jiay to the Contractor within seven days of its maturity 
and presentation, any sum certified by the Architect or awarded by arliitrators, then the 
Contractor may, upon seven days’ written notice to the Owner and the Architect, stop 
work or terminate this contract and recover from the Owner payment for all work executed 
and any loss sustained upon aiiv plant or materials and rcaaonalJe profit and damages. 

** Art. 24. Applications for Payments. —The Contractor shall submit to the Architect an 
application for each payment, and, if required, receipts or other vouchers, showing his 
payments for materials and labor, including payments to subcontractors as recpiired by 
Art. 37. 

“If payments are made on valuation of work done, such application shall 1)0 submitted 
at least ten days Ijcfore each payment falls due, and, if required, the Contra(-tor shall, 
before the first application, submit to tiie Architect a schedule of values of the various 
parts of the work, including quantities, aggregating the total sum of the contract, divided 
80 as to facilitate payments to subcontractors in accordance with Article 37 (e), made out 
in such form as the Architect and the Contractor may agree upon, and, if required, sup¬ 
ported by such evidence as to its correctness as the Architect may direct. This schedule, 
when approved by the Architect, shall be used as a basis for certificates of payment, unless 
it be found to be in error. In applying for payments, the Contractor shall submit a 
statement based upon this schedule, and, if required, itemized in such form and supported 
by such evidence as the Architect may direct, showing his right to the payment claimed. 
“If payments are made on account of materials delivered and suitably stored at the 
site but not incorporated in the work, they shall, if required by the Architect, be conditional 
upon submission by the Contractor of bills of sale or such other procedure as will establish 
the Owner’s title to such material or otherwise adequately protect the Owner’s interest. 

** Art. 25. Certificates of Payments.—If the Contractor has made application as above, 
the Architect shall, not later than the date when each payment falls due, issue to the 
Contractor a certificate for such amount as he decides to be properly due. 

“ No certificate issued nor payment made to the Contractor, nor partial or entire use 
or occupancy of the work by the Owner, shall be an acceptance of any work or materials 
not in accordance with this contract. The making and acceptance of the final payment 
shall constitute a waiver of all claims by the Owner, other than those arising from unsettled 
liens, from faulty work appearing after final payment or from requirement of the specifi¬ 
cations, and of all claims by the Contractor, except those previously made and still 
unsettled. 
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“Should the Owner fail to pay the sum named in any certificate of the Architect or in 
any award by arbitration, upon demand when due, the Contractor shall receive, in addi* 
tion to the sum named in the certificate, interest thereon at the legal rate in force at the 
place of building. 

“ Art. 26. Payments Withheld.—The Architect may withhold or, on account of subse¬ 
quently discovered evidence, nullify the whole or a part of any certificate to such extent as 
may be necessary to protect the Owner from loss on account of: 

(a) Defective work not remedied. 

(b) Claims filed or reasonable evidence indicating probable filing of claims. 

(c) Failure of the Contractor to make payments properly to subcontractors or for 
material or labor. 

(d) A reasonable doubt that the contract can be completed for the balance then 

unpaid. 

(e) Damage to another Contractor. 

“When the above grounds arc removed payment shall bo made for amounts withheld 
because of them. 

“ Art. 27. Contractor’s Liability Insurance.—The Contractor shall maintain such insur¬ 
ance as will protect him from claims uialt^r workmen’s comi)en8n</ion acts and from any 
other claims for damages for personal injury, including deatli, which may arise from 
operations under this Contract, whether such operations be by himself or by any subcon¬ 
tractor or anyone directly or indirectly employed by cither of them. Certificates of such 
insurance shall he filed with the Owner, if he so require, and shall be subject to his approval 
for adequacy of protection. 

“ Art. 28. Owner’s Liability Insurance.—The Owner shall be lesponsible for and at his 
option may maintain sucdi insurance as will protei^t him from his contingent liability for 
damages for personal injury, including death, which may arise from operations under this 
contract. 

“ Art. 29. Fire Insurance.—The Owner shall effect and maintain fire insurance upon the 
entire structure on which the work of this contract is to be done and upon all materials, 
in or adjacent thereto and intended for use thereon, to at least eighty per cent of the 
insurable value thereof. The loss, if any, is to lie made fidjustable with and payable to 
the Owner as Trustee for whom it may concern. 

“ All policies shall lie open to inspection by the Contractor. If the Owner fails to show 
them on request, or if he fails to effect or maintain insurance as above, the C'ontractor 
may insure his own interest and charge the cost thereof to the Owner. If the Contractor 
is damaged by failure of the Owner to maintain such insurance, he may recover as stipu¬ 
lated in the contract for recovery of damages. 

“If required in writing by any party in interest, the Owner as Trustee shall, upon the 
occurrence of loss, give bond for the proper performance of his duties. He shall deposit 
any money received from insurance in an account separate from all his other funds and 
he shall distribute it in accordance with such agreement as thi; parties in interest may reach, 
or under an award of arbitrators appointed, one by the Owner, another by joint action of 
the other parties in interest, all other procoilure Inung as provided elsewhere in the contrai^t 
for Arbitration. If after loss no special agreement is made, replacement of injured work 
shall \)0 ordered and executed as provided for changes in the work. 

“The Trustee shall have power to adjust and settle any loss with the insurers unless 
one of the Contractors interested shall objeijt in writing within three working days of the 
occurrence of loss, and thereupon arbitrators shall lie chosen as above. The Trustee shall 
in that case make settlement with the insurers in accordance with the directions of such 
arbitrators, who shall also, if distribution by arbitration is required, direct such distribution. 

** Art. 30. Guaranty Bonds.—The Owner shall have the right, prior to the signing of the 
Contract, to require the Contractor to furnish bond covering the faithful performance of 
the Contract and the payment of all obligations arising thereunder, in such form as the 
Owner may prescribe and with such sureties as he may approve. If such bond is required 
by instructions given previous to the submission of bids, the piremium shall be paid by the 
Contractor; if subsequent thereto, it shall be paid by the Owner.’’ 

It is customary to require the deposit of a certified check, payable to the owner, by each bidder 
to ensure that the contract if awarded to a bidder will be signed by him, and also to ensure that a 
satisfactory bond is submitted by a surety company covering the completion of the contract. A 
bond by freeholders, i.e., individual holders of real estate, is not usually acceptable except on small 
contracts awarded to local bidders. Even then a bond supplied by material dealers may not be 
desirable. 
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** Art, 31. Damages. —If either party to this Contract should suffer damage in any 
manner l)ecause of any wrongful act or neglect of the other party of or anyone employed 
by him, then he shall be reimbursed by the other party for such damage. 

“Claims under this clause shall be made in writing to the party liable within a reason¬ 
able time at the first observance of such damage and not later than the time of final pay¬ 
ment, except as expressly stipulated otherwise in the case of faulty work or materials, and 
shall be adjusted by agreement or arbitration. 

“ Art. 32. Liens.—Neither the final payment nor any part of the retained percentage 
shall become due until the Contractor, if required, shall deliver to the Owner a complete 
release of all liens arising out of this Contract, or receipts in full in lieu thereof and, if 
required in either case, an affidavit that so far as he has knowledge or information the 
releases and receipts include all the lal)or and material for which a lien could be filed; 
but the Contractor may, if any subcontractor refuses to furnish a release or receipt in 
full, furnish a bond satisfactory to the Owner, to indemnify him against any lien. If any 
lien remain unsatisfied after all i^ayrnents are made, the Contractor shall refund to the 
Owner all moneys that the latter may Ix) compelled to pay in discharging such a lion, 
including all costs and a retisonable attorney’s fee. 

** Art. 33. Assignment.—Neither party to the Contract shall assign the Contract or 
sublet it as a whole without the written consent of the other, nor shall the Contractor 
assign any moneys due or to Ixjcome due to him hereunder, without the previous written 
consent of the Owner. 

“ Art. 34. Mutual Responsibility of Contractors.—Should the Contractor cause damage 
to any other contractor on the work the Contractor agrees, upon due notice, to settle with 
such contractor by agreement or arbitration, if he will so settle. If such other contractor 
sues the Owner on account of any damage alleged to have lx»on so sustained, the Owner 
shall notify the Contractor, who shall defend such proceedings at the Owner’s expense 
and, if any judgment against the Owner arise therefrom, the Contractor shall pay or satisfy 
it and pay all costs incurred by the Owner. 

Art, 35. Separate Contracts.—The Owner reserves the right to let other contracts in 
connection with this work. The Contractor shall afford other contractors reasonable 
opportunity for the introduction and storage of their materials and the execution of their 
work, and shall properly connect and coordinate his work with theirs. 

“ If any part of the Contractor’s work depends for proper execution or results upon the 
work of any other contractor, the Contractor shall inspect and promptly report to the 
Architect any defects in such work that render it unsuitable for such propcir execution and 
results. His failure so to inspect and report shall constitute an acceptance of the other 
contractor’s work as fit and i)roper for the reception of his work, except as to defects which 
may develop in the other contractor’s work after the execution of his work. 

“To insure the proper execution of his subsequent work the Contractor shall measure 
work already in place and shall at once report to the Architect any discrepancy between the 
executed work and the drawings. 

“ Art. 36, Subcontracts.—The Contractor shall, as soon as practicable after the signa¬ 
ture of the contract, notify the Architect in writing of the names of subcontra(;tors pro¬ 
posed for the principal parts of the work and for such others as the Architect may direct 
and shall not employ any that the Architect may within a reasonable time object to as 
incom{)etent or unfit. 

“If the Contractor has submitted Ijefore signing the contract a list of subcontractors 
and the change of any name on such list is required in writing l)y the Owner after signature 
of agreement, the contract price shall be increased or diminished by the difference in cost 
occasioned by such change. 

“The Architect shall, on request, furnish to any subcontractor, wherever practicable, 
evidence of the amounts certified on his account. 

“The Contractor agrees that he is as fully responsible to the Owner for the acts and 
omissions of his subcontractors and of persons either directly or indirectly employed by 
them, as he is for the acts and omissions of persons directly employed by him. 

“Nothing contained in the contract documents shall create any contractual relation 
between any subcontractor and the Owner. 

** Art. 87. Relations of Contractor and Subcontractor.—The Contractor agrees to bind 
every Subcontractor and every Subcontractor agrees to Ixj bound by the terms of the 
Agreement, the General Conditions, the Drawin@9 and Specifications as far as applicable 
to his work, including the following provisions of this article, unless specifically noted to 
the contrary in a subcontract approved in writing as adequate by the Owner or Architect. 
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•* This does not apply to minor subcontracts. 

“The Subcontractor agrees— 

“ (a) To be bound to the Contractor by the terms of the Agreement, General Condi* 
lions, Drawini^ and Specifications, and to assume toward him all the obligations and 
responsibilities that he, by those documents, assumes toward the Owner. 

“ (b) To submit to the Contractor applications for payment in such reasonable time 
as to enable the Contractor to apply for pa 3 rment under Article 24 of the General 
Conditions. 

“(c) To make all claims for extras, for extensions of time and for damages for delays 
or otherwise, to the Contractor in the manner pro\uded in the General Conditions for like 
claims by the Contractor upon the Owner, except that the time for making claims for 
extra cost is one week. 

“The Contractor agrees— 

“(d) To be bound to the Subcontractor by all the obligations that the Owner assumes 
to the Contractor under the Agreement, General Conditions, Drawings and Specifications, 
and by all the provisions thereof affording remedies and redress to the Contractor from 
the Owner. 

“ (e) To pay the Subcontractor, upon the issuance of certificates, if issued under the 
schedule of values described in Article 24 of the General Conditions, the amount allowed 
to the Contractor on account of the Subcontractor’s work to the extend of the Subcon¬ 
tractor’s interest therein. 

“ (f) To pay the Subcontractor, upon the issuance of certificates, if issued otherwise 
than as in (e), so that at all times his total payments shall be as 1 irge in proportion to the 
value of the work done by him as the total amount certified to the Contractor is to the 
value of the work done by him. 

“ (g) To pay the Subcontractor to such extent as may bo provided by the Contract 
l^ocuments or the subcontract, if either of these provides for earlier or larger payments 
than the above. 

“ (h) To pay the Subcontractor on demand for his work or materials as far as executed 
and fixed in place, less the retained percentage, at the time the certificate should issue, 
even though the Architect fails to issue it for any cause not the fault of the Subcontra<}tor. 

“ (j) To pay the Subcontractor a just share of any fire insurance money received by 
him, the Contractor, under Article 29 of the General Conditions. 

“ (k) To make no demand for liquidated damages or penalty for delay in any sum in 
excess of such amount as may Ik) specifically named in the subcontract. 

“ (1) That no claim for services rendered or materials furnished by the Contractor to 
the Subcontractor shall be valid unless written notice thereof is given by the Contractor 
to the Subcontractor during the first ten days of the calendar month following that in 
which the claim originated. 

“ (m) To give the Subcontractor an opportunity to be present and to submit evidence 
in any arbitration involving his rights. 

“ (n) To name as arbitrator under arbitration proceedings as provided in the General 
Conditions the person nominated by the Subcontractor, if the sole cause of dispute is the 
work, materials, rights or responsibilities of the Subcontractor; or, if of the Subcontractor 
and any other subcontractor jointly, to name as such arbitrator the person upon whom 
they agree. 

“The Contractor and the Subcontractor agree that— 

“ (o) In the matter of arbitration, their rights and obligations and all procedure shall 
be analogous to those set forth in this contract. 

“Nothing in this article shall create any obligation on the part of the Owner to pay 
to or to see to the payment of any sums to any Subcontractor. 

** Art 38. Architect’s Status.—The Architect shall have general supervision and direc¬ 
tion of the work. Ho is the agent of the Owner only to the extent provided in the Contract 
Documents and when in special instances he is authorized by the Owner so to act, and 
in such instances he shall, upon request, show the Contractor written authority. He has 
authority to stop the work whenever such stoppage may be necessary to insure the proper 
execution of the Contract. 

“As the Architect is, in the first instance, the interpreter of the conditions of the 
Contract and the judge of its performance, ho shall side neither wdth the Owner nor with 
the Contractor, but shall use his powers under the contract to enforce its faithful per¬ 
formance by both. 

“In case of the termination of the employment of the Architect, the Owner shall 
appoint a capable and reputable Architect, whose status under the contract shall be that 
of the former Architect. 
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•* Art. 39. Architect’s Decisions. —The Architect shall, within a reasonable time, make 
decisions on all claims of the Owner or Contractor and on all other matters relating to the 
execution and progress of the work or the interpretation of the Contract Documents. 

“ The Architect’s decisions in matters relating to artistic effect, shall be final, if within 
the terms of the Contract Documents. 

“Except as above or as otherwise exj^ressly provided in the Contract Documents, all 
the Architect’s decisions are subject to arbitration. 

“ Art. 40. Arbitration. —All questions subject to arbitration under this Contract shall bo 
submitted to arbitration at the choice of either party to the dispute. 

“The Contractor shall not cause a delay of the work during any arbitration proceed' 
ings, except by agreement with the Owner. 

“The demand for arbitration shall be filed in writing with the Architect, in the case 
of an appeal from his deedaion, within ten days of its receipt and in any other case within 
a reasonable time aft-or cause thereof and in no case later than the time of final payment, 
except as otherwise expressly stipulated in the Contract. If the Architect fails to make a 
decision within a reasonable time, an appeal to arbitration may he taken as if his decision 
had been rendered against the party appealing. 

“No one shall Ix) nominated or act as an arbitrator who is in any way financially 
interested in this Contract or in the business affairs of either the Owner, Contractor or 
Architect. 

“Unless otherwise provided by controlling statutes, the parties may agree upon one 
arbitrator; otherwise there shall l)e three, one named in writing, by each party to this 
Contract, to the other party and to the Architect and the third chosen by these two 
arbitrators, or if they fail to select a third within fifteen days, then he shall be chosen by 
the presiding officer of the liar Association nearest to the location of the work. Should 
the party demanding arbitration fail to name an arbitrator within ten days of his demand, 
his right to arbitration shall lapse. Should the other party fail to choose an arbitrator 
within said ten days, then such presiding officer shall appoint such arbitrator. Should 
cither party refuse or neglect to supply the arbitrators with any papers or information 
demanded in writing, the arbitrators are empowered by both parties to proceed ex parte. 

“If there be one arbitrator his decision shall bo binding; if three the decision of any 
two shall be binding. Such decision shall l)e a condition precedent to any right of legal 
action, and wherever permitted by law it may be filed in Court to carry it into effect. 

“The arbitrators, if they deem that the case demands it, are authorized to award to 
the party whose contention is sustained such sums as they shall deem proper for the 
time, expense and trouble incident to the appeal and, if the appeal was taken without 
reasonable cause, damages for delay. The arbitrators shall fix their own compensation, 
unless otherwise pro\uded by agreement, and shall assess the costs and charges of the 
arbitration ui)on either or both parties. 

“The award of the arbitrators shall be in writing and it shall not be open to objection 
on account of the form of the proceeding or the award, unless otherwise provided by the 
controlling statutes. 

“In the event of such statutes providing on any matter covered by this article other¬ 
wise than as hereinbefore specified, the method of procedure throughout and the legal 
effect of the award shall be wholly in accordance w’ith the said statutes, it being intended 
hereby to lay down a i)rinciple of action to be followed, leaving its local application to l^ 
adapted to the legal requirements of the jurisdiction having authority over the arbi- 
trati:n.’’ 

Arbitration is increasingly recognized as a quicker way of settling disputes than resort to court 
action. It is also cheaper and as just. It should apply to all disagreements such as those which 
may arise under Arts. 15 and 17. 

New York, in 1920, was the first state to recognize arbitration and " made agreements to arbi¬ 
trate irrevocable. New Jersey, Pennsylvania, Massachusetts, California, Oregon, Louisiana, Con¬ 
necticut, New Hampshire, Rhode Island, and Arizona have similar laws while all the other states 
have passed arbitration laws of one kind or another.” The American Arbitration Association, 
organized in 1926 by Chief Justioe Hughes and others, was designed to speed justice and reduce 
the cost of litigation. See Ilarpvr's MagazUie, December, 1931. 

It is generally accepted that the engineer should have power ” to reject or condemn any work or 
material w’hich does not conform to the contract.” 

The clause formerly specifying that “ the decision of the chief engineer shall be final ” is less 
frequently used. 

** Art. 41. Cash Allowances.—The Contractor shall include in the contract sum all 
allowances named in the Contract Documents and shall cause the work so covered to be 
done by such contractors and for such sums as the Architect may direct, the contract sum 
being adjusted in conformity therewith. The Contractor declares that the contract sum 
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includes such sums for expenses and profit on account of cash allowances as he deems 
proper. No demand for expenses or profit other than those included in the contract sum 
shall be allowed. The Contractor shall not be required to employ for any such work 
persons against whom he has a reasonable objection. 

“ Art. 42. Use of Premises.—The Contractor shall confine his apparatus, the storage of 
materials and the operations of his workmen to limits indicated by law, ordinances, per¬ 
mits or directions of the Architect and shall not unreasonably encumber the premises 
with his materials. 

“The Contractor shall not load or permit any part of the structure to be loaded with 
a weight that will endanger its safety. 

“The Contractor shall enforce the Architect’s instructions regarding signs, advertise¬ 
ments, fires and smoking. 

“ Art. 43. Cutting, Patching and Digging.—The Contractor shall do all cutting, fitting or 
patching of his work that may be required to make its several j^arts come together properly 
and fit it to receive or be received by work of other contractors shown upon, or reasonably 
implied by, the Drawings and Specifications for the completed structure, Miid he shall 
make good after them as the Architect may direct. 

“Any cost caused by defective or ill-timed work shall l^e borne by the party responsible 
therefor. 

“I'ho Contractor shall not endanger any work by cutting, digging or otherwise, and 
shall not cut or alter the work of any other contractor save with the cjiisent of the 
iVrchitect. 

“ Art. 44. Cleaning Up.—The Contractor shall at all times kcoT> the premises free from 
accumulations of waste material or rubbish caused by his employees or work, and at the 
completion of the work he shall remove all his rubbish from ai *1 about the building and 
all his tools, scaffolding and surplus materials and shall leave his work ‘ broom clean ’ or 
its equivalent, unless more exactly specified. In case of dispute the Owner may remove 
the rubbish and charge the cost to the several contractors as the Architect shall determine 
to be just.” 

ADDITIONAL CLAUSES which should be given consideration if the character of the work 
to be done suggests their fitness: 

Contractor’s Understanding.—The Contractor agrees that he by careful examination satisfied 
himself as to the nature and location of the work, the couformaticui of the ground, the character, 
quality, and quantity of the materials to be excavated and moved, and the conditions affecting 
all the work to be done, and that his conclusion to execute this contract is based on such investiga¬ 
tion, and not on the estimates of the quantities or other information supplied by the Engineer, and 
that the Contractor will make no claim against the Owner because of any estimates, tests, borings, 
or representations of any kind ailecting the work to be done which have been or may be made by 
any agent of the Owner and which may prove to be in error. 

Rejected Material.—“ Any materials condemned or rejecteil by the Engineer as not conforming 
to the specifications may be (so) branded or otherwise marked, and shall, on demand, be at once 
removed by the Contractor (at hi.s exi>enBe) to a satisfactory distance from the work.” 

Report Errors and Discrepancies.—“ If the Contractor, in the course of the work, finds any dis¬ 
crepancy between the plans (specifications) and the physical conditions of the locality, or any 
errors on plans or in the layout as given by said points and instructions, it shall be his duty to imme¬ 
diately infuriii the Engineer, in writing, and the Engineer shall promptly verify the same. Any 
work done after such discovery shall be done at the Contractor’s risk." 

If the Engineer’s decision concerning the responsibility for the error and the cost of correction, 
if any, is refused by the Contractor, the question at issue shall be referred to the Board of Arbi¬ 
tration. 

“ Indemnity.—The Contractor shall indemnify and save harmless the Company from and 
against all losses and all claims, demands, payments, suits, actions, recoveries, and judgments of 
every nature and description brought or recovered against it, by reason of any act or omission of 
the said Contractor, his agents, or employees, in the execution of the work or in consequence of any 
negligence or carelessness in guarding the same.* 

“ Liens.-—If at any time there shall be evidence of any lien or claim for which the Company 
might become liable and which is chargeable to the Contractor, the Company shall have the right to 
retain out of any payment then due or thereafter to become due, an amount sufficient to com¬ 
pletely indemnify the Company against such lien or claim, and if such lien or claim be valid, the 
Company may pay and discharge the same, and deduct the amount so paid from any moneys which 
may be or become due and payable to the Contractor."t 

Legal Restrictions.—Specifications should contain clauses calling the attention of the contractor 
to, or quoting, statutes which may require citizenship to be established, restrict hours of labor, or 
stipulate minimum wage rates. m 

Unforeseen Difficulties.—The justice of such clauses should be carefully studied as any attempt to 
make the contractor responsible for the damage resulting from so-called “ Acts of God ’’ will defeat 

Business Law for Engineers, by Allen, 1929, pp. 16-38. 

t Ibid., pp. 16-40. 
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CONTRACTS 


itieLf—^nd should. Ordinary risks are covered by the article entitled Contractor's Understand¬ 
ing.'* The following may be inserted if it makes clearer the legitimate risks which the Contractor 
assumes. "All loss or damages arising out of the nature of the work to be done under this contract 
on account of unforeseen obstructions or difficulties, from the action of the elements, from strikes, 
lockouts, or from incumbrances on the work, shall be at the expense of the Contractor." 

Intoxicating Liquors Prohibited.—" The Contractor, in so far as his authority extends, shall 
not permit the sale, distribution or use of intoxicating liquors upon or adjacent to the work, or 
allow any such to be brought upon, to or near the property of the Company." 

Note. Neither the above contract nor any other form should be used without examining each 
clause to see if it is pertinent and adequate. 

In order to ensure the completeness of the specifications, especially on complicated or unusual jobs, 
additional or substitute clauses should be examined as they are presented in 

Business Law for Engineers, by C. F. Allen, published by McGraw-Hill Book Company, 

New York. 

Elements of Specification Writing, by E. S. Kirby, published by John Wiley & Sons, 

New York, 

Specification details can best be studied from office copies which represent good practice. All 
construction firms have files of specifications designed to meet general and particular cases. 
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Ab- (prefix), 3-30 
Abampere, 3-31, 3-32 
Abbreviations, 2-02 

engineering terms, 1-03 to 1-04 
Abcoulomb, 3-31 
Aberrations, 9-12 
Abfarad, 3-32 
Abhenry, 3-31 
Abohm, 3—32 

Abrasion, resistance to (refractories), 12-22 
Absolute dielectric constant, 3-29 
dimensions of, 3-08, 3-09 
of free space, 3-32 

electrical dimension system, so-called, 3-10 to 
3-12 

humidity, 9-61 
magnetic permeability, 3-30 
dimensions of, 3-08, 3-09 
temperature, 3-27 
unit systems, so-called, 3-13 
*'Absolute ” dimension system, 3-05 
electrical units, 3-29 to 3-33 
practical units, so-called, 3-33 
Absorption coefficient, mass (radiation), 9-03 
electric, 8-43 
of radiation, 9-02 
refrigeration system, 7-84, 7-85 
sound, 9-50 

coefficients, 9-51, 9-52 
in fluid media, 9-41, 9-42 
ultraviolet, 9-21 
of water, brick, 12-18 
fiber, 12-65 

laminated tubing, 12-69 
phenolic sheet materials, 12-68 
tile, 12-20 

of x-rays, 8-08, 9-24 
Absorptivity, 9-03 
Abvolt, 3-32 

Acceleration, angular, 4-32 

and rectangular acceleration, relation 
between, 4-32 

units of, conversion of, 1-136 
components of, 4-30 
curvilinear motion, 4-30 
force, mass, relation between, 4-34 
linear, units of, conversion of, 1-136 
of a particle, 4-27 
of any point in plane motion, 4-33 
rectilinear motion, 4-27 
-space diagram, 4-29 
-time diagram, 4-28 
units of, 4-27, 4-34 
Acceptances (contracts), 13-03 
Acet^dehyde, properties of, 1-123 
Acetic acid, properties of, 1-123, 10-11 
Acetone, density of, 6-06 
properties of, 1-123 
surface tension of, 6-09 
viscosity of, 6-07 
Acetylene, density of, 6-07 
properties of, 1-121, 10-24 


Acid, 10-04, 10-06 
Bessemer steel, 11- 23 
character of a solution, 10-06 
dibasic, 10-07 

hydrochloric, 10-06, 10-11, 10-28 
nitric, properties, 1-124, 10-11 
open-hearth steel, 11-23 
uses of, 11-33 
picric, 12-80 
pig iron, 11-15 

resistance of insulating varnish. 12-72 
-resisting brick, 12-26 
salt, 10-13 

sulfuric, 1-124, 10-06, 10-11, 10-29 
tribasic, 10-07 
Acidity and pH, 10-08 
test for lubricants, 12-75 
Acids, l>!iseH and salts, 10-06 to 10-08 
of halogen elements, 10-06 
properties of, 1-123 to 1-124, 10-11 
Acoustic bibliography, 9-54 to 9-55 
density, 9 -38 
filter, 0-46 

impedance, measurement of, 9-54 
insulating materials, absorption coefficients, 
9-51, 9-52 

resistance, specific, 9-38, 9-40 
Acoustical instruments and measurements, 9- 
53, 9-64 

law. Ohm's, 9-49 
Acoustics, 9-35 to 9-55 
architectural, 9-50 to 9-53 
meteorology, radiation, light. Section 9 
physiological, 9-48 to 9-49 
Actinic rays, 9-21 
Action, mass, law of, 10-07 
Acts of providence (contracts), 13-06 
Addends, 2-02 
Addition, 2-02, 2-05, ^-06 
symbols for, 1-02 
Adhesive materials, 12-80, 12-81 
Adiabatic compression, multistage, 7-31 
single-stage, 7-30 
engines, turbines, etc., 7-11 
enthalpy drop, 7-56 
flow, 7-11 
process, 7-04 

reversible, 7-10, 7-20, 7-45 
Admiralty (alloy), properties of, 11-46 
Admittance (electric), 8-55 
indicial, 8-58 
vector, 8-55 

Admixtures (concrete), 12-05 
Advance (alloy), properties of, 11-99 
Advertisement of contract, 13-13 to 13-lo 
Aerodynamics, 4-02, 6-05 
airfoils, characteristics of, 6-42 
coefficients of, 6-42 
ideal-fluid theory in, 6-24 to 6-26 
of viscous incompressible fluids, 6-41 to €-44 
applications of, 6-44 to 6-48 
Aeronautical symbols, 1-04 to 1-11 
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Aerostatics, 6-05, 6-11 to 6-12 
Agency (contracts), 13-07 
Agent (contracts), 13-07 
Aggregate (concrete), 12-04 to 12-06 
Aggregation, eynibols of, 1-02 
Agreement (contracts), 13-03, 13-04 
contract discharged by, 13-06 
form of, 13-16, 13-17 
Air, columns, vibration of, 9-44 
comprcnssibility of, 6-10 

compression system, refrigeration, 7-82 to 
7-84 

conditioning, 7-94, 7-95 
abbreviations, 7-85, 7-86 
equipment, 7-94 
examples, 7-95 
symbols, 7- 85, 7-86 
constituents of, 10-25 
density of, 6-06 
furnace njolting, 11-16 
index of refraction of, 9-15 
injection (Diesel engine), 7-76 
insulating properties of, 12-74 
magneto-optic rotation of, 9-18 
preheaters 7-71 

properties of, 1-121, 7-16, 10-24 
purity of, 7-94 

resistance of automobiles, 9-69 
resistance of trains, 9-69 
-slaked lime, 12-12 
spaces, conductivity of, 12-37 
thermal conductances of, 12-33 
specific heat of, 7-17 
standard analyses of, 7-74 
velocity of sound in, 9-37 
viscosity of, 6-08 
weight of, 10-11 
Aircraft, gas-filled, lift of, 6-12 
Airfoils, characteristics of, 6-41 to 6-43 
combinations, 6-26 
lift of, in two-dimensional flow, 6-24 
moment of, in two-dimensional flow, 6-24 
plan forms of, 6-41 
in three-dimensional flow, 6-24 
Airless injection (Diesel engine), 7-76 
Airplanes, fixed pitch propeller, 6-45 
in flight, loads on, 6-47 
performance of, 6-47 
propellers, full-scale tests on, 6-41 
velocity increase due to, 6-23 
testing models of, 6-52 
variable pitch propellers, 6-45 
Alaska cedar, allowable unit stress, 5-29, 5-31 
properties of, 12-44 
Alclad products, 11-65 
Alcohol, composition of, 10-11 
compressibility of, 6 10 
density of, 1-123, 6-06 
molecular weight of, 10-11 
properties of, 1-123 
specific gravity of, 10-11 
surface tension of, 6- 09 
viscosity of, 1-123, 6-07 
Aldehyde, properties of, 1-123 
Alder, red, properties of, 12-44 
Algebra, 2-06 to 2-22 
Alignment charts, 2-116 to 2-122 
definitions, 2-116 

functions of four variables, 2-120 to 2-122 
functions of three variables, 2-117 to 2-120 
use of, 2-116 

Alkali earth metals, 10-14, 10-15 
metals, 10-12 to 10-14 
Alkyd, 12-54 


AUotropic modifications (metals), 11-05 
Allowable safe loads, cast-iron columns, 5-45 
5-47 

unit stresses, 5-10 

reinforced concrete under static loads, 5-62 
riveted joints, 5-58 
structural steel, 5-24 
timber, 5-29, 5-31 
Alloy, .see name of alloy in question 
Alloys, conductivity of, 8-66 
definition of, 11-03 

and metals, general properties of, 11-02 to 

11- 05 

Allyl alcohol, properties of, 1-123 
Alpha-particles, 9-04 
-rays. 9-05, 10-06 
Alternating current, 8-12 

-current circuits, 8-45 to 8-57 

current and voltage relationships, 8-50 tn 
8-53 

definitions, general, 8-45 to 8-47 
non-sinusoidal currents and voltages, 8-49, 
8-50 

sinusoidal currents and voltages, 8-47 to 
8-49 

steady-state solution, 8-53 to 8-57 
quantity (electricity), 8-45 
Alum, 10-19 

ammonium, properties of, 10-11 
potassium, properties of, 10-11 
Alumina, properties of, 10-11 
-Alumina, high, brick, 12-20 

properties of, 12-20, 12-22 to 12-25 
uses of, 12-28 to 12-31 
Aluminum, 10-19, 11-58 to 11-60 
alloys, 11-60 to 11-70 
castings, 11-60 to 11-64 

properties at elevated temperatures, li¬ 
es, 11-64 

design stresses for, 11-68 
die-casting, 11-62, 11-63 
effect of cold working, 11-65, 11-66 
effect of heat treatment, 11-66 

fabrication of, 11.69 

permanent mold castings, 11—62, 11-63 
sand-cast, 11-60 to 11-63 
specific gravity of, 11-67, 11-68 
structural uses of, 11-70 
weight of, 11-67 
wrought, 11-64 to 11-70 
composition of, 11-65 
niechanical properties of, 11-67, 11-68 
temper designation of, 11-64 
bronze, properties of, 11- 41, 11-48 
properties under repeated stress, 5-15 
castings, 11-60 to 11-64 
-chromium-iron, properties of, 11-99 
conductors, 11-96 to 11-98 
and copper wires, comparison, 11-97 
corrosion-resistant characteristics of, 11-59 
effects of cold w'orking on, 11-65 
electric conductivity of, 11-96, 11-97 
electrode potentials, values of, 10-37 
fabrication of, 11-69 
foil, 11-65 

with air spaces, thermal conductivity, 

12- 37 

hydroxide, 10-19 
non-aqueouB solutions, 10-39 
optical constants 9-16 
oxide, 10-19 
paint. 12-52 

permanent mold castings, 11-62, 11-63 
plate, weight of, 1-150 
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Alumintim, pressure die castings, 11-62, 11-63 
properties of, 1-125, 1-127, 11-59 
under repeated stress, 5-14 
relation of cold working to temper, 11-66 
resistivity, temperature coefficient of, 11-97 
sand-castings, 11-60 to 11-63 
sheet, weight of, 1-150 
soldering of, 11—69 
structural sections, 1-153 
sulfate, 10-19 

surface, thermal conductivity, 12-37 
welding of, 11-69 
wire tables, 11-96, 11-98 
Amalgam (mercury), 10-17 
Ambrac (alloy), properties of, 11-43, 11-48 
American Elm, allowable unit stresses, 5-29, 
5-31 

properties of, 12-45 

standard steel beam, properties of, 1-157 
channels, properties of, 1-158 
wire gage, 1-150 to 1-152 
Ammonia, 10-26 
density of, 6-07 

properties of, 1-121, 7-16, 7-82, 10-11, 10-24 
viscosity of, 6-08 
weight of, 10-11 

Ammonium chloride, properties of, 10-11 
nitrate, properties of, 10-11 
sulfate, properties of, 10-11 
Amortization fund, 2-29 
Ampere, 3-33 
international, 3-34 
Ampere’s law, 3-20 
Ampere-turn, international, 3-34 
Ampere-tums, 8-22 
Amplitude resonance, 8-57 
simple harmonic motion, 4 - 29 
sinusoidal current, 8-47 
Amsler testing machine, 5 82 
Amyl alcohol, properties of, 1-123 
specific optical rotation, 9-18 
Analysis of colors, 9-28 

determination of chemical formula from, 
10-10 

dimensional, 3-36 to 3-45 
harmonic, 8-49 
of materials by x-rays, 9-25 
qualitative, preliminary examination, 10-31 
to 10-33 

systematic, of the metals, 10-33 to 10-36 
truss, 4-14, 4-15 
vector, 2—112 to 2—116 
symbols for, 1-02 

Analytic geometry, plane, 2-61 to 2-70 
solid, 2-70 to 2-75 
symbols for, 1-02 
Anemometers, 9-64 to 9-66 
Angle between two lines, 2-63, 2-71 
complex, functions of, 2-60, 2-61 
degree, minutes, radians, conversion of, 1—54 
dihedral, 2-34 
of friction (axle), 4-45 
geometrical construction of, 2-45, 2-46 
hyperbolic, 2-58 

functions, table of, 1-102 to 1-112 
imaginary, functions of, 2-60, 2-61 
kinetic friction, 4-44 
measurement of, 2-34 
non-planar, 2-34, 2-35 
phase, 4-29 
plane, 2-32 

circular functions of, 2-53 to 2—56 
table of, 1-57 to l-lOl 
units of, conversion of, 1-134 


Angle, polygonal, table of, 2-50 
polyhedral, 2-34 
power-factor, 8-48 
solid, 2-34, 2-116 

units of, conversion of, 1-134 
spherical, 2-35 
staffing, 6-43 
static friction, 4-44 

steel, equal legs, properties of, 1-159, 1-160 
unequal legs, properties of, 1-161, 1-162 
trigonometric functions, tables of, 1-57 to 
1-101 
trim, 6-49 

of twist, 5-49 to 5-61 
vectorial, 2-70 
Angular acceleration, 4-32 

units of, conversion of, 1-136 
degrees, minutes, radians, conversion of, 1-64 
displacement, 4-32 
impulse, 4 36 
momentum, 4-36 
velocity, 4-32 

alternating current, 8-45 
and rectangular velocity, relation between, 
4 32 

units of, conversion factor, 1-136 
Aniline, properties, 1 ’^23 
Annealing, steel, 11-33 
Annuities and sinking <‘unds, 2-20 to 2-32 
Annuity, amount of 1 per annum, 2- 27 
life, 2-30 

present value of, 2-32 
present value of 1 per annum, 2-28 
which 1 will purchase, 2 -28, 2 29 
which will amount to 1 (sinking fund), 2-30 
Annulus, mensuration formulas, 2-39 
properties of, 4 22 
Anode, nickel, 11-71 
Anodizing, 11-10 
Anthracite coal, 12- 77 
Anti-ljyperbolic functions, 2 60 

-trigonometric functions, 2-f>5, 2-56 
Antimony, 10 27 

electrode potentials, values of, 10-37 
properties, 1 125, 1-127 
trioxide, 10-27 
trisulfide, 10-27 
Apjohn’s equation, 7-93 
Apothecaries’ fluid measure, 1-133 
weight, 1-138 
Apparent power, 8-47 
Appliances (eontniets), 13-19 
Aqua regia, 10-18 

Aqueous solutions (electrochemistry), 10-36 

to 10 39 

Arabic numbers, numeration of, 2-02 
Arbitration (contracts), 13-20 
Arc, 2-33 

circular, mensuration formulas, 2-38 
properties of, 4-20 
table of, 1-28, 1-29 
of a curve, length of, 2-96 
electric, 9-31 
furnace, lQ-39 

welding electrodes, 11-90, 11-91 
Archimedes’ law, 6-13 
spiral of, 2-69 

mensuration formulas, 2-40 
Architect’s decisions, 13-26 
measure, 1-131 
status, 13-25 

Architectural acoustics, 9-50 to 9-63 
Area of circles, table of, 1-12 to 1-28 
of contact, two surfaces, 6-57 
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Area of curved surface, 2--94 

effective, reinforced-concrcte column, 5-73 
expressed as a line integral, 2-93 
metric multiples, 1-131 
plane, 2-97 

reduction of, in tensile test, 5-07 
bronze bearing alloys, 11-87 
copper-base alloys, 11-41 to 11-43 
copper-nickel alloys, 11-72 
determination of, 6-88 
iron, 11-20, 11-25 
metals, 1-127 
molybdenum, 11-81 
Monel metal, 11-73, 11-74 
nickel, 11-71 
stainless steel, 11-38 
steel, 11-25 

structural alloy steel, 11-36 
of similar figures, 2 -36 
steel bars, 1-164 
steel pipe, 1-165 
steel sections, 1-153 to 1-163 
of a surface of revolution, 2-97 
unite of, conversion of, 1-131 
yard lumber, 1-167, 1-168 
Argon, properties, 1-121 
Arithmetic, 2 -02 to 2-06 
mean, 2-20, 2 -126 
progression, 2-20 
Arm of a couple, 4-07 
Armco ingot iron, 11-21 
properties of, 11-25 

under repeated stress, .5-13 
Arsenic, 10-27 
acid, 10-27 

properties of, 1-125, 1-127 
sulfide, 10-27 
Arsenious acid, 10-27 
oxide, 10-27 

properties, 10-11 
sulfide, 10-27 
Arsine, properties, 1-121 
Articulation, 9-49 
Asbestos, 12-59 

boards, thermal conductivity of, 12-36 
cloth, dielectric strength of, 12-64 
paper, 12-62 

dielectric strength of, 12-64 
electrical properties of, 12-60 
tape, dielectric strength of, 12-64 
Ash (wood), 12-39 

allowable unit stresses, 5-29, 5-31 
properties of, 12-44 

Aspen, allowable unit stresses, 5-29, 5-31 
properties of, 12-44 
Asphaltic gums, 12-70 
varnishes, 12-71 
Asphalts, 12-70 

electrical properties, 12-60 
Aston process, 11-20 
Astroid, 2-68 

Astronomical refracting telescope, 9-14 
Astrophysical dimension system, 3-06 
Asymptotes, 2-52, 2-65 
Atmosphere, density of, 7-93 
isothermal, 6-12 
normal, 3-25 

partial pressure of vapor in, 7-93 
polytropic, 6-12 
practical, 3-25 

Atmospheric corrosion of zinc, 11-53 
protection from, 11-08 to 11-10 
pressure, standard, 3-25 
regions. 6-12 


Atom, 10-02 
Bohr’s model, of, 9-06 
Atomic disintegration, 10-06 
forces, 10-05 

number, chemical elements, 10-02, 10-03 
weight, chemical elements, 10-02, 10-03 
metals, 1-125, 1-126 
Austenite, 11-27 
Austenitic cast iron, 11-19 
Automobiles, air resistance of, 9-69 
ground effect on, 6-53 
Automotive oils, 12-76 
Availability of energy, 7-08 
Average value (alternating current), 8-46 
Avialite, properties, 11-48 
Avoirdupois, weight, 1-137 
Axes, instantaneous, 4-33 
parallel, theorems, 4-18, 4-10 
principal, of inertia of a body, 4-19 
of a plane surface, 4-17 
rotated, thtiorem, 4-18, 4-19 
Axial impact on bars, 5-17 
Axially end-loaded beams, 5-35, 5-36 
Axle friction, 4-45 


Babbitt metals, 11-85, 11-86 
Bak elite, 12-68 

electrical properties of, 12-60 
Ballistic pendulum, 4-37 
Balmer series, 9-20 
Balsa (wood), 12-39 

thermal conductivity of, 12-37 
Balsam fir, allowable unit stresses, 5-29, 5-31 
properties of, 12-45 
Bar (unit of pressure), 3-25 
Barium, 10-15 
carbonate, 10-15 
properties of, 10-11 
properties of, 1-125 
sulfate, 10-15 

properties of, 10-11 
sulfide, 10-15 
Barkhausen effect, 8-19 
Barometer height, mean, 9-61 
indications, 9-56 

Barometric observations, 9-60, 9-61 
Bars, reinforcement, acc reinforcement 
steel, size and weight of, 1-164 
Barye, 3-25 
Basalt, strength, 12-15 
Bases, 10-00 
diacid, 10-07 
properties of, 10-11 
triacid, 10-07 

Basic Bessemer steel, 11-23 
open-hearth steel, 11-23 
uses of, 11-33 
pig iron, 11-15 
analysis of, 11-13 

Basswood, allowable unit stresses, 5-29, 5-31 
plywood, 12-49 
properties of, 12-44 

Batteries, electric storage, 10-37 to 10-39 
Bead tests (chemistry), 10-32 
Beams, 5-19 to 5-36 

axially end loaded, 5-35, 6-36 
bending moment of, 5-20, 5-21, 5-26 to 5-28 
cantilever, 5-19 
example, 5-23 
constrained, 5-19 
continuous, 6-19, 5-33, 5-35 
curved, 5-33, 6-34 
dangerous section of, 5-21 
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Beama, deflection of, 5-26 to 5-28 
due to shear, 5-23 
design of, use of tables, 5-30 
elastic curve of, 5-19 
deflection of, 5-22, 5-23 
fixed, 5-19 
flexure formula, 5-21 
theory, 5-19 to 5-23 
horizontal shear, 5-21 
in timber, 5-26 
impact on, 5-18 
lateral deflection, 5-25 
moment diagram of, 5-21, 5-26 to 5-28 
neutral axis, 5-19 
surface, 5-19 

reactions at supports of, 5-19 
rectangular, reinforced concrete, 5-63 to 
5-68 

of uniform strength, 5-32 
reinforced concrete, 5-62 to 5-72 
anchorage of reinforcement, 5-66 
bending moments, 5-66, 5-67 
bond, 5—66 

external shears, 5-66, 5-67 
flexure formulas, 5-63 to 5-65 
shearing stress, 5-65 
web reinforcement, 5-65 
resisting moment, 5-20, 5-21 
shear, 5-20 
restrained, 5-19, 5-25 
sections of, properties of, 6-22 
shear diagrams of, 5-26 to 5-28 
simple, 5-19 

safe loads on, 5-28 

steel, American standard, properties of, 1-157 
-T, reinforced concrete, 5-64, 5-65, 5-69 to 
5-71 

timber, example, 5-30, 5-36 
horizontal shear in, 5-25 
types of, 5-19 

of uniform cross-section, 5- 23 to 5-31 
design, procedure, 5-23 
of uniform strength, 5 32 
vertical deflection, 5-24 
vertical shear of, 5-20, 6-26 to 5-28 
web, buckling of, 5-25 
shear, 5-23 

Bearing metals, properties and uses of, 11-84 
to 11-89 

stress, allowable unit, aluminum alloys, 11-68 
riveted joints, 6-58 
structural steel, 5-24 
Beats, 9-48 

Beaufort scale (windspeed), 9-59 
Beech, allowable unit stress, 5-29, 6-31 
properties of, 12-44 
Beeswax, 12-69 
Bell metal, properties of, 11-42 
Belt friction, 4-47 

Bend, cold, concrete reinforcement bare, 5-61 
test, wrought copper-base alloys, 11-45 to 
11-51 

Bending, allowable unit stresses for timber in, 
5-29 

impact of wood, 12-44 to 12-47 
moment, 5-20, 5-21 

of beams of uniform cross-section, 5-26 to 
5-28 

in rectangular flat slabs, 5-56 
reinforced concrete, 5-66 
reversed, 5-12 
static, wood, 12-44 to 12-47 
test for determining ductility, 5-91 
Benedict metal, properties of, 11-43 


Benzene, density of, 6-06 
index of refraction of, 9-15 
magneto-optic rotation of, 9-18 
properties of, 1-123 
surface tension of, 6-09 
viscosity of, 6-07 
Benzol, properties of, 1-123 
Bernoulli’s equation, 2-100, 6-19 
theorem, 6-22 
Beryllium copper, 11-50 
properties, 1-125 
Bessemer iron, analysis of, 11-13 
steel, 11-22 
uses of, 11-33 
Beta-rays, 9-04, 10-06 
Bidders, instructions to, 13-13 
Bids, receiving, 13-15 
Binary alloy steels, 11-34, 11-35 
-fluid cycle, 7-61 
Binocular, prism, 9-14 
Binomial theorem, 2-19 
Biplanes, 6-26 
Biquadratic equations, 2-14 
Birch, allowable unit stresses, 5-29, 5-31 
plywood. 12-49 
properties of, 12-44 
Birmingham wire gage, 1-151, 1-152 
Bismuth, 10-27 

electrode potentials, values of, 10-37 
optical constants of, 9—16 
properties of, 1-125 
Bubnitrate, 10-27 
Bituminous coal, 12-77 
.coatings, 11-11 

Black ash (wood), allowable unit stresses, 5-29| 
5-31 

properties of, 12-44 
body, 9-03 

luminous efficiency and brightness of, 9-31 
radiation of, 9- 22 
cherry, properties of, 12—45 
cottonwood, allowable unit stresses, 5-20, 
5-31 

properties of, 12-45 

gum (wood), allowable unit stresses, 6-29 
5-31 

properties of, 12-45 
-heart iron, 11-17 
locu.«:t, properties of, 12-46 
maple, !illowal)le unit stresses, 5-29, 5-31 
prop«*rfieo of, 12-46 
oak, 12-40 
walnut, 12-40 
properties of, 12-47 
Blast furnace, 11-14 
Bleaching powder, 10-14 
Blowpipe tests (chemistry), 10-32 
Blue heat, 11-31 

working steel at, 11-29 
Bluestone, durability of, 12-16 
Board measure, 1-132 
Bodies, angular acceleration of rigid, 4-32 
angular displacement of rigid, 4-32 
angular velocity of rigid, 4-32 
black, 9-03 

center of gravity of, 4-15, 4-16 
center of gyration of, 4-19 
definitions of, 4-16, 4-19 
in equilibrium, 4-11 
falling, 4-27 

magnetic, in magnetic field, forces on, 8-35 
moment of inertia of, 4—19 
motions of, 4-31, 4-32 
plane motion of rigid, 4-31 
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Bodies, principal axes of inertia of, 4-19 
product of inertia of, 4-19 
properties of, 4-23 to 4-26 
radius of gyration of, 4-19 
of revolution, properties, 4-23 
rotation of rigid, 4-31 
stability of completely immersed, 6-14 
three-dimensional motion of rigid, 4-31 
transformation formulas, 4-19 
translation of rigid, 4-31 
Bohr’s model of atoms, 9-06 
Boiler energy balance, 7-63 to 7-66 
Boiling point, 10-24 

gases, 1-121, 1-122, 10-24 
liquids, 1-123, 1-124 
metals. 1-125, 1-126 
substances, see substance in question 
Bolometer, 9-23 
Bolts, standard, 1-166 
Bond, guaranty (contracts), 13-23 
in reinforced concrete, 5-66 
stresses, allowable unit, in reinforced con¬ 
crete, 5-62 

surety (contract), 13-06 
Bonderizing, 11-09 
Borax, 10-30 
Boric acid, 10-30 
properties of, 10-11 
Boron, 10-30 

Boundary, conditions (electrical networks), 8-5S 
layer, Prandl theory (fluid dynamics), 6-27 
Boyle’s law, 7-15, 10-24 
Brackett series, 9-20 
Bragg’s law, 9-24 
Brake horsepower, 7-67 

mean effective pressure, 7-68 
Branch currents (electrical networks), 8-51 
Brass, 11-40, 11-55 
corrosion of, 11-52 
fabrication of, 11-40 
modulus of re.silience of, 5-08 
plate, weight of, 1-150 

properties under repeated stress of, 5-14, 5-15 
roughness number of, 6-51 
sand-cast, properties of, 11-41 to 11-43 
sheet, weight of, 1-150 
toughness, relative, 5-08 
wrought, properties of 11-44 to 11-47 
Brazing brass, properties of, 11-44 
materials, 11-89 to 11-92 
Breach of contract, 13-06 
Breakaway of flow, 6-28 
Brick, 12-16 to 12-18 
absorption by, 12-18 
acid-resisting, 12-26 
bulding, grades of. 12-17 
standard sizes of, 12-17 
strength of, 12-18 
chrome, 12-21 
clay, 12-16 to 12-18 
digester, 12-26 
factor of safety of, 5-11 
fireclay, 12-20 
Forsterite, 12-26 
high-alumina, 12-20 
insulating refractory, 12-27 
magnesite, 12-21 
piers, tests of, 12-18 

refractory, application of, 12-28 to 12-31 
mortars for laying, 12-26 
properties of, 12-22 to 12-25 
typ^ of, 12-20, 12 -21 
sand-lime, 12-17 
silica, 12-21 


Brick, silicon carbide, 12-27 

thermal conductivity of, 12-34 to 12-38 
Bridled cup anemometer, 9-66 
Briggs logarithms, 2-10 
Brightness, 9-29 
of a color, 9-27 

luminous, of light sources, 9-31 
units of, interrelations between, 9-29 
Brinell hardness, 5-89 to 5-01 
(see also Hardness, Brinell) 

British thermal unit (Btu), 3-25, 3-28, 7-03 
relation to other units, 3-28 
wire gage, 1-151, 1-152 
Brittleness, definition of, 5-07 
Brodhun and Lummer photometer, 9-30 
Bromine, 10-28 

index of refraction of, 9-15 
properties of, 1-123 
Bronze, 11-40 

bearing alloys, 11-85, 11-88, 11-89 
composition and properties of, 11-87 
thermal expansion of, 11-89 
copper-alurninurn-iron, 11-110 
corrosion of, 11-52 
fabrication of, 11-40 
modulus of resilience of, 5-08 
properties under reiicatcd stress, 5-15 
sand-cast, properties of, 11-41, 11-42 
toughness, relative, 5-08 
wrought, properties of, 11-44 to 11-51 
Brown & Sharpe gage, 1-150 to 1-152, 11-56 
Brownstone, durability of, 12-16 
Brushes, carbon, 11-99, 11-100 
Btu, see British thermal unit 
Buckingham, method of E. (dimensional analy^ 
sis), 3-42 
example, 3 - 43 
Buckling of web, 5-25 
Building brick, grades of, 12-17 
standard sizes of, 12-17 
strength of, 12-18 

materials, thermal conductivity of, 12-34 to 
12-38 

thermal resistivity of, 12-34 to 12-38 
ordinances, reinforced concrete, 5-62 
Buildings, protection against lightning, 0-62 
Bulk modulus (mechanics of fluid), 6-02 
Bunsen photometer, 0-30 

Bureau of Standards, tests of steel columns, 
5-42 to 5-44 
Bushel, 3-21 

Business investigations, 13-12 
Butane, properties of, 1-121, 7-82 
Butt brass, properties of, 11—46, 11-47 
joints, riveted, 5-58 
Butternut (wood), 12-39 
properties of, 12-44 
Butyl alcohol, properties of, 1-123 
Butyric acid, properties of, 1-123 


Cable (unit of length), 1-130 
Cadmium, 10-16 

electrode potentials, values of, 10-37 
electroplating with, 11-00 
properties of, 1-125, 1-127 
Calcite, grating spacings of, 0-25 
Calcium, 10-14, 10-15 

acetate, properties of, 10-11 
bicarbonate, 10-14 
carbide, properties of, 10-11 
carbonate, 10-15 
properties of, 10-11 
electrode potentials, values of, 10-37 



INDEX 


7 


Ctldum, hydroxide, 1(M)6, 10-14 
properties of, 10-11 
hypochlorite, 10—14 
lime, 12-11 
oxide, 10-14 

properties of, 10-11 
phosphate, properties of, 10-11 
properties of, 1-125, 1-127 
sulfate, 10-14 

properties of, 10-11 
Calculus, differential, 2-75 to 2-85 
Heaviside operational, 2-108 to 2-111 
integral, 2-86 to 2-99 
integrals, table of, 1-113 to 1-120 
symbols for, 1-02 
Calendar, history of the, 3-23 
California redwood, 12-40 

thermal conductivity of, 12-37 
Caloric unit system, 3-15 
Calorie, 3-28, 7-03 
gram, 3-26, 3-28 
international steam-table, 3-26 
kilo-, international, 3-26, 3-28 
Ostwald, 3-26, 3-28 
Calorimeter, throttling, 7-46 
Calorimetric equivalent, 3-28 
Calsun bronze, properties of, 11-50 
Cambric, dielectric strength of, 12-64 
Canal rays, 8-06, 9-05 
Candle, 9-28 
foot--, 9-29 
international, 9-28 
Candlepower, 9-28, 9-29 
Cantilever beam, 5-19 

diagrams, uniform cross-section, 5-26 to 
5-27 

uniform strength, 5-32 
example of, 5-23 

Cap gilding (alloy), properties, 11-46 
Capacitance, condensers, and induction, electro¬ 
static, 8-40 to 8-43 
dimensions, 3-08, 3 -09 
units of, 3-30, 3-32, 3-33, 3-34 
conversion of, 1-145 

Capacity, electric, specific inductive, of insulat¬ 
ing materials, 12-60 
of rubber, 12-67 
thermal, 7-13 
dimensions, 3-06 
units of, 3-15, 3-28 
unit of, dry, 3-21 
electric, 3-18 
liquid, 3-21, 3-23 

Capillary depression of mercury, 9-60 
rise, 6-08, 6-09 
Carbides, cemented, 11-81 
Carbolic acid, properties of, 1-123 
Carbon, 10- 30, 11-99 to 11-101, 12-77 
brushes, 11-99, 11-100 
contact material, 11-101 
dioxide, 10-30 
density of, 6-07 
dielectric strength of, 12-74 
effect on zinc, 11-53 
index of refraction of, 9-15 
insulating properties of, 12- 74 
magneto-optic rotation of, 9-18 
properties of, 1-121, 7-16, 7-82, 10-24 
specific heat of, 7-17 
viscosity of, 6-08 
weight of, 10-11 
disulfide, 10-30 

properties of, 1-123, 10-11 
effect on cast iron, 11-17 


Carbon, and hardness of steel, 11-32 
monoxide, density of, 6-07 
index of refraction of, 9-15 
properties of, 1-121, 7-16, 10-24 
specific heat of, 7-17 
• viscosity of, 6-08 
weight of, 10-11 

oxychloride, properties of, 1-121 
oxysulfide, properties of, 1-121 
per cent of, iron and steel, 11-22, 11-25 
steel, magnetic properties of, 11-108 
uses of, 11-33, 11-34 
tetrachloride, 10-30 
compressibility of, 6-10 
density of, 6-06 
properties of, 1-123, 10-11 
surface tension of, 6-09 
viscosity of, 6-07 
Carborundum, 10-30 
Carburetor, 7-72 
Cardioid, 2-68 

Carelessness in contracts, 13-04 
Carnot cycle, 7-07, 7-09, 7-63 
reversed, 7-77 
-Kelvin relation, 7-07 
principle, 7-07 
refrigeration cycle 7- 77 
Cartesian coordinates, 2-61 
Cartridge brass, proper ties of, 11—44 
Cast iron, 11-15 to 11-19 
alloy, 11-18 

properties, 11-25 
analyses of, 11-13 
austenHic, 11-19 
• ** chilling,” 11-18 
column, ,'r-40, 5-47 

colunm formula constants, .5-39, 5-40 
effect of ingredients on, 11-17 
endurance ratio, 5-15 
factor of safety for, 5-11 
growth of, 11-18 
heat-treated, 11-19 
magnetic induction, 11-103 
magnetic properties, 11- 102 
magnetization characteristics, 8-25 
malleable, 11-19 
properties of, 11-2.5 
modxilus of resilience of, 5-4)8 
noil-magnetic, 11-18 
pearliiic, 11-18 
permeability, 8-26 
properties of, 11-18, 11-25 
under repeated stress, 5-13 
shrinkage of, 11-18 
specimens for test, 6-84, 5-86, 5-86 
toughness, relative, 5-08 
use of, 11-19 

sand-, aluminum alloys, properties of, 11-61 
copper-base alloys, 11-41 to 11-43, 11-52 
steel, endurance ratio of, 5-15 
magnetic inductance of, 11-103 
magnetic properties of, 11-102 
Casting alloys, permanent mold, aluntinum, com¬ 
position and properties of, 11-62 
Castings, aluminum alloy, 11-60 to 11-64 

properties at elevated temperatures, 11-63, 
11-64 

die-, alloys, see Die-casting alloys 
direct iron, 11-15 
slush, of zinc, 11-56 
x-ray examination of, 5-92 
Castor oil, critical velocity in smooth tubes, 6-29 
properties of, 1-123 
viscosity of, 6-07 
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Catenary, 2-70 
mensuration formulas, 2-40 
Cathode rays, $-06 

Cauchy-Riemann differential equations, 2-112 
Caustic soda, electrolytic, 10-37 
Cedar, 12-39 

allowable unit stresses for, 5-29, 5-31 
column formula constants, 5-41 
properties of, 12-44, 12-46 
Cell, electric storage, 10-37 to 10-39 
Kerr, 9-18 
Cellophane, 12-63 

electrical properties of, 12-60 
Celluloid, electrical properties of, 12-60 
Cellulose acetate, 12-63 

electrical properties of, 12-60 
cements, 12-80 
Celsius degree, 3-27 
Cement, 12-02, 12-03 
cellulose, 12-80 
high, carly-strength, 12-03 
-lime mortar, 12-13 
mortar, natural, 12-13 
Portland, 12-12 
thermal conductivity of, 12-34 
natural, 12-02 
neat, 12-02 

plaster, Portland, 12-13 
Portland, 12-02 
Puzzolan, 12-03 
roughness number of, 6-61 
used in concrete, 12-04 
Cemented carbides, 11-81 
Cementite, 11-26 

Center of gravity, 2-98, 4-16 to 4-17 

of lines, surfaces, volumes, and bodies, 
4-20 to 4-26 
of gyration, 4-19 
of inertia, 4-15 
of mass, 4-16 
of percussion, 4-41 
of pressure, 2-99 

Centigrade scale, international, 3-27 
thermodynamic, 3-27 
Centimeter, 3-22 

-gram-second system of units, 3-14 to 3-21 
(«ec also Cgs system of units) 

Centrifugal force, 4-41 
Centripetal force, 4-41 
Centroid, 4-16 

Ceresin, electrical properties of, 12-60 
Cerium, properties of, 1-126, 1-127 
Cesium, 10-14 

properties of, 1-125 
Cgs system, derived units in the, 3-35 
electromagnetic units, 3-16 to 3-18 
electrostatic units, 3—16 to 3-18 
rationalized electromagnetic units, 3-10, 
3-17 

symmetric units, 3-16, 3-17 
thermal unit, 3-15 
of units, 3-14 to 3-21 
Cgss system of units, 3-16, 3-19 
Channels, circular, turbulent fiow through, 
7-24 

flow in open, 6-51, 6-52 
steel, American Standard, properties of, 1-158 
Characteristic determinant, $-57 
of logarithms, 2-10 
Charcoal, 12-77 
pig iron, 11-14 
Charge, electric, 8-09, 8-39 
of a condenser, 8-42 
density, units of, siu’face. 3-18 


Charge, electric, dimensions of, 3-08, 3-09 
exponential, 8-52 
residual, 8-43 
surface density of, 8-39 
units of, 3-16, 3-18, 3-29, 3-31, 3-33 
conversion of, 1-142 
Charles* law, 6-05, 7-15, 10-24 
Charpy impact testing machine, 5-83 
Charts, alignment, 2-116 to 2-122 
Check (wood), 12-41 
Chemical calculations, 10-10 to 10-12 
compounds, 10-03 
elements, 10-02 to 10-04 
equation, 10-04 
radical, 10-06 
reactions, 10-04 
symbol, 10-02 
Chemistry, Section 10 
Cherry, black, properties of, 12-46 
Chestnut, 12-39 

allowable unit stresses, 6-29, 5-31 
oak, 12-40 
properties of, 12-45 
Chezy’s formula, 6-52 
Chile saltpeter, properties of, 10-11 
Chilled iron, 11-17 
“ Chilling ** cast iron, 11-18 
China wood oil, 12-55 
Chlorine, 10-27 
electrolytic, 10-37 
monoxide, properties of, 1-121 
properties of, 1-121, 10-24 
Chloroform, properties of, 1-123 
surface tension of, 6-09 
Chords, 1-28, 1-29, 2-33 
Chromatic aberration, 9-12 
Chrome brick, 12-21 

uses of, 12-28 to 12-31 
-molybdenum steel, 11-37 

mechanical properties of, 11-36 
-nickel steel, 11-35 

mechanical properties of, 11-36 
steel, mechanical properties of, 11-36 
-vanadium steel, 11- 37 

mechanical properties of, 11-36 
Chromel, properties of, 11-99 
Chromic anhydride, 1()-21 
oxide, 10-21 
sulfate, 10-21 
Chromium, 10-20, 10-21 
acetate, 10-21 

effect on hardness of steel, 11-37 
electrode potentials, values of, 10-37 
electroplating with, 11-09 
nickel-, alloys, 11-75 
properties of, 1-125, 1-127 
steels, 11-35 

magnetic properties of, 11-108 
Cinder blocks, thermal conductivity oi: 
12-34 

concrete, thermal conductivity of, 12-34 
Circle, 2-33, 2-64 
area of, 1-12 to 1-28 
circumference of, 1-12 to 1-28 
geometrical construction of, 2-46 to 2-49 
inertia, 4-18 
involute of, 2-53, 2-69 

geometrical construction of, ’2-53 
mensuration formulas, 2-38 
properties of, 4-22 

Circuits, alternating-current, 8-45 to 8-57 
breaker oil, 12-71 
complicated, 8-66 

dielectric, and electrostatics, 8-35 to 8-45 
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Circuits, direct-current, 8-09 to 8-16 
electric, magnetic energy of, 8-30, 8-31 
magnetic, 3-20 

arici electrokinetics, 8 -18 to 8-35 
and magnetizing force, 8-21 to 8-27 
parameters of electric, 8-50 
stability of 8-59 to 8-61 
Circular arcs, 1-28, 1-29, 2-32 
mensuration formulas, 2-38 
properties of, 4-20 

fiat plates, stresses and deflection of, 5-53, 
5-54 

functions of plane angles, 2-53 to 2-56 
relation to'hyperbolic function, 2-60 
inch, 1-131 

lamina, properties of, 4-25 
mil, 1-131 

sector, mensuration formulas, 2-39 
properties of, 4-22 

segment, mensuration formulas, 2-39 
properties of, 4-22 

Circumference of circles, 1-12 to 1-28 
of similar figures, 2-3G 
Clapeyron’s equation, 7-14 
Class parameters and similarity conditions, 3- 37 
to 3-40 

Clausius, inequality of, 7-08 
Clay brick, 12-16 to 12-18 
hollow tile, 12-19, 12-20 
Clock brass, properties of, 11-46 
Cloth, dielectric strength of, 12-64 
diffuse reflecting power of, 9-16 
varnish-treated, 12-63 
Coal, 12-77 
gas, 12-78 

Coatings, protective, 11-08 
Cobalt, 10-20 

chromium steel, magnetic properties of, 
11-108 

electrode potentials, values of, 10-37 
properties of, 1-125, 1-127 
steel, magnetic properties of, 11-108 
Coercive force, 8-31 
high-purity iron, 11-22 
rion-retentive magnetic materials, 11-102 
permanent magnet materials, 11-108 
Coil friction, 4-47 
in magnetic field, force on, 8-33 
torque on, 8-33, 8-34 
magnetizing force due to a circular, 
S-24 

potential drop through a, 8-29 
Coke, 12-77 

Cold working, relation to temper (aiuminum), 
11-66 

Collinear forces, 4-03 
Color, analysis of, 9-28 
of light, 9-16 
photometry, 9-30 
triangle, 9-28 
values, scale of, 9-28 
vision, 9-27 
Colorimeters, 9-30 
Column, 5-36 to 5-47 
cast iron, 5-46, 5-47 
cored, reinforced-concrete, 5-73 
cross-bending loads on, 6-45 
definitions, 5-36, 6-37 
eccentric loads on, 5-44, 5-45 
end conditions, 5-37 

footings, reinforced concrete, 5-75 to 5-77 

formulas, 5-37 to 5-40 

length of, 6-37 

radius of gyration of, 5-37 


Column, reinforced concrete, 6-72 to 6-75 
effective area cf, 5-73 
formulas, 5-73 
types of, 5-72 
slenderness ratio of, 5-37 
spiraled, reinforced-concrete, 6-73 to 5-75 
square-tied, reinforced concrete, 6-74 
steel, 5-40 to 6-44 

Bureau of Standards tests of, 5-42 to 6-44 
design of, guiding principles, 5-41 
example, 5-42 

formula constants, 5-39, 5-40 
formulas, 5-41, 5-42 
slenderness ratio, maximum values, 5-42 
types of, 5-40 

tied, reinforced concrete, 5-73, 5-74 
timber, 5-40, 5-41 
transverse loads on, 5-45, 6-46 
wooden, 5-40, 5-41 
formulas, 5-40 
Combinations, 2-21 

Combined elementary stresses, 5-09, 6-10 
Combustion, internal-, engine, 7-71 to 7-77 
Commercial brass, bronze, properties of, 
11-44 

elastic limit of, 5-04 
properties of, 11-44 
Common logarithms, 2-10 

of hyperbolic functions, 1-102 to 1-112 
of numbers, 1-30 to 1-51 
of trigonometric functions, 1-57 to 1-101 
lumber, 12-48 

Compensation, workmen’s, 13-08 
Competence of parties to a contract, 13-02 
Complementary function, 2-102 
Complex angle functions of, 2-60, 2-(>l 
numbers, 2-06, 2-111 
flows obtained by, 6-21 
inverse functions of, 2-Cl 
solutions of electrical networks, 8-54 
variables, 2-112 

Composite functions, differentiation of, 2-78 
number, 2-03 

Composition of concurrent forces, 4-03 to 
4 -05 

of nonconcurrent forces, 4-07 to 4-10 
percentage, by weight, 10-10 
of substances, nee substance in question 
of various industrial compounds, 10-11 
Compound, chemical, definition, 10-03 
discount, 2-26 

industrial, composition, etc., of, 10-11 
interest, 2-24 

amount of 1, 2-24 
lever testing machines, 5-81 
microscope, 9-13, 9-14 
Comprehensive unit systems, 3-13 
fundamental units, 3-16 
metric, 3-15 to 3-21 
natural, 3-19 to 3-21 
practical, 3-19 
theoretical, 3-16 to 3-18 
Compressed liquid, 7-32, 7-40 
properties of, 7-40 
region, 7-41 

Compressibility, fluids, 6-03 
of liquids and gases, 6-09 to 6-10 
Compression, adiabatic, multistage, 7-31 
single-stage, 7-30 
axial, definition of, 5-03 
definition of, 6-02 
of gases in compressors, 7-30, 7-31 
isothermal, 7-30 

load, bronze bearing alloys, 11-87 
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Compression, members, eccentric loads on, 5-44, 
5-45 

transverse loads on, 5-45, 5-46 
ratio (Otto cycle), 7-74 
and shear, combined, 5-10 
system, air, refrigeration, 7-82 to 7-84 
teat, 5-88 

of metals, specimens for, 5-85 
vapor, system, 7-79 to 7-82 
examples of, 7-81 
Compressional wave, 0-35 
Compressive strength, aluminum alloys, sand- 
cast, 11-61 
brick, 12-17, 12-18 
piers, 12-18 
concrete, 12-06 
magnesium alloys, 11-78 
stone, 12-15 
tile, 12-20 

wood, 12-44 to 12-47 
zinc-base die-casting alloys, 11-83 
stress, allowable, unit, 5-10 
due to shear, 5-09 
reinforced concrete, 5 62 
structural steel, 5-24 
timber, 5-31 

design, aluminum alloys, 11-68 
Compressors, gas, 7-30 
Compton effect, 9-08 
Computations, approximate, 2-05, 2-06 
Concave spherical lenses, 9-12 
mirrors, 9-10 

Concentrated loads, beam design, example, 5-30 
Concrete, 12-04 to 12-11 
aggregates, 12-04 to 12-06 
cement used in, 12-04 

classes for different degrees of exposure, 12-06 

colored, 12-09 

conveying, 12-07 

corrosion protection by, 11-11 

curing, 12-08 

depositing, 12-07 

forms for, 12 -08 

high early-strength, 12-09 

light weight, 12-09 

mixing, 12-07 

nurtures, assumed strength, 12-06 
proportionment, 12-05 
quantities of materials, 12-10 
reinforced, see Reinforced concrete 
surfaces, 6nishing, 12-09 
thermal conductivity of, 12-34 
trial mixtures, 12-07 
water proofing of, 12-10 
Concurrent forces, composition and resolution 
of. 4-03 to 4-05 

Condensers, electric, 8—40 to 8-45 
Steam, 7-69, 7-70 
Conductance, electric, 8-12 to 8-14 

and capacitance, relation between, 8-42 
effective, 8-17 
units of, 3-18, 3-34 
conversion of, 1-144 
thermal, 12-32 

Conduction, electric, current, 8-37 
in fluids, 8-67 to 8-69 
in solids, 8-62 to 8-67 
thermal. 7-02, 12-32 
Conductivity, electric, 8-13 

aluminunj, 11-59, 11-96, 11-97 
alloys. 8-66 

bronze bearing alloys, 11-87 

copper, 11-92 to 11-94 

copper-base alloys, wrought, 11-45 to 11-51 


Conductivity, electric, gases, 8-67 
iron, wrought, 11-20 
magnesium, 11-76 
per cent, 11-96 
and resistivity, 8-38 
units, 3-18 

conversion of, 1-145 
zinc-base die-casting alloys, 11-83 
thermal, see Thermal conductivity 
Conductor materials, electrical, 11-92 to 11-101 
Conductors (electric), 8-11, 8-63 
aluminum, 11-96 to 11-98 
copper, 11-92 to 11-96 
current-carrying, force between, 8-34 
dielectric flux density due to, 8-39 
Cone, 2-35, 2-73 

mensuration formulas, 2-42 
properties of, 4-24, 4-25 
pyrometric, 12-24 
Confluent forces, 4-03 
Conformal mapping, 2-112 
Conic sections, 2-64 to 2-66 
Conical horn, 9-47 
Conjugate diameters, 2-64, 2-65 
hyperbolas, 2-65 

Connecting-rod and crank mechanism, 4-28 
Conpemik, 11-109 

Conservation of angular momentum, principle 
of, 4-36 

of energy, principle of, 4-35, 7-05 
of linear momentum, principle of, 4-36 
Consideration (contracts), 13-05 
Constantan, properties of, 11-99 
under repeated stress, 5-14 
Constant-entropy process, 7- 04 

pressure, gases, property, energy relations, 
7-20 

process, 7-04 
example, 7—44 

temperature, gases, property, energy rela¬ 
tions, 7-20 

volunie, gases, property, energy relations, 
7-20 

process, 7-04 
example, 7-44 

Constants containing e and tt, 1-11 
electrical, determination of, 8-04 
proportionality, 3-04 
Constrained beam, 5 19 
rotation, 4- 39 to 4-42 
Contact drop, carbon brushes, 11-100 
electromotive force, 8-10 
material, carbon, 11-101 
Continuity, equation of (dynamics of ideal 
fluids), 6-19 

Continuous beams, 5-19, 5-33 to 5-35 
electric current, 8 -12 

Contraction joints in reinforced concrete, 5-60 
lateral, factor of, 5-06 

Contractor and subcontractor, relations of, 
13-24 

Contractor’s liability insurance, 13-23 
mutual responsibility, 13-24 
right to terminate, 13-22 
understanding, 13-27 
Contracts, Section 13 

advertisement of, 13-13 to 13-15 
agreement in, 13 -03, 13-04 
competence of parties to, 13-02 
consideration in, 13-05 
discharge of a, 13-05, 13-06 
form of agreement, 13-16, 13-17 
general conditions, articles of, 13-18 to 13-28 
index of, 13-18 
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Contimcts, parties to, 13-02 
preliminary steiM in letting, 13-12 to 13-16 
separate, 13-24 

subject matter must be lawful in, 13-04,13-05 
Contractual relationsliips, conditions of, 13-02 
to 13—05 

Convection^ 7—03, 12—32 
Convergence of integrals, uniform, 2-91 
of series, 2-80 to 2-82 

Conversion factors, tables of, 1-130 to 1-147 
Convex spherical lenses, 9-11 
mirrors, 9-10 
Coordinates, 2-61, 2-70 
cylindrical, 2-116 
polar, 2—73 
rectangular, 2-113 
spherical, 2-73, 2-115 

transformation of, plane analytic geometry, 
2—63 

solid analytic geometry, 2-73 
Copel (alloy), properties, 11-99 
Coplanar forces, 4-03 

concurrent, composition of, 4-04, 4-05 
resolution of, 4—05 

non>concurrent, composition of, 4-07, 4-08 
Copper, 10-17, 10-18, 11-39 to 11-40 
-aluminum-iron bronze, 11-110 
and aluminum wires, comparison, 11-97 
base alloys, 11-40 to 11-52 
corrosion of, 11-52 
die-casting, 11-83, 11-84 
fabrication of, 11-40, 11-52 
sand-cast, 11-41 to 11-43, 11-62 
wrought, 11-44 to 11-52 
commercial, composition of, 11-39 
conductors, 11-92 to 11-96 
corrosion of, 11-39 
effect on steel, 11-26 
electrical conductivity of, 11-92 
electrode potentials, values of, 10-37 
electroplating with, 11-09 
fabrication of, 11-40 
hardening of, 11-40 
and nickel, alloys of, 11-72 to 11-75 
-nickel alloys, properties of, 11-72 
nickel, properties of, 11-99 
nickel and zinc, alloys of, 11-75 
optical constants, 9-16 
oxygen-free high-conductivity, 11-40 
plate, weight of, 1-150 

properties of, 1-125, 1-127, 11-39, 11-40, 
11-41, 11-44 

under repeated stress, 5-14 
roughness number of, 6-51 
sheet, weight of, 1-150 

temperature coefficient of resistivity of, 11-96 
wires, allowable current-carrying capacities, 
11-96 

specifications, 11-94, 11-95 
table of, 11-93, 11-96 

Core loss, aging, of non-retentive magnetic 
materials, 11-102 

factors for non-retentive magnetic materials, 

11- 104, 11-105 

of non-retentive magnetic materials as a func¬ 
tion of gage, 11-106 
total, 8—33 

Cored columns, reinforced concrete, 5-73 
Cork, 12-82 

regranulated, thermal conductivity of, 12-35 
Corkboard, thermal conductivity of, 12-35. 

12- 36 

Corona, theory of, 8-09 

Corporation, competence of (contracts), 13-02 


Corpuscle, 0-08 

Corpuscular aspects of radiation, 9-08, 9-09 
radiations, 9-04 

Corrosion, atmospheric, protection from, 11-08 
to 11-10 

copper-base alloys, 11-52 

established facts regarding, 11-05 

factors controlling, 11-06 

-fatigue, 5-16, 11-07 

magnesium alloys, 11—77 

metals, 11-05 to 11-11 

molybdenum, 11-82 

in presence of water, 11-05 

prevention of, 11-08 to 11-11 

principles of, 11-05 to 11-08 

-resistant characteristics of aluminum, 11-59 

-resistant steels, 11-37 

soil. 11-10 

testing, principles of, 11-08 
tungsten, 11-80 

undersoil, protection against, 11-10, 11-11 
underwater, protection against, 11-10 
zinc, 11-63 
Corrosiron, 11-110 
Cosecant, 2-54 
hyperbolic, 2-59 
Cosine, 2-53 
hyperbolic, 2-69 
law of, 2-57, 2-58 
Coslettizing, 11-09 
Cosmic rays, 8-07, 9-04 
Cosmical magnetism, 8-18 
Cotangent, 2-54 
hyperbolic, 2-69 
Cotton, 12-62 

Cottonseed oil, density of, 6-06 
viscosity of, 6-07 

Cottonwood, allowable unit stresses, 5-29, 6-31 
properties of, 12-46 
Coulomb, 3-33, 8-09 
international, 3-34 
Coulomb’s law, 3-20 
Couple, 4-03, 4-00, 4-07 
Couplings, steel pipe, dimensions of, 1-165 
Coversine, 2-64 

Crank and connecting-rod mechanism, 4-28 
Creep limit, ,'>-07 
metal, 5-07 
steel, 11-31 

stress, Monel metal, 11-74 
tests, 5-92 
Crest factor, 8-46 
Critical damping, 8-62 

-point curves of steel, 11-29 
pressure, gases, 10-25 
vapors, 7-41 
ratio, 7-27 
ratio steam, 7-49 
temperature, 7-41 
gases, 10-25 

velocity (fluid dynamics), 6-29, 6-32 
Cross-bending loads, columns, 5-45 
Crucible steel, 11-24 
uses of, 1.1-33 

Crude oil, petroleum, 12-78 
surface tension, 6-09 
Crushing strength of refractories, 12-22 
Crystal form, of aluminum, 11-69 
of magnesium, 11-76 
structure, 8-19 
Crystallizing varnish, 12-56 
Crystallography, x-ray, 9-26 
Crystals of solid solution, decomposition of 
11-27 
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Cryttols, transparent, 9-16 

various, grating spacings of, 9-25 
Cube, mensuration formulas of, 2-41 
properties of, 4-23 
roots, 1-12 to 1-28 
to extract, 2-04 
Cubes, 1-12 to 1-28 
Cubic equation, 2-12 
measure, 1-132 

Cucumber magnolia (wood), properties of, 12-46 
Cumarone resin, 12-54 
Cupola, 11-15 

Cupping tests for determining ductility, 5-91 
Cupric arsenite, properties of, 10-11 
hydroxide, 10-17 
oxide, 10-17 

properties of, 10-11 
sulfate, 10-17 

properties of, 10-11 
sulfide, 10-47 

Cupron, properties of, 11-99 
Cupro-nickel, properties of, 11-48 
Cuprous oxide, 10-17 
sulfide, 10-17 

Curl (vector analysis), 2-114 
Current (electric), 8-09, 8-36 

allowable, carrying capacities of copper wires, 
11-95 

alternating, 8-12 

circuits, 8-45 to 8-57 
branch, 8-51 

-carrying conductors, force between, 8-34 
charging (of a condenser), 8-42 
coil carrying, force produced in magnetic 
field, 8-33 
conduction, 8-37 
continuity of, 8-37 
continuous, 8-12 
density of, 8-37 

units of, conversion of, 1-142 
dimensions of, 3-08, 3-09 
direct, 8-12 

circuits, 8-09 to 8-16 
direction of, 8-36 
displacement, 8-37, 8-51 
due to a varying electric field, 8-37 
eddy, 8-32 

equivalent sinusoidal, 8-46 
exponential, 8-52 
leakage, 8-42 

magnetic fields due to, 8-20 
mesh, 8-51 
non-oBcillatory, 8-12 
non-sinuBoidal periodic, 8-49, 8-50 
oscillatory, 8-12 
pulsating, 8-12 
simple harmonic, 8-47 
sinusoidal, 8-47 to 8-49 
stream lines of, 8-37 
theoretical electrodynamic unit of, 3-32 
theoretical electromagnetic unit of, 3-31 
theoretical electrostatic unit of, 3-30 
transient, 8-12, 8-58 
unite of, 3-16, 3-18, 3-30 to 3-34 
conversion of, 1-142 
and voltage relationships, 8-50 to 8-53 
Curtate trochoid, 2-68 
Curvature of curve, 2-67 
radius of, 2-67, 5-22 
Curved beams, 5-33, 5-34 
Curves, curvature of, 2-67 
higher plane, 2-66 to 2-70 
length of arc of, 2-96 
normal to, 2-67 


Curves, plane, 2-66 
properties of, 4-20 
tangent to, 2-67 

Curvilinear figures, plane, 2-33, 2-34 
mensuration formulas, 2-38 to 2-40 
motion, 4-27, 4-30, 4-31 
formulas, 4-38, 4-39 
Cusp, 2-67 

Cyanogen, properties of, 1-121 
Cycle, alternating current, 8-45 
thermodynamics, 7-06 
binary-fluid, 7-61 
Carnot, 7-07, 7-09, 7-53 
refrigeration, 7-77 
Diesel, 7-72, 7-73, 7-76, 7-77 
efficiency, 7-06 
four-stroke, 7-72, 7-73 
heat power, 7-06 
irreversible, 7-11 
modern vapor, 7-60 to 7-62 
Otto, 7-72, 7-74, 7-75 
Rankine, 7-52 to 7-55 
regenerative feed-heating, 7-61 
reheating, 7-61 
reversed Carnot, 7-77 
reversible, 7-06, 7-11 
semi-Diesel, 7-73 
two-stroke, 7-72, 7-73 
Cycloid, 2-53, 2-67 
geometrical construction of, 2-53 
mensuration formulas, 2-40 
Cyclops metal, properties under repeated stress, 
5-13 

Cylinders, 2-35, 2-74 
drag of, 6-39 
flow around, 6-38 
mensuration formulas, 2-42 
under pressure, .5-52, 6-53, 5-57 
properties of, 4-24 
shrinkage fits, 5-63 
Cylindrical coordinates, 2-115 
rollers, 5-55 
Cypress, 12-39 

allowable unit stresses, .5-29, 5-31 

properties of, 12-45 

thermal conductivity of, 12-37, 12-38 


Damage, windstorm, 9-64 
Damages (contracts), 13-12, 13-24 
Damping, critical, 8-62 
factor, 8-62 
Day, solar, 3-23 

Days between same dates of different months, 

2-23 

Debye’s model of molecules, 9-07 
Debye-Scherrer pattern, 9-25 
Decane, properties of, 1-123 
Decarbonization, surface, of steel, 11-30 
Decay of timber, 12-41, 12-42 
Decibel, 9-41 

Decimal equivalents, 1-12 to 1-28 
Decimals of a degree in minutes and seconds, 
1-54 

Defects, timber, 12-41, 12-42 
Definite integral, 2-86, 2-88 to 2-92 
Definition, mathematical, of a physical quan¬ 
tity, 3-03 

Definitive dimension system, 3-09 
system of units, 3-16, 3-19 
Deflection of beams of uniform cross-section, 
5-26 to 5-28 

dastic, of beams, 5-22, 5-23 
lateral, 5-25 
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Deflection, due to shear, 5-23 
transverse, sine-base die-casting alloys, 11-83 
vertical, 5-24 

Deformation, definition of, 5-03 
drag, 6—37 

due to normal stresses at right angles, 6-09, 
6-10 
factor, 8—46 

limit, sand-cast copper-base alloys, 11-41 to 
11-43 

stress-, diagram, 6-05 
ultimate, unit, 5-04 
unit, 5-03 

Deforming steel, 11-30 
Degree, angle, 2-32 

decimals of, in minutes and 8Ccon<l8, 1-54 
in radians, 1-54 
of differential equation, 2-99 
on various temperature scales, 3-27 
De Laval turbine, 7-68 
Del (vector analysis), 2-114 
Demulsibility, mineral oils. 12-71 
Density, 6-02, 6-03 
acoustic, 9-38 
aluminum, 11-59 

casting alloys, 11-61, 11-62 
wire, 11-97 

building materials, 12-84 to 12-38 
carbon brushy, 11-100 
copper, 11-40 

copper-base alloys, wrought, 11-45 to 11-51 
copper-nickel alloys, 11-72 
current, 8-37 

units of, conversion of, 1-142 
dielectric flux, 8-38, 8-39 
units of, 3-29. 3-31, 3-33 
conversion of, 1-142 
gases. 1-121, 1-122, 6-05 to 6-07, 10-24 
liquids, 1-123, 1-124, 6*05, 6-06 
magnesium, 11-76 

magnetic flux, units of, 3-18, 3-30, 3-31 
conversion of, 1-146 
mass, definition of, 6-02 
metals, 1-125, 1-126 
molybdenum, 11-81 
Monel metal, 11-73 
nickel, 11-71 
of radiation, 9-02 
specific (fluids), 6-03 
surface charge, 8-39 
units of, 3-18 

thermal insulating materials, 12-34 to 12-3S 

per unit volume, units of, conversion of, 1-138 

weight, definition of, 6-02 

weld metal, 11-90, 11-91 

wood, 12-37, 12-38 

sine, 11-63 

sine-base, die-casting alloys, 11-83 
Depth, steel sections, 1-153 to 1-163 
Derivatives and functions, 2-75 to 2-77 
partial, 2-78, 2-79 
Derived units, 2-13, 2-33, 3-35 
Descartes’ rule of signs, 2-15 
Determinants, 2-16, 2-17 
characteristic, 8-57 
Detonation, 7-73 
Detonator, 12-80 

Deviation, standard (measurements), 2-123 
of arithmetic mean, 2-126 
interpretation of, 2-127 
Dew point, 7-92, 7-93, 9-61 
Diacid base, 16-07 
Diamagnetic substances, 8-25 
Diameters, conjugate, 2-64, 2-65 


Diaphragms, 0-44 
Dibasic acid, 10-0'?’ 

Dichlorodifluoromethane, properties of, 7-82 
Dichloromethane, properties of, 7-82 
Die-casting alloys, 11-82 to 11-84 
aluminum-base, 11-62, 11-63 
copper-base, 11-83, 11-84 
lead-base, 11-82 
magnesium-base, 11-84 
tin-base, 11-82 
zinc-base, 11-82, 11-83 
of zinc, 11-55 

Dielectric circuit and electrostatics, 8-35 to 8-45 
coefficient, 8-38, 8-43 
constant, 3-20, 8-38 
absolute, 3-29, 3-32 

dimensions, 3-08 to 3-09 
units, 3-16, 3-18 
flux, 8-38, 8-39 

units of. 3-29, 3-31, 3-33 
conversion of, 1-141 
flux density, 8-38, 8-39 
units of. 3-29, 3-31, 3-33 
conversion of. 1-142 
hysteresis, 8-43 

loss factor, phenolic sheet materials, 12-68 
losses, 8-43, 8-4< 
strength, 8-44 
fiber, 12-65 
fish paper, 12-65 
of gases, 12-74 
insulating materials, 12-60 
insulating varnishes, 12-72 
laminated tubing, 12-09 
phenolic sheet material, 12-68 
rubber, 12-66 

Diesel cycle. 7-72, 7-73, 7-76, 7-77 
semi-, 7-73 

Di-ethyl ether, properties of, 1-123 
Differential. 2-75 

calculus, 2-75 to 2-85 
equations, 2-99 to 2-108 
definitions, 2-99 
of first order, 2-99 to 2-101 
fundamental types, 2-99 
linear, 2-102 to 2-104 
partial, 2-99, 2-104 to 2-108 
second order, 2-101, 2-102 
exact, 2-78, 2-96 
operators, 2-114 
Differentiation formulas, 2-77 
under integral sign, 2-91 
of vectors, 2-114, 2-115 
Diffracting grating. 9-04 
Diffraction of radiation, 9-04 
of sound, 9—40 
of x-rays, 9-24 

Diffuse reflecting power. non>metallic materials. 

9-16 

Diffuser of fluids, 7-29, 7-50 
example, 7-52 
Diffusion of light. 9-32 
Digester brick. 12-26 
Dihedral angle. 2-34 
Diluents in lacquers, 12-57 
Dimension. 3-03 

of electromagnetic quantities, 3-08, 3-09 
of mechanical quantities, 3-05 
systems, 3-03 to 3-05 

absolute electrical, so-called, 3-10, 3-11 
complete, 3-37 

of electromagnetism, 3-07 to 3-12 
fractional electrical, 3-09, 3-10 
of heat, 3-06, 3-07 
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DimentHon, systems, of mechanics. 8~05. 3-06 
natural electrical. 3-07 to 3-09 
practical, 3-12 
of thermal quantities, 3-06 
Dimensional analysis, 3-36 to 3-45 

application to 6uid dynamics, 6-16 to 6-lS. 

6-28 

equations, 3-04 

homogeneity of physical equations, 3-36, 

3-37 

Dimensionless products. 3-38 
example, 3-40 
Dimensions and units. 3-12 
Dines tube anemometer. 9-65 
Diorite, average strength, 12-15 
Direct current. 8-12 
circuits, 8-09 to 8-16 
Direction of sound. 9-48 
Directrix (conic sections). 2-35, 2-51, 

2- 64 

Discharge, coefficient of (nozzles), 7-27 
of a condenser, 8-42 
of a contract, 13-05 
Discount. 2-26 

Discriminant of quadratic equation, 2-13 
Disintegration, atomic, 10-06 
Disk. Rayleigh, 9-53 
Dispersion. 9-04 
Displacement, angular, 4-32 
current, 8-37, 8-51 

dielectric flux density, dimensions, 3-08 to 

3- 09 

units of, 3-18, 3-29, 3-31, 3-33 
conversion of, 1-141 
law, Wien’s, 9-22 
of a particle, 4-27 
Dissociation constant, 10-07 
ionic, lf)-05 

Distance between two points, 2-70 
formula for (rectilinear motion), 4-27 
optical, 9-10 

perpendicular, of point to line, 2-62 
of point to plane, 2-71 
Div (vector analysis). 2-114 
Divergence theorem. 2-115 
Divergent series. 2-80 
Dividend. 2-03 
Division. 2-03, 2-05, 2-07 
by logarithms, 2-10 
by slide rule, 2-11 
symbols for, 1-02 
synthetic (equations), 2-15 
Divisor. 2-03, 2-43 
greatest common, 2-03 
Documents, contract, 13-18, 13-19 
Domain, magnetic. 8-19 
Doppler effect, light, 9-20 
sound, 9-38 
Dosage of x-rays. 9-34 
Double point, 2-67 
refraction, 9-17 
Douglas fir. 12-39 
allowable unit stresses, 5-29, 5-31 
column formula constants, 5-41 
properties of, 12-45 
thermal conductivity, 12-37 
Drag coefficient (fluid flow), 6-38, 6-42 
of a cylinder, 6-39 
of a sphere, 6-40 
induced (aerodynamics), 6-25 
of a streamlined strut, 6-39 
types of, 6-37 

Drawing brass (alloy), properties of, 11-44 
Driers, function of, in varnish, 12-52 


“ Drop of the beam ” method. 5-87 
Drop-weight testing machine. 5-83 
Dry measure, 1-133 
surfaces, laws of friction for, 4-44 
Ductility, definitions of, 5-06 
dynamic, of zinc, 11-57 
index, non-retentive magnetic material, 11-102 
of steel at various temperatures, 11-31 
tests, 5-91 

Ducts, flow of gas through, 7-23 to 7-25 
Duhamel integral. 8-59 
Duprene. 12-67 
Durability of stone, 12-16 
Duralumin, modulus of resilience and tough¬ 
ness, 5-08 

properties under repeated stress, 5-14 
Durand’s rule. 2-40 
Duress in contracts. 13-04 
Duriron. 11-109, 11-110 
Dynamic ductility of zinc, 11-57 
Dynamical dimension system, 3-05 
similarity, fluid dynamics, 6-15, 6-17 
example, 6-18 
units, 3-24 

Dynamics {see also Kinetics), 4-02 
of fluids, 6-05, 6-15 to 6-54 
Dynamite. 12-79 
Dyne. 3-25 
-centimeter, 3-26 


e. constants containing, 1-11 
Ear, human, 9-48 

Earth walls, roughness number, 6-51 
Eastern ceclar, red, properties of, 12-44 

cotton wood, allowable unit stresses, 5-29, 
5-31 

properties of, 12-45 

hemlock, allowable unit stresses, 5-29, 5-31 
properties of, 12-45 
thermal conductivity, 12-37 
spruce, properties of, 12-47 
Eccentric loads on compression members. 5-44, 
5-45 

Eccentricity (conic section). 2-64 
Echo. 9-39 
Economizer. 7-71 
Eddy currents. 8-32 
Edison storage cell, 10-38, 10-39 
wire gage, 1-151 

Effective resistance and conductance, 8-17 
temperature (air conditioning), 7-94 
value, alternating current, 8-46 
Efficiency, actual thermal, 7-57 
cycle, 7-06 

heat engine cycle, 7-55 to 7-57 
luminous, of light sources, 9-31 
measures of, 7-55 to 7-58 
example, 7-58 
mechanical, 4-35 
nozzle, 7-27 
propeller, 6-44 

of steam-generating unit, 7-62 
thermal, 7-55 
Diesel cycle, 7-76 
ideal, of steam engine, 7-68 
Otto cycle, 7-74 
type, 7-56 

Einstein’s relatiaoi. 9-23 
Ejector. 7-29, 7-50 to 7-52 
Elastic curve of beams, 5-19 
deflection of beams, 5-22, 5-23 
Elastic limit. 5-04 

bronze bearing alloys, 11-87 
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BUftic limit, oommeroial, 5-04 
JohnBon*s apparent, 5-04 

white met^ bearing alloys, 11-86 
wrought copper-base alloys, 11-44 to 11-50 
nickel, 11-71 
proportional-, 5-04 
Elasticity, 5-06 

modulus of, see Modulus of elasticity 
Electric (electrical) absorption, 8-43 
admittance, 8-66, 8-68 
anemometers, 9-^ 

-arc furnaces, 1-23 

arcs, luminous efficiency and brightness, 9-31 
cells and batteries, 10-37 to 10-39 
charge, 8-09, 8-39 
density, units of surface, 3-18 
dimensions of, 3-08, 3-09 
exponential, 8-52 
residual, 8-43 
surface density of, 8-39 
units of, 3-16, 3-18, 3-29, 3-31 
conversion of, 1-142 

circuit, alternating-current, 8-45 to 8-57 
direct current, 8-09 to 8-16 
magnetic energy of, 8-30, 8-31 
parameters, 8-50 
stability of, 8-69 to 8-61 
condenser, 8-40 to 8-45 
conductance, see Conductance, electric 
conduction, in fluids, 8-67 to 8-09 
in solids, 8-62 to 8-67 
conductivity, see Conductivity, electric 
conductor materials, 11-92 to ll-lOl 
conductors, 8-11 
constants, determination of, 8-04 
current, see Current, electric 
dimension systems, 3-07 to 3-12 
energy, 8-16, 8-17 
engineering symbols, 1-04 to 1-11 
entities, 8-02 

properties of, 8-03 to 8-05 
equipotential surfaces, 8-35 
field energy, 3-20 
of force, 8-35 
intensity of, 8-36 

dimensions of, 3-08 to 3-09 
units of, conversion of, 1-143 
mechanical forces in, 8-44 
strength, units of, 3-18 
varying, current due to, 8-37 
force, lines, of, 8-36 
furnace steel, 11-23 
furnaces, 10-39 
horsepower, 3-26 
images, 8-41 

insulating materials, 12-58 to 12-74 
insulator, 8-11, 8-63 
intensity, lines of, 8-35 
lamps, incandescent, characteristics, 9-31 
networks, steady state solution, 8-53 to 
8-57 

pig iron, 11-15 

potential coefficients, 8-40, 8-41 
difference of, 8-10, 8-11, 8-36 
units of, 3-29, 3-32, 3-33 
gradient, 8-36, 8-36 
units of, 3-30 

conversion of, 1-143 
units of, 3-18 

conversion of, 1-143 
power, 8-16, 8-17 
resistance, see Resistance, electric 
resistivity, see Resistivity, electric 
steel, uses of, Il'nSS 


Electric (electrical) units most commonly used, 
3-18 

and standards, historical, 3-35, 3-36 
international, 3-34 to 3-36 
theoretical or absolute, 3-29 to 3-33 
voltage, difference of, 8-10 
{see also Voltage) 

Electricity, conduction of, in fluids, 8-67 to 
8-69 

in solids, 8-62 to 8-67 
flow' of, 8-36 

and magnetism, Section 8 
and matter, 8-02, 8~03 
quantity of, differential equations in terms 
of, 8-52 

units of, conversion of, 1-141 
systenis of units, 8-02, 8-03 
Electroacoustical methods, 9-54 
Electrochemistry of solutions, 10-36 to 10-39 
Electrode materials, arc meltiriK 11-90, 11-91 
potentials of metals, value of. 10-37 
Electrodeposition, 10-37 
Electrodynamic units, theoretical, 3 -32 
Electrogalvanlzing, 11-55 
Electrokinetics and magnetic circuit, 8-18 to 
8-35 

Electrolysis (corros'nn^ 11-11 
Electrolyte, 8-12 

Electrolytic caustic soda and chlorine, 10-37 
iron, 11-21 

Electromagnetic dimension system, 3-09 
absolute (so-called), 3-10 
equations, writing of, 3-35 
induction, 8-27 to 8-“33 
• origin, mechanical forces of, 8-33 
quantities, dimensions of, 3-08, 3-09 
relations, writing of, 3-20, 3-21 
right-handed screw law, 8-20 
spectrum of radiation, 9-06 to 9-08 
theory of light, 9-06 
unit system, egs, 3-16, 3-17, 3-18 
rationalized egs, 3-16, 3-17 
units, theoretical, 3-30 to 3-32 
waves, 8-07, 9-05 
Electromagnetism, 8-20, 8-21 

dimension systems of, 3-07 to 3-12 
Electromotive force (emf), 8-10, 8-36, 8-51 
exponential, 8-52 
induced, 8-21 
sinusoidal, 8-53 
sources of, 8-10 
units of, .3-30, 3-32 
conversion of, 1-143 
Electron, free, 8-62 
mass of the, 8-05 

metal, properties under repeated etreee, 5-14 

negative, 8-02, 8-03 

positive, 8-02, 8-04 

production of, in gases, 8-67, 8-68 

radiation, 9-04 

and radiation, collision of, 9-08 
spinning, 8- 18 
theory, 8-02 to 8-09 
thermionic emission of, 8-05, 8-65 
tubes, 8-06 
Electronics, 10-40 

Elcctrophysical dimension system, 3-07, 3-08 
unit system, 3-16, 3-19 
Electroplating, 10-37 
with other metals, 11-09 
Electroreflning, 10-37 

Electrostatic capacitance, condensers and induc¬ 
tion, 8—40 to 8—43 
and dielectric circuit, 8-35 to 8-46 
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Blectroftfttic dimensions system, 3-08, 3-00 
absolute (so-called), 3-10 
energy and mechanical forces, 8-44, 8-45 
fields, potentials and currents, 8-36 to 8-38 
flux, dimensions, 3-08, 3-09 
units of, 3-18 
induction, 3-20 

coefflcients, 8-40, 8-41 
unit system, cgs, 3-16, 3-17, 3-18 
units, theoreticsal, 3-20, 3-30 
Electrotechnical dimension system, 3-07, 3-08 
unit system, 3-16, 3-19 
Electrothermics, 10-39 
Electrowinning, 10-37 
Elements, chemical, 10-02 to 10-04 
ElUpae, 2-50, 2-64 

geometrical construction, of, 2-50, 2-51 
mensuration formulas for, 2-39 
properties of, 4-22 
Ellipsoids, 2-73 

flow around, 6-39, 6-40 
mensuration formulas for, 2-43 
properties of, 4-26 
ElUptic cylinder, 2-74 
paraboloid, 2-74 
Elliptical flat plates, 6-53 
Elm, 12-39 

allowable unit stress, 5-29, 5-31 
properties of, 12"45 
thermal conductivity, 12-38 
Elongation, aluminum, 11-59 

aluminum-base alloys, 11-61, 11-62, 11-67 
at elevated temperatures, 11-64 
bronze bearing alloys, 11-87 
copper-base alloys, 11-40 to 11-42, 11-44 to 
11-50, 11-84 

copper-nickcl alloys, 11-72 
copper wire, 11-94, 11-95 
determination of, 5-88 
iron, 11-20, 11-25 
magnesium, 11-76 
alloys, 11-78 
metals, 1-127 
molybdenum, 11-81 
Monel metal, 11-73, 11-74 
nickel, 11-71 

non-retentive magnetic materials, 11-102 
reinforcement bars, 5-61 
steel, 11-25 

structural alloy steels, 11-36 
weld metal, 11-90, 11-91 
zinc-base die-casting alloys, 11-83 
Emery-Tatnall testing machine, 5-82 
Emf, «ee Electromotive force 
Emission phenomena, 8-05 
thermionic, 8-05, 8-65 
Emissive power, 9-02 
Emissivity, dimensions, 3-06 
units of, 3-15, 3-28 

Empire cloth, electrical properties of, 12-60 
Employee, definition of, 13-07 
provision for, in contracts, 13-19 
Employer’s liability acta, 13-08 
Enamel, lacquer, 12-58 
and paint, 12-50 to 12-52 
wire, 12-73 

Endurance limit, aluminum alloys, 11-61, 11-67 
bronze bearing alloys, 11-87 
determination of, 5-12 
discussion on values of, 5-12 
effect, of corrosion of, 5-16 
of defects, 5-13 
of range of stress on, 6-16 
ferrous metals. 5-13 


Endurance limit, magnesium alloys, 11-78 
nickel, 11-71 

non-ferrous metals, 5-14, 5-15 
short-time tests for, 5-91, 5-92 
structural materials, 11-78 
Endurance ratios for ferrous metals, 5-15 
Energetical dimension system, 3-05. 3-07, 3-12 
Energy, 4-35 

availability of, and entropy, 7-06 to 7-10 
(“ heat ”) balance, 7—58 to 7—60 
boiler, balance, 7-63 to 7-66 
conservation of, principle of, 4-35, 7-05 
conversion factors, 7-03 
dimensions, 3-05, 3-08, 3-09 
electric, and pow'er, 8-16 to 8-18 
electric held, 3-20 
electrostatic, 8-44 
equations, 7-04 to 7-06 
for gases, 7-19 to 7-21 
summary of, 7-10, 7-11 
forms. 7-02, 7-03 
internal, 7-02 
kinetic, 4-35 

mechanical, 7-02 
level diagrams, 9-20 
loads, .5-16 to 5-18 

losses of, in a steam-generating unit, 7-63 
magnetic, of electric circuits, 8-30, 8-31 
magnetic field, 3-20, 8-30 
mass and freiiuency relations, 8-03 
potential, 4-35 
mechanical, 7-02 
power, force, 3-24 to 3-26 
product, permanent magnet materials, 11-108 
radiant, spectral distribution of, in illumi- 
nants, 9-31 
radiations, 9-46 
in speech, flow of, 9-49 
stored, in bars, 5-16 
transformations, 7-04 

units of, 3-14, 3-15, 3-16, 3-18, 3-24, 3-25, 

4- 35, 7-03 
conversion of, 1-140 
relations between, 3-28 

work, power, 4-34 to 4-36 
Engelmann spruce, allowable unit stresses, 

5- 29, 5-31 
properties of, 12-47 

Engine, adiabatic, 7-11 
ilouble-acting, 7-66 
efficiency, 7-.56 
four-cycle, 7-73 

internal-combustion, 7-71 to 7-77 
single-acting, 7-66 
steam, 7-66 to 7-68 
two-cycle, 7-73 

Engineer as expert witness, 13-09 
Engineering terms, abbreviations for, 1-03, 
1-04 

Engineers’ legal relations, 13-08 
Engler viscosimeter, formula for, 6-08 
English system, derived units in, 3-35 
unit systems, 3-14 

units and standards, 3-21, 3-22, 3-24, 
3-25 

wire gage, old, 1-151, 1-152 
Enthalpy, 7-06, 7-12 

saturated steam, 7-33 to 7-35 
superheated steam, 7-36 to 7-39 
Entropy, 7-08 

and availability of energy, 7-06 to 7-10 
as a coordinate, 7-09 
dimensions, 3-06 

expressions, summary of, 7-10, 7-11 
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Entropy* saturated steam, 7*-33 to 7-35 
superheated steam, 7-36 to 7-39 
temperature-, diagram, 7-09 
units of, 3-16 
Epicycloid, 2-63, 2-68 

mensuration formulas for, 2-40 
Epitrochoid, 2-68 
Epsom salt* 10-16 
Equalities, symbols for, 1-02 
Equations, 2-12 to 2-16 

application of ^ « pg, 6-11 to 6-13 
an 

Bernoulli, 2-100 
biquadratic, 2~14 
chemical, 10-04 
cubic, 2-13, 2-14 

differential, see Differential equations 
dimensional, 3-04 
Euler’s homogeneous, 2-103 
graphical solution of, 2-16 
Laplace’s, 2-106 
linear. 2-12, 2-17, 2-18 
Navier-Stokcs, 6-15 
«th degree, 2-14 to 2-16 
special systems of, 2-19 
physical, 3-03, 3-13 

dimensional homogeneity of, 3-36, 3-37 
style of writing, 3-37 
quadratic, 2-12, 2-13 
Riccati’s, 2-101 
unitary homogeneous, 3-37 
writing of the electromagnetic, 3-35 
Equiangular spiral, 2-69 
Equilateral triangle* 2-32 
Equilibrant, 4-03 
Equilibrium, conditions of, 5-20 
diagram of iron and steel, 11-27 to 11-29 
principles of, 4-10, 4-11 
problems, 4-11 to 4-15 
Equipment, air-conditioning, 7-94 
materials testing, 5-81 to 5-84 
Equipotential surfaces, electric, 8-35 
magnetic, 8-26 

Equivalent sinusoidal current, 8-46 
Erg, 3-25, 3-28 

Erichsen draw, non-retentive magnetic mate¬ 
rials, 11-102 
Errors, 2-05 
and observations, 2-123 
probable, 2-123 to 2-126 
applications, 2-126 to 2-128 
interpretation of, 2-127, 2-128 
Ester gum, 12-55 
Ethane, properties of, 1-121, 7-82 
Ether, density of, 6-06 
Ethyl acetate, properties of, 1—123 
alcohol, density of, 6-06 
index of refraction of, 9-15 
magneto-optic rotation of, 9-18 
properties of, 1-123 
surface tension of, 6-09 
bromide, properties of, 1-123 
chloride, properties of, 1-121, 1-123, 7-82 
ether, index of refraction of, 9-15 
iodide, properties of, 1-123 
Ethylene bromide, properties of, 1-123 
chloride, properties of, 1-123 
properties of, 1-121, 7-82 
Euler’s column formula, 5-38 
homogeneous equation, 2-103 
Eyaporation and rainfall, 9-58, 9-59 
test (lubricants), 12-75 
Everdur, properties of, 11-41, 11-60 


Evergreen magnolia* properties of, 12-46 
Exact differential equation, 2-10 
simple interest on $1000, 2-23 
Exchange (magnetism), 8-19 
Excitation of line spectra, 9-20 
Expansion, actual, of a vapor, 7-49 
of functions, series, 2-79 to 2-85 
ratio (Otto cycle), 7-74 
thermal coefficient of, aluminum, 11-59 
bearing bronzes, 11-89 
copper, 11-40 

copper-base alloys, wrought, 11-45 to ll'-61 

copper-nickel alloys, 11-72 

electrical resistance materials, 11-99 

gases. 1121. 1-122 

iron, 11-20, 11-25 

magnesium, 11-76 

metals, 1-125, 1-126 

molybdenum, 11-81 

Monel metal, 11-73 

nickel. 11-71 

non-metallic solids, 1-129 
refractories, 12-22, 12-23 
stainless steel, 11-38 
steel, 11-25 
tungsten, 11-80 
zinc, 11-53 

zinc-base die-casting alloys. 11-83 
Expert witness, engiueor as, 13-09 
Explosives, 12-79, 12-80 
Exponential charge, 8-52 
current, 8-52 
emf, 8-52 
horn, 9-47 
‘ impedance, 8-53 

values and logarithms, 1-102 to 1-112 
Extensometers, 5-83 

External shear, reinforced concrete, 5-66 
Eye, 9-26 

Eyelet brass, properties of, 11-44 
Eyepieces, optical instruments, 9-13 
Eyring’s formula, 9-50 

Fabrication aluminum and aluminum alloys, 
11-69 

copper, and copper alloys, 11-40 
of rolled zinc, 11-57 

Fabrics, insulating, dielectric strength of, 12-64 
Factor, integrating, 2-101 
of safety, 5—10, 5-11 
shape (wind pressure), 9-66 to 9-69 
Factorials, 1-11, 2-03 
Factoring (algebra), 2-08 
Factors (arithmetic), 2-03 

conversion, tables of, 1-130 to 1-147 
Factory lumber, 12-43 
Fahrenheit temperature soale, 3-27 
Failure, character of (repeated stress), 6-12 
Fan, characteristics of, 6-46 
drag, 6-37 
and propellers, 6-44 
propeller-type, 6-46 
Farad, 3-33, 8-40 
international, 3-34 
Faraday, 3-34, 10-36 
effect, 9-18 

Faraday’s induction law, 3-20 
law, 10-36 

Fatigue, corrosion, 5-16, 11-07 
of metals, 5-12 
Fechner’s law, 9-26 
Feedwater heaters, 7-70 
Fermat’s principle, 9-10 
Fermi-Dirac statistics, 8-64 
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Ferr«l ptychrometric formula, 7-91 
Ferric chloride, magueto-optic rotation, 9-18 
ferrocyanide, 10-20 
hydroxide, 10-20 
oxide, 10-19 
properties of, 10-11 
sulfate, 10-20 
Ferrite, 11-26 

FerroaUoye, manufacture of, 11-15 
Ferromagnetic substances, 8-25 
Ferromagnetism, 8-18 
Ferromanganese, 11-13, 11-18 
Ferrophosphorus, 11-13 
Ferrosilicon, analysis of, 11-13 
Ferrous carbonate, 10-19 

chloride, magneto-optic rotation of, 9-18 
ferricyanide, 10-20 
hydroxide, 10-20 

metals, endurance ratios for, 5-15 
under repeated atresB, 5-13 
values of endurance limit, 5-12 
oxide, 10-19 

properties of, 10-11 
sulfate, 10-20 

properties of, 10-11 
sulfide, 10-20 

Fiber (insulating material), 12-64 
electrical properties of, 12-60 
hard, NEMA specifications, 12-65 
thermal conductivity of, 12-35, 12-36 
Fiber stress, allowable, reinforced concrete, 
5-62 

structural steel, 5-24 

Field, electric, current due to varying, 8-37 
intensity of, 8-35 
mechanical forces in, 8-44 
electrostatic, 8-35 to 8-38 
energy, electric, 3-20 
magnetic, 3-20 
of force, electric, 8-35 
magnetic, 8-18 

intensity, electric, dimensions, 3-08 

electric, units of, conversion of, 1-143 
magnetic, 8-22 
lines of, 8-23 

units of, conversion of, 1-147 
magnetic, energy of, 8-30 

mecnanical forces in, 8-33 to 8-35 
torque on a coil in, 8-33, 8-34 
strength, electric, units of, 3-18, 3-30, 3-32 
Fifth roots, table of, 1-12 to 1-28 
Figures, irregular, mensuration formulas, 2-40 
plane curvilinear, 2-33, 2-34 

mensuration formulas, 2-38 to 2-40 
plane rectilinear, mensuration formulas, 2-37, 
2-38 

significant, 2-05 
similar, areas of, 2-36 

perimeters or circumferences, 2-36 
Films, surface (corrosion), 11-07 
Filter, acoustic, 9-46 
Finance, mathematics of, 2-22 to 2-32 
Finery process, 11-20 
Finishing of aluminum, 11-69 
Fir, 12-39 

allowable unit stresses, 5-29, 5-31 
column formula constants, 5-41 
properties of, 12-45 
thermal conductivity of, 12-37, 12-38 
Firebrick, aee Refractories 
Fireclay brick, 12-20 

properties of, 12-22 to 12-25 
uses of, 12-28 to 12-31 
mortars, 12-26 


Fire point, 12-75 
mineral oils, 12-71 
First law energy balance, 7-58 
of thermodynamics, 7-05 
Fish oil, 12-55 
paper, 12-62 

^electric strength of, 12-64, 12-65 
Fixed beam, 5-19 
diagrams, 5-27, 5-28 
Flag signal, 9-55 
Flame tests (chemistry), 10-33 
Flash point, 12-75 
mineral oils, 12-71 

Flat slab construction, rectangular, bending mo¬ 
ments in, 5-56 

reinforced concrete, 5-78 to 5-80 
Flexural strength, phenolic sheet material, 12-68 
Flexure, formula for, 5-21 

rectangular beams, reinforced concrete, 
5-63 

solid slabs, reinforced concrete, 5-63 
T-beams, reinforced concrete, 5-64 
phenomena of, 5-19 
tests of cast iron, machines for, 5-82 
specimens for, 5-85 
theory of, 5-19 to 5-23 
Floor, ribbed, reinforced concrete, 5-71 
example, 5-72 
tile, 12-18 to 12-20 
Flooring, thermal conductivity, 12-36 
Flow, adiabatic, 7-11 
breakaway of, 6-28 
of energy in speech, 9-49 
of ideal fluids, two-dimensional, 6-18 to 6-22 
applications of results, 6-22 to 6-26 
of gases, through orifices and nozzles, 7-25 to 

7-30 

through pipes and ducts, 7-23 to 7-25 
over notches, 6-52 
in open channeb, 6-51, 6-52 
point, silver solders, 11-92 
stationary, of a viscous fluid through a pipe, 
3-39 

throttling, 7-11 

of vapors through nozzles and orifices, 7-47 to 

7- 52 

of viscous incompressible fluids, 6-27 
around bodies, 6-37 to 6-40 
near boundaries, 6-48 
through nozzles, 6-35, 6-36 
through orifices, 6-34, 6-35 
in rough tubes, 6-32, 6-33 
in smooth pipes or tubes, 6-28 to 6-33 
through venturi tubes, 6-36 
over weirs, 6-52 

Fluid, conduction of electricity in a, 8-67 to 

8- 69 

dynamics, 6-05, 6-15 to 6-53 

flow of, see Flow 

ideal, dynamics of, 6-18 to 6-22 

applications of results, 6-22 to 6-26 
incompressible, see Viscous incompressible 
fluids 

kinds of. 6-04, 6-05 
measure, apothecaries’, 1-133 
mechanics of. Section 6 
definitions, 6-02 
division of, 6-05 

media, causes of sound absorption in, 9-41, 

9- 42 

motion, laws of, 6-15 to 6-18 
pressure, 6-11 
properties of, 6-02 to 6-10 
and solids, 6-02 
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Fluid, atatia, 6-05, 6-;ll to 6-14 
viecouB, incompressible, see Viscous incom¬ 
pressible fluids 

aerodynamics of, 6-41 to 6-48 
dynamics of, 6-27, 6-28 
flow of, see Flow 
Fluorescence, 9-04, 9-21 
Fluorine, 10-28 
properties of, 1-121 
Flux density, dielectric, 8-38, 8-30 
unite of, 3-29, 3-31, 3-33 
conversion of, 1-142 
magnetic, 8-20 
units of, 3-18, 3-30, 3-31 
conversion of, 1-146 
dielectric, 8-38, 8-39 
units of, 3—29, 3—31, 3—33 
conversion of, 1-141 
electrostatic, dimensions, 3-08 
units of, 3-18 
linkages, 8-21 
luminous, 9-28 
magnetic, 8-19 
dimensions, 3-08 
international unit of, 3-34 
lines, 8-20 

units of, 3-18, 3-30, 3-31, 3-32, 3-34 
conversion of, 1-146 
work done by varying, 8-22 
soldering, 11-91 
Foci of ellipse, 2-60 
of hyperbola, 2-52 
Focus of conic section, 2-64 
of parabola, 2-51 
Foil, aluminum, 11-65 
thermal conductivity of, 12-37 
Foot, 3-21 
Foot-candle, 9-29 

Footings, reinforced concrete, 5-75 to 5-77 
Foot-pound (force), 3-24 
Foot-poundal, 3-24 
Force, 4-02 
atomic, 10-05 
centrifugal, 4-41 
centripetal, 4-41 
classiflcation of, 4-03 
coefficient (fluid dynamics), 6-16 
coercive, 8-31 

high-purity iron, 11-22 
non-retentive magnetic materials, 11-102 
permanent magnet materials, 11-108 
concurrent, composition and resolution of, 
4-03 to 4-05 
coplanar, 4-03 

concurrent, composition of, 4-04, 4-06 
resolution of, 4-05 

non-concurrent, composition of, 4-07, 4-08 
between current-carrying conductors, 8-34 
dimensions, 3—05, 3-08, 3-09 
electric field of, 8-35 
electromotive, see Electromotive force 
energy, power, 3-24 to 3-26 
in equilibrium, 4-10 
graphical representation of, 4-02, 4-03 
lines of electric, 8-35 
lines of magnetic, 8-23 
on magnetic bodies in a magnetic field, 8-35 
magnetic field of, 8-18 
magnetizing, see Magnetizing force 
magnetomotive, see Magnetomotive force 
mass, acceleration, relation between, 4-34 
mechanical, of electromagnetic origin, 8-33 
to 8-35 

in electric field, 8-44 


Force, mechanical, of electromagnetic origin in 
magnetic neld, 8-33 
moment of, about a fine, 4-06 
about a point, 4-05 
units of, conversion of, 1-139 
nonconcurrent, 4-03 
composition of, 4-07 to 4-10 
resultant of, 4-10 
noncoplanar, 4-03 

composition of, 4-05, 4-09 
resolution of, 4-05 
polygon, 4-04, 4-07, 4-08 
power of, 4-35 

produced by a magnetic field on a coil carry¬ 
ing a current, 8-33 

single and couple, composition and resolution 
of. 4-07 

systems of, 4-03 
transmissibility of, 4-02 
per unit area, units of, conversion of, 1-139 
units of. 3-14, 3-16, 3-24, 3-25. 4-34 
conversion of, 1-138 
vs. weight, 3-24 
on wire in magnetic field, 8-3‘i 
work of a, 4-34 
Forge pig iron, 11-16 
Forging aluminum, j.1-69 
brass, properties of, 11-46 
steel, 11-29 
Form factor, 8-46 
Formic acid, properties, 1-123 
Forms for concrete, 12-08 
Formulas, approximate, 2-20, 2-21 
chemical, determination of, 10-10 
Forsterite brick, 12-26 
Fossil gums, 12-70 
Foucault currents, 8-32 
Foundry pig iron, 11-14 
Four-cycle engine, 7-73 
Fourdrinier wire, properties of, 11-46 
Fourier series, 2-82, 8-49 
Four-stroke cycle, 7-72, 7-73 
Fractional electrical dimension system, 3-09,3-10 
roots, 2-15 
Fractions, 2-06 
partial, 2-08 
rational, 2-08, 2-09 
integration of, 2-86 
Fracture, types of, 5-07 

Frame, building, thermal conductivity, 12-36 
Frames, redundant, 4-14 
Fraud in contracts, 13-04 
Frauds, statute of, 13-03 
Fraunhofer lines, 9-19 
Free electrons, 8-62 
oscillations, 9-42 

Free-cutting phosphor bronze, properties of, 
11-46 

rod, properties of, 11-46 
Freezing point, aluminum, 11-59 
diagram, alloys, 11-03, 11-04 
magnesium, 11-76 

French units and standards, 3-22, 3-23 
Freon, P-H diagram for, 7-82 
Frequency, change of velocity with, 9-37 
of errors, relative, 2-123 
mass and energy relation, 8-03 
of periodic quantity, 8-45 
resonance (sound), 0-43 
simple harmonic motion, 4-29 
of sound, 9-48 
threshold, 8-66 

Friction, 4-44 to 4-47 « 

axle, 4-45 
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Friction, belt, 4-47 

coefficient of, carbon brushes, 11-100 
tubes, 6-33 
coil, 4-47 
drag, skin, 6-37 
kinetic, 4-44 
pivot, 4-45, 4-46 
rolling, 4-44, 4-45 
static, 4-44, 4-45 
tape, dielectric strength, 12-64 
Froude’s formula, 6-49 
number, 3—40, 3—43, 6—15 
Frustum of a cone, 2-35 
of a pyramid, 2-35 
Fuels, 12-77, 12-78 

injection (Diesel engine), 7-76 
liquid and gaseous, 12-78, 12-79 
Fullerboard, 12-60, 12-62 
dielectric strength of, 12-64 
Functional relationships, trigonometric, 2-55, 
2-56 

Functions, circular, of plane angles, 2-53 to 2-56 
values and logarithms of, 1-57 to 1-101 
complementary, 2-102 
of complex variables, 2-111, 2-112 
composite, differentiation of, 2-78 
continuity of, 2-75 
definition of, 2-75 
and derivatives, 2-75 to 2-77 
of four variables, alignment charts for, 2-120 
to 2-122 

gravitational, 4 -38 
hyperbolic, 2-59 to 2-61 

values and logarithms of, 1-102 to 1-112 
of imaginary and complex angles, 2-60, 2-61 
implicit, 2-79 
inertia, 4-38 

irrational, integration of, 2-86 
relation of hyperbolic to circular, 2-60 
of Routh and Hurwitz, test, 8-60 
series expansion of, 2-79 to 2-85 
stream, 618 to 6-21 

of three variables, alignment charts for, 2- 
117 to 2-120 

trigonometric, 2-53 to 2-56 

values and logarithms of, 1-57 to 1-101 
of two variables (partial derivatives), 2-78 
Fund, sinking, 2-20, 2-30 
Fundamental (Fourier scries), 8-50 
Funicular polygon, 4-07 
Furnace, air, melting, 11-16 
electric-arc, 11-23 
innovations in, 11-16 
Fusible alloys, 11-110 
Fusion, latent heat of, aluminum, 11-59 
gases, 1-121, 1-122 
liquids, 1-123, 1-124 
magnesium, 11-76 
metals, 1-125, 1-126 
zinc, 11-53 


Gages, rain, 9-58 

sheet metal, 1-148 to 1-150 
wire, 1-150 to 1-152 

zinc, comparison with other gages, 11-56 
Galileo’s telescope, 9-14 
GaUon, 3-21 
imperial, 3-22 
I’nited States, 3-21 
Galvanizing, 11-54, 11-55 
Gamma-rays ( 7 -ray 8 ), 9-04, 10-06 
Gas calculations, 10-10 
Gases, characteristic properties of, 7-16 


Gases, chemistry of, 10-23 to 10-25 
coal, 12-78 

in compressors, compression of, 7-30,7-31 
constant, 7-15, 7-16 

equivalent, for gas mixture, 7-87 
definitions of, 6-04, 6-05 
diatomic, T-S and II-S diagrams for, 7-22 
dielectric strength of, 12-74 
dynamics, 6-05 

electric conduction in, 8-67, 8-68 
energy equations for, 7-19 to 7-21 
flow of, through pipes, nozzles and orifices, 
7-23 to 7-30 
curves for a, 7-21 
index of refraction of (light), 9-15 
insulating properties of, 12-74 
ionization of, 8-09 
kinetics of, 10-23 
laws, 7-15, 7-16, 10-23 to 10-25 
magneto-optic rotation of, 9-18 
mixtures, 7-85 to 7-87 
natural, 12-78 
perfect, definition of, 6-05 
P~V~T relation for, 7-15 
velocity of sound in, 9-37 
photon, 9-08 

processes, energy equations for, 7-20, 7-21 
producer, 12-78 

properties of, 1-121, 1-122, 6-07 to 6-10, 
7-17, 10-24 

property relations of, 7-19 to 7-21 
P-V curves for, 7-21 
specific heat of, 7-16 to 7-18 
charts of, 7-18 
state changes, 7-21 to 7-23 
thermodynamics of, 7-15 to 7-31 
jT-.S curves for, 7-21 
vapor mixtures, 7-87 to 7-89 
viscosity of, 6-04 
water, 12-78 

weights of common, 10-11 
Gas-filled air craft, lift of, 6-12 
Gaskets and packings, 12-83 
Gasoline, 12-78 
properties, 1-123 
viscosity, 6-07 
Gauss, 3-31, 3-32, 8-20 
-Laplace law, 2-123 
theorem, 2-115 

Gaussian dimension system, 3-10 
unit system, 3-17 
Gear bronze, properties, 11-42 
Generating unit, steam, 7-62 to 7-66 
Generatrix, 2-35 

Geometric concepts, 2-32 to 2-36 
mean, 2-20 
progression, 2—20 

Geometrical construction, 2-44 to 2-53 
angles, 2-45, 2-46 
circles, 2-46 to 2-49 
ellipse, 2-50, 2-51 
hyperbola, 2-52 
involute of a circle, 2-53 
lines, 2-44, 2-45 
parabola, 2-51, 2-52 
polygons, 2-49, 2-50 
optics, principles of, 9-09, 9-10 
Geometry, 2-32 to 2-53 
analytic, symbols for, 1-02 
plane, symbols for, 1-02 
plane analytic, 2-61 to 2-70 
of radiation, 9-09 to 9-14 
bibliography, 9-14 
solid analytic, 2-70 to 2-75 
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Oeraum silyer, properties, 11-99 
under repeated stress, 5-14 
Gilbert. 3-31, 8-2? 

Gilding (alloy), properties, 11-44 
Girderless construction, reinforced concrete, 
5-78 to 5-80 
Glare. 9-32 
Glass. 12-61 

electrical properties, 12-60 
index of refraction of, 9-15 
magneto-optic rotation, 9-18 
roughness number, 6-51 
wool, thermal conductivity, 12-35 
Glauber salt, properties of, 10-11 
Glues, properties of, 12-81 
Glycerin, index of refraction of, 9-15 
properties of, 1-123 
Glyptal, 12-54, 12-68 
Gneiss. 12-14 
durability of, 12-16 
Gold, 10-18 

electrode potentials, values of, 10-37 
optical constants of, 9-16 
properties of, 1-125, 1-127 
Goods, contracts for, 13-03 
Grad (vector analysis), 2-114 
Gradient, electric potential, 8-35 
units of, 3-30 

conversion of, 1-43 
magnetic potential, units of, 3-32 
conversion of, 1-147 
voltage, 8-35, 8-36 
Grain, growth in iron and steel, 11-32 
of wood, 12-41 
unit of mass, 3-22 
Gram. 8-23 
Gram-calorie. 3 26 
conversion, 3-28 
Granite. 12-14 

durability of, 12-16 
strength of, 12-15 
Granodizing, 11-10 
Graph, motion, 4-28, 4-29, 4-31, 4-32 
Graphic transforxnation. plane surfaces, 4-18 
Graphical representation, of forces, 4-02 
of gas state changes, 7-21 
of vapor properties, 7-41 
solution of equations, 2-16 
Graphite brushes, 11-99, 11-100 
in steel, 11-26 
Grating, diffracting, 9-04 
spacings of various crystals, 9-25 
Gravitation constant, 3-05 
functions, 4-38 

Gravitational dimension system, 3-05 
system of units, 3-24, 4-02 
Gravity, center of, 2-98, 4-15 to 4-17 

of various lines, surfaces, volumes, and 
bodies, 4-20 to 4-26 
force (fluid dynamics), 6-15 
specific, see Specific gravity 
Gray iron, 11-17 
Greases, properties of, 12-76 
Greek alphabet, 1-02 
Green ash (wood), 12-39 
Greenheart (wood), 12-39 
Green’s theorem. 2-95, 2-115 
Ground effect on automobiles and trains. 6-53 
Grouping (algebra), 2-06 
“ Growth ” of cast iron, 11-18 
Guaranty bonds (contracts). 13-23 
Gum. ester. 12-55 
Gum (wood). 12-39 

allowable unit stresses, 5-29, 5-31 


Gum (wood), plywood, 12-49 
properties of, 12- 45 
Gums (resin), 12-70 
Guncotton, 12-79 
Gunpowder. 12-79 
Gusts, load multiples due to, 6-48 
Gutta percha. 12-67 
Gypsum boards, grating spacings, 9-25 
plaster, neat, 12-14 
thermal conductivity of, 12-35, 12-36 
Gyration, ceuter of, 4-19 

polar radius of, in shafts, 5-48 
radius of, beam section, 5-22 
of a body, 4-19 
columns, 5-37 
of a plane surface, 4-17 
steel pipe, 1-165 
steel sections, 1-153 to 1-163 
various surfaces, volumes, bodicf.., 4-20 to 
4-26 


Hackberry (wood), properties ci, 12-46 
Hagen-Poiseuille law, 6-28, 6-30 
Hallwachs’ effect, 9-23 
Halogen elements, '>.ci(ls of, 10-06 
Halogens, 10-27, 10-28 
Halo wax, 12-69 
Hardening of copper, 11-40 
of steel by quenching, 11-32 
theory of, 11-33 
strain, 11-31 

Hardness, alloy steels for, 11-37 
• Brinell, aluminum, 11-59 

alununurn alloys, wrought, 11-67 
aluminum-base, casting alloys, 11-61,11-62, 
11-64 

bronze bearing alloys, 11-87 
copper-base alloys, die casting, 11-84 
sand-cast, 11-40 to 11-42 
wrought, 11-44 to 11-51 
copper-nickel alloys, 11-72 
ferrous metals, 6-13 
fiber, 12-65 
iron, 11-25 
magnesium, 11-76 
magnesitim alloys, 11-78 
metals, 1-127 
Monel metal, 11-74 
nickel, 11-71 

non-ferrous metals, 6-14, 5-15 
steel, 11-25 
testing machine, .5-89 
white metal bearing alloys, 11-86 
zinc-base die-casting alloys, 11-83 
definition of, ,5 -07 

numbers, relationship between, 5-90, 5-91 
Moh's scale of, 5-90 

Rockw’ell, aluminum alloys, sand-cast, 11-61 
copper-base alloys, wrought, li~44 to 11-51 
magnesium alloys, 11-78 
nickel, 11-71 
testing machine, 5-89 

Bcleroscope, aluminum alloys, wrought, 11-67 
carbon brushes, 11-100 
nickel, 11-71 
testing machine, 5-90 
tests, 5-89 to 5-91 

Vicker’s pyramid testing machine, &-89 
of water, 10-14, 10-15 
of wood, 12-44 to 12-47 
Harmonic analysis, 8-49^ 
current, simple, 8-47 
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Harmonic mean, 2-20 
motion, simple, 4-29 
progression, 2-20 
Harmonics, 8-40, 8-50 
HaTortine, 2-54 
Hearths, charcoal, 11-20 
“ Heat ” (energy) balance, 7-58 to 7-60 
Heat conductivity, 12-32 
content, 7-06 
definition of, 7-02 
dimension systems of, 3-06, 3-07 
effect on steel, 11-30 to 11-33 
equivalent, specific, for gas mixture, 7-87 
flow, internal resistance to, 12-32 
of fusion, latent, aluminum, 11-50 
gases, 1-121, 1-122 
liquids, 1-123, 1-124 
magnesium, 11-76 
metals, 1-125, 1-126 
zinc. 11-53 
latent, 7-13 

mechanical equivalent of, 7-03 
power cycle, 7-06 
quantity of, dimensions of, 3-06 
radiation, measurement of, 0-23 
rate, 7-57 

-resisting alloy steels, 11-39 
specific, see Specific heat 
symbols for, 1-04 to 1-11 
transfer, 12-32 

transmission, coefficients of, 12-33 
-treated cast iron, 11-19 
treatment, effect on aluminum alloys, 11-66 
structural alloy steel, 11-36 
unit systems (thermal), 3-15 
units of, conversion of, 1-140 
quantity of, 3-28 

of vaporization, latent, aluminum, 11-50 
gases, 1-121, 1-122, 10-24 
hquids, 1-123, 1-124 
magnesium, 11-76 
metals, 1-125, 1-126 
zinc, 11-53 
waves, 8-07 

Heaviside operational calculus, 2-108 to 2-111 
Hefner, 0-28 

Height, mean barometer, 0-61 
Helium, compressibility of, 6-10 
density of, 6-07 
properties of, 1-121, 7-16 
viscosity of, 6-08 

Helix, mensuration formulas for, 2-40 
Hemisphere, mensuration formulas for, 2-42 
properties of, 4-25 
Hemlock, 12-39 

allowable unit stresses, 5-29, 5-31 
column formula constants, 5-41 
properties of, 12-45, 12-46 
thermal conductivity of, 12-38 
Hempseed oil, 12-56 
Henry, 3-33, 8-28 
international, 3-34 
Heptane, properties of, 1-124 
Hertz equations, 5-55 
Hexagon, geometrical 'jonstruction, 2-40 
Hexane, properties of, 1-124, 7-82 
Hickory, 12-39 

allowable unit stresses, 5-29, 5-31 
properties of, 12-46 
Hiding power, pigments, 12-51 
units, pigments, 12-51 

High-conductivity copper, oxygen free, 11-40 
High-frequency electric furnace, 0-23 
magnetic materials, 11-100 


High-purity iron, 11-21, 11-22 
properties of, 11-90 
High-speed steel, 11-37 
High-strength bronze, properties of, 11-46 
Hipemik, induction, 11-103 
magnetic properties, 11-102 
Hitenso, properties of, 11-50 
Hodograph, 4-30 

Holes, effect of, in members under simple 
stress, 5-03 

Homogeneity, dimensional, of physical equa¬ 
tions, 3-36, 3-37 

Homogeneous equations, 2-100, 2-103, 2-107 
Honey locust, properties of, 12-46 
Hooke’s law, 5-04 
Horizontal candlepower, mean, 0-29 
shear, 5-21 

beam design, example, 5-30 
in timber beams, 5-25 
Homer’s method, 2-16 
Horns, 9-47 
Horsepower, 3-26, 7-03 
brake, 7-67 
electrical, 3-26 
indicated, 7-77 
metric, 3-26 

Hot-wire microphone, 0-54 
H-S curves for a gas, 7-21 
H-S diagram, 7-42 

Carnot refrigeration cycle, 7-78 
for diatomic gases, 7-22 
of diffuser process, 7-50 
for ejector process, 7-61 
for liquids, 7-42 
of nozzle flow process, 7-48 
of Hankine cycle, 7-53 
for throttling process, 7-46 
vapor compression cycle, 7-70 
water and water vapor, 7-43 
Hue (color), 9-27 
Human ear, 9-48 

occupancy (air conditioning), 7-94 
visibility, spectral distribution of, 9-27 
Humidity, 9-61, 9-62 
control of relative, 7-94 
and hygrometry, 7-89 to 7-93 
symbols and abbreviations for, 7-85, 7-86 
Hurwitz and Routh, test functions of, 8-60 
Huyghens eyepiece, 9-13 
Hybrid physical equations, 3-13 
Hydrate, 10-04 
Hydrated lime, 12-12 
Hydraulic radius, mean, 6-32, 6-51 
testing machine, 5-82 
Hydraulics, 6-05, 6-13 
symbols for, 1-04 to 1-11 
Hydrochloric acid, 10-06, 10-11, 10-28 
(see also Hydrogen chloride) 
properties, 10-11 
Hydrodynamics, 6-05 
Hydrofluoric acid, 10-28 
(see also Hydrogen fluoride) 

Hydrogen, 12-77 

bromide, properties of, 1-122 
chloride, density of, 6-07 
properties of, 1-122 
compressibility of, 6-10 
density of, 6-07 
dielectric strength of, 12-74 
electrode potentials, vsdues of, 10-37 
fluoride, properties of, 1-122 
index of refraction of, 9-15 
insulating properties of, 12-74 
iodide, properties of, 1-122 
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Hydrogen, peroxide, properties of, 10-11 
properties of, 1-121, 7-16, 10-24 
selenide, properties of, 1-22 
specific heat of, 7-17 
in steel, 11-26 
sulfide, 10-29 

properties of, 1-122 
telluride, properties of, 1-122 
viscosity of, 6-08 
weight of, 10-11 
Hydrolysis, 10-08 

Hydrostatics, 4—02, 6—05, 6—13, 6—14 
Hydroxide, 10-04 

Hygrometry and humidity, 7-89 to 7-93 
Hyperbola, 2—52, 2—64, 2—65 
geometrical construction, 2-52 
mensuration formulas, 2-39 
Hyperbolic angles, 2-58 
cylinder, 2-74 
functions, 2-59 
identities, 2-59 

relation to circular functions, 2-60 
values and logarithms of, 1-102 to 1-112 
logarithms, 2-10 
paraboloid, 2-74 
spiral, 2-69 

trigonometry, 2-58 to 2-60 
Hyperboloid, 2-73 
mensuration formulas, 2-43 
Hypocycloid, 2-53, 2-68 
mensuration formulas, 2-40 
Hypotrochoid, 2-68 
Hysteresis, 8-31 

coefficient, non-retentive magnetic materials, 
11-102 

dielectric, 8-43 

loops for retentive magnetic materials, 
11-108 

loss, high-purity iron, 11-22 


Ice, 12-84 
dry, 10-30 
point, 3-26 

Ideal (resistance alloy), properties of, 11-99 
Ideal fluids, dynamics of, 6-18 to 6-22 
application of results, 6-22 to 6-26 
Identities, algebraic, 2-08 

hyperbolic functions, 2-59, 2-60 
trigonometric, 2-55, 2-56 
Igneous rocks, 12-14 
IlUum, 11-110 

Illuminants, spectral distribution of radiant 
energy in, 9-31 
Illumination, 9-20 
elements of, 9-30 to 9-33 
units of, interrelations between, 9-29 
Hluminometers, 9-30 
Images, electrical, 8-41 

formed by spherical lenses, 9-12 
formed by spherical mirrors, 9-11 
real and virtual, 9-09 
Imaginary angles, functions of, 2-60, 2-61 
numbers, 2-06 
roots (equations), 2-15 
Impact, 4-37 
axial, on bars, 6-17 
on beams, 5-18 

bending, wood, 12-44 to 12-47 
Charpy, magnesium alloys, 11-78 
sine-base die-casting alloys, 11-83 
Izod, bronze bearing alloys, 11-87 

copper-base sand-east alloys, 11-41 to 
11-43 


Impact, Izard, nickel, 11-71 

structural alley steels, 11-86 
resistance of steel, 11-31 
rupture from, 5-18 
testing machines, 5-83 
tests, specimens for, 5-86 
tube, 7-29 

Impedance, acoustic, measurement of, 9-54 
electrical, 8-51, 8-52, 8-54, 8-55 
equations for a network, 8-51 
mechanical, 9-43 
Imperial bushel, 3-21 
gallon, 3-22 

pound (avoirdupois), 3-22 
yard, 3-21 

Impressed voltage, 8-12 
Improper integrals, 2-89, 2-90 
Impulse, 4-36 
turbine, 7-68 
Incandescence, 9-30 

Incandescent lamps, electric, characteristics of, 

9-31 

Incense cedar, properties of, 12-44 
Inch, 3-21 
circular, 1-131 
miner’s, 1-135 
to decimals of fotn' , 1-28 
Imcompressible fluids, see Viscous inoompressi* 
ble fluids 

Incremental magnetic permeability, 11-107 
Indefinite integral, 2-86 
Indemnity (contracts), 13-27 
Indene resin, 12-54 
Indeterminate forms, 2-76 
Index, precision, 2-24 
of refraction, 9-03, 9-15 
of gases, 9-15 
of glass, 9-15 
of liquids, 9-15 
relative, of refraction, 9-04 
Indicated horsepower, 7-77 
mean effective pressure, 7-67 
work per cycle, 7-67 
Indices, Miller, 9-25 
Indicial admittance, 8-58 
Induced electromotive force, 8-20, 8-21 
Inductance, 8-28 
dimensions, 3-08, 3-09 
leakage, 8-30 
mutual, 8-28, 8-50 
self, 8-28, 8-50 

units of, 3-18, 3-30, 3-31, 3-33, 3-34 
conversion of, 1-145 

Induction data, non-retentive magnetic mate¬ 
rials, 11-103 
dimensions, 3-08, 3-09 
electromagnetic, 8-27 to 8-33 
electrostatic, 3-20, 8-40 to 8-43 
furnace, 10-39 

high-, magnetic materials, 11-109 

law, Faraday’s, 3-20 

low-, magnetic materials, 11-109 

non-retentive magnetic materials, 11-103 

regulator oils, 12-71 

residual, high-purity iron, 11-22 

permanent magnet materials, 11-108 
units, 3-30 to 3-32 
Inductive capacitance, specific, 8-43 

capacity, specific, insulating materials, 12-60 
of rubber, 12-67 

Industrial chemistry, 10-12 to 10-30 
compounds, composition, etc., of, 10-11 
Inequalities, 2-10 
symbols for, 1-02 
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InertU, 4-02 

of a body, principal axes of, 4-19 
product of, 4-19 
center of, 4-16 
circle, 4-18 

and gravitation functions, 4-38 
moment of, see Moment of inertia 
of a plane surface, principal axes of, 4-17 
product of, 4-17 
Infinite aeries, 2-80 
Infra>red radiation, 9-22, 9-23, 9-34 
rays, 8-07 

Infringement of patent rights, 13-10 
Ingot iron, Armco, 11-21 
properties, 11-26 

under repeated stress, 5-13 
nickel, composition and uses, 11-71 
Initial value of current, 8-53 
Inorganic substances, crystalline form of, 8-62 
Input indicial admittance, 8-58 
Instantaneous value (alternating current), 8-45 
Instruments, acoustical, 9-53, 9-54 
optical, 9-13, 9-14 
sealed (contracts), 13-05 
string, 9-44 

Insulating brick, uses of, 12-28 to 12-31 
materials, acoustic absorption coefbcients, 
9-51, 9-52 

electric, 12-58 to 12-74 
classification of, 12-58 
electrical properties of, 12-60 
fibrous organic solid, 12-62 to 12-65 
liquid, 12-70 to 12-74 
natural solid, 12-59 to 12-61 
plastic, 12-68 to 12-70 
rubber and rubber substitutes, 12-65 to 
12-67 

solid, 12-59 to 12-61 
vitreous solid, 12-61 to 12-62 
thermal, 12-27, 12-32, 12-33 
properties of, 12-34 to 12-38 
refractory brick, 12-27 
varnishes, 12-71 to 12-73 
Insulation, thermal, 12-32 
Insulators, electric, 8-11,8-63,12-58 
Insurance, liability and fire (contracts), 13-23 
Integer, 2-02, 2-06 
Integral calculus, 2-86 to 2-99 
of differential equation, 2-99 
Duhamel, 8-69 
roots, 2-16 

Integrals, definite, 2-86, 2-88 to 2-92 
elliptic, 2-87 
fundamental, 2-87 
improper, 2-89, 2-90 
indefinite, 2-86 

line, surface, and volume, 2-92 to 2-96 
multiple, 2-89 
particular, 2-102 
table of, 1-113 to 1-120 
uniform convergence of, 2-91 
Integrating factor, 2-101 
Integration, applications, 2-96 to 2-99 
approximate, Simpson’s rule for, 2-89 
under integral sign, 2-91 
of irrational functions, 2-86 
by parts, 2-86 
of rational fractions, 2-86 
of vectors, 2-114, 2-116 

Integro-differential equations, linear constant- 
coefficient, solution of, 2-108 to 2-111 
Intensity, electric field, dimensions of, 3-08, 3-09 
luminous, 9-28 

magnetic, units of, 3-31, 3-33 


Intensity, of radiation, 9-02 
of rainfall, maximum, 9-59 
of sound, 9-40, 9-41, 9-48 
Interest, 2-22 to 2-26 
Interference of radiation, 9-06 
Internal-combustion engine, 7-71 to 7-77 
energy, 7-02 

resistance to heat flow, 12-32 
International candle, 9-28 
centigrade scale, 3-27 
electrical units and standards, 3-34 to 3-36 
joule, 3-25 

kilo-calorie, 3-26, 3-28 
Roentgen, 9-34 
steam-table calorie, 3-26 
watt, 3-26 

Interpolation in tables, 2-06 
Intersecting lines, 2-63 
Intersection of two planes, line of, 2-72 
Inverse hyperbolic functions, 2-60 
functions of complex numbers, 2-61 
relations between, 2-60 
photoelectric effect, 9-25 
trigonometric functional relations, 2-56 
functions, 2-55 

Involute of a circle, 2-53, 2-69 
geometrical construction, 2-53 
Iodine, 10-28 
number, 12-53 
Ionic dissociation, 10-05 
ionization, 8-68 
of gases, 8-09 
by x-rays, 9-24 
Ionizing potential, 8-67 
Ions, 8-04, 10-05 

in gases, production of, 8-67 
recombination of, 8-68 
Iridium, 10-19 

properties of, 1-125, 1-127 
Iron, 10-19, 10-20, 11-13 
Armco ingot, 11-21 
properties of, 11-25 

under repeated stress, 5-13 
cast, see Cast iron 
column formula constants, 5-39 
" critical-point ” curves, 11-29 
effect of work on, 11-29 
electrode potentials, values of, 10-37 
endurance ratio, 5-15 
equilibrium diagram of, 11-27 to 11-29 
factor of safety of, 5-11 
grain growth, 11-32 
high-purity, 11-21, 11-22 

magnetic properties of, 11-22 
metallography of, 11-26 to 11-29 
properties of, 11-99 

modulus of resilience and toughness, 5-08 
oxide, 11-26 
pig, 11-13 to 11-15 
properties of, 1-125, 1-127 
under repeated stress, 5-13 
pure, magnetic induction of, 11-103 
magnetic properties of, 11-102 
roughness number, 6-51 
stainless, mechanical properties of, 11-36 
and steel, 11-12 to 11-39 

methods of manufacture, 11-12, 11-13 
sulfides, 10-19 
wrought, 11-19 to 11-21 

column formula constants, 5-39 
factor of safety of, 6-11 
magnetization characteristic, 8—25 
permeability of, 8-26 
properties under repeated stress, 6-13 
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Irrfttiofial functions, integration of, 2~86 
numbers, 2—06 
roots of equations, 2-16 
Irreversible adiabatic, 7-10, 7-20 
cycle, 7-11 
processes, 7-04, 7-10 
Irrigation (riparian rights), 13-11 
Isentropic, 7-20 
process, 7-04 
Isolated point, 2—67 
Isosceles triangle, 2-32, 2-33 
laothermal, 7-20 
atmosphere, 6-12 
compression, 7-30 
process, 7-04 
Isotopes, 10-05 

Izod impact value, of bronze bearing alloys, 
11-87 

copper-base sand-cast alloys, 11-41 to 11-43 
nickel, 11-71 

structural alloy steels, 11-36 
testing machine, 5-83 


JaveUe water, 10-28 
Johnson’s apparent elastic limit, 5-04 
copper-base alloys, wrought, 11-44 to 11-50 
white metal bearing alloys, 11-86 
Joints, contraction, in reinforced concrete, 5-60 
riveted, 5-58 
welded, 5-59 

Joule, 3-25, 3-28, 3-33, 8-17 
equivalent. 3-28, 7-03 
international, 3-25, 3-34 
Joule’s law, 8-17 
Joule-Thomson coefficient, 7-14 
experiment, 7-14 

Jute, electrical properties of, 12-60 


“K» Monel Metal, 11-73 
mechanical properties of, 11-74 
Kelvin temperature scale, 3-27, 7-07 
Kerosene, compressibility of, 6-10 
properties of, 1-124 
surface tension of, 6-09 
viscosity of, 6-07 
Kerr cell, 9-18 
effect, 9-18 

Key way, effect of in shaft, 5-51 
Kilo-calorie, international, 3-26, 3-28 
Kilogram, 3-23 
force, 3-25 
Kilowatt-hour, 3-25 
international, 3-34 
Kinematic formulas, 4-37 to 4-40 
viscosity, 6-08 

Kinematics, 4-02, 4-27 to 4-34 
Kinetic energy, 4-35, 7 -02 
formulas, 4-37 to 4-40 
for plane motion, 4-43 
for motions of rotation, 4-40 
for motions of translation, 4-40 
for three-dimensional motion, 4-43 
friction, 4-44 
Kinetics, 4-02, 4-34, 4-44 
of gases. 10-23 

Kirchhoff’s laws, for magnetic circuit, 8-27 
for thermal radiation, 9-22 
network laws, 8-15, 8-36, 8-37, 8-51 
Knot (wood), 12-42 
Kraft papers, 12-63 
dielectric strength of, 12-64 


Blrypton, density of, 6-07 
properties of, l-i22 
viscosity of, 6-08 

Kutta-Joukowski theorem, 6-28 


Labor, contracts for, 13-03 
Lacquers, 12-57, 12-58 
Lambert, 9-29 
Lambert’s law, 9-03, 9-29 
Lamina, circular, properties of, 4-25 
Laminar flow, 6-28 to 6-30 
Lampblack, diffuse reflecting power, 9-16 
Lamps, electric incandescent, characteristics of, 
9-31 

Lancashire process, 11-20 
Land, contracts for, 13-03 
measure. 1-130, 1-131 
rights, contracts, 13-12 
Lap joints, riveted, 5-58 
Laplace’s equation, 2 106, 2-107 
Laplacian (vector analysis), 2 -114 
transformation, 2-108 to 2-111 
Larch, western, allowable unit stresses, 5-20, 
5-31 

column fornmlr constants, 5-41 
properties of, 12-46 
Latent heat, 7-13 

of fusion, aee Heat of fusion 
of vaporization, see Heat of vaporization 
Lateral deflection, 5- 25 
Lath and plaster, thermal conductivity, 12-36 
Latus rectum, 2-65 
Lauc pattern, 9-24 
Lava, 12-59 

electrical properties of, 12-60 
Layer, boundary, Prandtl theory (fluid djmam- 
ics), 6-27 
Lead, 10-22 
acetate, 10-22 

properties of, lO-l 1 
arsenate, 10-27 
-base die-casting alloys, 11-82 
carbonate, 10-22 

properties of, 10-11, 12-51 
chromate, 10-22 
coatings, 11-09 
dioxide, 10-22 

electrofle potentials, values of, 10-37 
monoxide, properties of, 10-11 
nitrate, 10-22 
oxide, 10^-22 

properties of, 10-11 
properties of, 1-125, 1-127 
red. l(>-22 

roughness number, 6-51 
storage cell, 10-37 to 10-39 
sulfate, 10-22 

properties of, 10-11, 12-51 
sulfide, 10-22 
-tin solders, 11-91 

composition and melting points, 11-92 
white, 10-22 

Leaded brass, properties of, 11-46 
commercial brass, properties of, 11-46 
phosphor bronze, 11-46 
red brass, properties of, 11-46 
Leakage current of a condenser, 8-42 
inductance, 8-30 
Leather, 12-83 
Left-hand rule, 8-34 
Legal restrictions (contracts), 13-27 
relations, engineer’s, 13-08 
Lemniscate, 2-70 
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LoiStli, dimensions, 3^-05, 3<-09 

metric multiples, 1-130 
units of, 3-14, 3-16, 3-16, 3-21, 3-22 
conversion of, 1-130 
Lenses, spherical, 0-11 to 9-13 
Level, energy, diagrams, 9-20 
Lisbmties and Uens, 13-07 
Liability acts, employers*, 13-08 
Libel, 13-10 
Licenses, 13-04 

Liens, 13-07, 13-08, 13-24, 13-27 
Life annuity, 2-30 
present value of, 2-32 

Lift, effect of temperature (aerostatics), 6-12 
of airfoils in two-dimensional flow, 6-24 
of gas-filled aircraft, 6-12 
Light, color of, 9-15 
diffusion of, 9-32 
directive reflection of, 9-32 
electromagnetic theory of, 9-06 
mechanical equivalent of, 9-29 
polarization of, 9-17, 9-18 
propagation of, 9-15 to 9-17 
spectroscopy, 9-18 to 9-20 
sources, artificial, 9-30 to 9-32 
velocity of, 9-16 
visible, 8-07 

Lighting, principles of good, 9-32, 9-33 
Lightning, protection against, 9-62 to 9-64 
Lignite, 12-77 
Lignum vitae, 12-39 
Lime, 12-11, 12-12 
mortar, 12-13 

putty, preparation of, 12-12 
quick, 10-14, 12-11 
slaked, 10-14 

properties of, 10-11 
Limestone, 12-14 

average strength of, 12-15 
durability of, 12-16 
Limit of a variable, 2-75 
Limiting friction, 4-44 
Linde process, 7-15 
Line integrals, 2-92 to 2-94 

of intersection of two planes, 2-72 
perpendicular distance of a point to a line, 
2-62 

spectra, excitation of, 9-20 
origin of, 9-19 
straight, equation of, 2-62 
in space, 2-71 

Linear acceleration. Units of, conversion of, 
1-136 

differential equations, 2-100, 2-102 to 2-104 

equation, 2-12, 2-17, 2-18 

expansion, see Expansion, thermal 

impulse, 4-36 

momentum, 4-36 

networks, 8-52 

velocity, units of, conversion factor, 1-135 
Linen, 12-62 

Lines, angle between two, 2-63, 2-71 
center of gravity of, 4-16, 4-20 
of dielectric flux, 8-38 
of electric force, 8-35 
of electric intensity, 8-35 
Fraunhofer, 9-19 

geometrical construction, 2-44 to 2-45 

induction, 11-103 

intersection, 2-63 

of magnetic field intensity, 8-23 

of magnetising force, 8-23 

paraUel, 2-32, 2-62 

perpendicular, 2-63 


Lines, properties of, 4-20 
stream, of electric current, 8-37 
Linkages, magnetic flux, 8-21 
Linseed oU, 12-55, 12-70 
density of, 6-06 
properties of, 1-124 
viscosity of, 6-07 
Llpowitz fusible alloy, 11-110 
Liquefaction, lead-tin solder, 11-92 
white metal bearing alloys, 11-86 
Liquids, compressed, 7—10 
compressibility of, 6-09, 6-10 
conduction in, 8-67 
definition of, 6-04 
density of, 6-05 to 6-07 
index of refraction (light), 9-15 
magneto-optic rotation of, 9-18 
measure, units of, 1-133 
properties of, 1-123, 1-124 
specific optical rotation, 9-18 
surface tension of, 6-09 
and vapors, 7-31 to 7-52 

H-S (Mollier) diagram for, 7-42 
physical conditions, 7-32 
properties of, 7-32 to 7-40 
P-V diagram for, 7-41 
state changes and processes for, 7-43 to 7-47 
T-S diagram for, 7-42 
viscosity of, 6-07 
Liter, 3-23 
Litharge, 10-22 
Lithium, 10-14 

electrode potentials, values of, 10-37 
properties of, 1-126 
Lithopone, properties of, 12-51 
Live oak, 12-40 

Loads on an airplane in flight, 6-47 

allowable safe, on cast-iron columns, 5^46, 
5-47 

on brick piers, maximum, 12-18 
classification of, 5-16 
cross-bending, on columns, 5-46, 5-46 
dynamic, 5-16 

eccentric, on columns, 5-44, 5-45 
on short compression members, 5-44 
energy, 6-16 to 5-18 
increment of, in testing machines, 5-89 
live, stress due to, 5-17 
moving, 5-16 

multiples due to gusts, 6-48 
safe, on simple beams, 5-28 
static, 5-16 

reinforced concrete, allowable unit stresses, 
5-62 

sudden, effect of, 6-17 
transverse, on columns, 5-45, 6-46 
Loblolly, southern yellow pine, properties of, 
12-47 

Locust (wood), 12-39 
properties of, 12-36 
Lodgepole pine, properties of, 12-47 
Logarithmic spiral, 2-69 
Logarithms, 2-10 to 2-12 

of exponentials, 1-102 to 1-112 
of hyperbolic functions, 1-102 to 1-112 
of numbers, common, 1-30 to 1-51 
natural (Napierian), 1-52, 1-53 
symbols for, 1-02 

of trigonometric functions, 1-67 to 1-101 
London wire gage, 1-151 
Longitudinal waves, 9-05 
Long-leaf yellow pine, 12-40 
properties of, 12-47 
thermal conductivity of, 12-37 
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toM, core, factor for non-retentive magnetic 
materials, 11-102, 11-104, 11-105 
of non-retentive magnetic materials as a 
function of gage, 11-106 
dielectric, 8-43, 8-44 
hysteresis, high purity iron, 11-22 
total core, 8-33 
Loudness (sound), 9-48 
Lubricants, 12-75, 12-76 
Lubricated surfaces, laws of friction for, 
4—44 

Lubricating oils, compressibility of. 6-10 
properties of 12-76 
surface tension, 6-09 
viscosity, 6-07 
Lumbang oil, 12-56 

Lumber, classification and grading, 12-43 
common, 12-48 
factory, 12-43 
hardwood, grades of, 12-48 
select, 12-48 
shop, 12-43 

soft wood, yard, grades of, 12-48 
standard yard, properties of, 1-167, 1-168 
thermal conductivity, 12-37 
yard, 12-43 
Lumen, 9-28 
Luminescence, 9-30 
Luminosity curves, 9-31 
Luminous efficiency, 9-31 
flux, 9-28 
intensity, 9-28 

Lummer and Brodhun photometer, 9-30 
Lux, 9-29 

Lyman series, 9-20 


Machines, special tests of, 5-93 
testing, 5-81 to 5-83 
increment of load, 5-89 
for miscellaneous tests, 5-89 to 5-94 
placing specimens in, ^88 
speed of, 5-89 

Machining aluminum, 11-69 
Mach’s number, 6-16 
Maclaurin’s form of Taylor’s formula, 2-79 
Magnesite brick, 12-21 
properties of, 12-22 to 12-25 
uses of, 12-28 to 12-31 
Magnesium, 10-15, 11-75, 11-76 
alloys, 11-76 to 11-79 
-base die-casting alloys, 11-84 
carbonate, properties of, 10-11 
electrode potentials, values of, 10-37 
lime, 12-11 

non-aqueouB solutions, 10-39 
oxide, 10-15 
properties, 1-125, 1-127 
under repeated stress, 5-14 
sulfate, 10-16 

properties of, 10-11 

Magnet materials, permanent, properties of, 
11-108 

Magnetic circuit, and electrokinetics, 8-18 to 
8-35 

Kirchh off’s laws, 8-27 

and magnetising force, 8-21 to 8r-27 

simple, 8-21 

writing of electromagnetic relations for, 
3-20 

domain, 8-19 
effects, 8-18 

energy of electric circuits, 8-30, 8-31 
equipotential surfaces, 8-26 


Magnetic circuit, fields due to electric currents, 

8-20 

energy of, 8-30 
energy specific, 3-20 
of force, 8-18 
intensity, 8-22 
lines of, 8-23 

units of, conversion of, 1-147 
mechaniual forces in, 8-33 to 8-36 
torque on a coil in, 8-33, 8-34 
flux, 8-19, 8-20 
density, 8-20 

units of, 3-18, 3-30, 3-31 
conversion of, 1-146 
dimensions, 3-08, 3-09 
lines, 8-20 

units of, 3-18, 3-30 to 3-34 
conversion of, 1-146 
varying, work done by, 8-22 
induction, units of, 3-30, 3-31, 3-32 
intensity, mats of, 3-31, 3-33 
linkages, 8-21 

materials, 11-101 to 11-109 
commercial types, 11-101 
high frequency, 11-109 
high-induction 11-109 
low-induction, 11-109 
non-retentive, 11-101 to 11-107 
retentive, 11-101, 11-107 to 11-109 
moment, unit of, 3-31 
non-, cast iron, 11-18 
steels, 11-101 

permeability, 3-20, 8-24, 8-25 
absolute, 3-30 

determination of physical properties from, 
5-93 

of free space, absolute, 3-30 
incremental, 11-107 
permeance, 8-27 
potential, 8-26 

gradient, unit of, 3-32 

units of, conversion of, 1-147 
conversion of, 1-146 
properties of high-purity iron, 11-22 
quantity, unit of, 3-30 
reluctance, 8-26, 8-27 
rotation, 9-18 
substances, 8-18 

transformation, Monel metal, 11-73 
nickel, 11-71 
unit north pole, 8-26 
Magnetism, cosinical, 8-18 
and electricity. Section 8 
exchange of, 8-19 
and magnets, 8-18 to 8-20 
residual, 8-31 

Magnetization characteristics, 8-25 
curves, 8-19 

Magnetizing force, 8-22, 8-23 
on the axis of a circular coil, 8-24 
dimensions, 3-08, 3-09 

due to element of current stream line, 
8-23 

lines of, 8-23 

and the magnetic circuit, 8-21 to 8-27 
permanent magnet materials, 11-108 
due to a solenoid, 8-24 
due to a straight wire, 8-23 
inside a torus, 8-24 
units of, 3—18, 3—30 to 3—33 
conversion of, 1-147 
Magneto-^ooustics, 8-18 
-electrics, 8-18 
-magnetics, 8-18 
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Magiieto-meohaniofl, 8-18 
•optic rotation of non>metallic materials, 9-18 
•optics, 8-18 
•thermios, 8-18 
MagnetomotiTe force, 8-22 
dimensions, 3-08, 3-09 
units, 3-18, 3-31, 3-33 
conversion of, 1-146 
Magnetostatic potential, unit of, 3-31 
Magnets and magnetism, 8-18 to 8-20 
Magni^ation, 9-13 
Magnolia (wood), properties of, 12-46 
Mahogany, 12-39 

thermal conductivity, 12-37 
Malleability, detinition of, 5-06 
Malleable cast iron, 11-19 

modulus of resilience, 5-08 
properties of, 11-25 
relative toughness, 5-08 
iron, analysis of, 11-13 
nickel, 11-70, 11-71 
Manganese, 10-21, 10-22 
bronze, properties of, 11-41, 11-50 
under repeated stress, 5-15 
dioxide, 10-21 

properties of, 10-11 
effect on cast iron, 11-17 
electrode potentials, values of, 10-37 
properties of, 1-125 
steel, 11-37 

mechanical properties of, 11-36 
properties under repeated stress, 5-13 
structural steel, medium-, 11-35 
Manganin, properties, 11-99 
Manila copal spirit varnish, 12-56 
Mannheim slide rule, 2-11 
Mantissa of logarithms. 2-10 
Manufacturing wastes (riparian rights), 13-11 
Maple, 12-40 

allowable unit stresses, 5-29, 5-31 
electrical properties of, 12-60 
plywood, 12-49 
properties of, 12-46 

thermal conductivity of, 6-37, 12-37, 12-38 
Mapping, conformal, 2-112 
Marble, 12-59 
durability of, 12-16 
electrical properties of, 12-60 
strength, average, 12-15 
Martensite, 11-27 

Masonry materials, roughness number, 6-51 
thermal conductivity of, 12-34 
Mass, 4-02 

absorption coefficient, 9-03 
acceleration and force, relation between, 4-34 
action, law of, 10-07 
center of, 4-15 
density, definition of, 6-02 
dimensions of, 3-05, 3-08, 3-09 
of the electron, 8-05 
energy and frequency relations, 8-03 
metric multiples of, 1-137 
per unit volume, units of, conversion of, 1-138 
units of, 3-14, 3-15, 3-16, 3-22, 3-23, 4-34 
conversion of, 1-137 
vs. weight, 3-22 

Materials, in contracts, 13-19, 13-27 
mechanics of, 4-02, Section 5 
metallic. Section 11 
non-metallic, Section 12 
optical properties of, 9-16, 9-18 
physical properties of, 1-121 to 1-129 
testing of, 5-81 to 5-94 
x-ray analysis of, 9-25 


Mathematical definition of a physical quantity, 
3-03 

equation, 3-02 
operations, symbols for, 1-02 
tables, 1-11 to 1-120 
Mathematics, Section 2, 3-02 
Matter and electricity, 8-02, 8-03 
law of conservation of, 10-04 
wave nature of, 9-07, 9-08 
Maxima and minima, 2-85 
Maximum value (alternating current), 8-45 
MaxweU, 3-31, 3-32, 8-20 
Maxwell’s definition of viscosity, 6-03 
relation, 3-20 

Mean, arithmetic, 2-20, 2-126 
candlepower, 9-29 
free path, 8-68 
geometric, 2-20 
harmonic, 2-20 
temperature, 9-58 
value theorem, 2-79 
Measurement, angle, 2-34 
of evaporation, 9-58, 9-59 
of heat radiation, 0-23 
of noise, 9-53 

precision of, 2-123 to 2-128 
wind velocity, 9-64 
Measures, units of 1-130 to 1-147 
Mechanical efficiency, 4-35 
equivalent, of heat, 7-03 
of light, 9-29 

forces, in an electric field, 8-44, 8-45 
of electromagnetic origin, 8-33 to 8-35 
in the magnetic field, 8-33 
impedance, 9-43 
kinetic energy, 7-02 
potential energy, 7-02 
quantities, dimensions of, 3-05 
unit systems, 3-14, 3-15 
working of steel, 11-29, 11-30 
Mechanics, 4-02 

dimension systems of, 3-05, 3-06 
of fluids. Section 6 
lien, 13-07 

of materials, 4-02, Section 5 
metric unit systems, 3-14, 3-15 
symbols for, 1-04 to 1-11 
theoretical. Section 4 
Media, reflecting, 9-39 
Melting point, copper, 11-40 

copper-base alloys, \\Tought, 11-45 to 11-51 

copper-nickel alloys, 11-72 

gases, 1-121, 1-122, 10-24 

iron, 11-20, 11-25 

lead-tin solders, 11-92 

liquids, 1-123, 1-124 

metals, 1-125, 1-126 

Monel metal, 11-73 

nickel, 11-71 

silver solders, 11-92 

stainless steel, 11-38 

steel, 11-25 

tungsten, 11-80 

white metal bearing alloys, 11-86 
zinc, 11-53 

zinc-base die-casting alloys, 11-83 
Membranes (sound), 9-44, 9-45 
Menhaden oil, 12-55 
Mensuration, 2-36 to 2-44 
Mercuric chloride, 10-17 
properties of, 10-11 
fulminate, 10-17 
nitrate, 10-17 
sulfate, 10-17 
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Mercuric sulfide, 10-16 
Mercurous chloride, 10-17 
nitrate, 10-17 
Mercury, 10-16 

capillary depression of, 9-60 
electrode potentials, values of, 10-37 
metallic, 10-17 
optical constants, 9-16 
properties, 1-126 
surface tension of, 6-09 
viscosity, 6-07 
Mesh currents, 8-51, 8-52 
Metallic materials, Section 11 
Metallic, Non-, materials, Section 12 
solids, coefficient of linear expansion, 1-129 
density of, 1-128 
specific heat of, 1-129 

Metallography of iron and steel, 11-26 to 
11-29 

of zinc, 11-52 

Metallurgy, physical, 11-03 
Metals, activity scries, 10-37 
allotropic modifications, 11-05 
and alloys, general properties of, 11-02 to 
11-05 

alkali, 10-12 to 10-14 
earth, 10-14, 10-15 
conduction in, 8-64, 8-65 
corrosion of, 11-05 to 11-11 
creep of, definition of, 5-07 
crystalline form of, 8-62 
electrode potentials, values of, 10-37 
endurance limit, values of, 5-12 
fatigue of, 5-12 

ferrous, endurance ratios for, 5-15 
under repeated stress, 5-13 
gages, sheet, 1-148 to 1-150 
joining, 11-89, 11-90 
mechanical properties of, 1-127 
nature of, 11-02 

non-ferrous, under repeated stress, 5-14, 5-15 
optical constants of, 9-16 
physical properties of, 1-125, 1-126 
rust-resisting, 11-10 
standard test specimens, 5-84 to 5-86 
systematic qualitative analysis of, 10-33 to 
10-36 

Metamorphic rocks, 12-15 
Meteorology, 9-55 to 9-69 
Meter, 3-22 

Meter-kilogram force, 3~25 
Meter-kilogram-second system of units, 3-14 
{See also Mks system of units) 
Meter-ton-second system of units, 3-14 
Methane, properties of, 1-122, 7-82 
weight, 10-11 

Methyl acetate, properties, 1-124 
alcohol, density of, 6-06 
properties of, 1-124 
surface tension of, 6-09 
chloride, properties, 1-122, 7—82 
ether, properties, 1-122 
fluoride, properties, 1-122 
iodide, properties, 1-124 
Metric horsepower, 3-26 
multiples, 3-13 
area, 1-131 
length, 1-130 
mass and weight, 1-137 
volumes, 1-132 
style, 3-13 
unit system, 3-13 

comprehensive, 3-15 to 3-21 
of mechanics, 3-14, 3-15 


Metric units, of force, energy and power, 3-25, 

3-26 

of length, mass and time, 3-22, 3-23 
wre gage, 1-151, 1-152 
Mho, international, 3-34 
Mica. 12 61 

electrical properties of, 12-60 
grating spaoings, 9-25 
Micabond, electrical properties, 12-60 
Microfarad, 8-40 
Microphone, hot-wire, 9-54 
Microscope, 9-13, 9-14 
Mil, 3-21 
circular. 1-131 
Mile, 3-21 
Miller indices, 9-25 
Mineral, crystalline form of, 8-62 
diffuse reflecting power, 9-16 
oils. 12-71 

density of, 6-06 
properties of, 12-71 
wax, 12-69 

wool, thermal conductivity, 12-35 
Miner’s inch, 1-135 
Minima and maxima, 2-85 
Minium, 10-22 

Minors, competence cf (contracts). 13-02 
Minuend, 2-02 
Minutes (angle), 2 32 
in decimals of a degree, 1-54 
in radians, 1-54 
Mirror, perfect, 9-03 
spherical, 9-10, 9-11 
Mistakes, in contracts, 13-03 
Mks comprehensive unit system, 3-16, 3-19 
system of units, 3-14 

derived units in the, 3-35 
thermal unit system, 3-15 
Models, ownership of, 13-19 
theory of, 3-44, 3-45 

Modulus, bulk (mechanics of fluids), 6-02 
of elasticity, 5-05 
aluminum, 11-59 
brick piers, 12 18 
bronze bearing alloys, 11-87 
copper, 11-43 

copper-base alloys, wrought, 11-44 to 11-50 

copper-nickel alloys, 11-72 

iron, 11-20, 11-25 

magnesium, 11-76 

metals, 1-127 

Monel metal, 11-73 

nickel, 11-71 

in sheer, .5-06 

steel, 11-25 

stone, 12-15 

in torsion, wrought iron, 11-21 
tungsten, 11-80 
units expressed in, 5-05 
wood, 12-44 to 12-47 
zinc, 11-57 
of resilience, 5-08 
of rigidity, 5--06 
aluminum, 11-59 
metals, 1-127 

rigidity (mechanics of fluids), 6-02 
of rupture, 5-22 
brick, 12-17, 12-18 
refractories, 12-23 
stone, 12-15 
wood, 12-44 to 12-47 
section, 5-22 

of beam sections, 5-22 

of steel sections, 1-153 to 1-163 
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Modolns, seetion, yard lumber, 1-167, 1-168 
shearing, metals, 1-127 
in torsion, Mond metal, 11-73 
nickel, 11-71 

Moh’s scale of hardness, 5-90 
Moisture absorption, phenolic sheet materials, 
12-68 

content, in air conditioning, 7-95 
of wood, 12-44 to 12-47 
effect on strength of wood, 12-49 
resistance, insulating varnishes, 12-72 
Mol, 7-16 
-volume, 7-16 
Mold (wood), 12-42 

Molecular weights of gases, 1-121.1-122,10-24 
of industrial compounds, 10-11 
Molecules, 10-03 

Debye’s model of, 9-07 
Mollier diagram, 7-09, 7-42 
(aee also H-S diagram) 

Molybdenum, 11-81, 11-82 
properties of, 1-126, 1-127 
steel, mechanical properties of, 11-36 
structural steel, 11-35 
Moment, 2-98, 4-05 
of airfoils, 6-24 
bending, 5-20, 5-21 

of beams of uniform cross-section, 5-26 to 
5-28 

in rectangular flat slabs, 5-56 
reinforced concrete, 5-66 
of a couple, 4-07 
and couples, 4-05 to 4-07 
diagram of beams, 5-21, 5-26 to 5-28 
of force, about a line, 4-06 
about a point, 4-05 
units of, conversion of, 1-139 
of inertia, 2-98, 4-17 to 4-19, 5-22 
of beam sections, 5-22 
of a body, determination of, 4-19 
of plane surfaces, determination of, 4-17, 
4-18 

polar, 4-17 
in shafts, 5-48 
rectangular, 4-17 

relation of rectangular and polar, 4-18 
of steel pipe, 1-165 
of steel sections, 1-153 to 1-163 
of surfaces, volumes and bodies, 4-20 to 
4-26 

yard lumber, 1-167, 1-168 
magnetic, unit of, 3-31 
principle of, 4-06 
resisting, 5-20, 5-21 
in shafts, 5-48 
static, 4-16 

twisting, in shafts, 5-48 
Moments, theorem of three, 5-35 
Momentum, 4-36, 4-37 
angular, 4-36 
dimensions of, 3-05 
and impulse, principle of, 4-36 
linear, 4-36 
unit of, 4-36 

Monel metal, 11-73, 11-74 
properties, 11-73, 11-99 
under repeated stress, 5-14 
Monochromatic emissive power, 9-02 
Monomethylamine, properties. 1-122 
Montan wax, 12-69 

Mortality, American experience table of, 2-31 
Mortar, 10-14, 12-12, 12-13 

for la 3 ring refractory brick, 12-26 
thermal conductivity of, 12-34 


Motion of a body, 4-31, 4-32 
curvilinear, 4-27, 4-30, 4-31 
formulas for, 4-38, 4-39 
fluid, laws of, ^15 to 6-18 
graphs, 4-28, 4-29, 4-31, 4-32 
Newton’s laws of, 4-02 
of a particle, 4-27 

plane, 4-31 to 4-34, 4-39, 4-40, 4-43 
of a projectile, 4-31 
rectilinear, 4-27 to 4-29 
formulas for, 4-38 
simple harmonic, 4-29 
three-dimensional, 4-31, 4-39, 4-40, 4-43 
Mottled iron, 11-17 
Multiple integrals, 2-89 
least common, 2-03 
Multiplicand, 2-03 
MultipUcation, 2-03, 2-05, 2-07 
by logarithms, 2-10 
by slide rule, 2-11 
symbols for, 1-02 
MultipUer, 2-03 

Munk’s span factor (aerodynamics), 6-26 
Muntx metal, properties of, 11-46 
under repeated stress, 5-15 
Muriatic acid, 10-28 
Musical pitch specification, 9-50 
scales, 9-49, 9-50 
sounds, 9-49, 9-50 
Mutual impedance, 8-51 
inductance, 8-28, 8-50 
induction, coefficient of, 8-28 


Naphtha, surface tension of, 6-09 
Naphthalene, properties of, 1-124 
Napierian logarithms, 2-10 
of numbers, 1-52, 1-53 
Natural cement, 12-02 
mortar, 12-13 

comprehensive unit system, 3-19 to 3-21 
electrical dimension systems, 3-07 to 3-09 
gas, 12-78 
logarithms, 2-10 

of numbers, 1-52, 1-53 
oils, 12-70 to 12-73 
periodicities of, 8-57 
resins, 12-54, 12-55 
. resonance, 8-57 
Nautical measure, 1-130 
mile, 3-21 

Naval brass, properties of, 11-43, 11-46 
Navier-Stokes equations, 6-15 
Neat cement, 12-02, 12-03 
Neatsfoot oil, properties of 1-124 
Negative electron, 8-02, 8-03 
eyepiece, 9-13 
terminal (electricity), 8-11 
Negligence, 13-10 
Neon, density of, 6-07 
properties of, 1-122 
viscosity of, 6-08 
Nemst’s law, 10-36 
Networks, direct-current, 8-14 to 8-16 
impedance equations for a, 8-51 
linear, 8-52 

Neutral axis of beams, 5-19 
surface of beams, 5-19 
Neutralization (chemistry), 10-06, 10-07 
value, mineral oils, 12-71 
Neutron, 8-03, 8-04 
radiation, 9-^5 

Newton’s laws of motion, 4-02 
number, 3—40, 3—43 
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Nichrome, properties of, 11-99 
Nickel. 10-20, 11-70 to 11-72 
aluminum steel, magnetic properties of, 11-108 
bronze, properties of, 11-41 
copper, alloys of, 11-72 to 11-75 
chromium ailoys, 11-75 
properties of, 11-99 
-chromium-iron, properties of, 11-99 
-chromium steel, 5-08 
-clad steel, 11-72 

electrode potentials, values of, 10-37 
electroplating with, 11-09 
optical constants, 9-16 
properties of, 1-126, 1-127, 11-71, 11-72, 
11-99 

under repeated stress. 5-14 
silver, properties of, 11-48, 11-99 
steel, 11-34 

mechanical properties of, 11-36 
zinc and copper, alloys of, 11-75 
Nitric acid, properties of, 1-124, 10-11 
oxide, 10-40 

properties of, 1-122 
Nitrobenzene, properties of, 1-124 
NitroceUulose, 12-57. 12-79. 12-80 
lacquers, composition of, 12-57 
Nitrogen. 10-25 
density of, 6-07 
dielectric strength of, 12-74 
index of refraction of, 9-15 
insulating properties of, 12-74 
magneto-optic rotation, 9-18 
properties of, 1-122, 7-16, 10-24 
specific heat of, 7-17 
in steel, 11-26 
viscosity of, 6-08 
weight of, 10-11 
Nitroglycerin. 12-79, 12-80 
Nitrostarch. 12-80 

Nitrosyl chloride, properties of, 1-122 
Nitrous oxide, properties of, 1-122, 10-24 
Noise. 9-53 

Nomograms. 2-116 to 2-122 
Nonane, properties of, 1-124 
Non-aqueous solutions. 10-39 
Nonconcurrent forces. 4-03 
composition of, 4-07 to 4-10 
resultant of, 4-10 
Noncoplanar forces. 4-03 
composition of, 4-05, 4-09 
resolution of, 4-05 
Non-drying oils. 12-71 

Non-ferrous metals, endurance limit, values of, 
&-12 

under repeated stress, 5-14 
Non-flow processes. 7-04 

energy equations for, 7-06, 7-11 
Non-magnetic cast iron, 11-18 
steels. 11-101 

Non-metallic materials. Section 12 
solids, density of, 1-128 

linear expansion, coefficient of, 1-129 
specific heat of, 1-129 
Non-oscillatory current. 8-12 
Non-planar angles. 2-34, 2-35 
Non-retentive magnetic materials. 11-101 to 
11-107 

Non-sinusoidal periodic currents and voltages, 

8—49, 8—50 

Non-systematic physical equations. 3-13 
Non-viscous incompressible fluids. 6-18 
Normal atmosphere, 3-25 
to curve, 2-67 
to a surface, 2-75 


North pole unit (magnetic), 8-26 
Northern black cottonwood, properties of, 
12-45 

white cedar, allowable unit stresses, 5-29, 
5-31 

properties of, 12-45 

white pine, allowable unit stresses, 5-29, 5-3 i 
properties of, 12-47 
Norway pine, 12-40 
allowable unit stresses, 5-29, 5-31 
properties of, 12-47 
thermal conductivity, 12-37 
Notation, number, 2-02 

Notches, effect of, in members under simple 
stress, 5-03 
flow over, 6-52 

Nova Scotia stone, durability of, 13-16 
Nozzles, 6-35, 7-27, 7-28 
efficiency, 7-27 

and orifices, flow of gases through, 7-25, 7-80 
flow of vapors through, 7-47 to 7-62 
Mh degree equation. 2-14 to 2-16 
special system, 2-19 
Nuisance. 13-12 
Numbers, elassifloation of, 2-06 
complex, 2-06, 2- .T11 
flows obtained by, 6-21 
inverse functi*<ns of, 2-61 
solutions of eleccrical networks, 8-54 
logarithms of, common, 1* 30 to 1-61 
natural (Napierian), 1-52, 1-63 
notation, 2-02 
Numerical parameters. 3-38 
, example, 3-39 

Nuts and bolts, standard. 1-166 


Oak. 12-40 

allowable unit stresses, 6-29, 6-31 
column formula constants, 6-41 
modulus of resilience of, 5-08 
properties, 12-47 

thermal conductivity of, 12-37, 12-38 
toughness, 5-08 

Oblique reflection (sound). 9-39 
Observations and errors, 2-123 
weighted, 2-126, 2-127 

Octagon, geometrical construction, 2-49, 2-50 
Octane, properties of, 1-124 
Oersted. 3-31, 3-32, 8-23 
Offer (contracts), 13-03 
Ohm, 3-33 

international, 3-34 
Ohm’s acoustical law, 9-49 
law, 8-12, 8-17 

for magnetic circuits, 8-22 
Oils. ftee also under name of oil in question 
density of, 6-06 
electrical properties of, 12-60 
finish, burned, 11-09 
function of, in varnish, 12-62 
lubricating, compressibility of, 6-10 
properties of, 12-76 
surface tension of, 6-09 
viscosity of, 6-07 
natural, 12-70 to 12-73 
non-drying, 12-71 
properties of, 1-123, 1-124, 12-76 
-reactive synthetic resins, 12-54 
resistance of insulating varnishes, 12-72 
varnishes, 12-71 
for varnishes, 12-65, 12-66 
of vitriol, 10-29 

Oleoresinous vamishet. 12-52 to 12-56 
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Oleum, 10-29 

Olive oil, properties of, 1-124 
viscosity of, 6-07 
Olsen testing machine, 5-81 
Open>hearth steel, 11-23 
uses of, 11-33 

Operational calculus, Heaviside, 2-108 to 2-111 
Operations, fundamental algebraic, 2-06 to 2-08 
Operative impedance, 8-51 
Operators, differential, 2-114 
Optical coostants of metals, 9-16 
distance, 9-10 
instruments, 9-13, 9-14 
pyrometry, 9-23 
rotation, 9-17, 9-18 

Optics, geometrical principles of, 9-09, 9-10 
Order of differential equation, 2-90 
depression of, 2-104 

Ordinary differential equations, 2-99 to 2-104 
Oroide (alloy), properties of, 11-46 
Organic crystals, crystalline form of, 8-62 
substances in solution, fluorescence of, 9-21 
Orifice, flow of fluids through, 6-22, 6-34, 6-35, 

6- 36 

and nozzles, flow of gases through, 7-25 to 

7- 30 

flow of vapors through, 7-47 to 7-52 
Orthogonal projection, 2-33 
Oscillating quantity (alternating current), 8-45 
Oscillation, center of, 4-42 
forced, 9-43 
free, 9-42 

method of small, 8-60 
Oscillators, supersonic, 9-47 
Oscillatory current, 8-12 
Osmium, 10-19 
properties of, 1-126 
Ostwald calorie. 3-26, 3-28 
Otto cycle, 7-72, 7-74, 7-75 
Ounce (avoirdupois), 3-22 
Oxidation, 10-21 
Oxide coatings, 11-09 
iron, 11-26 

Oxygen, compressibility of, 6-10 
concentration, effect on zinc, 11-54 
corrosion, 11-07 
density, 6-07 

-free high-conductivity copper, 11-40 
index of refraction of, 9-15 
magneto-optic rotation of, 9-18 
properties, 1-122, 7-16, 10-24 
specific heat, 7-17 
viscosity, 6-08 
weight, 10-11 
Ozokerite, 12-70 
Ozone, 10-40 

tr, constants containing, 1-11 
theorem, 3-41 

Packet, wave, definition of, 9-05 
Packings and gaskets, 12-83 
Painting, preparation of surface for, 12-51 
Paints, diffuse reflecting power of, 9-16 
and enamels, 12-50 to 12-52 
Palladium, 10-19 

electrode potentials, values of, 10-37 
properties of, 1-126, 1-127 
Palmetto, 12-40 

Paper birch, allowable unit stresses, 5-29, 5-31 
properties of, 12-44 
diffuse reflecting power of, 9-16 
electrical properties of, 12-60 
insulating, 12^2, 12-63 
dielectric strength of, 12-64 


Parabola, 2-61, 2-64, 2-65 
geometrical construction of, 2-51, 2-52 
mensuration formulas for, 2-39 
Parabolic cylinder, 2-74 
horn, 9-47 

segment, properties of, 4-22 
Paraboloid, 2-74 

mensuration formulas for, 2-43 
properties of, 4-26 
Paraffin, 12-69 

electrical properties of, 12-60 
Parallel circuits, 8-14 
lines, 2-32, 2-fi2 
planes, 2-72 

Parallelepiped, mensuration formulas for, 2-41 
properties of, 4-23 
Parallelepipedon law, 4-05 
Parallelogram, 2-32 
law, 4-03 

mensuration formulas for, 2-37 
Paramagnetic substances, 8-25 
Parameters, class, and similarity conditions, 
3- 37 to 3-40 
electric circuit, 8-50 
Paris green, 10-27 
Parkerizing, 11-09 
Parson's turbine, 7-68 
Partial derivatives, 2-78, 2-79 

differential equations, 2-99, 2-104 to 2-108 
fractions, 2--08 

pressure, of gases in a mixture, 7-86 
of vapor in atmosphere, 7-93 
Particles, positive, 8-04 
Particular integral, 2-102 
Parties to a contract, 13-02 
Partnerships, competence of (contracts), 13-02 
Paschen series, 9-20 
Patent rights, infringement of, 13-10 
and royalties, 13-19 
Pauli exclusion principle, 8-63 
Payments, specification for, 13-22, 13-23 
Peak factor, 8-46 
Pearlite, 11-27! 

Pearlitic cast iron, 11-18 
Peat, 12-77 

Pecan hickory, allowable unit stresses, 5-29, 
5-31 

properties of, 12-46 
Peltier effect, 8-10 
Pendulum, 4-42 
ballistic, 4-37 

Pentagon, geometrical construction, of, 2-49 
Pentane, properties of, 1-124, 7-82 
Percentage, 2-03 
Percussion, center of, 4-41 
Performance of contract, 13-05, 13-06 
measures of, 7-55 to 7-58 
Perigon, 2-32 
PeriUa oil, 12-55 

Perimeters of similar figures, 2-36 
Period (alternating current), 8-45 
Periodic currents and voltages, non-sinusoidal, 

8-49 to 8 -50 

quantities (alternating current), 8-45 
Periodicities, natural, 8-57 
Periodicity of current, 8-53 
Permalloy, magnetic properties of, 11-102 
normal induction data, 11-103 
Permanent magnet materials, 11-107 to 11-109 
mold castings, aluminum, 11-62, 11-63 
Permeability, 8-24 
absolute, 3-20, 3-30 
dimensions, 3-08, 3-09 
of free space, 3-30 
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Penneability, determination of physical proper¬ 
ties from, 5-93 
high purity iron, 11-22 
incremental, 11-107 
of iron, 8^26 

non-retentive magnetic materials, 11-102 
of steel, 8~26 
units, 3—16, 3—18 
Permeance, magnetic, 8-27 
Perminvar, 11-109 
Permits (contracts), 13-19 
Permittivity, 3-20, 3-29 
units, 3-18 
Permutations, 2-21 
Permutits, 10-15 
Perpendicular lines, 2-63 
Peter’s formula, 2-126 
Petroleum, crude, 12-78 
properties of, 1-124 
pH and acidity, 10^)8 
/>-// diagram for freon, 7-82 
Phase, 8-47 
angle, 4-29 

changes in solid solutions, 11-03 
resonance, 8-57 

Phenol-formaldehyde resins, 12-54 
index of refraction, 9-15 
properties of, 1—123 

Phenolic sheet materials, properties of, 12-68 
Phonometer, Webster’s, 9-54 
Phosgene, properties of, 1-121 
Phosphine, properties of, 1-122 
Phosphor bronze, properties of, 11-46 
Phosphorescence, 9-04, 9-21 
Phosphoric acid, 10-26 
properties of, 10-11 
Phosphorus, l()-26 
effect on cast iron, 11-17 
pentoxide, 10-26 
Phot, 9-29 

Photochemical actions (ultraviolet radiation), 

9-34 

Photoconductivity, 8-66, 9-23 
Photoelasticity, 9-17 
Photoelectric cells, 9-24 

effect, 8-07, 8-66, 9-08, 9-23 
inverse, 9-25 
Photoelectricity, 9-23 
Photographic action of x-rays, 9-24 
Photography, 9-21 
Photoionization, 9-24 
Photometer, Bunsen, 9-30 
Lummer and Brodhun, 9-30 
Photometry, 9-28 to 9-30 
Photon. 8-03, 8-04, 9-08 
gas, 9-08 

Photovoltaic effect, 8-66 
Physical dimension system, 3-05 
equations, 3-03, 3-13 

dimensional homogeneity of, 3-36, 3-37 
style of writing, 3-37 
and mathematical tables. Section 1 
metallurgy, 11-03 

properties, determination from magnetic per¬ 
meability, 5-93 
of materials, 1-121 to 1-129 
quantities, 3-36 

and their relations, 3-02, 3-03 
symbols for, 1-04 to 1-11 
similarity, 3-37 
units and standards, Section 3 
Physics, 3-02 
of radiation, 9-15 to 9-26 
Physiolosical acoustics, 9-48, 9-49 


Physiology of radiation, 9-26 to 9-35 
Picric acid, 12-80 
Piers, brick, teat of, 12-18 
Piezoelectric effect, 8-10 
Pig iron, 11-13 to 11-15 
Pigments, 12-50, 12-51 

diffuse reflecting power of, 9-16 
Pine, 12-40 

allowable unit stresses, 5-29, 5-31 
column formula constants, 6-41 
properties of, 12-47 
thermal conductivity of, 12-37, 12-38 
tar, 12-70 
Pint, 3-22 

Pipe couplings, steel, dimensions of, 1-166 
ilimensions and properties of, 1-165 
flow, of gases through, 7-23 to 7-25 

of viscous incompressible fluids in, 6-28 to 
6-33 

Btationarj- flow of viscous fluid through a, 
3-39 

Pitch, musical specifications, 9-50 
pocket (wood), 12—42 
stearin, 12-70 
Pitot-static tube, 6-22 
tube, 7 29, 9-65 
Pivot friction, 4-45, I - 46 
Planck’s constant, 8 -03 
Plane analytic ge<>int>try, 2-61 to 2-70 
angles, 2-32 

circular functions of, 2-53 to 2-56 
table of, 1--57 to I -101 
units of, conversion factor for, 1-134 
area, 2- 97 

• curves, higher, 2-66 to 2-70 
properties of, 4-20 
curvilinear figures, 2-33, 2-34 

mensuration formulas for, 2-38 to 2-40 
equation of, 2-71 
geometry, symbols for, 1-02 
motion, 4-31 to 4 34, 4- 39, 4-40, 4-43 
point, line (solid analytic geometry), 2-70 to 
2-72 

-polarized light, production of, 9-17 
rectilinear figures, 2-37, 2- 38 
surface, properties of, 4-20 to 4-22 
tangent, 2-74 
Planing coefficient, 6-49 

surfaces, resistances of, 6-50 
vessels, 6-50 
Plans (contracts), 18-13 
Plaster, 12-13, 12 14 

board, thermal conductivity of, 12-36 
neat, gypsum, 12 -14 
of Paris, 10-14 

properties of, 10-11 
Portland cement, 12-13 
thermal conductivity of, 12-36 
Plasticity, definition of, 5-06 
Plasticizers, 12-57 

Plates, copper, aluminum and brass, weight of, 

1- 150 

smooth flat, flow along, 6-37 If 

stresses in, 5-53 to 5-55 
Platinum, 10-19 

properties of, 1-126, 1-127 
Plumber’s solder, 11-110 
Plywood, 12-49 
tensile strength of, 12-49 
Point, 2-67 

and line (plane analytic geometry), 2-61 to 

2- 63 

line and plane (solid analytic geometry), 
2 -70 to 2-72 
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Point, perpendicular distance, from line, 2->62 
from plane, 2-71 
Poise, &-03 
Poisson’s ratio, 5-06 
aluminum, 11-50 
metals, 1-127 
tungsten, 11-80 

Polar coordinates, 2-61, 2-70, 2-73 
moment of inertia of, 4-17 
in shafts, 5-48 

radius of gyration in shafts, 5-48 
and rectangular moments of inertia, relation 
of, 4-18 

Polarization of light, 9-17, 9-18 
of radiation, 9^6 
Poles, magnetic, 8-26 
Pollution (riparian rights), 13-11 
Polygonal angles, table of, 2-50 
Polygons, 2-32, 2-33 
of force, 4-04, 4-07, 4-08 
geometrical construction, 2-49, 2-50 
mensuration formulas for, 2-38 
properties, 4-21 
spherical, 2-36 

mensuration formulas for, 2-43 
string (or funicular), 4-07 
Polyhedral angle, 2-34 
Polyhedron, 2-35 

mensuration formulas for, 2-41 
Polytropic atmosphere, 6-12 
law, 6-12 
Polytropics, 7-21 

Ponderosa pine, properties of, 12-47 
Poplar, 12-40 

allowable unit stresses, 5-29, 5-31 
plywood, 12-49 
properties of, 12-47 
Porcelain, 12-61 

electrical properties of, 12-60 
Porosity, refractories, 12-23 
Port Orford cedar, allowable unit stresses, 
6-29, 5-31 

column formulas constants, 5-41 
properties, 12-45 
Portland cement, 12-02 
lime mortar, 12-13 
morter, 12-12 
plaster, 12-13 

Positive electron, 8-02, 8-04 
eyepiece, 9-13 
particles, 8-04 
radiation, 9-04 
terminal (electricity), 8-11 
Positron, 8-02, 9-04 
Potassium, 10-13, 10-14 
carbonate, 10-14 
properties of, 10-11 
chlorate, properties of, 10-11 
chloride, 10-13 

properties of, 10-11 
chromate, properties of, 10-11 
cyanide, properties of, 10-11 
electrode potentials, values of, 10-37 
ferricyanide, 10-20 
properties of, 10-11 
ferrooyanide, 10-20 
properties of, 10-11 
hydroxide, 10-14 
properties of, 10-11 
manganate, 10-22 
nitrate, 10-14 

properties of, 10-11 
permanganate, 10-22 
properties of, 10-11 


Potassium, properties of, 1-126,1-127 
sulfate, 10-14 

properties of, 10-11 

Potential, electric, coeflScients, 8-40, &-41 
difference, units of, 3-29, 3-32, 3-33 
difference of, 8—10, 8—11, 8-36 
drop, instantaneous, through a odl, 8-29 
units of, 3-18 

conversion of, 1-143 
electrode, of metals, values of, 10-37 
energy, 4-35 

mechanical, 7-02 
gradient, electric, unit of, 3-30 
units of conversion, of, 1-143 
magnetic, unit of, 3-32 

units of conversion of, 1-147 
ionizing, 8-67 
magnetic, 8-26 
units of, 3-31 

conversion of, 1-146 
velocity (fluid dynamics), 6-19 
Potentials, currents, electrostatic fields, 8-35 to 

8- 38 

Pound, 3-22, 4-34 
-foot, 3—25 
-force, 3-24 
Poundal, 3-24 
-foot, 3-25 

Pour test, mineral oils, 12-71 
Power, apparent, 8-47 
conversion factors, 7-03 
corresponding to non-einusoidal currents anc' 
voltages, 8-60 

diffuse reflecting, of non-metallic materials 

9- 16 

dimensions of, 3-06, 3-08, 3-09 
electric, 8-46, 8-47 
calculation of, 8-56 
and energy, electric, 8-16 to 8-19 
energy, force, 3-24 to 3 -26 
energy and work, 4-34 to 4-36 
factor, 8-46, 8-47 
angle, 8-48 

phenolic sheet materials, 12-68 
of a force, 4-35 
mechanical, 7-03 
monochromatic, emissive, 9-02 
penetrating, of radiation, 9-08 
reactive, 8-47, 8-48 
resolving, 9-19 
series, 2-80 

region of convergence of, 2-81 
spectral distributions of emissive, 9-02 
of a torque, 4-35 
total emissive, 9-02 
units of, 3-14, 3-16, 3-25, 3-26, 4-35 
conversion of, 1-141 
Powers of a number, 2-03, 2-07 
by logarithms, 2-11 
by slide rule, 2-12 
symbols for, 1-02 
tables of, 1-12 to 1-28 
Poynting vector, 3-20 

Practical comprehensive unit systems, 3-16, 
3-19 

dimension systems, 3-12 
similarity, 3-37 

units, so-called absolute, 3-18, 3-33 
derived theoretical, 3-33 
Prandtl boundary layer theory, 6-27 
formula, 6-81 
-Karman law, 6-31 

Precipitation (chemistry), 10-09, 10-10 
relative humidity, annual means, 9-61 
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Precision of measurements, 2-123 to 2-128 
Preheaters, air, 7-71 
Pre-ifnition, 7-72 
Presenration of timber, 12-43 
Pressboard, 12-62 

electrical properties of, 12-60 
Pressing steel, 11-30 

Pressure, applications of integration to, 2-90 
atmospheric, standard, 3-25 
brake mean effective, 7-68 
center of, 2-99 
critical, of gases, 10-25 
ratio, 7-27 
of vapors, 7-41 

die castings, aluminum, 11-62, 11-63 
dimensions of, 3-05 
drag, 6-37 

drop coefficient, 6-51 

total, for laminar flow, 6-29 
in turbulent flow, 6-30, 6-31 
due to viscosity, 6-28 
effect of, on the conduction in gases, 8-68 
external, thin cylinders under, 5-52 
fluid, 6-11 

indicated mean effective, 7-67 
internal, thin cylinders under, 5-52 
partial, of gases in a mixture, 7-86 
of vapor in atmosphere, 7-93 
ratio, critical, steam, 7-49 
of saturated water vapor in contact with ice, 
7-93 

stresses in solids under, 5-55 to 5-57 

surface tension and, 6-14 

per unit area, units of, conversion of, 

I- 139 

units of, 3-24, 3-25 
vapor, 9-61 

variations with altitude, 6-11, 6-12 
wind, method of giving data, 9-66 
on structures, 9-64 to 9~69 
-velocity, 9-65 
Prime number, 2-03 
Principle of superposition, 8-52 
Prism, 2-35 
binocular, 9-14 

mensuration formulas for, 2-41 
Prismatoid, 2-35 

mensuration formulas for, 2-41 
ProbabiUty, 2-22, 2-124 
Probable error, 2-123 to 2-128 
Processes, fundamental arithmetical, 2-02, 2-03 
and state changes for fluids, 7-43 to 7-47 
in thermodynamics, 7-04 
Producer gas, 12-78 
Product, dimensionless, 3-38 
example, 3-40 
scalar, 2-113 
solubility, 10-09 
vector, 2-113 

Progression series, common, 2-19, 2-20 
Projectile, motion of, 4-31 
Projection, orthogonal, 2-33 
Prolate trochoid, 2-68 
Proof tests, 5-93 

Propagation of light, 9-15 to 9-17 
of sound, 9-41, 9-^2 
velocity of, 3-20, 9-06 
Propane, properties of, 1-122, 7-82 
Propeller, airplane, 6-41, 6-44, 6-45 
type fans, 6-46 

Properties, metals, influence of structure on, 

II- 03 to 11-05 

physical, determination from magnetic per¬ 
meability, 5-93 


Property, protection of, contract, 13-20 
relations for gases, 7-20 
Propionic acid, properties of, 1-124 
Proportion, 2-09 
by slide rule, 2-11 
symbols for, 1-02 
Proportional-elastio limit, 5-04 
Umit, 5-04 

copper-nickel alloys, 11-72 
Monel metal, 11-73, 11-74 
non-ferrous metals, 5-14, 6-15 
stainless steel, 11-38 
on stress-deformation diagram, 5-05 
wood, 12-44 to 12-47 
Proportionality constants, 3-04 
statement of, 3-03 
Propyl alcohol, properties of, 1-124 
Propylene, properties of, 7-82 
Protective coatings, 11-08 
Proton, 8-02, 8-04 
radiation, 9-04 
PruBsian blue, 10-20 
Psi function, 7-12 
Psychrometer, 7-90 
Psychrometric chart, 7-91, 7-92 
formula, F'errel, 7-91 
Public policy (contracts), 13-04 
Puddling of wrought iron, 11-19 
Pulsating current, 8-12 
Punching steel, 11-30 
Purkinje effect, 9-27 
Puzzolan cement, 12-03 
cement-lime mortar, 12-13 
P-F curves for a gas, 7-21 

’diagram, air compression cycle, 7-83 
for liquids and vapors, 7-41 
of Rankine cycle, 7-54 
water and water vapor, 7-41 
P-V~T relation for perfect gas, 7-15 
Pyramid, 2-35 

mensuration formulas for, 2-41 
properties of, 4-23, 4-24 
Pyrex, 12-61 
Pyroelectric effect, 8-10 
Pyrometric cone equivalent, 12-24 

cones, standard, softening point of, 12-24 
Pyrometry, optical, 9-23 
Pyroxylin, 12-57 


Qes system of units, 3-10, 3-18 
Quadratic equation, 2-12 
Quadric surfaces, 2-73 to 2-75 
Quadrilateral, 2-32 
mensuration formulas for, 2-38 
properties of, 4-21 

Qualitative analysis, preliminary examination, 
1(K31 to 10-33 

systematic, of the metals, 10-33 to 16-36 
Quality of sound, 9-44, 9-49 
Quantity of heat, dimensions, 3-06 
units of, 3-28 

of electricity, units of, conversion of, 1-141 
magnetic, theoretical electromagnetic unit of, 
3-30 

physical, 3-36 

Quantities, electromagnetic, dimensions of, 
3-08, 3-09 

periodic (alternating current), 8-45 
physical and their relations, 3 >02, 3*4)8 
symbols for, 1-04 to 1-11 
thermal, dimensions of, 3-06 
Quantum, 8-04 
Quart, 3-22 
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Quartz, 12-61 
grating spadngs, 9-25 
magneto^optio rotation of, 9-18 
specific optical rotation of, 9-18 
Quartzite, average strength of, 12-15 
QuickUme, 10-14, 12-11 
properties of, 10-11 
Quotient, 2-03 


Raabe’a test, 2-81 
Radian, 2-32 
Radians, in degrees, 1-54 
Radiant energy in illuminonts, spectral distri¬ 
bution of. 9-31 
Radiation, 7-02, 9-02, 12-32 
black body, 9-22 
characteristic line, 9-04 
corpuscular, 9-04 
aspect of, 9-08, 9-09 
spectrum of, 9-09 
density of, 9-02 

electromagnetic spectrum of, 9-06 to 9-08 
electron, 9-04 

and electron, collision of, 9-08 
energy, 9-45 

fundamentals, 9-02 to 9-04 
geometry of, 9-09 to 9-14 
bibliography of, 9-14 
heat, measurement of, 9-23 
infra-red, 9-22, 9-23 

physiological action, 9-34 
sources of, 9-34 
transmission of, 9-23 
intensity of, 9-02 
nature of, 9-02 
neutron, 9-05 
penetrating power of, 9-08 
physics of, 9-16 to 9-26 
bibliography of, 9-25, 9-26 
physiology of, 9-26 to 9-35 
bibliography of, 9-35 
positive, 9-04 
proton, 9-04 
theory of, 9-02 to 9-09 
bibliography of, 9-09 
therrpy of, 9-33 to 9-35 
thermal, 9-04, 9-22, 9-23 
spectral distribution of, 9-22 
types of, 9-04, 9-05 
ultraviolet, 9-21 

physiological action, 9-34 
sources of, 9-34 
velocity of, 9-02 
wave, 9-04 

wave aspects of, 9-05 to 9-08 
Radical (chemical), 10-06 
Radio waves, 8-07 
Radioactivity, 9-05, 10-06 
Radiography, 9-25 
Radiometer, 9-23 
Radios of curvature, 2-67, 5-22 
of gyration, beam sections, 5-22 
of a body, 4-19 
columns, 6-37 
plane surface, 4-17 
polar in shafts, 5-48 
steel pipe, 1-165 
steel sections, 1-153 to 1-163 
surfaces, volumes and bodies, 4-20 to 4-26 
vector, 2-70 

mean hydraulic, 6-32, 6-51 

Rain gage, 9-58 
RainfaU, 9-58, 9-59 


Raman effect, 9-20 
Ramaden eyepiece, 9-13 
Rankine cycle, 7-52 to 7-55 
Rankine*s column formula, 5-38, 5-39 
for eccentrically loaded columns, 5-45 
for transverse loaded columns, 5-45 
Rape oil, viscosity of, 6-07 
Rapeseed oil, properties of, 1-124 
Rate of doing work, units of, conversion of, 
1-141 

of interest, 2-22 
Rateau turbine, 7-68 
Ratio and proportion, 2-09 
Rational fraction, 2-08, 2-09 
integration of, 2-86 
numbers, 2-06 
units, 3-18, 3-32 

Rationalized unit systems, 3-16, 3-17 
Rawhide, 12-83 
Rayleigh disk, 9 -53 

Lord, method of (dimensional analysis), 3-41 
example, 3-42 
scattering, 9-40 
Rays, actinic, 9-21 
alpha (or), 9-05, 10-06 
beta (fi), 9-04, 10-06 
cosmic, 8-07, 9-04 
gamma (y), 9-04, 10-06 
residual, 9-23 
Reactance, 8-55 
Reaction, 4-02 
chemical, 10-04, 10-10 
at supports of beams, 5-19 
Reactive power, 8-47, 8-48 
Real image, 9-09 
numbers, 2-06 

Reaumur temperature scale, 3-27 
Receiver of sound, horn as, 9-47 
Reciprocals, 1-12 to 1-28, 2-03 
Records (contracts), 13-13 
Rectangle, 2-32 

geometrical construction of, 2-49 
mensuration formulas for, 2-37 
properties of, 4-21 

Rectangular and angular acceleration, relation 
between, 4-32 

and angular velocities, relations between, 4-32 
beams of uniform strength, 5-32 
reinforced concrete, 5-63 to 5-68 
coordinates, 2-61, 2-113 
flat plates, stresses in, 5-54, 6-55 
moment of inertia, 4-17 

and polar moments of inertia, relation of, 

4— 18 

Rectilinear figures, plane, mensuration formU' 
las, 2-37, 2-;j8 
motion, 4-27 to 4-29 
formulas for, 4-38 
Red alder, properties of, 12-44 
ash (wood), 12-39 
brass, properties of, 11-42, 11-44 
cedar, 12-39 

allowable unit stresses, 5-29, 5-31 
column formula constants, 5-41 
properties of, 12-44 

cypress, thermal conductivity of, 12-38 
gum (wood), allowable unit stresses, 5-29, 

5- 31 

plywood, 12-49 
properties of, 12-45 
lead, 10-22 

maple, allowable unit stresses, 5-29, 6-31 
properties of, 12-46 
oak. 12-40 
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Red oak, allowable unit stresseB, &~29, 5-31 
column formula constante, 5-41 
properties of, 12-47 
thermal conductivity of, 12-38 
pine, 12-40 
spruce, 12-40 

allowable unit stresses, 5-29, 5-31 
column formula constants, 5-41 
Reduction, of area in tensile tests, of bronze 
bearing alloys, 11-87 
copper-base alloys, 11-41 to 11-43 
copper-nickel alloys, 11-72 
determination of, 5-88 
iron, 11-20 
metals, 1-127 
molybdenum, 11-38 
Monel metal, 11-73, 11-74 
nickel, 11-71 
stainless steel, 11-38 
steel, 11-25 

structural alloy steels, 11-36 
chemistry, 10-21 

in height, copper-base alloys, 11-41 to 11-43 
Reduction, stadia, 1-55, 1-56 
Redundant frames, 4-14 
Redwood, 12-40 

Admiralty viscosimeter, formula for, 6-08 
allowable unit stresses, 5-29, 5-31 
column formula constants, 5-41 
plywood, 12-49 
properties of, 12-47 
thermal conductivity of, 12-37 
viscosimeter, formula for, 6-08 
Reflecting power, diffuse, of non-metallic mate¬ 
rials, 9-16 

surfaces and media, 9-39 
telescope, 9-14 

Reflection of light, 9-09, 9-32, 9-33 
radiation, 9-03 
sound, 9-38, 9-39 
ultraviolet, 9-21 
x-rays, 8-08 
Reflectivity, 9-03 
aluminum, 11-59 
magnesium, 11-76 

Refracting telescope, astronomical, 9-14 
Refraction, index of, 9-03, 9-15 
of gases, glass, liquids, 9-15 
of pigments, 12-51 
of light, 9-09, 9-15, 9-17 
radiation, 9-03 
sound, 9-38, 9-39 
ultraviolet, 9-21 
x-rays, 8-08, 9-24 

Refractive index, see Kefraction, index of 
Refractivity (radiation), 9-03 
Refractories, 12-20 to 12-31 
properties of, 12-22 to 12-25 
Refractoriness, 12-24 

Refractory brick, applications of, 12-28 to 
12-31 

common types of, 12-20, 12-21 
mortars for laying, 12-26 
Refrigerants, properties of, 7-82 
Refrigeration, 7-77 to 7-85 
absorption system, 7-84, 7-85 
air compression system, 7-82 to 7-84 
Carnot cycle, 7-77 

performance and capacity, 7-77 to 7-79 
vapor compression system, 7-79 to 7-82 
Regenerative feed-heating cycle, 7-61 
Regions, connectivity of (calculus), 2-93 
Regulations (contracts), 13-19 
Reheating cycle, 7-61 


Reinforced concrete, 5-59 to 5-80 

allowable unit stresses under static loads, 
5-62 

beams and slabs, 5-62 to 5-72 

bending moment and external shear, 5-66 
bond of, 5-66 
shearing stress in, 5-65 
web reinforcement, 5-65 
columns. 5-72 to 5 -75 
effective area of, 5-73 
footings, 5-75 to 5-78 
formulas, 5-73 
cored columns, 5-73 
footings, 5-75, 5-78 

girderlesB or flat slab construction, 5-78 to 
5 80 

principles of design, 5-CO to 5-62 
rectangular beams, example, 5-67, 5-68 
and solid slabs, flexure formulas fur, 5-63, 
5-64 

reinforcements for, 5-59 
ribbed floor coustruction, 5-71, 5-72 
slabs, 5-6S, 5- 69 
specifications, 5-59, 5-60 
spiraled columns, 5-73 to 5-75 
square column footings, 5-77 
T-bcams, 5-69 to 5-71 

flexure formulas for. 5-64, 5 65 
tied columns, 5-7;i, ,>-74 
uses, general, 5-59 
Reinforcement (concrete), 5-59 
anchorage of, 5-66 

bars, areas, weights and perimeters of, 5-60 
properties of, 5-61 
insulation of, 5-60 
placing of, 5-60 
stirrups, 5-65 
web, 5-65 

Relative humidity, 7-89, 7-93, 7-94, 9-61 
index of refraction, 9-04 
visibility, 9-26 

Reluctance (magnetic), 8- 22, 8-26, 8-27 
dimensions, 3-08, 3 09 
units of, 3-18, 3-31, 3 -33 
Rent, annual, 2* 26 
Repeated stress, 5-11 to 5-16 
testing machine, 5 83 
Repeating section, riveted joints, 5-58 
Residual charge, 8-43 

induction, high-piirity iron, 11-22 

permanent magnet materials, 11-108 
magnetism, 8-31 
rays, 9-23 
Resilience, 5-08 
modulus of, 5-08 

Resin products, synthetic, 12-54, 12-68, 12-69 
Resins, function of, in varnish, 12-52 
lacquers, 12-57 
varnishes, 12-54, 12-55 
Resistance, acoustic specific, 9-38, 9-40 
air, of automobiles, 9-69 
of trains, 9-69 

electric conductance and Ohm’s law, 8-12 to 
8-14 

dimensions of, 3-08, 3-09 
effective, 8-17 

materials, electrical, properties of, 11-99 
metals, effect of temperature on the, 8-66 
method for determining endurance limit, 
5-92 

in parallel, 8-14 
in series, ^14 
specific, 8—13, 8—38 
(see also Resistivity) 
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Reaittanc«, electric conductance and Ohm’s law» 
specific, carbon brushes, 11-100 
gutta percha, 12-07 
rubber, 12-66 

temperature coefficient of, 8-13 

(««e also Resistivity, temperature coeffi¬ 
cient of) 

units of, 3-16, 3-18, 3-30, 3-32, 3-33, 3-34 
conversion of, 1-144 
fluid, of spheres and ellipsoids, 6-40 
of surface vessels, 6-48 to 6-51 
impact, of steel, 11-31 
thermal, internal, 12-32 
in vibrating systems, 9-42 
Resisting moment, in beams, 5-20, 5-21 
in shafts, 5-48 
shear. 5-20 

Resistivity, electric, 8-13, 8-38 
aluminum, 11-59 
aluminum wire, 11-97, 11-98 
copper, 11-43 

copper-base alloys, wrought, 11-45 to 
11-51 

copper-nickel alloys, 11-72 
copper wire, 11-93 to 11-95 
insulating materials, 12-60 
magnesium, 11-76 
magnesium alloys, 11-78 
metals, 1-125, 1-126 
molybdenum, 11-81 
Monel metal, 11-73 
nickel, 11-71 

non-retentive magnetic materials, 11-102 
resistance materials, 11-99 
stainless steel, 11-38 

temperature coefficient of, of aluminum, 

11- 97 

copper, 11-40, 11-93, 11-96 
copper-nickel alloys, 11-72 
gutta percha, 12-67 
magnesium, 11-76 
metals, 1-125, 1-126 
molybdenum, 11-81 
Monel metal, 11-73 
nickel, 11-71 

resistance materials, 11-99 
tungsten, 11-80 
ainc, 11-53 
tungsten, 11-80 
unite of, 3-18 

conversion of, 1-144 
ainc, 11-53 

thermal, building and insulating materials, 

12- 34 to 12-38 
refractories, 12-25 
wood, 12-37, 12-38 

Resistor furnace, 10-39 

materials, metallic, 11-98, 11-99 
Resolution of concurrent forces, 4-03 to 4-05 
of non-concurrent forces, 4-10 
trues analysis by method of joint, 4-15 
Resolving power of a spectroscope, 9-19 
Resonance of electrical circuits, 8-56 
frequency, sound, 9-43 
ainc, 11-53 

Restitution, coefficient of, 4-37 
Restrained beams, 5-19, 5-25 
Resultant of concurrent forces, 4-05 
forces, 4-03 

non-concurrent forces, 4-10 
Retentive magnetic materials, 11-101, 11-107 
to 11-109 

Reverberation of sound, 9-39, 9-50 
Reversed Carnot cycle, 7-77 


Reversible adiabatio, 7-10, 7-20, 7-45 
cycle, 7-06, 7-11 
processes, 7-04, 7-10, 7-11 
Reversibility, 10-07 
Reynolds* experiments, 6-29 
number, 3-40, 6-15, 6-29 
Rhodium, 10-19 

properties of, 1-126, 1-127 
Rhomboid, 2-32 

mensuration formulas for, 2-37 
Rhombus, 2-32 

mensuration formulas for, 2-37 
Riccati’s equation, 2-101 
Riehle testing machine, 5-81 
Rigidity modulus (mechanics of fluids), 6-02 
modulus of, 5-06 
aluminum, 11-69 
metals, 1-127 

Riparian rights, 13-11, 13-12 
Rise-in-temperature method for endurance 
limit, 5-91 

Ritter’s rational column constant, 5-39 
Riveted joints, 5-58 
Rms value of alternating current, 8-46 
value of non-sinusoidal currents, 8-50 
Robinson anemometer, 9-64, 9-65 
Rock elm, allowable unit stresses, 5-29, 5-31 
properties of, 12-45 
salt, grating spacings, 9-25 
wool, thermal conductivity of, 12-35 
Rocks, 12-14, 12-15 

Rockwell hardness, aluminum alloys, sand-cast, 
11-61 

copper-base alloys, wrought, 11-45 to 11-51 
magnesium alloys, 11-78 
nickel, 11-71 
testing machine, 5-89 
Rods, properties of, 4-23 

reinforcement, see Reinforcement 
Roentgen, international, 9-34 
Rolled zinc, 11-56 to 11-58 
Rollers, stresses in, 5-55, 5-57 
Rolling friction, 4-44, 4-45 
steel, 11-29 
Roman notation, 2-02 
Roofing, zinc sheet, 11-57, 11-58 
thermal conductivity of, 12-36 
Roots, 2-03, 2-07 
cube, to extract, 2-04 
by logarithms, 2-11 
of nth degree equations, 2-14 to 2-16 
by slide rule, 2-12 
square, to extract, 2-04 
symbols for, 1-02 
table of, 1-12 to 1-28 
Ropes (unit of length), 1-130 
Rose’s fusible alloy, composition and melting 
point of, 11-110 

Rosin, electrical properties of, 12-60 
Rot (wood), 12-42 
Rotating beam method, 5-12 
Rotation, 4-31, 4-39 to 4-42 
magnetic, 9-18 

magneto-optic, of non-metallic materials, 
9-18 

optical, 9-17 

Roughness number, various materials, 6-51 
Round steel bars, size and weight of, 1-164 
Routh and Horwitz, test functions of, 8-60 
Royalties (contracts;, 13-19 
Rubber, electrical properties of, 12-60 
and rubber substitutea, 12-66 to 12-67 
Rubbing varnish, 12-56 
Rubidium, 10-14 
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Rvle, slide, 2-11, 2-12 
Rupture from impact, &-18 
modulus of, 5-22 
brick, 12-17, 12-18 
refractories, 12-23 
stone, 12—15 
wood, 12-44 to 12-47 
point of, 5-04, 5-06 
work required for, 6-08 
Rust-resisting metals, 11-10 
Ruthenium, 10-19 
Rydberg constant, 9-20 


Sabine’s formula, 9-60 

SAE numbering system of steel alloys, 11-34 
Safety, factor of, 5-10, 6-11 
Salts, acid, 10-13 
acids and bases, 10-06 to 10-08 
properties of various, 10-11 
solubility of, in water, 10-09 
Samples, contractor’s, 13-19 
Sand-cast aluminum alloys, 11-60 to 11-63 
copper-base alloys, 11-41 to 11-43 
Sand-lime brick, 12-17 
Sandstone, 12-15, 12-16 
Saponification value of lubricants, 12-76 
Saturated liquid and vapor, 7-32 
line, 7-41 

steam, pressure table, 7-33 to 7-35 
Saturation of a color, 9-27 
magnetic, iron, 11-22 

non-retentive magnetic materials, 11-102 
region of vapors, 7-41 
and solubility, 10-08 
temperature of emission, 8-06 
voltage of emission, 8-05 
Sawdust, thermal conductivity of, 12-35 
Sawing timber, 12-40 

Saybolt Universal viscosimeter, formula for, 
6-08 

viscosity, 6-03 

of lubricants, 12-76 
Scalar product, 2-113 
Scale eflfect (fluid dynamics), 6-17 
factors (models), 3-44 
Scales, musical, 9-49, 9-50 
Scattering of radiation, 9-03 
sound, 9-40 
x-rays, 8-08 
Scavenger blower, 7-73 
Schiller’s value, 6-29 

Scleroscope hardness, aluminum alloys, ll'-67 
carbon brushes, 11-100 
nickel, 11-71 
testing machine, 5-90 

Screw-power, compound-lever testing machine, 
5-81 

threads, standard, 1-166 
Sealed instruments (contracts), 13-05 
Seasoning timber, 12—40, 12-41 
Secant, 2-54 
of a circle, 2-33 
formula, column, 5-38 
eccentric loads, 5-45 
transverse loads, 5-46 
hyperbolic, 2-69 

Second law energy balance, 7-60 
of thermodynamics, 7-07 
unit of angle measurement, 2-32 
unit of time, 3-23 
Section, dangerous, of beams 5-21 
modulus, 5-22 
beam sections, 5-22 


Section, modulus, steel seotions, 1-153 to 1-168 
yard lumber, l-:;67, 1-168 
repeating, riveted joints, 5-58 
Sections of beams, properties of, 6-22 
conic, 2-64 to 2-66 
method of, analysis by, 4-14 
structural aluminum, 1-153 
steel, 1-153 to 1-163 
wing, 6-41 

Sector of a circle, 2-33 

circular, mensuration formulas for, 2-39 
properties of, 4-22 
spherical. 2-36 

mensur-ation formulas for, 2-42 
properties of, 4-25 
Securities, issue of, 13-13 
Sedimentary rocks, 12-14, 12-15 
Seebeck effect, 8-10 
Segments, circular, 1-28, 1-29 

mensuration formulas for, 2 39 
properties of, 4-22 
of a curve, 2-33 
parabolic, properties of, 4-22 
spherical, 2-36 

mensuration formulas for, 2-43 
properties of, 4-25 
Select lumber, 12-48 
Selenium, 10-29 
Self-inductance, 8-2s, 8-50 
Semicircle, mensuration formulas for, 2-30 
properties of, 4-22 
Semi-Diesel cycle, 7- 73 
Semi-drying oils, 12-66 
Semi-red brass, properties of, 11-42 
Sense of a force, 4-02 
Series circuits, 8-14 
expansion of functions, 2-79 to 2-84 
-parallel circuits, 8-15 
special, 2 -19, 2-20 
Serpentine, average strength, 12-15 
Set method, determination of yield strength, 
5-87 

Shafts, 5-48 to 5-52 

Shake (wood), 12-42 
Shale building brick, strength of, 12-18 
Shape factor (wind pressure), 9 -66 to 9-69 
Shavings, thermal conductivity of, 12-35 
Shear, 5-02 

allowable unit stress, reinforced concrete, 5-62 
riveted joints, 5-58 
structural steel, 5-24 
timber, 5-31 
due to axial stress, 6-09 

combined with tension or compression, 6-10 
deflection due to, 5-23 
diagram, 5-20 

external, reinforced concrete, 5-66 
horizontal, 5 -21 

example in beam design, 5-30 
in timber beams, 6-25 
modulus of chisticity in, 5-06 
due to normal stress at right angles, 5-09 
resisting, 6- 20 

tensile or compression stress due to, 5-09 
vertical, 5-20 

of beams of uniform cross-section, 5-26 to 
5-28 

web, in beams, 5-23 
Shearing modulus, metals, 1-127 

strength, aluminum sand-cast alloys, 11-61 
aluminum wrought alloys, 11-67 
copper-base wrought alloys, 11-45 to 11-51 
magnesium alloys, 11-78 
stone, 12-15 
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Bheu^ strength, wood, 12-44 to 12-47 
*ino, 11-67 

zinc-base die-oasting alloys, 11-83 
stress, design for aluminum alloys, 11-68 
maximum, in members subjected to torsion, 
6-50, 5-51 

reinforced concrete, 5-65 
in solids under pressure, 5-57 
in terms of horsepower (shafts), 5-49 
Sheet, copper, aluminum and brass, weight of, 
1-160 

materials, laminated phenolic, properties of, 
12-68 

metal gages, 1-148 to 1-150 
SheUae, 12-70 

electrical properties of, 12-60 
spirit varnish, 12-56 
water varnish, 12-57 
Sherardizing, 11-55 

Shingles, thermal conductivity of, 12-36 
Shipping measure, 1-133 
Ships, surface, 6-48 
Shop lumber, 12-43 
Shore scleroscope, 5-00 
Short'leaf yellow pine, 12-40 
properties of, 12-47 
thermal conductivity of, 12-38 
Shot, nickel, composition and uses of, 11-71 
Shrinkage, bronze bearing alloys, 11-87 
oast iron, 11-18 
fits, cylinders, 5-53 
timber, 12-41 

Signal bronze, properties of. 11-46 
Signals of U. S. Weather Bureau, 0-55 
Silica, 10-30 
brick, 12-21 

properties of, 12-22 to 12-25 

uses of, 12.28 to 12-31 

Silicates, 10-30 
Silicic acid, 10-30 

Silico-manganese steel, properties of, 11-36 
Silicon, 10-30 

brass, properties of, 11-41, 11-42 
brick, 12-27 
carbide, 10-30 
dioxide, 10-30 
effect, on cast iron, 11-17 
on steel, 11-26 
•manganese steel, 11-37 

mechanical properties of, 11-36 
steel, 11-35 

magnetic induction of, 11-103 
magnetic properties of, 11-102 
mechanical properties of, 11-36 
tetrafiuoride, properties of, 1-122 
Silicospiegel, analysis of, 11-13 
Silk, 12-62 

dielectric strength, 12-64 
Silver, 10-18 
bromide, 10-18 
chloride, 10-18 

electrode potentials, value of, 10-37 
electroplating with, 11-09 
German, properties under repeated stress, 
6-14 

iodide, 10-18 

maple, allowable unit stresses, 5-29, 5-31 
properties of, 12-46 
nitrate, 10-18 

properties of, 10-11 
optical constants of, 9-16 
properties of, 1-126, 1-127 
solders, 11-91, 11-92 
sulfide, 10-18 


Similarity conditions and class parameten. 
3-37 to 3-40 
dynamical, 6-16, 6-17 
laws, 6-15 
physical, 3-37 
Simple beam, 5-19 

safe loads on, 5-28 

uniform cross-section, diagrams, 5-26 to 
5-28 

uniform strength, diagrams, 5-32 
discount, 2-26 
interest, 2-22 
microscope, 9-13 
Simpson’s rule, 2-40 

for approximate integration, 2-89 
Sine, 2-53 
hyperbolic, 2-59 
Sines, law of, 2-56. 2-58 
Singular point, 2-67 
Sinking fund, 2-29, 2-30 

Sinusoidal currents and voltages, $-47 to 
8-49 
emf’s, 8-53 

Sinusoids, vector representation of, 8-48, 8-49 
Sitka spruce, 12-40 

allowable unit stresses, 5-29, 5-31 
column formulas constants, 5-41 
properties of, 12-47 
Skin effect, 8-29 

Sky, luminous eflSiciency and brightness of, 9-31 
Slab, flat, construction, reinforced concrete, 
5-78 to 6-80 
zinc, 11-54 to 11-56 

Slabs and beams, reinforced concrete, 5-62 to 
5-72 

rectangular fiat, bending moments in, 5-56 
Slagging, resistance to, refractories, 12-24 
Slaked lime, 10-14 
Slaking of quicklime, 12-11 
Slander, 13-10 
Slate, 12-59 

electrical properties of, 12-60 
strength of, 12-15 
Slenderness ratio, columns, 5-37 
for steel columns, 5-42 
SUde rule, 2-11, 2-12 
Sliding friction, coefficient of, 4-45 
Slippery elm, allowable unit stresses, 5-29, 5-31 
properties of, 12-45 
Slug (unit of mass), 3-22, 3-23, 4-34 
Slump test, 12-07 
Slush casting of zinc, 11-56 
Snell’s law of refraction, 9-03 
Soapstone, 12-61 
Soda, caustic, electrolytic, 10-37 
Sodium, 10-12, 10-13 
bicarbonate, 10-13 
properties of, 10-11 
bisulfate, 10-12 
bisulfite, 10-29 
borate, properties of, 10-11 
bromate, specific optical rotation of, 9-18 
carbonate, 10-13 
properties of, 10-11 
magneto-optic rotation of, 9-18 
chlorate, 10-28 
chloride, 10-12 

properties of, 10-11 
chromate, 10-20 
cyanide, properties of, 10-11 
dichromate, 10-20 

electrode potentials, values of, 10-37 
hydroxide. 10-06, 10-13 
nroperties of, 10-11 
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Sodittm, hypochlorite, 10-28 
nitrate, 10-13 
properties of, 10-11 
properties of, 1-126, 1-127 
silicate. 10-30 

properties of, 10-11 
sulfate, 10-12 

properties of, 10-11 
sulfide, 10-29 
sulfite, 10-29 

properties of, 10-11 
thiosulfate, 10-29 
properties of, 10-11 
ancate, 10-16 
Soil corrosion, 11-10 
Solar day, 3-23 
year, 3-23 

Soldering, 11-89 to 11-92 
aluminum, 11-69 
Solders, 11-91, 11-92, 11-110 
Solenoid, magnetizing force due to a, 8-24 
Solid analytic geometry, 2-70 to 2-75 
angle. 2-34, 2-116 

unite of conversion of, 1-134 
injection (Diesel engine), 7-76 
state, 8-62 
SoUds, 4-16, 6-02 

conduction of electricity in, 8-62 to 8-67 
curved surface, 2-35, 2-36 

mensuration formulas for, 2-42 to 2-44 
magneto-optic rotation, 9-18 
non-metallic, coefficient of linear expansion 
of, 1-129 
density of, 1-128 
specific heat of, 1-129 
plane surface, mensuration formulas, 2-41 
of revolution, volume of, 2-98 
similar, volumes of, 2-36 
specific optical rotation of, 9-18 
stresses in, under pressure, 6-55 to 6-67 
transparent, 9-15 
velocity of sound in, 9-37 
Solubility, rules for, ll)-08 to 10-10 
Solutions, acid character of, 10-06 
electrochemistry of, 10-36 to 10-39 
magneto-optic rotation of, 9-18 
and rules for solubility, l()-08 to 10-10 
solid, crystals of, decomposition of, 11-27 
phase changes in, 11-03 
specific optical rotation of, 9-18 
Solventless varnishes, 12-70 
Solvents, function of, in varnish, 12-63 
insulating properties of, 12-73 
for lacquers, 12-57 
Sonlms, 11-27 
Sorbite, 11-27 

Sound absorption coefficients, 9-61, 9-52 
and reverberation, 9-50, 9-51 
diffraction, 9-40 
horns, 9-47 

intensity of, 9-40, 9-41 
musical, 9-49, 9-50 
nature of, 9—35, 9-36 
proofing, 9-53 

propagation of, influence of medium on, 9-41, 
9-42 

reflection and refraction of, 9-38, 9-39 
transmission through tubes, 9-45, 9-46 
velocity of, 9-36 to 9~38 
Sources of radiation, 9-34 
iouth pole (magnetic), 8-26 
Southern cedar, allowable unit stresses, 5-29, 
5-31 

properties of, 12-45 


Southern cypress, allowable unit stresses, 5-29, 
6-31 

properties of, 12-46 
pine, allowable unit stresses, 5-29, 5-31 
column formula constants, 5-41 
properties of, 12-47 
Soya bean oil, 12-56 
density of, 6-06 
properties of, 1-124 
Space charge, 8-C)6, 8-69 
diagram of forces, 4-03, 4-08 
free, dielectric constant of, 3-32 
magnetic permeability of, 3-30 
-time diagram of motion, 4-28 
Spacings, grating, of variouc crystals, 9-25 
Spalling, resistance to, refractories, 12-25 
Span factor, Munk’s (aerodynamics), 6-26 
Special bronze, properties of, 11-46 
Specific acoustic resistance, 9-38, 9-40 
conductance, 8-13 
density (fluids), 6-03 
gravity, aluminum alloys, 11-67, 11-68 
bronze bearing alloys, 11-87 
compounds, industrial, 10-11 
copper-base alloys, wrought, 11-44 to 11-5J 
fiber, 12-65 
gases, 10-24 

iron, 11-20, 11-22, 11-26 
laminated tubix.g, 12-69 
lubricants, 12-70 
magnesium alloys, 11-78 
mineral oils, 12-71 

non-retentive magnetic materials, 11-102 
refractories, 12-25 
’ stainless steel, 11-38 
steel, 11-22, 11-25 
structural material, 11-78 
white metal bearing alloys, 11-80 
wood, 12-44 to 12-47 
heat, 7-13, 7-16 
aluminum, 11-59 
copper, 11-40 

equivalent for gas mixture, 7-87 
gases, 1-121, 1-122, 7-16 to 7-18, 10-24 
chart of, 7-18 
iron, wrought, 11-20 
liquids, 1-123, 1-124 
magnesium, 11-76 
metals, 1-125, 1-126 
Monel metal, 11-73 
nickel, 11-71 

non>mctallic solids, 1-129 

ratio of, gases, 1-121, 1-122, 10-24 

refractory materials. 12-25 

stainless steel, 11-38 

units of, 3-28 

conversion of, 1-147 
zinc, 11" 53 

zinc-base die-casting alloys, 11-83 
inductive capacitance, 8-43 
rubber, 12-67 

optical rotation of non-metallic material! 
9-18 

refractivity, 9-03 
resistance, 8-13, 8- 38 
gutta percha, 12-67 
rubber, 12-66 

Specifications (contracts), 13-13 
Specimens, placing in testing machine, 5*88 
standard test, 5-84 to 5-86 
Spectra, line, excitation of, 9-20 
origin of, 9-19 

Spectral distribution of absorptivity, 9-03 . . to 

emissive power, 0-02 
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Spectral distribution of abs<ni>tivity, radiant 
energy in illuminants, 9~31 
relative human visibility, 9-27 
thermal radiation, 9-22 
visibility, 9-26 
Spectrophotometry, 9-24 
Spectroscope, performance of, 9-19 
Spectroscopy, infra-red, 9-23 
light, 9-18 to 9-20 
ultraviolet, 9-21 
x-ray, 9-25 

Spectrum, corpuscular, of radiation. 0-09 
of radiation, electromagnetic, 9-06 to 9-OS 
visible, 9-18 

Speech, flow of energy in, 0-49 
origin of, 9-48 
Speed, 4-27 
dimensions of, 3-05 

of winds in the United States, 9-59, 0-60 
Spelter, 11-54 

Sperm oil, properties of, 1-124 
viscosity of, 6-07 
Sphere, 2-36, 2-74 
drag coefficient of, 6-40 
flow around, 6-39, 6-40 
mensuration formulas, 2-42 
properties of, 4-25 
Ulbricht, 9-30 
Spherical aberration, 9-12 
angle, 2-35 

oandlepower, mean, 9-29 
coordinates, 2-70, 2-73, 2-115 
lenses, 9-11 to 9-13 
mirrors, 0-10, 9-11 
polygon, 2-36 

mensuration formulas for, 2-43 
rollers, stresses in, 5-55, 5-57 
sector, 2-36 

mensuration formulas for, 2-42 
properties of, 4-25 
segment, 2-36 

mensuration formulas for, 2-43 
properties of, 4-25 

triangle, mensuration formulas for, 2-43 
trigonometry, 2-58 
waves, 9-41 

zone, mensuration formulas for, 2-43 
Splegeleisen, 11-13, 11-18 
Spinning brass, properties of, 11-44 
electron, 8-18 
Spiral of Axchimedea, 2-69 
mensuration formulas for, 2-40 
Spiraled columns, reinforced concrete, 5-73 to 
5-75 
Spirals, 2-69 

Spirit varnishes, 12-56, 12-57, 12-71 
Spring brass, properties of, 11-44 
Spruce, 12-40 

allowable unit stresses, 5-29, 5-31 
column formula constants, 5—41 
properties of, 12-47 
Square, 2-32 

column footings, reinforced concrete, 5-77 
flat plates, stresses in, 5-54 
geometrical construction of, 2—49 
mensuration formulas of, 2-37 
properties of, 4-21 
roots, tables of, 1-12 to 1-28 
to extract, 2-04 

steel bars, size and weight, 1-164 
tied columns, reinforced concrete, 5-74 
Squares, table of, 1-12 to 1-28 
“Squatter’s right,” 13-12 

Stability of body, completely immersed, 6-14 
electrical circuit, 8-59 to 8-61 


Stability of body, equilibrium, 4-11 
Stadia reductions, 1-55, 1-56 
Stain (wood), 12-42 

Stainless iron, mechanical properties of, 11-36 
steels, 11-37 to 11-39 

properties under repeated stress, 5-13 
Stalling angle, 6-43 
Standard deviation, 2-123, 2-127 
structural sizes, 1-153 to 1-168 
test specimens, 5-84 to 5-86 
and units, physical. Section 3 
Stannic chloride, 10-23 
oxide, 10-22 
sulfide, 10-23 
Stannous chloride, 10-23 
sulfide, 10-23 
Stark effect, 9-20 
Stat- (prefix), 3-29 
Statampere, 3-30 
Statcoulomb, 3-29 

State changes for fluids, 7-43 to 7-47 
Statfarad, 3-30 
Stathenry, 3-30 

Static bending of wood, 12-44 to 12-47 
friction, 4-44, 4-45 

loads, reinforced concrete, allowable unit 
stresses, 5-62 
moment, 4-16 
Statics, 4-02 to 4-26 
fluid, 6-05, 6-11 to 6-14 
Stationary flow, 3-39 
Statohm, 3-30 
Statute of frauds, 13-03 
Statvolt, 3-29 
Statweber, 3-30 

Steady-flow energy equation, 7-11 
processes, 7-04 to 7-06 

Steady-state solution, alternating-current cir¬ 
cuits, 8-53 to 8-57 

Steam and carbon dioxide, effect on zinc, 
11-53 

condensers and other heat-transfer apparatus, 
7-69 to 7-71 

critical pressure ratio, 7-49 
engine, compound, 7-66 

ideal thermal efficiency, 7-68 
simple, 7-66 
tests, 7-68 

and turbines, 7-66 to 7-69 
-generating capacity, 7-62 
unit, 7-62 to 7-66 
efficiency of, 7-62 
losses of energy, 7-63 
point, 3-26 

power plant, 7-52 to 7-71 
rate, 7-56 

-table calorie, international, 3-26 
tables, 7-33 to 7-39 
Stearin pitch, 12-70 
Steel, 11-13, 11-22 
alloy, 11-34 to 11-39 
binary, 11-34, 11-35 
for hardness, 11-37 
heat-resisting, 11-39 
properties of, 11-36 
SAE numbering ssrstem of, 11-34 
ternary, 11-34 to 11-37 
annealing of, 11-33 
bars, size and weight, 1-164 
Bessemer, 11-22, 11-33 
carbon, magnetic properties of, 11-108 
uses of, 11-33, 11-34 
cast, endurance ratio, 5-15 
magnetic induction of. 11-103 
magnetic properties of, 11-102 
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StML chrome-xnolybdenum, 11-36, 11-^7 
-nickel, 11-35, 11-36 
-vanadium, 11-36, 11-37 
chromium, 11-35 

magnetic properties of, 11-108 
cobalt, magnetic properties of, 11-108 

-chromium, magnetic properties of, 11-108 
columns, 5-40 to 5—44 

Bureau of Standards, tests of, 5-42 to 
5-44 

design of, guiding principles, 5-41 
example, 5-42 

formula constants, 5-39, 5-40 
formulas, 5-41, 5-42 
slenderness ratio, maximum values, 5-42 
types, 5~4() 

corrosion-resistant, 11-37 
creep of, 11-31 

“ critical-point ” curves of, 11-29 
distinguishing between, 11-24, 11-25 
effect, of chromium on hardness, 11-37 
of common ingredients on, 11-24 
of heat on, 11-30 to 11-33 
of work on, 11-29 
electric furnace, 11-23 
endurance ratio, 5-15 
equilibrium <liagram of, 11-27 to 11-29 
factor of safety of, 5-11 
grain growth of, 11-32 
hardening of, iiy (luenching, 11-32 
high-manganese, 11-37 
hig)i-spced, 11-37 
impact resistance of, 11-31 
and iron, 11-12 to 11-39 
kinds of, 11-22 to 11-24 
magnetic induction of, 11-103 
properties of, 11-102 
niagnetixatioii oliaracteristic, 8-25 
manganese, 11-36, 11-37 
manufacture of, 11-12, 11 13, 11- 22 
mechanical working of, 11-20, 11-30 
metallography of, 11 “26 to 11-29 
modtilus of resilience, 5-08 
molybdenum, 11-35, 11-30 
nickel, 11-34, 11-36 

-aluminum, magnetic properties, 11-lOS 
iiicdctd-cla 1, 11-72 
non-nmgnctic, 11-101 
open-hearth, 11-23 
optical constants, 9 -16 
overheating of, 11-32 
permeability, 8-26 
properties of, 11-24, 11-25, 11-36 

effect of ingredients on, 11-24 to 11-26 
under rep:;ated stress, .’i-1.3 
variati )!i with temperature, 11-30 to 11-32 
silicon, 11-35, 11-36 

magnetic in luction of, 11-103 
magnetic properties of, 11-102 
-manganese, 11-36, 11-37 
stainless, 11-37 to 11-39 
properties of, 11 38 

strength and ductility at various tempera¬ 
tures, 11-31 
structural, 11-35 

allowable unit stresses for, 5-24 
analysis of, 11-36 
heat treatment of, 11-36 
properties of, 11-36 
sections, 1-153 to 1-163 
surface decarbonization of, 11-30 
tempering, 11-33 
theory of hardening of, 11-33 
toughness of, relative, 6-08 
1—35 


Steel, tungsten, 11-39 

magnetic pri^pertics of, 11-1U8 
vanadium, 11-35, 11-36 

variation of properties with temperature^ 

11- 30 

wire gages, U.S., 1-151, 1-152 
Stefan-Boltzmann law, 9-22 
Stethoscope, 9-46 
Stiffness, 5-07 
vibrating systems, 9-42 
Stirrups used in reinforced concrete, 5-65 
Stokes’ theorem, 2-96. 2-115 
Stone, 12-14 to 12-16 

diffuse reflecting power, 9-16 
factor of safety, 5-11 
thermal conductivity, 12-34 
Storage cells and batteries, 10-37 to 10-39 
Straight-line formula, columns, 5- 39 
constants for, 5-40 
eccentric loads, 5-45 
transverse loads, 5-46 
Strain, definit on of, 5-04 
hardening, 11-31 
Stratosphere, 6-12 

Stream function, fluid dynamics, 6 18 to 
6-21 

line flow, fluid dynamics, 6 -28 
linc» of electric currettt, 8 37 
Strength, assumeii, of concrete mixtures, 

12- 06 

binary alloy steels for, 11- 34 
breaking, 5 -04 

Cdiarpy impact, zinc-bnse die-casting alloy, 
11-83 

compressive, sec Cornpressive strength 
dielectric, see Dielectric strength 
electric field, units of, 3-18 
flexural, phenolic sheet materials, 12-68 
Izod impact, see Impact, Izod 
of plywood, 12- 49 
of refractories, crushing, 12 -22 
requirements for tile, 12-20 
shearing, see Shearing strength 
of steel at various temperatures, 11-31 
of stone, average, 12-15 
tensile, see Tensile strength 
ternary alloy steels for, 11-35 to 11-37 
tinting pigments, 12-51 
transverse, of carbon brushes, 11-100 
ultimate, .see Tltimate strength 
of wood, test of, .5-93 
yield, sec ^'ield strength 
Stress, .5-02 
allowable, 5-10 
allowable unit, 5-10 

reinforced concrete under static loads, 5-62 
riveted joints, 5 58 
structural steel, 5 -24 
timber, 5-29, 5-31 
allowable working unit, 5-10 
axial, 5-03 

shear due to, 5-09 
combined axial, 5-09 
combined elementary, .5-09, 5-10 
compressive, 5-02 
due to shear, 5-00 
-deformation diagram, 5-05 
deformation under, 5-03 to 5-06 
design, for aluminum alloys, 11-68 
diagram, 4-15 
due to live loads, 5-17 

maximum shearing, in members subjected to 
torsion, 5-50, 6r-51 
in a member, 4-14 
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Streti» normal, 5-03 

at right angles, deformation due to, 5-09 
shear due to, 5-09 
repeated, 5-11, 5-16 
testing machines, 5-83 
in riveted joints, 5-58 
shearing, 5-02 

in reinforced concrete, 5-65 
in terms of horsepower (shafts), 5-49 
simple, 5-02 to 5-18 
in solids under pressure, 5-55 to 5-57 
and strain, 5-04 
tensile, 5-02 

due to shear, 5-09 
torsional, 5-48 

determination of, 5-48 to 5-52 
total, 5-02 
unit, 5-02 

String instruments, 9-44 
polygon, 4-07 
Strings, vibration of, 0-44 
Strontium, 10-15 
properties of, 1-126 
Structural alloy steels, 11-35 
heat treatment, 11-36 
properties of, 11-36 
engineering, symbols for, 1-04 to 1-11 
material, comparative properties of, 11-78 
sizes, standard, 1-153 to 1-168 
steel, column formula constants, ,5" 40 
factor of safety of, 5-11 
timbers, 12-43 

uses of aluminum alloys, 11- 70 
Structure, crystal, 8-19 
Structures, protection against lightning, 9-63 
special tests of, .5-93 
wind pressure on, 9-64 
Strut, dentation of, 5-36 
drag of a streamline, 6-39 
Stubs’ wire gage, 1-151 
Stucco, thermal conductivity of, 12-34 
Subcontracts, 13 24 

Subject matter, lawful, in contracts, 13-04, 
13-05 

Subtraction, 2-02, 2-05, 2-00 
symbols for, 1-02 
Subtrahend, 2-02 
Sugar, grating spacings, 9-25 

maple, allowable unit Mtresscs, .5 29, 5-31 
properties of, 12-46 

pine, allowable unit stresses, ,5-29, 5-31 
properties of, 12-47 
thermal c«nductivity of, 12-3S 
Sugarberry (wood), properties of, 12-47 
Sulfides of iron, 10-19 
Sulfur, 10-29 
dioxide, 10-29 

index of refraction, 9-15 
properties of, 1-122, 7-16, 7-82, 10-11 
effect on cast iron, 11-17 
electrical properties, 12-60 
Sulfuretted hydrogen, weight of, 10-11 
Sulfuric acid, 10-06, 10-29 
properties of, 1-124, 10-11 
Sulfurous acid, 10-29 

Sun, luminous efficiency and brightness, 9-31 
Superconductivity, 8-66 
Superheat region, 7-41 
Superheated steam, table, 7-36 to 7-39 
vapor, 7-32, 7-40 
Super-nickel, properties of, 11-48 
Superphosphate, 10-27 

Superpoaition of flow (fluid dynamics), 6-19, 
6-20 


Superposition of flow, law of electrical cirouite 
8-16 

principle of (electrical circuits), 8-52 
Supersaturation, 7-49 
Supersonics, 9-47, 9-48 
Super-speed cutting tools, 11-37 
Support, violation of right of, 13-10 
Surety bond (contract), 13-06, 13-13 
Surface, 2-98 

aluminum, thermal conductivity, 12-37 

center of gravity of, 4-16 

charge density, units of, 3-18 

colored, reflection factors from, 9-33 

in contact, area of contact and pressure, 5-57 

curved, area of, 2-94 

density of charge, 8-39 

electric equipotential, 8-35 

films (corrosion), 11-07 

integrals, 2-94, 2-95 

laws of friction for, 4-44 

normal to, 2-75 

ordinary, thermal conductivity, 12-37 
plane, moment of inertia of, 4-17 
determination of, 4-17, 4—18 
principal axes of inertia, 4-17 
product of inertia of, 4-17 
properties, 4-20 to 4-22 
railius of gyration of, 4-17 
quadric, 2-73 to 2-75 
reflecting, 9-39 
of revolution, area of, 2- 97 

mensuration formulas for, 2-44 
jiroperties of, 4-23 
ships, 6-48 

tension and pressure, 6-14 
of various liiiuids, 6-08. 6-09 
vessels, resistance, 6 - 48 to 6-51 
w'aters (riparian rights), 1.3-11 
Surveys (contracts), 13-19 
Susceptance, 8-55 

Sweet birch, allowable unit stresses, 5-29, .5-31 
Sycamore, allowable unit stresses, 6-29, 5-31 
properties of, 12-47 
Syenite, average strength, 12-15 
Symbols, 2-02 
chemical, 10-02 

chemical elements, 10-02, 10-03 
for mathematical operations, 1-02 
of operation .and grouping, 2 -06 
for physical quantities, 1-04 to 1-11 
Symmetric unit system, 3-16, 3-17 
Symmetrical dimension system, 3-10 
Symmetry, 4-16 
“ Synthetic ” pig iron, 11-15 
Synthetic resins, 12-54, 12-08, 12-69 
Systematic physical equations, 3-13 
units, 3-12 

Systems, dimension, 3-02 to 3-12 
special vibrating, 9-44, 9-45 
unit, 3-12 to 3-21 

vibrating, as sources of sound, 9-42, 9-43 

Tables, interpolation in, 2-06 

mathematical and physical, Section 1 
use of, in uesign of beams, 5-30 
Tallow, properties of, 1-124 
Tamarack (wood), 12-40 

allowable unit stresses, 5-29, 5-31 
properties of, 12-47 
Tangent to a curve, 2-33, 2-67 
hyperbolic, 2-59 
plane, 2-74 
trigonometric, 2-53 
Tangents, law of, 2-67 
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Tantalum, properties of, 1-126, 1-127 
Tar, pine, 12-70 

Tartaric add, properties of, 10-11 
Taylor’s formula, 2-79, 2-80 
T~beams, reinforced concrete, 5-69 to 5-71 
flexure formulas for, 5-64, 5-65 
Technical dimension system, 3-05 
system of units, 3-14, 3-15 
Tees, steel, properties of, 1-163 
Telescopes, 9-14 
Tellurium, 10-29 
properties of, 1-126 
Tempaloy, properties of, 11-50 
Temper designations of wrought aluminum 
alloys, 11-64 

relation of coldworking to (aluminum), 11-66 
of aiuc, 11-57 
Temperature, 3-26 to 3-28 
absolute, 3-27 

coeflicicnt of resistance, 8-13, 8-14 
coefEcient of resistivity, aluminum, 11—59, 
11-97 

copper, 11-96 
metals, 1-125, 1-126 
critical, 7-41 
of gases, 10-25 
definition of, 3-26 
dimensions of, 3-06 
effect of, on lift (aerostatics), 6-12 
on resistance of metals, 8-66 
effective (air coiulitioniug), 7-94 
-entropy diagram, 7-09 
mean, 9-58 

saturation (emission), 8-06 
scales, 3-27, 3-28 
standard, 3-26 
thermal units, 3-15 
in United States, 9-57 
units, 3-16 

variation with altitudes (aerostatics), 6-11 
Tempering of steel, 11-33 
Tender (contract), 13-05 
Tensile strength, alundnurn, 11- 59 

cast alloys at elevated temperatures, 11-64 
<lie-ca8ting alloys, 11-62 
permanent mold easting alloys, 11-62 
sand-east alloys, 11-61 
WTought alloys, 11-67 
bronze bearing alloys, 11- 87 
concrete reinforcements bars, 5-61 
copper-base die-casting alloys, 11-84 
wrought alloys, 11-44 to 11-50 
copper-nickel alloys, 11-72 
copper wire, 11-04, 11-95 
determination of, 5-88 
fiber, 12-65 
magnesium, 11-76 
alloys, 11-78 
metals, 1-121 
molybdenum, 11-81 
Monel metal, 11-73, 11-74 
nickel, 11-71 

phenolic sheet material, 12-68 
plywood, 12-49 
stone, 12-15 

structural material, 11-78 
tungsten, 11-80 
weld metal, 11-90, 11-91 
Kino-base die-casting alloys, 11-83 
Tensile stress, design, aluminum alloys, 11-68 
due to shear, 5-09 
Tension, 6-02 
axial, 5-03 

and shear combined. 5-10 


Tension, sxirface, 6-14 

of various liquids, 6-08, 6-09 
test, of cast iron, specimens for, 5-85 
for determining ductility, 5-91 
of wTought metals, specimens for, 5-84 
Terminal voltage, 8-12 

Terminals, positive and negative (electric), 8-11 
Terms, engineering, abbreviations for, 1-03, 

1- 04 

and processes, fundamental, (arithmetic), 

2- 02, 2-03 

Ternary alloy steels, 11-34 to 11-37 
Terra-cotta, 12-18 to 12-20 
strength of, 12-18 
Terrestrial telescope, 9-14 
Test specimens, standard, 5-84 to 5-86 
Testing, corrosion, principles of, 11-08 
machines, 5-81 to 5-83 
increment of load, .5-89 
for iniscellanoous tests, 5-89 to 5-94 
placing specimen in, 5-88 
speed of, 5 89 
of materiuls, .5- 81 to 5-94 
symbols for, 1-04 to 1-11 
methods of, 5-87 to 5-89 
Tests, eompresrii' i, .5-88 
creep, 5-92 
ductility, 5-9! 
hardness, 5 -89 to 5-91 

precautions retjuired in making, 6^88, 5-89 
proof, 5-93 

short-time for endurance limit, 5-91, 5-92 
special, of materials, structures, and ma¬ 
chines, 5-93 

of strength, of wood, 5-93 
Tetrahedron, 2-35 
Thallium, properties of, 1-128 
Theorem, binomial, 219 
divergence, 2-115 
Gauss’, 2' 115 
Green’s, 2-05, 2-115 
mean value, 2- 79 

solutions of »ith degree eriuations, 2-14, 2-15 
Stokes’, 2-96, 2 11.5 
of three moments, .5-35 

Theoretical comprehensive unit systems, 3-16 
to 3-18 

electrical units, 3-20 to 3-33 
joule, ,3-25 
mechanics, Section 4 
unit system, 3-13 
watt, 3-26 

Thermal capacity, 7-13 
dimensions of, 3-(16 
units of, 3-15, 3-28 
conduction, 7-02, 12-32 
conductivity and conductance, 12-32, 12-33 
air spaces, 12-.33 
aluminum, 11-.59 

building materials, 12-34 to 12-38 
copper, 11-43 

copper-btase alloys, wrought, 11-45 to 11-51 
copper-nickel alloys, 11-72 
dimensions, 3-06 

insulating materials, 12-34 to 12-38 

magnesium, 11-76 

magnesium alloys, 11-78 

metals, 1-12.5, 1-126 

molybdenum, 11-81 

Monel metal, 11-73 

nickel, 11-71 

refractories, 12-22 

stainless steels, 11-38 

tungsten, 11-80 
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Thermal capacity, conductivity and conduc¬ 
tance, units, 3-15, 3-28 
units of, conversion of, 1-147 
wood, 12-37, 12-38 
sine, 11-53 

sino-base die-casting alloys, 11-83 
efficiency, actual, 7-57 
Diesel cycle, 7-76 
of heat engine cycles, 7-55 to 7-57 
ideal, of steam engine, 7-68 
Otto cycle, 7-74 

expansion, see Expansion, thermal 
insulating materials, 12-27, 12-32, 12-33 
insulation, 12-32 
(luantities, dimensions of, 3-06 
radiation (infra-red), 9-04, 9-22, 9-23 
resistivity, building and insulating materials, 
12-34 to 12-38 
refractories, 12-25 
wood, 12-37, 12-38 
units and standards, 3- 26 to 3-28 
systems, 3-15 

Thermionic emission, 8-05, 8-65 
Thermionics, 10-40 
Thermodynamic centigrade scale, 3 - 27 
functions, 7-12 

relations, general, 7-12 to 7-15 
Thermodynamics, engineering. Section 7 
first law of, 7-05 
principles of, 7-02 to 7-15 
processes, 7-04 
seconi law of, 7-07 
symbols for, 1-04 to 1-11 
Thermoelectric effect, 8-10 
Thermophysical dimension system, 3-06 
Thermopile, 9-23 

Thermotechnical dimension system, 3-07 
Thiokol, 12-67 

Thinners, function of, in varnishes, 12-53 
Thomson effect, 8-10 
Thorium, properties of, 1-126, 1-127 
Threads, stamiard screw, 1-166 
Three-dimensional motion,4- 31,4 39,4- 40,4 -43 
Three-halves powers, table of, 1-12 to 1-28 
Three moments, theorem of, 5-35 
Threshold frequency (photoelectricity), 8-6C 
Throttling calorimeter, 7-46 
flow, 7-11 

process, 7-21, 7-46, 7-47 
Tied columns, reinforced concrete, 5-73, 5-74 
Tile, 12-18 to 12-20 

thermal conductivity of, 12-34 
Timber, 12-38 to 12 -49 

allowable unit stresses, in bending, 5-29 
in compression and shear, 5-31 
beams, horizontal shear in, 5-25 
example, 5-30, 5-36 
column formula, 5-40 
constants, 5-39, 5-41 
defects of, 12-41, 12-42 
factor of safety of, 5-11 
preservation of, 12-43 

properties of. 1-167, 1-16S, 12-44 to 12-47, 
12-49 

seasoning and suw’ing of, 12-40, 12-41 
shrinkage of, 12-41 
sizes, 1-167, 1-168 
structural, 12-43 

thermal conductivity of, 12-37, 12-38 
trees, common, 12-38 to 12-40 
Time, delay and extension of contracts, 13-21 
determination of, motion of rotation, 4-32 
rectilinear motion, 4-27 
dimensions, 3—05, 3—08, 3—09 


Time, measures of, 3-23 
standard of, 3-23 
units of, 3-14, 3-15, 3-16, 3-23 
conversion of, 1-134 
Tin. 10-22, 10-23 

-base die-casting alloys, 11-82 
chloride, properties of, 10-11 
electrode potential, values of, 10-37 
electroplating with, 11-09 
lead-, solders, 11-91, 11-92 
melting point of, 11-110 
properties of, 1-126, 1-127 
Tinting strength, pigments, 12-51 
Tints (color), 9-28 
Titanium, 10-23 
chloride, 10-23 
dioxide, 10-23 
oxide, properties of, 12-51 
properties of, 1-126 
sulfate, 10-23 

Titanox A, properties of, 12-51 
Titanox B, 10-15 
properties of, 12-51 
Titanox C, properties of, 12-51 
Titles (contracts), 13-13 
Tobin bronze, properties of, 11-46 
Toluene, properties of, 1-124 
Tools, superspeed cutting, 11-37 
Tophet, properties of, 11-99 
Torque, 4-05, 4-06 

on coil in magnetic field, 8-33, 8-34 
dimensions, 3-05 
units of, 3 -25, 3-26 
conversion of, 1-139 

Torsion, elastic limit in, wrought, iron, 11-21 
formulas, 5-48 to 5-51 
modulus in. Monel metal, 11-73 
nickel, 11-71 
wrought iron, 11-21 
of non-circular croas-sections, 5-49 
testing machiiiea, 5-83 
ultimate strength in, 5-51 
Torsional stress, determination, 5-48 to 5-52 
Tort, 13-09 to 13 -12 
Torus, magnetic force inside of, 8-24 
mensuration fonmilas for, 2-13 
properties of, 4 20 
Total heat, 7-06 
Toughness, 5-07 

relative, various materials, 5-08 
Toxicity of zinc, 11-53 
Trains, air resistance of, 9-69 
ground erfcct on, 6 53 
Transfer, heat, 12 32 
indicial admittance, 8- 58 
Transformation of coordinates, plane analytic 
geometry, 2-63 
solid analytic geometry, 2-72 
formulas, bodioa, 4-19 
plane surfaces, 4 -18 
graphic, plane surfaces, 4-18 
Laplucian, 2-108 to 2-111 
Transformer oils, 12-71 
Transient current, 8-12 
Transients, electrical, 8-57 (o 8-62 
Translation, motion of, 4-31, 4-38, 4-40 
Transmissibility of force, 402 
Transmission, heat, coefficients of, 12-33 
infra-red radiation, 9-23 
sound through tubes, 9-45, 9-46 
Transmissivity, 9-03 
Transmitter, horn as, 9-47 
Transparent crystals, 9-16 
solid, 9-15 
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Transverse deflection, zinc-base die'Cuatinft 
ttlloyn, 11-83 

loads on compression members, o-45, 5- 46 
streiiKth, carbon brushes, 11-100 
waves, 9-05, 9-44 
Trapezium, 2-32 

mensuration formulas for, 2-3S 
Trapezoid, 2-32 

mensuration formulas for, 2-37 
properties of, 4-21 
Trapezoidal rule, 2-40 
Trees, common timber, 12-38 to 12-40 
Trespass, 13-12 
Triacid base, 10-07 
Triangle, 2-32 
Color, 9-28 

geometrical construction, 2-49 
law, 4-03, 4- 08 

mensuration formulas for, 2 -37 
properties of, 2-33. 4-21 
right spherical, 2-58 
solution of, 2 -5fi, 2- 57 

spherical, mensuration formulas for. 2 13 
Tribasic acid, 10-07 

Trigonometric computations l^y slide rule, 2 12 
function.s, vjilues and logarithms of. 1 .57 
to 1-101 

series, 2 82 to 2-84 
Trigonometry, 2 53 to 2-61 
hyperboJie, 2-58 to 2-00 
jdane, 2- 53 to 2-57 
spherical, 2-58 
symbols for, 1-02 
Trim angles, 0-49 
Trisodium phosphate, 10-13 
Trochoid, 2--07 
Troposphere, 0-12 
Troy weight, 1-137 
Truncated prism, 2-35 

mensuration formulas for, 2-41 
pyramid, 2-35 
Truss analysis, 4-14, 4 15 
T- S curves for a gas, 7-21 
T-S diagram, 7- 42 
air compression cycle, 7 83 
Carnot refrigeration cycle, 7- 78 
for diatomic gases, 7-22 
illustrating dewpoint, 7- 93 
for mercury-water cycle, 7-61 
of Ilankine cycle, 7-53 
vapor compression cycle, 7-79 
water and water vapor, 7-42 
Tube brass, properties of, 11-46 
Tubes, electron, 8-00 

flow of viscous incomiircssible fluids in, 0 28 
to 0-33 

friction coefficient for, C-33 
impact, 7-29 
pitot, 7-29, 9-65 

transmission of sound through, 9 45, 9 40 
venturi, 6-23, 6-36 

Tubing, laminated, properties of, 12-69 
Tung oil, 12-55, 12 70 
Tungsten, 11-79 to 11-81 
optical constants, 9-16 
properties, 1-126, 1-127 
steel. 11-39 

magnetic properties of, 11-108 
Tunnel, wind, boundary effects, 6-52 
sketch of, 6-42 

Tupelo gum (wood), allowable unit stresses, 
5-29, 6-31 
properties of, 12-45 
Turbines, steam, 7-11, 7 68 


Turbulent flow of fluids, 6-29 to 6-31, 7-24 
Tumbnll’s bluii, 10-20 
Turpentine, properties of, 1-124 
specific optical rotation of, 9-18 
varnish, 12-57 
Twist, angle of, 5-49 

in members subjected to torsion, 5-50, 5-51 
Twisting moment, 5-48 
Two-cycle engine, 7-73 
Two-stroke cycle, 7- 72, 7-73 
Type efficiency, 7-56 

Ulbricht sphere, 9-30 
Ultimate strength, 5-04 

copper-base sand-cast alloys, 11-40 to 11-42 
determinatiim of, 5-88 
ferrous metals, 5-13 
iron, 11-25 

laminated tubing, 12-69 
non-ferrous mcjtids, 5-14, .5 
iion-retenfive magnetic materials, 11-102 
in she<ii, wi ought iron, 11- 21 
stiiinlws steel, 11-38 
steel, 11 25 

on stri«s-def(trmation diagram, 5 <J5 
structural all v .‘^feel, 11- 36 
in torsion, 5 51 

white metal bearing alloys, 11 80 
wrought iron, 11-20 
liltraviolet rucfiation, 9-21, 9 34 
rays, 8 07 

Undersoil corrosion, protection against. 11-10, 
IMl 

Underwater corrosion, protection against, 1110 
Undue influence (contracts), 1301 
Ungula, mensuration formulas for, 2 12 
Unit north polo (magnetiiOi 8- 20 
Kt.n!88, .5 02 

systems, 3-12 to 3 21, 8 02 
Unitary homogeneous equations, 3- 37 
United States gallon, 3- 21 
pound (uvoirdupoisb 3 22 
spinal of winds in, 9 -59, 9 (>0 
staudurd gage, 1 149, 11 50 
steel wire gage, 1151, 1 152 
temperature in, 0 57 
Weather llureau, signals of, 9 55 
yard, 3 21 

Units, conversion factors, 1-130 to 1147 

of quantiliew, nett particular (|uantity or unit 
in (luestimi 

relations between, 3 02 
and standards, 3 21 to 3 36 
of weights and measurf^s, 1 13(» to 1 147 
Unstable systems, electrical circuits, H 50, 8 60 
Uranium, properties of, 1 120 
Urea-formaldehyde resins, 12-55 
Urea resin, 12 -08 

Valence, ehernical, 10-05 
Valves, 7-66 

Van der Waals* equation, 10-25 
Vanadium oxide, properties of, 10-11 
properties of, 1-126 
steel, 11-35 

moflulus of resilience of, 5-08 
properties of, 11-36 
relativ'c toughness of, 5 08 
Vapor in atmosphere, partial priissure of, 7-93 
eoinpriMsion system, 7-79 t o 7 -82 
cycles, modern, 7-60 to 7 •62 
flow of, through, nozzles and orinces, 7-47 to 
7-52 
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Vapor in atmosphere* and gas mixtures, 7-87 to 
7-89 

pressure, 9-61 

properties, graphical representation of, 7-41 
to 7-43 

Vaporization, latent heat of, aluminum, 11-59 
gases, 1-121, 1-122, 10-24 
liquids, 1-123, 1-124 
magnesium, 11-76 
metals, 1-125, 1-126 
zinc, 11-53 

Vapors and liquids, 7-31 to 7-52 
properties of, 7-32 to 7-40 
state changes and processes for, 7-43 to 7-47 
Variables, complex, 2-112 

functions of four, alignment charts for, 2 -120 
to 2-122 

functions of three, alignment chiirts for, 2-117 
to 2-120 

functions of two, partial derivative of, 2--78 
limit of, 2-75 

Taylor’s formula for two, 2-80 
Varnishes, asphaltic, 12-71 
crystallizing, 12-56 
insulating, 12-71 to 12-73 
oil, 12-71 

oleoresinous, 12-52 to 12-56 
rubbing, 12-56 
solventless, 12-70 
spirit, 12-56, 12-57 12-71 
wrinkle, 12-56 
Varnish-treated cloth, 12-63 
Vector, 2-112 
admittance, 8-55 
analysis, 2-112 to 2-116 
symbols for, 1-02 
computations by slide rule, 2-12 
diagram, 4-03 
impedance, 8-54 
product, 2-113 
radius, 2-70 

representation of sinusoids, 8-48, 8-49 
Vectorial angle, 2 -70 

Vectors, clifTerentiation and integration of, 
2-114, 2-115 

sum and product of, 2-112 to 2-114 
Vehicles, paint, 12-50 
Velocity, angular, 4-32 

alternating current, 8-45 
and rectangular, relations between, 4- 32 
units of, conversion factor, 1-136 
coefficient of (nozzle), 7-27 
components, 4-30 

critical (fluid dynamics), 6-20, 6- 32 
curvilinear motion, 4-30 
dimensions, 3-05 
distribution, in laminar flow, 6-29 
in turbulent flow, 6-30 
increase due to an airplane propeller, 6-23 
induced (aerodynamics), 6-25 
of light, 9-15 
of a particle, 4-27 
of any point in plane motion, 4-33 
potential (fluid dynamics), 6-19 
of propagation (radiation), 3-20, 9-06 
rectilinear motion, 4-27 
of sound, 9-36 to 9-38 
^#pace diagram, 4-29 
-time diagram, 4-28 
units of, 4-27 
conversion of, 1-135 
wind, 9-59 

measurement of, 9-64 

Vena contracta, 6-31 


Venturi tubes, 6-23, 6-36 
Verification of testing machines. 5-82 
Versine, 2-54 
Vertex, 2-32 
Vertical deflection, 5-24 
shear, 5-20 

of beams of uniform cross-section, 5-26 to 

5- 28 

Vessels, planing, 6-50 

surface, resistance of, 6-48 to 6-51 
Vibrating systems as sources of sound, 9-42, 
9-43 

special, 9-44, 9-45 
Vibration of air columns, 9-44 
of strings, 9-44 

Vickers pyramid hardness-testing machine, 5-89 

Vinyl resins, 12 55, 12-68 

Violation of right of support, 13-10 

Virginia pine, thermal conductivity of, 12- 38 

Virtual image, 9-09 

Viscosity, 6-03, 6 -04 

dimensional analysis of pressure drop duo to, 

6- 28 

gases, 1-121, 1-122, 6-08 
kinematic, 6-08 
liquids, 1-123, 1-124, 6-07 
mineral oils, 12-71 
oils under pressure, 6-07 
Saybolt, 6-03 
lubricants, 12-76 
solids, 6-04 
water, 6- 07 

Viscous incompressible fluids, aerodynumice 
of, 0-41 to 6-48 
dynamics of, 6-27, 6-28 
flow of, 6-27 

around bodies, 6-37 to 6 -40 
near boundaries, 6-48 
through nozzles, 0-35, 6-36 
through orifices, 6-34, 6-35 
in rough tubes, 6-32, 6-33 
in smooth pipes and tubes, 6-28 to 6-33 
through venturi tubes, 6-36 
Visibility, 9-26 

spectral distribution of, 9-27 
Visible spectrum, 9-18 
Vision, 9-26 to 9-28 
Volt, 3-33, 8-10 
international, 3-34 
Volta effect, 8-10 

Voltage and current relationships, 8-50 to 8-53 
dimensions of, 3-08, 3-09 
gradient, 8-35, 8-36 
lion-sinusoidal periodic, 8-49, 8~50 
saturation (emission), 8-05 
sinusoidal, 8-47 to 8-49 
terminal and impressed, 8-12, 8-13 
units of, 3-18, 3-29, 3-32 
Volt-amperes, 8-47 
Volume by integration, 2-97, 2-98 
center of gravity of, 4--16 
of components in gas mixtures, 7-87 
metric multiples, 1-132 
specific, saturated steam, 7- 33 to 7-3,5 
units of, conversion factor, 1—132 
Volumes, properties of, 4-23 to 4-26 
of similar solids, 2-36 
Von Mises’ formula, 6-51 
Vortex line, aerodynamics, 6-24 

Wages, lien of, 13-08 
Walloon process, 11-20 
Walls, reflection from, 9-32 
Walnut. Mack, 12-40 
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Walnut, properties of, 12-47 

oil, 12-S6 
white, 12-39 

Wane (defect in wood), 12-42 
Wastes, manufacturing (riparian rights), 13-11 
Water, chemistry of. 10-04 
compressibility of, 6-09 
corrosion in the presence of, 11-05 
critical velocity in smooth tubes, 6-29 
density of, 6-05 
equivalent, 3-28 
gas. 12-78 

hardness of, 10-14, 10-15 
heavy,10-05 
index of refraction, 9-15 
javelle, 10 28 

magneto-optic rotation, 9-18 
properties of, 1-124 
solubilities of salts in, 10-09 
surface tension of. C-OH 
vai)or, index of refraction of, 9-15 

saturated, pressures in contact with ice,7-93 
viscosity of, 6-07 
Waterproofing concrete, 12 -10 
Waters, surface (riparian rights), 13-11 
well (riparian rights), 13-11 
Watt, 3 26, 3 33. 7 -03. 8-17 
international. 3 26, 3-34 
Watt-seconds, 8 -17 

Wave aspects of ratliation, 9-05 to 9-08 
CO rn pressi o n a 1, 9 - 3 5 
defnition of, 9-05 
electromagnetic, 8-07, 9-05 
packet, definition of, 9-05 
Wavelength of radiation, 9 02 
Wavelengths for calibration of the spectro¬ 
scope, 9" 19 
Waves, sound, 9 36 
epherietd, 9 41 
wave length of, 9-38 
Waxes, 12-69 

Weather bureau, U. S., observations, 9-58 
predictions, lf»cal, 9-50 
signals of, 0 -55 
Web, buckling of, 5-25 

reinforcement, reinforced concrete. 5-65 
shear, 5 23 
Weber, 3-33 

-Fechner psychophysical law, 9-48 
Weber’s number, influence of, 6-51 
Webster’s phonometer, 9 54 
Weddle’s rule, 2-40 

Wedge, mensuration formulas for, 2-41, 2-42 
Weierstrass’ test, 2-81, 2-82 
Weighing procedure, accurate, 3-24 
Weight, aluminum, alloys, 11-67 
sheet and plate, 1-150 
wire, 11-98 
apothecaries’, 1-138 

atomic, chemical elements, 10-02, 10-03 
metals, 1-125, 1-126 
avoirdupois, 1-137 
brass, sheet and plate, 1-150 
bronze bearing alloys, 11-87 
copper sheet and plate, 1-150 
copper wire, 11-93 
density, definition of, 6-02 
vs. force, 3-24 
hollow clay tile, 12-19 
iron, 11-25 

sheet and plate, 1-149 
magnesium alloys, 11-78 
a^d mass, 4-02 
vs. mass, 3-22 


Weight, mokcular, gases, 1-121, 1-122, 10-24 
industrial compounds, 10-11 
non-retentive magnetic materials, 11-102 
stainless steel, 11-^8 
steel, 11-25 
bars, 1-164 
pipe, 1-165 

sections, 1-153 to 1-163 
sheet and plate, 1-149 

of a substance in a chemical reaction, 10-10 
troy, 1-137 

units of, conversion of, 1-137 
yard lumber, 1-167, 1-168 
Weighted observations, 2-126 
Weights and measures, units of, 1-130 to 1-147 
Weirs, fiow over, 6-52 
Welded joints, 5-69 
Welding aluminum, 11-69 
materials, 11-89 to 11 91 
Well waters (riparian rights), 13-11 
Western (West Coast) hemlock, allowable unit 
stresses, 5-29, 5-31 
column formula const-^nts, 6-41 
properties of, 12-46 
thermal conductivity of, 12-38 
larch, allow d)!v unit stresses, 5- 29, 5-31 
column formula ronslants, 5-41 
properti >H of, 12-46 

pine, allowable unit stresses, 5-29, 5-31 
properties of, 12-47 

red cedar, allowable unit stresses, 5-29, 6-31 
column formula constants, 5-41 
properties of, 12-45 
Wet vapor, 7-32 
properties of, 7-40 
White ash (wood), 12 -39 

allowable unit stresBcs, 6-29, 5-31 
properties of, 12-44 
cedar, 12-39 

allowable unit stresses, 5-29, 5-31 
properties, of, 12-45 
elm, 12-39 

fir, allowable unit stresses, 6-29, 5-31 
properties of, 12-45 
iron, 11-17 
lead. 10-22 
maple, 12-40 

metal (Babbitt) bearing alloys, 11-85, 11-86 
oak, 12-40 

idlowable unit stresses, 5-29, 5-31 
column formula constants, 5-41 
properties of, 12-47 
pine, 12-40 

allowable unit stresses, 5-29, 5-31 
properties of, 12-47 
thermal conductivity of, 12-38 
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